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Resumen

Los solitones son el fenómeno universal más profundamente estudiado, debido a los innu-
merables sistemas f́ısicos en los cuales se observa. Estas soluciones corresponden a esta-
dos localizados y coherentes que surgen naturalmente en sistemas extendidos, siendo una
de sus propiedades más fascinantes el hecho de que pueden ser tratados como part́ıculas
macroscópicas a pesar de estar formados por numerosos componentes microscópicos.

Desde su primera descripción, realizada por J. S. Russell en 1884, el estudio de solitones
se centró en sistemas conservativos por más de cien años. Sin embargo, los pioneros trabajos
de Alan Turing e Ilya Prigogine demostraron que los sistemas fuera del equilibrio se auto–
organizan por medio de la generación de estructuras disipativas. Hoy en d́ıa, sabemos que es
justamente este mecanismo el que permite la formación de solitones disipativos en sistemas
con inyección y disipación de enerǵıa.

Nuestro principal interés ha sido caracterizar de forma anaĺıtica y numérica a los soli-
tones que emergen en sistemas forzados paramétricamente–sistemas forzados por medio de un
parámetro efectivo que vaŕıa en el espacio y/o tiempo. Los sistemas forzados paramétricamente
pueden experimentar una resonancia paramétrica, la cual se caracteriza por una respuesta
subarmónica (submúltiplos de la frecuencia natural del sistema). Dada la complejidad
que presentan los sistemas paramétricos, focalizamos nuestro estudio en la ecuación de
Schrödinger no lineal disipativa forzada paramétricamente (PDNLS). Este modelo caracter-
iza bien la dinámica de sistemas forzados paramétricamente, en torno al punto de aparición
de la resonancia paramétrica, en el ĺımite de baja disipación e inyección de enerǵıa. Los
solitones disipativos, presentes en PDNLS, t́ıpicamente muestran una estructura de fase uni-
forme. Dichas estructuras han sido ampliamente utilizadas para describir a los solitones
hidrodinámicos que aparecen en el experimento de Faraday, estados localizados de la mag-
netización en un hilo magnético, o los clásicos solitones presentes en una cadena de péndulos
con soporte verticalmente vibrado, entre otros.

Por medio de simulaciones numéricas interactivas de solitones disipativos en la ecuación
PDNLS, hemos logrado observar una interesante dinámica de frentes de fase hasta ahora
desconocida. Estos frentes de fase se propagan hasta alcanzar un punto de equilibrio esta-
cionario arbitrario. A este tipo de solitones los hemos llamado solitones escudados por la fase
(phase shielding solitons), dado que la estructura final de fase pareciera proteger al módulo
del solitón. Hemos logrado caracterizar anaĺıticamente estas soluciones localizadas, determi-
nando ocho posibles configuraciones. Los solitones estudiados poseen una talla caracteŕıstica
dada por el tamaño de la estructura de fase estacionaria.

Además, extendimos nuestro estudio al caso bidimensional, mostrando los resultados, dos
tipos de phase shilding solitons bidimensionales; axialmente simétricos y asimétricos. Los
primeros pueden ser entendidos como una rotación en 2π de las soluciones simétricas encon-
tradas en el caso unidimensional. Por su parte, las soluciones asimétricas bidimensionales
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presentan propiedades mucho más interesantes, ya que su estructura final de fase contiene
todas las configuraciones halladas en el caso unidimensional.

Con el fin de corroborar la existencia de solitones disipativos con estructura de fase
no uniforme en sistemas f́ısicos, realizamos simulaciones numéricas de diversos sistemas
paramétricos reales. Satisfactoriamente, concluimos que el fenómeno phase shielding soli-
ton es universal, y esperamos que pueda ser prontamente observado experimentalmente.
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Abstract

Solitons are the universal phenomenon more deeply studied, due to the many physical systems
in where they emerge. These solutions correspond to localized and coherent states naturally
arising in extended systems, one of its most fascinating properties is that they can be treated
as macroscopic particles despite being composed by many microscopic components.

Since its first description, done by J. S. Russell in 1884, the study of solitons was held to
conservative systems for over hundred years. However, the pioneering work of Alan Turing
and Prigogine showed that nonequilibrium systems are self–organizing through generating
dissipative structures. Nowadays, we know that it is precisely this mechanism that allows
the formation of soliton in systems with gain and loss of energy.

Our main interest has been to characterize analytically and numerically the solitons that
emerge in parametrically forced systems—systems forced through an effective parameter that
varies in space and/or time. Parametrically forced systems may experience parametric res-
onance, which is characterized by a sub–harmonic response (sub–multiples of the natural
onscillation frequency of the system). Given the complexity that parametric systems have,
we focused our study on the parametrically driven and damped nonlinear Schrödinger equa-
tion (PDNLS). This model characterizes well the dynamics of parametric systems around the
onset of the parametric resonance, in the limit of small dissipation and injection of energy.
Dissipative solitons present in the PDNLS equation, typically show a uniform phase structure.
Such localized structures have been widely used to describe the non-propagating hydrody-
namic solitons arising in the Faraday’s experiment, and localized states of magnetization in
magnetic wire among others.

By means of interactive numerical simulations of dissipative solitons in PDNLS equation,
we have observed an interesting phase fronts dynamics hitherto unknown. These phase fronts
propagate until reaching an arbitrary steady point. Such kind of solitons have been called
phase shielding solitons (PSS), since the phase structure seems to protect the modulus of the
soliton. We achieved an analytically characterization to these localized solutions, determining
eight possible configurations. Studied solitons have a characteristic length given by the size
of the stationary phase structure.

In addition, we extended our study to the two-dimensional case, results show two types
of 2D PSS; axially symmetric and non–symmetric. The former can be understood as a 2π
rotation of the symmetric solutions found in the one–dimensional case. For its part, 2D
asymmetric solution have properties much more interesting, since its final phase structure
contains all configurations found 1D.

With the aim of corroborating the existence of dissipative solitons with non-uniform phase
structure in physical systems, we conducted numerical simulations of various real parametric
systems. Successfully, we conclude that phase shielding solitons are a universal phenomenon,
and we hope that they can be observed experimentally.

iv



Agradecimientos

Primero que nada y antes que todo agradezco profundamente a mi madre por su constante
apoyo y entrega. Ella me enseño que los sueños siguen siendo ilusiones mientras uno no
haga nada por alcanzarlos, y que lo más importante en la vida es la felicidad. Hoy estoy
logrando un sueño y te lo debo a t́ı. De igual forma, no tengo palabras para agradecer a
mi esposa quien con su amor infinito me ha convertido en una mejor persona y ha aceptado
los sacrificios que implica mi carrera. A mi preciosa hija que d́ıa a d́ıa me contagia con su
curiosidad por entender al mundo. Ambas iluminan mi vida llenandola de felicidad.

Esta tesis no hubiese sido posible sin Marcel Clerc, quien me acepto como discipulo y
terminó convirtiendose en mi best man, extendiendo su enseñanza más allá de lo meramente
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Chapter 1

Solitons in Nature

Certainly, solitons are the most paradigmatic structures that we can find in nature since
they can be understood as a macroscopical particles despite being composed of countless
microscopical constituents. Furthermore, they are characterized by a family of continuous
parameters, typically used to describe particles, such as: position, charge, width, to name
a few. The soliton phenomenon was first discovered and described by John Scott Russell
(1808−1882), who observed a solitary wave (a wave packet or pulse) that maintains its shape
while propagating at constant speed on the Union Canal in Scotland. Notwithstanding this,
nonlinear waves appear naturally in any system which has the capability to produce waves.
For example, they can be observed in several fields such as fluids, plasma, and solids (at both
macroscopic and microscopic level) [1]. Undoubtedly, its intriguing properties have captivated
scientists for decades. Even more so nowadays where potential technological applications are
more evident, the thorough understanding of these structures becomes a crucial task.

In the beginning, these localized wave phenomena were only explored in conservative
systems. Since its first description (J. S. Russell), the mechanisms necessary to generate a
soliton were unknown. In the 1870′s it was Rayleigh [2] who envisioned that the combination
of dispersion and nonlinearity can lead to the formation of solitary waves, feature which had
been ignored by the previous models for shallow water. In 1895 Korteweg and De Vries [3]
derived a model of shallow water waves that combined dispersion and nonlinearity. That
model, known as the Korteweg-deVries (KdV) equation, admits solitary wave solutions that
fit the description of Russell’s solitary waves. Subsequently, the study of solitary waves re-
mained on hold for sixty years because it was considered a phenomenon restricted to the
context of shallow water waves. It was not until the results of the Fermi, Pasta and Ulam
problem in 1955 [4] that the interest in this topic was renewed. They conducted numeri-
cal simulations of strong interacting phonons in a lattice, in order to characterize the heat
transfer. Surprisingly, the energy did not exhibit thermalization, that is, the system did not
exhibit an equipartition process. On the contrary, it developed a localized (quasi-periodic)
oscillatory state. Zabusky and Kruskal (1965) [5] demonstrated that by using a continuous
approximation, the FPU problem can be described by the KdV equation. They argued that
it was the fact that soliton1 solutions of the KdV equation can pass through one another
without affecting the asymptotic shapes that explained the quasi-periodicity of the waves in
the FPU experiment. In short, thermalization process could not occur because of a certain
“soliton symmetry” in the system which broke ergodicity. In 1967 Gardner, Greene, Kruskal

1They called these waves solitons to emphasize the fact that these special solitary waves have photon-like
collision properties.
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and Miura [6] developed a method, called the inverse scattering transform (IST), to solve
analytically the KdV equation. All the aforementioned discoveries marked the birth of the
theory of solitons [7]. Even more, they triggered the development of future theories to solve
nonlinear problems in integrable physical systems such as nonlinear Schrödinger (NLS) and
sine-Gordon (SG) equations [8, 9, 10]. Moreover, the development of the nonlinear science
allows the study of new phenomena such as: patterns, kinks, vortices, breathers, to name a
few.

The development of the solition theory as well as the nonlinear techniques was based on
idealized integrable models that serve only as approximations to many natural phenomena.
Such integrability property is very fragile, and the smallest perturbations can destroy it.
Many of these perturbations inherently arise in physical problems, and include dissipative
effects, external driving, non–local effects and inhomogeneities. A detailed description of
these so–called near–integrable equations is described in a comprehensive review by Kivshar
and Malomed (1989) [11]. They showed that solitons are observed in many near-integrable
equations, and those solutions do not share the same properties as their integrable counter-
parts. For example, in most cases collisions between near-integrable solitons are inelastic,
resulting in the formation of radiation, the formation of breathers or even the disintegration
of solitons. Indeed unstable soliton solutions are frequently encountered in near–integrable
equations. Although these solutions clearly do not satisfy the “indestructible” criteria of
Zabusky and Kruskal’s [5] (original definition), the term “soliton” is widely used to define
these spatially localized waves. Soon after the development of soliton theory, it was realized
that the inverse scattering transform method can be used to study the effect of perturbations
on solitons. Further efforts were done to achieve an analytical method to study solitons in
near-integrable equations [12].

Figure 1.1: Several dissipative localized structures found in nature.

The pioneer works of A. Turing and I. Prigogine [13, 14] unveiled that macroscopical
systems maintained out of equilibrium, by the injection and dissipation of energy, are self–
organizing, showing a wide range of universal phenomena which are independent from the
microscopic details of the system under consideration. Most systems found in nature in our
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daily scale, are not in thermodynamic equilibrium; they are changing or can be triggered
to change over time; furthermore, they are continuously and discontinuously subject to flux
of matter, momentum and energy to and from other systems. Due to the complexity of
non-equilibrium systems, are required more adequate concepts to achieve an accurate de-
scription of the universal phenomena exhibited by them. The capability of self–organization
of non–equilibrium systems allows the emergence of dissipative structures such as patterns
and localized states [15, 16, 17] [see Fig. 1.1]. Among the latter are found dissipative solitons.
These localized dissipative solutions correspond to a coherent collective state despite the fact
that they are formed by countless constituents. As its conservative counterpart, they exhibit
properties typically associated with particles. Consequently, one can characterize them with
a family of continuous parameters. Hence, they can be also considered a particle-type solu-
tions. In the last decades, this kind of localized solutions or dissipative solitons have been
observed and studied in several non–equilibrium systems including: chains of coupled oscil-
lators, fluids, optic, magnetic and granular media, to mention a few [17, 18, 19]. The variety
of systems exhibiting these solutions confers them a universal nature (robust phenomenon).

The purpose of this thesis is to investigate dissipative localized structure arising in a sub-
class of non-equilibrium system: parametrically forced systems—systems driven thought the
temporal (spatial) modulation of its parameters. Although these systems are a very small part
of all possible non-equilibrium systems found in nature, they have been the focus of several
studies because of the many universal phenomena exhibited for them. Among these we find,
vibrated container with Newtonian fluid [20], fluidized and vibrated granular beds [21, 22],
magnetic media driven by oscillating externals magnetic fields [23], and optical parametric
oscillator [24]. The new nonlinear techniques, available to characterize these kind of systems
theoretically, have shown that universal phenomena can be contained in more reduced equa-
tions that govern the physical system in particular. These equations are derived from the
physics of the problem and finally used to describe robust phenomena. The interesting thing
is that these models do not depend on the particular underlying physics of the particular
system under study. In particular we will focus our study on dissipative solitons exhibited in
the well–known parametrically driven and damped nonlinear Schrödinger equation (PDNLS),
which is a minimal and universal model that describes the dynamics of numerous physical,
parametrically forced systems in the limit of small injection and dissipation of energy. These
localized structures have been studied by decades [25, 26, 27, 28]. Historically these localized
structures have been characterized under the assumption of having a constant phase. How-
ever, they lose its uniform steady–state in the presence of inhomogeneities, as well as also in
the interaction with other dissipative solitons [29, 30]. Moreover the phase profile apparently
leads the dynamics of interaction between this kind of structures [31].

This thesis contains a detailed study of the phase structures of dissipative solitons which
appears surrounding the bell–shaped modulus of a single dissipative soliton, even in homo-
geneous media. We characterize the front phase propagation exhibited by the dissipative
solitons in PDLS after slight perturbations. These phase fronts undergo a non–trivial prop-
agation until reaching the steady final structure, far from the soliton core. Solitons with a
phase structure represent a novel type of solution unknown in PDNLS, and for our knowledge
it has not been reported in experiments or theoretical studies conducted in parametrically
forced system. In this work we show the relation between the dissipative solitons with uni-
form phase and this novel solution that exhibits a steady phase structure. Moreover, we
have extended this study to two–spatial dimensional system. The extra dimension produce
interesting effects on phase structure showing two type of solutions in 2D–PDNLS, one with
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an axial symmetry, and other asymmetric that can be understood as a composition of two
phase structures with semi-axial symmetry.

The readers of this manuscript will find here all the tools needed for understanding of
phase shielding solitons up to the level achieved after almost three years of research. This
thesis is organized into four parts composed by various chapters, comprising the main research
developed during the course of this work.

In the first part of the thesis, we deliver an historical contextualization for the solitons,
which are the main topic of this research work. Then, in Chapter 2, we introduce the basic
theoretical concepts used in the developed of this thesis. This background will allow us to
comprise the different aspects of the main topic (dissipative solitons with phase structure).
In this Chapter is clarified the concept of parametric forcing and resonance, the nonlinear
technique of amplitude equations, and finally we show an useful application of the Hilbert
transform when dealing with analytic signals.

Part II comprises the state–of–the–art of solitons. Chapter 3 clarifies the main differ-
ences found between conservative solitons—solitons found in system in (thermodynamic)
equilibrium—and its extension, dissipative solitons, arising in non-equilibrium system, which
are of particular interest in this thesis. Chapter 4 brings a review of dissipative solitons typi-
cally exhibited in parametrically forced systems. The parametrically driven and damped non-
linear Schrödinger equation is presented and its universality discussed. This model is highly
used to describe parametrically forced system near to the quasi–reversal limit. Uniform phase
solitons (UPS), naturally arising in PDNLS, are characterized in both one-dimensional case
as well as in two–dimensional systems. They constitute the basis of the novel soliton solution,
arising in parametrically forced system, which is the main result of the present research work.

Part III exposes a theoretical and numerical study conducted to describe the dynamics
of non-propagating hydrodynamic solitons naturally arising in surface of Newtonian fluids
vertically vibrated. PDNLS equation models this system in the limit of small gain and loss
of energy. Chapter 5 shows that the dissipative solitons with uniform phase naturally arising
in PDNLS are a good description for the hydrodynamic solitons exhibited in the Faraday’s
experiment. A mechanism of manipulation for this localized structures is proposed since the
inclination of the channel produce drifts of the solitons. The study shows good agreement
between theoretical predictions and numerical analysis with experimentally observed dynam-
ics for these localized structures. These results represent one of the first achievements of the
present research work.

Part IV discloses the most relevant discovery obtained during the research work; phase
shielding solitons (PSS). In Chapter 6 we study the emergence of phase fronts on dissipa-
tive solitons, which represent a new perspective of solitons study in parametrically driven
systems. Until now, the phase of single solitons was always considered uniform in most of
the aforementioned physical systems. However, a more complete analysis could demonstrate
the existence of PSS solutions in such physical scenarios. In the present chapter we con-
duct analytical and numerical studies of phase shielding solitons in one–dimensional system.
Moreover, an analytical description of PSS solutions and their dynamics is presented. A
numerical stability analysis is also performed to establish the connection between UPS and
PSS solutions.

In Chapter 7 the study of localized structures, presented in the previous sections, is ex-
tended for two-dimensional systems. This extension is not evident. The principal motivation
to conduct this extension is that most of the experimental observations of localized dissipative
structures in parametrically driven systems have been reported in two spatial dimensions.
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For instance, in fluid surface waves [32], oscillons in granular media [33], and isolated states
in thermal convection [34]. Furthermore, the greatest difficulty to characterize theoretically
localized states in two spatial dimensions is the lack of analytical expressions of these states.
In this Chapter we conduct an analytical and numerical study of the dissipative solitons
arising in two spatial dimensional PDNLS in order to understand the existence, stability
properties, and dynamical evolution of its front phase, which appear for proper both system
size and parameter region in PDNLS.

To corroborate the results obtained in both 1D and 2D–PDNLS a study of magnetic
physical system is performed. In Chapter 8 we analyze two classical examples: an easy-plane
ferromagnetic spin chain and an easy-plane ferromagnetic layer when both are submitted
to an external parametrical forcing by means of a constant and a time-periodic external
magnetic field perpendicular to the hard axis. In the quasi–reversible limit these system are
ruled by the 1D and 2D–PDNLS equation, respectively. Numerical simulations of magnetic
solitons are conducted. The phase of this localized states is reconstructed by means of the
Hilbert transform, exhibiting a non–trivial phase structure. That agrees with the result
obtained for dissipative solitons in the PDNLS equation.

Finally, in the Conclusions we summarize the most significant results and suggest new
ideas for continuing with the research in this subject. The appendices contain three publica-
tions on the topic that contain the principal discoveries made during the different stages of
this research.
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Chapter 2

Theoretical Background

2.1 Parametric resonance.

A non–Equilibrium system is any system that is not in thermodynamic equilibrium. Hence,
the gain and loss of energy are nonzero, and therefore its effects should be taken into ac-
count. A non–equilibrium system is not isolated from the rest of the universe but is kept in
contact with an external source that provides energy for the smaller sub–system. Therefore,
the dissipation is essential for the transfer of pumped energy to a cooler part. Hence, the
notion “dissipative system” is more complicated. It assumes that there is also an energy
supply part, rather than just losses. The most efficient mechanism to provide energy to a
system, through a oscillating external force, is making this undergo a resonance phenomenon
[35], where even small periodic driving forces can produce oscillations with a large amplitude.
Among these, when an effective system parameter is temporally (or spatially) modulated we
say that the system is being parametrically excited. Systems parametrically driven can expe-
rience a parametric resonance, which is characterized by exhibiting a subharmonic response,
i. e. the system develops oscillations at submultiples of the force frequency [35].

(a)

(b)

Figure 2.1: Resonance phenomena. (a) Normal resonance (the Tacoma bridge collapse). (b)
Parametric (roll) resonance (containership catastrophe).
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Figure 2.1 shows two systems undergoing a resonance phenomenon. Normal resonance
example is shown as a sequence in Fig. 2.1a. It corresponds to the total collapse of the
Tacoma Narrow Bridge (1940). Sequence Fig. 2.1b displays snapshots of a parametrical roll
resonance experiment, final image corresponds to a container vessels catastrophe as conse-
quence of this kind of resonance. It is important to mention that not only mechanical systems
such as vehicles, motorcycles, aircraft, sparse offshore platforms and marine craft but also
microelectro-mechanical systems are prone to parametric roll resonance [36].

In order to illustrate the phenomenon of parametric resonance let us consider the classical
example of a vertically forced pendulum with dissipation. In this case the effective parameter
is the gravity which varies periodically as result of the oscillating support [cf. Fig. 2.2]. This
system is described by the differential equation

θ̈(t) = −
[
ω2

0 + Γ cos(ωt)
]

sin(θ)− µθ̇, (2.1)

where θ(t) accounts for the angle of the pendulum respect to the vertical, ω0 is he natu-
ral oscillating frequency of the system. µ is de dissipation coefficient. Parameters Γ and
ω account for the amplitude and frequency of forcing, respectively. Dissipation has been
introduced phenomenologically and is proportional to the angular speed θ̇. As we know, if
the system had no energy loss and gain, the pendulum would swing at its natural frequency
and therefore the solution of the system [Eq. (2.1)] would be given by

θl(t) = Aeiω0t + Āe−iω0t. (2.2)

Nevertheless, since the pendulum is parametrically driven it exhibits a subharmonic re-
sponse. To determine the frequency of resonance of the forced pendulum, we perform a linear
analysis. In this limit the dynamic equation (2.1) takes the form

θ̈(t) = −
[
ω2

0 + Γ cos(ωt)
]
θ − µθ̇. (2.3)

This expression allows us to determine the condition which must be satisfied by the force
frequency, such that the system undergoes a parametrical resonance.

θ̈ = −ω2
0θ −Γ cos(ωt)θ︸ ︷︷ ︸−µθ̇(

eiωt + e−iωt
) (
Aeiω0t + Āe−iω0t

)
Γ/2︸ ︷︷ ︸

∼ ei(ω0±ω)t + c.c.

(2.4)

where c.c. means complex conjugate. As a result of this analysis, the subharmonic response
of the system (parametric resonance) occurs when the forcing frequency is ωf = 2ω0. Fur-
thermore, this analysis shows that the nonlinear terms are important while having the same
frequency of oscillation. Numerical simulations of the parametrically driven pendulum near
the parametric resonance have been performed. Figure 2.2b shows the Fourier spectrum
of the signal θ(t). There appear two peaks, which correspond to the frequency of forcing
ωf = 2ω0, and the system respond at ωf/2.
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(a)

(b)

Figure 2.2: (a) Schematic representation of a vertically forced pendulum. (b) Power spectrum
of the pendulum angle (θ(t)) obtained by numerical simulations of the Eq. (2.1) near to the
parametric resonance frequency (ωf ' 2ω0).

Historically, Faraday was probably the first to observe and report the appearance of sub-
harmonic oscillations on the surface of a fluid in a rectangular container vibrated [20]. His
experiment and preliminary results have been studied for a hundred years until this day.
Meanwhile Mathieu, through his study conducted in elliptical vibrating membranes, was
the first to derive a single equation to explain the phenomenon of parametric forcing [37].
However, was Rayleigh who gave a universal character to the phenomenon of parametric
oscillations [38, 39]. Another remarkable feature of the parametric resonance phenomenon is
that it can be developed even in system which do not posses a natural frequency of oscillation
[40]. In brief, subharmonic response occurs in any system which is parametrically forced. For
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Figure 2.3: Experimental result of the experiment conducted in Ref. [21]. (a) Signal of the
periodic pressure of the air flow which fluidizes the quasi-one-dimensional granular bed. (b)
The system exhibits a spatial instability, emerging a pattern. An imaging process is done to
obtain the envelope (A). (c) The power spectrum density (PSD) of A reveals the subharmonic
response of the system (f0/2)
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instance, Figure 2.3 shows the experimental results obtained in quasi-one-dimensional noisy
fluidized shallow granular bed forced by a periodic air flow [21]. The system exhibits a mod-
ulation instability [see Fig. 2.3b] which oscillates at subharmonic frequency [cf. Fig. 2.3c].

2.2 Amplitude equation.

Undoubtedly, since the birth of nonlinear physics and particularly due to the interest in
non–equilibrium systems, it was evident the necessity of new techniques, in order to achieve
a description of novel phenomena present in such systems. Hence, diverse techniques arose
offering new methods to characterize the dynamics of a system around to accidents (bifurca-
tions) [15, 16]. However, the aim of these techniques is clearly the same; get a more simplified
equation than the original one that allows us to characterize completely the observed dynam-
ical behavior suffered by the solution of interest. In other words, by applying these techniques
we get a minimal and universal model which brings to us the necessary tools to achieve a
thorough understanding of the universal phenomena exhibited by the system under study.
Within these universal phenomena are found the emergence of patterns, localized structures,
period doubling and chaos, to name a few [14, 15, 16, 17, 19].

Due to the injection and dissipation of energy present in non-equilibrium system, the be-
havior will be determined by its central manifold, which is composed by the relevant variables
that lead the observed dynamics. Since we are interested in parametrically forced systems
we know that the ulterior dynamics will be described by the slower scales [14]. That is how
the amplitude equation stands as the best technique addressing these kind of systems, since
it describes slow envelope modulations in space and/or time. The amplitude equations con-
cept was introduced by L. Landau [41]. In the context of parametrically forced systems, this
technique can be performed to describe the envelope of the upper layer of a Newtonian-fluid
in a vertically vibrated container, the magnetization of a easy plane ferromagnetic driven
by a oscillating magnetic field, the amplitude of oscillation of a pendulum (chain) with a
periodically oscillating support, the electromagnetic field in a optical parametric oscillator,
among others [24, 31, 42, 43].

For the sake of simplicity and a better understanding of the amplitude equation technique
we consider a coupled chain of parametrically forced pendulum [see Fig. 2.4]. The goal is
derive the minimal equation which accounts for the dynamics near the parametric resonance
described above [Sec. 2.1]. The force equation of the pendula chain is obtained, in the
continuous limit, by adding to the equation for one parametrically forced pendulum (2.1) the
spatial coupling among pendulums,

θ̈(t) = −
[
ω2

0 + Γ cos(ωt)
]

sin(θ)− µθ̇ + κ∂xxθ. (2.5)

Where κ accounts for the elastic coupling. From the linear analysis developed for a simple
pendulum [see Sec. 2.1] we already know that the parametric resonance occurs when the
forcing frequency is ωf = 2ω0. Therefore, we are able to introduce an unfolding parameter
which accounts for the detuning between the half of the forcing frequency and the natural
oscillation frequency, ν ≡ (ω− 2ω0)/2. This parameter enables us to explore in a region near
the emergence of the instability. Hence, we start the derivation of the amplitude equation
proposing an ansatz based on the solution found in the linear analysis of a single pendulum

10



[Eq. (2.2)].

θ(x, t) = A(x, t)eiω0t + Ā(x, t)e−iω0t +W(A(x, t); t), (2.6)

where A(x, t) is a slow variable, ∂ttA � ω0∂tA � ω0
2A, which stands for the spatial am-

plitude of the coupled chain of pendulum. Ā(x, t) is the complex conjugate of the complex
field A(x, t). W(A(x, t); t) accounts for the nonlinear correction produced by the dissipation
and nonlinear terms. We assume that at first order, its spatial variations depends on A(x, t),
which is spatially smooth.

Γcos(ω t)f

(a)

(b) (c)

Figure 2.4: (a)Schematic representation of coupled chain of parametrically forced pendulum.
(b) Shows Faraday instability which naturally arise in this system. A dissipative soliton is
displayed in (c)

It is important to mention that the resulting amplitude equation describes the slower
variable which, in this case, is the envelope of the system. Moreover, this equation is valid
in the region of parameters close to the point of instability (small injection and dissipation
of energy). The amplitude equation is obtained by a recursive method of change of variable.
It is assumed that the slow variable is small as well as its spatial (temporal) changes. Thus,
we consider the weakly nonlinear approximation—i. e. , in the perturbative limit where the
parameters satisfy µ ∼ Γ ∼ ν � ε, with ε an arbitrary small scale, ε � 1—for the system
[Eq. (2.5)] to perform the recursive method,

θ̈(x, t) = −
[
ω2

0 + Γ cos(ωt)
]
θ + ω2

0

θ3

6
− µθ̇ + κ∂xxθ. (2.7)

By replacing (2.6) in the above relation and considering only the relevant terms one obtains,
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after straightforward calculations, a differential equation for the nonlinear correction,

∂ttW + ω2
0W =

(
2iω0∂tA+

ω2
0

2
|A|2A− iµω0A−

Γ

2
Āe2iνt + κ∂xxA

)
eiω0t

+

(
ω2

0

6
A3 − Γ

2
Ae2iνt

)
e3iω0t + c.c. (2.8)

Notice that we know neither W nor A. Defining the linear operator L ≡ ∂tt + ω2
0 the above

equation can be rewriten as

LW = b, (2.9)

where

b ≡
(

2iω0∂tA+
ω2

0

2
|A|2A− iµω0A−

Γ

2
Āe2iνt + κ∂xxA

)
eiω0t

+

(
ω2

0

6
A3 − Γ

2
Ae2iνt

)
e3iω0t + c.c. (2.10)

Thus, Eq. (2.9) corresponds to a inhomogeneous linear equation. In order to solve this
problem we introduce here the Fredholm alternative.

2.2.1 Fredholm method.

The Fredholm method is a useful alternative when we are dealing with inhomogeneous linear
equations as

L ~W = ~B. (2.11)

This option ensures that either

a) For each ~B ∈ Im(L) the above equation has a unique solution

or

b) The homogeneous equation L ~W = 0 has a non-trivial solution ( ~W 6= 0). In this case
the respective inhomogeneous equation (2.11) is solvable (invertible) if and only if the

inhomogeneity ~B belongs to the orthogonal space of the Kernel of the adjoint of L,
that is ~B ∈ Ker(L†)⊥.

Noticed that this alternative can be extended for any eigenfunction ~V associated to a eigen-
value λ of the linear operator (L~V = λ~V ). It is only necessary redefine the linear operator
as Lλ ≡ L− λI, with I the identity matrix.

The Fredholm alternative imposes a solvability conditions that must to be fulfilled in
order to solve the inhomogeneous linear problem (2.11). They are, (a) the inhomogeneity

must belong to the images of L, ~B ∈ Im(L) or (b) in the case the homogeneous problem

has a non-trivial solution, then ~B ∈ Ker(L†)⊥. Both requirements can be contained in a
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single condition: The inhomogeneity ~B has to be orthogonal to the eigenfunction with zero
eigenvalue,

〈 ~W | ~B〉 = 0. (2.12)

This can be easily demonstrated in one direction of the implication (a⇒ b). We assume that
~B ∈ Im(L), i.e. there is ~u which satisfies L~u = ~B. For any ~K ∈ Ker(L†) the value of the

inner product between ~B and ~K will always be

〈 ~B| ~K〉 = 〈L~u| ~K〉 = 〈~u|L† ~K〉 = 0. (2.13)

This means that ~B is orthogonal to any ~K in the Kernel of the adjoint of the linear operator,
~B ∈ Ker(L†)⊥. Formal demonstration of the Fredholm alternative is beyond of the scope of
this thesis. For additional information review any regular Differential Equations book.

Continuing with our calculation of the amplitude equation for the parametrically driven
and damped pendulum chain, we adopt the Fredholm alternative. Consistently, we introduce
the inner product

〈f |g〉 ≡ ω0

2π

∫ T+
ω0
2π

T

f(t)g∗(t)dt, (2.14)

where T denotes a period (of the oscillating function), and g(t)∗ means the complex conjugate
of the function g(t). Under this definition we can determine the Kernel of the adjoint of the

linear operator ( ~K ∈ Ker(L†)). Fortunately, the linear operator is self-adjoint, L = L†, and
therefore the Kernel of the adjoint of L are exactly the eigenfunction with zero eigenvalue of
L. That is, functions of the form K = {eiω0t, e−iω0t} [see Eq. (2.2)]. Hence, accordingly to the
solvability condition (point (b) of the Fredholm alternative, Sec. 2.2.1), the inhomogeneity b
[Eq. (2.10)] has to be orthogonal to any function in the Kernel K.

〈b|K〉 = 0. (2.15)

Thus, after evaluating the inner product one obtains two conditions that must be fulfilled
with four different terms in each one. Nevertheless, we notice that there appear only two
different types of integrals

I1 =
ω0

2π

∫ T+
ω0
2π

T

f(A(x, t))dt, (2.16)

I2 =
ω0

2π

∫ T+
ω0
2π

T

g(A(x, t)) einω0tdt. (2.17)

Both, f(A(x, t)) and g(A(x, t)), are a compressed representation of all terms resulting for
the inner product between the inhomogeneity b and the Kernel of the adjoint of the linear
operator L. However, it is important to mention that f(A(x, t)) can only be the expression
which accompanies eiω0t in b [Eq. 2.10] and its complex conjugate. Meanwhile, g(A(x, t) has
more possibilities depending on the value of n, which is a nonzero even number.
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Since A(x, t) is a slow variable, in this consideration, the temporal variation is negligible,
t = 2π/ω0 → 0. Thus, the first kind of integral can be rewritten as

I1 ' lim
ω0→∞

ω0

2π

∫ T+
ω0
2π

T

f(A(x, t))dt.

Hence, by using the integral form of the mean value theorem, we obtain

I1 ' lim
ω0→∞

ω0

2π

[
f(A(x, τ))

2π

ω0

]

I1 ' f(A(x, τ)). (2.18)

Here, τ accounts for the slow temporal variable, τ ≡ εt, where ε� 1 is the arbitrarily chosen
small scale.

To solve the second type of integral we perform a recursive integration by parts. When
we iterate this integration method N times, the integral I2 takes the from,

I2 = lim
ω0→∞

ω0

2π

[
n=N∑

n=1

(−1)n+1einω0t

(2inω0)n
∂

[n−1]
t g(A(x, t))

∣∣∣∣
T+ 2π

ω0

T

+
(−1)N

(2inω0)N

∫ T+
ω0
2π

T

∂
[N ]
t g(A(x, t)) einω0tdt

]
,

where ∂
[j]
t f(t) corresponds to the jth temporal derivation of f(t). Notice that the integral

becomes a power series of 1/ω0, which is small. Therefore, at dominant order the relevant
term is the first one in the sum, that is

I2 ' lim
ω0→∞

ω0

2π

[
einω0t

2inω0

{g(A(x, t+ 2π/ω0))− g(A(x, t))}
]

' lim
ω0→∞

einω0t

2inω0

∂g(A)

∂A
∂tA

I2 ' 0. (2.19)

Thus, the second type of integral, Eq. (2.17), does not contribute in the evaluation of the inner
product (2.15). Hence, we are able to evaluate the inner product between the inhomogeneity
b and the kernel K,

〈b|eiω0t〉 = 2iω0∂τA+
ω2

0

2
|A|2A− iµω0A−

Γ

2
Āe2iντ + κ∂xxA, (2.20)

〈b|e−iω0t〉 = −2iω0∂τ Ā+
ω2

0

2
|A|2Ā+ iµω0Ā−

Γ

2
Ae−2iντ + κ∂xxĀ. (2.21)

Notice that the first relation corresponds exactly to the evaluation of I1 = f(A(x, τ)) and
the second relation is the complex conjugate of the first one, which is in agreement with the
above discussion of f(A(x, t)). Therefore, by imposing the condition of solvability (2.15), we
obtain a partial differential equation that has to be fulfilled by the amplitude of the system,

∂τA = −iω0

4
|A|2A− µ

2
A− i Γ

4ω0

Āe2iντ − i κ
2ω0

∂xxA. (2.22)
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Thus, by introducing the change of variables A =
√

4/ω0Be
iντ , X =

√
2ω0/κx one obtains

∂τB = −iνB − i|B|2B − µ

2
B − i Γ

4ω0

B̄ − i∂XXB. (2.23)

Finally, introducing B = ψe−iπ/4, µ/2→ µ, and γ ≡ Γ/4ω0 the above expression becomes

∂τψ = −iνψ − i|ψ|2ψ − i∂XXψ − µψ + γψ̄. (2.24)

As we can see, this equation is balanced at order ε3/2. Equation (2.24) corresponds to the
well known parametrically driven and damped nonlinear Schrödinger equation, which is a
prototype model highly used to describe parametrically forced systems in the limit of small
losses and gain [see Chap. 4 and references therein]. Moreover, this equation is the cornerstone
of this work. Notice that, since the second type of integrals vanished [Eq. (2.19)], that part
of the inhomogeneity b [Eq. (2.10)] belongs to the images of the linear operator L (terms
proportional to e3iω0t in b). Therefore, exists a unique solution for the nonlinear correction

∂ttW + ω2
0W =

ω2
0

6
A3e3iω0t − Γ

2
Aei(3ω0+2νt). (2.25)

Due to the slow varying of A(x, t) in the time, we introduce the ansatz

W = αA3e3iω0t + βAei(3ω0+2ν)t, (2.26)

where the constants A and B are to be determined. Replacing in Eq. (2.25), we obtain

α = − 1

48
and β =

Γ

16ω2
0

. (2.27)

Finally, the dynamics of the system at this order, θ(x, t) in Eq. (2.6), is given by

θ(x, t) =

√
4

ω0

ψ(X, τ)ei{(ω0+ν)t−π/4}

+

(
1

ω0

)3/2 [
γ

2
ψ(X, τ)e−i

π
4 +

1

6
ψ(X, τ)3ei

π
4

]
ei{3(ω0+ν)t + c.c. (2.28)

+ h.o.t.,

where c.c. and h.o.t. means complex conjugate and higher order terms, respectively. The
field ψ(X, t) is given by Eq. (2.24). It is important to mention that θ(x, t) is a real signal
[Eq. (2.5)] and the above (approximate) nonlinear change of variable is an analytic function
of the angle θ(x, t).

2.3 Hilbert transform.

The Hilbert transform is a powerful tool to process data signal. It provides a concrete means
for realizing the harmonic conjugate of a given function or Fourier series. Furthermore, in
harmonic analysis, it is an example of a singular integral operator, and of a Fourier multi-
plier. The Hilbert transform is also important in the field of signal processing where it is
used to derive the analytic representation of a signal u(t). The analytic representation of a
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real-valued function or signal facilitates many mathematical manipulations of the signal. The
basic idea is that the negative frequency components of the Fourier transform (or spectrum)
of a real-valued function are superfluous, due to the Hermitian symmetry of such a spectrum.
These negative frequency components can be discarded with no loss of information, thereby
generating a complex-valued function instead. That makes certain attributes of the signal
more accessible and facilitates the derivation of modulation and demodulation techniques.
As long as the manipulated function has no negative frequency components (that is, it is
still analytic), the conversion from complex back to real is just a matter of discarding the
imaginary part.

The Hilbert transform of a signal u(t) is defined as the convolution of u(t) with the
function h(t) = 1/(t). Because h(t) is not integrable the integrals defining the convolution
do not converge. Instead, the Hilbert transform is defined using the Cauchy principal value
explicitly, the Hilbert transform of a function (or signal) u(t) is given by

H[u](t) ≡ P.V.

{∫ ∞

−∞
u(τ)h(t− τ)dτ

}
= P.V.

{∫ ∞

−∞

u(τ)

t− τ dτ
}
, (2.29)

where P.V.{·} means the Cauchy principal value of the integral. Alternatively, by changing
variables, the Hilbert transform can be written explicitly as

H[u](t) = − 1

π
lim
ε→0+

∫ ∞

ε

u(t+ τ)− u(t− τ)

τ
dτ. (2.30)

When this transformation is applied twice in succession to a function u we obtainH[H[u]](t) =
−u(t). For instant, the Hilbert transform of u(t) = cos(ωt) is given by

H[u](t) = cos(ωt− π

2
) = sin(ωt), (2.31)

and in the same way

H[sin](t) = sin(ωt− π

2
) = − cos(ωt), (2.32)

which is consistent with H(H(u)) = −u. Note that the above transformation can be obtained
by shifting the phase in 90–degrees.

2.3.1 Hilbert transform relations for complex sequences.

In the context of signal processing, the Hilbert transform plays a fundamental role to recon-
struct analytic signals. That is, the analytic representation of a complex signal u(t),

ua(t) = ur(t) + iui(t), (2.33)

with ur(t) and ui(t) real fields, can be obtained by means of the Hilbert transform [44].
This is really useful since many of the solutions of differential equations, which describes
physical systems, as well as experimental measurements are real signals. Therefore, the
Hilbert transform technique allows us to reconstruct a complex variable (analytic signal). In
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order to achieve this, let us express the analytic signal in terms of complex polar coordinates,
ua(t) = A(t)eiφ(t) where

A(t) = |ua(t)| =
√
ur(t)2 + ui(t)2, (2.34)

φ(t) = Arg(ua(t)). (2.35)

Here, Arg(·) corresponds to the argument function. Thus, the original real field u(t) can be
express as,

u(t) ≡ ur(t) = Re
(
A(t)eiφ(t)

)
, (2.36)

where Re(·) represent the real part, A(t) the amplitude of the envelope and φ(t) the phase.
The Hilbert Transform technique allows us to obtain the imaginary part, ui(t), of the analytic
field ua(t) [Eq. (2.33)] from the original real data ur(t) and its one–sided Fourier Transform
Sr(ω),

Sr(ω) =

∫ ∞

−∞
ur(t)Θ(ω)e−iωtdt (2.37)

where Θ(ω) is the Heaviside step function. To obtain the one–sided Fourier Transform of the
imaginary part Si(ω), we used the following relation,

Si(ω) = H(ω)Sr(ω) (2.38)

where

H(ω) =

{
−i, 0 ≤ ω < π
i, −π ≤ ω < 0

(2.39)

is a 90–degrees phase shifter or Hilbert Transformer [45]. Therefore, the reconstructed imagi-
nary part ui(t) of the analytic signal is obtained by calculating the inverse Fourier Transform
of Si(ω). This method gives a good description of the amplitude and phase for band–limited
signals. It is noteworthy that the above application of the Hilbert transform is not altered if
we now consider an analytic field that also depends on the space, u(x, t). Thus, the Hilbert
transform becomes a spatiotemporal function, H(u)(x, t) but its calculation only applies for
the time parameter of the field under study. That is, the one–sided Fourier Transform only
be carried out on the time parameter, leaving unchanged the spatial coordinate.

To illustrate the above described application of the Hilbert transform, let us consider a
vertically vibrated pendulum chain [see Sec. 2.2]. This system is described, in its continuous
limit, by the Eq. (2.5). Here, the spatiotemporal real field θ(x, t) accounts for the angle
respect to the vertical of the pendulum in the position x at the time t. Numerical simulations
of a dissipative soliton, commonly exhibited in this system, were conducted [see Fig. 2.5].
Then, from the numerical real part of the analytic signal Re(θa(x, t)) ≡ θ(x, t) is reconstructed
the imaginary part. More precisely, we reconstruct the phase φ(x, t), Eq. (2.35), of the
dissipative soliton. Surprisingly, two–counter propagating phase front which moves away
from the soliton position appear. A detailed and appropriate description of these phase
fronts will be delivered in the following chapters. Figure 2.5c shows the phase φ(x) at a given
value t.
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Figure 2.5: (a)Schematic representation of coupled chain of parametrically forced pendulum.
(b) Shows Faraday instability which naturally arise in this system. The phase of a dissipative
soliton, reconstructed by means of the Hilbert transform, is displayed in (c)

It is noteworthy that the slot observed at the center of the phase angle is a consequence
that the Hilbert transform is calculated via the original field θ(x, t), including all the nonlinear
corrections of the envelope. Such corrections are described by higher order terms in the
amplitude equation [30]. Far from the core position, higher order terms are negligible due to
the exponentially small tail of the envelope. However, close to the center corrections become
relevant producing the characteristic hole.

18



Part II

Solitons in Parametrically Forced
System
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Chapter 3

Dissipative Solitons

The aim of this chapter is to establish the main differences existing between conservative
solitons—solitons which appears naturally in conservative system—and the extension of this
soliton concept to localized dissipative structures that arises in non-equilibrium systems such
as parametrically forced systems, which are of our particular interest.

Conservative solitons are born as a balance between the nonlinearity and the dispersion
of the medium [46]. They are the first nonlinear wave reported. Surprisingly, this localized
structure can be treated as a particle-type solution. One of its most intriguing properties is
that their shape remains invariant during its propagation in a homogeneous media. Further-
more, several studies related with the interaction of these conservative localized structures
have demonstrated that they also maintain its bell–shape invariant during this collective dy-
namics [47]. They have constituted the mechanism of transport in numerous system such as
action potential in a neuron, deformations along a solid, waves on the free surface of fluids,
to name a few [1]. They represent the most classical and observed example of an extended
particle.

As mentioned in the Introduction section, systems maintained out of equilibrium by in-
jection and dissipation of energy are self-organizing. That is, they distribute the energy by
forming different kinds of structures [see Fig. 1.1] with properties impossible to achieve in
equilibrium systems. Thus, a dissipative soliton is a localized coherent structure which exists
for an extended period of time, even though parts of the structure experience gain and loss of
energy and/or other quantities, such as momentum, mass, among others. These solitons exist
in “open” systems which are far from equilibrium. Thus, energy and matter can flow into
the system through its boundaries. Therefore, a soliton in a non-equilibrium system exists
indefinitely in time, as long as the parameters in the system remain constant. It may evolve
(i.e. change its shape periodically or otherwise) but it only disappears when the source of
energy or matter is switched off, or if the system parameters take values outside the region of
existence of the soliton. Hence, as its conservative counterpart, they can be considered as a
particle–type solution since these dissipative localized states are characterized by continuous
parameters such as position, width, charge, length, etc. In contrast to solitons in conserva-
tive systems, dissipative solitons are dynamical objects that have non–trivial internal energy
flows. Therefore, they do not need to have a stationary profile [48]. Since they are produced
by dissipative systems, they depend strongly on an energy supply from an external source.
As we can see, pump of energy is essential, and this means that the structures are defined
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by the rules of the system (gain, loss, dispersion, nonlinearity, etc.), rather than by the ini-
tial conditions [28]. However it is important to mention that these solutions usually do not
emerge spontaneously. Therefore, to generate these localized solutions, it is often necessary
to perturb the system in order to exceed a certain nucleation barrier.

Solitons or localized states in macroscopical extended dissipative systems have been ob-
served in different fields, such as: domains in magnetic materials, chiral bubbles in liquid
crystals, current filaments in gas discharge, spots in chemical reactions, localized states in
fluid surface waves, oscillons in granular media, isolated states in thermal convection, solitary
waves in nonlinear optics. The variety of this type of phenomena evidences the universality
of these particle-type solutions [see Fig. 3.1].

(a) (b) (c)

(d)

(f )

(e)

Figure 3.1: Diverse dissipative structures and pattern found in parametrically forced system
such as: Oscillons found in vertically vibrated granular bed (a) and colloidal vibrated fluid (b).
Patterns formation in granular (c) and optical (d) media. (e) and (f) show a hydrodynamic
solitons found in Farady’s experiment.

In brief, non–equilibrium systems have opened a new field to study universal phenomena.
Especially by the variety of both irreversible processes and non–variational effects that occur
in these systems. Among them we can find the retro–injection, the dissipation, nonlocal in-
teraction, inhomogeneities, among others. As a consequence of the above, dissipative solitons
arising in such systems possess innumerable properties [19] that often cannot be observed
even in near integrable systems (near hamiltonian limit). Some of the most fascinating char-
acteristics of dissipative solitons are the presence of oscillating tails, wave emission, period
doubling, and development of chaos, to name a few. This can be understood directly from the
non–equilibrium system properties, since in such systems there are no (necessarily) conserved
quantities and, hence, localized structures are not related to the conservation of energy, mo-
mentum, or some other amount as in its conservative counterpart. Dissipative solitons have
opened a new spectrum for localized structure phenomena, showing potential applications
in technology which depends heavily on the level of understanding that we possess of such
solitons. Dissipative solitons are solutions extremely rich and largely unexplored.
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Chapter 4

Parametrically Driven and Damped
Nonlinear Schrödinger Equation

The parametrically driven and damped nonlinear Schrödinger equation (PDNLS) constitutes
the alma matter of several studies related to dissipative localized structures arising in ex-
tended systems forced parametrically. PDNLS is the most minimal model describing the
emergence of a parametrical resonance. Some universal phenomena that can be found in
PDNLS are the emergence of pattern, localized structures, bounded states, and more com-
plex dynamics as spatiotemporal chaos, among others.

4.1 The universality of the PDNLS model.

The parametrically driven and damped nonlinear Schrödinger equation is a model that de-
scribes parametrically forced systems in the quasi-reversal limit. That means, the system
has a time–reversal part which is perturbed with small injection and dissipation of energy
[49, 50]. This model can be understood as the prototype equation of a chain of nonlinear
dissipative oscillators parametrically forced.

∂tψ = −iνψ − i|ψ|2ψ − i~∇2ψ − µψ + γψ̄, (4.1)

where ψ(~x, t) is a complex field that accounts for the envelope of the oscillation of the system
under study. ψ̄ stands for the complex conjugate of ψ, and {~x, t} describes the spatial and
temporal coordinates, respectively. Parameter ν represents the detuning between the forcing
and the system response. More precisely, it is proportional to the difference between the half
of the forcing frequency and the natural frequency of the forced oscillator. µ is the damping
parameter which accounts for the energy dissipation process, and the parameter γ stands for
the amplitude of the parametric forcing. It is important to note that the spatial operators
(~∇, ~∇2) depend on the dimension of the system under study as well as the coordinate system
chosen1 to describe the system under study.

The PDNLS model describes an oscillatory focusing media with dispersive coupling [51],
since the nonlinear term and spatial coupling have the same sign. This equation provides

1That is, for instance, in the case of one-dimensional system the spatial operators are described for ~∇ =
∂x x̂ and ~∇2 = ∂xx. Meanwhile in two-dimensional system, for example, the Laplacian in cartesian coordinates
is given by ~∇2 = ∂xx + ∂yy whereas its polar representation takes the form ~∇2 = ρ−1∂ρ + ∂ρρ + ρ−2∂θθ.
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a good description of parametric systems and phenomena arising in them, in the quasi–
reversal limit ν ∼ µ ∼ γ � 1. Following the amplitude equation technique [see Sec. 2.2],
parametrically driven and damped nonlinear Schrödinger equation has been derived in dif-
ferent physical contexts, such as vertically oscillating layer of water [42, 52], parametrically
driven easy-plane ferromagnetic wire [26, 43], degenerate optical parametric oscillator [24],
parametrically driven pendulum chain [31], and parametrically driven arrays of nonlinear
resonators [30].

4.2 The bifurcation scenario of PDNLS

With the aim of characterizing the phase space of the PDNLS model, we introduce the
Madelung transformation for the complex field in the PDNLS equation (4.1). Namely, re-
placing ψ(~x, t) = R(~x, t)eiφ(~x,t) one obtains

∂tR = R~∇2φ+ 2~∇R · ~∇φ− µR + γR cos(2φ), (4.2)

R∂tφ = −νR−R3 − ~∇2R +R(~∇φ)2 − γR sin(2φ). (4.3)

The uniform equilibrium solutions are determined by setting the modulus and the phase
as constant values, R ≡ R0 and φ ≡ φ0.

cos(2φ0) =
µ

γ
, (4.4)

R0
2 = −ν ±

√
γ2 − µ2. (4.5)

Obviously, the trivial quiescent solution R0 = 0 exist in all the parameters space. Equa-
tion (4.5) describes the different uniform solutions that we can find when moving across
the different regions of parameters. Notice that for amplitude of forcing in the region
µ < γ <

√
µ2 + ν2 and negative detuning ν < 0, the system has five possible equilib-

rium solution. Meanwhile, for amplitude of forcing lower than the damped parameter, that
is γ < µ, only the zero solution is possible, R0 = 0. Figure 4.1 shows the different regions of
existence for the uniforms solutions and their mechanism of emergence.

To characterize the emergence of the spatial extended solutions we perform the stability
analysis of the quiescent solution (R0 = 0). Introducing the cartesian representation of the
complex field ψ(~x, t) ≡ X(~x, t) + iY (~x, t) in PDNLS [Eq. (4.1)], we obtain

∂tX = νY +
(
X 2 + Y2

)
Y + ~∇2Y − µX + γX , (4.6)

∂tY = −νX +
(
X 2 + Y2

)
X − ~∇2X − µY − γY . (4.7)

By neglecting the nonlinear terms, a linear system for the perturbation of the zero solution
is obtained. It can be rewritten in a matrix form as

(
Ẋ
Ẏ

)
=

[
γ − µ ν + ~∇2

−ν − ~∇2 −µ− γ

](
X
Y

)
. (4.8)
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(a) (b)

Arnold’s
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Null-
Solution
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Figure 4.1: Regions of existence for PDNLS solutions. (a) Solitons are found in the region
I, meanwhile pattern formation occurs for positive detuning (region III). Inside the Arnold’s
tongue the spatial temporal chaos leads the dynamics of the system. (b) As we move along
the curve Γ, we can determine the bifurcations experienced by PDNLS equilibria: In region
I we can find five possible equilibria, however, only three of them are stable solutions. In
region II, there are two stable equilibria and the quiescent solution is unstable. In the region
III only exists the quiescent solution and is unstable.

Considering a solution of the form

(
X
Y

)
=

(
X0

Y0

)
eλt+i

~k·~x,

and replacing it in the above eigenvalue problem, we obtain the stability condition for the
quiescent solution

λ(~k) = µ±
√
γ2 −

(
ν − ~k2

)
. (4.9)

To establish the region of destabilization of the null solution we must determine the exact
point at which the curve of λ(~k) crosses the zero. For this we looking for a real vector ~kc
such that satisfies the condition

∂λ(~k)

∂~k

∣∣∣∣∣
~k= ~kc

= 0. (4.10)

That is,

2~kc




(
ν − ~kc

2
)

√
γ2 −

(
ν − ~kc

2
)


 = 0. (4.11)

This relation gives us two possible solutions ~kc = ~0 and ~kc
2

= ν. Therefore, the spatial
modulation occurs for ν > 0 (pattern formation) [53]. When λ(~kc = 0) cross the zero the
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system undergoes a stationary bifurcation (without a wavelength), this region is known as
the Arnold’s tongue. In this case, it is placed in the region of parameters which satisfy

λ
(
~kc = 0

)
= µ±

√
γ2 − ν2 ≥ 0

γ2 ≥ µ2 + ν2. (4.12)

Inside this region the system exhibits stationary patterns, kinks, and spatiotemporal chaos
dynamics. As we already know, the region of five uniform equilibrium solutions is delimited
by values of the amplitude of forcing in µ < γ <

√
µ2 + ν2 and a negative detuning ν < 0

[c.f. Eq. (4.5), and Fig. 4.1]. Therefore, the localized dissipative structures can be found in this
region since they represents a homoclinic solution connecting asymptotically the quiescent
solution.

4.3 Uniform phase solitons in PDNLS

Certainly, the parametrically driven and damped nonlinear Schrödinger Eq. (4.1) has brought
a vast territory for the studies of diverse physical phenomena. One of the most paradigmatic
solution that appears in this model is the dissipative soliton with a uniform phase (UPS).
This localized structure arises naturally as a nonlinear surface wave in experiments of ver-
tically vibrated container with Newtonian fluid [54]. Hydrodynamic solitons have also been
characterized analytically starting for ideal equations for the fluid in basin and introducing
the dissipation effect phenomenologically [42, 55].

In order to achieve a thorough understanding of the stationary localized solution with
a uniform phase in a one-dimensional system, we set our ansatz in modulus and phase
accordantly, R(x, t) ≡ Rs(x) and φ(x, t) ≡ φ0. Replacing it in the polar representation for
the complex field of PDNLS [Eqs. (4.2) and (4.3)] we obtain

cos(2φ0) =
µ

γ
, (4.13)

∂xxRs = (−ν − γ sin(2φ0))Rs −Rs
3. (4.14)

Notice that Eq. (4.13) determines four different phase uniform solutions in the range [−π, π]
which are important for future discussion. Equation (4.14) accounts for the modulus shape
of the UPS. Taking into account the effective potential energy U(Rs) = −δ±Rs

2/2 + Rs
4/4,

with δ± = −ν ±
√
γ2 − µ2, Eq. (4.14) can be understood as a Newton-type equation in the

extended system,

∂2Rs

∂x2
= −∂U(Rs)

∂Rs

.

Multiplying this equation by the integrating factor ∂xRs, we obtain a energy–type equation

∂

∂x

[
1

2

(
∂Rs

∂x

)2

+ U(Rs)

]

︸ ︷︷ ︸
E(Rs,∂xRs)

= 0. (4.15)
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The above relation implies that the energy is conserved, E(Rs, ∂xRs) = E0. Since we are
interesting in the spatial solution which connects asymptotically the quiescence solution with
itself, we set E0 = 0. Thus, we are able to integrate the modulus shape equation

∫
dRs√
−2U(Rs)

=

∫
dRs√

δ±Rs
2 −Rs

4/2
=

∫
dx.

Introducing the change of variable Rs =
√

2δ±sech(y), the above relation takes the form

∫
dy =

∫ √
δ±dx.

Integrating this we obtain the modulus shape of the UPS

Rs(x, x0) =
√

2δ±sech
(√

δ±(x− x0)
)
. (4.16)

Which, as we can see, is invariant under translations (parameterized continuously by the
position x0). This was expected since this localized solution is associated with a Goldstone
mode (zero eigenvalue). Moreover, the width and the height of the above solution are given

respectively by δ+
−1 and (2δ+)1/2 [see Fig. 4.2b].

Rx

R

E(R,Rx)

0

0

L

R(x)

(x)

Space

x0

δ+
−1/2

(2δ+
 )1/2

φ

(a) (b)

φ0

Figure 4.2: (a) Schematic representation of the energy E(R, ∂xR). The Homoclic solution
(red curve) is obtained fixing E = 0. Dashed curves correspond to different unstable extended
solutions (E 6= 0) in the spatiotemporal system. (b) Uniform phase soliton solution for the
parameters γ = 0.105, µ = 0.1, ν = −0.1, system size L = 100, characteristic parameter
δ+ = 0.132. x0 stands for the soliton position

As mentioned before, UPS exists in the region of parameters where we can find local-
ized structures in PDNLS—region where the five uniform equilibria are found, and the zero
solution is stable [see Sec. 4.2]—. It is important to note that the UPS is a non–trivial sta-
tionary homoclinic solution in the extended (or stationary) phase space {R, ∂xR}, as shown
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in Fig. 4.2a. This solution connects the quiescent state with itself [see Fig. 4.2b] and, then, is
the only solution which is unstable in the extended system. Therefore, is the only stable solu-
tion in the spatiotemporal system inside the region of parameters mentioned above. Formal
demonstration of the latter statement is beyond of the scope of this thesis. It is noteworthy
that although it is possible to find (integrate) other localized structures by fixing different
values of energy E(Rs, ∂xRs) = E0 [see Eq. (4.15) and dashed curves in Fig. 4.2a], they are
unstable solutions in the spatiotemporal system.

It is vital to clarify here that it is possible to find more than one type of dissipative
solitons within the mentioned region of parameters. In fact, as mentioned before, the rela-
tion cos(2φ0) = µ/γ [Eq. (4.13)] admits four equilibria in the interval [π,−π]. Therefore,
there are four different dissipative solitons with uniform phase. Nevertheless, they are not
all stable. This depends on the value taken by the uniform phase of equilibrium, determined
by relation (4.13). Figure 4.3 illustrates this relation and the respective stability regions
of the different particle–type solutions. From this figure one can infer that the localized
states appear or disappear by simultaneous saddle-node bifurcations when the injection and
dissipation of energy are equal (|γ| = µ). The stable soliton solutions are characterized by
Re(ψ)Im(ψ) < 0 [Re(ψ)Im(ψ) > 0] for γ > 0 (γ < 0), thus both fields have different signs
when γ > 0 [26]. This implies that stable UPS solution are characterized by the parameter δ+,
which was defined above [see Eq. (4.14)], meanwhile for δ− only unstable solutions are found.
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Figure 4.3: Schematic representation of the different stability regions of dissipative solitons.
The circles represent the different solutions of cos(2φ0) = µ/γ: closed circles correspond to
stable phase φs0 of localized states. Open ones correspond to unstable localized states with
uniform phase φus0 . The insets depict the different types of dissipative solitons with µ = 0.10,
γ = 0.13, ν = 0.12, and L = 200, where δ+ = 0.203 and δ− = 0.037.

A detailed analysis of the stability region and the bifurcation diagram of the uniform
phase solitons were performed by Barashenkov and collaborators in Ref. [26]. They showed
that only for δ+ a stable UPS is obtained. This kind of dissipative soliton can develop more
complex dynamics. Furthermore, two interacting solitons exhibit a rich dynamics, forming in

27



some cases bounded states, double period oscillations, and chaos. For a deeper understanding
of such phenomena see the articles [56, 29, 57], and references therein.

4.4 UPS in two–dimensional systems

Several studies have been conducted in the two dimensional spatial extension of the dissi-
pative solitons [58, 59] reviewed in the previous section. Notwithstanding such extensions
are not evident, the localized structures found in this mentioned studies have the same char-
acteristics properties of its analogous in one-dimensional system. That is, two-dimensional
dissipative solitons exhibit a bell-shaped modulus and a uniform phase [see Ref. [59] and
references therein].

Most of the experimental observations of localized structures in parametrically driven
systems have been reported in two spatial dimensions. For instance, in fluid surface waves
[32], solitary waves in Faraday’s water experiment [60], oscillons in granular media [33], and
isolated states in thermal convection [34]. Note that all these observations have been real-
ized in dissipative systems. Furthermore, the greatest difficulty to characterize theoretically
localized states in two spatial dimensions is the lack of analytical expressions of these states.

In the context of conservative systems in two spatial dimensions perturbed with energy in-
jection through parametrical temporal modulation and dissipation—namely, quasi–reversible
systems [49, 50, 61, 62]—a prototype model where we can find this types of structures is the
two-dimensional parametrically driven and damped nonlinear Schrödinger model (4.1). This
equation has been derived in two spatial dimensional physical systems such as the para-
metrically driven magnetic layer [59] and Kerr type optical parametric oscillators [24]. In
the conservative limit (µ = γ = 0), the mentioned model becomes the well–known nonlin-
ear Schrödinger equation. This model is widely applied to understand wave phenomena in
hydrodynamics, nonlinear optics, nonlinear acoustics, quantum condensates, heat pulses in
solids and various other nonlinear instability phenomena [63]. The nonlinear Schrodinger
equation is an universal model for weakly dispersive and nonlinear media.

In order to obtain the polar coordinate representation of the PDNLS model [Eq. (4.1)],
we introduce the Madelung transform of the complex field

ψ(ρ, θ; t) ≡ R(ρ, θ; t)eiφ(ρ,θ;t), (4.17)

and the polar representation of the spatial operators ~∇2 ≡ ρ−1∂ρ + ∂ρρ + ρ−2∂θθ, obtaining

∂tR = ρ−1∂ρφR + ∂ρρφR + ρ−2∂θθφR + 2∂ρR∂ρφ+ 2ρ−2∂θR∂θφ− µR + γR cos(2φ),

(4.18)

R∂tφ = −νR−R3 − ρ−1∂ρR− ∂ρρR− ρ−2∂θθR + (∂ρφ)2R + ρ−2(∂θφ)2R− γR sin(2φ).

(4.19)

The above set of equations represents the two-dimensional parametrically driven and
damped nonlinear Schrödinger model in polar coordinate. It is important to mention that
the bifurcation scenario of the PDNLS model in two-dimensions [58] is exactly the same that
found in the one-dimensional case [see Sec. 4.2]. And therefore, its possible solutions are
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found for the same sets of parameters aforementioned. Moreover, dissipative solitons found
in this 2D model are characterized for exhibit, just like its one-dimensional analogue, a bell-
shape in its modulus and an uniform state in the phase. Therefore, these structures posses
axial symmetry; that is, there is not an explicit angular dependence. Hence, analogously to
the one-dimensional problem, we assume the strategy of fixing a constant phase φ ≡ φ0 and a
stationary modulus without angular dependency R ≡ Rs(ρ). Introducing these in the above
set of equations,

cos(2φ0) =
µ

γ
, (4.20)

∂ρρRs = δRs −R3
s − ρ−1∂ρRs. (4.21)

where δ ≡ δ+ = −ν+
√
γ2 − µ2 corresponds to the characteristic value for the stable UPS [see

Sec. 4.3].Unfortunately, the equation that determines the shape of the module [Eq. (4.21)],
has no analytical solution. Figure 4.4 shows a UPS solution obtained by numerical simula-
tions conducted for 2D–PDNLS. The uniform phase solution (φs0) of the localized state is
one of the equilibrium solutions admitted by relation (4.20), which is the same that rules the
uniform phase for the one–dimensional case [see Fig. 4.3].

R(x,y)

φ(x,y)=φs

y

x

0

Figure 4.4: Stable uniform phase soliton in two–dimensional PDNLS with µ = 0.10, γ =
0.105, ν = 0.05, and L = 100

As we have mentioned before, there is no analytical expression to describe the shape of
two-dimensional localized state. However, using a variational method, one can obtain a good
approximation [59, 64],

Rs(ρ) ≈ A0

√
δsech

(
B0

√
δ

2
ρ

)
, (4.22)

where A0 = 2.166 and B0 = 1.32. However, this approximation does not describe the
asymptotic behavior of the dissipative soliton (exponential tail) which is known, Ref. [59], to
be ruled by the expression

Rs(ρ→∞)→ e−
√
δρ

√
ρ
, (4.23)

which will be very useful in further discussion.
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Part III

Control of Dissipative Localized
Structures
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Chapter 5

Non-propagative Hydrodynamics
Solitons in Inhomogeneous Media

Macroscopic particle-type solutions or localized states in extended dissipative systems have
been observed in different fields, such as: domains in magnetic materials, chiral bubbles in
liquid crystals, current filaments in gas discharge, spots in chemical reactions, localized states
in fluid surface waves, oscillons in granular media, isolated states in thermal convection, soli-
tons in nonlinear optics, among others. The variety of this type of phenomena evidences the
universality of these particle-type solutions [19].

In the last two decades, the properties and mechanisms of creation of localized structures
have been established as well as their interactions. However, few studies have focused on
manipulation and control of these coherent states. In the pioneering work of Wu et al. [54],
the authors mentioned that hydrodynamic non-propagating solitons were sensitive to depth
gradients. They found that solitons move toward less deep regions. Moreover, recent study
in the context of optical cavities in semiconductors have demonstrated that a phase gradient
induces propagation of cavity solitons [65]. Furthermore, it is possible to control the spatially
localized modes arising in two-dimensional chirped photonic lattices [66, 67]. All this suggests
that inhomogeneities can be used as a spatial control tool, as it induces drift of solitons.

5.1 Hydrodynamic soliton motion in a tilted basin

Non-propagating hydrodynamic solitons arise naturally in a quasi 1-D rectangular basin filled
with water excited vertically at certain range of frequencies and amplitudes [54]. These local-
ized states have a subharmonic nature depicted by oscillations at half the forcing frequency.
They appear as localized transverse sloshing structures on the free surface. The dissipative
solitons nucleate from disturbances of the stable flat state [54].

The aim of this Section is to characterize the effects produced by the inhomogeneities
on non-propagating hydrodynamic solitons. More precisely, we have performed a theoretical
and experimental study of the dynamics of non-propagating hydrodynamic soliton in a tilted
basin. We observe that by changing the tilt angle we can control the behavior of the soliton
and, therefore, this can be used as a manipulation mechanism.
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50 cm

Figure 5.1: The basin filled with a dyed mixture of water and Kodak Photo Flo (a) is vibrated
vertically by an electromechanical shaker (b). Different tilt angles can be obtained using a
three-point level system (c). Acceleration is measured using an accelerometer (d). A high
speed camera (e) acquires images of the fluid illuminated from behind by an array of LED
lamps (f).

5.1.1 Experimental setup and procedure

The experiments were done in a rectangular plexiglas basin, Lx = 50 cm long, Ly = 2.54 cm
wide and Lz = 10 cm high. The basin is filled up to d = 2 cm in depth with a mixture of
252 cm3 of water, 2 cm3 of Kodak Photo Flo R© 200 1 and some drops of black ink for contrast.
Free surface saturation with contaminants plays an important role for reproducibility [25].

The cell is driven vertically by an electromechanical vibrator lying on a three-point leveling
system which allows longitudinal tilting [see figure 5.1]. The shaker is fed with an amplified
sine wave signal generated by a function/arbitrary waveform generator and a power ampli-
fier. Solitons can exist at frequencies slightly below 11 Hz and accelerations around 0.1 g
(g acceleration of gravity) [68]. The basin acceleration is measured using a piezoelectric ac-
celerometer attached to the basin bottom. The analog signal of the device is connected to
a sensor signal conditioner and a lock-in amplifier synchronized with the forcing signal [see
figure 5.2a]. Acceleration values are provided with precision of 0.01 g. An analog tilt sensor
is placed on the external bottom of the basin. This microelectromechanical (MEM) device is
connected to an analog/digital converter which sends angle values to a computer within an
error of 0.01◦.

1This chemical product creates a film which improves significantly wetting at the walls.
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Figure 5.2: (a) The scheme shows the measurement procedures used for spatial acquisitions.
(b) Local acquisitions scheme. The capacitor ∆C represents capacity fluctuations and can
be negative. C0 represents parasitic and zero-level capacity.

Two different types of measurements are made on the free surface. Sequences of images
taken with a high speed camera provide spatial measurements. On the other hand, local
measurements are done using phase fluctuations of the output signal of a resonant capacitive
device [cf. Fig. 5.2].

5.1.2 Experimental results

We report measurements performed at a fixed vibration frequency of 10.4 Hz and amplitudes
around 0.1 g, region in which the existence and features of non-propagating hydrodynamic
solitons have been studied in detail [69]. Typical tilt angles were between ±1◦.

(a) (b)

Figure 5.3: Spatio-temporal diagrams for solitons at different timescales. (a) A soliton sloshes
back and forth with half the driven frequency (10.4 Hz) at aRMS = 0.062 g and zero tilt
angle. (b) A soliton travels to a shallower region when the basin is tilted in 0.66◦ clockwise.
Driven frequency and amplitude are 10.4 Hz and 0.078 g respectively. Images were taken
stroboscopically when soliton reaches its maximum after every eight cycles.
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Figure 5.3 show spatial-temporal diagrams for two different solitons with different time
scales and tilt angles. Contact line profiles are extracted from images taken with a high speed
camera and plotted against time. In Figure 5.3a, the soliton stands at a fixed position on the
center of the basin. The tilt angle is zero and the forcing amplitude is 0.062 g. The acquisition
rate is 400 Hz, so the soliton fast sloshing motion can be observed. However, motion beneath
the water baseline cannot be detected as no contrast is available. The contact lines at the
front and rear walls switch on the image at each half cycle. Figure 5.3b shows a long-time
acquisition for a basin tilted 0.66◦ clockwise. Normal acceleration of the basin is 0.078 g.
The soliton was created at t = 0 and images were taken stroboscopically at a fixed rate of
650 mHz. The diagram shows the drifting of the non-propagating hydrodynamic soliton,
in this case toward shallower regions. These dissipative solitons can be attracted to lateral
boundaries and even pinned on them depending on the driving amplitude and frequency [60].
In general, our dissipative solitons remain far enough from lateral walls as they propagate
across the principal axis so boundary effects seem to be negligible. Boundary effects studies
are still in progress.

Trajectory of the dissipative soliton reveals a non-trivial time dependence. At a first
stage, the modulus of the solution attains rapidly a constant speed. Wu et al. referred to
this as short-time scale stage in their work [54]. At a long-time scale stage, the soliton motion
seems to converge to a fixed position rather than to a constant velocity as is clearly illustrated
in Figure 5.3b. Long-time acquisitions were strongly motivated by the fact that the initial
velocity for short-time acquisition depends on the position where the soliton is created. The
break of translational symmetry, characteristic of this type of solutions, suggests that the
speed does not depend only on the depth gradient but also on the local depth.

For more details about experimental setup and procedure, as well as the acquisition
method performed see the Appendix Sec. A.1 and the PhD dissertation work [70].

Velocity vs. position

Soliton dynamics on tilted basins can be well understood by means of the velocity versus
position plane. Figure 5.4a shows phase plane tracks for different solitons at different angles.
For each image sequence, the contact line profile is fitted using the 4-parameters function
predicted by theory [see Sec. 5.2 and Fig. 5.5]. The positions plotted in Figure 5.4a are
obtained from the parameter which represents the position at which maximum height takes
place.

From the results obtained in the central area of the cell–where edge effects are negligible–
the diagram shows that solitons are governed by the motion law [cf. Fig. 5.4]

ẋ0 = − 1

τ (φ)
[x0 − P (φ)] , (5.1)

where x0 stands for the position of the maximum of the dissipative soliton, φ is the tilt angle
of the basin, τ accounts for a relaxation time which characterizes the soliton dynamics, P/τ
is a characteristic speed of propagation and P is the equilibrium position towards which the
dissipative soliton converges.
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Figure 5.4: (a) Velocity vs. positon plots for different skew angles: �, −0.42◦,4, −0.20◦, �,
−0.01◦, ×, 0.23◦, ©, 0.43◦, �, 0.66◦. The arrows show time direction in the series of points.
Solitons can propagate upward (©,�), downward (4,�,�), or even stay at their position
(×), depending on their relative position to the equilibrium. Two experiments were run for
each angle except for φ = −0.66◦ (�). In this particular case, the equilibrium position is
virtually located beyond the channel edge. (b) Equilibrium position vs. tilt angle plot. P
moves toward shallower regions as φ increases. (c) Position decay time τ dependence on the
skew angle φ. As angle increases, convergence to equilibrium position becomes slower.

The proposed model, Eq. (5.1), is invariant under spatial and time translations as ex-
pected. Lateral boundary effects appear as a change in the slope for positions above |x0| =
15 cm [see Fig. 5.4a]. This Equation implies that solitons are attracted to its equilibrium po-
sition P (φ) by an exponential law. The dynamics of solitons do not have inertia, in the sense
that their dynamics break galilean invariance. Notice that both the equilibrium position P
and the exponential decay time τ depend on φ. As the tilt angle increases, the equilibrium
position is pulled out from the center of the basin even surpassing the basin boundaries. Fig-
ure 5.4a shows phase-space tracks on which solitons get pinned at their equilibrium positions
after moving upward2 or downward, respectively. Angle dependence of these two parameters
is shown in figure 5.4b. Note that the decay time τ increases for larger angles. Dependence
on the angle is plotted in figure 5.4c.

5.2 Theoretical description

Close to the Faraday instability, the parametrically driven damped nonlinear Schrodinger
equation models this system [cf. Sec. 4.1]. The non-propagating hydrodynamic solitons are
well described by the non-trivial stationary homoclinic solution with constant phase, UPS
solution, found in PDNLS [see Sec. 4.3].

2We define upward direction against depth gradient.
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In order to characterize the role of the container inclination we incorporate a spatial
variation of the system parameters. Considering that the tilt angle is small, we deduce a
dynamic equation for the position of non-propagating hydrodynamic solitons. This equation
is characterized by two terms: a constant speed and a linear relaxation process. Therefore,
at a given inclination of the cell, the dissipative soliton travels to an equilibrium position
through a relaxation process. Consequently, for the sake of simplicity, we analyze the case in
which only the detuning parameter is a function of the space. Theoretical result shows a good
agreement with the proposed dynamics of dissipative hydrodynamic solitons observed in the
experiment performed in a vertically forced tilted water container, detailed in the previous
sections.

5.2.1 Dissipative solitons in homogeneous media

As mentioned before, the dynamics of a layer of incompressible fluid that is driven by a sinu-
soidal force with frequency Ωf normal to the free surface is modeled by the one-dimensional
parametrically driven and damped nonlinear Schrödinger equation [42, 52],

∂tψ = −iνψ − i|ψ|2ψ − i∂xxψ − µψ − γψ̄, (5.2)

where the order parameter ψ(x, t) is a one dimensional complex field related with the surface
displacement from flat interface h(x, t) and the velocity potential at the free surface ϕ(x, t)
by the relations h = ψe−iΩf t/2 + c.c. and ϕ(x, t) = −iψe−iΩf t/2 + c.c., respectively [see
Ref. [52] and references therein]. ν is the detuning parameter, which is proportional to
the difference between the observed standing wave frequency and Ωf/2. µ is the damping
parameter which is proportional to the kinematic viscosity of the fluid, which accounts for
the dissipation mechanisms of the system and γ is the forcing acceleration amplitude. The
terms proportional to µ and γ break the time reversal symmetry. The higher-order terms
in equation (5.2) are ruled out by a scaling analysis, since µ � 1, ν ∼ µ ∼ γ, |ψ| ∼ µ1/2,
∂x ∼ µ1/2, and ∂t ∼ µ1/2. By introducing the polar representation of the complex field,
ψ(x, t) ≡ R(x, t)eiφ(x,t), in the one-dimensional PDNLS equation (5.2), one obtains

∂tR = R∂xxφ+ 2∂xR∂xφ− µR + γR cos(2φ), (5.3)

R∂tφ = −νR−R3 − ∂xxR +R(∂xφ)2 − γR sin(2φ). (5.4)

Note that these equations are exactly the same as we would have obtained by replacing the
spatial operators, ~∇ → ∂x and ~∇2 → ∂xx, in relations (4.2) and (4.13). The trivial uniform
solution of equation (5.2) is the homogeneous state ψ0 = 0, which represents the flat or
quiescent solution of the fluid layer.

The localized structure that arises naturally in PDNLS is the well known uniform phase
soliton (UPS). This dissipative soliton corresponds to a non-trivial stationary homoclinic
solution in the extended (or stationary) phase space {R, ∂xR} connecting the quiescent state
with itself [42, 26]. In the context of fluids UPS describes de amplitude of the nonlinear
solitary waves exhibited in the surface. This solution is characterized by a constant phase
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-Im(ψ)
 Re(ψ)
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Fit

Figure 5.5: Dissipative soliton in parametrically resonant systems. (a) Stable dissipative
soliton observed in the parametrically driven and damped nonlinear Schrödinger model (5.2).
(b) Snapshot of a non-propagating hydrodynamic soliton observed in a vertically driven 50 cm
long and 2.54cm wide rectangular container, filled with H = 2 cm of water. The solid blue and
red curve are, respectively, instantaneous surface profile and fit h(x) = As sech[(x− xo)/w+
h0]. Adjusted relevant parameters are As/H = 0.523± 0.001 and w/H = 0.786± 0.004.

and bell-shape type in the modulus [cf. Eqs. (4.13) and (4.16)]

cos(2φ) =
µ

γ
,

Rs(x, x0) =
√

2δ±sech
(√

δ±(x− x0)
)
.

Figure 5.5 shows a typical dissipative soliton observed in the parametrically driven and
damped nonlinear Schrödinger equation and the typical dissipative soliton observed exper-
imentally, which shows a very good agreement with the UPS shape (4.16). Note that this
localized states exists in the region of parameters bounded by negative detuning ν < 0 and
the amplitude of forcing µ < γ <

√
µ2 + ν2. The stable dissipative solitons are characterized

by Re(ψ)Im(ψ) < 0, so both fields have different sign [see Ref. [26] and Sec. 4.3]. Hence, there
are two stable dissipative solitons, which are related by the reflection symmetry (A→ −A),
these solutions correspond to dissipative solitons in phase or out of phase.

5.2.2 Effect of channel inclination

The inclination of the basin produces inhomogeneity on the physical parameters of the sys-
tem (dissipation, injection and detuning). Furthermore, experimental results have shown
that the non-propagating hydrodynamic soliton moves towards the shallow water regions by
a relaxation process. Consequently, we infer that the energy injection and dissipation have
a similar spatial behavior meanwhile detuning has a convex behavior along the channel. In
fact, this is a simple consequence of small tilting angles (θ) since the local depth can be
considered as a space function, d(x) = H − x tan(θ).

To account for these effects in our theoretical description, we consider that detuning,
dissipation and injection of energy parameters in parametrically driven and damped nonlinear
Schrödinger equation become all inhomogeneous

µ(x) ≡ µ0 + µ1 (x) ,

ν(x) ≡ ν0 + ν1 (x) ,

γ(x) ≡ γ0 + γ1 (x) .

(5.5)
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Here {µ0, ν0, γ0} and {µ1, ν1, γ1} account for homogeneous and inhomogeneous spatial vari-
ation, respectively. Given that the parametrically driven and damped nonlinear Schrödinger
equation is valid in the quasi-reversible limit (ν ∼ µ ∼ γ ∼ ε � 1, where ε is an arbitrary
parameter of scale) we consider the inhomogeneities as perturbative effects, i.e. µ1(x) �
µ0, γ1(x)� γ0 and ν1(x)� ν0. Hence, Equations (5.3) and (5.4) read

∂tR = 2∂xR∂xφ+ ∂xxφ− µ0R + γ0R cos(2φ)− µ1(x)R + γ1(x)R cos(2φ), (5.6)

R∂tφ = −ν0R−R3 − ∂xxR +R(∂xφ)2 − γ0R sin(2φ)− ν1(x)R− γ1(x)R sin(2φ).(5.7)

For small angles, the bell-shaped amplitude of the dissipative solitons does not change
during the propagation. However, inhomogeneity generates two effects: (i) localized states
are modified by the perturbation, and (ii) the spatial translational mode of the dissipative
solitons–Goldstone mode–acquires a non trivial dynamic as a result of the translational sym-
metry breaking. In order to achieve a theoretical description for such dynamics, we consider
the ansatz

R(x, t) = Rs(x− x0(t)) + ρ(x, x0), (5.8)

φ(x, t) = φ0 + Ω(x, x0), (5.9)

where ρ(x, x0) and Ω(x, x0) are the corrective functions, respectively. The modulus Rs and
the constant phase φ0 are given by relations (4.16) and (4.13), respectively. Note that we have
conferred all the dynamics to the soliton position x0 ≡ x0(t). Furthermore, we considered
it as a slow variable (ẍ0 ∼ O(ε2)), and the soliton velocity ẋ0(t) has the same order of the
perturbation (ẋ0 ∼ O(ε)). Introducing the above expressions in the set of equations (5.7)
and (5.6), one finds after linearizing the perturbation functions

[2∂xRs∂x +Rs∂xx − 2γ0 sin(2φ0)Rs] Ω = µ1(x)Rs − γ1(x) cos(2φ0)Rs − ∂zRsẋ0,

(5.10)

[
−ν0 − γ0 sin(2φ0)− 3R2

s − ∂xx
]
ρ = 2γ0Rs cos(2φ0)Ω + ν1(x)Rs + γ1(x)Rs sin(2φ0),

(5.11)

where z ≡ x − x0(t) is the coordinate in the co-moving frame. As we can see, the resulting
equation for the phase perturbation Ω(x, t), Eq. (5.10), does not depends in the correction
of the modulus ρ(x, t). Therefore, we can find directly the solution for the phase correction.
Multiplying the partial differential equation (5.10) by the integrating factor Rs, we obtain
after straightforward calculations

Ω(x) =

∫ x 2γ0 sin(2φ0)dx′

R2
s(x
′)

∫ x′

dx′′Ω(x′′)Rs(x
′′)

+

∫ x dx′

R2
s(x
′)

∫ x′

dx′′ [µ1(x′′)− γ1(x′′) cos(2φ0)]R2
s(x
′′) −

∫ x ẋ0

2
dx′,

(5.12)
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which is a Fredholm integral equation [71]. Since the system is at the quasi-reversible limit
it holds that γ sin(2θ0) =

√
γ2 − µ2 � 1. Based on this, we consider that, at first order, the

solution for the Fredholm integral (5.12) is given by the approximation

Ω(x) ≈
∫ x dx′

R2
+(x′)

∫ x′

dx′′ [µ1(x′′)− γ1(x′′) cos(2φ0)]R2
s(x
′′)−

∫ x ẋ0

2
dx′. (5.13)

It is important to note that one can iteratively calculate the corrections to the previous
approximation in a power series in the small parameter

√
γ2 − µ2 [71]. Introducing the

linear operator
L ≡ −ν0 − γ0 sin(2θ0)− 3R2

+ − ∂xx,
equation (5.11) can be rewritten as

Lρ = 2γ0Rs cos(2φ0)Ω + ν1(x)Rs + γ1(x)Rs sin(2φ0). (5.14)

In order to achieve a solution for the correction of the modulus ρ(x, t), we must be able to
determine if the linear operator L is invertible. To solve this we use the Fredholm alternative
(see Sec. 2.2,Ref. [16] and references therein). Accordingly, we introduce the inner product
〈f |g〉 =

∫∞
−∞ f(x)g(x)dx. Hence, under this definition, the linear operator L is self-adjoint(

L = L†
)
. Therefore its kernel–the set of functions {v} that satisfy Lv = 0–is of dimension

1. As a result of the spatial translation invariance of the soliton solution, the expression
L∂xRs = 0 is satisfied. Thus, the linear equation (5.14) has a solution if the condition3

〈∂xRs | 2γ0 cos(2φ0)RsΩ + ν1(x)Rs + γ1(x) sin(2φ0)Rs〉 = 0 (5.15)

is fulfilled. Using the approximation for the phase perturbation, Eq. (5.13)), in the evaluation
of this inner product one obtains, after straightforward calculations,

ẋ0 =
1∫∞

−∞ dxx∂xR
2
s(x)

[
1

µ0

∫ ∞

−∞
dx [γ1(x) sin(2φ0) + ν1(x)] ∂xR

2
s

+2

∫ ∞

−∞
dx∂xR

2
s(x)

∫ x dx′

R2
s(x
′)

∫ x′

dx′′ (µ1(x′′)− γ1(x′′) cos(2φ0))R2
s(x
′′)

]
.

(5.16)

This expression gives us information of the dynamics of dissipative soliton as a function
of general spatial disturbance. For the sake of simplicity and better understanding of the
effects produced by small tilt angles, we consider that the dissipative and forcing parameters
(µ(x),γ(x)) are homogeneous, µ1(x) = γ1(x) = 0. Meanwhile the detuning parameter has a
quadratic spatial profile,

ν(x) = ν0 + ν̄1x+ ν̄2x
2, (5.17)

which is consistent with experimental observations. Then, the soliton velocity (5.16) is ruled
by the relation

ẋ0(t) =
2ν̄2

µ0

[
x0(t) +

ν̄1

ν̄2

]
. (5.18)

3This is known as the solvability condition or Fredholm alternative, see Ref. [16] and Sec. 2.2.1.
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By defining τ−1 ≡ −(2ν̄2)/µ0, P ≡ −ν̄1/ν̄2, we obtain exactly the same experimental behavior
observed for the non-propagating hydrodynamic soliton (5.1). Figure 5.6 presents numerical
simulation results obtained considering a quadratic dependence on space for detuning. As
would be expected, the relaxation dynamic evolution exhibited by the UPS soliton in these
numerical simulations has a very good agreement with the experimental results since they
have the same motion law [cf. Eqs. (5.18) and (5.1)].
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Figure 5.6: Spatiotemporal diagram of dissipative solitons obtained by numerical simulations
of parametrically driven and damped nonlinear Schrödinger model (5.2) over 250 points
with periodic boundary conditions. The diagrams show 8000 cycles calculated with a time
resolution of 1/200 period. (a) γ (x) = 0.42, ν (x) = −0.09, and µ (x) = 0.15(10.04x), the
arrow evidences a non-constant drift velocity.(b) γ (x) = 0.40, ν (x) = −0.12+0.03x−0.04x2,
and µ (x) = 0.10− 0.03x+ 0.04x2.

It is important to note that the equilibrium position depends on the tilt angle, which is
modeled theoretically by the introduction of the inhomogeneous detuning parameter ν. In
this system, dissipation, energy injection and detuning are inhomogeneous. Dissipation grows
in the direction of depth gradient, but changes are small. Indirect evidence from soliton local
phase indicates that energy injections varies less or similarly than dissipation. In contrast,
the detuning exhibits a convex behavior along channel [cf. Secs. 5.1.2 and 5.2.2]. Moreover,
due to the inclination of the basin we conclude that the profile of this physical parameters
takes a quadratic form, Eq. (5.17). This is in agreement with the soliton dynamics observed
in the tilted channel [cf. Figures 5.4 and 5.6].

40



Part IV

Phase Shielding Solitons
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Chapter 6

Phase Shielding Solitons in PDNLS

The dissipative soliton has been observed in several parametrically forced systems such as
vertically oscillating layer of water [42, 52, 72], parametrically driven easy-plane ferromag-
netic wire [26, 43], degenerate optical parametric oscillator [24] and the parametrically driven
pendulum chain [31]. All these systems can be described by the well known parametrically
driven and damped nonlinear Schrödinger equation in the limit of small injection and dissi-
pation of energy. Typically, the localized structure found in this model is characterized by a
bell-shape in the modulus of the amplitude and a constant phase (UPS) [see Chap. 4]. This
solution describes quite well the profile of the dissipative solitons arising in the aforemen-
tioned parametrical systems.
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0.1

0.2
R(x)

(x)
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x0

!"1/2
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Figure 6.1: Uniform Phase Soliton found in PDNLS. Its modulus is R(x) (red dashed
line) and the phase φ(x) (blue solid line). Parameter values are µ = 0.1000, ν = −0.0122,
γ = 0.1002, δ = 0.0185 and L = 200. x0 stands for the soliton position. The soliton width
and height are indicated.

As we can see, until now the phase of these dissipative solitons have always been considered
uniform. However, Barashenkov et al. [29] were the first to report the evidence of a complex,
non–uniform phase structure in dissipative solitons when studying its dynamics of interaction
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(bounded states). In such work, the authors consider the non–uniform phase as a consequence
of the interaction among solitons. Nevertheless, numerical simulations of PDNLS have shown
that even when a single dissipative soliton is perturbed, two unexpected counter-propagative
phase fronts arise from the soliton position x0, surrounding the bell-shape modulus [73, 74].
The phase front dynamics is characterized by a rather slow motion which suddenly reaches
a steady state distant from the soliton position. During this process the shape of both the
phase front and the modulus remain unchanged. These novel type of solitons have been called
phase shielding solitons (PSS) since the phase structure seems to shield the soliton modulus
[73]. This section attains an adequate analytical description and numerical characterization
of these localized states.

6.1 Preliminary numerical results

Experiments on dissipative localized structures are always performed in systems that possess
a finite dimension (length). Likewise, numerical simulations also have a limitation on the size
of the systems that are able to calculate. These constraints are crucial when we are interested
in develop a theoretical description of such solutions. In other words, the system size is an
important parameter to take into consideration and plays a vital role in the characterization
of the solutions that emerge in a system.

Taking into account the above, we have conducted numerical simulations of dissipative
solitons in parametrically driven and damped nonlinear Schrödinger equation for appropri-
ately sized systems. Figure 6.2 shows the phase front that commonly appears after making
a slight perturbation to the soliton. The soliton position is found at the center.

!(x)

Space

Time

Figure 6.2: Typical phase propagation (ϕ(x, t)) of dissipative soliton found in the PDNLS.

The simulation was performed as follows: A soliton is created by slightly perturbing an initial
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homogenous state. The soliton position was fixed at the left edge of the system. The param-
eters are chosen to fulfill the conditions for the appearance of UPS solutions, i.e. negative
detuning ν < 0, and an amplitude of forcing that satisfies µ < γ <

√
µ2 + ν2. Initially, the

perturbation quickly evolves to a well defined bell–shaped modulus. After some transient
wave emission, which rapidly disappears by the edges of the system, the phase around the
core of the localized state becomes uniform, taking the value corresponding to the stable
uniform soliton (UPS) [cf. Sec. 4.3 and Ref. [26]]. From this initial behavior, a propagative
phase front emerges far from the core of the modulus [see Fig. 6.3a], moving away from the
position of the latter. The front propagation is characterized by a rather slow motion which
suddenly reaches a steady state [see Fig. 6.2b].
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Figure 6.3: Half of phase shielding soliton. a) initial phase front profile reached after some
transients. b) spatiotemporal diagram of phase front. The set of parameters are γ = 0.083,
ν = −0.063, and µ = 0.058.

It is important to mention that the phase structure of PSS is composed by two different
phase fronts at each side of the modulus [cf. Fig. 6.4]. Moreover, detailed analysis of the
numerical results reveals that these phase fronts always connect (asymptotically) an stable
phase equilibrium—the definition of stable and unstable phase is related with the stability of
the UPS solutions detailed in Sec. 4.3 and Ref. [26]—with one (two) unstable uniform phase
given by Eq. (4.13), in the interval [−π, π]. Figure 6.4 shows a phase shielding soliton, the
phase structure connects three UPS phase equilibrium solution.

Therefore, since there are four possible uniform equilibrium solutions for the phase (two
stable, and two unstable), we can find eight possible stationary configurations of phase shield-
ing solitons. They are determined by different combinations of equilibrium connections.
Thus, these steady phase structures strongly depend of initial conditions and are equally
likely to appear in the same set of parameters. Figure 6.5 displays the all different Phase
Shielding Solitons

The emergence of phase fronts on dissipative solitons represents a new perspective in
the study of parametrically driven systems. Until now, the phase of single solitons was
always considered uniform in most of the aforementioned physical systems. However, a
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Figure 6.4: Stationary phase front structure which connects different equilibrium solutions
(A, B, C) of UPS (4.13) illustrated in the inset

more complete analysis could demonstrate the existence of PSS solutions in such physical
scenarios. In the present chapter we extend the analytical and numerical studies of phase
shielding solitons in one-dimensional system. Moreover, an analytical description of PSS
solutions and their dynamics is presented. A numerical stability analysis is also performed
to establish the connection between UPS and PSS solutions.
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Figure 6.5: Different Phase Shielding Soliton states (PSS) in the parametrically driven
damped nonlinear Schrodinger equation with µ = 0.10, ν = −0.12, γ = 0.14, and L = 200.
Right and left panel: PSS states supported by the inner uniform phase −φs and π − φs,
respectively. Dashed (red) and solid (blue) lines account for the modulus and phase of the
complex field ψ, respectively.
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6.2 Analytical approach to dominant order

To provide an analytical background to these phase structures and its dynamics, we take
advantage of the x→ −x symmetry of the PDNLS model (4.1). That is, we only perform an
analytical description of one of the two counter-phase fronts that emerge after disturbing the
soliton. The final phase structure can be understood as the combination of those fronts. In
order to achieve the above, we consider a semi-infinite domain. According to the numerical
results, the appearance of the phase front occurs far from the soliton position x0 [see Fig. 6.3a].
Thus, the phase front position xf , which stands for the point with the highest spatial variation
of the phase, initially satisfies xf � 1/

√
δ+. And therefore, near to the front phase position

the modulus contribution can be reduced to its exponential tail. Based on these observations,
we propose the ansatz

R(x, x0) ' 2
√

2δ+e
−
√
δ+(x−x0) (6.1)

and
φ(x) = φF (x− xf ), (6.2)

for the modulus and the phase of the soliton, respectively. As we can see, in this limit we have
only considered the asymptotic exponential decay of the stable UPS modulus (δ

1/2
+ ). After

substituting the former ansatz in Eq. (4.2), we obtain the following equation that describes
the profile of the phase front,

∂xxφF = 2
√
δ+∂xφF + µ− γ cos(2φF ). (6.3)

Introducing the following effective potential energy U(φF ) ≡ −µφF+(γ/2) sin(2φF ), Eq. (6.3)
can be written as a Newton-type equation which describes a particle moving in a tilted
periodic potential with an injection of energy proportional to the speed ∂xφF ,

∂xxφF = −∂U(φF )

∂φF
+ 2
√
δ+∂xφF . (6.4)

The uniform equilibrium states of Eq. (6.3) correspond exactly with the uniform phase
equilibria of the UPS, i.e. cos(2φ0) = µ/γ in the range [−π, π]. Therefore, the phase front
solutions represent heteroclinic orbits in the extended system, {φ, φx}-space, which connect
one equilibrium to another of the Newton-type equation (6.4) [see Fig. 6.4]. Furthermore,
since there are no spatial oscillations between asymptotically-connected phase equilibria one
can consider the Newton-type equation in its respective overdamped limit.

With the aim to obtain an analytic expression for the shape of the front phase we introduce
the change of scale x = 2

√
δ+x

′ in Eq. (6.3). This substitution allows us to perform an
asymptotic series expansion in orders of the perturbation parameter Λ ≡ 1/4δ+ � 1

φF (x) = ϕ0(x) + Λϕ1(x) + Λ2ϕ2(x) + · · · (6.5)

It is important to note that the above expansion allows us to determine the phase front
profile at any order. Introducing this expansion, and expanding up zero order in Λ, we obtain

∂x′ϕ0 = −µ+ γ cos(2ϕ0). (6.6)
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Which can be written in the integral form

I =

∫
dϕ0

−µ+ γ cos(2ϕ0)
=

∫
dx′. (6.7)

Obviously the right side of the integral is equal to x′ then, we only need to calculate the
left side. By using the trigonometric equalities cos(2α) = cos2(α) − sin2(α) and sec2(α) =
cos−2(α) = 1 + tan2(α) in the integral,

I =
γ

γ + µ

∫
sec(ϕ0)dϕ0(

γ−µ
γ+µ

)
tan2(ϕ0)− 1

. (6.8)

Introducing the change of variable z =
√

(γ − µ)/(γ + µ) tan(ϕ0) we obtain

I = − γ√
γ2 − µ2

∫
dz

1− z2
. (6.9)

Integrating and matching with the right side (I = x′) we finally obtain (at zero order) an
analytical expression for the shape of the front phase given by

φF (x, xf ) ≈ ϕ0(x) =





fsol − π for [−π,−π/2)

fsol for (−π/2,−π/2)

fsol + π for (π, π/2]

(6.10)

where

fsol = arctan

[√
γ ± µ
γ ∓ µ tanh

√
γ2 − µ2(x− xf )

2
√
δ+

]
. (6.11)

The different combination of signs are given by the mentioned symmetry of PDNLS
(x → −x) that can be used before start to integrate (6.7). Furthermore, due to the multi
evaluation of the tangent function, we add a π displacement in the front phase solution.
Figure 6.6 shows a phase shielding soliton and its theoretical approximation computed from
(4.16) and (6.10).

In order to calculate the higher orders in the asymptotic expansion we replace the expan-
sion of the phase front (6.5) into the phase front shape equation (6.3) and considering only
the term proportional to Λ we obtain,

∂x′ϕ1 + 2γ sin(2ϕ0)ϕ1 = ∂x′x′ϕ0. (6.12)

Multiplying the above differential equation by the integrating factor exp[2γ
∫

sin(2ϕ0)dx′],

∂x′
[
ϕ1e

2γ
∫

sin(2ϕ0)dx′
]

= e2γ
∫

sin(2ϕ0)dx′∂x′x′ϕ0. (6.13)

Due to the invariance of PDNLS under the transformation x→ −x the phase front solution
ϕ0 also satisfies

− ∂x′ϕ0 = −µ+ γ cos(2ϕ0). (6.14)
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Figure 6.6: Phase shielding soliton in a semi-infinite domain. Dashed line are the analytical
approximation for the PSS solution obtained by computing its theoretical shape equations
(4.16) and (6.10). The set of parameters are γ = 0.12, ν = −0.1, and µ = 0.1.

Deriving this and after straightforward calculations, one obtains

2γ sin(2ϕ0) =
∂x′x′ϕ0

∂x′ϕ0

= ∂x′ ln(∂x′ϕ0), (6.15)

and therefore

e2γ
∫

sin(2ϕ0)dx′ = eln(∂x′ϕ0) = ∂x′ϕ0. (6.16)

Substituting this in (6.13), we obtain

∂x′ [ϕ1∂x′ϕ0] = ∂x′ϕ0∂x′x′ϕ0 =
∂x′ (∂x′ϕ0)2

2
. (6.17)

Thus,

ϕ1(x′) = ±∂x′ϕ0

2
. (6.18)

The phase front profile at first order in the corrections is then given by

φ
[1]
F (x, xf ) = ϕ0(x)±

√
Λ

2
∂xϕ0(x). (6.19)

Notice that this correction is significant only near the phase front position xf (region
where the derivative of ϕ0(x) [Eq. (6.10)] is not negligible). Further corrections have the same
consequences. In fact, we conduct the calculus for the next order in the series expansions,
Λ2. Following the same procedure adopted for the first correction, we obtain

∂x′ϕ2 − 2γ sin(2ϕ0)ϕ2 = 4γϕ1
2 cos(2ϕ0). (6.20)
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After introduce the integrating factor exp[−2γ
∫

sin(2ϕ0)dx′] = ∂x′ϕ0 (obtained from (6.6))
and the first correction ϕ1 (6.18), the above expression yields

∂x′ [ϕ2∂x′ϕ0] = γ∂x′ϕ0 (∂x′ϕ0)2 cos(2ϕ0). (6.21)

To solve this we derive twice the Eq. (6.6),

4γ∂x′ϕ0 (∂x′ϕ0)2 cos(2ϕ0) = 2γ sin(2ϕ0)∂x′x′ϕ0 + ∂x′x′x′ϕ0, (6.22)

introducing the already known integrating factor exp[2γ
∫

sin(2ϕ0)dx′] = ∂x′ϕ0, we obtain

4γ∂x′ϕ0 (∂x′ϕ0)2 cos(2ϕ0) = ∂x′ [∂x′x′ϕ0∂x′ϕ0] . (6.23)

Replacing it in (6.21) the second correction is obtained

ϕ2(x′) =
∂x′x′ϕ0

4
. (6.24)

Therefore, the phase front shape at second order in the corrections is given by

φ
[2]
F (x, xf ) = ϕ0(x)±

√
Λ

2
∂xϕ0(x) +

Λ

4
∂xxϕ0(x). (6.25)

Which is consistent with the above prediction. Any higher order correction is negligible since
they are functions of the derivatives of ϕ0 and have order bigger than Λ. Furthermore, we
can conclude that the perturbation series corresponds to a gradient expansion of the solution
to zero–order.

6.2.1 Higher order corrections

A deeper analysis of numerical simulations reveals that the modulus of the PSS solutions pos-
sess an intriguing spatial profile; its exponential tail bends notoriously right at the position
of the phase front xf . Moreover, there is a crossover region between both exponential decay
rates of UPS solution characterized by a transition point which exactly coincides with the
phase front position xf . Such a point outlines the border transition between two qualitatively
different regions: the Inner and Outer regions. The former is defined as the central region
where the PSS behaves as a stable UPS, i.e. The modulus and the asymptotic phase of PSS
coincide with the modulus and the uniform phase of the stable UPS [Sec. 4.3]. Obviously the
soliton position x0 is found in this region. The latter corresponds to the region where both
the exponential decay rates and the asymptotic phase of PSS take the value of the unstable
UPS respectively, δ− and φus0 .

The unexpected spatial dependence of the modulus could only be noticed when we con-
ducted a semi-log plot of this field since the transition mentioned is exponentially suppressed
(it occurs in the exponential tail of the modulus). Figure 6.7 shows the logarithm of PSS
modulus as a function of the space and the inner and outer region bounded by the phase
front position xf .

All this allows us to consider a PSS solution as a soliton built up by the stable (inner
region) and the unstable (outer region) UPS solutions connected at the transition point xf .
Therefore, the assumption done in Sec. 6.2 , specifically the ansatz taken for the modulus
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approximation Eq. 6.1, can be improved in order to achieve a more accurate description of
the phase front profile. Let us consider the exponential decay rate of the modulus of PSS as

f(x, x0) ≈
√
δ+(x− x0) +

[√
δ− −

√
δ+

]
Θ(x− xf )(x− xf ), (6.26)

where Θ(x−xf ) denotes the Heaviside function. Note that the exponential tail of the modulus
of PSS is a smooth function [cf. Fig.6.7], and therefore its exponential decay rate f(x, x0)
is smooth also. However, its approximation (6.26) is continuous but not differentiable at
x = xf . The new ansatz for the modulus of PSS is then given by

R(x, x0) = 2
√

2δ+e
−f(x,x0), (6.27)

with f(x, x0) is the approximation (6.26). The previous ansatz done for the phase (6.2) is
maintained. Following the same procedure showed in the Sec. 6.2 and after straightforward
calculations an amended front phase profile is obtained,

ϕ0(x) = arctan

[√
γ ± µ
γ ∓ µ tanh

√
γ2 − µ2(x− xf )

2δ(x, xf )

]
, (6.28)

with
δ(x, xf ) ≡

[√
δ+ + (

√
δ− −

√
δ+)Θ(x− xf )

]
. (6.29)
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It is important to note that ansatz (6.1) considers an uniform exponential decay rate of
the modulus. Such assumption leads, at dominant order, to obtain phase front solutions
[Eq. (6.10)]. Higher order corrections allow us to get an improved description of the phase
shield soliton where the modulus also exhibit an amplitude shielding structure (see Fig. 6.7).
However, this structure is exponentially suppressed in comparison to the soliton height

√
2δ+.

In contrast, the phase shielding structure is of order one. Therefore, a possible experimental
characterization of PSS could be achieved by means of direct phase measurements.

6.3 Phase front dynamics

As discussed in the previous sections, the transient preceding the formation of the phase pro-
file is governed by the front dynamics. Here we propose an analytical study of the dynamical
evolution of these fronts. For this purpose let us consider the typical evolution of a soliton
in a semi infinite system, as shown in Fig. 6.3b. As can be seen from this figure, the phase
front displays a dynamical behavior characterized by a nontrivial motion. During this front
propagation both soliton position (x0) and the phase profile (φF ) remains unchanged. Those
remarks allow us to confer the dynamics of the phase front to its position, i.e. we promote
the phase front position to a time depending function xf ≡ xf (t). For the sake of simplicity
we reconsider the ansatz proposed for the modulus (6.1)) and the phase (6.2) at dominant
order [see Sec. 6.2]. Substituting all in Eq. 4.3, we obtain the equation for the phase front
position,

−ẋf∂xφF = −(ν + δ+)− 8δ+e
−2
√
δ+x + (∂xφF )2 − γ sin(2φF ). (6.30)

Multiplying the above equation by ∂zϕF (z) with z ≡ x − xf , and introducing the following
inner product 〈f |g〉 ≡

∫
fgdz, we obtain after straightforward calculations, the ordinary

differential equation that rules the core of the phase front

ẋf = A+Be−2
√
δ+xf , (6.31)

where

A ≡ 〈
[
ν + δ+ + γ sin(2φF )− (∂zφF )2] |∂zφF 〉

C
,

B ≡ 8δ+
〈e−2
√
δ+z|∂zφF 〉
C

and C = 〈∂zφF |∂zφF 〉

are real numbers, which can be either positive or negative depending on the shape of the
phase front. For example, when one considers a front that increases monotonically with the
spatial coordinate, A (B) is a positive (negative) constant. Notice that the term proportional
to A accounts for the constant speed at which the stable phase value (asymptotically φs0)
invades the unstable one (asymptotically φus0 ) forming a phase front which propagates away
from the position of the soliton x0. This speed can be understood as a consequence the
difference of the effective potential energy (U(φF )) between both equilibria (φs0, φ

us
0 ). In

contrast, the term proportional to B accounts for the effect of spatial variation of the tail of
the amplitude soliton, which induces a force that pushes the phase front position to move
towards the soliton position x0. Consequently, the superposition of these two antagonistic
forces generates a stable equilibrium position for the phase front, which is consistent with
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the dynamical behavior illustrated by the spatiotemporal diagram of Fig. 6.3b. Solving
Eq. (6.31), we get an analytical solution for the typical trajectory,

xf (t) =
log
(
B
A

)

2
√
δ+

+
log
(
e−2
√
δ+A(t−t0) − 1

)

2
√
δ+

− A(t− t0). (6.32)

0

π

x0

Space

R(x)

φ(x) φ0
s

φ0
us

π+φ0
us

(b)

Space

Ti
m

e

φ(x,t)

xf(t)

(a)

Figure 6.8: Spatiotemporal diagram of two different phase fronts that form a PSS solution.
(b) The final steady phase structure is shown. Although the phase front are different (con-
nect different phase equilibria) the behavior of its positions is qualitatively the same. The
simulation parameters are µ = 0.1, ν = −0.1, γ = 0.13, and L = 128.

Dashed curves shown in Fig. 6.8 are obtained using the above formula wherein A and
B are used as fitting parameters. Note that the constant log (B/A) /2

√
δ+, which accounts

for the steady equilibrium position of the front, allows us to introduce a characteristic size
of the shell structure in phase. This is a novel feature for the dissipative solitons arising
in PDNLS since, as we have mentioned before, the phase of these localized states has been
always considered uniform.

6.4 Stability analysis for uniform phase soliton

As we have already shown, the uniform phase and phase shielding solitons are solutions
of the one-dimensional PDNLS model (5.2). Therefore, a natural question arises: what is
the relation betweeen these localized states? Here, we examine this question, performing
a numerical linear stability analysis of the UPS solution based on Ref. [26]. Given the
complexity of the linear operator, an analytical stability analysis is not feasable. We consider
small perturbations ρ and Ω around solutions Rs(x) and φ0, respectively, i.e.

R = Rs(x) + ρ(x, t) and φ = φ0 + Ω(x, t), (6.33)

where ρ,Ω� 1. Replacing in (4.2) and (4.3), and after linearize we obtain

∂tρ = 2∂xRs∂xΩ +Rs∂xxΩ + 2
√
γ2 − µ2ΩRs, (6.34)
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and
Rs∂tΩ = δ+ρ− 3R2

sρ− ∂xxρ− 2µRsΩ, (6.35)

respectively. Equation (6.34) and (6.35) represent an eigenvalue problem that can be written
in the following matrix representation,

∂

∂t

(
ρ
Ω

)
= M

(
ρ
Ω

)
(6.36)

where

M ≡




0 2∂xRs(x)∂x −Rs(x)∂xx − 2Rs(x)
√
γ2 − µ2

1
Rs(x)

[δ − 3Rs(x)2 − ∂xx] −2µ


 . (6.37)

An analytical solution to Eq.(6.36) is a difficult task since the linear operator has a spatial
dependency [26]. Therefore, in order to obtain the spectrum—set of eigenvalues associated
with the linear stability analysis—we adopt a numerical strategy. We proceed to discretize
the space with grid points, x → j∆x, F (x, t) → F (j∆x, t) ≡ Fj(t) with j = 1, · · · , N
and N the number of points of the system of size L = N∆x. In such case, the differen-
tial operator M with spatial coefficients, turns into a matrix of rank 2N . We also consider
µ = µ0 and x0 = L/2 for different values of {γ, ν} in the region of existence of solitons, i.e.
µ < γ <

√
ν2 + µ2 with ν < 0. The L parameter controls the size effect,and we can vary it

easily by changing N for a fixed ∆x. In previous reports, this parameter was not considered
as a relevant, being usually a small constant. We shall see that parameter L plays a main
role in the stability properties of dissipative states.

Hence, let us consider L as a control parameter with the system parameters {µ, ν, γ} fixed.
When L is small enough the spectrum is characterized by being centered on an axis parallel to
the imaginary one, where every single eigenvalue has negative real part. Such behavior of the
eigenvalues is typical of quasi–reversible systems [49, 50]. Increasing L, the set of eigenvalues
begin to collide creating a continuum set. Up to a critical value of Lc, where a conjugate pair
cross the imaginary axis at a non zero frequency, exhibiting an Andronov-Hopf bifurcation
[75, 76]. Figure 6.9(A)–6.9(C) outline the spectrum before, during and after the bifurcation,
respectively. The main plot of Figure 6.9 illustrates the real part of the largest eigenvalue
max [Re(λ)] (red circles) and the eigenvalue related to the Goldstone mode (blue triangles)
as function of the system size L. As a result of the translational invariance, the eigenvalue
related to the Goldstone mode is at the origin of the complex plane [16]. For γ = 0.105,
µ = 0.1, and ν = −0.05, we observe that below the critical value Lc = 304, the largest
eigenvalue corresponds to the Goldstone mode [see Fig. 6.9(A)]. Close to the bifurcation,
the largest conjugate pair of eigenvalues crosses the real axis destabilizing the uniform phase
solution [see insets Fig. 6.9(B) and 6.9(C)].

The numerical stability analysis of UPS solutions reveals a strong dependance on the
system size. Such result is in accordance with the inner and outer region crossover. The
inner region has a definite length for a given set of system parameters {µ, ν, γ}. If the system
size is small enough (L is less than the length of the inner region), the crossover does not
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Figure 6.9: The real part of the largest eigenvalue Max(Re(λ)) (red circles) and the eigenvalue
related to the Goldstone mode (blue triangles) as function of system size. The stability of
solitons is shown in the spectra of the soliton with constant phase (A) before (system size
L = 284), (B) during (L = 304), and (C) after (L = 324) the bifurcation for γ = 0.105,
µ = 0.1, and ν = −0.05.

occur. Then, the PSS solution does not appear and UPS is a stable solution. For L grater
than the length of inner region, the UPS destabilizes, generating the PSS solution.

Given that the exponential decay of the stable UPS, and therefore the length of the inner
region, is a function of the system parameters {µ, ν, γ} it is natural to infer that varying such
parameters with L fixed, the UPS destabilization will take place as well. Indeed, following
the above strategy, we perform a numerical stability analysis of the UPS varying γ for L
fixed with µ = 0.1 and ν = −0.05. We choose the same parameter region {ν, γ} with a
L = 280 (before bifurcation) [see Fig.6.9] to assure a initial stable UPS solution. Figure 6.10
displays the eigenvalue spectrum evolution as γ varies. As before, up to a critical γc, the
system exhibits an Andronov-Hopf bifurcation which leads to the appearance of PSS solution
similar to the one observed in Fig. 6.9(A)-6.9(C).

As we can notice, the above instability mechanism is a robust phenomenon. Nonetheless,
the bifurcation scenario strongly depends on the proper choice of parameter as well as on
the system size, see Figs. 6.9 and 6.10. Furthermore, both critical values are related to the
length of the inner region, i.e., to the exponential decay of the stable solution [cf. Sec. 6.2.1].
In order to verify this and also show the effect of the two parameters combined, we have
also performed a stability analysis of the solutions in cartesian representation of the field
ψ. By replacing in the cartesian representation of PDNLS, Eqs. (4.6) and (4.7), the spatial
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operators ~∇2 and ~∇ for ∂xx and ∂xx̂, respectively, we obtain

∂tX = νY + (X 2 + Y2)Y + ∂xxY − µX + γX , (6.38)

∂tY = −νX − (X 2 + Y2)X − ∂xxX − µY − γY . (6.39)

The solution for this set of Eqs. (6.38)–(6.39) is

Xs = Rs cos(φ0), (6.40)

Ys = Rs sin(φ0), (6.41)

where Rs and φ0 are given by the formulas (4.16) and (4.13).

We follow the same procedure shown above and take into account small perturbations
(δX , δY � 1) around the solutions (X ,Y). Linearizing and using relations (4.16) and (4.13)),
we get the dynamical system

∂

∂t

(
δX
δY

)
=

(
−µ+ γ −R2

s

√
γ2 − µ2/γ ν +R2

s(2γ − µ)/γ + ∂xx
−ν −R2

s(2γ + µ)/γ − ∂xx −µ− γ +R2
s

√
γ2 − µ2/γ

)(
δX
δY

)
. (6.42)
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Figure 6.11: (color online) PSS bifurcation diagram in the γ− ν space obtained from solving
(6.36) numerically for µ = 0.050 and L = 400.

Figure 6.11 displays the UPS stability over a wide parameter region {ν, γ} for µ = 0.05 and
L = 400 fixed. For a system size smaller than the critical one, we observe that for parameters
0 < γ − µ � 1, the soliton with constant phase is stable. Notwithstanding, increasing the
forcing amplitude γ or the detunning parameter ν, the soliton becomes unstable again by
an Andronov-Hopf bifurcation followed by the appearance of the PSS as the stable solutions
of the system. Hence, the system (6.42) yields similar results as those already observed
using polar representation. It is important to mention that in the case that the system size
is large enough, the UPS solution exhibits an Andronov-Hopf bifurcation that leads to a
PSS solution. Further increasing the system parameters {ν, γ}, there occurs a secondary
bifurcation where the soliton undergoes a periodic oscillation, like those observed in [56].
Conversely, for small L the Andronov-Hopf bifurcation leads directly to localized periodic
solitons without a secondary one.
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Chapter 7

Phase Shielding Solitons in
Two-Dimensional System

Localized structures presented in the previous sections were considered only in one spatial
dimension. Now we are interested in the study of such dissipative solitons with nontrivial
phase structures in two-dimensional systems. This extension is not evident. For instance,
conservative solitons observed in the nonlinear Schrödinger equation in one spatial dimen-
sion collapse in two spatial dimensions by undergoing a blow-up in finite time [77], i.e. these
solutions are unstable in two spatial dimensions. Most of the experimental observations of
localized structures in parametrically driven systems have been reported in two spatial di-
mensions systems such as, in fluid surface waves [32], oscillons in granular media [33], and
isolated states in thermal convection [34]. Note that all these observations have been real-
ized in dissipative systems. Furthermore, the greatest difficulty to characterize theoretically
localized states in two spatial dimensions is the lack of analytical expressions that describe
these states. In this Chapter we perform an analytical and numerical study of the dissipative
solitons arising in two spatial dimensional PDNLS in order to understand the existence, sta-
bility properties, and dynamical evolution of their phase structure. Moreover, we show that,
for both proper system size and parameter configuration, solitons with surrounding phase
structures are exhibited.

7.1 Numerical observation of phase shielding solitons

in 2D–PDNLS

As seen in the Sec. 4.4, the PDNLS model (4.1) exhibits stable non–propagative dissipative
solitons in two spatial dimensions [58]. These localized structures are characterized by pre-
senting a constant phase and a bell-shaped modulus, Eqs. (4.20) and (4.22). Moreover, these
solutions possess axial symmetry as well as invariance under translations (they are related
to the Goldstone mode). Based on the previous simulations carried out in 1D (see Sec. 6.1),
we perform numerical simulations of single dissipative solitons in two–dimensional PDNLS.
We explore similar parameter region in the 2D case—close to the Arnold tongue—in order
to observe the possible formation of phase shielding solitons.

Indeed, we have characterized two types of phase shielding configurations. The first
type consists of a phase front with axial symmetry in the range [0, 2π]. The asymptoti-
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Figure 7.1: Stationary 2D symmetric phase shielding soliton observed in two-dimensional
numerical simulations of the parametrically driven and damped nonlinear Schrödinger model
with γ = 0.560, ν = −0.068 and µ = 0.250. Phase and amplitude field are represented si-
multaneously. Colored shadow renders the phase shell-like structure (φ(x, y)) that surrounds
the amplitude soliton localized at the center (R(x, y)).

cally connected uniform states are, analogously to the 1D case, given by the phase equilibria
determined by relation (4.20). Figure 7.1 shows the typical phase structure of this symmet-
rical state around the soliton position. If we consider a 1D stationary front solution in a
semi-infinite domain (ρ > 0), the 2D–symmetric phase solution corresponds to a 2π-rotation
around an axis whose origin is placed at the position of the dissipative soliton. It is important
to note that the process of formation of this symmetrical state is complex, since one needs
special initial conditions close to the equilibrium state.

The second type of two–dimensional PSS found is much more intriguing since it possess an
asymmetric phase front structure [see Fig. 7.2]. This asymmetric structure can be split into
two symmetric configurations by considering a non–usual polar description of the system.

R
(x

,
y

)

Front Back

ϕ(x, y)

R
(x

,
y

)

ϕ
( x

,
y

)

0

-1

0

50

100100

50

0
0

1.5

x
y

x
y

50

100

0 0

50

-3

100

-2

0

-1

0

1.5

-3

-2

Figure 7.2: Front and back view of a stationary phase shielding soliton observed in two-
dimensions for the parametrically driven and damped nonlinear Schrödinger model with γ =
0.140, ν = −0.068 and µ = 0.125. Phase and amplitude field are represented simultaneously.
Colored shadow renders the phase shell-like structure (ϕ(x, y)) that surrounds the amplitude
soliton localized at the center (R(x, y)).
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Under this consideration, the nonsymmetric phase front is characterized by a phase front
axially symmetric from [0, π] and an analogous front with different asymptotic states from
[π, 2π], i.e. the two-dimensional PSS with asymmetric phase state can be seen as the compo-
sition of two phase front with semi-axial symmetry which connect different asymptotic states.

The process of formation of this configuration starts with a well-formed 2D soliton that
is slightly perturbed. After some complex phase transient state, the system exhibits the
appearance of a circular phase front that spreads rather slowly. Figure 7.3(a) displays this
primary stage. However, asymptotically, the circular structure becomes asymmetrical, giv-
ing rise to a new semicircular front that still propagates in the range [π, 2π] [cf. Fig. 7.3(b)].
Finally, the whole structure becomes stationary, creating a 2D asymmetric phase shielding
soliton. Unlike the symmetric case, the steady phase solutions coincide only with a π rotation
around the soliton position as the center of rotation [see Fig. 7.3(c)]. Additionally, numerical
simulations performed in a close region of parameters show the same dynamical behavior.
Figure 7.2 give us a comparison between the stationary configuration of this shield-like phase
and the soliton size for a different set of parameters values {µ, ν, γ}.
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Figure 7.3: Snapshots of the phase evolution of a typical 2D-PSS after a perturbation with
γ = 0.083, ν = −0.063, and µ = 0.058. (a) Initially the soliton is slightly disturbed. A circu-
lar front starts to propagate. (b) An additional propagative semicircular front appears. (c)
The final steady configuration exhibiting a semi-axial symmetry. The dashed curve represents
the θ-axis.

It is noteworthy that two-dimensional PSS solutions have similar characteristics to those
observed for one-dimensional PSSs [see Fig. 7.1]. For instance, as in the one–dimensional case,
the final state of both symmetric and nonsymmetric phase structure of the two-dimensional
PSS is far from the soliton position found in the core of the modulus. Notwithstanding, the
asymmetric two-dimensional PSS state has features much more intriguing since it is com-
posed of all the solutions found in one dimension simultaneously. Indeed, Fig. 7.4 shows
different cuts containing the center of an asymmetric PSS state, one can clearly recognize
the observed solutions in one dimension [cf. Fig. 6.5]. Another interesting property appears
when one calculates the phase change on a path that connects two opposite points with re-
spect to the soliton position (

∫
Γ
~∇ϕd~s). Within the region close to the position of the soliton

one finds that this is zero. Nevertheless, if one takes this type of path far away of the soliton
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position one finds a π shift in the phase,
∫

Γ′
~∇ϕd~s = ±π.

φ(
x,
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x
y
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,y
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L
-3

1.5

Figure 7.4: Final structure of the asymmetric two-dimensional PSS with γ = 0.140,
ν = −0.068 and µ = 0.125. Asymmetric two-dimensional PSS is composed by all the PSS
solutions found in the 1D case (Fig. 6.5) simultaneously.

As an additional remark, we would like to comment on the stability of the 2D-phase
shielding solitons. Axial-symmetrical PSS are attained only by setting up special initial
conditions, close to the steady state. A slightly perturbation in its modulus leads to a
symmetry breaking where the axial symmetry is lost and a semi-axial symmetry appears.
Hence, numerically the second type of PSS solitons (asymmetric one) has a large basin of
attraction.

7.2 Phase front profile in 2D

In this section we discuss an analytical approach for the two types of shielding phase solitons
observed in 2D. From numerical simulations [see Figs. 7.1 and 7.2] we can observe that the
phase structure emerges far from the soliton position. In the same manner as Sec. 6.2 to
obtain the phase front profile at dominant order, we consider the exponential asymptotic
decay of the modulus. Under this consideration (ρ → ∞), we propose the ansatz for the
modulus and the phase

Rs(ρ→∞) ∼= e−
√
δ(ρ−ρ0)

√
ρ

, (7.1)

φ(ρ→∞) = φF (ρ− ρF (t)). (7.2)

Here ρ0 describes the soliton position which corresponds to the position of the maximum
amplitude of the soliton modulus. Moreover, we have promoted the position of the phase
front core to a time-dependent function ρF (t). For the sake of simplicity and without loss
of generality, we can choose ρ0 = 0 as the coordinate origin. At dominant order, we get a
similar Newton-type equation as in the 1D case (ρ� 1),

∂ρρφF ≈ 2
√
δ∂ρφF + µ− γ cos(2φF ). (7.3)
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Thus, 2D phase solutions have a front solution at dominant order of the form,

φ(ρ, θ, ρF ) ≈ arctan

[√
γ ± µ
γ ∓ µ tanh

√
γ2 − µ2(ρ− ρF )

2
√
δ

]
. (7.4)

Here we come to a crucial point that is important to clarify: The anstaz proposed, Eqs. (7.1)
and (7.2), considers that the PSSs possess an axial symmetry for the modulus and the phase,
but this is only partially true. Obviously, in the case of the symmetric 2D PSS this assump-
tion agrees with the numerical observation [cf. Fig. 7.1]. Nevertheless, we have proved the
existence of non axial-symmetric PSS solution [see Figs. 7.2]. In order to achieve a proper the-
oretical description of this solutions let us introduce an adequate coordinate system. Defining
a non usual polar coordinate {r, θ}, |r| = ρ and θ ∈ [0, π), we get a total description of the
two-dimensional space. This description of the space allows us to split the asymmetric phase
structure into two symmetric phase state connected in r = 0. Therefore, we can perform our
calculation for two different regions, that is r < 0 and r > 0. Surprisingly, we have conducted
the calculation for the two different asymptotic region; semi-plane domain consisted of [0, π)
and r = (0,∞); And the complementary semi-plane domain (r ∈ (−∞, 0) and θ ∈ [0, π));
obtaining again the phase profile Eq. (7.3). Fig. 7.5 shows the theoretical asymmetric two-
dimensional phase shielding soliton obtained by considering the whole domain of r. It is built
up by connecting the different stationary front solutions of (7.3). Notice that in this approx-
imation for PSSs with semi-axial symmetry, the interface separating the different regions is
abrupt [see Fig. 7.5]. This is a consequence of the coordinate system used to describe these
solutions. The PSSs obtained numerically are smooth in this junction region [cf. Fig. 7.2].

100

0

100

0

/  �x,y	

x
y

Figure 7.5: (color online) A 2D phase shielding soliton with semi-axial symmetry given at
dominant order by the analytical function (7.4) with γ = 0.15, µ = 0.1, and ν = −0.15. The
amplitude R(x, y) is plotted simultaneously to illustrate the soliton position.
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7.3 Phase front dynamics

The dynamics of phase fronts at dominant order is described by the equation obtained by
replacing (7.1) and (7.2) in (4.20):

− ρ̇F (t)∂zφF = −(ν + δ)− e−2
√
δρ

ρ
+ (∂ρφF )2 − γ sin(2φF ), (7.5)

where we have defined the appropriated co-moving coordinate z ≡ ρ − ρF . Multiplying the
above equation by ∂zϕF , and introducing the following inner product

〈〈f |g〉〉 ≡
∞∫

−∞

π∫

0

fgρ dθdz, (7.6)

we obtain the following equation for the front dynamics,

ρ̇F =
Ã+ Aρ

F
+Be−2

√
δρ
F

Cρ
F

, (7.7)

where

Ã ≡ 〈〈γ sin(2φF )z|∂ρφF 〉〉,

A ≡ 〈〈[−(ν + δ) + (∂ρφF )2]|∂ρφF 〉〉,

B ≡ 〈〈e−2
√
δz|∂ρϕF 〉〉, C ≡ 〈〈∂ρϕF |∂ρϕF 〉〉.

(7.8)

Equation (7.7) can be interpreted as a Newton-type equation that describes a overdamp-
ing particle in the presence of a force composed by three terms: a constant, an inversely
proportional to the position and an exponential force. The constant force is responsible for
spreading the phase front to the outside, in opposition, the exponential force causes the phase
front propagate towards to the position of the dissipative soliton in the center. The balance
between these forces generates an equilibrium position for the phase front, which is consistent
with the observed dynamics. At dominant order, phase dynamics is affected in two spatial
dimensions by an extra term, which is inversely proportional to the distance. The exponential
term is modified with a logarithmic correction. Therefore, for large distances phase shielding
soliton dynamics in two dimensions is similar to that observed in one dimension.

Similarly, as we have done in Sec. 6.2.1, we could include higher order corrections in the
amplitude of the modulus and get a more accurate expression for the structure and dynamics
of phase fronts in two spatial dimensions. This analysis allows us to understand that PSSs
are composed by dissipative solitons with different homogeneous phase [see Sec. 6.2.1].
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Chapter 8

PSS in Physical Systems

In Chap. 4 we emphasized the universality of the PDNLS equation. Through an amplitude
equation approach, it can be shown that the PDNLS equation is present in different physical
systems. Based of this statement, one expects that results obtained in this context can
be transposed to the original systems under study. In the following section we conduct a
numerical study of an easy–plane ferromagnetic system in order to explore the emergence of
PSS solutions in this system.

8.1 Magnetic wire

Solitons in magnetism have been intensively studied in past decades due to their possible
technological applications. It is known that an easy-plane ferromagnetic spin chain in the
presence of both a constant and a time-periodic external magnetic field perpendicular to the
hard axis exhibits localized structures. Such structures are commonly refer to as localized
precession states in a forced magnetic wire. Furthermore, experimental realizations of the
model have already been achieved [78, 79].

The forced magnetic wire is described phenomenologically by the Landau-Lifshitz–Gilbert
(LLG) equation. Following an amplitude equation approach, it can be proved that, in the
quasi–reversible limit, the system can be described by the parametrically driven and damped
nonlinear Schrödinger equation [23].

Let us consider a one–dimensional anisotropic Heisenberg ferromagnetic chain formed by
N classical spins or magnetic moments subject to an external magnetic field. The direction
of the chain is described by the z–coordinate, ẑ = (0, 0, 1) and the external magnetic field
is orthogonal to this direction, denoted by x̂ = (1, 0, 0). When the quantum effects are
small enough, the vector Si can be treated as a classical spin or a magnetic moment [23].
According to this latter assumption, the dynamics of the magnetic moment Si is governed
by ∂tSi = −γSi × (∂H/∂Si), where γ is the gyromagnetic constant and the Hamiltonian H
has the form,

H = −J
N∑

i=1

SiSi+1 + 2D
N∑

i=1

(Szi )
2 − gµHx

N∑

i=1

Sxi . (8.1)

Here, J is the exchange coupling constant, Hx and D stand for the external magnetic field
and the anisotropy energy, respectively.
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Figure 8.1: (a) Schematic representation of a soliton in a one-dimensional anisotropic fer-
romagnetic chain (magnetic wire). (b) Spatiotemporal evolution of a soliton for L = 1024,
H0 = 4.800, β = 0.200, h1 = 0.042, α = 0.019 and ν = −0.030.

To study the continuous limit of this set of ordinary differential equations, that account
for a magnetic wire, we assume that:

Si(t)→ S(z, t), (8.2)

and
Jdz2

γ−1

(
Si+1 − 2Si + Si−1

dz2

)
→ lex∂

2
zS(z, t), (8.3)

where lex denotes the characteristic interaction length. Moreover, introducing a phenomeno-
logical dissipative source, the Gilbert damping, the motion of the magnetization field is
governed by the well known Landau-Lifshitz-Gilbert (LLG) equation [80],

∂τM = M× [Mzz − β(M · ẑ) + He − α∂τM] , (8.4)

where M ≡ S/Ms stands for the unit vector of the magnetization and Ms saturation magne-
tization. Here, we introduced the normalization {τ → γMst, β → 4D/γ,
He → gµM/γMs}. The parameter β > 0 accounts for the anisotropy constant (easy–plane
magnetization), and α is the damping parameter. For several types of magnetic materials,
this parameter is small [80]. When the magnetic field is time–dependent, the above model
(8.4) is a time reversible system perturbed with injection and dissipation of energy, i.e. a
quasi–reversible system, as long as this perturbation remains small.

As a result of the anisotropy and constant external field (He = H0x̂), the natural equilib-
rium of the previous model (8.4) corresponds to the magnetization field lying in the direction
of the external magnetic field, M = x̂. When spatial coupling is ignored, it is easy to
show that the dynamics around this equilibrium is described by a nonlinear oscillator with
natural frequency ω2

0 = H0(β + H0) [23]. It is noteworthy that in Eq. (8.4), the magne-
tization components are proportional to the external magnetic field, which therefore acts
as a parametric forcing. Then if this field combines a constant and a time-periodic part
(He = [H0 + h1(t)] x̂ where h1(t) ≡ Γ cos(ωt) oscillates about twice the natural frequency,
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ω ≡ 2(ω0 +ν), and ν is the detuning parameter), the system exhibits a parametric resonance
at Γ2 (β/4ω0)2 = α2 (H0 + β/2)2 + ν2 for small parameters {α, ν,H0,Γ}. In the parameter
space (Γ, ν), the region above this curve corresponds to the Arnold tongue. Dynamically
speaking this resonance corresponds to an undamped precession of the magnetization unit
vector around the direction of the external magnetic field with angular velocity ω0 (Fig.8.1a).

8.1.1 PSS in the magnetic wire
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Figure 8.2: Stroboscopic spatiotemporal diagrams of the reconstructed envelope (left) and
the phase angle φz (right) for L = 2048, H0 = 4.800, β = 0.200, h1 = 0.042, α = 0.019 and
ν = −0.030. The appearance of two opposite fronts can be observed.

The chain of classical spins or magnetic wire subject to an external magnetic field repre-
sents a good physical system to study the formation of a phase shielding soliton. Numerical
simulations of the magnetic wire for different values of the system size L are conducted. Fol-
lowing the same strategy, based on the Hilbert transform technique [see Sec. 2.3], the phase
angle φz is rebuilt from the original data signal mz. As expected, the phase of the dissi-
pative soliton exhibits the formation of two counter–propagative fronts [cf. Fig. 8.2], which
eventually form a phase structure surrounding the modulus of the soliton, similar to those
observed for the PDNLS model [see Sec. 6.1]. A characteristic feature of this phase structure
is the presence of a pronounced slot close to the position of the dissipative soliton. Note that
this phenomenon also appears in the pendulum chain vertically vibrated [see Fig. 2.5 and
Fig. 8.3]. Such large phase variation is a result of the nonlinear corrections of the envelope.
These corrections correspond to higher–order terms that are not taken into account in the
amplitude equation approach at dominant order (PDNLS). Such corrections are negligible
far from the position of dissipative soliton but become relevant in the phase near the soliton
core. The presence of corrective terms also affects the phase dynamics itself, as the phase
front dynamics is led by an exponentially small force. This is notorious in the magnetic wire
where the corrective terms cause the phase front solutions to reach their equilibrium states
closer to the soliton position. The inclusion of higher order terms in the PDNLS equation is
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necessary for a complete description of phase front dynamics in this magnetic system. This
is a work in progress.
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Figure 8.3: Steady (reconstructed) phase angle φz structure for L = 1024, H0 = 4.800,
β = 0.200, h1 = 0.042, α = 0.019 and ν = −0.030.

8.2 Forced magnetic layer

An easy-plane ferromagnetic layer submitted to an external parametrical forcing has been
analyzed within the framework of the LLG model. Such system exhibits the formation of
patterns, domain walls and localized states near the parametric resonance. By means of the
amplitude equation, an interaction law of 2D localized precession states has been derived
[23]. However, no studies have been performed both numerical and theoretical, to character-
ize the phase emerging states located in the magnetic layer.

Let us introduce the main features of the description of a parametrically forced magnetic
layer. Let us consider an anisotropic Heisenberg ferromagnetic layer formed by Nx × Ny

classical spins or magnetic moments exposed to an external magnetic field, which is contained
in the plane (x, y) and oriented in the direction x̂ ≡ (1, 0, 0). Following the one-dimensional
analysis exposed in section 8.1, we find that the motion of the magnetization field is governed
by the Landau–Lifshitz–Gilbert equation [80]

∂τM = M×
[
∇2
⊥M− β(M · ẑ) + He − α∂τM

]
, (8.5)

where ∇2
⊥ ≡ ∂xx + ∂yy is the transverse Laplacian operator, M = S/Ms stands for the unit

vector of the magnetization, with Ms as the saturation magnetization. Again, we considered
a normalization of scales and parameters {τ → γMst, β → 4D/γMs,He → gµH/γMs},
where β > 0 is the uniaxial easy-plane anisotropy constant, and α is the damping parameter
[see Sec. 8.1]. As inthe one–dimensional case, the presence of damping α > 0 and an external
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and constant field He = H0x̂ lead to a magnetization in the direction of the external field
M = x̂. When spatial coupling is ignored, it is easy to show that the dynamics around this
equilibrium is described by a nonlinear oscillator with natural frequency ω0 =

√
H0(β +H0).

Given that the magnetization components are proportional to the external magnetic field,
it acts as a parametric forcing. Applying an external magnetic field with both a constant and
a time periodic part of the form He = [H0 + Γ cos(ωt)] x̂, oscillating about twice the natural
frequency ω = 2(ω0 + ν), where ν is the detuning parameter, the system exhibits a paramet-
ric resonance at Γ2(β/4ω0)2 = α2(β/2 +H0)2 + ν2 for small {ν,H0, α,Γ}. Furthermore, The
inclusion of spatial coupling yields to the formation of a localized state near the parametric
resonance.

To understand the dynamics of such state, in the quasi–reversible limit Γ ∼ ν ∼ α� ω0

and close to the parametric resonance, let us consider the following ansatz for the three
components of the magnetization

Mx ≈ 1− M2
y +M2

z

2

My ≈
1

H0

[
1 +

Γ

H0

]
∂tMz (8.6)

Mz ≈ 4

√
ω0H0

β(ω2
0 + 3H2

0 )
ψ(ρ, t)ei(ω0+ν)t + c.c.

Introducing this into (8.5), after straightforward calculations and imposing a solvability con-
dition [cf. Sec. 2.2.1] for the corrections of the above ansatz, we find that the system can be
described by the parametrically driven and damped nonlinear Schrödinger equation

∂tψ = −iνψ − i|ψ|2ψ − i∇2
⊥ψ − µψ + γψ̄,

with γ = βΓ/4ω0 and µ = (β/2 + H0)α. It is noteworthy that the procedure adopted for
describing the magnetic plane is also valid for the magnetic wire analyzed in the las section
8.1, and therefore, that system (magnetic wire) can be described for the 1D–PDNLS model,
in the quasi–reversible limit.

As discussed early [cf. Sec4.4], there is no analytical solution for the two–dimensional
PDNLS equation. However, from the approximated localized state (4.22), one can infer that
for negative detuning, the localized breather magnetic solution appears by a saddle-node
bifurcation when dissipation and energy injection are equal (γ ∼ µ and ν < 0). Furthermore,
this solution is unstable when the uniform magnetization M = x̂ becomes unstable at Arnold
tongue (γ2 = ν2 + µ2, ν < 0). The modulus width and height are given by

√
2δ and 1/

√
δ,

respectively.

8.2.1 PSS in the magnetic layer

Numerical simulations in appropriate parameter regions of the magnetic layer show clearly
the formation of localized precession states. Previous studies have performed a numerical fit
of the magnetic solution with approximative solution (4.22), showing a good agreement [64].
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Figure 8.4: A phase shielding soliton obtained by a numerical simulation of equation (8.5)
in a square magnetic plane L × L with L = 512, H0 = 0.10000, β = 1, h1 = 0.00800,
α = 0.01900 and ν = −0.00394. The reconstructed phase in 2D φz(ρ, ρz) and the amplitude
field R(ρ) are represented simultaneously. The bell–like shaped reveals the presence of the
characteristic slot, observed also in the 1D case, in the center of the plane.

From the analysis done for the 2D–PDNLS equation, an easy-plane ferromagnetic layer sub-
mitted to a external magnetic field that combines a constant and an oscillating part should
present a shell–type phase structure. To capture the dynamical behavior of the phase, nu-
merical simulations of the Landau-Lifshitz-Gilbert equation (8.5) over a square grid L × L
for L = 512 are performed. This system size is large enough to exhibit PSS formation (based
on the results obtained for 1D). Following the Hilbert transform technique [cf. Sec. 2.3] the
phase has been reconstructed . Figure (8.4) depict a snapshot of a localized magnetic state
for H0 = 0.1000, λ = 0.0100, β = 1.0000, ν = −0.0035 and Γ = 0.0081. As expected, a
stable shielding phase is formed surrounding the soliton. In the same figure, we show the
corresponding soliton solution.

As in the 1D magnetic case, this shell–type structure is always symmetric having a 2π
rotation. It alsos present a modulo 2π periodicity. The phase front also reaches its stationary
state closer to the typical slot present in the center. This produces a bell-like shape as we
can observed in Fig. 8.4. In this situation, the slot is smaller that in the 1D case, and it
can be seen on the top of the phase structure. Despite the numerical simulations reveal a
stationary phase structure around a precession state–a phase shielding soliton–a deeper study
is required in order to establish qualitatively and quantitatively the effect of the nonlinear
corrections over the phase dynamics.
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Conclusions & Future Work

Localized structures are ubiquitous phenomena in nature. During the last decade, a con-
stant effort has been focused on determining the creation mechanisms of localized states,
and thorough understanding of their properties. Undoubtedly, the next step to boost their
potential applications is to advance the manipulation and control of these particle–type solu-
tions. Parametric forcing offers a controllable mechanism to introduce energy into a system.
Moreover, systems parametrically forced exhibit universal phenomena such as dissipative soli-
tons, which are a natural extension of conservative ones. Close to the parametric resonance,
the parametrically driven and damped nonlinear Schrödinger equation (PDNLS) models this
kind of systems. This amplitude equation has been derived in several physical contexts to
describe the appearance of patterns and localized states. Due to its universality, oscillatory
localized state (dissipative solitons) are described in the context of PDNLS. These solutions
are characterized for a bell–shaped modulus and a constant phase (UPS).

To prove the accuracy of the model describing parametrically forced systems, a theoretical
and numerical study of the dynamical behavior of parametrically excited solitary waves in
Faraday’s water trough experiment is performed. Moreover, a theoretical and experimental
method of manipulation of hydrodynamic solitons in a vertically driven rectangular water
basin is presented, based on inhomogeneities of the system. Experimentally, the basin was
tilted for angle, producing an inhomogeneity on the effective parameters of the system. As
consequence, the soliton travels to equilibrium positions through a relaxation process. The
steady point depends on the tilt angle, and can be pushed out of the basin if the angle is large
enough. In the tilted system, dissipation, energy injection and detuning are inhomogeneous.
Those effects are incorporated into the PDNLS model by promoting the dissipation, energy
injection and detuning parameters (µ, γ, ν) as space dependent functions. We have deduced
an equation for the position of hydrodynamic solitons. This equation is characterized by two
terms: a constant speed and a linear relaxation term. The theoretical description reproduces
well the hydrodynamic soliton dynamics observed experimentally.

Numerical simulations conducted for single dissipative solitons in homogeneous media
showed the unexpected emergence of two–counter phase fronts, which propagate away from
the soliton position. After a non–trivial dynamics the front phase reaches a steady point.
The final phase structure, that surrounds the modulus, is composed by two of those phase
fronts: the phase shielding soliton. Moreover, eight different types of localized states have
been unveiled. They correspond to all possible PSS achievable by the dissipative soliton with
phase in the range [−π, π]. The appearance of each phase configuration strongly depends of
initial conditions. A slight change of these conditions can lead to a different phase shielding
structure using the same system parameters. However, a full comprehension of their basin
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of attraction as well as their stability is an open question.

Considering the asymptotic behavior of the amplitude solution away from the soliton
position, an analytical expression was derived for the front phase in a semi–infinite domain.
The stationary phase front represents heteroclinic orbits in the {φ, ∂xφ} space. Such states
present different types of configurations. The dynamical behavior of these fronts exhibits a
non–uniform translation that is ruled by two antagonistic forces generating stable equilib-
ria. A deeper analysis of numerical simulations reveals that PSS solutions are composed of
two qualitatively different regions: inner and outer regions. Both regions are separated by
a crossover point between the exponential decay rates of the stable and the unstable UPS
solution. Therefore, the PSSs are composed by both UPS solutions.

The PSS stability was obtained by means of numerical analysis. We found that the phase
stability depends on the system size L. Below a critical value of L, the phase remains uni-
form, but for large enough values of it, the system destabilizes through an Andronov-Hopf
bifurcation. We also show that the system also presents an instability for a given L, but for
large values of the amplitude or the frequency of the forcing {γ, ν}. Hence, the shielding
phase solutions exist in a wide parameter region far from the limit µ ∼ γ. Furthermore,
phase shielding structure is the only state of equilibrium exhibited for dissipative soliton in
a large system. It is worth noting that, for more than two decades, the solitons studied in
PDNLS (in the one-dimensional case as in the two dimensional) were always described with
a constant phase. Typically, these localized solutions are characterized by two parameters δ+

and x0, which determine its shape and position respectively. For its part, the characteriza-
tion of phase shielding solitons has revealed a new parameter that brings an more accurately
description for such solutions; The size of the phase structure. It should be remembered
that the greater the amplitude of forcing (γ) the more compact is the phase structure, so
does decreasing the detuning (ν). Therefore, this novel type of dissipative localized structure
with non–trivial phase structure (PSS) offers a new perspective to the dissipative solitons
naturally arising in parametrically forced system. Shell-like phase structure must play a sig-
nificant role in soliton interaction, since bound states of two solitons show a complex phase
structure [57, 30]. Experimental observations show an intricate temporal dynamics of dissi-
pative solitons [60] which cannot be explained from uniform phase solitons.

To study the robustness of the phase dynamics around the soliton, the two–dimensional
spatial extension is considered. It is well known that 2D–PDNLS has soliton type solutions
with a constant phase [58], which are the natural extensions of the one–dimensional case.
However, an analytical expression for these solutions is unknown. Considering a similar pa-
rameter region of phase shielding solitons in one dimension, we observe a rich phase fronts
dynamics in two dimensions. More precisely, we could characterize two types of stable con-
figurations in the two–dimensional case: an axially symmetric state and a semi–axially sym-
metric structure composed of two semicircular fronts. The phase front dynamics is also well
described by a Newtonian-type equation in the asymptotic limit of large distance (ρ→∞).
Again, this predicts a stable equilibrium position for the front that accounts for the shell–
type phase structure.

The asymmetric two–dimensional PSS solution is characterized by being composed of
all the solutions found in one dimension. Indeed, if one performs different cuts containing
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the center (soliton position), one can recognize the observed solutions in one dimension. A
surprising property of the shell-like structure observed is that if one calculates the phase
change on a path that connects two opposite points with respect to the position of the soli-
ton (

∫
Γ
~∇φd~s) within the region close to the position of the soliton one finds that this is

zero. Nevertheless, if one takes this type of path far away from the soliton position, one
finds

∫
Γ
~∇φd~s = ±π. In conclusion, localized structures in parametrically forced systems

have a rich and unexpected phase dynamics, creating novel types of localized states. It is
expected that phase shielding solitons could be observed experimentally in simple coupled
forced oscillators, such as vertically driven fluid layers in narrow cells, optical parametrical
oscillators, driven magnetic media, among others.

To confirm the presence of the shell–type phase structure in one dimensional paramet-
rically driven solitons, we studied an anisotropic Heisenberg ferromagnetic chain formed by
N classical spins or magnetic moments subject to an external magnetic field. As expected,
the phase of the dissipative soliton exhibits the formation of two counter–propagative fronts,
analogously to those observed for the PDNLS model. A feature characteristic of this phase
structure is the presence of a pronounced slot close to the position of dissipative soliton.
Such large phase variation is a result of the nonlinear corrections of the envelope. These cor-
rections corresponds to higher–order terms that are not taken into account in the amplitude
equation approach at dominant order. Such corrections are negligible far from the position
of dissipative soliton but become relevant in the phase near the soliton core. The presence
of corrective terms also affects the phase dynamics itself, as the phase front dynamics is led
by an exponentially small force. This is notorious in the magnetic wire where the corrective
terms cause the phase front solutions to reach their equilibrium states closer to the soli-
ton position. Recent studies have demonstrated that the parametrically driven and damped
nonlinear Schrödinger equation does not account for all the localized structures observed in
magnetic wire [23, 59]. Consequently, the inclusion of higher order terms in the PDNLS
equation is necessary for a complete description of phase front dynamics in this magnetic
system.

Additionally, in order to corroborate the results obtained for PSS in 2D–PDNLS, we
analyzed the phase behavior of oscillatory dissipative solitons in an anisotropic Heisenberg
ferromagnetic layer formed by Nx × Ny classical spins or magnetic moments exposed to an
external magnetic field. The numerical simulations show the existence of a complicated
structure for the phase. The characteristic slot, observed in 1D systems, is also present in
the 2D case. As before, the relevance of the corrective terms is evident. The presence of
corrective terms, usually related to the particular physical problem under study, has inter-
esting consequences over the dynamics of the phase front as well as in its final configuration.
However, we conclude that phase shielding solitons are a universal phenomenon, despite the
modification that may experience because of higher–order terms. Still, a broader analysis
of different systems, in order to establish the effect of each corrective term, is required and
work in that direction is still in progress.
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Contributions

A.1 Can non-propagating hydrodynamic solitons be forced

to move?

L. Gordillo, T. Sauma, Y. Zárate, I. Espinoza, M.G. Clerc, and N. Mujica.

European Physics Journal D 62, 3949 (2011) DOI: 10.1140/epjd/e2010-10331-8

Abstract

Development of technologies based on localized states depends on our ability to manipulate
and control these nonlinear structures. In order to achieve this, the interactions between
localized states and control tools should be well modelled and understood. We present a
theoretical and experimental study for non-propagating hydrodynamic solitons in a verti-
cally driven rectangular water basin, based on the inclination of the system. Experiments
show that tilting the basin induces non-propagating solitons to drift towards an equilibrium
position through a relaxation process. Our theoretical approach is derived from the para-
metrically driven damped nonlinear Schrödinger equation which models the system. The
basin tilting effect is modelled by promoting the parameters that characterize the system,
e.g. dissipation, forcing and frequency detuning, as space dependent functions. A motion
law for these hydrodynamic solitons can be deduced from these assumptions. The model
equation, which includes a constant speed and a linear relaxation term, nicely reproduces
the motion observed experimentally.
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Abstract. Development of technologies based on localized states depends on our ability to manipulate and
control these nonlinear structures. In order to achieve this, the interactions between localized states and
control tools should be well modelled and understood. We present a theoretical and experimental study
for handling non-propagating hydrodynamic solitons in a vertically driven rectangular water basin, based
on the inclination of the system. Experiments show that tilting the basin induces non-propagating solitons
to drift towards an equilibrium position through a relaxation process. Our theoretical approach is derived
from the parametrically driven damped nonlinear Schrödinger equation which models the system. The
basin tilting effect is modelled by promoting the parameters that characterize the system, e.g. dissipation,
forcing and frequency detuning, as space dependent functions. A motion law for these hydrodynamic
solitons can be deduced from these assumptions. The model equation, which includes a constant speed and
a linear relaxation term, nicely reproduces the motion observed experimentally.

1 Introduction

During the last years, emerging macroscopic particle-type
solutions or localized states in macroscopic extended dissi-
pative systems have been observed in different fields, such
as: domains in magnetic materials, chiral bubbles in liq-
uid crystals, current filaments in gas discharge, spots in
chemical reactions, localized states in fluid surface waves,
oscillons in granular media, isolated states in thermal con-
vection, solitary waves in nonlinear optics, just to mention
a few. The variety of this type of phenomena evidences
the universality of these particle-type solutions. Although
these states are spatially extended, they exhibit proper-
ties typically associated with particles. Consequently, one
can characterize them with a family of continuous pa-
rameters such as position, amplitude and width. Hence,
these coherent states are particle-type solutions. This is
exactly the type of description and strategy used in fun-
damental physical theories like quantum mechanics and
particle physics. Indeed, localized states emerging in ex-
tended dissipative systems are composed by a large num-
ber of atoms or molecules (of the order of Avogadro’s num-
ber) that behave coherently. The paradigmatic example
of a macroscopic localized state is the existence of soli-
tons, as those reported in fluid dynamics, nonlinear optics
and Hamiltonian systems [1]. These solitons arise from a
robust balance between dispersion and nonlinearity. The
generalization of this concept to dissipative and out of

a e-mail: ljgordillo@gmail.com

equilibrium systems has led to several studies in the last
decades, in particular to the definition of localized struc-
tures intended as patterns appearing in a restricted region
of space [2,3].

In one-dimensional spatial systems, an adequate ge-
ometrical theoretical description of localized states has
been established based on spatial trajectories connecting
a steady state with itself. They arise as homoclinic orbits
from the viewpoint of dynamical systems theory (see the
review [4] and references therein), while domain walls or
fronts are seen as spatial trajectories joining two different
steady states – heteroclinic curves – of the correspond-
ing spatial dynamical system [5]. Localized patterns can
be understood as homoclinic orbits in the Poincaré sec-
tion of the corresponding spatial-reversible dynamical sys-
tem [4–7]. They can also be understood as a consequence
of the front interaction with oscillatory tails [8,9]. There
is another type of stabilization mechanism that generates
localized structures without oscillatory tails based on non-
variational effects [10,11], where front interaction is led by
the non-variational terms [12].

Quasi-reversible systems1 are the natural theoretical
framework in which one expects to observe localized struc-
tures. Time-reversible and Hamiltonian systems exhibit a
family of localized states described by a set of continu-
ous parameters [1]. Thus, when one considers energy in-
jection and dissipation, only few or none solutions of the

1 Time-reversible systems subjected to small injection and
dissipation of energy [13–17].
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family survive. The prototype model that presents local-
ized structures or dissipative solitons in quasi-reversible
systems is the parametrically driven damped nonlinear
Schrödinger equation [18]. This model has been derived in
several contexts to describe patterns and localized struc-
tures, such as vertically oscillating layer of water [19–21],
nonlinear lattices [22], optical fibers [23], Kerr type opti-
cal parametric oscillators [24], magnetization in an easy-
plane ferromagnetic exposed to an oscillatory magnetic
field [25–28], and parametrically driven damped chain of
pendula [29,30].

In the last two decades, the properties and mechanisms
of creation of localized structures have been established
as well as their interactions. However, few studies have
been focused on manipulation and control of these coher-
ent states. In the pioneering work of Wu et al. [32], the
authors mention that hydrodynamic non-propagating soli-
tons are sensitive to depth gradients. They found that soli-
tons move toward less deep regions with an average veloc-
ity of 0.05 cm/s for a 3◦ tilt angle. This fact suggests that
tilting the basin can be used as a spatial control tool, as it
induces motion of solitons. A quantitative detailed study
of the dynamics of the soliton needs to be performed in or-
der to achieve this. Recent efforts have been accomplished
in the context of optical cavities in semiconductors [31],
through the use of a phase gradient which induces a drift
of cavity solitons.

The aim of this manuscript is to characterize theoreti-
cally and experimentally a method of manipulation and
control of non-propagating hydrodynamic solitons in a
vertically driven rectangular water container based. More
precisely, this control is attained by tilting the bottom sur-
face normal with respect to gravity. Close to the Faraday
instability, the parametrically driven damped nonlinear
Schrödinger equation models this system. The effect of
the container inclination is incorporated into the ampli-
tude equation through space-dependent dissipation, injec-
tion and detuning. Considering that the tilt angle is small,
we deduce an equation for the position of non-propagating
hydrodynamic solitons. This equation is characterized by
two terms: a constant speed and a linear relaxation pro-
cess. Therefore, at a given inclination of the cell, the dis-
sipative soliton travels to an equilibrium position through
a relaxation process. In the case that the inhomogeneous
injection and dissipation of energy are of the same order,
the dominant mechanism in the propulsion of dissipative
solitons is governed by the inhomogeneous detuning. Ex-
perimentally, we have found good agreement with the pro-
posed dynamics of dissipative hydrodynamic solitons un-
der the influence of tilt angle.

The manuscript is organized as follows: the description
of the experimental setup and the procedures used in the
characterization of the dynamics of dissipative solitons in
a tilted cell are presented in Section 2. The theoretical
description of the basin subjected to vertical oscillations
and deduction of the equation for the position of dissipa-
tive solitons under the influence of an inclination is pre-
sented in Section 3. Finally, the conclusions are presented
in Section 4.

2 Motion of non-propagating hydrodynamic
soliton in tilted container

Non-propagating hydrodynamic solitons arise when a
quasi 1-D rectangular basin filled with water is excited ver-
tically at certain range of frequencies and amplitudes [32].
These localized states have a subharmonic nature depicted
by oscillations at half the forcing frequency. They appear
as localized transverse sloshing structures on the free sur-
face. The dissipative solitons nucleate from disturbances
of the stable flat state. In practice, they can be created
by perturbing the water surface with a paddle in such a
way that the swaying resembles solitons typical sloshing
motion.

2.1 Experimental setup and procedure

The experiments are done with a rectangular plexiglas
basin, Lx = 50.0 cm long, Ly = 2.54 cm wide and
Lz = 10.0 cm high. The cell was carefully machined on a
plexiglas block to ensure parallelism of lateral walls. The
basin is filled up to H = 2 cm in depth with a mixture
of 252 cm3 of water, 2 cm3 of Kodak Photo Flo r© 2002

and some drops of black ink. The mixture is prepared a
day before measurements are done. Free surface satura-
tion with contaminants plays an important role for repro-
ducibility [33].

The cell is driven sinusoidally by an electromechani-
cal shaker lying on a three-point leveling system which
allows longitudinal tilting (see Fig. 1). The tilt angle φ is
considered positive for a counter-clockwise rotation of the
cell with respect to the horizontal when visualized from
the front. The shaker is fed with an amplified sinewave
signal generated by a function/arbitrary waveform gen-
erator and a power amplifier. Thus, the cell vibration is
along the axis of the shaker, with form y(t) = A sin(ωt).
Solitons can exist at frequencies f = ω/2π slightly below
11 Hz, and normalized accelerations Γ = Aω2/g around
0.15. The basin acceleration is measured using a piezo-
electric accelerometer attached to its bottom surface. It is
connected to a signal conditioner, from which the accelera-
tion signal is measured by a lock-in amplifier synchronized
with the forcing signal (see Fig. 2a). Acceleration values
are provided with precision of 0.001 g. An analog tilt sen-
sor is also placed on the external bottom of the basin. This
MEM device is connected to an analog/digital converter
which measures angle values within an error of 0.01◦.

Two different types of measurements are made on the
free surface. Sequences of images taken with a high speed
camera provide spatial measurements. On the other hand,
local measurements are done using the phase fluctuations
of the output signal of a resonant capacitive device.

2 This chemical product creates a film which improves sig-
nificantly wetting at the walls.
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Fig. 1. (Color online) The basin filled with a dyed mix-
ture of water and Kodak Photo Flo (a) is vibrated vertically
by an electromechanical shaker. (b). The tilt angle φ can be
controlled using a three-point level system. Positive φ means
counter-clockwise rotation of the cell with respect to the hori-
zontal when visualized from the front (c). Acceleration is mea-
sured using an accelerometer (d). A high speed camera (e) ac-
quires images of the fluid illuminated from behind by an array
of LED lamps (f).

2.1.1 Profile extraction from images

Figure 2a shows the general scheme of the devices involved
in the image acquisition process. The basin is illuminated
from behind with a LED array as it is shown in Figure 1.
This allows a good contrast between the dyed mixture
and the white background in the images. Imaging can also
be synchronized with an external signal so stroboscopic
sequences can be acquired. When this is done, the phase
between the the forcing and the camera sync signal is fixed
in such a way that the soliton seems to be steady at its
maximum.

A Matlab program that uses an adaptive threshold
finder3 detects the contact line between the free surface
and the frontal wall from greyscale images. To increase
vertical resolution, the algorithm interpolates the vertical
position in the grey level domain to match a local thresh-
old.

2.1.2 Local capacitive measurements

When an insulated thin wire is immersed in a conducting
fluid, it behaves as an electrical cylindrical capacitor. The

3 By adaptive, we mean that background light local mean
value is used for determining a local threshold.

capacity is proportional to the length of the fluid coat-
ing the wire. By means of this, a fixed wire can provide
measurements of the fluid level at a single point of the
horizontal domain.

Capacity fluctuations can be obtained by connecting
the device to a RLC forced circuit (cf. Fig. 2b). When the
fluid is in equilibrium, the frequency of the input signal
can be tuned up into resonance, typically fRLC ≈ 70 kHz.
At this point, the phase on the resistance voltage becomes
linear to capacity variations. High sensitive response in the
phase can be attained by choosing properly the circuit ele-
ments. In order to measure phase fluctuations, the output
signal is connected to a Lock-In amplifier which is syn-
chronized with the RLC circuit forcing input signal (see
Fig. 2b).

2.2 Experimental results

We report measurements performed at a fixed vibration
frequency f = 10.4 Hz and acceleration amplitudes around
Γ = 0.1, region in which the existence and features of non-
propagating hydrodynamic solitons have been studied in
detail [21]. Typical tilt angles φ are between ±1◦.

2.2.1 Spatio-temporal diagrams

Figures 3a and 3b show spatio-temporal diagrams for two
different solitons with different time scales and tilt angles.
Contact line profiles are extracted using the procedure
explained in 2.1.1 and plotted against time.

In Figure 3a, a soliton stands at a fixed position on
the center of the basin. Here, φ = 0 and Γ = 0.088. The
camera acquisition rate is 400 Hz, so the soliton fast slosh-
ing motion can be observed. However, motion beneath the
water baseline cannot be detected as no contrast is avail-
able. Thus, the contact lines at the front and rear walls
switch on the image at each half cycle.

Figure 3b shows a long-time acquisition for φ = −0.42◦

and Γ = 0.110. The soliton was created at t = 0 and
images were taken stroboscopically at a fixed rate of
650 mHz. The diagram shows the motion of the particle-
type solution, in this case toward shallower regions. These
dissipative solitons can be attracted to lateral boundaries
and even pinned on them depending on the driving ampli-
tude and frequency [34]. In this study, solitons remain far
enough from lateral walls as they move across the princi-
pal axis. Lateral boundary effects are negligible if a soliton
is a few centimeters apart from the wall.

The trajectories of the dissipative solitons reveal non-
trivial time dependence. At a first stage, the center of
the solution attains rapidly a constant speed. Wu et al.
referred to this short-time scale stage in their work [32].
At a long-time scale stage, solitons converge to a fixed
position rather than to a constant velocity as is clearly
illustrated in Figure 3b.

Long-time acquisitions were strongly motivated by the
fact that the initial velocity for short-time acquisition de-
pends on the locus where the soliton is created. The break

82



42 The European Physical Journal D

Image 
Acquisition

Angle
Acquisition

Acceleration
Acquisition

Mechanical
Vibration

Electromechanical 
Vibrator / Dynamic 
Solutions VTS-80

Power Amplifier
SKP PRO AUDIO

150W+150W

Function/Arbitrary
Waveform Generator

RIGOL DG1022

High Speed Camera
MOTION PRO X3

Accelerometer
PCB Piezoelectronics

A34065

ICP® Sensor  Signal
Conditioner

PCB 480C02

Lock-in Amplifier
SRS - SR830

National Instruments
GPIB USB-HS

Tilt Sensor
Crossbow 

Technologies
CXTLA-02

Analog/Digital 
Converter

NI - USB 6008

PC

(a)

Low Noise 
Preamplifier
SRS SR560

R

L

C0ΔC
X

Lock-in Amplifier
SRS - SR830

Function/Arbitrary
Waveform 
Generator

RIGOL DG1022

Analog/Digital 
Converter

NI - USB 6008

PC

(b)

Fig. 2. (Color online) (a) The scheme shows the measurement procedures used for spatial acquisitions. (b) Local acquisitions
scheme. The capacitor ΔC represents capacity fluctuations and can be negative. C0 represents parasitic and zero-level capacity.

Fig. 3. (Color online) Spatio-temporal diagrams for solitons at different timescales. (a) A soliton sloshes back and forth with
half the driven frequency, at Γ = 0.088 and φ = 0. (b) A soliton travels to a shallower region for φ = −0.42◦ (clockwise rotation).
Here, f = 10.4 Hz and Γ = 0.110. Images are taken stroboscopically when the soliton reaches its maximum after every eight
cycles.

of translational symmetry suggests that the speed does not
depend only on the depth gradient but also on the local
depth.

2.2.2 Velocity vs. position

Soliton dynamics on tilted basins can be well understood
by means of the velocity versus position plane. Figure 4a
shows phase plane tracks for different solitons at different
angles. Time series were run twice for each angle to check
experimental reproducibility.

For each image sequence, the contact line profile is fit-
ted using the 4-parameters function predicted by theory:
h(x) = As sech[(x− xo)/w] + h0 (see Sect. 3.1, Fig. 8 and
Ref. [21]). The positions xo plotted in Figure 4a are ob-
tained from the parameter which represents the position
at which maximum height takes place. Velocities, on the

other axis, are evaluated by differentiating smoothed po-
sition data with respect to time.

From the results obtained in the central area of the
cell – where edge effects are negligible – the diagram shows
that soliton are governed by the simple motion law (cf.
Fig. 4a)

ẋ0 = − 1

τ (φ)
[x0 − P (φ)] , (1)

where x0 stands for the position of the maximum of the
dissipative soliton, φ is the tilt angle of the basin, τ ac-
counts for a relaxation time which characterizes the dy-
namics of x0, P/τ is a characteristic speed of propagation
and P is the equilibrium position towards which the dis-
sipative soliton converges.

The model (1) is invariant under spatial and time
translations as expected. Lateral boundary effects appear
as a change in the slope for positions above |x0| = 15 cm
(see Fig. 4a). This equation implies that solitons are
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Fig. 4. (a) Soliton velocity ẋo versus positon xo plots for different tilt angles φ: −0.42◦ (�), −0.20◦ (�), −0.01◦ (�), 0.23◦

(×), 0.43◦ (©), 0.66◦ (�) at constant vertical Γ = 0.131. The arrows show time direction in the series of points. Solitons
can propagate upward (©,�), downward (�, �, �), or even stay at their position (×), depending on their initial position
with respect to equilibrium. Two experiments are shown for each angle except for φ = −0.66◦ (�). (b) Equilibrium position
versus tilt angle. P is located in shallower regions as φ increases. For φ = −0.66◦ (�), the equilibrium position is virtually
located beyond the basin edge (indicated by horizontal solid lines). (c) Position decay time τ dependence on φ. As φ increases,
convergence to equilibrium position becomes slower. In (b) and (c) errorbars of each realization, obtained by confidence values
of fitted parameters, are smaller than symbol size. The scatter of two data points for each angle show that the final errors due
to reproducibility are of order of the symbol size.

attracted to an equilibrium position P (φ) following an ex-
ponential law.

Both the equilibrium position P and the exponential
decay time τ depend on φ. As the tilt angle increases,
the equilibrium position is pulled out from the center of
the basin even surpassing the basin boundaries. Figure 4a
shows phase-space tracks on which solitons get pinned at
their equilibrium positions after moving upward4 or down-
ward, respectively. Angle dependence of these two param-
eters is shown in Figure 4b. Note that the decay time τ is
larger for larger angles. Dependence on the angle is plotted
in Figure 4c.

2.2.3 Local shape

Solitons amplitude is very sensitive to the fluid depth in
homogeneous layers (φ = 0) as it is shown in Figure 5a
(symbol �).

When the basin is tilted, traveling solitons change as
they move across the basin. Their amplitude decrease as
they move to their equilibrium position. Two cases can be
well identified depending on the tilt angle.

When the skew angle is higher than 1◦ so the equilib-
rium position is beyond lateral boundaries, the amplitude
variations can be understood in terms of the local mean
depth as it is shown in Figure 5 (symbols �,�,©,♦).

By contrast, when the tilt angle is small enough to
allow equilibrium inside the boundaries (symbol +), the

4 We define upward direction against depth gradient.

amplitude dependence becomes non trivial. Solitons still
decrease their amplitude as they move but dependence
with local mean depth is not monotonic. Amplitude min-
imum occurs very close to equilibrium position.

Figure 6 shows soliton local mean phase θ as function
of position for two tilt angles, φ = −2◦ and φ = 2◦. To
measure θ, we obtain the maximum soliton height as a
function of time As(xo, t) for two periods of oscillation
while the soliton moves across the basin. This function is
then fitted to As(x0)| cos(ωt+ θ)| for different soliton po-
sitions across the cell. Despite the large errorbars, a weak
spatial dependence of θ is observed. Theoretically, local
phase is related to the ratio μ/γ (see 3.1). The weak de-
pendence of θ on x is consistent with the weak dissipation
space dependence that will be presented below. However,
a spatial dependence of γ can not be discarded completely.

2.2.4 Soliton parameters and physical quantities

Results have shown that solitons parameters: amplitude
and phase have different behaviors when the soliton prop-
agates. Amplitude variations are important while phase
remains almost constant when the soliton moves. One is
tempted to ask how physical quantities as dissipation rate
and detuning are related to these parameters when motion
occurs.

Soliton damping rate depends mainly on three mech-
anisms: viscous effects in the boundary layers at walls,
at the free surface and capillary hysteresis at the contact
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Fig. 5. (a) Soliton amplitude As versus fluid depth H for an homogeneous fluid layer (�, φ = 0◦). In addition, As versus the
soliton local mean depth d (at each position as it moves toward its equilibrium) is plotted for different φ: −2.0◦ (�), −1.0◦ (�),
0.3◦ (+), 1◦ (©) and +2◦ (♦). Errorbars for φ = 0.3◦ are shown in (b). In all the tilted cases, the solitons equilibrium positions
are located beyond domain boundaries, except for φ = 0.3◦. For all cases f = 10.4 Hz and Γ = 0.117. (b) Soliton amplitude
versus position for φ = 0.3◦. Here, the equilibrium position lies inside the basin. Consequently, As develops a minimum. Arrows
indicate the time direction for each data set. Here, f = 10.4 Hz and Γ = 0.121. In both figures, solid lines are guides to the eye.

Fig. 6. Soliton local mean phase θ as function of position x
for φ = −2◦ (©) and φ = 2◦ (�) for Γ = 0.118. Errorbars are
computed from confidence values of fitted parameters.

lines [33]. As water depth changes along the basin, dissi-
pation may become non uniform as well.

To measure how dissipation changes along the basin
for a fixed angle, local capacitive measurements are per-
formed with the soliton placed at several positions. When
the soliton is close enough to the capacitive sensor, the vi-
bration of the basin is interrupted. The soliton amplitude
decays exponentially to the flat state. The damping rate

is obtained by applying linear fits to data on the semilog
plane. Figure 7a shows the damping factor for different
positions with φ = −0.9◦. Similar data have been obtain
for the pattern state, Faraday waves, which coexists in the
same region of parameters.

Experimental measurements of the soliton decay rates
show high variance. This is due to the lack of a large
enough separation of timescales of the different modes.
Oscillation rate is just five times larger than the damping
rate. In spite of this, Figure 7a shows that the damping
rate for solitons is sensitive to tilting and has a tendency
to decrease towards shallower water, at least more than
Faraday waves damping rate.

The fact that damping rate (and dissipation) increases
for increasing depth is consistent with Miles [33] dissipa-
tion estimations for homogeneous layers. His theoretical
estimations for the three mechanisms point to different
height dependences for each one of them: damping rate of
viscous effects at the walls first decreases as function of
H and then increases after a characteristic length; surface
damping rate is a decreasing function of H ; finally, the
contact line damping rate increases as function of H . Our
results indicate that probably the first and third mech-
anisms are dominant. Miles also stresses the fact that
the basin wall polishing has a strong effect on dissipa-
tion, which could explain the large scatter of damping
rates across the cell and the correlation between lower
and larger damping rates for solitons and Faraday waves.

Detuning is related with the forcing frequency and the
natural frequency of the first transverse mode which sup-
ports the soliton. As this natural frequency depends on
the fluid depth (see [33]), detuning may change across
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Fig. 7. (a) Amplitude damping rate versus position for Faraday waves (�) and dissipative solitons (•) for φ = −0.9◦ and
Γ = 0.111. Errorbars of soliton data are obtained from statistics of four acquisitions. Faraday waves damping rates were
measured once. Solitons decay rate dependence on φ seems to be asymmetrical revealing non-homogeneity along the principal
axis of the basin. (b) Soliton amplitude versus experimental detuning νe = f/2−fo for φ = 0◦. Open symbols (♦) correspond to
variations of forcing frequency f [νe = νe(f)]; solid symbols (�) correspond to variations of fluid depth H [νe = νe(H)]. In the
first case, Γ = 0.125, whereas for the second case, Γ = 0.117. The plot shows high sensitivity of As to detuning parameter νe.

the basin too. Detuning measurements are not performed
directly. Instead, amplitude sensitivity to detuning pa-
rameter is measured.

Figure 7b presents the amplitude dependence on the
experimental detuning νe = f/2 − fo for an homogeneous
layer at a fixed forcing amplitude. Here, fo is the natural
frequency of the first transverse mode (fo = 5.47 Hz for
H = 2 cm). fo depends on the basin’s geometry and layer
depth H through the gravity wave dispersion relation

ω2
o = gk tanh(kH), (2)

where ωo = 2πfo. Thus, νe can be controlled by variation
of f or H (symbols ♦ and � respectively). In Figure 7b,
the data obtained by varying H are the same as those
presented in Figure 5a (�). The agreement with the data
obtained by changing f is quite good.

The importance of these physical quantities will be
discussed in Section 4.

3 Theoretical description

The dynamics of a layer of incompressible fluid that is
driven by a sinusoidal force with frequency Ω normal to
the free surface is modeled by the dimensionless paramet-
rically driven and damped nonlinear Schrödinger equa-
tion [19,20]

∂tψ = −iνψ − i|ψ|2ψ − i∂xxψ − μψ + γψ̄, (3)

where the order of parameter ψ(x, t) is a one dimensional
complex field, and ψ̄ stands for the complex conjugate

of ψ. The surface displacement from flat interface h(x, t)
and the velocity potential at the free surface φ(x, t) are
slave variables which are of the form h = ψe−iΩt/2 + c.c.
and φ(x, t) = −iψe−iΩt/2 +c.c., respectively (see [20] and
references therein). The detuning parameter is ν, which
is proportional to the difference between Ω/2 and the
resonant standing wave angular frequency. The damping
parameter is μ, which is proportional to the kinematic
viscosity of the fluid, which accounts for the dissipation
mechanisms of the system and γ is the forcing acceleration
amplitude. For μ = γ = η = 0, equation (3) becomes the
well-known nonlinear Schrödinger equation [1], which de-
scribes the envelope of an oscillatory system. This model is
a time reversal Hamiltonian system with the transforma-
tion {t → −t, ψ → ψ̄}. The terms proportional to μ and
γ break the time reversal symmetry, and represent energy
dissipation and injection, respectively. The higher-order
terms in equation (3) are ruled out by a scaling analysis,
since μ � 1, ν ∼ μ ∼ γ, |ψ| ∼ μ1/2, ∂x ∼ μ1/2, and
∂t ∼ μ1/2.

3.1 Dissipative solitons

A trivial state of equation (3) is the homogeneous state
ψ0 = 0, which represents the flat or quiescent solution of
the fluid layer. For negative ν, the parametrically driven
damped nonlinear Schrödinger equation exhibits localized
states supported asymptotically by the quiescent state. In
order to obtain these localized states we use the transfor-
mation ψ(x, t) = R(x, t)eiθ(x,t). Then the parametrically
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Fig. 8. (Color online) Dissipative soliton in parametrically resonant systems. (a) Stable dissipative soliton observed in the
parametrically driven damped nonlinear Schrödinger equation model (3). (b) Snapshot of a non-propagating hydrodynamic
soliton observed in a vertically driven 50 cm long and 2.54 cm wide rectangular container, filled with H = 2 cm of water. The
solid blue and red curve are, respectively, instantaneous surface profile and fit h(x) = As sech[(x−xo)/w]+h0. Adjusted relevant
parameters are As/H = 0.523 ± 0.001 and w/H = 0.786 ± 0.004.

driven damped nonlinear Schrödinger equation reads

∂tR = 2∂xR∂xθ + ∂xxRθ − μR+ γR cos(2θ), (4)

R∂tθ = −νR−R3 − ∂xxR+R(∂xθ)
2 − γR sin(2θ).(5)

A non trivial steady homoclinic solution – solutions that
connect quiescent state with itself – of the previous model
is (dissipative solitons, see [25] and references therein)

cos (2θ0) =
μ

γ
, (6)

R±(x) =
√

2δ±sech
(√

δ± [x− x0]
)
, (7)

where δ± ≡ −ν ±
√
γ2 − μ2 = −ν − γ sin (2θ0). The am-

plitude and width of the dissipative solitons are character-
ized by

√
2δ± and 1/

√
δ±, respectively. As consequence

of the spatial translation symmetry of model (3), the dis-
sipative solitons are a family of states parameterized by a
continuous parameter x0. This parameter stands for the
position of the maximum of the localized state. Figure 8
shows a typical dissipative soliton observed in the para-
metrically driven damped nonlinear Schrödinger equation
and the typical dissipative soliton observed experimen-
tally, which shows a very good agreement with expres-
sion (7). Note that the above model has localized states if
ν < 0, γ ≥ μ and γ2 < μ2 +ν2. In this region, the relation
cos (2θ) = μ/γ has four solutions in the interval [−π, π].
From this relation, one can infer that the localized states
appear or disappear by simultaneous saddle-node bifurca-
tions when |γ| = μ. The quiescent state becomes unstable
at γ2 = μ2 + ν2, therefore the dissipative soliton becomes
unstable at γ2 = μ2 + ν2 with ν < 0. The stable dissi-
pative solitons are characterized by Re(ψ)Im(ψ) > 0, so
both fields are simultaneously positive or negative [25].
Hence, there are two stable dissipative solitons, which are
related by the reflection symmetry (A → −A). These solu-
tions correspond to dissipative solitons in phase or out of
phase. From expression (7), one can infer that increasing
the forcing amplitude γ, the amplitude and the width of
stable dissipative soliton increases and decreases, respec-
tively.

3.2 Effect of basin inclination

As mentioned in section 2.2.4. The inclination of the basin
is responsible of inhomogeneous dissipation, injection and
detuning (cf. Figs. 5–7). From Figure 7, we can infer that
the non-propagating hydrodynamic soliton dissipates less
energy in shallow water regions, but changes are small.
Direct measurements of energy injection are difficult to re-
alize. However, the local phase measurements (see Fig. 6)
show that it does not exhibit significant changes along the
channel. Thus, using the relation (5), we conclude that
energy injection has a similar spatial behavior to energy
dissipation. From the previous statement, considering the
formula (7) and the behavior of the soliton amplitude as
a function of channel position and detuning, we infer that
the detuning has a convex behavior along the channel. In
fact, this is a simple consequence of small tilting angles.
The local depth can be considered as a function of space:
d(x) = H − x tan(φ). The correction can be considered
as a small perturbation. A Taylor series expansion of ωo

from equation (2) shows that detuning will be a power
series of x. The quadratic term turns out to be a good
approximation for angles as large as 1◦.

To account for these effects in our theoretical de-
scription, we consider that detuning, dissipation and in-
jection of energy parameters in parametrically driven
damped nonlinear Schrödinger equation become all inho-
mogeneous, i.e.

μ(x) = μ+ μ1 (x),

ν(x) = ν + ν1 (x),

γ(x) = γ + γ1 (x).

For small tilt angles, the inhomogeneous terms can be
considered as perturbations (μ1(x) � 1, γ1(x) � 1 and
ν1(x) � 1). Hence, equations (4) and (5) read

∂tR = 2∂xR∂xθ + ∂xxθ − μR+ γR cos(2θ)

−μ1(x)R + γ1(x)R cos(2θ),

R∂tθ = −νR−R3 − ∂xxR+R(∂xθ)
2 − γR sin(2θ)

−ν1(x)R − γ1(x)R sin(2θ). (8)

One expects that for small angles, the dissipative solitons
are persistent. However, inhomogeneity generates two ef-
fects: (i) localized states are modified by the perturbation,
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Fig. 9. (Color online) Spatio-temporal diagram of dissipative solitons obtained by numerical simulations of parametrically
driven damped nonlinear Schrödinger equation model (3) over 250 points with periodic boundary conditions. The diagrams
show 8400 cycles calculated with a time resolution of 1/200 period. (a) γ (x) = 0.40, ν (x) = −0.12 + 0.03x − 0.04x2, and
μ (x) = 0.10. (b) γ (x) = 0.40, ν (x) = −0.12 + 0.03x − 0.04x2, and μ (x) = 0.10 − 0.03x + 0.04x2.

and (ii) the spatial translational mode of the dissipative
solitons – Goldstone mode – acquires a dynamic as a re-
sult of the translational symmetry breaking. Motivated by
the experimental results, we have considered dissipation,
injection and detuning with a quadratic profile along the
basin. The space-time diagram of Figure 9 illustrates the
typical behavior observed. The soliton propagates into an
equilibrium position through a relaxation dynamics – that
is, the soliton speed decays systematically until it finds an
equilibrium position.

To account for these effects, we consider the following
ansatz

R(x, t) = R+(x− x0(t)) + r(x, x0),

θ(x, t) = θ0 + ϕ(x, x0),

where r(x, x0) and ϕ(x, x0) are the corrective functions,
respectively. Besides, we consider the variable x0(t) as a
slow variable, that is, ẍ0 � ẋ0 � 1, where ẋ0(t) is the
same order of the perturbation. Introducing the above ex-
pressions in the set of equations (8) and linearizing the
perturbations functions, one finds at leading order

2∂xϕ∂xR+ + ∂xxϕR+ = 2γϕ sin(2θ0)R+ + μ1(x)R+

−γ1(x) cos(2θ0)R+ − ∂zR+ẋ0, (9)

R+∂tϕ =
[
−ν − γ sin(2θ0) − 3R2

+ − ∂xx

]
r

−ν1(x)R+ − 2γR+ cos(2θ0)ϕ

−γ1(x)R+ sin(2θ0), (10)

where z ≡ x − x0(t) is the coordinate in the co-moving
frame. Multiplying equation (9) by the integral factor R+

and after straightforward calculations, we obtain

ϕ(x) =

∫ x dx′

R2
+(x′)

∫ x′

dx′′ [μ1(x
′′) − γ1(x

′′)]R2
+(x′)

+

∫ x 2γ sin(2θ0)dx
′

R2
+(x′)

∫ x′

dx′′ϕ(x′′)R2
+(x′)

−
∫ x ẋ0

2
dx′, (11)

which is a Fredholm integral equation for the field ϕ [35].
To solve the above integral equation, we consider the limit

γ sin(2θ0) =
√
γ2 − μ2 � 1, which is equivalent to con-

sider similar injection and dissipation of energy (γ ∼ μ).
Based on this assumption, we can use the approximation

ϕ ≈
∫ x dx′

R2
+(x′)

∫ x′

dx′′ [μ1(x
′′) − γ1(x

′′)]R2
+(x′)

−
∫ x ẋ0

2
dx′. (12)

It is important to note that one can iteratively calculate
the corrections to the previous approximation in a power

series in the small parameter
√
γ2 − μ2 [35]. Introducing

the linear operator

L ≡ −ν − γ sin(2θ0) − 3R2
+ − ∂xx,

equation (10) can be rewritten as

Lr = R+∂tϕ+ 2γR+ cos(2θ0)ϕ+ ν1R+. (13)

To solve this linear equation, we use the Fredholm alter-
native [2]. Accordingly, we introduce the following inner
product

〈f |g〉 =

∞∫

−∞

f(x)g (x) dx.
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The linear operator L is self-adjoint
(
L = L†) under this

definition. The kernel of this linear operator – the set
of functions {v} that satisfy Lv = 0 – is of dimen-
sion 1. As a result of spatial translation invariance, one
has L∂xR+ = 0. Therefore, the field r has a solution if
the following condition is satisfied5

0=〈∂xR+ | R+∂tϕ+ 2γR+ cos(2θ0)ϕ+ ν1(x)R+〉 . (14)

Using the approximation (12), and considering the dom-
inant terms and after straightforward calculations, yields
to

ẋ0 =
1∫ ∞

−∞ dx∂xR2
+(x)x

[
2

∫ ∞

−∞
dx∂xR

2
+(x)

∫ x

dx′ 1

R2
+(x′)

×
∫ x′

dx′′ (μ1(x
′′) − γ1(x

′′))R2
+

+

∫ ∞

−∞
dx∂xR

2
+ · ν1(x)

μ

]
. (15)

This expression gives us information of the dynamics of
dissipative soliton as a function of spatial disturbance.
For small angles and considering the experimental obser-
vations, we can consider as a first approximation

μ(x) = μ+ μ̄1x+ μ̄2x
2,

γ(x) = γ + γ̄1x+ γ̄2x
2,

ν(x) = ν + ν̄1x+ ν̄2x
2.

The experimental results allow us to infer that the coef-
ficients μ̄2, γ̄2 are small, and that ν̄2 is not small. Then,
formula (15) can be rewritten

ẋ0 =
1∫ ∞

−∞ dx∂xR2
+(x)x

[
2

∫ ∞

−∞
dx∂xR

2
+

∫ x

dx′ 1

R2
+

×
∫ x′

dz(μ̄1 − γ̄1)zR+(z)2 +

∫ ∞

−∞
dz∂zR+(z)2

ν̄1
γ
z

+

{
4

∫ ∞

−∞
dx∂xR

2
+

∫ x

dx′ 1

R2
+

×
∫ x′

dz(μ̄2 − γ̄2)zR+(z)
2

+ 2

∫ ∞

−∞
dz∂zR+(z)

2 · ν̄2
γ
z

}
x0(t)

]
. (16)

5 This is known as the solvability condition or Fredholm al-
ternative.

Consequently, the position of the maximum of the dissi-
pative soliton is ruled by equation (1), where

τ−1 =
1∫ ∞

−∞ dx∂xR2
+(x)x

[
4

∫ ∞

−∞
dx∂xR

2
+

∫ x

dx′ 1

R2
+

×
∫ x′

dz(μ̄2 − γ̄2)zR+(z)
2

+2

∫ ∞

−∞
dz∂zR+(z)

2 ν̄2
γ
zx0(t)

]
,

P =
τ∫ ∞

−∞ dx∂xR2
+(x)x

[
2

∫ ∞

−∞
dx∂xR

2
+

∫ x

dx′ 1

R2
+

×
∫ x′

dz(μ̄1 − γ̄1)zR+(z)2 +

∫ ∞

−∞
dz∂zR+(z)2

ν̄1
γ
z

]
.

Therefore, model (1) allows us to capture the dynam-
ics of dissipative solitons observed experimentally in the
forced tilted basin with water and numerical simulations
of the equation parametrically driven damped nonlinear
Schrödinger equation. Figure 9 presents numerical simula-
tion results obtained considering a quadratic dependence
on space for both detuning and dissipation. The dynamic
evolution shown by these numerical simulations agree very
well with experimental results.

It is important to note that when injection and dissi-
pation of energy are of the same order, the system is well
described by model (1). However, phase does not exhibit
significant corrections in comparison with the maximum
amplitude of the soliton. This is consistent with experi-
mental observations.

4 Conclusions

Localized structures are ubiquitous in nature. During the
last decade, a constant effort has been focused on the
creation mechanisms and features of localized states. Un-
doubtedly, the next step to boost their potential applica-
tions is to advance the manipulation and control of these
particle-type solutions. Here, we have presented a theoret-
ical and experimental study of a method of manipulation
and control of hydrodynamic solitons in a vertically driven
rectangular water basin, based on the tilting of the system.

Experimentally, for a given tilt angle, solitons travel to
equilibrium positions through a relaxation process. Long
acquisitions are required to observe this behavior, because
of the large decay time of the velocity. The equilibrium
position depends on the tilt angle, and can be pushed out
of the basin if the angle is large enough.

In this system, dissipation, energy injection and detun-
ing are inhomogeneous. Dissipation grows in the direction
of depth gradient, but changes are small. Indirect evidence
from soliton local phase indicates that energy injections
varies less or similarly than dissipation. In contrast, the
detuning exhibits a convex behavior along the channel and
has shown to have a strong effect on soliton dynamics.

Close to the parametric resonance, the parametrically
driven damped nonlinear Schrödinger equation models
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this system. The effects of the tilting of the basin are incor-
porated into this model through space-dependent dissipa-
tion, energy injection and detuning. We have deduced an
equation for the position of hydrodynamic solitons. This
equation is characterized by two terms: a constant speed
and a linear relaxation term. The theoretical description
reproduces well the hydrodynamic soliton dynamics ob-
served experimentally.
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A.2 Dissipative localized states with shieldlike phase

structure
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Abstract

A novel type of parametrically excited dissipative solitons is unveiled. It differs from the well-
known solitons with constant phase by an intrinsically dynamical evolving shell-type phase
front. Analytical and numerical characterizations are proposed, displaying quite a good
agreement. In one spatial dimension, the system shows three types of stationary solitons
with shell-like structure whereas in two spatial dimensions it displays only one, characterized
by a π-phase jump far from the soliton position.
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A novel type of parametrically excited dissipative solitons is unveiled. It differs from the well-known

solitons with constant phase by an intrinsically dynamical evolving shell-type phase front. Analytical and

numerical characterizations are proposed, displaying quite a good agreement. In one spatial dimension,

the system shows three types of stationary solitons with shell-like structure whereas in two spatial

dimensions it displays only one, characterized by a �-phase jump far from the soliton position.

DOI: 10.1103/PhysRevLett.107.254102 PACS numbers: 05.45.Yv, 89.75.Kd

Macroscopic systems maintained out of equilibrium are
characterized by the possibility of the emergence of
particle-type solutions or localized states. These states
have been observed in different fields such as magnetic
materials, liquid crystals, gas discharge, chemical reac-
tions, fluids, granular media, and nonlinear optics media,
among others (see the reviews [1–3], and references
therein). Although these states are spatially extended,
they exhibit properties typically associated with particle-
like states. Consequently, one can characterize them with a
family of continuous parameters such as position, ampli-
tude, and width. For time-reversible systems where injec-
tion and dissipation of energy can be viewed as
perturbations—quasireversible systems [4]—the prototype
model that exhibits localized states is the parametrically
driven damped nonlinear Schrödinger equation [5]. This
model has been derived in several contexts to describe the
appearance of patterns and localized structures, such as
vertically vibrated Newtonian fluid layers [6], nonlinear
lattices [7], optical fibers [8], Kerr type optical parametric
oscillators [9], easy-plane ferromagnetic materials exposed
to an oscillatory magnetic field [10], and a parametrically
driven damped chain of pendula [11]. One of the greatest
benefits of this model is to present analytical solutions for
localized states characterized by a constant phase and a
bell-like shape for the amplitude [10].

In this Letter, we show that localized states of quasir-
eversible parametric systems present an unexpectedly rich
phase front dynamics. More precisely, the stationary local-
ized states have a shell-type structure in the phase, for a
large range of parameters. These stable structures are of
three types. We term these solutions phase shielding sol-
itons. Using the asymptotic amplitude equation, valid far
from the position of the localized states, we determine
analytically the shape of phase fronts and its dynamics.
This dynamics is characterized by the juxtaposition of two
forces, one due to relative stability between the phases and
the other related to spatial variations of the tail of the
dissipative soliton. As a result of this force balance, these

localized states exhibit a phase structure that shields the
soliton. Numerical simulations show quite good agreement
with our analytical predictions.
The envelope of an oscillation for extended conservative

systems in the presence of small energy injection through a
parameter modulation and energy dissipation—via damp-
ing phenomena—is described by the parametrically driven
damped nonlinear Schrödinger equation

@tc ¼ �i�c � ijc j2c � i@xxc ��c þ � �c ; (1)

where the envelope c ðx; tÞ is a one-dimensional complex
field, �c stands for the complex conjugate of c , and fx; tg
describe, respectively, the spatial and temporal coordi-
nates. The detuning parameter is �, which is proportional
to the difference between half of the forcing frequency and
the natural frequency of the oscillator field. � is the damp-
ing parameter, and � stands for the forcing amplitude of the
parametric forcing. The higher-order terms in Eq. (1) are
ruled out by a scaling analysis, since � � 1, ���� �,

jc j ��1=2, @x ��1=2, and @t ��1=2.

Introducing the following change of variables c ¼
Rðx; tÞei’ðx;tÞ in Eq. (1), the model reads

@tR ¼ 2@xR@x’þ R@xx’��Rþ �R cosð2’Þ; (2)

@t’ ¼ ��� R2 � @xxR

R
þ ð@x’Þ2 � � sinð2’Þ; (3)

where R and ’ stand for the amplitude and phase of c ,
respectively. The previous set of equations in the region

of parameters ��� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 ��2

p � 0, exhibit stationary

dissipative solitons of the form Rsðx; x0Þ ¼ffiffiffiffiffiffi
2�

p
sechð ffiffiffiffi

�
p ½x� x0�Þ and ’s ¼ arccosð�=�Þ=2 with

� � ��þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 ��2

p
[10] [see Fig. 1(a)]. Hence, the lo-

calized states are defined as having a bell shape in the
modulus and a constant phase. However, when we try to
observe the previous solution, numerical simulations show
that an unexpected and rich phase dynamics arises. Such
dynamics initially establishes a bell shape in the modulus
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of the amplitude. Then, a constant phase appears around
the position of the localized state. At a latter stage, after
some intricate transients, a pair of fronts that connect
different phase equilibrium emerge. These equilibria are
characterized by cosð2’0Þ ¼ �=�. Finally, a rather slow
dynamics of phase front propagation is established, which
ends with the formation of a pair of stationary fronts that
connect steady states. Figure 1(b) illustrates the above
described time evolution of phase dynamics. The system
has four phase equilibria in the range from �� to �.
Therefore, the stable dissipative solitons have three types
of shell-like phase structures. Figures 1(c)–1(e) outline
these solutions. Because of the fact that the function
cosð2�Þ has period �, the phase difference at the ends of
the dissipative soliton can be zero or � (cf. Fig. 1). Thus,
this last localized state is characterized by a phase differ-
ence given by zero around the core and � at the ends. It is
important to mention that dissipative solitons represented
in Figs. 1(a), 1(c), and 1(e), are homoclinic orbits for the
spatial system in polar representation fR;’g. However, the
dissipative soliton shown in Fig. 1(d) corresponds to a
heteroclinic solution. In Cartesian representation
fReðAÞ; ImðAÞg all these solutions correspond to homo-
clinic orbits.

For the purpose of understanding and capturing the
wealth of these phase front solutions, let us consider

Eq. (1) in a semi-infinite domain, with zero flux boundary
conditions. The system can exhibit a dissipative soliton
located at one edge, with the phase formed by a single front
[see Fig. 2(a)]. In addition it is worth noting that these
phase fronts emerge at a distance far from the core of the

soliton, i.e., at a distance much larger than 1=
ffiffiffiffi
�

p
.

Accordingly, Rðx; xoÞ � 2
ffiffiffiffiffiffi
2�

p
e�

ffiffiffi
�

p ðx�x0Þ for x� x0 � 0,
with x0 at the left edge of the region of interest. Together
with Eq. (2) this approximation leads to the following
Newton-type equation

@xx’ ¼ 2
ffiffiffiffi
�

p
@x’þ�� � cosð2’Þ: (4)

This equation has heteroclinic solutions corresponding to
phase fronts, which analytically are well described by

’Fðx;xfÞ � arctan

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
�	�

�
�

s
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2��2

p ðx� xfÞ
2

ffiffiffiffi
�

p
�
; (5)

where xf accounts for the position of phase front, i.e., the

point at which the spatial derivative of the phase front has
its global maximum. Thus, the phase front solutions are
parametrized by a continuous parameter xf. Figure 2 shows

the numerically computed phase fronts, which present a
difference of 1% with respect to expression (5). Notice that
if one considers the first correction to the previous equation

’ � ’F þ @x’F=2
ffiffiffiffi
�

p
this difference decreases to 0.8%.

As it can be also seen from Fig. 2(b), this front displays
an unexpected dynamical behavior characterized by a non-
uniform translation. To describe this dynamics, we pro-
mote the front position to a time-dependent function xfðtÞ.
Hence, using Eq. (3) and formula (5), we obtain

� _xf@x’F ¼ �ð�þ �Þ � 8�e�2
ffiffiffi
�

p
x

þ ð@x’FÞ2 � � sinð2’FÞ; (6)

where _xf stands for the time derivative of xf. Multiplying

the above equation by @z’F with z � x� xf, and intro-

ducing the following inner product hfjgi � R
fgdz, we

obtain the following equation for the phase front after
straightforward calculations,
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FIG. 2 (color online). Phase propagation: (a) phase front pro-
file considering half of the dissipative soliton; (b) spatiotemporal
diagram of phase front obtained from Eq. (1) by � ¼ 0:083, � ¼
�0:063, and � ¼ 0:058. The dashed curve is the numerical
solution obtained using Eq. (7).

FIG. 1 (color online). Solitons in the parametrically driven
damped nonlinear Schrödinger equation: (a) soliton with
constant phase; (b) space-time diagram for the phase ’ðx; tÞ of
Eq. (1) with � ¼ 0:123, � ¼ �0:093, and � ¼ 0:100; (c), (d),
and (e) solitons with phase shell-like structure obtained numeri-
cally from Eq. (1) for � ¼ 0:083, � ¼ �0:063, and � ¼ 0:058.
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_x f ¼ Aþ Be�2
ffiffiffi
�

p
xf ; (7)

where

A � hð�þ �þ � sinð2’FÞ � ð@z’FÞ2Þj@z’Fi
h@z’Fj@z’Fi ;

B � 8�
he�2

ffiffiffi
�

p
zj@z’Fi

h@z’Fj@z’Fi
are real numbers, which can be either positive or negative
depending on the shape of the phase front. For example,
when one considers a front that increases monotonically
with the spatial coordinate, A (B) is a negative (positive)
constant. The term proportional to A accounts for the
constant speed at which the larger phase invades the
smaller value. This speed can be understood as a conse-
quence of the energy difference between these states.
Hence, this term gives rise to phase fronts propagating
towards the soliton position. Conversely, the term propor-
tional to B accounts for the effect of spatial variation of the
tail of the amplitude soliton, which induces a force that
leads to phase fronts moving away from the localized state.
Consequently, the superposition of these two opposing
forces generates a stable equilibrium for the position of
the phase front, which is consistent with the dynamics
illustrated in the space-time diagram in Fig. 2. The dashed
curve in Fig. 2(b) represents the solution obtained from
Eq. (7), using the above formulas A and B. Modifying the
parameters, we observe that as � increases the equilibrium
position is smaller; i.e., the shell-type structure surround-
ing the soliton decreases. Instead, as � increases the equi-
librium position of the phase front also grows.

Considering now the soliton located at the center of the
spatial region, a small disturbance on the system produces
some complex transients on the phase dynamics, ending by
the formation of a pair of fronts propagating in opposite
directions away from the soliton core. The dynamics of
these fronts differs from that of the single front by the
inclusion of an interaction process which decays exponen-
tially with the distance between the fronts. As the system
displays two types of phase fronts monotonically increas-
ing or decreasing, then the soliton exhibits three different
types of shield structures in its phase, as shown in Fig. 1.
Hence, the dissipative solitons in parametrically driven
systems have a rich dynamics of phase fronts.

To understand the correspondence between the constant
phase solitons and phase shielding solitons, we have per-
formed a numerical linear stability analysis similar to the
one made in Ref. [12], considering both the control pa-
rameters and size of the system L. When L is small enough
the spectrum—set of eigenvalues associated with the linear
stability analysis—is characterized by being centered on an
axis parallel to the imaginary one [cf. Fig. 3(b)], where
every single eigenvalue has negative real part. Increasing L
the set of eigenvalues begin to collide creating a curve of
eigenvalues (a continuum). For a critical value of L this

curve collides with the imaginary axis at a nonzero fre-
quency [cf. Fig. 3(c)]. Therefore the system exhibits an
Andronov-Hopf bifurcation. Figure 3 outlines the spec-
trum before, during, and after the bifurcation.
From previous numerical analysis, one can infer that the

soliton with homogeneous phase is unstable, over a wide
parameter region, for sufficiently large values of L. In
short, there exists a critical value of L for which the soliton
with constant phase is unstable to small perturbations in
phase and amplitude. Because of the analytical complexity
of this analysis, we have only determined numerically this
critical value. For a system size smaller than the critical
one, we observe that for parameters 0< ��� � 1, the
soliton with constant phase is stable. Increasing the forcing
amplitude �, the soliton becomes unstable by an
Andronov-Hopf bifurcation similar to the one shown in
Fig. 3. This figure illustrates the region in parameter space
where this solution is stable and unstable. In the shaded
region in Fig. 3, we found stable phase shielding solitons.
To study the robustness of the phase dynamics around

the soliton, we consider the two-dimensional spatial ex-
tension of Eq. (1), that is, the @xx operator is replaced by a
two-dimensional Laplacian operator r2 ¼ @xx þ @yy. It is

well known that this equation has soliton type solutions
with a constant phase [13], which are the natural extensions
of the one-dimensional case. However, an analytical ex-
pression for these solutions is unknown. Considering a
similar parameter region of phase shielding solitons in
one dimension, we observe a rich phase fronts dynamics
in two dimensions. If one slightly perturbs the soliton, after
some complex transient in the phase dynamics we observe
the appearance of a circular phase front that spreads slowly.
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FIG. 3 (color online). Stability of solitons: (a) schematic rep-
resentation of bifurcation diagram in the �� � space for � ¼
0:050, the shaded region corresponds to the phase shielding
soliton region, and the striped area is the region of soliton
with constant phase. (b), (c), and (d) are the spectra of the
soliton with constant phase before (system size L ¼ 520), during
(L ¼ 564), and after (L ¼ 600) the bifurcation, respectively, for
� ¼ 0:263, � ¼ 0:050, and � ¼ �0:083.
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For later times, the front becomes asymmetric, giving rise
to another front. Finally, the two fronts become stationary,
creating a shieldlike structure around the soliton. Figure 4
shows the stationary phase structure observed numerically
in a two-dimensional system. It is important to note that we
only see phase shielding structure as a state of equilibrium
for dissipative soliton in a large system size. The two-
dimensional solution is characterized by being composed
of all the solutions found in one dimension. Indeed, if one
performs different cuts containing the center (soliton posi-
tion), one can recognize the observed solutions in
one dimension (see Fig. 1). A surprising property of the
shell-like structure observed is that if one calculates the
phase change on a path that connects two opposite points

with respect to the position of the soliton (
R
�
~r’d~s)

within the region close to the position of the soliton one
finds that this is zero. Nevertheless, if one takes this type
of path far away from the soliton position, one findsR
�
~r’d~s ¼ 	�.
In conclusion, localized structures in parametrically

forced systems have a rich and unexpected phase dynam-
ics, creating novel types of localized states. We expect that
phase shielding solitons could be observed experimentally
in simple coupled forced oscillators, such as vertically
driven fluid layers in narrow cells, optical parametrical
oscillators, driven magnetic media, and a chain of coupled
oscillators.

Shell-like phase structure must play a significant role in
soliton interaction, since bound states of two solitons show
a complex phase structure [14]. Experimental observations
show an intricate temporal dynamics of dissipative solitons
[15] which cannot be explained from uniform phase sol-
itons. Work in this direction is in progress.
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Parametrically driven extended systems exhibit dissipative localized states. Analytical solutions of these states
are characterized by a uniform phase and a bell-shaped modulus. Recently, a type of dissipative localized state with
a nonuniform phase structure has been reported: the phase shielding solitons. Using the parametrically driven
and damped nonlinear Schrödinger equation, we investigate the main properties of this kind of solution in
one and two dimensions and develop an analytical description for its structure and dynamics. Numerical
simulations are consistent with our analytical results, showing good agreement. A numerical exploration
conducted in an anisotropic ferromagnetic system in one and two dimensions indicates the presence of phase
shielding solitons. The structure of these dissipative solitons is well described also by our analytical results. The
presence of corrective higher-order terms is relevant in the description of the observed phase dynamical behavior.
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I. INTRODUCTION

Particle-type solutions or macroscopic localized states
arising in systems out of equilibrium have been observed in a
wide range of physical systems. Examples include magnetic
materials, liquid crystals, gas discharge systems, chemical
reactions, fluids, granular media, and nonlinear optics media
(see [1–3] and references therein). The variety of systems
exhibiting these solutions confers them a universal nature.
Given their particlelike properties, one can characterize them
by a family of continuous parameters such as position, ampli-
tude, and size. A prototypical model that exhibits dissipative
localized states or dissipative solitons in the quasireversible
limit—systems under the assumption of small injection and
dissipation of energy [4–8]—is the parametrically driven and
damped nonlinear Schrödinger (PDNLS) equation [9,10]

∂tψ = −iνψ − i|ψ |2ψ − i∂xxψ − μψ + γ ψ̄, (1)

where ψ(x,t) is a complex field that accounts for the envelope
of the oscillation in the system under study. The variable ψ̄

stands for the complex conjugate of ψ ; {x,t} denote the spatial
and temporal coordinates, respectively; ν is the detuning
parameter, which is proportional to the difference between
half the forcing frequency and the natural frequency of the
oscillator field; μ is the damping parameter, which accounts
for the energy dissipation processes; and γ is the amplitude of
the parametric forcing. It is important to note that Eq. (1)
describes an oscillatory focusing medium with dispersive
coupling [11] since the nonlinear and spatial coupling terms
have the same sign. For ν < 0, γ ∼ μ � 1, and μ2 < γ 2 <

ν2 + μ2, the PDNLS model admits analytical localized states
characterized by a uniform phase and a bell-like shape
for the modulus of the amplitude—uniform phase solitons

*marcel@dfi.uchile.cl
†mgarcianustes@ing.uchile.cl
‡saliya.coulibaly@phlam.univ-lille1.fr

(UPSs) [9,10]. Figure1 shows a typical dissipative soliton
in a polar coordinate representation [ψ(x,t) = R(x,t)eiϕ(x,t)]
observed in the parametrically driven and damped nonlinear
Schrödinger equation.

The PDNLS model has been derived in various physical
contexts. Indeed, the PDNLS equation can be deduced from
the amplitude equation approach in the parametrically driven
pendulum chain [12–14]. Using the same approach in the con-
text of magnetic systems for an easy-plane ferromagnetic spin
chain exposed to both a constant and a time-periodic external
magnetic field perpendicular to the hard axis, the PDNLS
equation was obtained by means of the Landau-Lifshitz-
Gilbert equation [15,16]. Additional physical scenarios where
the PDNLS model can be derived include surface waves
in vertically oscillating layers of water [17–19], localized
structures in nonlinear lattices [20], and the Kerr-type optical
parametric oscillator [21].

Recently, we have shown that the phase of dissipative
solitons exhibits an unexpected dynamical behavior in the
PDNLS equation [22]. More precisely, we have found that, for
a large range of parameters, PDNLS soliton solutions show
dynamical phase fronts that, after some transient behavior,
reach a stationary state surrounding the soliton core. Due
to its shieldlike phase structure, this type of dissipative
localized state has been denominated a phase shielding soliton
(PSS). Using the asymptotic expression for the amplitude,
valid far from the core of the soliton, we have determined
analytically the shape of the phase fronts and their dynamics.
The above analysis allows us to characterize the different type
of shieldlike structures of the phase. Performing a numerical
stability analysis and using the size of the system L as a
control parameter, we have proved that UPS solutions lose
their stability through a Andronov-Hopf bifurcation followed
by the appearance of the PSS as the stable solution of the
system.

The emergence of phase fronts on dissipative solitons repre-
sents an alternative perspective in the study of parametrically

052915-11539-3755/2013/87(5)/052915(17) ©2013 American Physical Society
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FIG. 1. (Color online) Modulus R(x) (red dashed line) and
phase φ(x) (blue solid line) of a UPS in the parametrically driven
and damped nonlinear Schrödinger equation with μ = 0.1000, ν =
−0.0122, γ = 0.1002, δ = 0.0185, and L = 200. Here x0 stands for
the position of the maximum of the soliton amplitude. The soliton
width and height are indicated.

driven systems. Until now, the phase of single solitons was
considered uniform in most of the aforementioned physical
systems. However, a more complete analysis could demon-
strate the existence of PSS solutions in such physical scenarios.
In the present paper we extend the analytical and numerical
studies of phase shielding solitons in one-dimensional (1D)
and 2D cases. We also analyze the appearance of PSS solutions
in an easy-plane ferromagnetic spin system in both 1D and 2D
configurations. For this purpose, we organize the paper in the
following way. In Sec. II we review the main features of the
PDNLS equation and the analytical solution of the UPS and
its stability. We then introduce the phase shielding soliton
solutions. An analytical description of PSS solutions and their
dynamics is presented. A numerical stability analysis is also
performed to establish the connection between the UPS and
PSS solutions. To show the existence of the PSS in physical
systems, we study in Sec. III an easy-plane ferromagnetic
classical spin chain exposed to an external magnetic field. The
existence, stability properties, and dynamical evolution of the
phase shielding solitons in two-dimensional extended systems
are analyzed in Sec. IV. In Sec. V we consider a physical
example of a parametrically driven system in two dimensions:
a forcing magnetic layer. We conclude with a summary in
Sec. VI.

II. DISSIPATIVE SOLITONS IN THE PDNLS MODEL
IN ONE DIMENSION

For μ = γ = 0, Eq. (1) becomes the well-known nonlinear
Schrödinger equation [23], which describes the envelope
of an oscillatory coupled system. This model is a time-
reversible Hamiltonian system with the reflection symmetry
{t → −t,ψ → ψ̄}. However, the terms proportional to the
energy dissipation μ and the injection γ break this symmetry.
The higher-order terms in Eq. (1) are ruled out by a scaling
analysis where μ � 1, ν ∼ μ ∼ γ , |ψ | ∼ μ1/2, ∂x ∼ μ1/2,
and ∂t ∼ μ1/2.

A trivial solution of Eq. (1) is the homogeneous (quiescent)
state ψ0 = 0. For ν < 0, ψ0 becomes unstable through a
subcritical stationary bifurcation at γ 2 = μ2 + ν2 (the Arnold
tongue) [11]. Inside this region the system has three uni-
form solutions ψ0 = 0, and ψ± = σ ± i

√
(μ − γ )(μ + γ )σ ,

where σ =
√

(γ − μ)(−ν +
√

γ 2 − ν2)/2γ . These three

states merge through a pitchfork bifurcation at γ 2 = μ2 + ν2

when ν > 0. However, for positive detuning, ψ0 is stable only
when γ < μ because this state exhibits a spatial instability at
γ = μ [24], which gives rise to a spatially periodic state with
a wave number kc = √

ν.

A. Solitons with constant phase

For negative detuning, the PDNLS equation exhibits local-
ized states or dissipative solitons supported asymptotically by
the quiescent state. In order to obtain the localized states, we
introduce the Madelung transformation ψ = R(x,t)eiϕ(x,t) in
Eq. (1). Separating the imaginary and real parts, we obtain the
set of equations

∂tR = 2∂xR∂xϕ + R∂xxϕ − μR + γR cos(2ϕ), (2)

∂tϕ = −ν − R2 − ∂xxR

R
+ (∂xϕ)2 − γ sin(2ϕ), (3)

where R and ϕ denote the amplitude and phase of the field
ψ , respectively. In the parameter region γ � μ and −ν ±√

γ 2 − μ2 � 0, we get nontrivial steady homoclinic solutions
of the form [9,10]

Rs(x,x0) =
√

2δ±sech(
√

δ±[x − x0]), (4)

cos(2ϕs) = μ/γ, (5)

where the parameter δ± ≡ −ν ±
√

γ 2 − μ2 and x0 stands for
the position of the maximum of the soliton, which will be
called the core of the soliton in what follows. The modulus
width and height are given by

√
2δ± and 1/

√
δ±, respectively

(see Fig. 1). Hence Eqs. (4) and (5) show that such states have
a bell-shaped modulus and a uniform phase (UPS).

Equation (5) shows that the system can generate dissipative
solitons when the injection of energy exceeds its dissipation.
As a consequence of the spatial translational invariance of
Eq. (1), the dissipative solitons constitute a family of states
parametrized by a continuous parameter x0 corresponding
to their Goldstone mode [25]. This parameter stands for the
position of the core of the localized state (see Fig. 1). In brief,
the above model admits soliton solutions in the {μ,ν,γ } region
bounded by ν < 0, μ � γ , and γ 2 < μ2 + ν2. Under these
conditions, the relation cos(2ϕs) = μ/γ admits four equilibria
in the interval [π,−π ]. As a consequence of the symmetry
ψ → −ψ of Eq. (1), if ϕs is a solution then ϕs ± π is also
a solution. Figure 2 illustrates this relation and the respective
stability regions of the different particle-type solutions. From
this figure one can infer that the localized states appear or
disappear by simultaneous saddle-node bifurcations when
the injection and dissipation of energy are equal (|γ | = μ).
The stable solutions are characterized by Re(ψ)Im(ψ)< 0
[Re(ψ)Im(ψ)> 0] for γ > 0 (γ < 0), thus both fields have
different signs when γ > 0 [15]. In contrast, the solution with
a bell-shaped modulus |ψ | [Eq. (4)] also appears through
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FIG. 2. (Color online) Schematic representation of the different stability regions (colored shadow) of dissipative solitons. The circles
represent the different solutions of cos(2ϕs) = μ/γ : closed (open) circles correspond to stable (unstable) localized states. The insets depict the
different types of dissipative solitons with μ = 0.10, γ = 0.13, ν = −0.12, and L = 200, where δ+ = 0.203 and δ− = 0.037.

a saddle-node bifurcation at γ = μ where δ± = −ν. The
solutions of Eq. (4) with δ− are unstable.

B. Phase shielding soliton

Previous works have reported additional amplitude bifur-
cations when ν is increased far from the tip of the Arnold
tongue where the maximum of |ψ | undergoes period doubling,
quasiperiodicity, and finally chaos [26]. Usually, the phase
field of the dissipative soliton state is considered uniform.
However, further numerical analysis reveals unexpected and
rich phase dynamics of single solitons in parametrically driven
systems [22], which reaches a nonuniform steady phase.

A soliton is created by slightly perturbing an initial
homogenous state. The parameters are chosen to fulfill the
conditions for the appearance of UPS solutions, i.e., ν < 0,
γ 2 < μ2 + ν2, and μ � γ . Initially, the perturbation quickly
evolves to a well-defined bell-shaped amplitude. At the
same time, the phase becomes uniform around the core of
the localized state followed by some intricate transient that
rapidly goes away from the system. The front propagation
is characterized by a rather slow motion (see Fig. 3), which
suddenly reaches a steady state. From this initial behavior a
pair of counterpropagative fronts emerges, which propagates
in a rather slow motion, reaching suddenly a steady state
(see Fig. 3). Near the soliton core, the phase takes the
value corresponding to the stable uniform soliton (UPS),
i.e, the value −ϕs or −ϕs + π . Conversely, far from the
soliton position, the asymptotic values in (−∞,∞) tend to
the unstable UPS phase values either ϕs or ϕs − π . Hence the
number of configurations is given by different combinations
of equilibrium connections (unstable-stable-unstable). There
are eight stationary configurations that connect different phase
equilibria. Figure 4 displays all the different phase shielding
solitons. These steady phase structures depend strongly on
initial conditions and are equally likely to appear in the same
region of parameters.

1. Analytical approach at dominant order

To provide an analytical background to these phase struc-
ture dynamics, we take advantage of the x → −x symmetry
of the PDNLS model [Eq. (1)]. We consider a semi-infinite
domain whose origin corresponds to the core position of the
soliton x0. Numerical results show that the phase presents a
single front that emerges at a position xf � 1/

√
δ+, where

xf represents the point with the highest spatial variation of
the phase. In the region x � 1/

√
δ+, the soliton modulus R

decays exponentially [see Fig. 6(a)].
Defining � ≡ 1/

√
δ+, which accounts for the width of the

soliton bell-shaped amplitude (see Fig. 1), we propose the

FIG. 3. (Color online) Phase propagation of the dissipative
soliton. Spatiotemporal diagram of phase ϕ(x,t) for γ = 0.123,
μ = 0.100, and ν = −0.093.
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FIG. 4. (Color online) Different phase shielding soliton states in the parametrically driven damped nonlinear Schrödinger equation with
μ = 0.10, ν = −0.12, γ = 0.14, and L = 200. The PSS states supported by the inner uniform phases −ϕs and π − ϕs are shown on the right
and left, respectively. Dashed (red) and solid (blue) lines account for the modulus and phase of the complex field ψ , respectively.

following ansatz for the modulus and the phase of the soliton:

R(x � �,x0) = 2
√

2δ+e−f (x,x0) (6)

and

ϕ(x) = ϕF (x − xf ), (7)

respectively. At dominant order, we consider f (x,x0) ≈√
δ+(x − x0). In this approximation, R(x,x0) coincides with

the asymptotic exponential decay of the stable UPS modulus.
Substituting the former ansatz in (2) and (3), we obtain two

different equations. The first one allows us to get analytically
the dominant profile of the phase front. The second one
describes the phase front dynamical behavior. Accordingly,
the phase profile is characterized by

∂xxϕF = 2
√

δ+∂xϕF + μ − γ cos(2ϕF ). (8)

Introducing the effective potential energy U (ϕF ) ≡ −μϕF +
(γ /2) sin(2ϕF ), Eq. (8) can be written as a Newton-type
equation that describes a particle moving in a tilted periodic
potential with an injection of energy proportional to the speed
∂xϕF ,

∂xxϕF = − ∂U

∂ϕF

+ 2
√

δ+∂xϕF . (9)

Hence the solutions of the above equation correspond to
stationary phase fronts. The uniform equilibrium states of
Eq. (8) coincide with the phase equilibria of cos(2ϕs) = μ/γ

in the range from −π to π . Therefore, the phase front solutions
represent heteroclinic orbits in the {ϕ,ϕx} space that interpolate
from one equilibrium to another of the Newton-type equation
(9) (see Fig. 5).

Defining the change of variable x = 2
√

δ+x ′ in Eq. (8),
we can perform an asymptotic series ϕF (x) = ϕ0 + �ϕ1(x) +
�2ϕ2(x) + · · · , with � ≡ 1/4δ � 1, which at first order has
the analytical solution

ϕF (x,xf ) ≈ ϕ0 =
⎧⎨
⎩

fsol − π for [−π,−π/2)
fsol for (−π/2,−π/2)
fsol + π for (π,π/2],

(10)

where

fsol = arctan

[√
γ ± μ

γ ∓ μ
tanh

√
γ 2 − μ2(x − xf )

2
√

δ+

]
. (11)

Note that the phase front solutions are also parametrized by
the continuous parameter xf . Figure 6 shows the numerically
computed phase front profiles, which present a difference
of 1% with respect to expression (10). If one considers
the dominant correction ϕF ≈ ϕ0 + ∂xϕ0/4

√
δ, this difference

decreases to 0.8%.
Considering the complete soliton domain, we obtain the

eighth possible shell-like configuration that we have previously
observed in numerical simulations (see Fig. 4).
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FIG. 5. (Color online) Schematic representation of the stationary
phase front structure that connects different equilibrium solutions
(A–C) of the Newton-type equation (9). The inset is a schematic
representation of the potential U (ϕF ).
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of the phase front obtained from Eq. (1) with γ = 0.083, ν = −0.063, and μ = 0.058. The dashed curve is the numerical solution obtained
using Eq. (17).

2. Higher-order corrections

A deeper analysis of numerical simulations reveals that PSS
solutions are composed of two qualitatively different regions:
inner and outer regions. The inner and outer regions stand for
the central and asymptotic parts of the PSS, respectively. Note
that the asymptotic phase of the PSS in the inner and outer
regions coincides with the phase of the stable and unstable
UPSs, respectively (see Fig. 4). Therefore, the PSS can be
understood as a soliton buildup by the stable (inner region)
and unstable (outer region) UPS solutions. To illustrate this
statement, Fig. 7 shows the logarithm of the PSS modulus as
a function of the space. Clearly, there is a crossover region
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FIG. 7. (Color online) Phase ϕ(x) as a function of the space (top)
and logarithm of the PSS modulus R(x) (bottom) with μ = 0.1,
ν = −0.09, γ = 0.12, and L = 400. Inner and outer regions are
defined. The exponential decay value changes from

√
δ+ = 0.3946

(theoretical
√

δ+ = 0.3954) inside the inner region to
√

δ− = 0.1508
(theoretical

√
δ+ = 0.1538) in the outer region. The transition point

between both regions coincides with the phase front position xf .

between both exponential decay rates of the UPS solution that
is characterized by a transition point. Such a point outlines
the border transition between the inner and outer regions and
corresponds to the phase front core position xf . Therefore, the
PSS exponential decay rate f (x,x0) must be amended by

f (x,x0) ≈
√

δ+(x − x0) + B(x,xf ), (12)

with

B(x,xf ) ≡ [
√

δ− −
√

δ+](x − xf )(x − xf ), (13)

where (x − xf ) denotes the Heaviside function. Note that
the function f (x,x0) is a smooth function. However, its
approximation (12) is continuous but not differentiable at
x = xf .

Using the amended ansatz (12), Eqs. (8) and (9) can be
reobtained in the inner and outer regions. In the inner region,
Eqs. (8) and (9) remain the same. In contrast, these equations
are modified by substituting the value δ+ for δ− in the outer
region. Following the same procedure showed in Sec. II B1,
the amended front phase is obtained

ϕ0(x) = arctan

[√
γ ± μ

γ ∓ μ
tanh

√
γ 2 − μ2(x − xf )

2δ(x,xf )

]
, (14)

with

δ(x,xf ) ≡ [
√

δ+ + (
√

δ− −
√

δ+)(x − xf )]. (15)

In this approximation the phase fronts are continuous but
not differentiable at x = xf , emphasizing that the PSS is
composed of the stable and unstable UPS solutions.

It is important to note that ansatz (6) considers a uniform
exponential decay rate of the modulus. Such an assumption
leads, at dominant order, to the obtention of phase front
solutions [Eq. (10)]. Higher-order corrections allow us to get
an improved description of the phase shield soliton where the
modulus also exhibits an amplitude shielding structure (see
Fig. 7). However, this structure is exponentially suppressed
in comparison to the soliton height

√
2δ+. In contrast, the

phase shielding structure is order one. Therefore, a possible
experimental characterization of the PSS must be achieved by
means of phase measurements.
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C. Phase front dynamics

As discussed in the previous section, the transient preceding
the formation of the phase profile is governed by the fronts
dynamics. Here we propose an analytical study of the dynam-
ical evolution of these fronts. For this purpose let us consider
the typical evolution of a soliton in a semi-infinite system, as
shown in Fig. 6. As can be seen from the figure, the front
displays a dynamical behavior characterized by a nontrivial
motion. For the sake of simplicity, let us consider the ansatz
(6) and (7) at dominant order where f (x,x0) ≈ √

δ(x − x0)
and δ ≡ δ+. Substituting in Eq. (3), we obtain the equation for
position of the core

−ẋf ∂xϕF = −(ν + δ) − 8δe−2
√

δx + (∂xϕF )2 − γ sin(2ϕF ).

(16)

In order to account for the front dynamics xf (t) has been
promoted to a time-dependent function. The time derivative of
xf is given by ẋf .

Multiplying the above equation by ∂zϕF (z) with z ≡ x − xf

and introducing the inner product 〈f |g〉 ≡ ∫
fgdz, we obtain,

after straightforward calculations, an ordinary differential
equation for the core of the phase front

ẋf = A + Be−2
√

δxf , (17)

where

A ≡ 〈[ν + δ + γ sin(2ϕF ) − (∂zϕF )2]|∂zϕF 〉
〈∂zϕF |∂zϕF 〉

and

B ≡ 8δ

〈
e−2

√
δz|∂zϕF

〉
〈∂zϕF |∂zϕF 〉

are real numbers, which can be either positive or negative,
depending on the shape of the phase front. For example, when
one considers a front that increases monotonically with the
spatial coordinate, A (B) is a negative (positive) constant.
The term proportional to A accounts for the constant speed at
which the larger phase value invades the smaller one, giving
rise to a phase front that propagates towards the position of the
soliton x0. This speed can be understood as a consequence of
the effective potential energy U (ϕF ) difference between both
equilibria. In contrast, the term proportional to B accounts

for the effect of spatial variation of the tail of the amplitude
soliton, which induces a force that leads to phase fronts
moving away from the position of the soliton. Consequently,
the superposition of these two antagonistic forces generates a
stable equilibrium for the position of the phase front, which
is consistent with the dynamical behavior illustrated by the
spatiotemporal diagram of Fig. 6(b). Solving Eq. (17), we get
an analytical solution for the typical trajectory

xf (t) = ln
(

B
A

)
2
√

δ
+ ln(e−2

√
δA(t−t0) − 1)

2
√

δ
− A(t − t0). (18)

The dashed curve shown in Fig. 6(b) is obtained using the
above formula wherein A and B are used as fitting parameters.
Note that the constant ln(B/A)/2

√
δ accounts for the steady

equilibrium position of the front, which corresponds to the
characteristic size of the shell structure in the phase. For higher-
order corrections of the phase, we obtain a similar expression
for the dynamics of the front.

D. Stability analysis for the uniform phase soliton

As we have already shown, the uniform phase and phase
shielding solitons are solutions of the PDNLS model (1). Thus
a natural question arises: What are the bifurcation scenarios of
these solutions? Here we examine this question, performing a
numerical linear stability analysis based on Ref. [15]. Given
the complexity of the linear operator, an analytical stability
analysis is not affordable. We consider small perturbations ρ

and � around the solutions Rs(x) and ϕ0, respectively, i.e.

R = Rs(x) + ρ(x,t), ϕ = ϕ0 + �(x,t), (19)

where ρ,� � 1. Substituting in (2) and (3) and linearizing,
we obtain

∂tρ = 2∂xRs∂x� + Rs∂xx� + 2
√

γ 2 − μ2�Rs (20)

and

Rs∂t� = δρ − 3R2
s ρ − ∂xxρ − 2μRs�, (21)

respectively. Equations (20) and (21) represent an eigenvalue
problem that can be written in the matrix representation

˙(
ρ

�

)
= M

(
ρ

�

)
, (22)

where

M ≡
(

0 2∂xRs(x)∂x − Rs(x)∂xx − 2Rs(x)
√

γ 2 − μ2

1
Rs (x) [δ − 3Rs(x)2 − ∂xx] −2μ

)
. (23)

An analytical solution to Eq. (22) is a difficult task [15].
Therefore, to solve it we adopt a numerical strategy. In order
to obtain the spectrum, a set of eigenvalues associated with
the linear stability analysis, we proceed to discretize in space
with grid points x → j�x, F (x,t) → F (j�x,t) ≡ Fj (t) with
j = 1, . . . ,N , where N is the number of points of the system
and L = N�x. In such a case, the differential operatorMwith
spatiotemporal coefficients turns into a matrix of rank 2N . We

also consider μ = μ0 and x0 = L/2 for different values of
{γ,ν} in the region of existence of solitons, i.e., γ 2 � ν2 + μ2

and ν < 0.
The L parameter controls the size effect. Changing N with

�x fixed, we can easily vary it. In previous reports, this param-
eter was not considered as a relevant parameter system, being
usually a small constant. We shall see that the parameter L

plays a main role in the stability properties of dissipative states.
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FIG. 8. (Color online) Real part of the largest eigenvalue
max[Re(λ)] (red circles) and the eigenvalue related to the Goldstone
mode (blue triangles) as a function of system size. The stability of
solitons is shown in the spectra of the soliton with constant phase
(a) before (system size L = 284), (b) during (L = 304), and (c) after
(L = 324) the bifurcation for γ = 0.105, μ = 0.1, and ν = −0.05.

Hence let us consider L as a control parameter with the
system parameters {μ,ν,γ } fixed. When L is small enough
the spectrum is characterized by being centered on an axis
parallel to the imaginary one, where every single eigenvalue
has a negative real part. Such behavior of the eigenvalues is
typical of quasireversible systems [5,7]. Increasing L, the set
of eigenvalues begins to collide, creating a continuum set.
Up to a critical value of Lc, where some of them cross the
imaginary axis at a nonzero frequency, the set exhibits an
Andronov-Hopf bifurcation [27,28]. The inset Figs. 8(a)–8(c)
outline the spectrum before, during, and after the bifurcation,
respectively. The main plot of Fig. 8 illustrates the real part
of the largest eigenvalue max[Re(λ)] (red circles) and the
eigenvalue related to the Goldstone mode (blue triangles) as a
function of the system size L. As a result of the translational
invariance, the eigenvalue related to the Goldstone mode is at
the origin of the complex plane [25]. For γ = 0.105, μ = 0.1,
and ν = −0.05, we observe that [see Fig. 8(a), inset] below
the critical value Lc = 304, the largest eigenvalue corresponds
to the Goldstone mode. Close to the bifurcation, the largest
conjugate pair of eigenvalues crosses the real axis destabilizing
the uniform phase solution [see Figs. 8(b) and 8(c), insets].

The numerical stability analysis of UPS solutions reveals
a strong dependence on the system size. Such a result is in
accordance with the inner and outer region crossover. The
inner region has a definite length for a given set of system
parameters {μ,ν,γ }. If the system size is small enough (L is
less than the length of the inner region), the crossover does
not occur. Then the PSS solution cannot appear and the UPS
is a stable solution. For L greater than the length of the inner
region, the UPS destabilizes, generating the PSS solution.

Given that the exponential decay of the stable UPS, and
therefore the length of the inner region, is a function of the
system parameters {μ,ν,γ } it is natural to infer that by varying
such parameters with L fixed, the UPS destabilization will take
place as well. Indeed, following the above strategy, we perform
a numerical stability analysis of the UPS varying γ for L fixed
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FIG. 9. (Color online) Real part of the largest eigenvalue
max[Re(λ)] (red circles) and the eigenvalue related to the Goldstone
mode (blue triangles) as a function of the forcing parameter γ .
The stability of solitons is shown in the spectra of the soliton with
constant phase (a) before (γ = 0.1065), (b) during (γ = 0.1090), and
(c) after (γ = 0.1115) the bifurcation for μ = 0.1 and ν = −0.05
with L = 280 fixed.

with μ = 0.1 and ν = −0.05. We choose the same parameter
region {ν,γ } with L = 280 (before bifurcation; see Fig. 8) to
ensure an initial stable UPS solution. Figure 9 displays the
eigenvalue spectrum evolution as γ varies. As before, up to a
critical γc, the system exhibits an Andronov-Hopf bifurcation,
which leads to the appearance of a PSS solution similar to the
one observed in Figs. 8(a)–8(c).

In brief, the above instability mechanism is a robust
phenomenon. Figure 10 displays the UPS stability over a wide
parameter region {ν,γ } for μ = 0.05 and L = 400 fixed. For a
system size smaller than the critical one, we observe that for the
parameters 0 < γ − μ � 1, the soliton with constant phase is
stable. Notwithstanding, increasing the forcing amplitude γ or
the detuning parameter ν, the soliton becomes unstable again
by an Andronov-Hopf bifurcation.

In the case that the system size is large enough, the UPS
solution exhibits an Andronov-Hopf bifurcation that leads to a
PSS solution. Further increasing the system parameters {ν,γ },
a secondary bifurcation leads to a periodic soliton like those

- 0.20 - 0.15 - 0.10 - 0.05

0.05

0.10

0.15

0.20

0.25 γ

ν

γ=μ

γ  = μ + ν2 22

Quiescent State

UPS unstable

UPS stable

FIG. 10. (Color online) The PSS bifurcation diagram in the γ -ν
space obtained by solving (22) numerically for μ = 0.050 and L =
400.
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observed in Ref. [26]. Conversely, for small L the Andronov-
Hopf bifurcation leads directly to localized periodic solitons
without a secondary one.

To verify these results, we have also performed a stability
analysis of solutions in a Cartesian representation of the field
ψ . We introduce the linear transformation ψ = X + iY in
Eq. (1). Separating into real and imaginary parts, we obtain

∂tX = νY + (X 2 + Y2)Y + ∂xxY − μX + γX , (24)

∂tY = −νX − (X 2 + Y2)X − ∂xxX − μY − γY, (25)

respectively. The solution for this set of equations (24) and
(25) is

Xs = Rs cos(ϕ0), (26)

Ys = Rs sin(ϕ0), (27)

where Rs and ϕ0 are given by formulas (4) and (5) with δ+ = δ.
We follow the same procedure shown above and take

into account small perturbations (δX ,δY � 1) around the
solutions (X ,Y). Linearizing and using relations (4) and (5),
we get the dynamical system

˙(
δX
δY

)
=

(−μ + γ − R2
s

√
γ 2 − μ2/γ ν + R2

s (2γ − μ)/γ + ∂xx

−ν − R2
s (2γ + μ)/γ − ∂xx −μ − γ + R2

s

√
γ 2 − μ2/γ

) (
δX
δY

)
. (28)

This system (28) yields results similar to those already
observed using the polar representation.

III. PHASE SHIELDING SOLITON IN PHYSICAL
SYSTEMS

In Sec. I we emphasized the universality of the PDNLS
equation. Through an amplitude equation approach it can be
shown that the equation is present in different physical systems.
Based of this statement, one expects that results obtained in
this context can be transposed to the original systems. In the
following section we conduct numerical studies in an easy-
plane ferromagnetic system in order to explore the observation
of PSS solutions in such a system.

A. Forced magnetic wire

Solitons in magnetism have been intensively studied in
past decades due to their possible technological applications.
It is known that an easy-plane ferromagnetic spin chain in
the presence of both a constant and a time-periodic external
magnetic field perpendicular to the hard axis exhibits localized
structures. Such structures are commonly refer to as localized
precession states in a forced magnetic wire. Furthermore,
experimental realizations of the model have been already
achieved [29,30].

The forced magnetic wire is described phenomenologically
by the Landau-Lifshitz-Gilbert (LLG) equation. Following
an amplitude equation approach, it can be proved that, in
the quasireversible limit, the system can be described by
the parametrically driven and damped nonlinear Schrödinger
equation [16].

Let us consider a one-dimensional anisotropic Heisenberg
ferromagnetic chain formed by N classical spins or a magnetic
moment subject to an external magnetic field. The direction of
the chain is described by the z coordinate ẑ = (0,0,1) and the
external magnetic field is orthogonal to this direction, denoted
by x̂ = (1,0,0).

When the quantum effects are small enough, the vector
Si can be treated as a classical spin or a magnetic moment

[16]. According to this latter assumption, the dynamics of the
magnetic moment Si is governed by Ṡi = −γ Si × (∂H/∂Si),
where γ is the gyromagnetic constant and the Hamiltonian H
has the form

H = −J

N∑
i=1

SiSi+1 + 2D

N∑
i=1

(
Sz

i

)2 − gμHx

N∑
i=1

Sx
i . (29)

Here J is the exchange coupling constant and Hx and D

stand for the external magnetic field and the anisotropy energy,
respectively.

To study the continuum limit of this set of ordinary
differential equations, which accounts for a magnetic wire,
we can assume that

Si(t) → S(z,t) (30)

and

Jdz2

γ −1

(
Si+1 − 2Si + Si−1

dz2

)
→ lex∂

2
z S(z,t), (31)

where lex denotes the characteristic interaction length. More-
over, introducing a phenomenologically dissipative source,
the Gilbert damping, the motion of the magnetization field is
governed by the well-known Landau-Lifshitz-Gilbert equation
[31]

∂τ M = M × [Mzz − β(M · ẑ) + He − α∂τ M], (32)

where M ≡ S/Ms stands for the unit vector of the magneti-
zation and Ms is the saturation magnetization. We have also
introduce the normalization {τ → γMst,β → 4D/γ,He →
gμM/γMs}. Here β > 0 accounts for the anisotropy constant
(easy-plane magnetization) and α the damping parameter. For
several types of magnetic materials, this parameter is small
[31]. When the magnetic field is time dependent, the above
model (32) is a time-reversible system perturbed with injection
and dissipation of energy, i.e., a quasireversible system, as long
as this perturbation remains small.

As a result of the anisotropy and constant external field
(He = H0x̂), the natural equilibrium of the previous model
(32) corresponds to the magnetization field lying in the
direction of the external magnetic field M = x̂. When spatial
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FIG. 11. (Color online) (a) Schematic representation of a soliton in a one-dimensional anisotropic ferromagnetic chain (magnetic wire).
(b) Spatiotemporal evolution of a soliton for L = 1024, H0 = 4.800, β = 0.200, h1 = 0.042, α = 0.019, and ν = −0.030.

coupling is ignored, it is easy to show that the dynamics around
this equilibrium is described by a nonlinear oscillator with
natural frequency ω2

0 = H0(β + H0) [16]. It is worth noting
that in Eq. (32) the magnetization components are proportional
to the external magnetic field, which therefore acts as a
parametric forcing. Then if this field combines a constant and
a time-periodic part (He = [H0 + h1]x̂, where h1 = � cos(ωt)
oscillates about twice the natural frequency, ω ≡ 2(ω0 + ν),
and ν is the detuning parameter), the system exhibits a
parametric resonance at �2(β/4ω0)2 = α2(H0 + β/2)2 + ν2

for small parameters {α,ν,H0,�}. In the parameter space
(�,ν), the region above this curve corresponds to the Arnold
tongue. Dynamically speaking, this resonance corresponds
to an undamped precession of the magnetization unit vector
around the direction of the external magnetic field with angular
velocity ω0 [Fig. 11(a)]. Thus, rewriting Eq. (32) for one of
the components, for instance, mz, after some calculations,
considering

m2
x ≈ 1 − m2

y + m2
z

2
(33)

and

my ≈ 1

H0

[
1 + �

H0

]
ṁz, (34)

one can obtain, in the weakly nonlinear regime [16],

m̈z = −ω2
0mz + (β + 2H0)∂2

z mz − μṁz − ḣ1

H0
ṁz

+ (β + 2H0)h1mz + β(H0 + h1)

2

(
m2

y + m2
z

)
mz, (35)

where μ ≡ α(H0β/2) and γ = β�/4ω0 are, respectively, the
effective driving strength and the detuning parameter.

Now, close to the parametric resonance, we can introduce
the following ansatz [14,16] into Eq. (32):

mz = 4

√
ω0H0

β
(
ω2

0 + 3H 2
0

)Re[A(z,t)]ei(ω0+ν)t + W (z,t,A), (36)

where W (z,t,A) stands for a small correction. Linearizing and
imposing the solvability condition for W (z,t,A), one obtains
the amplitude equation of the oscillations at dominant order

(the parametrically driven and damped nonlinear Schrödinger
equation)

∂tA = −iνA − i|A|2A − i∂ZZA − μA + γ Ā, (37)

where Z ≡ √
2ω0/(β + 2H0)z. The terms proportional to

{ν,γ,μ} stand for the detuning, effective driving, and damping
of the magnetic system.

This equation has different homogeneous states, where the
simplest one is A = 0, representing a constant magnetization
along the external field direction (M = x̂). Single solitons are
among the nontrivial steady states of Eq. (37) [15]. Other
stationary state solutions of the PDNLS in the magnetic context
can be found in Refs. [14,16,32,33].

1. The PSS in the magnetic wire

The chain of classical spins or magnetic wire subject to an
external magnetic field represents an adequate physical system
to study the formation of a phase shielding soliton. Different
works have studied these magnetic localized states by means
of the LLG model. Direct numerical simulations of Eq. (32)
close to the Arnold tongue for negative detuning and for small
values of dissipation and damping (μ ∼ γ � 1) reveal the
formation of a localized precession state. Figure 11(b) shows
the spatiotemporal evolution of the mz component for this
soliton.

However, phase shielding solitons are characterized for
their phase structure. Therefore, we must extract information
of the instantaneous phase angle φz from the knowledge of
the oscillatory field mz(z,t). With this aim, we compute the
instantaneous phase using the Hilbert transform technique for
signal processing [34]. Let us recall that the original real field
mz(z,t), can be express as

mz(x,t) = Re[R(x,t)eiφ(x,t)], (38)

where Re(·) represent the real part, R(x,t) the modulus of the
envelope, and φ(x,t) the phase.

The Hilbert transform technique reconstructs a complex
variable θz = θr + iθi from the original real data θr and its
one-sided Fourier transform Sr (ω),

Sr (ω) =
∫ ∞

−∞
θr (x,t)(ω)e−iωtdt, (39)
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FIG. 12. (Color online) Reconstructed phase angle φz for L =
1024, H0 = 4.800, β = 0.200, h1 = 0.042, α = 0.019, and ν =
−0.030. The appearance of two opposite fronts can be observed.

where (ω) is the Heaviside step function. To obtain the one-
sided Fourier transformer of the imaginary part Si(ω), we used
the relation

Si(ω) = H (ω)Sr (ω), (40)

where

H (ω) =
{−i, 0 � ω < π

i, −π � ω < 0 (41)

is a 90◦ phase shifter or Hilbert transformer [35].
Calculating the inverse Fourier transform of Si(ω), we get

the imaginary part θi(x,t) of the complex variable. Hence the
modulus R(x,t) and phase φ(x,t) can be easily rebuilt from the
real data. This method gives a good description of the modulus
and phase for band-limited signals.

Using the above described Hilbert procedure, we analyze
the spatial structure of the phase at different times. Figure 12
displays the phase φz(x) at a given value t for L = 1024. The
presence of two stationary but opposite fronts, quite similar to
those seen in previous numerical analysis of the parametrically
driven and damped nonlinear Schrödinger equation, is clear.

The phase also exhibits a slot or hole at the center of
the spatial phase angle. The appearance of this hole is a
consequence of the nonlinear terms present at the original
model. As we show above, the amplitude equation is an
approximation, at dominant order, of the original system.
Higher-order corrections are not taken into account [36]. Since
the simulations of the magnetic system are directly from
the LLG model, they include all the nonlinear corrections.
Usually such corrections are not discernible in the modulus,
but become relevant in the phase, especially close to the center
of the soliton. Away from the core, the nonlinear corrections
decreases exponentially, hence the formation of the slot close
to the center.

Another important consequence of the nonlinear correc-
tions is related to the phase front dynamics. Numerical
simulations reveal that the phase fronts reach their steady state
closer to the core of the soliton than in the usual parametrically
driven and damped nonlinear Schrödinger equation. Since
the magnetic dissipative soliton is a precession state, the
phase angle φz exhibits a modulo 2π temporal periodicity.
Therefore, there is a continuous change in the phase values
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FIG. 13. (Color online) Stroboscopic spatiotemporal diagrams of
the reconstructed envelope (top) and the phase angle φz (bottom) for
L = 2048, H0 = 4.800, β = 0.200, h1 = 0.042, α = 0.019, and ν =
−0.030. The spatial slot displayed by the phase has been removed.

close to the ends (0,L) that introduces a fictitious periodic
motion of the phase front around the center. To evaluate
the phase dynamical behavior and the front positions, we
take stroboscopic snapshots with the same periodicity as that
of the soliton oscillation. Figure 13 displays the stroboscopic
phase evolution of the phase structure. It is clear that a magnetic
phase shielding soliton is formed. In order to emphasize
the phase fronts, we have removed the slot in the vicinity
of the center. The amplitude of the envelope is shown to
stress the soliton position. Different numerical simulations
with L = 512,1024, and 2048 support this observation. It is
important to note that all the observed phase shielding solitons
are symmetric. Asymmetric solitons have not been observed
so far in the magnetic wire.

In brief, the phase fronts in the magnetic wire reach a steady
state, allowing the formation of a phase shielding soliton;
the shielding phase is established closer to the soliton core
position, in comparison with the PSS observed in the PDNLS
equation; and the phase shield structure is always symmetric
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[Fig. 4(a)]. The presence of nonlinear corrections plays an
important role in the structure and dynamical behavior of the
magnetic PSS.

IV. PHASE SHIELDING SOLITON IN TWO DIMENSIONS

Localized structures presented in the previous sections
are considered only in one spatial dimension. In the present
section we will study the existence, stability properties, and
dynamical evolution of the two-dimensional extension of the
phase shielding soliton. Such extensions are not evident.
Conservative solitons observed in the nonlinear Schrödinger
equation in one spatial dimension collapse in two spatial
dimensions [37], i.e., these solutions are unstable in two
spatial dimensions. Most of the experimental observations of
localized structures in parametrically driven systems have been
reported in two spatial dimensions, for instance, in fluid surface
waves [38], oscillons in granular media [39], and isolated states
in thermal convection [40]. Note that all these observations
have been realized in dissipative systems. Furthermore, the
greatest difficulty in characterizing theoretically localized
states in two spatial dimensions is the lack of analytical
expressions of these states.

In the context of conservative systems in two spatial
dimensions perturbed with energy injection through paramet-
rically temporal modulation and dissipation—quasireversible
systems [4–8]—the prototypical model is the parametrically
driven and damped nonlinear Schrödinger equation

∂tψ = −iνψ − i|ψ |2ψ − i∇2
⊥ψ − μψ + γ ψ̄, (42)

where ψ(ρ,θ,t) is a complex field that accounts for the
envelope of the oscillation for the system under study, ∇2

⊥ ≡
(1/ρ)[∂ρ(ρ∂ρ)] + (1/ρ2)∂θθ is the Laplacian operator in polar
coordinates, ρ > 0, and θ ∈ [0,2π ]. Equation (42) has been
derived in two-spatial-dimensional physical systems such as
the parametrically driven magnetic layer [32] and Kerr-type
optical parametric oscillators [21]. In the conservative limit
(μ = γ = 0), the above equation is the nonlinear Schrödinger
equation. This model is widely applied to understand wave
phenomena in hydrodynamics, nonlinear optics, nonlinear
acoustics, quantum condensates, heat pulses in solids, and
various other nonlinear instability phenomena [41]. The non-
linear Schrödinger equation is a universal model for weakly
dispersive and nonlinear media.

It is well known that Eq. (42) exhibits stable nonpropagative
dissipative solitons in two spatial dimensions [42]. In contrast,
in the conservative limit, Eq. (42) has unstable soliton
solutions, which exhibit blowup in finite time [37]. The above
phenomenon disappears in the model (42) as a result of the
balance between injection and energy dissipation. In order to
understand the existence, stability properties, and dynamical
evolution of dissipative solitons shown by Eq. (42), let us to
consider the ansatz

ψ = Rs(ρ,t)eiφ(ρ,t). (43)

Note that the above ansatz presents axial symmetry; that is,
there is not an explicit dependence on the angle θ . This
assumption is based on the numerical simulations, where we

do not observe significant angular dependence. Inserting (43)
in Eq. (42), we obtain

∂tRs = 2∂ρRs∂ρφ + Rs

ρ
∂ρφ + Rs∂ρρφ − μRs

+ γRs cos(2φ), (44)

Rs∂tφ = −νRs − R3
s − ∂ρRs

ρ
− ∂ρρRs + Rs(∂ρφ)2

− γRs sin(2φ). (45)

Analogously to the one-dimensional problem, let us assume
a constant phase φ = φ0; thus

cos(2φ0) = μ

γ
, (46)

∂ρρRs = δRs − R3
s − ∂ρRs

ρ
, (47)

where δ ≡ −ν +
√

γ 2 − μ2. As we have mentioned before,
there is not an analytical solution of the localized state in two
dimensions [42]. However, using the variational method, one
can obtain a good approximation [32,43]

Rs(ρ) ≈ A0

√
δ sech

(
B0

√
δ

2
ρ

)
, (48)

where A0 = 2.166 and B0 = 1.32. However, this approxi-
mation does not describe the asymptotic behavior of the
dissipative soliton. The asymptotic behavior of the dissipative
soliton is of the form

Rs(ρ → ∞) → e−√
δρ

√
ρ

. (49)

The interaction of a pair of dissipative solitons that is of
exponential type as a function of the distance between solitons
has been characterized in Ref. [32]. Numerical simulations
of an easy-plane ferromagnetic layer submitted to a magnetic
field that combines a constant and an oscillating part show
good agreement with this interaction law.

A. Numerical observation of phase shielding solitons
in two dimensions

The existence of 2D solitons described by the PDNLS
(42) raises the question of whether it is possible to observe a
shielding phase in this case. Based on the previous simulations
carried out in one dimension, we explore a similar parameter
region in the 2D case, close to the Arnold tongue, in order to
observe the possible formation of phase shielding solitons.

Indeed, we have characterized two type of phase shielding
configurations. The first type consists of a phase front with
axial symmetry in the range [0,2π ]. The connected uniform
states are, analogously to the 1D case, given by the phase
equilibria determined by relation (46). Figure 14 shows the
typical structure of this symmetrical state around the soliton
position. If we consider a 1D stationary front solution in
a semi-infinite domain (ρ > 0), the 2D symmetric phase
solution corresponds to a 2π rotation around an axis whose
origin is placed at the position of the dissipative soliton. It
is important to note that the process of formation of this
symmetrical state is complex since one needs special initial
conditions close to the equilibrium state.
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FIG. 14. (Color online) Front view of a stationary 2D symmetric
phase shielding soliton observed in two-dimensional numerical
simulations of the parametrically driven and damped nonlinear
Schrödinger equation with γ = 0.560, ν = −0.068, and μ = 0.250.
The phase and amplitude field are represented simultaneously.
Colored shadow renders the phase shell-like structure ϕ(x,y) that
surrounds the amplitude soliton localized at the center R(x,y).

The second type is characterized by a phase front axially
symmetric from [0,π ] and an analogous front with different
asymptotic states from [π,2π ], i.e., each phase front has semi-
axial symmetry. The process of formation of this configuration
starts with a well-formed 2D soliton that is slightly perturbed.
After some complex phase transient state, the system exhibits
the appearance of a circular phase front that spreads rather
slowly. Figure 15(a) displays this primary stage. However,
asymptotically, the circular structure becomes asymmetrical,
giving rise to a new semicircular front that still propagates in
the range [π,2π ] [see Fig. 15(b)]. Finally, the whole structure
becomes stationary, creating a 2D asymmetric phase shielding
soliton. Unlike the symmetric case, the steady phase solutions
coincide only with a π rotation around the soliton position as
the center of rotation [see Fig. 15(c)]. Additionally, numerical
simulations performed in a close region of parameters show
the same dynamical behavior. Figure 16 give us a comparison
between the stationary configuration of this shieldlike phase
and the soliton size for a different set of parameter values
{μ,ν,γ }.

It is noteworthy that this second type of two-dimensional
state is characterized by being composed of all the solutions
found in one dimension. Indeed, if one performs different cuts
containing the center (soliton position), one can recognize
the observed solutions in one dimension (see Fig. 4). Another
interesting property is the following: If one calculates the phase
change on a path that connects two opposite points with respect
to the soliton position (

∫
�

�∇ϕd�s) within the region close to the
position of the soliton one finds that this is zero. Nevertheless,
if one takes this type of path far away from the soliton position,
one finds

∫
�′ �∇ϕd�s = ±π .

As an additional remark we would like to point out the
stability of the 2D phase shielding solitons. Axially symmetric
PSSs are attained only by setting up special initial conditions
close to the steady state. A slight perturbation in its modulus
leads to a symmetry breaking where the axial symmetry is lost
and a semiaxial symmetry appears. Hence, numerically, the
second type of PSS solitons has a large basin of attraction.

B. Analytic approach to PSSs in two dimensions

In this section we will discuss an analytical approach for the
shielding phase solitons in two dimensions. From numerical
simulations (see Fig. 16), we can observe that the phase
emerges far from the soliton position. In the same manner
as in Sec. II B1, to obtain the dominant phase correction we
consider the exponential asymptotic decay of the modulus.
Under this consideration (ρ → ∞), we use the ansatz

Rs(ρ → ∞) ∼= e−√
δ(ρ−ρ0)

√
ρ

, (50)

φ(ρ → ∞) = φF (ρ − ρF (t)), (51)

where ρ0 describes the soliton position, i.e., corresponds to the
position of the maximum amplitude of the soliton modulus.
Moreover, we have promoted the position of the phase front
core to a time-dependent function ρF (t). We consider that
the PSSs possess an axial symmetry for the modulus and the
phase. For the sake of simplicity and without loss of generality,
we can choose ρ0 = 0 as the coordinate origin; at dominate
order, we get a similar Newton-type equation as in the 1D case
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FIG. 15. (Color online) Snapshots of the phase evolution of a typical 2D PSS after a perturbation with γ = 0.083, ν = −0.063, and
μ = 0.058. (a) Initially the soliton is slightly disturb. A circular front starts to propagate. (b) An additional propagative semicircular front
appears. (c) The final steady configuration exhibiting a semiaxial symmetry. The dashed curve represents the θ axis.
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FIG. 16. (Color online) Front and back views of a stationary phase shielding soliton observed in two dimensions for the parametrically
driven and damped nonlinear Schrödinger equation with γ = 0.140, ν = −0.068, and μ = 0.125. The phase and amplitude field are represented
simultaneously. Colored shadow renders the phase shell-like structure ϕ(x,y) that surrounds the amplitude soliton localized at the center R(x,y).

(ρ � 1)

∂ρρφF ≈ 2
√

δ∂ρφF + μ − γ cos(2φF ). (52)

Thus 2D phase solutions have a front solution at dominate
order of the form

φ(ρ,θ,ρF ) ≈ arctan

[√
γ ± μ

γ ∓ μ
tanh

√
γ 2 − μ2(ρ − ρF )

2
√

δ

]
.

(53)

This solution agrees with numerical simulations, as we
illustrate in Fig. 17. To account analytically for the axial or
semiaxial symmetry of two-dimensional PSSs, let us introduce
an adequate coordinate system {r,θ}, where r ∈ (−∞,∞),
|r| = ρ, and θ ∈ [0,π ), which is not the usual polar coordinate.
Considering Rs ≡ Rs(r,t) and φ ≡ φ(r,t) for the semiplane
domain consisting of [0,π ) and r = (0,∞), we replace the
ansatz (50) in (47), obtaining again Eq. (52). Therefore,
we have deduced a phase front solution with the required

100

0

100

0

π ϕ(x,y)

x
y

FIG. 17. (Color online) A 2D phase shielding soliton with
semiaxial symmetry given at dominant order by the analytical
function (53) with γ = 0.15, μ = 0.1, and ν = −0.15. The amplitude
R(x,y) is plotted simultaneously to illustrate the soliton position.

semiaxial symmetry. Analogously to the complementary
semiplane domain r ∈ (−∞,0) and θ ∈ [0,π ), we can find the
complementary phase front solution. Taking the whole domain
of r and considering the different stationary front solutions
of (52), we build up at dominant order a phase front with
the asymmetrical shape observed in numerical simulations
(see Fig. 16). Notice that in this approximation for PSSs
with semiaxial symmetry, the interface separating the different
regions is abrupt (see Fig. 17), which is a consequence of the
coordinate system used to describe these solutions. The PSSs
obtained numerically are smooth in this junction region (see
Fig. 16).

C. Front dynamics

The front dynamics of phase fronts at dominant order is
described by the equation obtained by replacing (50) and (51)
in (45),

−ρ̇F (t)∂zφF = −(ν + δ) − e−2
√

δρ

ρ
+ (∂ρφF )2

− γ sin(2φF ), (54)

where we have defined the appropriated comoving coordinate
z ≡ ρ − ρF . Multiplying the above equation by ∂zϕF and
introducing the inner product

〈〈f |g〉〉 ≡
∫ ∞

−∞

∫ π

0
fgρ dθ dz, (55)

we obtain the following equation for the front dynamics:

ρ̇F = Ã + Aρ
F

+ Be−2
√

δρ
F

Cρ
F

, (56)

where

Ã ≡ 〈〈γ sin(2φF )z|∂ρφF 〉〉,
A ≡ 〈〈[−(ν + δ) + (∂ρφF )2]|∂ρφF 〉〉, (57)

B ≡ 〈〈e−2
√

δz|∂ρφF 〉〉, C ≡ 〈〈∂ρφF |∂ρφF 〉〉.
Equation (56) can be interpreted as a Newton-type equation

that describes an overdamping particle in the presence of a
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force composed of three terms: a constant, a term inversely
proportional to the position, and an exponential force. The
constant force is responsible for spreading the phase front to
the outside; in contrast, the exponential force causing the phase
front propagates towards the position of the dissipative soliton
in the center. The balance between these forces generates an
equilibrium position for the phase front, which is consistent
with the observed dynamics. At dominant order the phase
dynamics is affected in two spatial dimensions by an extra
term, which is inversely proportional to the distance. The
exponential term is modified by a logarithmic correction.
Therefore, for large distances the phase shielding soliton
dynamics in two dimensions is similar to that observed in
one dimension.

Similarly to Sec. II B2, we can include higher-order
corrections in the amplitude of the modulus and get more
accurate solutions for the structure and dynamics of phase
fronts in two spatial dimensions. This allows us to understand
that PSSs are composed of dissipative solitons with a different
homogeneous phase (see Sec. II B2).

V. FORCED MAGNETIC LAYER

An easy-plane ferromagnetic layer submitted to an external
parametric forcing has been analyzed within the framework of
the LLG model. Such a system exhibits the formation patterns,
domain walls, and localized states near a parametric resonance.
By means of the amplitude equation, an interaction law of 2D
localized precession states has been derived [32]. However, the
magnetic layer lacks a phase numerical study for its localized
structures.

Let us introduce the main features of the description
of a parametrically forced magnetic layer. Let us consider
an anisotropic Heisenberg ferromagnetic layer formed by
Nx × Ny classical spins or magnetic moments exposed to
an external magnetic field, which is contained in the plane
(x,y) and oriented in the direction x̂ ≡ (1,0,0). Following
the one-dimensional analysis exposed in Sec. III, we can find
that the motion of the magnetization field is governed by the
Landau-Lifshitz-Gilbert equation [31]

∂τ M = M × [∇2
⊥M − β(M · ẑ) + He − α∂τ M], (58)

where ∇2
⊥ ≡ ∂xx + ∂yy is the Laplacian operator and M =

S/Ms stands for the unit vector of the magnetization, with
Ms the saturation magnetization. Again, we have considered
a normalization of scales and parameters {τ → γMst,β →
4D/γMs,He → gμH/γMs}, where β > 0 is the uniaxial
easy-plane anisotropy constant and α is the damping param-
eter. Like the one-dimensional case, the presence of damping
α > 0 and an external and constant field He = H0x̂ leads to
a magnetization in the direction of the external field M = x̂.
When spatial coupling is ignored, it is easy to show that the
dynamics around this equilibrium is described by a nonlinear
oscillator with natural frequency ω0 = √

H0(β + H0).
Given that the magnetization components are proportional

to the external magnetic field, it acts as a parametric forcing.
Applying an external magnetic field with both a constant and
a time periodic part of the form He = [H0 + � cos(ωt)]x̂,
oscillating about twice the natural frequency ω = 2(ω0 + ν),
where ν is the detuning parameter, the system exhibits a

parametric resonance at �2(β/4ω0)2 = α2(β/2 + H0)2 + ν2

for small {ν,H0,α,�}.
The inclusion of spatial coupling yields the formation of a

localized state near the parametric resonance. To understand
the dynamics of such a state, in the quasireversible limit � ∼
ν ∼ α � ω0 and close to the parametric resonance, we can
introduce the following ansatz into (58):

Mx ≈ 1 − M2
y + M2

z

2
, My ≈ 1

H0

[
1 + �

H0

]
Ṁz,

(59)

Mz ≈ 4

√
ω0H0

β
(
ω2

0 + 3H 2
0

)ψ(ρ,t)ei(ω0+ν)t + c.c.

After straightforward calculations and imposing a solvability
condition for the corrections of the above ansatz, we find
that the system can be described by the parametrically driven
damped nonlinear Schrödinger equation

∂tψ = −iνψ − i|ψ |2ψ − i∇2
⊥ψ − μψ + γ ψ̄,

with γ = β�/4ω0 and μ = (β/2 + H0)α.
As we have discussed early, there is not an analytical

solution for the two-dimensional PDNLS equation. However,
from the approximated localized state (48), one can infer that
for negative detuning, the localized breather magnetic solution
appears by a saddle-node bifurcation when dissipation and
energy injection are equal (γ ∼ μ and ν < 0). Furthermore,
this solution is unstable when the uniform magnetization
M = x̂ becomes unstable at the Arnold tongue (γ 2 = ν2 + μ2

and ν < 0). The modulus width and height are given by
√

2δ

and 1/
√

δ, respectively.

A. The PSS in the magnetic layer

Numerical simulations in appropriate parameter regions of
the magnetic layer show clearly the formation of localized
precession states. Previous studies have performed a numerical
fit of the magnetic solution with the approximative solution
(48), showing good agreement [43]. According to our analysis
of the 2D PDNLS equation, an easy-plane ferromagnetic layer
submitted to a external magnetic field that combines a constant
and an oscillating part should present a shell-type phase
structure. To capture the dynamical behavior of the phase,
we perform numerical simulations of the Landau-Lifshitz-
Gilbert equation (58) over a square grid L × L for L = 512.
This system size is large enough to exhibit PSS formation
(based on the results that we have obtained in one spatial
dimension). Following the Hilbert transform technique, we
have reconstructed the phase. Figure 18 depicts a snapshot
of a localized magnetic state for H0 = 0.1000, λ = 0.0100,
β = 1.0000, ν = −0.0035, and � = 0.0081. As we expected,
a stable shielding phase is formed surrounding the soliton.
In the same figure, we show the corresponding soliton
solution.

As in the 1D magnetic case, this shell-type structure
is always symmetric having a 2π rotation. A modulo 2π

periodicity is also present. The phase front also reaches its
stationary state closer to the typical slot present in the center.
This produces a bell-like shape as we can observed in Fig. 18.
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FIG. 18. (Color online) Phase shielding soliton obtained by a
numerical simulation of Eq. (58) in a square magnetic plane L × L

with L = 512, H0 = 0.100 00, β = 1, h1 = 0.008 00, α = 0.019 00,
and ν = −0.003 94. The reconstructed phase in two dimensions
φz(ρ,ρz) and the amplitude field R(ρ) are represented simultaneously.
The bell-like shape reveals the presence of the characteristic slot,
observed also in the 1D case, in the center of the plane.

In this situation, the slot is smaller that in the 1D case and it
can be appreciated at the top of the phase structure.

Despite the numerical simulations revealing a stationary
phase structure around a precession state—a phase shielding
soliton—a deeper study is required to establish qualitatively
and quantitatively the effect of the nonlinear corrections over
the phase dynamics.

VI. CONCLUSION

Parametrically forced systems exhibit oscillatory localized
solutions, which are an extension to dissipative systems of
conservative breathers. We have shown the emergence and
characterization of unexpected phase structures surroundings
the modulus of a localized state: the phase shielding soliton.
Different types of localized states have been observed in
numerical simulations. The appearance of each phase config-
uration strongly depends of initial conditions. A slight change
of these conditions can lead to a different phase shielding
structure using the same system parameters. However, a full
comprehension of their basin of attraction as well as their
stability is an open question.

Because of the universality of this phenomenon, we have
described this type of oscillatory localized state in the
context of the parametrically driven and damped nonlinear
Schrödinger equation. Considering the asymptotic behavior
of the amplitude solution away from the soliton position,
we have derived an analytical expression for the front
phase in a semi-infinite domain. The stationary phase front
represents heteroclinic orbits in the {ϕ,∂ϕ} space. Such
states present different types of configurations. The dynamical
behavior of these fronts exhibits a nonuniform translation
that is ruled by two antagonistic forces generating stable
equilibria.

A deeper analysis of numerical simulations reveals that
PSS solutions are composed of two qualitatively different

regions: inner and outer regions. Both regions are separated by
a crossover point between the exponential decay rates of the
stable and the unstable UPS solution. Therefore, the PSSs are
composed of both UPS solutions.

We investigate the PSS stability by means of numerical
analysis. We find that the phase stability is dependent on
the system size L. Below a critical value of L, the phase
remains uniform, but for large enough values of it, the system
destabilizes through an Andronov-Hopf bifurcation. We also
show that the system also presents an instability for a given L,
but for large values of the amplitude or the frequency of the
forcing {γ,ν}. Hence the shielding phase solutions exist in a
wide parameter region far from the limit μ ∼ γ . Both critical
values are related to the length of the inner region, i.e., to the
exponential decay of the stable solution.

To confirm the presence of the shell-type phase structure in
parametrically driven solitons, we have studied an anisotropic
Heisenberg ferromagnetic chain formed by N classical spins
or magnetic moments subject to an external magnetic field.
As we expected, the phase of the dissipative soliton exhibits
the formation of two counterpropagative fronts, analogously
to those observed for the PDNLS model.

A feature characteristic of this phase structure is the
presence of a pronounced slot close to the position of
dissipative soliton. Such large phase variation is a result of
the nonlinear corrections of the envelope. These corrections
corresponds to higher-order terms that are not taken into
account in the amplitude equation approach at dominant
order. Such corrections are negligible far from the position
of dissipative soliton but become relevant in the phase near the
soliton core.

The presence of corrective terms also affects the phase
dynamics itself, as the phase front dynamics is led by an
exponentially small force. This is notorious in the magnetic
wire where the corrective terms cause the phase front solutions
to reach their equilibrium states closer to the soliton position.

Recent studies have demonstrated that the parametrically
driven and damped nonlinear Schrödinger equation does not
account for all the localized structures observed in magnetic
wire [32,44]. Consequently, the inclusion of higher order terms
in the PDNLS equation is necessary for a complete description
of phase front dynamics.

We have extended the phase analysis to the two-dimensional
case. The parametrically driven and damped nonlinear
Schrödinger equation exhibits two types of configurations: an
axially symmetric state and a semiaxial symmetry composed
of two semicircular fronts. The phase front dynamics is also
well described by a Newtonian-type equation in the asymptotic
limit of large distance (ρ → ∞). We have derived a dynamical
equation that predicts a stable equilibrium position for the
front and accounts for the shell-type phase structure. It is
worth noting that the phase front dynamics is led again by
an exponentially small force. Hence small perturbations can
change radically shell-type phase structures of phase shielding
solitons.

We investigate the phase behavior of oscillatory dissipative
solitons in an anisotropic Heisenberg ferromagnetic layer
formed by Nx × Ny classical spins or magnetic moments ex-
posed to an external magnetic field. The numerical simulations
show the existence of a complicated structure for the phase.
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The characteristic slot, observed in 1D systems, is also present
in the 2D case. As before, the relevance of the corrective terms
is evident.

The presence of corrective terms has another interesting
consequence. Usually the corrective terms are related to the
particular physical problem under study. The particularity of
these additional terms can produce the observation of different
phase phenomena for different physical systems. Therefore,
we expect the observation of a variety of different phenomena
in other physical systems. Still, a broader analysis of different
systems, in order to establish the effect of each corrective term,
is required.

In brief, close to the parametric resonance, one expects
that the dynamics is well described by the parametrically
driven and damped nonlinear Schrödinger equation. Indeed,
this amplitude equation has been derived in several physical
contexts to describe the appearance of patterns and localized
states. Far from the parametric resonance, the PDNLS equation
has been used as prototypical model of the dynamics. We

show that the localized state exhibited by this model has
an unexpected and intriguing shell-type phase structure. We
expect that this type of phase behavior would be observed
on several parametrically driven systems such as mechanical,
optical, granular, fluid, magnetic, and chemical systems.
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F. John, Texts in Applied Mathematics, Vol. 3 (Springer, New
York, 1991).

[29] A. B. Ustinov, V. E. Demidov, A. V. Kondrashov, B. A.
Kalinikos, and S. O. Demokritov, Phys. Rev. Lett. 106, 017201
(2011).

[30] A. B. Ustinov, B. A. Kalinikos, V. E. Demidov, and S. O.
Demokritov, Phys. Rev. B 81, 180406 (2010).

[31] G. Bertotti, I. D. Mayergoyz, and C. Serpico, Nonlinear
Magnetization Dynamics in Nanosystems (Elsevier, Amsterdam,
2009).

[32] M. G. Clerc, S. Coulibaly, and D. Laroze, Europhys. Lett. 90,
38005 (2010).

[33] I. V. Barashenkov and E. V. Zemlyanaya, Phys. Rev. E 83,
056610 (2011).

[34] J. Claerbout, Fundamentals of Geophysical Data Processing
(McGraw-Hill, New York, 1976).

[35] A. V. Oppenheim and R. W. Schafer, Digital Signal Processing
(Prentice Hall, Englewood Cliffs, NJ, 1975).

052915-16

112



PHASE SHIELDING SOLITON IN PARAMETRICALLY . . . PHYSICAL REVIEW E 87, 052915 (2013)

[36] M. Cross and H. Greenside, Pattern Formation and Dynam-
ics in Nonequilibrium Systems (Cambridge University Press,
New York, 2009).

[37] L. Berge, Phys. Rep. 303, 260 (1998).
[38] W. S. Edwards and S. Fauve, J. Fluid Mech. 278, 123

(1994).
[39] P. B. Umbanhowar, F. Melo, and H. L. Swinney, Nature (London)

382, 793 (1996).
[40] R. Heinrichs, G. Ahlers, and D. S. Cannell, Phys. Rev. A 35,

2761 (1987).

[41] C. Sulem and P.-L. Sulem, in Nonlinear Schrödinger Equations:
Self-Focusing and Wave Collapse, edited by J. E. Mardsen and
L. Sirovich, Applied Mathematical Sciences, Vol. 139 (Springer,
New York, 1999).

[42] I. V. Barashenkov, N. V. Alexeeva, and E. V. Zemlyanaya, Phys.
Rev. Lett. 89, 104101 (2002).

[43] O. Bang, Y. S. Kivshar, A. V. Buryak, A. De Rossi, and S. Trillo,
Phys. Rev. E 58, 5057 (1998).

[44] M. G. Clerc, S. Coulibaly, and D. Laroze, Europhys. Lett. 97,
30006 (2012).

052915-17

113


	Abstract
	Agradecimientos
	I Introduction & Conceptual Overview 
	Solitons in Nature
	Theoretical Background
	Parametric resonance.
	Amplitude equation.
	Fredholm method.

	Hilbert transform.
	Hilbert transform relations for complex sequences.



	II Solitons in Parametrically Forced System
	Dissipative Solitons
	Parametrically Driven and Damped Nonlinear Schrödinger Equation
	The universality of the PDNLS model.
	The bifurcation scenario of PDNLS
	Uniform phase solitons in PDNLS
	UPS in two–dimensional systems


	III Control of Dissipative Localized Structures
	Non-propagative Hydrodynamics Solitons in Inhomogeneous Media
	Hydrodynamic soliton motion in a tilted basin
	Experimental setup and procedure
	Experimental results

	Theoretical description
	Dissipative solitons in homogeneous media
	Effect of channel inclination 



	IV Phase Shielding Solitons
	Phase Shielding Solitons in PDNLS
	Preliminary numerical results
	Analytical approach to dominant order
	Higher order corrections

	Phase front dynamics
	Stability analysis for uniform phase soliton

	Phase Shielding Solitons in Two-Dimensional System
	Numerical observation of phase shielding solitons in 2D–PDNLS
	Phase front profile in 2D
	Phase front dynamics

	PSS in Physical Systems
	Magnetic wire
	PSS in the magnetic wire

	Forced magnetic layer
	PSS in the magnetic layer


	Conclusions & Future Work
	Bibliography
	Appendices
	Contributions
	Can non-propagating hydrodynamic solitons be forced to move?
	Dissipative localized states with shieldlike phase structure
	Phase shielding soliton in parametrically driven systems



