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On integral kernels for Dirichlet series associated to Jacobi forms

Yves Martin

ABSTRACT

Every Jacobi cusp form of weight & and index m over SLa(Z) x Z? is in correspondence with 2m
Dirichlet series constructed with its Fourier coefficients. The standard way to get from one to the
other is by a variation of the Mellin transform. In this paper, we introduce a set of integral kernels
which yield the 2m Dirichlet series via the Petersson inner product. We show that those kernels
are Jacobi cusp forms and express them in terms of Jacobi Poincaré series. As an application, we
give a new proof of the analytic continuation and functional equations satisfied by the Dirichlet
series mentioned above.

1. Introduction

Let & be the space of cuspidal modular forms of integral weight k£ over the modular group
SLo(Z). This is a finite-dimensional C-vector space equipped with a positive-definite Hermitian
form (,) called the Petersson inner product.

Any f in &y is determined by its Fourier series representation

f(r) = anexp(2mint) (1€ C,S(r) >0), (1.1)
n=1
with complex coefficients a,, = O(n*/?).
On the other hand, any sequence of complex numbers {a,}52; with polynomial growth
defines the Dirichlet series

L(f,s) = iann_s (s € C,R(s) > 0),
n=1

and the completed Dirichlet series

A(f,s) = (2m)"°T(s)L(f, s).

In 1936, Hecke [10] proved that the Fourier series (1.1) represents a cusp form f in &y, if and
only if A(f, s) admits an analytic continuation to the whole complex plane, such a continuation
is bounded on any vertical strip and satisfies the functional equation A(f,s) = i*A(f,k — s).
This important result is known as Hecke’s converse theorem.

One way to get A(f,s) from the Fourier series f is via the Mellin transform, for example,

[e.e]
| st ay=acr.9).
y=0

Alternatively, one can use an integral kernel. Namely, if

Q)= Y GlM](r), (1.2)
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where ¢4(7) = 77° and | denotes the usual slash operator used in the theory of modular forms,
then QF(7) € &, for 1 < R(s) < k — 1, and

™ T'(k—1)
2k=2emis/2 D($)I'(k — s)

QF f) = A(f,k—s) forall f €&, (1.3)
Here, f(7) := f(— ) where the bar in the right-hand side denotes complex conjugation.

The study of kernel functions similar to (1.2) in the theory of modular forms was pioneered
by Petersson [19]. The introduction of the particular series (1.2) is due to Good [7], who used
it to get positive lower bounds for the sum }_. |A(fj,s)?, where {f;}; is any orthonormal
basis of & and k/2 < s < (k+1)/2, if k£ > 0. (Good’s paper is quite general, as he deals with
finitely generated Fuchsian groups of the first kind.) Another application of the cusp form (1.2)
to a non-vanishing problem of L-functions is developed by Kohnen [14], and a generalization
of it to the theory of Siegel modular forms is presented by Kohnen and Sengupta [15].

From the Eichler-Shimura isomorphism theorem, one could guess that the cusps forms Q¥ (7)
with s =2,3,...,k — 2 are particularly important. They were first considered by Cohen [2],
and have been studied and used by several authors since then. (For example, Diamantis and
O’Sullivan [3], Fukuhara [5], Fukuhara and Yang [6], Kohnen and Zagier [16].) For a recent,
comprehensive look at the properties of (1.2), see [3].

The main purpose of this work is to show the existence of integral kernels (in fact, a set of
2m kernels) analogous to (1.2) and identities similar to (1.3) in the case of Jacobi cusp forms
of weight k and index m over the Jacobi group SLo(Z) x Z2.

Jacobi forms. A Jacobi form is a generalization of the classical concept of modular form.
Important examples of the former are theta functions in two variables and Fourier—Jacobi
coefficients of Siegel modular forms over Sp,(Z). Even though some Jacobi forms have been
around for a long time, the systematic study of these objects is more recent (see [4] for a good
introduction to the subject).

Let k and m be positive integers, fixed from now on. As in the case of elliptic modular forms,
the set J, P of weight k, index m Jacobi cups forms over the group I'’ := SLy(Z) x Z? is a
finite-dimensional C-space with a Petersson inner product < , >.

Every f € J)” has a Fourier series representation in mtegral powers of exp (2wiT) and
exp (2miz), Wthh can be written as a combination of 2m Fourier series in the variable T and
certain theta functions ©,, (7, 2);

= Z fu(T)Ompu (1,2)  where f,(1) = Z cu(D) exp <7ri2?n7—>. (1.4)
=1 D=1

In [1], Berndt introduced the 2m-tuple of Dirichlet series L, (f,s) = (4m)* > 5_, cu(D)D~*
(1 < o < 2m) associated to the Jacobi cusp form f, and in [18] the author proved the following
analogue of Hecke’s converse theorem.

A combination of theta functions f as in (1.4) is in J; P if and only if the 2m Dirichlet
series A, (f,s) := (2m)~*T'(s)L,(f,s) have analytic contlnuation to the whole complex plane,
such a continuation is bounded on vertical strips, and they satisfy the system of 2m functional
equations

Ao (f s)—izflex (m'aﬁ)A (k—s—l) (I1<a<2m) (1.5)
al\t, _\/% = p m ¥6] 9 B X . .

Results. To any f in J;'P with series representation (1.4), let us associate the function

f(r,2) :== f(=7,—%) (the bars in the right-hand side denote complex conjugation). It is not
difficult to see that f is a Jacobi cusp form in Ji'P, and that its series representation is (1.4)

with coefficients ¢, (D) instead of ¢, (D).
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Let H := {7 € C|Im(7) > 0} be the complex upper half-plane and Q " :H x C — C be the
function given by the series

QT 2) = Y bt sl ] (7,2),

heHI\T'/

where ¢y, (7,2) := 7% exp (=2mim(z — t,)?/7), s is a complex number, t, € (2m)~1Z, H” is
the subgroup of I'’ given by H” := {Id} x Z x {0} and |, is the slash operator used in the
theory of Jacobi forms. Our main result is the following.

THEOREM 1.1. Let k and m be positive integers with k > 6 and t, € (2m)~'Z.
Ifs € Cwith1 < R(s) < k — 3, then the series QZZZL(T, z) defines a Jacobi cusp form in Jy*P.
Moreover,

m ™ 'k — 3/2 _ -
(03 ) = 57 grior T(s — /2T Zexp ~2mipito) Ay (f, k = s),

for all f € J;''F and all s € C with § < R(s) < & — 2.

§

The identity in this theorem is the analogue of (1.3) that we are after. It is clear from it that
a linear combination of the functions Qt ”; with t, € Z/2mZ yield an integral expression for
each A, (f,k — s). Alternatively, one could use the functional equations (1.5) in order to get
an integral representation for every A, (f,s — 1).

The restriction 2 < R(s) < £ — 2 in the theorem can be replaced by the extended vertical
strip 2 < R(s) < k — 3 via the analytic continuation of both sides of the equation (see final
remark of the paper).

Let us recall something else from the classical case. The representation of the cusp form QF

in terms of Poincaré series is

QISC(T) - eTK‘ZS/2F Zns 1P

n=
where the nth Poincare series is defined as Py, (7) := 3 yrer_\s1,(z) €XP (2min7) [, [M], and
I' is the stabilizer of infinity in SLy(Z).
If we consider the corresponding collection of Poincaré series in the case of Jacobi forms,
namely,

Pk,m,(n,r) (Ta Z) = Z exp (27”(”7 + TZ))|k7m[h]7
heT I \I'7

where I'Z_ is the stabilizer of infinity in I'/ and n,r € Z with 4mn > r2, we can prove a similar
statement for the new kernel functions.

PROPOSITION 1.2. Let k and m be positive integers with k > 6 and t, € (2m)~1Z.
If s € C with 1 < R(s) < k — 3, then

(2,”)571/2
emis/2 T(s—1/2) v2m ;exp

S D\? 3/2
x ) (4m) P ((D-+142) /4m,) (T 2)-
D=1

4m|D+p?

QP(r,2) = (—2mipt,)
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Note that the previous formula yields all Fourier coefficients of QfﬂT in closed form, as the
Fourier expansion of every Py ,,, (n,r) is known (see [9, p. 519]).

Note also that the same formula can be used to get a second proof of the identity given
in Theorem 1.1, as the inner product (f, Py, (n,r) is essentially equal to the coefficient of
exp (2minT) exp (2mirz) in the Fourier expansion of f (see [9, p. 519]). We do not pursue this
line of reasoning here though.

As an application of our main result, we present a new proof of the analytic properties
satisfied by the series A,(f;s) (1 <8 <2m). They were first established in [1] utilizing
a variation of the Mellin transform (see also [18]). Here, we obtain those properties from
Theorem 1.1.

PROPOSITION 1.3. Let k and m be positive integers with k > 9 and f € J;'P.
Then every completed Dirichlet series A, (f,s), with 1 < p < 2m, admits an analytic
continuation to the whole complex plane, and they satisfy the set of 2m functional equations

B ’ik 2m Mﬁ B 1
As(f,s) = Ner > exp (mm>A# (f,k;— 5 — 2) (1<3<2m).
pn=1

This article is divided into five sections. In the next one, we recall the basic definitions and
properties of Jacobi forms which are needed in the rest of the paper. In Section 3, we introduce
the kernel functions via infinite series and prove their convergence on a vertical strip of the
s-plane. In Section 4, we give a proof of Theorem 1.1. Finally, in Section 5, we give proofs of
Propositions 1.2 and 1.3.

Notation. Throughout this article, Id denotes the 2 by 2 identity matrix, we abbreviate
the exponential function as e(w) = exp (2miw) for any w € C, put e”(w) = exp (2mwimw) for
m € Z, and we write o(w) (respectively, S(w)) for the real (respectively, imaginary) part of
the complex number w. Also, we always set w® := exp (slogw) for any w € C — (—o00, 0] and
s € C, where logw = log|w| 4+ iargw with —7 < argw < m. Throughout Section 3, we denote
by B(r,r) (respectively, D(r,r)) the hyperbolic (respectively, euclidean) open ball of centre 7
and radius 7.

2. Basic definitions

Let G be the real Jacobi group, namely, the set of triples h = [,Y, (], where v € SLy(R),
Y € R? and ¢ € S! := {w € C||w| = 1}, together with the product

hihg = |:’Yl’)/2, Yiv2 + Y2, (1¢2 exp (27Ti det (Y;,ZQ)H .
This group acts on ‘H x C. Namely, any h = [7,Y, (] in G’ with components
= (Z Z) € SLy(R) and Y = (A1) € R?,
send the pair (7,z) € H x C to
h-(r,2) =h(r,z2) = (

For positive integers k and m, let ji., : G x H x C — C be the 1-cocycle

—c(z + AT+ v)?
ct+d

ar+b z+ AT +v
cr+d er+d

jk,m(h77—7 Z) = Cm(c,r+d)7kem ( +)\2T+2AZ+>\V) .
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This map is used in the definition of a G'/-action on the collection of holomorphic functions
f:H xC — C, namely

f‘k,m[h] (1,2) = jk,m(hv 7, 2) f(h(T, 2)).

The semi-direct product T'/ = SLy(Z) x (Z? x {1}) is a discrete subgroup of G/ which plays
a central role in this theory. For convenience, we drop the 1 in the third component of its triples
from now on.

DEFINITION 2.1. Let k and m be positive integers. A Jacobi form of weight k and index
m over I'V is any holomorphic function f : H x C — C which satisfies

k,m[h] = fv
for every h € I'V, and has a Fourier series representation

flomlo™5,0,0,1)(r,2) = Y eoln,r)e <t”7) e (;z) : (2.1)

n,rez a g
4mnt<,>r2

for each o € SLy(Q). Here, t, is a positive integer depending on o~!(cc0) € Q U {oc}.

The set Jj , of all these functions is a finite-dimensional C-vector space. A very important
subspace of it is J;''", the space of Jacobi cusp forms. It is defined as the set of functions
fin Jg m such that all its series representations (2.1) are indexed by integers n,r such that
4mnt, > r?. In particular, any f in J; ¥ has a series representation

f(r,z) = Z c(n,r)e(nt)e(rz) (c(n,r) € C). (2.2)

n,rez
Amn>r?

Set ¢, (D) := ¢(n,r) if D = 4mn — r2. Some of the functional equations in Definition 2.1 imply
that (2.2) can be written as

- D
qu mu (T,2)  where f,(1) = Z cu(D <4mT) ) (2.3)

=1

and ©p ,(7, z) denotes the theta function

2
Oru(r,2) = Z e <iLT) e(lz) (L,p€e€Z, L>0).
lzl;LE(%L)

The representation (2.3) is called the theta decomposition of f (at infinity). As in the case
of elliptic cusp forms, any f in J; P with series representation (2.2) determines a constant
K € R such that

lc(n, )| = |e-(D)| < KD/ for all n, r. (2.4)

DEFINITION 2.2, To any f in J;''P with theta decomposition (2.3), we associate the 2m

Dirichlet series
oo

D —S
Zcu ( ) for p=1,2,...,2m.

=1

Also, we set A, (f;s) := (2m)~°T'(s)Lu(f; s), where I'(s) is Euler’s gamma function.
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By (2.4), each of these series is uniformly convergent on compact subsets of the complex
half-plane Re(s) > 1+ k/2.

In this work, we often use the following parametrization of H x C; a pair (7,2) in H x C
is identified with (z,y,p,q) in R* if and only if 7 = +iy and z =pr +¢. In terms of
these variables, the G”-invariant volume element in H x C is given by dV = dV(r,z) :=
y~2dx dydpdg.

Consider next the function py ., : H x C — C given as

i (7, 2) 1=y % e (pPiy) = S(r)* 2 e (i((zT)) Z) '

It satisfies

Pk (T, 2) = |eT + d|k

m (c(z + AT +v)?
em (2 TATTE)

— 2 —
p— AT 2)\z) ‘ fiem (W(T, 2)), (2.5)

for any h = [(2Y),\v,¢] in G (see [20, p. 177]). From (2.5), one deduces that the function
f(7,2)g(7, 2) e, m (7, 2)* is T'/-invariant whenever f and g are in J; "

,m "

DEFINITION 2.3. The Petersson inner product of two cusp forms f, g in J;'>F is

Uw%=J f(7, 2)g(r, 2) €™ (2pPiy)y* V.
'\ HxC

3. The kernel function

The complex-valued map on ‘H x C given by

ol z) = e (ZEEE) 1)

T

is well defined for any complex number s and any real parameter t,. Straightforward
computations yield the identity

G1yslemId, A, v, 1)(7,2) = €™ (—=Av) €™ (2Mt0)P—ptt, s(T,2) for all \,v € R, (3.2)

and show that H”/ := {[Id, \,0]| A € Z} is contained in the stabilizer of ¢;, (7,2) in I'/. In
particular, one has ¢, s(7,2) = ¢o.s|k,m[Id, 0, —t,, 1](7, 2) for all ¢, € R. For the purposes of
this work, it suffices to consider ¢, in (2m)~1Z.

The following series is the main object of study in this article and our proposed analogue of
the kernel (1.2).

DEFINITION 3.1. For t, € (2m)~!Z and s € C, let

A r,2) = > b sl BT, 2).

heHI\I'7

Formally, QZTV,S = QfoT for all v € Z by (3.2), hence the collection {Qf;ﬁ}toe(zm)flz has at
most 2m distinct series. The rest of this section is devoted to establish a region of convergence
for all these series. To this end, we start with some simple remarks, prove a technical lemma,
and then give a proof of Proposition 3.4, which exhibit such a region.
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REMARK 3.2. (a) A complete, minimal collection of coset representatives for the elements
in H/\I'/ is
{[1d, 0,v][M,0,0] |[M € T,v € Z} CT”. (3.3)

(b) From equation (2.5), one gets

|6t0.s |k [W](T, 2) 10, (7, 2) = [64,,5(h(7, 2) |1 (BT, 2))  for all h € T (34)

(¢) Any hyperbolic ball is an euclidean ball. In particular, the hyperbolic ball B(r, %) of
centre 7 = x + iy € H and radius % is equal to the euclidean ball D(7g,7¢), of centre 79 =
x + iy cosh (1) and radius ro = ysinh (3).

(d) The invariant height function of the group I' = SLy(Z) is the real-valued map on H
defined as

3(7)p = max I(M(7)).

There exists a positive constant c¢p > 1 such that
1
S(r)p < cr (y + ) forany r=x +iy e H (3.5)
Y
(see, for example, [12, Lemma A.1]).
LeEMMA 3.3. For every (7,z) € H x C, there exists R = R, > 0 such that the image of

B(1, 3) x D( 3) € H x C under any h = [M,0,0] € I'/ is contained in the cartesian product
B(M(T) R D(O,R).

Proof. Let ( z') be any point in B(7,4) x D(z,1) and (7", 2") = h(', ).
Then 7/ = M (') € B(M (1), ) since any M € I is an isometry of the hyperbolic plane. On
the other hand 2" =2 (et + d) , where M = (2%). Thus,
/12
|2")? = Q%(M(T/)) where 7" = 2’ + iy’ with 2’,y’ € R. (3.6)

Let p(7,7’) be the hyperbolic distance between 7 and 7/. Then 7/ € B(r, 1) if and only if
cosh p(7,7') < cosh (%). This inequality can be written as

|7 — 7|2 1
1+ W < cosh 5
see, for example, [11, p. 7]), which in turn yields

( P P y

/

y oy (y —y)? (2 —x)* 4+ (y —y)? 1
L4 L =142 L1 <cosh| = ).
2y * 2y’ * 2yy’ * 2yy’ o2

Let C' = 2cosh (). The argument above shows that for any 7 in B(r, 1), one has y' < Cy and
y < Cy’. From the last inequality, (3.6) and 2z’ € D(z, 3), we get the relauon

1 2
P < PEsu) < (1414 5) S0,

As M(7'") € B(M (), %), we have that I(M(7')) < CI(M(7)). Hence, I(M (7)) < C3(7)p,
where (7). is the value at 7 of the invariant height function (item (d) in Remark 3.2). From

these inequalities and (3.5), we obtain

C? 1
w%<<v+)@@+).
) Yy



74 YVES MARTIN

Let R=C(|z| + 1)ery/1+1/y?. Then the last inequality yields (7”,2”) € B(M(1),%) x
D(0, R), and the lemma follows. O

PROPOSITION 3.4. Let k> 6, t, € (2m)~'Z and s € C.

If 1 < R(s) < k — 3, then the series Qf:';(r, z) is absolute and uniformly convergent on any
compact subset of H x C.

In particular, fog (1, 2) defines a holomorphic function on H x C for any such s.

Proof. For any (7,z) € H x C, consider the hyperbolic ball B(r, §) and the euclidean ball
D(z,3). As mentioned in item (c) of Remark 3.2, B(r, 3) = D(79,70) for certain 7o € H and
rg > 0.

Since the function ¢y, ¢|k.m[h](7,2) is holomorphic on H x C for every h € I'/, Cauchy’s
estimate theorem for holomorphic functions on several variables yields

16t sl B, 2)| < —o

ﬁj | Bt slkm [P (T, 2")| da’ dy du’ do, (3.7)
T2y JD(70,m0)x D(2,1/2)

where 7/ = 2’ + iy’ and 2/ =« +iv’ with 2/, ¢/, v/, v € R.
Now we observe that the real-valued map (77, ') — pgm (7', 2')y’ "> is continuous on H x C,

and therefore has a minimum value on the closure of D(79,79) X D(z, 1), say m, .. Then

1< fgom (', 2 )y 2

mr

s

1
for all (7/,2") € D(m9,70) x D (z, 2).

If we use the last inequality, then replace D(7,79) by B(r, %) in the domain of integration
of (3.7), and change the cartesian coordinates of z’ by the real variables p’, ¢’ such that 2z’ =
p'T" + ¢, we get from (3.7) the relation

)
7727’3"%2 B(7,1/2)xD(z,1/2)
This expression, valid for all h € T/, together with (3.4) yield
2727727’87”772 Z |0, lk.m[R)(T, 2)]

heHI\I

|0t5,51km[P)(T, 2)| < |6t5.5lkm [P (7', 2) |t (77, 2) AV (7, 21).

<
heHI\I'7

| a2l (17, 2)) AV ()
B(r.1/2)xD(2,1/2)

|6t,.5 (7, 2Dt (77, 2) AV (7, 2").

heHID? Jh(B(‘r,l/2)><D(z,1/2))

Next we consider the set (3.3) of coset representatives for the elements in H/\I'/ and use
the previous lemma in order to get

27271'2’)"(2)7’)1.,-% Z ‘¢tn,s‘k,m[h](77’z)|
heHI\T7

Z Z ‘(25,50,3(7'/,Z/)‘/Jk’m(T/,Z/) dV(T/’Z/)

MeTl veZ [1d,0,v][M,0,0]-(B(7,1/2)xD(z,1/2))

Z Z |Pto,s (T 2 )ttt (77, 27) AV (77, 27)

Mel vez Y 1d,0,0]-(B(M(7),1/2)xD(0,R))

> (btys (7' 2 )t (7, 2 AV (77, 21), (3.8)

Mel veZ” B(M(T),1/2) JD(V,R)

N

N

N
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for some positive real number R (which depends on (7, 2)).
In order to get an upper bound for the last double series in (3.8), we first look at

S| e ' ) ol
ver D(v,R)

for any fixed M €T and any fixed 7/ =2’ + iy’ € B(M(7), ). If we write 2’ in terms of its
cartesian coordinates 2’ = u’ 4+ iv’, and use the fact that the multiplicity of any complex number
in the disjoint union (J, ., D (v, R) is at most 2R, then we obtain the inequalities

Zj (60,0 (7', 2t ( ') dpf g’

vez, ! D(v,R)
S 2RJ |ty (T, ZI)|/1'k,m(7J7Z/)y/_1 du' dv’
UIJEZ D(VvR)
oo R .
) QRJ J (Bt (7's 2tk (7', 21y~ ' (3.9)
u'=—o00 Jv'=—R

By (3.1) and the relation 2’ = p'7" + ¢/, we can write this double integral as

S

u'=—oc0 Jv'=—R Tlse ad

1 _ o0 R /o to 2

5|V ”WJ J e <(q ,|2) iy’) du do. (3.10)
—R T

/s
T u'=—o0 Jv'=

e (p'Qiy’)y'_1+k/2 du' dv'

Let us switch to the variables p’, ¢’ again. As p’ = v'/y’ and ¢’ = v’ — p’z’, we have

oo R / 2
q —t .
(D B G = O
u'=—o0 Jv'=—

0o R/y’ )2
:J J em <(q : 20) iy') y dp dg
q'=—o0 Jp'=—R/y’ ]

0 A 2 oo PP
- 2RJ em (sz’) dq' = QRJ e~ @rmy'/IT'E g5
q'=—o0c0 |T | G=—00

The last expression is obtained after the change of variables ¢ = ¢’ — t,. This integral is well

known and equal to 2R|7’|/v/2my’ (see, for example, [8, p. 336]). Hence, from (3.9), (3.10) and
the last remark, we may conclude

/ 1 _
ZJ |¢to,s(7/a Z/)|,uk,m(7-/a Z/) dp/ dq/ < %R2 -1 y/(k 3)/2' (311)
VEL D(v,R) T
Consequently, from (3.8) and (3.11), we obtain the upper bound
2727727‘87717—72 Z ‘Qi)to,s k,m[h] (7’, Z)|
hEHI\D7
8 1 _
<4/ —R? Z J e y’(k D2 gy dy'. (3.12)
Mmoo rerdBM(r)1/2) | T

At this point, we observe it is possible to use part of the proof of [3, Proposition 5.1] in our
case, and we do so. First, we recall from Remark 3.2(c) and the proof of Lemma 3.3 that

1 1
To =  + iy cosh <2>, ro = ysinh <2)

1 1 1 2
and R = 2cosh <2>CF <|Z+2> @
)

(3.13)
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Secondly, we obtain an explicit value for m, , assuming the condition £ > 6.
If (7/,2) is in B(7,3) x D(z, %) = D(79,70) x D(z, 3), then
ye V% <y <ye'’? and wv-— 1< <v+i

Hence, if we consider the square S = [ye~ /2, yel/?] x [v — 1,0+ 1] CR?, then we have that
m,, is the minimum value of the map fixm : S — R, fgm(y,v") = y’_3+k/2 em(v’Qi/y’). A
straightforward computation yields that the partial derivative Ofig, ., /0y’ is not zero if k > 6
(using that dfig.n /0y’ = 0 is equivalent to —y'(k/2 — 3) = 2rmv’? and y' = J(7') with 7/ €
B(t,3) € H). Thus, fig,m attains its minimum at the boundary of S. A computation of such
values (which we leave to the interested reader) allow us to conclude

Moy = ,&kﬂn(ye’l/z,v + %) — RS2 32 /4 e 2mm(vE1/2)% ye 2 e 4 > 0. (3.14)
Putting together (3.12)—(3.14), we are able to get the estimate
1+y? 1

Yo 1t slkmlhl(r,2)] € —pmet v Y

J |y a dy, (3.15)
he HI\TY Yy Aer B(M(7),1/2)

T

where both, the positive real number ¢; and the implied constant, depend on z but not on 7.
On the other hand, we observe that #{M € I"|p(M(7),7) < 1} < (7). + 1 for any 7 € H
(see [11, p. 52]). This inequality and (3.5) yield

1
#{M €T | p(M(r),7) < 1} < (y+y>

where the implied constant is independent of 7. From this argument, we conclude that the
number of distinct M’ € T' such that B(M’(7), 3) intersect any given ball B(M(7), 3) is at
most y + 1/y times a constant. Hence, the multiplicity of any point of  in the disjoint union
UnrerB(M(7), 3) is at most y + 1/y times a constant independent of 7. This fact and (3.15)
yield

Yo 1eteslkmlhl(r,2)]

he HI\I7

1\ 2
<y h? (y + > ecl/yJ
Yy Unrer B(M(7),1/2)

where the union in the domain of integration is not necessarily disjoint and the implied constant
depends on z, but not on 7. Any 7/ € e B(M(7), 1) satisfies

1 y+1/y
|T/|2<< y

1

/%7

’ g * D2 gty (3.16)

(3.17)

with the implied constant independent of 7 and 7/. (A proof of this inequality is given in [3,
Lemma 5.2, and the ensuing remark about equation (5.15)].) From the definition of &(7)r and
(3.5), we have

1
I(M(7)) <S(7)r <cr (y + > for all M €T.
Y

We also have y < Cy for any 7/ in B(r,3) with C'=2cosh (%) as shown in the proof of

2
Lemma 3.3. These two inequalities yield

1 1
vy =S(r') <T(r,T) := Cer (y + ) for every 7' € U B (M(T)7 2) . (3.18)
y MeT
By the previous remarks, we conclude
1
U B (M(T), 2) CB :={r"eH|y <T(r,T) and 7’ satisfies (3.17)}. (3.19)

Mell
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Since 1 < o := R(s) by hypothesis, we pick any r € R such that 1 < r < ¢, and deduce from
(3.16) and (3.19) the estimate

(k=T7)/2

1 2
> bty slemlbl(r,2)| < y*/2 <y+ > ecl/yJ ey da dy.
heHI\I7 Y B T[]

Using now inequality (3.17) in the last integral, one gets

> (e, slkmBl(7, 2)]

heHI\TY

2 T(r,I') poo (k—=7)/2 (o—r—1)/2
<y <y + 1) ecl/yJ J y (y + 1/y> da' dy
Y v'=0 oo (l,IQ + y/Q)r/Q y'

k2 1 (o—r+3)/2 ) T(7,I') poo y/(k*UJrrfG)/?
=y + - e yJ J T d2'dy. 3.20
/ (y y) y'=0 Jo'=—co (x/Q + ylz)r/2 Yy ( )

At this point, we recall the identity

g T(-1)/2) 1
(R A ot

'

' =—00 |T

valid for [ > 1, and conclude from (3.20)

Y b slemlbl(r,2)]

heHI\T/

(o—r+3)/2 T(r,I')
- 1 L((r—1)/2) (k—o—r—4)/2
< k/Q( +> 601/97‘[ ! dy'.
Yy Yy y F(T/Q) Yy Yy

In this expression, the implied constant is still independent of 7 and s. Finally, if o < k —r — 2,
then this estimate can be written as

Y 10tslkmlh(r,2)]

heHI\I'’

(o—r+3)/2
—k/2 l cl/yr((T — 1)/2) (k—o—r—2)/2
<y (y + y) e TTeR) T(r,T) . (3.21)
Since the right-hand side of (3.21) is finite and r > 1 is arbitrary, we conclude that the series
Qf:;l(T, z) is absolutely convergent whenever the parameter o = R(s) satisfies 1 < o < k — 3.
Furthermore, as the constants rg, m,. and R. . depend continuously of the pair (7,z), a
straightforward variation of the previous argument yields the absolute uniform convergence of
Qfo’f';(ﬂ z) on compact subsets of H x C. This completes the proof of Proposition 3.4. ]

y'=0

REMARK 3.5. The implied constant in the estimate (3.21) is independent of 7, and r is
arbitrary such that 1 < r < . Hence, from (3.18) and (3.21), we get

1 —o+et+(k+1)/2
S b alkmlB(2)] << yH (y + y)

heHI\I/

v

— (y otV L yo-l/2—e—ky g fy, (3.22)

for any € > 0.

REMARK 3.6. In the proof of Proposition 3.4, we assume that the complex number s is
fixed. However, the same argument works if we let s vary within any compact subset of the
vertical strip 1 < $(s) < k — 3. In particular, (3.21) holds in this more general situation, and
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we can deduce that Qfgrg(T,z) is an absolute and uniformly convergent series of functions
on any compact subset of the complex domain 1 < R(s) <k — 3. As these functions are
b1, s|km[h](T,2) with b € T, they are clearly holomorphic functions of s. Consequently, the
series Qk 5 (7, z) defines a holomorphic function of s on the region 1 < £(s) < k — 3.

4. Proof of the main result

In this section, we establish first sufficient conditions for the series Qf;?;(T, z) to be a Jacobi
cusp form. Then we give the proof of Theorem 1.1.

PROPOSITION 4.1. If k and m are positive integers with k > 6 and t, € (2m)~'Z, then

k
Q)" e Jw

k,m >

whenever 1 < R(s) < k — 3.

Proof. By Proposition 3.4, we know that the series QfOT(T, z) is absolutely convergent and
defines a holomorphic function on H x C for any such s. From the absolute convergence and
Definition 3.1, one gets the invariance property

Qb (1,2) = Q) (1, 2) forall h € T,

Now we can use some of these identities to imply the series representation

Q7 (T, 2) Zgﬂ (r.2) with g.(7) = > cu(D)e (DT) :

4m
DezZ

where the coefficients c#(D) are zero if 4m does not divide D — 2. Even though this is only
the Fourier expansion of Qt 's at infinity, it is easy to see that the proposition follows if we
just show ¢, (D) =0 whenever D < 0. A standard argument yields

S

_ D
QF™ (7. 2)O (7, 2) €™ (20%i)e <—T> drdz, (4.1)
g r=iY JZEC/Z‘H-Z for " am

for any real number Y > 0. This expression shows that an estimate on the size of the right-hand
side of (4.1) gives an estimate on the size of c,(D)/vY. Using the definition of ©,, (7, 2), the
inequality |e™(p?iy)| = e —2mmp’y 1, and the relation z = p7 + ¢, it is easy to deduce

|®m,p<77 Z)l em(2p2iy) < |@m,H<T7 Z)l €m(p2iy> < Ze—QTrmy(p+l+M/2m)2.
lez

From these inequalities and (3.22), one gets, for any Y > 1, the estimate

1+ D
J J Qfonz (7, 2)Oum (T, 2) e™ (2p%iy)e <—7‘> drdz
2€C/Tr+7 4m

T=1Y
D ' 2 I+p/2m)?
e _TT yJ' Ze— Tmy(p+1+p/2m) dpdT
m =0 ¢z

1+iY
< J (y ot /Ere gyt 2meky ey
T=1Y

In the last step, we have used dz = 7 dpdq and |7| < y with the implied constant independent
of y, whenever 7 is in the straight line segment from Y to 1+ 4Y (this is why we ask the
condition ¥ > 1).
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Now we observe that the inner integral in the right-hand side of the previous estimate is
equal to

JOO e—27rmyp2 dp _ 1
2my

— 00

(see, for example, [8, p. 336]). Hence,

14iy D
J J Qfo’”;(r, 2)Om (T, 2) e™(2p%iy)e <—7’) drdz
2€C/ZT+ZL ’ 4m

T=1Y
D
e (—T) ’ yl/2 dr
4m

1 144Y

€ g | ey
T=1Y

E L(Y_U-‘rl-‘re 4 Yo—e—k) ecl/Y 627TDY/4m,

V2m

whenever Y > 1. This estimate and (4.1) allow us to write

|CM(D)| < (Yfa+3/2+e + Yfk+a+1/2fe) ecl/Y e27rDY/4m’ (42)

for any Y > 1. Clearly, the right-hand side of (4.2) goes to zero if Y goes to infinity and D < 0
Consequently, ¢, (D) = 0 for every D < 0, as required. O

Let us show, prior to the proof of Theorem 1.1, that a particular series representation for the
reproducing kernel obtained by Skoruppa and Zagier [20, p. 184, Equation (15)] has an analogue
in our case. The latter is instrumental in the proofs of our main result and Propositions 1.2
and 1.3.

By Remark 3.2(a), we have

QfTTZ szﬁt slkm[Id, 0, V] |k [M, 0, 0)(7, 2).
MET vez

If t, € (2m)~1Z, say t, = 3/2m for some 3 € Z, then the previous expression and the identity
b1,,5(T,2) = ¢O,é|k7m[Id 0,—03/2m,1](t, z) yield

QL) =D Y b0slkmlId 0, V]lkm [Id,o,z_?f,l}

Mel' veZ

[M,0,0](r,2).  (4.3)

k,m
On the other hand, the inversion formula for the classical theta function is

> (FE) - () e (),

IEZ

for all 7 € H, z € C. This equation (with 7/m instead of 7) together with (3.2) imply

2m
1 1
E ¢O,s s [Id,O,V](T,Z) \/%T‘S 1/2 E @m'ro TZ) (44)
VEZL

Next we use (4.3), (4.4) and
Oy (T, 2 — B/2m) = e(—103/2m)Op, 1, (T, 2),

Tol

in order to get

Pl L S G LN

’I”()l

[M,0,0.  (4.5)

k,m

This is the desired analogue of [20, p. 184, Equation (15)].
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Proof of Theorem 1.1.  Let k and m be as in the statement of the theorem and t, = 3/2m
with 3 € Z. By Proposition 4.1, we know that Qg;gm s € T M1 <R(s) <k —3.
Using next the definition of the Petersson inner product, equation (4.5) and the invariance

of f under the action of I'V, we deduce

(fo; f) = J Qf;?;(r, 2) f(7, 2) ks (T, z)2 dV
T7\HxC
ol (3v)e
= moro(Th 2 M,0,0
2mi Jro\mxc ];F (TS 1/2 mzl o(7:2) k)m[ ]

X f(7-7 Z)|k,7n [M7 Oa O}Hk,m(Ta Z)2 av.

We can simplify the previous integral if we consider the transformation formula for p .,
given in (2.5). Namely, if we put 7as := (a7 + b)(cT +d)~! and zp := z(cT +d)~! for every
M = (2}) €T, then

V2mi T )
Zf(TMaZM ( e Z ( TOB) mro(TMaZ]W)> fike,m (Tars 2ar)* AV

JFJ\HX(C Mer ro=1

- JH J'(ZT—',-Z)\(C (78 1/2 Z ( rOﬁ) maro (7 Z)> F,2) e m (7, 2)* dV.

The theta decomposition (2.3) of the cusp form f plus the relation

i =
J O, u(T,2)Om 1y (T, 2) e™(2p%iy) dpdg = 4my HTo =4 (4.6)
(ZT+Z)\C 0 otherwise
yield
2m
- kem 1 —ppB L = k5,2
2mi ()", f) = m Z e ( om ) ), 712 Ju(T)y dz dy. (4.7

Now we compute the integral over H in (4.7). Since f, (7 + 1) = e(—p?/4m) f,(7) for all pu,
we have

o
J — i (MY da dy
H

00 1 2
1 NP” N\ ), k—5/2

= —— el — dzd

L—O L_O% (T I n)s—l/g € (4m> fu(T)y T ay

”ON2 <t L\ +—— k—5/2

Z e\ Camz | T+ 10,8 — B Ju(T)y dx dy, (4.8)
no(4m) m y=0Jz=0
where (4mz(T,5) := > ;o5 (7 +4mil)~°. This series is a variation of the symmetrized Hurwitz
zeta function (z(7,s) := >, (7 +1)7*, defined for any complex numbers 7, s such that 7 € H
and R(s) > 1. Indeed,

Gun(,9) = e (r3)- (49)

Using Lipschitz summation, one can show

Cz(r,8) = em/QF Zn e(nt) (4.10)
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(see, for example, [13, p. 1916]). This Fourier series representation yields that (z(7,s), and
therefore (4,7 (7, s), extends to an analytic function to the whole complex s-plane and

1 (271.)5 1/2 i /4 l s—3/2 l(T—l—no)
" 5 — = AT T Ro) ) 411
Samz <T+"° ’ 2) 4memis/ 2T (s — 1/2) 4 Z N am (4.11)

We recall that our goal is to compute the integral in (4.7), or equivalently, the double integral
in the right-hand side of (4.8). We do so using the series representations (2.3) and (4.11), but
first we need to establish a strip on the s-plane where the interchange of integration and
summation is valid.

Let o = R(s). Using the estimate (2.4) for the Fourier coefficients ¢, (D), we have

0o 0o 00 1 s—3/2

l I(T+n —_ D _
E E J J <4m> e <( o 0)) cu(D)e <4m7> y* 52 da dy
=1 p=1"y=072=0

1
(4m)o— (4m)e—3/2 Z Z 17 L OJ . e*’”y/lecu(Dﬂ e~ ™DY/2m k=5/2 g g,
1 D=1 r=

o—3/2 Nk/2 >~ —7(l+D 2m, k—5/2
<<szl /2D" Jy_oe (LDl k=512 dy,
1=1 D=1 -

The last integral is essentially Euler’s gamma function, thus the expression above is equal to

k—3/2 oo oo
I'(k—3/2) (2m) Z Z [7=3/2 Dk/2(] 4 D)~k+3/2

o—3/2
(4m)e=s/2 \ = = hi

k— o)
_ ?(k )— 32/22) <2m> 82 Z —k43/2 Z 1732 (n — [)F/2,
4m)o— T

n=2

A straightforward comparison of the last double sum with Riemann’s zeta function yields that
the former is finite whenever % <o < g — 2. This fact and Lebesgue’s dominated convergence
theorem allow us to interchange integration and summation in the expression below. Indeed,
if we use the series representations (2.3) and (4.11) in the double integral (4.8), then we get

1 s—1/2 ,mi/4 o0 5—3/2
1 (2m) e l
. s — = da = . Y (o~
J:O Camz <T+”° s 2) Tulm) de = AT s = 1/2) — (4m>

()5 o (5)

D=1 x
( D )53/2

(27’()8 1/2 7rz/4 Z
mis/2 _ Cl‘
" dmemis/ I(s—1/2) f=

() ()
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This equation and (4.8) yield

1 —
J ——ia ()Y T dw dy
H

(271.)5 1/2 7Ti/4 n(),LL
" Amemi/2T (s — 1/2) 7l
S D\ 3/2 o
<Y ) (1) ( )j e (5 ) =" dy
D=1 Y=
(27r)€ 1/2 71'1/4 Y 3
= T 2
am e’”s/?I‘(s - 1/2 2
) ( )

<Y S a) (
Since ¢, (D) = 0 whenever D + p? is not divisible by 4m, we obtain

no(4m) D=1

1 s (2m)*FH1 ™D (k — 3/2) D\
L{Wf“(”y dwdy = 5T gri 2T (5 — 1/2) 2 D) (g, ) - (12

o)
I

1

Consequently, from equations (4.7) and (4.12), one gets
_ 2m e} s—k
ko (27)°TFHID(E - 3/2) 3 —up 3 D
<Qto,s7f> = 9k—1 e”s/ZF(s— 1/2) M:1€ CM(D) s

for all s € C with $ < R(s) < & —2.
This identity and the definition of A, (f;s) yield the formula in Theorem 1.1.

5. Proofs of Propositions 1.2 and 1.3

Proof of Proposition 1.2. Let t, = 3/2m with 8 € Z and ', be the stabilizer of infinity in
I'. Then I'og :={£(}3!) |l € Z}, and (4.5) can be written as

Vomi QET (7, 2)

B/2m,s

_ 1 N (-
B M; \T (M'GZFOO (Ts—l/Q Mz::le <2,'n> m,M(T Z))

[M',0,0] | |km[M,0,0].

k,m

Now
[M'7 0,0]

M’ €T o — .
Sk mz( ( ) e () st 1

€Z
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since —Id € T', and O,, ,(7,—2) = Oy, — (7, 2). Thus,

> <T_11/2 %e (;j) O, z)) [M,0,0]

M'€lw p=1 km

"X ((F) v () e B i

S (Y e (1)) (s L)

lo 1,1L 1

Recalling the Fourier expansion of (47 (7 + lg, s — %) given in (4.11), we obtain

V2mi Qg (7 2)
4m 2m
(2m)s=1/2 il 12l — 2pB zo - Q/Lﬁ o B2lo 4 2up
4m67ns/2r 1/2 ZZ <71) € T

=1p=1

o s—3/2
D D(T + lo)
— _— M .
X Z Z <<4m> O, u(T, z)e( im )) [M,0,0]
D=1 MeTl  \T k,m
Hence,
V2 Q,@/Qm J(7,2)
dm 2m
(2m)>—1/2 emi/ z lo - 2uﬂ ko (Bl + 205
= -1
= dmemis/2T(s — 1/2) PME RASA
lo=1p=1
>/ D\*** /Dl (r? + D)
X Z (47’)’1,) € <4’]’)’L> Z (& <4,rn7'+'f'2) . [M,0,0]
D=1 MED o\ m
rEZ
r=p(2m)
Now, for each D > 1,1 <y < 4m and 1 < p < 2m, one has
2+ D
Z e ((7”4—’_)7 + rz) [M,0,0]
MET o\ m k,m
reL
r=p(2m)
1 —cz? (r’+D)ar+b z
_ = d —k _m
2 Z (er +d)™ e <c7-—|—d>€( im ortd  ertd)
c,d,re€Z
(c,d)=1
r=p(2m)

where a, b are integers chosen such that ad — bc = 1 in each term. Consequently,

(r? + D) 1 k
Z e (mT+TZ . [M,0,0] = 5 Z (CT+d)
MEeT \I' 1M c,d,r€Z

rEZ (e,d)=1
r=p(2m)

—cz? b 2+ D b
Xem< cz +T2a7'—|— Lo * >e<,u—|— aT—|—>

ct+d ct+d ct+d dm e +d
xe“( : —|—ra7-+b), (5.1)

ct +d ct+d
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after changing the variable r by u + 2mr. Using next that the Poincaré series
Pk,m,(n,'r) (7—7 Z) = Z 6(’[17' + TZ)|k7m[h]
hel I\

is exactly the series above with the parameter n = (D + u?)/4m (see, for example, [9, p. 520]),
we conclude

r?2+ D 1
Z e <(4)7‘ + TZ) [M, 0,0] = ka7m7((D+#2)/4m“u)(T, z).
m Lom 2
MET\T ;
rcZ

r=p(2m)

Hence, the previous computations yield

277_)571/2 e‘n’i/4 0 D s—3/2 4m 2m D+ /L2
Vomi Q5 ) — I
miSYg ) 5m o7 2) 8memis/2T (s — 1/2) Z m. Z Z N7y 0

D=1 lo=1p=1
—pp ko [ BB
X (6 (2’rn> + (_1) e (2’{n>) Pk7m7((D+#2)/4nl’#)(T,Z).
From this equation and
D 2
Ly

42"5 (D + 12 ) dm i
(& 1 lo =
lo=1 m 0 otherwise,

one gets

— okm L @mpRemi I~ i (15
2mi Qﬁ/Zm,s(Ta z) = 26“5/2F(S —1/2) M; <6 <2m) +(=1)"e (2m)>

00 D s—3/2
x Dzl (m) P, (D+42) /4m, ) (T 2)-

All Poincaré series in the expression above are Jacobi forms in J;''F, hence they satisfy
the relation (—1)’“Pk,m7(n7u)(7, 2) = Pim,(n,u) (T, —2). On the other hand, Py, (n ) (7, —2) =
Py . (n,—p) (T, 2) as we can see from the right-hand side of (5.1). These two changes in the last
identity involving QZ’;;LWS(T, z) complete the proof. O

One application of our main result is Proposition 1.3, which we prove after we establish the
following lemma.

LEMMA 5.1. Let k > 1 and f be a Jacobi form in J;"?. Then <QZ”;, f) is a holomorphic
function of s on the vertical strip 3 < R(s) < k — 3.

Proof. Halfway in the proof of Theorem 1.1, we obtained the integral representation (4.7)
of (Qfonz, f). Such an expression is written as a finite sum of integrals in (4.8). Hence, it suffices
to show that, for any integer ng, the integral

[e%s} 1
J J Camz (T + ng,S — ;) fM(T)yk—5/2 dx dy (52)

y=0Jz=0
defines a holomorphic function of s on the region of the plane specified in the lemma.
In order to see this, we recall three simple facts.

(i) The symmetrized Hurwitz zeta function (z(7, s), and therefore (4,,z(7, $), is holomorphic
on the half-plane R(s) > 1.
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(ii) Onme has f,(7) = O(e~™/?™) as y — oo, uniformly on z (as one can deduce from the
Fourier expansion (2.3) of f,, and the polynomial growth (2.4) of its coefficients).
p " poly g
(iii) If o = RN(s) > 1, then
Co(r,s) < e ™ (14+y77),

where the implied constant depends continuously on s. (This is something one can obtain from
the Fourier representation (4.10).) Consequently, this estimate and (4.9) yield

1 o+1/2
Camz | T+ 10,5 — = < e Ty/2m 1+(y>
2 4m

e—‘n’y/2m

< (4m)70'+1/2 (

1 4 y—a+1/2)

provide that o = R(s) > 2.

Now we use (ii) and (iii) in order to get the inequalities

oo 1 1
J o,[ Camz (T +ng,s — 2) fu(T)ykfs/2
y=

J e—ﬂy/m(yk—5/2 + yk—2—a) dy
y=0

< (;fﬂw r <k - ;’) + (%)_HHO T(k—1— o).

Note that the implied constants above depend continuously on s, and that the hypotheses
k> 1 and R(s) < k — 3 are used in the last step. From this relation, one deduces that the
integral (5.2) is, as a function of s, absolute and uniformly convergent on any compact subset
of the vertical strip 3 < R(s) < k — 3.

At this point, we recall a standard result in complex analysis (see [17, p. 392], for example) in
order to conclude from the previous statement and the holomorphicity of (4.,z(7 + 19, s — %)
on R(s) > 2 that (5.2) defines a holomorphic function of s. O

dx dy

Proof of Proposition 1.3. Let t, = §/2m with 8 € Z. From Proposition 4.1, we know that
fo: is a Jacobi cusp form in J;P for 1 < R(s) < k — 3. This fact and equation (4.5) yield

Vami Q)7 (r, )
= V2mi 2o m [((1) _01> 70,0} (1, 2)

=y (TS 7 Z ( TOB) mm(r,z)>

Mel ro=1

[(? _01> ,0,0} [M,0,0].

k,m
Using the transformation formula of ©,, (7, z) under the action of (9 ') (see [4, p. 59], for
example), we get

(Ts 1/22 ( W) O (7, z))‘ K(l) _01> 0,0}

7‘01

_ (1/77)“/27«22:516 ("“05 ) \/> (‘Tol()) Oy (7 2). (5.3)

This expression can be simplified a bit. Since

T T s VT
2mi 2m V2om
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—1
log <T) log < |) +log |7] + im — log (1),

for any 7 € H (so that (—1/7)5" /2 = —je™s7=5t1/2) one can write (5.3) as

P 2m  2m
je s g mi/4 Z@(—To(ﬁ—l—lo)
\/ k—s 2m
2mt ro=11lo=1
je~Tis 6771'7;/4

/ . —TiS 1
= W?m@mﬁg(ﬂ Z) =V2mie Tk—s @771_’7ﬁ(’7—7 Z)

This last set of identities yields

m —mis 1
0 9= 3 (aOmoatr))

MeTl

and

) Om.1, (T, 2)

[M,0,0]. (5.4)

k,m

The right-hand side of (5.4) is a sub-series of v/2mi{ 0/2m - S+1/2(7 z) by (4.5). Hence, by
Proposition 3.4, it is an absolute and uniformly convergent serles on any compact subset of H x
C, provided that 1 < k — R(s) + 3 < k — 3 (or equivalently, 2 2, < R(s) < k — 3). Consequently,
(5 4) is an identity of analytlc functlons on ‘H x C whenever 2 < R(s) < k — 3.

Next we compute (Q mS,f) in the case k > 6 and I < R(s ) <k-—3.

By (5.4), we have

Qe f) = QT (7,2)f (7, 2) o (7,2) AV

J'FJ\HX(C

efﬂis
:J > <ks®"”7_5(7—’z)>
TI\HXC prep \ T

Now we apply (2.5) as in the proof of Theorem 1.1 and, using the same notation introduced
there, get

[Mv O’ O]f(T, Z)|k,m [M7 07 O]Nk,m(Tv 2)2 av.

k,m

—Tis
e

<QfoT7f> ZJ Z ( *_s @m,—ﬁ(TM,ZM)> f(TMaZM),Uk,m(TM7ZM)2 av
T/\HxC Mer T

:J J (ek_s @m,_g(f,z)> FOr 2t (7, 2)2 dV.
HJI(@Zr+z)\C \ T

We can simplify this expression if we recall the theta decomposition (2.3) of f and use the
orthogonality relation (4.6). Namely,

6777715
2\FJ Tk—s

The last integral, with s — % instead of £ — s, was already computed in the proof of Theorem 1.1.
Therefore, from (4.12) and (5.5), we obtain

- L_(neBlrk-5/2) D e
<Qto,svf> = m 2k—1/2 emik/2 67719/21" Z € ﬁ
=1

_ me k2 I'(k— 3/2) - 1
- 2k—3/2mewis/2 F(k _ S)F(s _ 1/2) A—ﬁ <f’ §—= 2> ) (5-6)

Q. f) = foa(r)y* 5 dx dy. (5.5)

for all s € C with 2 < R(k—s—1) < g — 2, or equivalently (k+3)/2 < R(s) < k— 1.
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By (2.4), we know that A_g(f,s— %) defines a holomorphic function on the half-plane

R(s) > (k+3)/2. By the same reason A,(f,k—s), for 1 < p < 2m, defines a holomorphic
function on the half-plane k/2 — 1 > R(s).

Then, the identities in Theorem 1.1 and (5.6) plus the holomorphicity of (Qfonz, f) proved

in Lemma 5.1, yield the analytic continuation of A,(f,s) (1 < < 2m) and the functional
equations

. 2m
M (Fsm3) = =S e () aurk-s) a<s<om)

V2m e 2
provide that
3 k k+3
- < —==2 d —<k-3
2 < 2 2 <
This is the case when k& > 9. ]

REMARK 5.2. The analytic continuation of the series A, (f, s) established in Proposition 1.3

together with Lemma 5.1 and Theorem 1.1, allow us to replace the condition % <R(s) < % -2
in our theorem by the less restrictive set of inequalities % <R(s) < k-3.
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