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Periodic solutions of a fractional neutral equation with finite delay

VERONICA POBLETE AND JUAN C. Pozo

Abstract. In this paper, we prove the maximal regularity property of an abstract fractional differential
equation with finite delay on periodic Besov and Triebel-Lizorkin spaces and use these results to guarantee
the existence and uniqueness of periodic solution of a neutral fractional differential equation with finite
delay. The main tool used to achieve our goal is an operator-valued version of Miklhin’s Fourier multiplier
theorem and fixed-point argument.

1. Introduction

The fractional calculus which allows us to consider integration and differentiation
of any order, not necessarily integer, has been the object of an extensive study for
analyzing not only anomalous diffusion on fractals (physical objects of fractional di-
mension, such as some amorphous semiconductors or strongly porous materials. See
[2,34] and references therein), but also fractional phenomena in optimal control (see,
e.g.,[35-37]). Asindicated in [14,33] and the related references given there, the advan-
tages of fractional derivatives become apparent in modeling mechanical and electrical
properties of real materials, as well as in the description of rheological properties of
rocks, and in many other fields. One of the emerging branches of the study is the
Cauchy problems for abstract differential equations involving fractional derivatives in
time. In recent decades, there has been a lot of interest in this type of problems, its
applications and various generalizations (cf. e.g., [5,11,18] and references therein). It
is significant to study this class of problems, because, in this way, one is more realistic
to describe the memory and hereditary properties of various materials and processes
(cf. [21,28,35,36]).

In the same manner, several systems of great interest in science are modeled by
partial neutral functional differential equations. The reader cansee [1,17,38,39]. Many
of these equations can be written as abstract neutral functional differential equations.
Additionally, it is well known that one of the most interesting topics, both from a
theoretical as practical point of view, of the qualitative theory of differential equations
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and functional differential equations is the existence of periodic solutions. In particular,
the existence of periodic solutions of abstract neutral functional differential equation
has been considered in several works [16,19,20,22].

Let 0 < B < o < 2. This paper is devoted to the study of sufficient conditions that
guarantee the existence and uniqueness of a periodic strong solution for the following
fractional order abstract neutral differential equation with finite delay

D*(u(r) — Bu(t — r))= Au(t) + Fu, + GDPu, + f(r), t€[0,27], (1.1)

where the fractional derivative is taken in sense of Liouville-Griinwald—Letnikov, the
delay r > O is a fixed number, A : D(A) € X — Xand B: D(B) C X — X are
closed linear operators defined in a Banach space X such that D(A) € D(B). The
function u; is given by u;(0) = u(t + 0) for 6 € [—2m, 0], and denotes the history of
the function u(-) at r and DPu,(-) is defined by DPu,(-) = (Dﬂu)l(-). The operators
F and G are called delay operators, and they belong to appropriate spaces, which will
be described later. The map f is a X-valued function which belongs to either periodic
Besov spaces, or periodic Triebel-Lizorkin spaces.

We prove the maximal regularity property of an auxiliary equation, on periodic
Besov spaces and periodic Triebel-Lizorkin spaces, and using this result together
with fixed-point argument to show existence and uniqueness of periodic solution of
Eq. (1.1). Here, the auxiliary equation is given by

D%u(t) = Au(t) + Fu, + GDPu, + f(t), t€[0,27], (1.2)

with boundary periodic conditions depending of the values of the numbers « and 8.
All terms in the Eq. (1.2) are defined in the same manner as in the Eq. (1.1).

Our main results involve, among other considerations, a boundedness condition for
the family

{0 (0 — Fi — (0 Gi — A) o

and regularity properties for the families of bounded operators { Fi }xez and {Gg}rez,
defined by

Fix = F(exx) and Gpx = G(exx), where (exx)(r) = e¥x

withx € X, t € [—27,0]and k € Z.

In recent years, several particular cases of the Eq. (1.2) have been studied. If o = 1
and F = G = 0, Arendt and Bu [3,4] have studied L”-maximal regularity and Bf,, a
maximal regularity, and Bu and Kim [8], have studied F, ,-maximal regularity. On the
other hand, Lizama [30] has obtained a characterization of the existence and uniqueness
of strong L?-solutions, and Lizama and Poblete [31] study C*-maximal regularity of
the corresponding equation on the real line. In the same manner, if « = 2 and 8 = 1,
Bu [6] characterizes C*-maximal regularity on R. Furthermore, if « = 2 and g = 1,
Bu and Fang [7] have studied this equation simultaneosly in periodic Lebesgue spaces,
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periodic Besov spaces and periodic Triebel-Lizorkin spaces. Moreover, if | < a < 2
and G = 0, Lizama and Poblete [32] study L”-maximal regularity for this equation
in the periodic case.

This paper is organized as follows. In Sect. 2, we introduce some important notation
and collect relevant theorems and concepts that are needed to establish our main results.
In Sects. 3, 4, 5 and 6, we present our results of existence and uniqueness of a periodic
solution of the Egs. (1.1) and (1.2). Finally, in Sect. 7, we apply our abstract results
to concrete situations.

2. Preliminaries

Most of the notation used throughout this work is standard. So, N, Z, R and C
denote the set of natural, integers, real and complex numbers, respectively.

Further, X and Y always are complex Banach spaces with norms || - ||, and || - ||, ;
the subscript will be dropped when there is no danger of confusion. We denote the
space of all bounded linear operators from X to Y by £(X; Y).Inthecase X =Y, we
will write briefly £(X). Let A be an operator defined in X. We will denote its domain
by D(A), its domain endowed with the graph norm by [D(A)], its resolvent set by
p(A), and its spectrum by o (A) = C\ p(A).

Let 1 < p < oo, J € R an interval of real numbers, and X a Banach space.
By L?(J; X), we denote the Banach space of all p-integrable functions (in sense of
Bochner) endowed with the norm

1/p
I fller,x) = (/J ||f(t)||§) .

For the rest of the paper, we will identify T with the group defined as the quotient
R/2r7Z, and we shall identify the spaces of vector or operator-valued functions defined
on [0, 2] to their periodic extensions to R. Let f € L'(T; X). For k € Z, we denote
the k-th Fourier coefficient of the function f by

. 1 2 )
J) =5 / e f(r)dr.
2w 0

There exist several notions of fractional differentiation. In this paper, we use the
fractional differentiation in sense of Liouville-Griinwald—Letnikov. This concept was
introduced in [15,29] and has been widely studied by several authors. In these works,
the fractional derivative is defined directly as a limit of a fractional difference quotient.
In [10], the authors apply this approach based on fractional differences to study frac-
tional differentiation of periodic scalar functions. This idea has been used to extend
the definition of fractional differentiation to vector-valued functions, (see [26]). In the
case of periodic functions, this concept enables one to set up a fractional calculus in
the L? setting with the usual rules, as well as provides a connection with the classical
Weyl fractional derivative (see [37]).
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Leto > Oand f € LP(T; X) for 1 < p < oo the Riemann difference of f is
defined by

AL fx) =D (=1) ("f)f(x — 1)),
j=0 /

where (‘;) = w is the binomial coefficient. The Riemann difference of
the function f exists almost everywhere, (see [10]). Moreover, Z?O:o |(‘;)| < o0, and

o
(1)’ I fllLe(T;x)-

The following definition is a direct extension of [10, Definition 2.1] to the vector-
valued case. See [26] for its connection with differential equations.

DEFINITION 2.1. Let X be a Banach space, « > Oand 1 < p < oco. Let f €
LP(T; X). If there is g € L?(T; X) such that lim,_, o+ t " A¥ f = g in the L?(T; X)
norm, then the funcion g is called the ath-Liouville-Griinwald—-Letnikov derivative
of f in the mean of order p.

o0
IAY fllrerxy <

j=0

We abbreviate this terminology by «th-derivative and we denote it by D* f = g.
We also mention here a few properties of this fractional derivative. The proof of
the following proposition follows the same steps as in the scalar case given in [10,
Proposition 4.1].

PROPOSITION 2.2, Let1 < p < oo and f € LP(T; X). For a, B > 0O the
following properties hold:
e IfD*f € LP(T; X), then DP f € LP(T; X) forall0 < B < a.
e D*DP f = DB f whenever one of the two sides is well defined.

REMARK 2.3. Let f € L?(T; X) and a > 0. It has been proved by Butzer and
Westphal [10] that D* f € L”(T; X) if and only if there exists g € L”(T; X) such
that for all k € Z it holds (ik)"‘f(k) = g(k), where (ik)¥ = k|%e™23en®) Tn this
case D f = g.

On the other hand, periodic Besov spaces and periodic Triebel-Lizorkin spaces form
part of functions spaces which have a lot of interest in mathematics. They generalize
many important functions spaces. For example, if 0 < s < 1, the periodic Holder
continuous functions space of index s, is a particular case of periodic Besov spaces,
see [4] for more details. However, the main reason for working in these spaces is
that a certain form of Mikhlin’s multiplier theorem holds for operator-valued symbols
defined in arbitrary Banach spaces X. This is a dramatic contrast to Lebesgue spaces
where the corresponding theorem merely holds for Hilbert spaces even when p = 2
(for more information [13]).

Let X be a Banach space. Let S(R) be the Schwartz space of all rapidly decreasing
smooth functions on R. Let D(T) be the space of all infinitely differentiable functions
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on T equipped with the topology given by the seminorms || f |, = sup,ct | f IGIR
where n € N U {0}. Let D'(T; X) = L(D(T); X) be the space of all bounded linear
operators from D(T) to X. The elements of D’'(T; X) are called X -valued distributions
on T. Let k € Z, denote by e, the function ex () = ekt fort € T. Forx € X, we
denote by (e; ® x) the X-valued function given by (ex ® x)(t) = ey (t)x. Consequently
we have that (¢; ® x) € D'(T; X).

In order to define the periodic X-valued Besov spaces, we denote by ®(R) the set
of all systems {¢;} ;>0 S S(R) such that supp(¢o) € [—2,2], and for all j € N

supp(¢;) < [_2j+17 _21'71] U [217172”1] i Z¢j(t) =1,fort eR
j=0
and, for € NU {0}, there is a Cy > O such that sup ;> ycr 290 ||¢;a)(x)|| < Cy.

DEFINITION 2.4. [4]Let1 < p,g < 00,5 € Rand ¢ = {¢;};>0 € P(R). The
X-valued periodic Besov space is defined by

By (T: X) = {f € D'(T: X) < |/l 0 < o0},

where
1

g = | 22X ao et fw] B

j>0 keZ

with usual modifications when ¢ = oo. The space B;’f; is independent of ¢ € ®(R)
and different choices of ¢ € ®(R) generate equivalent norms. As consequence, we
will denote | - ||B;,2 simply by || - ”Bi},q'

Moreover, if r € T is fixed, we say that a function u : [r,r + 2w] — X belongs
B;’ grr +2m]; X) if and only if the periodic extension to R of the function u belongs

to B3, ,(T; X).

We recall some important properties of these spaces. Let | < p,g < o0, s € Rbe
fixed.
e The X-valued periodic space B), ,(T; X) is a Banach space.
e Ifs > 0, the natural injection from B‘;’ q (T; X) into LP(T; X) is a continuous linear
operator.
e For all ¢ > 0, we have that B[S,jtf (T; X) C B[S,’q(’IF; X).
e (Lifting property) Let f € D'(T; X) and y € R then f € B, ,(T; X) if and only
if 320 ek ® ()7 f(k) € By (T: X).
To define the periodic X-valued Triebel-Lizorkin spaces, we use the same notation
for S(R), D(T), D'(T; X) and ®(R) as those which we have used in the definition of
X-valued periodic Besov spaces.

DEFINITION 2.5. [9] Let ¢ = {¢;} ;>0 € ®(R) be fixed, for 1 < p, g < 00, and
s € R. The X-valued periodic Triebel-Lizorkin space is defined by
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Fyf(TX) = {f € D'(T: X) 1 | f ] 0 < 00},
where

1
q\ 4

3

> e ® ¢ k) fk)

keZ

o = 2jsq
11 s >

j=0

X

with the usual modification when g = co. The space F ;’2 isindependent of ¢ € ®(R)
and different choices of ¢ € P (R) generate equivalent norms. Consequently, we
simply denote | - I 0 by I - I3,

Moreover, if r € T is fixed, we say that a function u : [r, 7 + 27] — X belongs
Fy  (Ir,r+2x]; X) if and only if the periodic extension to R of the function u belongs
to Fp . (T; X).

Note that X -valued periodic Triebel-Lizorkin spaces have similar properties to those
of X-valued periodic Besov spaces, the reader can see [9]. The following list sum-
marizes the most elementary properties of Triebel-Lizorkin spaces. Let 1 < p, g <
oo, s € R be fixed.

The X-valued periodic space F ;, q (T; X) is a Banach space.

If s > 0, then the natural injection from F IS, q (T; X) into L?(T; X) is a continuous
linear operator.

For all ¢ > 0, we have that F;Zg(’]r; X) C F[s,’q('ﬂ‘; X).

(Lifting property) Let f € D'(T; X) and y € Rthen f € F [S, q (T; X) if and only
if >0 e ® (k)Y f(k) € Fp ' (T: X).

REMARK 2.6. It is simple to verify from the definition that if u € B, ,(T; X)
and 7o € [0, 2n] is fixed, then the function u,, defined on [—27, O] by the formula
u(0) = u(ty + 6), is an element of the Besov space B;yq(’]l‘; X), and |luy, ”B%,q =
[lu]| B, For periodic Triebel-Lizorkin, we have a similar result.

Let X be a Banach space. In order to develop certain conditions which we will need
for the rest of the paper, we establish the following notation. Let {L}xez C L(X) be
a bounded family of operators. Set

ALy =Ly, ALy=A'Ly =Ly — Li
and forn = 2,3, ..., set
A'L; = A (A”_lLk) .

DEFINITION 2.7. [25] We say that a family of operators {Li}rez C L(X) is a
M-bounded family of order n (n € Ny) if

sup sup [|k' ATLy| < oo. 2.1
0<I<n keZ
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Note that, for j € Z fixed, supg<;<, SUpiez k" A'Li|| < oo, if and only if
SUPo</<n SUPkez Ik A'Li1 ]l < oo. The statement follows directly from the bi-
nomial formula.

In the preceding definition when n = 0, the M-boundedness of order n for {Lj }rcz
simply means that the family of operators {L}xcz is bounded. When n = 1, this is
equivalent to

sup |[ Lyl < oo and suplk (L1 — Li)| < oo. 2.2)
keZ keZ

If n = 2, in addition to (2.2), we must have

sup [Ik* (Lk+2 — 2Li41 + L)l < 0. (2.3)
keZ

For n = 3, in addition to (2.2) and (2.3), we must have

sup |k* (Lis3 — 3Lk + 3Lis1 — L)l < oo. (2.4)
keZ

In the scalar case, that is, {ax}kez C C, we will write A"ap = A(A" ap).

DEFINITION 2.8. [23] A sequence {ax}rez C C is called
1

(a) 1-regular if the sequence {k k }k ’ is bounded,;
€

Ak

AZ
(b) 2-regular if it is 1-regular and the sequence {k2 U }k ” is bounded;
ay €
3
(¢) 3-regular if it is 2-regular and the sequence {k3 K }k ’ is bounded.
ay €

For useful properties and further details about n-regularity, see [27].

REMARK 2.9. Note that if {ay}rez is an 1-regular sequence then, for all j € Z

Ag+j — Ak

fixed, the sequence [k is bounded. In the cases n = 2, 3, analogous

) Ak+j keZ
properties hold.

The following definitions will be used with Besov and Triebel-Lizorkin spaces. Let
X be a Banach space. We denote the space consisting of all 27 -periodic, X-valued
functions by E(T; X).

One of the most powerful methods for proving maximal regularity of evolution
equations is the technique of Fourier multipliers. For this reason, we recall some
operator-valued Fourier multipliers theorems.

DEFINITION 2.10. Let X be a Banach space. We say that the family of operators
{Li}rez € L(X) is an E-multiplier if for each f € E(T; X), there exists a function
u € E(T; X) such that

w(k) = L f(k), forallk € Z.
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The following theorem, proved by Arendt and Bu in [4], establishes a sufficient
condition ensuring when a family of operators {Li}iez is a By, ,-multiplier. It is
remarkable that this theorem is valid on an arbitrary Banach space X.

THEOREM 2.11. Let 1 < p, g < 00, and s € R. Let X be a Banach space. If
the family of operators {Li}xe7z, € L(X) is M-bounded of order 2, then {Li}xe7, is a
B;’q-multiplien

Next theorem, proved by Bu and Kim in [9], establishes a sufficient condition which
guarantees when a family of operators {Ly}xez is a F ; g-multiplier. We remark, as
well as in theorem 2.11, this theorem is valid for arbitrary Banach space X, however,
more conditions are imposed to the family {Lg}xez-

THEOREM 2.12. Let 1 < p, g < 00, and s € R. Let X be a Banach space. If
the family of operators {Li}xez, C L(X) is M-bounded of order 3, then { L }xe7, is a
Fy, -multiplier.

In order to abbreviate the text of this work, we introduce the following nota-
tion. Let 1 < p,g < ocands > 0and 0 < B < o < 2. Assume that A is
an operator defined in a Banach space X, and that F € L(B Y4“0‘([ 2m,0]; X); X)

and G € LB (—27,01; X); X) or F € L(F5H*([=2m,0]; X); X) and G €
L(F), 4 sto—p ([—2m, 0]; X); X) are linear, bounded operators. For k € Z, we will write

ar = (ik)® and by = (ik)?, (2.5)

where (ik)” = |klye%sg“(k). Note that {ay}rez and {by}rez are 2, 3—regular se-
quences.

Now, the bounded linear operators Fy and Gy are defined by Fyx = F(exx) and
Gix = G(erx), where (exx)(t) = e*x forallt € [—2m,0] and x € X.

For reference purposes, we introduce the following conditions for the families
{Fi}kez and {Gj }kez. 1

k
(F2) Forl =0, 1, 2, the family of operators {—

Al Fy ] are bounded.
ar

keZ\{(0}
3

k
(F3) The family { Fy }xez satisfies (F2) and the family [ A3Fk] is bounded.

ak keZ)\{0}

b
(G2) Forl =0, 1, 2, the families of operators [—k KAl Gk] are bounded.
ak keZ\{0}

b
(G3) The family{Gy }rez satisfies (G2) and the family [ K 13A3G, is bounded.
Ak keZ\{0}

3. Maximal regularity on periodic Besov spaces

Letl < p,g <o00,s >0and0 < B < o < 2. The first objective of this section is
the study of BY 1,g-maximal regularity of the fractional neutral equation

Du(t) = Au(t) + Fu; + GDPu, + f(t), 1 €]0,2n], (3.1
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where the fractional derivative is taken in sense of Liouville-Griinwald-Letnikov. The
operator A : D(A) € X — X is aclosed linear operator defined in a Banach space X.
The function i, is defined by u, (6) = u(t+6) for6 € [—2m, 0], and denotes the history
of the function u(-) at ¢. Further, DPu,(-) is defined by DPu,(-) = (Dﬁu)t(-). We
suppose that F € L(B} ¥ ([—27,0]; X); X) and G € L(ByT~ (=27, 0 X); X).
The mapping f is a X-valued function which belongs to the periodic Besov space
B, ,(T; X). Moreover, we assume that this equation has periodic boundary conditions
depending of the numbers « and S,

u(0) = u2m) if 0<p<a<l,
u(0) = u(2r) and D*'u(©0) = D lu@r) f 0<B<1<a<2,
u(0) = umr), D*'u(0) = D lu@2n),
DP=1y(0) = DA~ 1u(2m) if 1<B<a<2,
Leta > 0. We establish a characterization of the periodic Besov space By, +“ (T; X)
in terms of the fractional derivative.

PROPOSITION 3.1. Let X be a Banach space and 1 < p,q < oo ands > 0. If
a > 0then

+ ] C Y - ] .
BSY(T; X) = {u € BS ,(T; X) : D®u € B, ,(T; X)}.
Proof. Suppose thatu € B), ,(T; X) and D*u € By, ,(T; X). By the lifting property

we have that

> e ® Douk) € BS (T: X).
k£0

Since s > 0, we have that D% € LP(T; X) then D%u(k) = (ik)*ii(k), forallk € Z,
hence

> e ® (ik)“ik) € B, ,(T: X).
k#0
Using again the lifting property we obtain that u € B”"‘ (T; X).
Reciprocally, let u € B“‘“ (T; X), itis clearu € B (T X). Furthermore,
> e ® (ik)“u(k) € B}, ,(T; X) C LP(T; X). (3.2)
k#0

It follows from [10, Theorem 4.1] that there exists g € L?(T; X) such that g(k) =
(ik)*u(k) for all k € Z. From (3.2) we have that g € Bf,yq (T; X). Therefore D%u €

B3, ,(T; X) and Du(k) = (ik)*a(k) for all k € Z. O
REMARK 3.2. Let1 < p,q < oo and s > 0. According to the preceding Propo-

sition if u € BH‘“(T X) andO < B < athen DPu e BHO‘ ﬁ(']T; X).

Let s > 0, using the previous characterization we define the concept of B, -
maximal regularity of the Eq. (3.1).
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DEFINITION 3.3. Let 1 < p,q < 00,5 >0andlet f € BS (T' X). A function
u is called strong B‘;,,q-solution ofthe Eq. (3.1)ifu € B”“" (T, X) N B (T; [D(A)])
and u satisfies the Eq. (3.1) for almost ¢ € [0, 2] and the functions t |—> Fu;, t —
G DPu; belong to B, ,(T; X). We say that the Eq. (3.1) has By, ,-maximal regularity
if, for each f € B), ,(T; X) the Eq. (3.1) has unique strong B), ,-solution.

One of the main results of this paper is the Theorem 3.9. Its proof depends of our
next results related with some bounded families of operators.

LEMMA 3.4. Let X be a Banach space. Consider 1 < p,q < 00, s > 0, and
0<p<a<2LletGeL(Byy (=27, 01; X); X). If the family {Gy }xez, satisfies
the condition (G2) then

[t

k2
and [ —A? (kak) ]
keZ\ {0} Ak keZ\ {0}
are bounded families of operators.

Proof. Is clear that A' (b Gy) = (A'b)Gry1 + by A' Gy, forall k € Z. Therefore,

kbk

k
o A (b Gy) = —kA Gy, forallk € Z\ {0}.

On the other hand, a direct computation shows that
A?(bkGr) = A'byr [A'Gryr + A Gi] + (A%51) G + by A?Gy, forall k € Z.
Now, for all k € Z \ {0}, we have

k2 Alb b A%by b b
— A2 G =k — Lk A G + AT G R SR 2R G L2 A2y
ay by ar K Ak ag

Since the sequence {by }xe7z is 2-regular and the family { Gy }re7 satisfies the condition
(G2), all terms included in the right-hand side of the preceding identities are uniformly
bounded. Hence, the families of operators

{EAl(kak)] and {k—zAz(kak)} are bounded.
Ak keZ\{0} Ak keZ\ {0}
O
If there exist the following inverses, we will denote
Ni = (@] — Fx — byGr — A7, (3.3)

and
My = ak(akl — b Gy — Fy — A)_l = ay Ny. 3.4
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LEMMA 3.5. Consider 1 < p,qg < 00,58 >0,and0 < 8 < a < 2. Let A be a
closed linear operator defined in a Banach space X. Assume F € E(B;Z“([—Zn, 0];
X): X)and G € L:(B;;T;‘*ﬁ([—zn, 01; X); X) and that the operators Ny € L(X), for
all k € Z. If the families { Fy}re7, and {Gy}rez, satisfy the condition (F2) and (G2)

respectively, and the family of operators {My }rc7, is bounded, then

{kak AlNk and {kzak Asz}keZ

}keZ
are bounded families of operators.

Proof. Observe that the equality

A'Ng = Ny (ax — Fi — bk Gy — agqr + Fiqt + b1 Gia1) Ni
= (=A'ag) Nip1 Nk + Nict (A Fe) Ni + Nit (A'beGr) N (3.5)

holds for all k € Z. Therefore, for all k € Z \ {0}, we have
1 k
kax ANy = —kATkak ax Nk+1 My +ag Ni+1 %(AIFIC) My +aka+1a Al bk Gy) My

Is obvious thatif k = 0 the operator kai AN, is bounded. Since the sequence {ax }rez
is 2-regular and the families of operators { F }rcz and {Gy}rez verify (F2) and (G2)
respectively, it follows from Lemma 3.4 that {kaxy A'Ny},_, is bounded family of
operators.

On the other hand, for all k € Z, we have

keZ

AN = [A' Nt + A'N[=A arrn + A Py + A (b1 Gr ) | Niy
+ N[~ A%ag + A2 Fi + A*(biGr) [ Nics1. (3.6)

Therefore, for all k € Z \ {0}

k
Ka ANy = kak[AlNkJrl + AlNk] " [—Alak+1 + A'Fp + Al(bk+le+1)] ,

, Alap K2, K,
agNi+1 + My | =k —— + — A"F + — A (bk Gi) | ak Ni+1.-
ay ay ay
Is clear that if & = O the operator k2a; ANy is bounded. Since the sequence {ay}xez
is 2-regular, the families {Fi}xecz and {Gy}rez satisfy the conditions (F2) and (G2)
respectively, and the family {kay AlNk}kez is bounded, it follows from Lemma 3.4

that the family of operators {kzak Asz} ke, 18 bounded. g

LEMMA 3.6. Consider 1 < p,qg < 00,5 >0,and0 < B < a < 2. Let A bea

closed linear operator defined in a Banach space X. Assume F € ﬁ(B;;:t]“ ([—2m, 0];

X); X) and G € E(B;:Za_ﬁ([—Zn, 01]; X); X) and that the operators Ny € L(X),
for all k € Z. If the families {Fy}rez and {Gylrez satisfy the condition (F2) and
(G2) respectively, and the family of operators {My}rez, is bounded, then the family
{FxNiliez is a B;,q-multiplier.
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Proof. According to Theorem 2.11, it suffices to show that the family of operators
{ Fx Nk }kez is a M-bounded family of order 2. With this purpose, note that

1
| Fx Nill = || — Fr ax Nill,
(493

The family {Fy}xez satisfies (F2) and {Mj}xez is bounded, hence the family of
operators { Fx Ny}, _, is bounded.
On the other hand, for all k € Z we have

k 1
k AY(FuNy) = a(Ale)akaH + aFkkak AN,

and
2 A2 1 2 2 k2 2
k* A*(FyNy) = a—Fka ap A* Ny + a—(A Fy) My
k k
k
+a(A1Fk+l)kak[A1Nk+l + AlNk]-

It follows from Lemmas 3.4 and 3.5 that { Fx N¢ }rez is a M-bounded family of order
2. O

LEMMA 3.7. Consider 1 < p,qg < 00,58 > 0,and 0 < 8 < a < 2. Let
A be a closed linear operator defined in a Banach space X. Assume further that
F € L(By (=27, 0]; X); X) and G € ﬁ(B;t,“*ﬂ([—zn, 01; X); X). Suppose that
the operators Ny € L(X), for all k € Z. If the family { Fy }icz satisfies the condition
(F2), {G}rez satisfies the condition (G2), and the family of operators {My}rey, is
bounded, then the family {by G Ni}rez is a B;’q-multiplier.

Proof. According to the Theorem 2.11 it suffices to show that the family {b; Gy Ni }rez
is a M-bounded family of operators of order 2.
b
For this, note that ||y G Ni || = || —kaakall. The family {Gy}xez satisfies (G2)
ay

and {M}}rcz is bounded, hence the family of operators {bk Gka} «ez, 1s bounded.
On the other hand, for all k € Z \ {0} we have

k b
k(A'beGyNy) = a(Albkc;k)akaH + inkak(AlNk)

and

2 A2 _ ko 1 1 k_2 2
k* A*(br Gk Ni) = @ A (bk41Grs1) kag[A'Niy + AN | + akA (be Gi) My,

b
—i—ﬂGk_H kzak (Asz).
ag
Writing in this manner the preceding families, it follows from Lemmas 3.4 and 3.5

that the family {by G Nk }rez is a M-bounded family of order 2. O
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LEMMA 3.8. Consider 1 < p,qg < 00,58 >0,and0 < 8 < a < 2. Let A be a

closed linear operator defined in a Banach space X. Assume F € E(B[S,E"‘([—Zn, 01;

X): X)and G € L:(B;;Tqa*ﬁ([—zn, 01; X); X) and that the operators Ny € L(X), for
all k € Z. If the families {Fy}rez and {Gylrez satisfy the condition (F2) and (G2)
respectively, then the following assertions are equivalent.

(i)  The family of operators {My }recz, is bounded.
(ii)  The family of operators {My}rez is a B‘f,,q-multiplier.

Proof. (i) = (ii). According to Theorem 2.11, it suffices to show that {Mj}rcz is a

M-bounded family of order 2. From the hypotheses we already know that sup || M| <
keZ
00. Moreover, for all k € Z \ {0} we have the identity

Al
kA"M, =k ak aiNiy1 + kay A'Ng.
aj
On the other hand, we have
Al A?
K2 A2My =k = e [A N + AN + 82 My + Kag 1 AN
ay dag

Since the sequence {ag}rez is 2-regular, it follows from Lemmas 3.4 and 3.5 that
{Mj}rez is a M-bounded family of order 2.

(ii) = (i). It follows from closed graph theorem that there exists C > 0 (indepen-
dent of f) such that for [ € B;yq(’]l‘; X) we have,

[>aemin|, <clrl

. Bs,"
keZ P4 e

Let x € X and define f(¢) = e/*"x for k € Z fixed. Then the above inequality implies
lexliss  IIMixllps = lexMixliss < Cllexliss  llxliss -

Hence for all k € Z we have || M| < C. Thus sup,z | Mk| < oo. O

The next theorem establishes a characterization of B), ,-maximal regularity for the
Eq. (3.1).

THEOREM 3.9. Consider 1 < p,q < 00,58 > 0,and 0 < f < o < 2. Let
A be a closed linear operator defined in a Banach space X. If the families {Fy}iez,
and {Gylrez satisfy the conditions (F2) and (G2) respectively, then the following
assertions are equivalent.

(i) The Eq. (3.1) has B;’q—maximal regularity.
(ii) The families { Ny }xez, and {My}kez are bounded.

Proof. (i) = (ii). We show that for k € 7Z the operators ((ik)* I — (k)P Gy —Fr—A)
are invertible. For this, let k € Z and x € X, and define h(t) = eikly. By the assertion
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(i) there exists u € B”“’l (T; X)N B (T; [D(A)]) such that the functions ¢t — Fu,
and t > GDPu, belong to B}, ,(T; X ) and the function u satisfies the equation

D%u(t) = Au(t) + Fu; + GDPu, + h(1). (3.7)

Since the function Fu_ € B‘[E’q(ll‘; X) and s > 0, we have that Fu_ € LP(T; X).
Hence, by Fejér’s Theorem (see [24]), we haveﬁ(k) = Fu(k) for all k € Z. By
using Remark 3.2, in similar manner, we have that G/Dﬂ\u (k) Gk@(k) for all
k € Z. It follows from o > B and u € BV+°‘('ll‘ X), thatu € B (’ll‘ X). Therefore
BE(k) = (ik)P7(k) for all k € Z. Consequently, G GDFu (k) = (zk)ﬁGku(k) for all
k € Z.

Applying the Fourier transform on both sides of the Eq. (3.7), we obtain

(k)% — F — (k)P Gy — A)ak) = h(k) = x,

since x is arbitrary, we have that for k € Z the operators ((ik)"l — F— (ik)PGy — A)
are surjective.

On the other hand, let z € D(A), and assume that ((ik)* — Fi — (ik)? Gy — A)z = 0.
Substituting u(t) = e'*7 in Eq. (3.1), we see that u is a periodic solution of this
equation when f = 0. The uniqueness of solution implies that z = 0.

Since for all k € Z the linear operators Ny are closed defined in whole space X, it
follows from closed graph theorem that Ny € £(X). Thus {Ng}rez S L(X).

Let f € B (']l‘ X). By (i), there exists a function u € BH’"‘ (T; X) N B (’ll‘;
[D(A)]) such that the functions  — Fu, and t — G DPu;, belong to Bp’q(’ll‘, X) and
u is the unique strong solution of the equation

D%u(r) = Au(t) + Fu, + GDPu, + f(1), 1 €[0,2n].
Applying Fourier transform on the both sides of the preceding equation, we have
((ik)“ — F — (ik)P Gy — A)Ti(k) = f(k), forall k € Z.
Since for all k € Z the operators((ik)* — Fy — (ik)? Gy — A) are invertible, we have
u(k) = ((ik)"‘ — F — (ik)P Gy — A)_lf(k), forall k € Z.

Hence, (ik)%i(k) = D*u(k) = (ik)* Ny f (k) = My f (k) forall k € Z.

Since u € B”"‘ (T; X), it follows from Proposition 3.1 that D%u € B‘ ¢(T: X).
Therefore, by deﬁn1t1on the family {Mj}rez is a BS’ -multiplier. It follows from
Lemma 3.8 that { M} }rc7 is a bounded family of operators.

(ii) = (i). We are assuming that the hypothesis and (ii) condition of Lemma 3.8
are satisfied. Therefore {Mi}kez is a By, ,-multiplier. Define the family of operator
{It}kez, bY Ix = (lk)‘, —=1 when k £ 0 and Io = ]. It follows from Theorem 2.11 that
{It}rez is a B;',’ -multiplier. Since Ny = Iy My for all k € Z \ {0} we have {Ni }rez is
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a B), ,-multiplier. For an arbitrary function f € B), ,(T; X) there are two functions
u,w € B;,,q('ﬂ‘, X) such that

(k) = Ne f(k) and (k) = (ik)*Ni f(k) forall k € Z. (3.8)

Therefore, w(k) = (ik)*uk) = ﬂ(k) for all k € 7Z. By the uniqueness of the
Fourier coefficients, D*u = w. This implies that D%u € B;, q(T; X). It follows from
Proposition 3.1 that u € B}**(T; X) and DPu e Bf,j;“_ﬁ(T; X).

On the other hand, it follows from Lemma 3.6 that { Fy Ny }rc7 is a Bls,’ q-multiplier.
Consequently, there exists a function g € B;’ ¢ (T X) such that

(k) = Fx Ny f(k) forall k € Z.

By equality in (3.8) we have g(k) = Fiu(k) for all k € Z.

As we have shown,ﬁ(k) = Fru(k) forall k € Z. By the uniqueness of the Fourier
coefficients, Fu, = g. This implies that that Fu_ € B‘;’ q(T; X). Hence, the function
t — Fu, belongs to B‘;,,q(’]l‘; X).

In the same manner, it follows from Lemma 3.7 that {(ik)? G Ni}rez is a Bf,’q—
multiplier. Hence there exists a function h € B;‘,’ q (T; X) such that

hk) = (ik)P Gy Ny f (k) forall k € Z.
Using again the equality (3.8) we have
iz\(k) = (ik)ﬂGki[(k) for all k € 7Z.

Since (ik)PGru(k) = G/Dﬂ\u_(k) for all k € Z. By the uniqueness of the Fourier
coefficients we have that GDPu_ = h. This implies that that GDPu_ e Bls,’q(’]I‘; X),
and the function r — G DPu, belongs to B, ,(T; X). It follows from equality (3.8)
that

ak) = ((ik)* — Fx — (PG — A) ™' F ko).
Thus,
(k)% = F — (ik)P Gy — A)ath) = Fk)

forall k € Z. Using the fact that A is a closed operator, from the fact that By, (T X) is
continuously embedded into L? (T; X) and [3, Lemma 3.1] it follows that u(¢) € D(A)
for almost ¢ € [0, 27]. Moreover, by uniqueness of Fourier coefficients we have

D%u(r) = Au(t) + Fu, + GDPu, + f(1)

for almost ¢ € [0, 27r]. Since f, Fu., GDPu_and D%u € B‘;,,q (T; X), we conclude
that Au € B;’q(’]l’; X). This implies that u € B;’q(’]l’; [D(A)]). Therefore, u is a
strong B), ,-solution of Eq. (3.1).

Since ((ik)*I — (ik)’Gx — Fx — A)71 is invertible for all k € Z, this strong
B, ,-solution is unique. Therefore the Eq. (3.1) has Bj, ,-maximal regularity. g



432 V. POBLETE AND J. C. Pozo J. Evol. Equ.

When the operators A, F and G satisfy some additional conditions, our next corol-
lary provides a simple criterion to verify that the family {Nj}rcz is bounded. Let
a > 0, for k € Z, we define the operators Sy = ((ik)* — A~

COROLLARY 3.10. Let 1 < p,g < 00,5 >0and0 < B <a < 2. Let X bea
Banach space. Assume further that the sequence {(ik)*}rez, € p(A) and the families
{Fi}rez and {G Yrez, satisfy the conditions (F2) and (G2) respectively. If the family of
operators {(ik)“ ((ik)"‘ — A)_1 Ykez is bounded, and sup;.cy, H ((ik)ﬂGk + Fk) ((ik)“ —

A)_l ” < 1, then the Eq. (3.1) has Bj, ,-maximal regularity.

Proof. Since supycz | ((ik)f Gi + Fi) (k)% — A)~'|| < 1, we have that the family

{(1 (e Fk)sk)‘l}keZ

is bounded. In addition

-1
Ne = (0" = A) (1 = (0P Gr + Fi) i)
= (I - (PG + F)S) ™ (G — A) .
Therefore the family {(ik)“ Ni }rez is bounded. Since the families { Fi }rez and {G }xez
satisfy the conditions (F2) and (G2) respectively, it follows from Theorem 3.9 that the
Eq. (3.1) has B), ,-maximal regularity. 0

4. Existence and uniqueness of periodic strong solution of a neutral equation
in Besov spaces

Letl < p,g <00,5s >0,and0 < B < o < 2,and 0 < r < 2m. Consider
A: DA € X > Xand B : D(B) € X — X linear closed operators such
that D(A) € D(B), and the operators F € ll(B;,f:]"‘([—Zn, 0]; X); X) and G €
E(Bf,ﬁ]a_ﬁ([—Zn, 0; X); X). In this section we use the results about Bj, _-maximal
regularity of the Eq. (3.1) to prove that the abstract fractional neutral differential
equation

D*(u(t) — Bu(t — r))= Au(t) + Fu, + GDPu, + f(1), t€l0,2x], (4.1)

has a unique periodic strong B, ,-solution, provided that f* € By, . (T; X).

Let 1 < p,g < oo and s > 0. Suppose that the Eq. (3.1) have B;!q-maximal
regularity, hence for each g € By, ,(T; X) there exists a unique strong By, -solution
v of the equation

D% = Av + Fuv; + GDPv, + g(1). 4.2)

Denote by W the operator W : B;‘,’q(']l‘; X) —> B;',’q (T; X) defined by the formula
W (g) = D%v, where v is the unique strong B;',’ q-solution of the Eq. (4.2). This linear
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operator is well defined. Moreover, by the closed graph theorem there exists a constant
M > 0 such that for all f € Bls,’q(’]I‘; X) we have

ID%ullpy, + Il Aullpy, + | Fullsy, +1GDPullgy, < MIfls;,.

LEMMA 4.1. Let 1 < p,g < 00,5 >0,and0 < B < a < 2. Let be X a Banach
space. Assume that B is a bounded linear operator such that ||B|| V] < 1 and Ny €
L(X), forall k € Z. Suppose further that the families { Fy }rc7, and {Gy }rez, satisfy the
conditions (F2) and (G2) respectively. If {(ik)* Ni}rez is a bounded family of opera-
tors, such that supyz, |k|*|| B||| Nk || < 1, then the family {(I —e™'*" (ik)* BNy) ™ Jrez
isa By, ,-multiplier.

Proof. Denote Ry = (I—e ™K (ik)* BN;)~! forallk € Z.Since sup;y |k|*| B| || Ng |
< 1, the family of operators { Ry }recz € L(X). Let f € B;’q('ﬂ‘; X) fixed. Define the
map P : B;,,q('IF; X) — B;,,q('ﬂ‘; X) by

Po(t) = BY(p)(t —r) + f(1).
By Theorem 3.9 the map P is well defined. Moreover, this mapping is a contraction,
thus there exists a function g € B‘;)) q (T; X) such that
g(t) = BY()(t —r)+ f(t) = BD%u(t —r) + f(1), (4.3)
where u is the unique strong B;’ g-solution of the equation
D%u(t) = Au(t) + Fu; + GDﬂu, +g@), tel0,2n], O0<B<a<2 44
Applying the Fourier transform to the both sides of Eq. (4.3) we have
(k) = e % (ik)* Bui(k) + f(k), forall k € Z. 4.5)

On the other hand, applying the Fourier transform to the both sides of Eq. (4.4) we
have

u(k) = Nxg(k), forallk €Z. (4.6)

Therefore, 3(k) = e ¥ (ik)* BN g (k) + f (k), forall k € Z. This implies that g(k) =
Ry f (k) for all k € Z. Hence, the family of operators {(/ — e KT (i)Y BNi) ez is
a B, ,-multiplier. 0

The following theorem establishes the existence and uniqueness of a strong BZ, P
solution for the Eq. (4.1). We use the same notations introduced in the preceding
lemma.

THEOREM 4.2. Let1 < p,g < 00,5 > 0,and0 < B < a < 2. Letbe X a
Banach space. Assume that B is a bounded linear operator such that |B|| |V] < 1
and Ny, € L(X), forall k € Z. Suppose further that the families { Fi }rc7 and {G }rer,
satisfy the conditions (F2) and (G2) respectively. If {(ik)* Nk }kez is a bounded family
of operators, such that supy .z |k|* || Bll|| Nk || < 1, then for each f € B;',’q (T; X) there
exists an unique strong By, ,-solution of Eq. (4.1).
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Proof. 1t follows from Lemma 4.1 that the family of operators {(/ — e ikr (ik)*
BNy Wiez is a Bj, ,-multiplier. Denote Ry = (I — e~k (ik)*BN;) ! Let f €
B;’q(’]l‘; X). Since {Ry}rez 1S Bls)’q-multiplier, there exists g € B;,’q (T; X) such that

2(k) = R f(k) forallk € Z. 4.7

On the other hand, by Theorem 3.9, there exists a function u € Bf,’ q (T; X) such that
u is the unique strong B;’ g-solution of equation

D%u(t) = Au(t) + Fu; + GDﬂu, +g@), tel0,2n], 0<B<a<2 43

Applying the Fourier transform to the both sides of the preceding equality we have
u(k) = Nyg(k) forall k € Z.
It follows from equality (4.7) that w(k) = Ni Ry f (k) for all k € Z. Note that

NiRi = (i) —e M (il)“ B — (i)’ Gy — Fy — A)~' forall k € Z.

Thus, ((ik)* — e ™ (ik)* B — (ik)f G — Fx — A)ii(k) = f(k) for all k € Z.
Since A is a closed linear operator, it follows from uniqueness of Fourier coefficients
that u satisfies the equation

D* (u(t) — Bu(t — r)): Au(t) + Fu; + GDPu, + f () foralmostt € [0, 2r].

Hence u is astrong Bj, ,-solution of Eq. (4.1). It only remains to show that the strong
B, ,-solution is unique. Indeed, let f € By, ,(T; X). Suppose that the Eq. (4.1) has
two strong B;y g-solutions, w1 and us. A direct computation shows that

((ik)* = e ™ ()" B — (ik)’ Gy — Fx — A) (@i (k) — #2(k)) = 0

for all k € Z. Since ((ik)* — e~ ¥ (ik)* B — (ik)? G — Fy — A) is invertible, for all
k € 7Z we have that it} (k) = i3 (k). By the uniqueness of the Fourier coefficients we
conclude that u; = us. Il

5. Maximal regularity on periodic Triebel-Lizorkin spaces

Letl < p,g < o0o,5s >0and 0 < 8 < o < 2. In this section, we study
F), ,-maximal regularity of the equation

D%u(r) = Au(t) + Fu, + GDPu, + f@®, tel0,2n], G.D

where the mapping f is a X -valued function belonging to the periodic Triebel-Lizorkin

space F;’q(']l‘; X) and the delay operators F € E(F;’J;“([—Zn, 0]); X) and G €

L(F ;:;a_ﬂ ([—2m, 0]); X). The rest of the terms of this equation are defined as those
of the Eq. (3.1). For this reason, we present a characterization of the periodic X-valued
Triebel-Lizorkin F ;j’“ (T; X) using the fractional derivative of Liouville—Griinwald—
Letnikov.
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PROPOSITION 5.1. Let X be a Banach space, 1 < p,q < oo, ands > 0. If
o > 0 then

r+<x s . . o S .
Fy (T X)={ueF, (T;X): D*u € F), (T; X)}.
Proof. The proof follows the same lines as those made in the proof Proposition 3.1. [

REMARK 5.2. Let1 < p,q < oo and s > 0. According to the preceding Propo-
sitionif u € FY+°‘(T X) andO < B < athen DPu e F;Zaiﬂ(']l‘; X).

Using this characterization, we define the F 1‘,’ 4-maximal regularity for the solutions
of Eq. (5.1) in the particular case s > 0.

DEFINITION 5.3. Let1 < p,q < 00,5 > Oandlet f € F,, (T X). A function u
is called strong pyq-solutlon of Eq.(5.1)ifu € F”“ (T; X) ﬂ (']I‘ [D(A)]) and u
satisfies the Eq. (5.1) for almost ¢ € [0, 2] and the functlons t— Fu,, t — GDPu,
belongs to F 1§ ¢(T; X). We say that the Eq. (5.1) has F 1§ o-maximal regularity if, for
each f € F, ,(T; X) the Eq. (5.1) has unique strong F), ,-solution.

One of the most important results of this chapter is the theorem 5.9. To prove it, we
need the following results which are related with bounded families of operators.

LEMMA 5.4. Let X be a Banach space. Consider 1 < p,q < 00,5 > 0 and
0 < B < a < 2. Assume further G € E(F;,—;a_ﬁ([—Zn, 0]; X); X). If the family
{Grk}kez satisfies the condition (G3), then

IS
— A (kak)
3 keZ\ {0}
is a bounded family of operators.
Proof. Forall k € Z, we obtain
A3 (bkGr) = b MGy + (bigs — bi) A*Grpt + (A%bis ) (A Grar)
+(A?b) Grga — 2(A%b) (A Geg).

Now, for all k € Z \ {0} we have the identity

K3 b brys —br -, b A2b b
A NG = k3 2K N3Gk B TR k2 k AszH 2 Aot b
dag aj k k dag
A3by b AZ b b
+k3 d *ka+2 2> LN Gry1.
b by ay

Since the sequence {by}rcz is 3-regular and {Gy}rez is a family satisfying condition
(G3), it follows from Lemma 3.4 that

3
{k— A3<kak)}
ay

keZ\{0}

is a bounded family of operators. 0
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LEMMA 5.5. Consider 1 < p,qg < 00,58 > 0,and 0 < 8 < a < 2. Let
A be a closed linear operator defined in a Banach space X. Assume further that
F e L(F3 e ([—27,0]); X) and G € ,C(F;j,“*ﬁ([—zn, 00); X). Suppose that the
operators Ny, € L(X), forall k € Z, and the families { Fi }xc7, and { Gy }rez, satisfy the
conditions (F3) and (G3) respectively. If the family of operators { My }ie7, is bounded,
then

{k3ak A3Nk}keZ
is a bounded family of operators.

Proof. Note that, for all k € Z, we have

AN = [A* N1 + AN [= A agn + A Frso + Al (g2 Gig) | Niewn
+[A1Nk+1 + AlNk][—AzaH] + A’F + Az(bk+le+1)] Ni+1
+[A'Negr + AN ][ At + A F 4+ A (b1 Gren) | AN
+ANg [ A%ari1 + A Frgy + A (b1 Gir) | Neta
+Ni[ =A% + A Fi + AP (0G| Niy
N [-A%ax + A*Fi + A* (5 Gi)] A Neyar.

From the preceding identity, we conclude

k
kPag AN = k*ar [A* Ny + A2Ni] o [—A'arsn + A Fiyn + A (brsaGrs) | ax Nt
2

k
+kay [A' Nit1 + A'NK]

w [-A%ai1 + A?Fi + A (by1 Gig1) | ak Nitt

k
+hag [A' N1 + AN ] o [—A'agsr + A Fi + A (b1 Gign) | kag ANy
1 kz 2 2 2
“+kar (A" Ny) m [-A%ars1 + A" Fey1 + A%bp1Gigt | @i Niso
k3 3 3 3
+M;, — [-Aax + AP Fi + A (b Gr) | ax Niy2
k

k2
+Mk;[—A2ak + A’F + Az(kak)] kax A'Nit1,
k

for all k € Z \ {0}. Since the sequence {ai}xcz is a 3-regular sequence, it follows
from Lemmas 3.4 and 3.5 that all the terms in the right hand of the preceding equality
are uniformly bounded. Moreover, for k = 0 is clear that k3a; A3Ny is a bounded
operator. Therefore, {k3ak ASNk} ke, 18 a bounded family of operators. g

LEMMA 5.6. Consider 1 < p,qg < 00,5 > 0, and 0 < < a < 2. Let
A be a closed linear operator defined in a Banach space X. Assume further that
F e L(Fy([=27,00); X) and G € c(F;ﬂ,;“‘ﬂ([—zn, 00); X). Suppose that the
operators Ny € L(X), for all k € 7Z. If the families {Fy}xe7, and {Gylrez satisfy
the conditions (F3) and (G3) respectively, and the family of operators {My}rez, is

bounded, then the family { Fy Ni}rcz is a F;,q-multiplien
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Proof. According to the Theorem 2.12, it suffices to show that the family of opera-
tors { Fy Ni}kez is a M-bounded family of order 3. It follows from Lemma 3.6 that
{Fx Ni}kez is a M-bounded family of order 2. It remains to show that (k3 A3 (Fy
Ni)}rez is bounded. To prove this we first observe that for all k € Z we have

A3 (FeNp) = Fi ANy + (Fips — Fi) A*Niyt + (A% Fip 1) (A 'Niyr)
+(A3Fy) Niya — 2(A2 F) (A ' Niy1).

Thus, for all k € Z \ {0}, it holds

k* A’ (FiN —le»* A®N ﬁF — F) K A?
k k)—ak k k7 ay k+ak(k+3 k) k7ag A" Ny

k> k3
+a (A% Fis) kag A Niyr + m (A*F) ak Nito

k2
—2= (A’ Fkay A Niyt.
ag

Since the family {Fy}rcz satisfies the condition (F3), and clearly, when k = 0 the
operator K3 A3(Fka) is bounded, the family {Fi Ni}iez is @ M-bounded family of
order 3. O

LEMMA 5.7. Consider 1 < p,q < 00,58 > 0and 0 < B < o < 2. Let
A be a closed linear operator defined in a Banach space X. Assume further that
F e L(FyE*([=27,00); X) and G € E(F,if;,“‘ﬁ([—zn, 00); X). Suppose that the
operators Ny € L(X), for all k € 7Z. If the families {Fy}xe7, and {Gylrez satisfy
the conditions (F3) and (G3) respectively, and the family of operators {My}rez, is
bounded, then the family {by G Ni}rez is a F;’q—multiplier.

Proof. According to Theorem 2.12, it suffices to show that the family of operators
{bx G Ni}rez is M-bounded of order 3. It follows from Lemma 3.7 that {b; G Ny }rcz,
is M-bounded of order 2. It remains to show that {k3 A3 (b G Ni)}kez is bounded.
Note that, for all k € Z,

A3 (b GrNy) = br G A3 Ny + (bey3Gras — biGr) A2Niy1 + A2(brr1Grg1) A Nijr
+(A?beGr) Nigo =287 (b Gi) A Niqr.

Therefore, for all k € Z \ {0}, we have

by k
k> A3 (b Gk Ny) = aGk KEap ANy + " (bk+3Grs3 — biGr) K2a A*Nis

k2 K3
o A% (b1 Grr1) kag A Niyy + o A3 (b Gr) ax Nis2

k2 2 1
—2— A“(brGy) kak A" Niy1.
dg

Since { G }x ez satisfies the condition (G3), it follows from Lemmas 3.4,3.5,5.4 and 5.5
that all the terms in the right hand of the preceding identity are uniformly bounded. In
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addition, k3 A3 (b;. Gy Ny) is a bounded operator when k = 0. Consequently, the family
{bx Gk Nk }kez is a M-bounded family of order 3. O

LEMMASS. Let1 < p,g < 00,5 >0and0 < < o < 2. Let A be aclosed lin-
ear operator defined in a Banach space X. Suppose that F € E(F;Z“([—Zn, 0D; X)
and G € ﬁ(F;t[a_ﬂ([—Zn, 0D); X). Assume that the operators Ny € L(X), for all
k € Z. If the families {Fi}rez, and {Gylrez satisfy the conditions (F3) and (G3)
respectively, then the following assertions are equivalent.

(i)  The family of operators { My }rez, is bounded.
(ii)  The family of operators {My ez, is a ngq—multiplier.

Proof. (i) = (ii). According to Theorem 2.12 it suffices to show that { My }xcz is M-
bounded of order 3. It follows from Lemma 3.8 that { My };<7 is a family of operators
M -bounded of order 2. It remains to show that {k® A3 My }icz is a bounded family of
operators. For this we note

A3My=ar NNy + (ary3 — ap) A*Niyt + (A%ag 1) (A Niyr)
+(Aap) Nz — 28%a, A Niy .

Therefore, for all k € Z \ {0},

2
ag+3 — ag Aaj+
R kay, AZN[{+1 + | kay, Al Ni41
ay 3

A3ak Azak
agNi4or — 2k>
dg dg

EAMy = Bap N3Ny +k

+i3 kay, AlNk+1.
Since the sequence {ay}iez is 3-regular, and all hypotheses of the Lemmas 3.5 and
5.4 are fulfilled, we conclude that all the operators included in the right-hand side
of the equality above are uniformly bounded. Additionally, when & = O the op-
erator k> A3M; is bounded. In consequence, the family of operators {M}rcz is a
M-bounded family of order 3.

(ii) = (i) This proof is analogous to the proof of the implication (ii) = (i) of the
Lemma 3.8, so we omit it. O

We are now ready to prove the main results of this section. We omit their proof
because are analogous to the proof of the Theorem 3.9 and Corollary 3.10, respectively.

THEOREM 5.9. Let 1 < p,q < 00, s > 0. Let be X a Banach space. If the
families { Fi }xez, and {G}rez satisfy the conditions (F3) and (G3) respectively, then
the following assertions are equivalent.

(i) The Eq. (5.1) has F[S,’q—maximal regularity.
(ii)  The families {Ni}rez S L(X) and {My}kez are bounded.

Our next objective is to give other conditions on the operators A, F' and G that
imply the hypotheses of Theorem 5.9 and are easier to verify in applications. With
this purpose, for k € Z, we define the operators Sy = ((ik)* — A)*l.
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COROLLARY 5.10. Let1 < p,q < 00, s > 0. Let be X a Banach space. Assume
that {(ik)*}rez, C p(A) and the families {F}}rc7, and {G}}rez, satisfy the conditions
(F3) and (G3) respectively. If the family of operators {(i k)* Sk }kez is bounded, and
SUP.c7, ‘((ik)ﬂGk + Fk)Sk ” < 1, then the solution of Eq. (5.1) has Fg’q—maximal
regularity.

6. Existence and uniqueness of periodic strong solution of neutral equation
in Triebel-Lizorkin spaces

Letl < p,g<oo,s>0and0 < B <a<2.LetA: D(A) € X - X and
B : D(B) € X — X linear closed operators such that D(A) € D(B). By using the
results about F' ; g-maximal regularity of the Eq. (5.1) obtained in Sect. 5, we prove
that the fractional neutral differential equation

D*(u(r) — Bu(t — r))= Au(t) + Fu; + GDPu, + f(t), t€[0,27], (6.1)

has a unique periodic strong F),  -solution. Suppose that the Eq. (5.1) have F), -
maximal regularity, then for each g € F, ,(T; X) there exists a unique strong F), -
solution v of the equation

D% = Av + Fv. + GDPv + g(1). 6.2)

Denote by W the operator W : F;’q(']l‘; X) — F;yq (T; X) defined by the formula
W (g) = D%v, where v is the unique strong F,,  -solution of the Eq. (6.2). This linear
operator is well defined. Moreover, by the closed graph theorem there exists a constant
M > 0 such that for all f € Fg’q(T; X) we have

o B
ID%ullry, + I Aullpy, + | Fullpy, +1GDPullry, < MIflF;,-

With the following two results, we study the existence and uniqueness of a strong
F, ,-solution for the Eq. (6.1). We omit the details of their proofs because the are
analogous to Lemma 4.1 and Theorem 4.2 respectively.

LEMMA 6.1. Let 1 < p,g < 00,5 >0,and0 < B < o < 2. Let be X a Banach
space. Assume that B is a bounded linear operator such that || B|| |V] < 1 and Ny €
L(X), forall k € Z. Suppose further that the families { F }rc7, and {Gy }rez satisfy the
conditions (F3) and (G3) respectively. If {(ik)* Ny }rez, is a bounded family of opera-
tors, such that supyz, |k|*|| B[ | Nk || < 1, then the family {(I —e™'*" (ik)* BNy) ™' }xez
isa F,,  -multiplier.

THEOREM 6.2. Let 1 < p,g < 00,58 > 0,and0 < < a < 2. Letbe X a
Banach space. Assume that B is a bounded linear operator such that |B|| |V] < 1
and Ny € L(X), for all k € 7. Assume further that the families { Fy}xez and {Gy}kez
satisfy the conditions (F3) and (G3) respectively. If {(ik)* Ny }xez is a bounded family
of operators, such that supy o |k|“||B||||Nk|| < 1, then for each f € F;’q(T; X) there
exists an unique strong F;’q-solution of Eq. (6.1).
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7. Applications

In this last section, we present an application of our results to partial neutral func-
tional differential equations. As we have already mentioned, equations of type (1.1)
and (1.2), have been studied by several authors to model important physical systems.
Next, we consider an integro-differential perturbation of the equation studied in [1, 12].

EXAMPLE 7.1. Let 1 < p,g <oo,s >0andl < <a <2and0 <r < 2m.

Consider the following neutral fractional differential equation with finite delay
9 82 0
ﬁ[w(t, £) —bw(t —r§)] = @wu, §) + /-2;: qry (s)w(t +s,)ds

0 aﬁ
+ [ gt s o

+f(t,8), teR, £ €l0, 7],

w(tvs)_bw(t_rvg) =0a EZO,T[, tGR )
(7.1)

In order to rewrite the Eq. (7.1) in the abstract form of the Eq. (1.1), we consider X
as the space L2([0, 7]; R). The operators A and B are defined by
%)
2

Ap = with domain

D(A) = {p € L*(10.7]: R) : ¢" € L*([0, 7]: R), ¢(0) = ¢(7) = 0},

By = by, where the constantb is a positive number.

We assume that the function y : [—2m,0] — R is a function of class C 2 and
the operators F : Byt ([—27,0]; L*([0, 7]; R)) — L*([0, 7]; R) and G : B;Za_ﬂ
([—2m, 0]; Lz([O, 7]; R)) — Lz([O, 7]; R) are described by the formula
0

0
(Fl/f)(é)=/2 g1y (s)¥(s)(§)ds and (G )(§) =/

q2y ()W (s)(&)ds.

It follows from Cauchy—Schwartz inequality that F1/ and G are elements of L?
([0, 7 ]; R). Moreover, since B;:Z“([—Zn, 0]; L?([0, 7]; R)) is continuously embed-
dedin C([—2m, 0]; Lz([O, ]; R)), the maps F and G define bounded linear operators
from B3t ([—27,0]; L2([0, 7]; R)) and By P ([~27, 01; L2([0, 7 ]; R)) respec-
tively to L2([O, 7]; R).

Let identify f(¢) = f(t, -), and assume that f~ (, &) is 2 -periodic at the variable
t.

With all these considerations, the Eq. (7.1) takes the abstract form of the Eq. (1.2).

We will show that there exists b > 0 sufficiently small such that there exists a
unique strong Bi’,,q-solution of Eq. (7.1), whenever f € B;',’q(’]I‘; L?([0, 7 1)). For this
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purpose, we assume that g and g, are positive numbers such that

ot < ()

and
2%
@K < sm(7>,

where K is a constant satisfying || F|| < K and |G| < K.
Note that for k € Z the operators Fy and Gy take the form

0 0
Fro = / q1y(s)(exp)(s)ds and Gy = / g2y (s)(exp)(s)ds.
-2 -2
By using the Cauchy—Schwartz inequality, we conclude that Fj, € £(L2 ([0, 7 ]; R))
and Gy € L(L?([0, 7]; R)) for all k € Z. Integrating by parts twice, we obtain the
following representation for the operator Fy and Gy.

igily(=2m) —yOle  qly'O) —y'(=2m)le a1 [, i
Frp = p + - -~ p/_h y"(s)e'™ ods,
and

; _ _ / _ / _ 0 .
Grp = igaly (=2m) — y (0)]g L aly O) =y (2mle ¢ V()% ods.

k k2 K2 oy

With this representation, by a direct computation, it follows that the families { F }xcz
and {Gy}rez satisfy the conditions (F2) and (G2) respectively.

On another hand, the spectrum of A consists of eigenvalues —n?, for n € N. Their
associated eigenvectors are given by

2
xp(§) =/ — sin(nf).
b4

Moreover, the set {x,, : n € N} is an orthonormal basis of L?([0, 7]; R). In particular

e¢]

Ap =D —n* g, xy)x,,  forallg € D(A). (7.2)

n=1
Therefore {(ik)*}rcz € p(A) and

_ 1
(01 = 4)" =3 s 0 b, (7.3)
neN

Since 1 < o < 2 we have that Re(ik)* < O for k # 0. Thus, for k € Z \ {0} and
n € N we have

1K) +n?| = [Im(i0)%)| = [k Sin(?)_
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Hence, for k # 0 we have the following estimative

H (i1 — A)™! H < !

< —F—. 7.4
kI sin() 79

It is clear from equality (7.3) that ” ((ik)“l — A)_1 ” < 00, in the case k = 0. On the
other hand, for all k£ # 0 we have that

1P G + Fie| < 1G0)P g2 + 11K < g2l (iK)PIK = galkIPK. (7.5)
Hence, we have that

sup |(7k)* (k)1 — A) || < oo,
keZ

and

¢ kP K

|@rars myar - 47| < i

Since g2K < sin(%F) we have supycz, | (i) Gk + F)Sk| < 1. From Corollary
3.10, it follows that fractional delay equation

D%u(t) = Au(t) + Fu, + GDPu, + f(t), t€[0,27], (7.6)

where the operators A, F and G are described as above, has By, | -maximal regularity.
Thus, the mapping ¥ : B), (T; X) — B), /(T; X), defined by W(f) = D*u where u
is the unique strong Bls,’ g-solution of Eq. (7.6), is a bounded linear operator. Therefore,
there exists C, > 0 such that |¥| < Ca.

Moreover, there exists C; > 0 such that sup, 7 |k|*[|Nk|| < Cj. If the constant

b > 0 satisfies the condition ¥ < min {Cll, Clz} we have

supblk|*||Ng|l <1 and b|¥| < 1.
keZ

It follows from Theorem 3.9 that Eq. (7.1) has a unique strong B;’ g-solution.
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