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Structure of DNA

@ DNA strand: A sequence of nucleotides.

@ Nucleotide: Building blocks of the genome. There are four
types: a, ¢, g, t.

@ DNA comprises 2 strands: The primary (or principal) and
the complementary. The two strands together are called a
duplex.

@ Corresponding nucleotides on each strand forma base pair.

@ Within each base pair, a bonds with t while ¢ bonds with g.

@ The complementary strand is read in the opposite direction
to the principal strand.

Principal strand
5 +« GGGATCAAGTCCATCA — 3
3 «— CCCTAGTTCAGGTAGT « 5%
Complementary strand



@ Set of nucleotides: A = {A,C, G, T}.

@ Involution: v : A — A, where v(A) =T, ~(C) = G,
v(G) = Cand v(T) = A.

@ DNA sequence: X = (X :m=1,...,L), where x, € A.

@ We treat sequences as circular so that X, ,, = X, for all
m=1,...,L

@ Oligonucleotide: Xy Xmi1 ... X1 X).

@ Frequency of r-oligonucleotide:

forall (a,...,ar) € A", 1 <r < M. 1g takes the value one
if the condition B is satisfied and zero otherwise.
)
vX(a, b)
vX(a) -

T4 :=1%(a) and Pap =



More Notation

@ Complementary strand: Y = (Y- m=1,...,L), where
Ym € A.

@ For chemical reasons, X and Y are related by
Ym=vXi_my1)form=1,... L.

@ Frequencies for Y are given by

L
1
v'(ay,...,a) = I Z 1 (Vs Yinrr1)=(a1,3r)} 5

forall (a1,...,a) e A", 1 <r<M.
@ Hence, for all (ay,...,ar) € A", 1 <r <M, we have

Vy(a17'--7af) :VX(’Y(ar)""afY(a1))'

@ Mononucleotide and conditional dinucleotide distributions

of Y:
v¥(a,b)

v¥(a) -

pa:=v'(a) and Qup =



Chargaff’s First Parity rule

@ Foralla,be A,

pa=Tya) AN paap = Ty(t)Py(b)1(a) -

Chargaff’s First Parity Rule.

In any DNA duplex, the number of A nucleotides is the same as
the number of T nucleotides, while the number of C nucleotides
is the same as the number of G nucleotides.




chargaff’s Second Parity Rule

Chargaff’s Second Parity Rule (CSPR).

On a DNA strand, the frequency of a short oligonucleotide is
the same as the frequency of its reverse complement.

CSPR means that, forall r < L, (a1,...,ar) € A",

an,....ar) = v (1), (). (1)

CSPR for r = .
We say that CSPR holds for r = ry if (1) holds for r = rp.

@ if CSPR holds for r = ry, then it also holds for all r < rp.
@ For r =1, CSPR means that = = p, or 74 = ny and
TTC =TG-
@ Forr =2, CSPR means that p = 7and Q = P, or
equivalently,

TaPab = Ty(b) Py(b) 1(a)s 8D € A.



A Matrix characterisation of CSPR for Dinucleotides

@ AssumetheorderA< C<G< T.
@ Let 4 be the set of 4 x 4 positive stotchastic matrices,

Paa Pac Pag Part
p_ Pca Pcc Pce Pert
Pca Psc Pee Part
Pra Prc Pre Prr

Chargaff’s second parity rule holds for r = 2 if and only if the
matrix P takes the form

B B2 B3 1—(61+B82+063)
¢Be Ba 1—({Bs+Pa+¢P3) (B
¢Bs 1—(¢B5+B4+CB2) Ba ¢B2
1—(B5+B6+061) Bs Bs B4
where ¢ € (0,00) and j, . .., e represent values in (0,1) such

that P is a strictly positive stochastic matrix.

V.



Uniformly distributed Stochastic Matrices

@ set A3 = {A, C,G} and A, = {A, C}.

@ The n—simplex is
Sn={(s1,...,8n41) e RIS g = 1},

@ The interior of the n dimensional ¢! unit ball intersected
with the positive orthant is
Ch={(51,...,8n) eRT : Y"1, si < 1}.

@ P:=(Pap:(ab) e Ax A3) €Cs.

o X = (X, Xo, Xa, X4) taking values in Sj is
Dirichlet(1, 1,1, 1) distributed if X = (Xj, X2, X3), which
takes values in Cs, has probability density function f given
by f(Xq, X2, X3) = 6 for (x1, X2, X3) € Ca.

@ The volume of C3 relative to Lebesgue measure is
Vol(C3) = 1/6.

@ Taking the distribution of P € © to be uniform is equivalent
to taking P ~ (Dirichlet(1,1,1,1))®4.

@ Let Py denote this probability measure.



CSPR for Dinucleotides

Let ©, be the set of P € © having the form prescribed by the
Proposition. B

Let J7 = A x A3 U {(G, A)} and define P = (P : (a,b) € J7).
Then, ©, is the set of P € © satisfying the set of constraints

Pe,c=H(P), Pec="(P), Pre="1%:(P), Prc="f(P), Pra=

f5(P), where

f(P) = Pcc
- -
B(P) = 1—Pga—f(P)- 52T
AG
3 Pc.aPaa
H(P) = AL
s(F) 1—-Pca—Pcc—Pce
_ PeaP

1—Pca—Pcc—Pce
5(P) = 1—Paa—f(P)—1f4(P)



Identification of ©5

Pap > 0for(a,b)eJz, fi(P)>0, Fori=1,2,8,4,5(2)
S Pap<tforac Az, Poath(P)+H(P) <1, (3)
be Az

5
> Py <1. (4)
=3

©2 can be identified with
V7 .= {P € (3% x (0,1) : P satisfies (2) and (3)}.



The Test of CSPR for dinucleotides

@ Since P is positive and stochastic, it can be seen that
Vs = {P 3% x (0,1): K(P) > 0,f(P) > 0}.
@ Fore > 0, define A(h,e) := (h— 5,h+ —5) for hreal.
@ Define
Cr(c) = {PeCs:Pe Vs Poge (f(P)—e/2,f(P)+¢/2),
Pa.c € ((P)—¢/2,(P)+¢/2),
PT,GG(fs(P)—6/2 3(P)+e/2),
Prce(fs(P)—¢/2,f(P)+¢/2),
PT7A€(f5(P)—6/2,f5( )+6/2)}.
Define the statistic 7, = 72(P) as

e = maxd[Pag-h(P).[Pac—(P).

(P}

Pra—h(P)|,|Pr.c—fu(P)| .

if P € V7. Otherwise, np = 1.




Formulation of the Test

Hy: P€©\ Oy <= P¢ Cien) <= m2 > €a/2,
H;: PecBOy <« Pec Cien) <= nm2<ey/2.

the probability of a type | error is

P(Ho is rejected | Hp is true) = Pg\e,(Cr(ca))
Po (Cr(ea) N (O )\ ©2))
Po(©\ ©2)
= Po(Cr(ea))

The significance level « of the test is fixed by choosing ¢, so as
to guarantee Pg (12 < ¢/2) = Po(P € Cr(¢n)) < a.

Let €* be such that Po(P € C7(¢%)) = .

€, = v a/27 < €.
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Histogram of GC-content for 805 Bacteria
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Histogram of Lengths of 805 Bacterial Genomes

Number of genomes

0 2 4 6 8 10 12 14
Length in bases x10°



	Introduction

