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Abstract

We report on experimental observations of a gravity-wave instability forced by a highly

turbulent free-surface Taylor–Couette flow. We observe a subcritical bifurcation from a highly

turbulent base state, the mean flow of which is axisymmetric, to a turbulent gravity-wave state,

the mean flow of which has a azimuthal number m ¼ 1. The flow is characterized by

ultrasound velocimetry, by imaging of the surface profile, local free-surface disturbance

measurements and by the dynamic pressure at the outer cylinder.
Many nonlinear systems present transitions between multiple solutions that are
affected in one way or another by the presence of noise or fluctuations. Of particular
interest are bifurcations that occur when the system is forced by a fluctuating field.
Magnetohydrodynamic examples are the dynamo and magnetorotational instabil-
ities observed in liquid metals, where the velocity field is highly turbulent at the
instability onset [1]. The role of turbulent fluctuations in these systems seems unclear,
in some cases twofold [2]. In the field of fluid mechanics, the existence of finite-
wavelength instabilities in turbulent flows is puzzling. Experiments on both plane
Couette and Taylor–Couette flows show finite-wavelength modulations of their basic
turbulent flows [3]. More recent experiments on a highly turbulent von Kármán flow
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show a subcritical bifurcation at a Reynolds number Re�105, where the exchange of
stability is realized between mean flows of different symmetries, which are actually
never realized at any given time [4]. This is puzzling because although bifurcations
and symmetry breaks occur on the route to turbulence, in the limit Re ! 1 the flow
is expected to recover the system’s basic symmetries [5]. In some aspects these
systems behave as low-dimensional dynamical systems, although they present novel
statistics at the transition [4]. More generally, the question of multiple solutions in
turbulent and laminar flows remains open. Up to 25 different states for a given
rotation rate have been observed in laminar Taylor–Couette flow [6]. Other examples
of systems that present hysteresis and finite-amplitude instabilities are tornadoes,
vortex breakdown, and above delta-wing aircraft and in diverging tubes [7].

In this paper we report an experimental study of a gravity-wave instability forced
by a highly turbulent free-surface Taylor–Couette flow. A highly turbulent base
state, the mean flow of which is axisymmetric and thus respects in average the
symmetries of the driving apparatus, bifurcates to a turbulent gravity-wave state, the
mean flow of which has an azimuthal wavenumber m ¼ 1. The instability is then
subcritical—one needs the correct form and level of disturbance to observe the
transition—and it presents bistability and hysteresis.

The flow under study is a Taylor–Couette flow with a free surface (see Fig. 1). The
outer cylinder is made of Plexiglass with inner radius b ¼ 22:1 cm and a thickness of
3.34 cm. The axial length of the available working volume is L ¼ 69:5 cm. The setup
is the same used in Ref. [8], except that the inner stainless steel cylinder is smaller, of
radius a ¼ 2:83 cm, such that Z � a=b ¼ 0:128. A 2 kW servomotor drives the inner
cylinder, with an accuracy of 1% in rotation rate. The experiments are performed
with distilled water, which is kept around ambient temperature ð24� 1 �CÞ. Three
Fig. 1. Left: Taylor–Couette system partially filled with water. Right: (a) Base state surface profile for

F ¼ 20Hz ½Re � 6:85� 105; (b) A gravity-wave snapshot, for F ¼ 24Hz ½Re � 8:22� 105. The gravity

wave co-rotates with the inner cylinder, counterclockwise viewed from above, at � 1:65Hz and a peak-to-

peak amplitude of about 12 cm. In both figures, ho ¼ 50 cm.
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different quiescent water levels ho are studied, ho ¼ 34, 42 and 50 cm, giving aspect
ratios ho=ðb � aÞ ¼ 1:8, 2.2 and 2.6, respectively. The inner cylinder rotation rate F is
varied in the range 3.6–33Hz and the outer cylinder is stationary. The corresponding
integral Reynolds number, Re ¼ a2pF ðb � aÞ=n, where n is the fluid kinematic
viscosity, is in the range 1:23� 105–1:13� 106, indicating strong turbulence.

The base state velocity field is characterized with an ultrasonic velocimetry
profiling technique [9] and by imaging of the surface profile. The velocity
measurements were obtained using pulsed ultrasound Doppler velocimetry at
4MHz. In addition, both the turbulent base state and the wave state are also
characterized by a wall pressure probe. The local surface amplitude disturbance, dh,
is determined near the outer cylinder by a wire gage, which measures the voltage
drop V w, and thus the resistance Rw, between two thin stainless steel rods. The wire
gage resistance measurements are performed by adding a Ro ¼ 100 kO resistance in
series and by measuring the voltage drop V w across the two rods with a lock-in
amplifier, which drives the total circuit at 2 kHz with a rms amplitude V o ¼ 2V. In
general, Rw is related to V w by Rn ¼ V n þ V 2

n, where Rn ¼ Rw=Ro51 and Vn ¼

V w=Vo51 are their normalized values. The stainless steel rods are 0.8mm in
diameter and 60 cm in length, separated by four uniformly placed nylon spacers of
3mm. This wire gage is placed radially, such that both rods are placed at the same
azimuthal angle respect to the rotation axis, and it is immersed 5 cm above the
bottom plate. After proper calibration, it is possible to relate dh to the resistance
measurement Rw. We note that due to contamination, water conductivity increases
and Rw slowly decreases with time. Typical changes are of 1% for a 1 h period. In
order to have absolute values of surface disturbance amplitude, periodic quiescent
water level resistance measurements are performed. Finally, except the ultrasonic
data, both wire gage and pressure signals are transferred and stored on a PC
computer using a digital-to-analog acquisition card, at a sampling rate of 200Hz.
For velocity profile measurements of the base state, the cylinder is completely filled
with water, in order to avoid the presence of bubbles in the flow. Indeed, even for
runs with a free surface at moderate F, bubbles are pulled down from the liquid/gas
interface, spiraling around the inner cylinder and are eventually ejected into the
bulk of the fluid. Hollow glass spheres are added into the fluid as ultrasound
tracer particles, of mean density 0:75 g=cm3 and mean size 140mm, at a volume
fraction of 1� 10�4.

Typical bifurcation study runs consist of two rotation rate ramps: increasing and
decreasing F. For increasing F, 24min time series of wire gage voltage V w and wall
pressure pw are recorded. Near (respectively far from) the transitions values, F

increases by 0.4Hz steps (respectively 0.8Hz). For fixed F, each time series
acquisition starts from quiescent distilled water, having 8min to settle down between
each rotation rate. The decreasing ramps start at the maximum F at which the
increasing ramp ends. In this case the time series are of 5min duration, without
stopping the motor between each rotation rate.

Below the critical value at which the global bifurcation occurs, we observe that for
a large range of high Reynolds numbers the flow symmetries are statistically
restored, as expected for highly turbulent flows [5]. Indeed, the measured mean flow
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is axisymmetric and, moreover, the mean angular momentum is constant in the bulk
of the flow (see Fig. 2a). This implies that except at the boundary layers, the mean
flow obeys ~v � A=r ŷ, where A is constant and r is the cylindrical radius. In fact, a
regression fit of the form vy�r�a, performed with the data presented in Fig. 2a for
ro15 cm, gives a ¼ 0:97� 0:05. Another experimental characterization is given by
the analysis of the surface profile. We present in Fig. 1a an image of the base state
free surface near the inner cylinder, for ho ¼ 50 cm and F ¼ 20Hz [Re � 6:85� 105].
Away from the boundaries, this deformation follows a power law behavior Z�r�b,
with b in the range 1.9–2.0 (see Fig. 2b). By Bernoulli, it is direct to show that we
should have b � 2a, as indeed it is observed.

Close to a critical value Fþ
c , where þ indicates an increasing ramp, surface waves

become stronger and more coherent. For this given setup, and for ho ¼ 50 cm, we
have Fþ

c � 25:2Hz, which gives a critical Reynolds number Reþc � 8:65� 105. We
remark that this value is sensitive to small geometrical perturbations, thus care must
be taken in order to insure reproducibility. (In a series of experiments performed
with a less-controlled concentricity we obtained a 17% lower Fþ

c .) Above Fþ
c , a large

amplitude gravity-wave state sets in (see Fig. 1(b)), typically after a bifurcation time
tb, which has a statistical nature as will be discussed later. Typically, tb�7 min, that
is, about 10 000 inner cylinder revolutions (tb is defined as the time once the wave
growth saturates).

The bifurcation diagrams for three different quiescent water levels are plotted in
Fig. 2c, where we present the squared average envelope value, hdh=hoi

2
env, versus the

rescaled bifurcation parameter, D ¼ ðRe � Re�c Þ=Reþc . For each ho, we observe
bistability and hysteresis. In addition, we observe that for small D, hdh=hoi

2
env

depends linearly on D. Our measurements also indicate that the critical value Reþc , at
which the wave state appears, depends on the level and form of turbulent
fluctuations present in the flow. The role of fluctuations is, however, less important
in the opposite transition obtained during a decreasing ramp, from the wave state to
the base state. This is due to the very low probability of having a turbulent
Fig. 2. (a) Base state mean azimuthal velocity profile in log10–log10 scale, obtained from 1024 profiles, for

F ¼ 5Hz ðRe � 1:71� 105Þ. The continuous line shows the slope �1. (b) The surface profiles from Fig. 1a

are fitted to power law forms Z�r�b. For the left and right side profiles, bL ¼ 2:0� 0:1 and bR ¼ 1:9� 0:1.
(c) Bifurcation diagram showing hdh=hoi

2
env versus D, for koho ¼ 2:74 ð�Þ, koho ¼ 3:38 ð�Þ, and koho ¼ 4:03

ðnÞ. Open and solid symbols correspond to increasing and decreasing ramps, respectively. Solid lines show

linear fits performed in the range 0pDp0:3.
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fluctuation that would ‘‘kill’’ the high amplitude gravity wave. The confidence in the
experimental determination of Re�c is then high, within �2%. By the contrary, the
determination of Reþc is harder, and a statistical study is necessary. Finally, both Re�c
and Reþc also vary with ho, probably due to importance of the axial flow on the
instability. However, Dþ

c � 0:3 seems to be independent of ho.
In conclusion, we report the experimental observation of a subcritical bifurcation

of a free-surface Taylor–Couette flow, which occurs at a very high critical Reynolds
number, Re�106. The base state is axisymmetric and statistically respects the
symmetries of the system, whereas the wave state is dominated by a mean flow of
azimuthal number m ¼ 1. This wave state grows from a resonant mode of the free
surface, and it needs the correct perturbation in form and amplitude in order to
grow. The energy of this wave must be transferred from the background turbulent
flow. The statistics at the transition are probably related to turbulent fluctuations
and more work is necessary to fully understand their role.
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