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Penalty and barrier methods for convex
semidefinite programming

Abstract In this paper we present penalty and barrier methods for solving general
convex semidefinite programming problems. More precisely, the constraint set is
described by a convex operator that takes its values in the cone of negative semi-
definite symmetric matrices. This class of methods is an extension of penalty and
barrier methods for convex optimization to this setting. We provide implementable
stopping rules and prove the convergence of the primal and dual paths obtained
by these methods under minimal assumptions. The two parameters approach for
penalty methods is also extended. As for usual convex programming, we prove
that after a finite number of steps all iterates will be feasible.
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functions - Recession functions - Convex analysis

1 Introduction

Let S™ be the space of symmetric real m x m matrices endowed with the inner
product A- B = trace(A B) denoting the trace of the matrix product AB, and let S/
be the cone of positive semidefinite symmetric matrices. Related to "' we define
the partial ordering > via

A>B & B=<A & A-BeS! VA BeS"
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We denote A > 0or 0 < Aif A € §'',, the cone of positive definite symmetric
m X m matrices.

Similar relations can be established for $” and S™_, the cones of negative
semidefinite and definite symmetric m X m matrices, respectively.

Throughout the general development, we denote by IR” an arbitrary finite real-
dimensional space, and by (-, -) an arbitrary inner product on IR”.

This paper is focused on convex optimization with constraint sets described
mainly by > convex maps, which are defined as follows: let X be a convex set in
R*, amap G: X — S™ is said to be > convex if

GOx + (1 —1)y) < AGx) + (1 — MG, Vx,ye X, Yielo,1].

Simple examples of > convex maps that show the interest of this notion are affine
maps as G(x) = B + Z’;’:l xjA; with B, A; € §™, or functions of the form
G(x) =B+ Z;’:l gj(x)A; where the g;(-)’s are convex functions while the A ;’s
are positive semidefinite matrices. Similarly, matrix convex functions, for instance
x2: 8™ — §™M and — logx: S8, — S, are > convex maps defined on a matrix
space. Other examples, properties and applications of such maps can be found in
the books of Bhatia (1997, chapter 5), Bonnans and Shapiro (2000, chapter 5), and
Ben-Tal and Nemirowskii (2002, chapter 4).

Throughout this paper, we suppose that G is a > convex map, continuously
differentiable (Cl) on R”,and f; : R - RU{+o0}, i =0,1,...,p, are
convex, lower semicontinuous(Isc) functions. Thus, we define

D={xeR": fi(x)<0, Vi=1,...,p},
E={xeR": G(x)<0}, C=DNE,

and consider the optimization problem
P) v=inf{fo(x)|x eC}.

The aim of this paper is to propose penalty and barrier methods for solving
(P). Methods of this kind have been widely developed in nonlinear optimization
(i.e. C = D). In this context, Auslender et al. (1997) have proposed a unified
framework containing most of the methods given in the literature. The article
(Auslender et al. 1997) also provides a systematic way to generate penalty and
barrier methods.

In the case when C = DN E and G is an affine map into S™, Auslender (1999)
proposed a general framework for solving (P). Roughly speaking, a systematic
way for building penalty and barrier functions ¢, with parameter » > 0 going ulti-
mately to O was presented. These functions are defined in order to solve a family
of unconstrained minimization problems of the form

() v = inf{ /o) + ¢ () | x € R").

In the work by Auslender (1999), the existence of optimal solutions x;- of (P,.) is
guaranteed by supposing Slater’s condition and the usual hypothesis that the opti-
mal set S of (P) is nonempty and compact. Then, it was proven that the generalized
sequence {x,}, - o is bounded with all its limit points in S.
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In the first part of this paper our objective is to improve the results established
in Auslender (1999) in three directions. Firstly, we give an implementable stop-
ping rule that ensures the obtainment of x, in a finite number of steps by any
usual unconstrained descent method. This avoids the exact minimization used in
Auslender (1999) to obtain x;,..

Secondly, here G is no longer affine but > convex. Hence, the convergence
analysis is now much more complicated than in the affine case. Indeed, the com-
putation of the recession function of ¢, by a useful formula is actually no longer
available when G is > convex, contrary to the case when G is affine. Unfortunately,
the recession functional analysis is a key element in our approach. The only known
result when G is > convex appears in Grafia Drummond and Peterzil (2002), where
they use the classical log-barrier function in semidefinite programming (SDP)
composed with G (x) instead of a more general penalty or barrier function ¢, (x).
In the work of Grafia Drummond and Peterzil (2002), convergence properties are
obtained under a restrictive assumption (cf. Grafia Drummond and Peterzil 2002,
Assumption A2). Here, the convergence is proven for general penalty and barrier
functions assuming the two usual hypotheses in constrained convex programming,
that is, the optimal set of (P) is nonempty and compact, and Slater’s condition
holds.

A third direction is the improvement of the duality results given in Auslender
(1999) and Auslender et al. (1997), where the exact solution of the Fenchel dual
problem of (P,,) is supposed to be computed ({rx} is a sequence of positive real
numbers going to 0). Obviously this is a theoretical result. Here we associate with
xr, amultiplier Y; given by an explicit formula. Then we prove that the sequence
{Yx} is bounded and that each limit point of this sequence is an optimal solution of
the usual Lagrangian dual of (P).

Penalty and barrier methods introduced in section 3 are based on a smoothing
procedure and depend on a single parameter. This smoothing procedure involves
two possible classes of penalty functions. The first class deals with the indicator
function of IR” x S$™, while the second class concerns an exact penalty function.
However, when C = D, i.e. when we only consider the classical convex con-
strained programming problem, a second approach can be used. This approach
is only applied to functions of the second class mentioned above and its basic
idea consists of distinguishing two parameters: the “smoothness parameter” r and
the penalty weight 8. This two-parameter approach has been firstly developed by
Xavier (1992) for a specific hyperbolic function and has been also the base of a
recent work of Gonzaga and Castillo (2003). Indeed, Gonzaga and Castillo (2003)
introduce a method that uses a smooth approximation 6(-) of the exact penalty
function + — max{0, ¢} and two parameters, r and B, so that the penalized func-
tion ¥, g(x) := fo(x) + Br Z;"zl 0 (fi(x)/r) is minimized at each iteration. The
parameters play different roles: r always decreases in order to improve the precision
of the approximation, and § increases to penalize an infeasible iteration. Thus, the
aim of the second part of this article is to extend this approach to more general
feasible sets C. Particularly, we consider C = D N E instead of C = D, that is,
a feasible set that involves semidefinite constraints. Nevertheless, our results are
an improvement of those in Gonzaga and Castillo (2003) even in the nonlinear
programming case where C = D. Indeed firstly, we only work in the convex case
which allows us to give an implementable stopping rule [this is not the case in
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Gonzaga and Castillo (2003)]. Secondly, we do not suppose neither the assump-
tion named “Hypothesis” in Gonzaga and Castillo (2003) nor the compactness of
the feasible set. Finally, we associate with the primal sequence a dual sequence of
multipliers given by an explicit formula. Hence we prove that this dual sequence is
bounded with each limit point being an optimal solution of the usual Lagrangian
dual of (P). Such a result is not given in the work by Gonzaga and Castillo (2003).

The outline of this paper is as follows. In the next section we recall mate-
rial concerning recession functions, convex analysis in SDP and matrix properties
which will be needed in the sequel. In section 3 we present the penalty and barrier
methods, including the convergence analysis concerning the primal path. Section
4 deals primarily with the dual path. Finally in section 5 we consider the penalty
approach with two parameters.

2 Preliminaries
2.1 Asymptotic cones and functions

We recall some basic notions about asymptotic cones and functions [see for more
details the books of Auslender and Teboulle (2003) and of Rockafellar (1970)].
The asymptotic cone of a set Q € IR" is defined to be

Oco =y: 3ty —> +00, xy € Q0 withy = lim x—k] 2.1)
k—o0 I
When Q is convex and closed, it coincides with its recession cone
0T (Q):={y:x+iyeQ VA>0, Vxe Q) (2.2)

Let f: R"” — IR U {400} be lower-semicontinuous (Isc) and proper (i.e., 3x €
dom f:= {x: f(x) < +o00}). We recall that the asymptotic function f, of f is
defined by the relation

epifoo = (epif)oo,

where epi fi= {(x,r): f(x) <r}. As a straightforward consequence, we get (cf.
Auslender and Teboulle 2003, Theorem 2.5.1)

S xte)

Ik

Foo(y) = inf [hminf k= 400, Xp — y] (2.3)
k—+o00

where the sequences {f;} and {x;} belong to R and IR”, respectively.

Remark 2.1 This formulais fundamental in the convergence analysis of unbounded
sequences and is often used in the following way: let {x; } be an unbounded sequence
satisfying

lim [l = 400, lim —% — g £0.
k— 00 k—o0 || X ||
Suppose that f(d) > —oo,and leta € IR sothat f(d) > «. Then it follows
from (2.3) that for all k sufficiently large we have
Xk

f) = f (—IIXkII) = aflxl.

llxi



Penalty and barrier methods for convex semidefinite programming

Note also that f is positively homogeneous, that is
foo(Ad) = Afso(d) VYd, Y1 > 0. 24)

When f is a convex, Isc, proper function its asymptotic function coincides with its
recession function

Jx4+Ay) = f)

0T f(y) = lim , Vx e dom f, (2.5)
A—>+00 A
deducing immediately that
t
oy = tim 2 vy cdom £ (2.6)
t——+00 t

Furthermore, if df (x) denotes the (convex) subdifferential of f at x, we also have

Joo(y) =sup{(c,y) [ c € 3f (x), x € domdf}. 2.7)

Now consider the Isc functions f, g: IR" — IR U {400} satisfying foo(d) > —00
and goo(d) > —oo. Then

(f +8)oold) = foold) + goo(d). (2.8)

with equality in the convex case. Recall that f(d) > —oo always holds when f
is convex, Isc and proper.
When f is convex, a useful consequence of (2.2) and (2.5) is the following

{x: f(x) =Moo =1{d: foo(d) =0}, (2.9)

for any X such that {x: f(x) < A}is nonempty.
The following proposition is crucial in the convergence analysis. The reader
can see a proof in Auslender and Teboulle (2003, chapter 3).

Proposition 2.1 Let C be a closed convex set in R™ and let f: IR" — IR U {400}
be a convex, Isc, proper function such that dom f N C is nonempty. Consider the
optimization problem

(P) a=inf{f(x)[x e C},

and let S be the optimal set of (P). Then a necessary and sufficient condition for S
to be nonempty and compact is given by

foo(d) >0 Vd € C, d #0,
or equivalently

lim f(x) = 4o0.

[|x]|—00, xeC

In this case (P) is said to be coercive.
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In our analysis, the asymptotic function of a composite function is of a particular
interest. More precisely, we will consider the composition between a penalty or
barrier function € and the > convex function G (-).

Let us consider the following class of functions F introduced by
Auslender et al. (1997)

F = [9: R — R U {+o0}, Isc, convex, proper and non-decreasing with
Oso(1)>0, lim 6(f)=+00, and dom 6 =]— o0, n[ where n [0, +00] ]
t—n—

In the remainder of this paper, we consider two subclasses of F, namely F| and
F> [cf. Auslender et al. (1997) and Chen and Mangasarian (1996), respectively]
defined by

Fi={0eF: 0Ois C' on domé, Oso (1) = 400, O(—1) = 0},
P = [9 €F:domb =R, 0isC', 0o(1) =1, lim 0(t) = 0] .
——00

For example, the functions

01(u) = exp(u), domf =R — exponential penalty (Cominetti
and Dussault 1994),
0r(u) = —log(l —u), dom6 =] — oo, I[, — modified log barrier
(Polyak 1992),
O3(u) = lzu, dom6 =] — oo, 1[, — hyperbolic modified barrier
(Ben-Tal and
Zibulevsky 1997),
04(u) = —log(—u), dom@ =] — 00,0[, — log barrier (Frisch 1995),
Os(u) = —u~1, dom6 =] —o00,0[ — inverse barrier method
(Den Hertzog et al. 1991),

belong to the class Fi, while the functions

Os(u) = log(1 +exp(u)), 67(u) = 2_1(14 +Vu2+4)

belong to F,. Furthermore, systematic ways to generate classes of functions 6
belonging either to F| or to F, are described in Auslender et al. (1997) and Chen
and Mangasarian (1996).

The following result was proven in Auslender et al. (1997).

Proposition 2.2 Let 6 € F, f be a convex, Isc, proper function with dom6 N
f(R™) £ @ and consider the composite function

gx)=0(f(x)) ifx edomf, 400 otherwise.
Then the function g is a convex, lsc, proper function and we have

8oo(d) = Ooo(foo(d)) ifd € domfso, 00 otherwise.
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2.2 Convex analysis over the cone of symmetric semidefinite positive matrices

Let S™ be equipped with the inner product A - B := trace(AB) where trace(A)
denotes the trace of the matrix A. Let A € §” with the eigenvalue decomposition

A = QA Q' Thus Q is an orthogonal matrix whose columns g;, i = 1, ..., m,are
the orthonormalized eigenvectors of A, and A is a diagonal matrix whose entries
Ai(A), i =1,...,m,are the eigenvalues of A in nonincreasing order.

Letci(A) :=g; ql-t. The spectral decomposition of A can be written as

A= Zki(A)ci (A).

i=1

Now, let g: R — R U {4+00}. For any A € S such that A;(A) edom g for each i,
we set

g°(A) = Zg()»i (A))ci(A), (2.10)

i=1

the usual matrix function associated with g. We are particularly interested here in
the function W,: S — R U {+o0} defined by

m
W, (A) = z g(%i(A)) if 1;(A) € dom g foreach i, +oo otherwise,
i=1

2.11)
or equivalently
W, (A) = trace(g°(A)) if 1;(A) € dom g foreach i, 400 otherwise.

The function W, is a spectrally defined function and the following properties
hold (see e.g., Auslender 2003, Proposition 2.2)

Proposition 2.3 Suppose that g € F. Then

(i) W, is a proper, lsc, convex function.
(ii) dom W, is open.
(iii) If g is C' on domg, then W, is C' on dom W, with VW, (A) = (g)°(A),
forall A € dom Y.
(iv) (Wg)oo(D) = W, (D), forall D.
(v) For g € F, Y, isisotone, i.e., A > B = Wg(A) > WV, (B).
(vi) Forall D € S™ it holds that

(Wo)oo(D) =ésm(D), if 0 € Fi, (2.12)
=V, (D), if 0 € F, (2.13)
where 8gm is the indicator function of S = —S"! and where at = max(0, a) with

a € R.
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Consider the functions 6 € F given in section 2.1 and set L := Wy. For 6 € Fy,
we have the following examples from the work of Auslender (1999):

L1 (D) = trace(exp D),

—log(det(I — D ifD <1,
LoDy — [ g(det(! — D)) |
otherwise,
_ 1 -
(D) [trace(([ D)D) D <.
otherwise,
t(—D if D
(D) — [ log(det(~D)) if D <0,
+00 otherwise,
DY ifD
Ls(D) = [trace( ) i <.O,
otherwise.

And for 6 € F, we get

Le(D) = log(det(I +exp D)), L7(D) = trace(

D+¢D2+41)
: .

It is worthwhile to note that L4 is the classical log-barrier function used in semi-
definite programming (see Nesterov and Nemirovski 1994).

To end this subsection we recall two characterizations of > convexity. First,
it is easy to show that G: R" — S™ is > convex iff for each u € R the map
x — u'G(x)u is convex. Then, if in addition G is continuously differentiable (C b,
these last assertions are also equivalent to

WGu > u'Gx)u +u'DGx)(y — x)u, Vx,yeR", Yu e R". (2.14)

2.3 Matrix properties review

We start this section recalling the well-known Debreu’s lemma.

Lemma 2.1 (Debreu’s lemma). Let A < 0, we have that v'Bv < 0, for all
v € Ker A\ {0} if and only if there exists r > O such that B+ rA < 0.

Consider a symmetric matrix A € S™. Let [o(A) and /4 (A) be the number of
their null and nonnegative eigenvalues, respectively, and let E(A) € IR"*/) and
ET(A) € R™*+(A) be matrices whose columns are orthonormalized eigenvectors
of A associated with their null and nonnegative eigenvalues, respectively.

The following relations are directly established

ImEA) =KerA CImET(A) =ImAT +KerA=KerA~,
and hence

Io(A) = dim(Ker A) < I, (A) = dim(Im A1) 4 dim(Ker A) = dim(Ker A7),
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where AT (A7) denotes the orthogonal projection of A € S onto the cone S’}
(8™) of m x m positive (negative) semidefinite symmetric matrices. This is given
by

At = Q diag (AT, ... An(A)D) O,

where Q is an orthogonal matrix such that its ith column is an eigenvector of A
associated with A;(A). Matrix A~ is similarly stated.

So,if A < 0, then A = A~ obtaining that Im E(A) = Im E*(A) and [y(A) =
[+ (A) = dim(Ker A).

When x € IR", similar relations hold for E(G(x)) and ET (G (x)).

The following lemma is a direct consequence of the continuity of the eigenvalue
function A; ().

Lemma 2.2 Consider a matrix A < 0.If Ay — A, then for all k sufficiently large,
we have that 14 (Ar) < lo(A).

The next lemma will be very useful in the rest of this article. Its proof appears
in Bonnans and Shapiro (2000, Example 3.140) and is included here in order to
make this work as selfcontained as possible.

Lemma 2.3 Consider a matrix A <0.IfAy — A, then we can construct a matrix

E; € R0 ywhose columns are an orthonormal basis of the space spanned
by the eigenvectors associated with the lo(A) biggest eigenvalues of Ay, such that
Er — E(A).

Proof Consider E := E(A) and [ := [p(A) = l+(14) (because A < 0). For a
given A, letej(A), ..., e;(A) be a set of orthonormal eigenvectors of A associated
with their ibiggest eigenvalues Aj(A) > --- > A;(A). Denote by L(A) the space
spanned by the eigenvectors e1(A), ..., ej(A) and let P(A) be the orthogonal
projection matrix onto L(A). Note that L(A) = Im E = Ker A.

It is known that the projection matrix P(A) is a continuous (and even
analytic) function of A in a sufficiently small neighborhood of A [see, for exam-
ple, Kato (1970, Theorem 1.8) and Golub and Van Loan (1996, Corollary 8.1.11)].
Consequently the function F(A) := P (A)E is also a continuous function of A
in a neighborhood of A, and moreover F (A) = E. It follows that for all A suffi-
ciently close to A, the rank of F(A) is equal to the rank of F(A) = E, ie.,
rankF(A) = [. 1t means that the [ columns of F (A) are linearly independent when
A is sufficiently close to A. Now let U(A) be a matrix whose columns are ob-
tained by applying the Gram—Schmidt orthonormalization process to the columns
of F(A). The matrix U (A) is well defined and continuous in a neighborhood of
A. Even more, the matrices U (A) satisfy that their columns are orthonormalized,
ie. U(A)'U(A) = I;, and ImU (A) = L(A), for all A sufficiently close to A.
We also have that U(A) = F(A) = E. Hence the theorem follows by setting
Er = U(Ap). O

From Lemmas 2.2 and 2.3 we get directly the following corollary concerning a
feasible set C = {x: G(x) < 0} where G: R" — §™ is > convex and continuous.
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Corollary 2.1 Consider a point x such that G(x) < 0. If xx — X, then for all
k sufficiently large, we have that 1 (G (xx)) < lo(G(x)). Furthermore, we can
construct a matrix Ej € R™*0(GE) \whose columns are an orthonormal basis
of the space spanned by the eigenvectors associated with the lo(G (X)) biggest
eigenvalues of G (xy), such that Ex — E(G(x)).

The notions introduced in this subsection allow us to characterize Slater’s con-
dition: there exists x such that G(x®) < 0, as follows.

Proposition 2.4 Suppose that G is a > convex map C' on R". Then Slater’s
condition is equivalent to Robinson’s constraint qualification condition

or all x such that G(x) < there exists h € such that G(x)+ h < 0.
for all x such that G(x) < 0 th ists h € IR" h that G(x)+DG(x)h < 0

(2.15)
Moreover, Robinson’s condition (2.15) is always equivalent to
for all x such that G(x) < 0 there exists
h € IR" such that E(G (X)) DG(X)hE(G (%)) < 0. (2.16)

Proof That Robinson’s condition (2.15) implies Slater’s condition is well-known
and follows directly from the differentiability of G and the convexity of the set
S™. This is true even when G is not > convex. Conversely, Slater’s condition
and inequality (2.14) implies in a straightforward way condition (2.15). Finally,
the equivalence between conditions (2.15) and (2.16) is due to Debreu’s lemma
(Lemma 2.1). m|

3 Penalty and barrier methods: description and convergence analysis

For the sake of simplicity, we consider here the optimization problem (P) described
in the introduction when C = E, i.e., problem (P) only contains semidefinite con-
straints. Then throughout this paper G: IR" — S$™ is a > convex map C'! on IR”,
f:R" = Risa C' convex function, and we consider the optimization problem

(P) v=inf{f(x)|xeC},

where C = {x e R": G(x) < 0}.

Indeed, if we define D = {x € IR": F(x) < 0} when F(x) is the diagonal
matrix whose entries are given by the functions f;’s (obviously F(-) is a < convex
map), then the constraint set C = D N E is given by a convex operator that takes
its values in S™.

From now on we assume

(A1) The optimal set of (P), denoted by S, is nonempty and compact,
(A2) Slater’s condition holds, i.e. there exists x? such that G (x?) < 0.

Letr > 0 be a penalty parameter which will ultimately gotoOande: Ry — R
such that

. . ar)

lim «¢(r) =0 and liminf — > 0. 3.1

r—0t r—0t r
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We associate with each § € F the function Wy: $™ — IRU {400} given by formula
(2.11), and define the function H" : R” — IR U {400} by

m

H' (x) = Uy (@) =>0 (@) , (3.2)
i=1

where 1; (A) denotes the ith eigenvalue in nonincreasing order of A (A1(A) is the
largest eigenvalue of A).

In this section, we study methods that consist of solving “approximatively” the
unconstrained minimization problems

(P,) v = inf{¢,(x) | x € R"}, where ¢, (x) = f(x) + a(r)H" (x).
(3.3)

It is worthwhile to note that when C = D we recover the methods introduced in
Auslender et al. (1997).

As in Auslender (1999) and Auslender et al. (1997), we consider two classes
of methods; 6 € Fj and 0 € F;.

Throughout, we denote by S, the optimal set of (P,.) and assume that

ar)y=r, if0eF and lim ) _ oo, if6 e . (3.4)

r—0t r

More precisely, we set

ry >0, >0, y» >0 with lim ¢ = lim y, = lim r, =0. (3.5
k— 00 k— 00 k— 00

Solving approximatively (P, ) means to compute x; € IR" such that if we set
Mk = Vo, (xi) =V f (x) + a(ri) VH"™ (xg) then

el < €k, el - Hxkl| < vk (3.6)

Note that if the optimal set S of (P,,) is nonempty and compact, then any usual
descent method (gradient type, Newton or quasi-Newton type method) provides in
a finite number of steps a point xj satisfying the stopping rule (3.6). Consequently,
we will prove first that S; is nonempty and compact. Indeed, it is true for all k
when 6 € Fj, and for k sufficiently large when 6 € F;. The next proposition will
be a key result on this subject, and also for other purposes.

Proposition 3.1 Fori = 1,...,m and r > 0, let 1;(x) = 2(G(x)), hl(x) =
0 (@) Then

() () and h’ () are continuous functions on R".
(i) (A)oo(d) > —o00, forall d.
(iil) (h])oo(d) >0, forall d.
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(iv) A1 is a convex continuous Sfunction on R" and
(G)oo(d) <0 iff d € Coo. 3.7)

Furthermore, h'| is an Isc proper convex function, and for each d € R" we
have

(h})so(d) _{alR«Xooo(d)) foen, Lo

(Meo(d) = ———— =1 @
1)o0 r M if@er,

r

where SIg_(y) ={0, ify =0; +o0, ify >0}

Proof (i) Since X;(-) and G(-) are continuous, their composition 2 () is also
continuous. In order to prove that hﬁ (+) is continuous, let y = limg— o V&,
then since A; (-) is continuous we have X,-(yk)/r — A (y)/r. 1If (X,-)(y)/r ¢
bd dom 6 then, by continuity of & on intdom 6, we have &} (yx) — hj(y). If
ii(y)/r € bddom 6, that is, Xi(y)/r = 1, the same limit holds thanks to the
property lim,_, - 0(u) = +o0.

(i) Letd’ — d, t — 400, and let x° satisfy Slater’s condition (Aj).
Since G is > convex, for each u € IR" we get (cf. (2.14))

W G@tdu > u' GO +u' DG (td" — xO)u.

Taking u = u; such that ||u;|| = 1 and G(td")u; = 1;(G(td"))u;, this last
inequality yields

1i(G(td' G(x° 0
(Gad) |Gk )||_HDG(XO)“.‘d,_x_ (3.9)
t t t
Passing to the liminf in (3.9), we obtain
- . Ai(G@d')
(Ai)oo(d) = liminf “——= > —||DG(x")]| - ||d]I.
t—o00, d'—d t

(iii) Since 6 is nondecreasing we have from (3.9) with G (-)/r instead of G(-) that

J)

Passing to the liminf in this last inequality and using formula (2.3) we get

0
X
d— =

L, oLt IGEO) 0
;h,-(td)z;e( [—7—||DG(x)||-‘ ;

r

h(td’ 9
(h))oo(d) = ) lim inf i) > lim inf (tu)

—oo,d'=d I T oo ums—LDGEO) A T
1 0
= boo | = IIDGOOII- 1111 )

and, by virtue of the inequality 6, > 0, it follows that (h])xo(d) > 0.
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(iv)

Since A1 (x) =~max{utG(x)u; lull = 1, u € IR™} and since G is > convex,
we have that A (-) is convex as a supremum of convex functions. Further-
more, since C = {x: X1(x) < 0}, it follows from (2.9) that Coo = {d:
(A )oo(d) < 0} and then equivalence (3.7) holds.

So, by Proposition 2.2 we get that A7 (-) is Isc, convex and proper. Moreover,
since O is positively homogeneous, and dom 6, is either equal to /R_ or

IR, using again Proposition 2.2 we obtain

, L0 ((R)so(@) if (R1)oo(d) € dom b,
(r)oo(d) = L—oo otherwise,
so that
hYoo(d
()oo(d) = %

Finally, equality (3.8) is a immediate consequence of these formulas and the
definition of 0. O

Now we proceed to prove that the optimal set S, is nonempty and compact. As
we mentioned before, this condition is enough to show that the rule defining the
point x; is implementable.

Theorem 3.1 (i) Suppose that either 0 € Fy, or 0 € F> and foo(d) > 0

(ii)

foralld. Then S, is nonempty and compact for all r > 0.

If0 € F; then S, is nonempty and compact for all r > 0 sufficiently small.

Proof (i) By Proposition 3.1, we have (7)o (d) > 0, foralld,i =1,...,m and

(i)

r > 0, and since ¢, (x) = f(x) + a(r) Zl'-"zl h! (x) we have from inequality
(2.8) and formula (3.8) that

a(r)

(@)oo (@) = foo(d) + == (h])eo(d) Vd. (3.10)

Suppose that 6 € F;. We get from (3.10) and Proposition 3.1, part (iv) that

($r)eod) = [f"o(d) e Co

(¢r)oo(d) = +00 otherwise.
Hence, since S is nonempty and compact it follows from Proposition 2.1
that (¢, )eo(d) > 0, for all d # 0, which is equivalent to saying that S, is
nonempty and compact.
Now suppose that 8 € F> and f(d) > 0, for all 4. Inequality (3.10) and
Proposition 3.1, part (iv) imply again that (¢, )so(d) > 0, for all d # 0, and
the same conclusion holds.
Assume that 6 € F,. We shall prove that S, is nonempty and compact for
r > Osufficiently small. By contradiction, suppose the existence of sequences
re = 0%, dy — d # 0 such that

a(re)

(h1)oo(dr) < 0.
Ik

Sooldi) +
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Due to the lower semicontinuity of f, and (h})oo, and the fact thatlim inf_,
%:") = +o00, we apply liminf to the last inequality to obtain (h{)oo(d) =0
and fo(d) < 0. However, Proposition 3.1 tells us that (h%)oo(d) =0is
equivalent to d € C implying that fs(d) < 0 for some d € C, d # 0,
which is impossible because S is nonempty and compact. O

Remark 3.1 (i) Note that if f is an extended Isc function satisfying that

inf{f(x)]x € R"} > —o0, then condition fs,(d) > 0, forall d, always holds.

(ii)) When 6 € F; and is strictly increasing (which is the case of all the current

examples), we can suppose, without loss of generality, that fo(d) > O for

all d. Indeed, if we set g(x) := 6(f(x)), then problem (P) is equivalent to
convex problem

(P,) & = inf{g(x) | x € C)

in the sense that problems (P) and (Py) share the same optimal set. This is
due to the strict monotonicity of function 6. Hence condition g, (d) > 0 for
all d, follows from the fact that 6 is nonnegative.

Theorem 3.2 Let {x;} be a sequence satisfying relations (3.6). Then, this sequence
is bounded and each limit point of this sequence is an optimal solution of (P).

Proof Let x° be an arbitrary interior point of C (i.e. x” satisfies Slater’s condition
(A»)). Since function x — ¢, (x) = f(x) +a(r)H" (x) is convex, it follows from
the definition of x and nx = V¢, (xr) (cf. (3.6)) that

FOx) +a(r)H™ () < £ 4+ a(r) H* 0 + (e, x — x°),

Hence, as a consequence of the monotonicity of & we get for k sufficiently large

Fow+ 23 (M) < FGO) + ma(r) (11 (G ()
'k

Tk 4
i=1
+ (i, xx — x). (3.11)

First, we proceed to prove that the sequence {x;} is bounded. We argue by contra-
diction. Without loss of generality we can assume that

. Xk
[lxx]| = +o00, lim —— =d #0,
k=00 ||xk||

Proposition 3.1, part (ii) says that (Ai)oo(d) > —00. So, we define €; < (A;)oo(d).
By formula (2.3) (see Remark 2.1) we have for all k sufficiently large

X

= ~ k
)»i(Xk)=)»i( IIXkII) > €il|xell

[1xk ]
By dividing (3.11) by ||xx|| we obtain from the last inequality
1 Xk a(r) <o T € llxkl|
f( IIXkII) + 0
1IR3 IR Tk ;IIMII Tk
0 0
_ &0 a(rg) )

S Xk — X
< m2 06, (G0 + Xk~
el Tl [l
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Taking the limit when & — 400 and using relations (3.5) and (3.6) and formula
(2.3), we get

foold) + lim X8 Zeoom) <0, (3.12)

Now recall that if 8 € Fi, then a(r) = 7, Oo(—1) = 05(0) = 0 and (1) =
+00. Then we obtain from (3.12) that

Oo0(€) = 0. (3.13)

In the case when 6 € F, we have limg_, O‘Z") = 400, Oo(—1) = 05(0) =0
and 6 (1) = 1, and therefore (3.13) also holds. Thus, inequality (3.12) implies
that fo(d) < 0. Furthermore, since 6 is positively homogeneous it follows from
(3.13) that¢; < 0. Hence, letting €] — (A1)oo(d) we get that (A1)oo(d) < 0, which
is equivalent to d € Co, (cf. Proposition 3.1). This together with f(d) < 0 and
d # 0 implies a contradiction with the fact that the optimal solution set S is
nonempty and compact.

We have proven that the sequence {xx} is bounded. Now let x be an limit point
of the sequence {xi}. For simplicity of notation, we suppose that x = limg_, oo Xk.
We shall show that x is an optimal solution of (P).

Let§ < f(x), 6 < Xi(G(x)) foralli =1, ..., m. By continuity of functions
f and X;(G(-)), we have for all k sufficiently large that

8 < f(xk), &6 <Ai(G(xp), Vi=1,...,m

Then, from inequalities (3.6) and (3.11), and the monotonicity of 6 it follows

a(ry)
Tk

m 51‘
5+ > nb (—) < f&) +marf (i (G () + (el X1l + yo).-
Tk

i=1
(3.14)
On the other hand, the following relations are satisfied (cf. (3.1) and (3.5))
li = li =1 =l =0.
i = fim = fim o) = fim e

So, passing to the liminf in (3.14) we get

(k)

Zeoo<5)<f<x)

i=1

8+ lim
k— 00

which implies that 0,,(8;) = O, for all i, and also § < f (x9). In particular,
050(81) = 0 which means that §; < 0. Hence, by letting § — f(x) and §; —
M1(G(x)) we deduce that

xeC and f(x) < f(x% vx’eintC.

Finally, continuity of f implies that f(x) < f(u) for all u € C, thatis, x is an
optimal solution of (P). We thus obtain the desired result. O
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4 Duality results

We associate with problem (P), defined in section 3, the following Lagrangian
functional

L(x,Y)= f(x)+Y -G(x), VxeR", VY eS",

as well as the following dual functional

—inf{L(x,Y)|xeR"} ifY >0,
pY) = .
+00 otherwise.

Thus the (Lagrangian) dual problem of (P) is given by
D) y=inf{p¥)|Y e S"}

As in section 3, we suppose that f isa C ! convex function, G is > convex and
that Assumptions (A1) and (A3) and (3.4) still hold. Thus, if the primal path {x;}
satisfies the stopping rule (3.6), the convergence Theorem 3.2 still tells us that the
sequence {xi} is bounded and that each of its limit points is an optimal solution
of (P). It is also well known that there is no duality gap between (P) and (D), and
that the set 7' of optimal solutions of (D) is nonempty and compact under these
assumptions (see e.g., Bonnans and Shapiro 2000, Theorem 5.81). Furthermore,
the matrix ¥ > 0 will be an optimal solution of (D) iff there exists x € C such that

VL(x,Y)=Vf (&) +DG%)'Y =0 and G(x) Y =0. 4.1)

Note that, for a linear operator Ay := Z?:l viA; with A; € §™, as DG(x), we
have for its adjoint operator A' the formula:

'Z=(A-Z,...,A,-2)", VZeS™. 4.2)
Let
v, — Ol(rk)(e) (G:k)) a(ry) Z (A (G(xk))) by, 43)

where (0”)° is the matrix function associated with 8, defined in (2.10), and ef-"s
are orthonormal eigenvectors of G (x;) associated with the eigenvalues A; (G (xx)).
Using the derivation rule given in Proposition 2.3, part (iii), we get

e =V f(xx) + DG (xi) Y. 4.4

The aim of this section is to prove that the sequence {Y%} is bounded and that each
limit point of this sequence is an optimal solution of the dual problem (D).

Theorem 4.1 Consider a sequence {xy} satisfying relations (3.6), and let {Y}} be
the sequence defined by formula (4.3). Then, {Yi} is bounded and each of its limit
points is an optimal solution of (D).
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Proof It was proven in Theorem 3.2 that the sequence {x;} is bounded and that
each of its limit points is an optimal solution of (P). Let x be a limit point of {x}
and / := lp(x) be the number of the null eigenvalues of G (x). For simplicity we
suppose without loss of generality that limy_, 4o X = X.

Now by Lemma 2.3 there exist sequences of orthonormal vectors {ef.‘}, i =
1,..., m, which are eigenvectors of G (xi) associated with A; (G (xx)), converging
toward e; such that the set {e;: i = 1, ..., m} is an orthonormal eigenbasis of the
matrix G (x).

In order to prove that the sequence {Yj} is bounded, we will show that each

sequence {‘%9’ (L}Em)))} Particularly, we will show that, for all i = I+

-
1, ..., m, these sequences converge to 0. This will be very useful to conclude that
any limit point of {Y%} is a solution of (D).

First let us prove that

lim 6'(t) =0. 4.5)
t——00
Indeed, since 0’ is nonnegative and nondecreasing it follows that lim;_, _», 6 (¢) =
€ > 0and 0’ (u) > 0, for all u € dom . Now formula (2.7) implies
Ooo(—1) = sup{(—1,0'(t)): t € domB} = —e,

which together with the equality 6,,(—1) = 0 allows us to conclude (4.5).
Now we proceed to show that

() (M(G(Xk))

Tk Tk

)—>o, Vi=I1+1,...,m. (4.6)

Lemma 2.2 tells us that I (G(xx)) < lp(G(x)) =: [. This implies that for k
sufficiently large we have

3 (G ) < @ 0, Vi=l4l.....m.

In the case when 6 € F, we know that «(r) = r and limit (4.6) follows directly
from (4.5). Suppose then that 6 € F,. Since 6’ is nonnegative and nondecreasing
the last inequality yields to

a(re) o (M(G(Xk))) IGO0 (M(G(J?))) '

0< =<
T Tk Tk 2ry

4.7)

Also from the fact that 6 is nonnegative and convex, we get

0= 500 (MEE) a6 = atm o0 -0 (M52 |

2ry 2ry e

< a(r)0(0),

which together with limg_, @(rx) = 0 and inequality (4.7) implies condition

(4.6).Now letus prove that, foralli =1, ..., 1, the sequences {%:")9/ (#ﬁx")))}
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are bounded. We argue by contradiction. Since 6'(-) > 0 we can suppose without
loss of generality that

]
. . ) alry) ,, ((2i(G(xg))
klgrolo,uk = 400 with uy = E 0 ( .

i=1 Tk Tk
Then set
e = ivf(Xk)JrDG(Xk)t Z%‘ ef(ef)" ], with
£ = (k) o (A"(G(x"))) [0, 1]. (4.8)
129343 Fk

Dividing (4.4) by ux and using (4.6) we get

lim 7 = 0. (4.9)
k— 00

We can consider, passing to a subsequence if necessary, that each sequence {E,i}

converges to some 5 I € [0, 1]. Moreover, since Zﬁ:l éli = 1 for all k, it follows

that 3/ & = 1.
Letting k — +o0 in (4.8) and using that ef.‘ — ¢;, condition (4.9) implies that

i
DGE) [ D Ea@) | =0, (4.10)

with & > 0 satisfying that Zﬁ_:] &' = 1. We will verify that (4.10) contradicts
Robinson’s condition (2.16) (which is equivalent to Slater’s condition). Indeed, by
definition of the adjoint operator, condition (4.10) can be written as

i i
z (ai@)') - DG(@)h=)_E'(&)' [DG(¥)h]&i=0, VhelR". (4.11)

i=1 i=l1

Let & be the direction appearing in Robinson’s condition (2.16). Since & >0and
(@) [DG(x)h]e; <Oforalli =1,..., [, we immediately get that every term of
the sum in (4.11) is equal to 0, and consequently g =0foralli =1,...,1. This
contradicts the equality Zf: 1 £ = 1. Hence, we have proven that the sequences

{%:")9/ (#k(xk)))} are bounded for all i = 1,...,I. This together with (4.6)
implies the boundedness of {Y%}.

Finally, let Y be a limit point of {Y}}. Since Y; > 0 (because 6 is nondecreas-
ing), it directly follows that ¥ > 0. On the other hand, condition (4.4) 1mphes

that V,L(x,Y) = Vf(xX) + DG(x)" Y = 0. Furthermore, from (4.6) and since the
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sequences {%:")0/ (#}E”)))} are bounded for alli = 1, ..., 1, it follows that
Y = Z{:l Si¢;e! with §; > 0, which implies
G(x)-Y =0.

Hence Y satisfies optimality conditions (4.1). We thus conclude that Y is an optimal
solution of (D). O

5 Penalty methods with two parameters

We consider again in this section the convex optimization problem (P) defined
in section 3 and suppose assumptions (Aj) and (A,). Additionally, we will also
suppose

(A3)  foo(d) =0, Vd.

It was noted in Remark 3.1 that there is no loss of generality to make such an
assumption. In this section, we will only work with penalty functions 6 that belong
to F>. In this way, for any real r¢, B; > 0 we consider

pre) =rH () =1 D6 (M) :
i=1

Tk
and we define

Vi (x) = f(x) + Brp™ (x).

The main computation of the forthcoming algorithm will be to solve approxima-
tively, at each iteration k, the unconstrained optimization problem

(Pr) v = inf{yx(x) | x € R"}.
Let S be the optimal set of (P;), and let {¢x} and {yx} be sequences such that

Vk: € >0, v >0, lim ¢ = lim y; =0. 5.1)
k— 00 k— 00

As in Theorem 3.1, we can show that S; is nonempty and compact for each k.
Hence, following the discussion of section 3, we can compute for each k a point
Xy satisfying

el < €k, Nmellllxell < vk, where e = Ve (xk). (5.2)

As we have seen before this can be done in a finite number of steps with any usual
descent method.

Now we proceed similarly to Gonzaga and Castillo (2003). The parameters
rr and B play two different roles: ry always decreases in order to improve the
approximation of the function ¢ — ¢ by the mapping t — ;6 (¢/ry), while By is
a penalty weight that increases only at an infeasible iteration point xy.

The algorithm proposed in this article is the following:
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1. Let Bp =ro=1and k = 0.

2. Compute x; satisfying (5.2).

3. Update ry+1 = %k, and if x; is feasible then set Bx11 = Bk, otherwise set
Bi+1 = 2B Finally set k = k + 1.

When C = D and €; = 0 (that is, xi is an exact minimizer of (P)), our algorithm
coincides with the proposed one by Gonzaga and Castillo (2003). We refer the
reader to this article for a detailed discussion of this scheme.

In addition to the hypothesis made in this section, we denote by {xz}, {rr}
and {B} the sequences generated by our algorithm. In this context, the following
convergence result holds.

Theorem 5.1 The sequence {xi} is bounded and all its limit points are optimal
solutions of (P).

Proof We start this proof establishing five conditions that will be important in the
sequel. First, by construction of the algorithm we have

1< Bk, Brrk <1, Vk. (5.3)
Second, since lim;_, _,, () = 0 we obtain
9 (Ai(G(xO))

Tk

lim

k— 00

):o, Vi=1,2,...,m, Vx° €intC.

Consequently,

2i(G(x%)

m
li (x%) = i 0
Jim i :00=tim s 370 (M

i=1

):0, vx? € intC.

(5.4)

Third, since for all # > 0 the function r — r(6(¢/r) — 6(0)) is nondecreasing on
IR, ., and since 6(0) > 0, we deduce that

ro(t/r) > 0(t) —60), vVrelR, Vre(0,1] (5.5)

Fourth, convexity of the function v and the definition of n; := Vi (xx) imply
that

Fox) + Bep™ () < £ + Bep™ (x0) + (e, x — x0), Va0 e intC.

(5.6)
Finally, since € is nonnegative we get from (5.2)—(5.4) and (5.6)
2(G (xx))
fGxx) + i (T) < £+ e (x0),
with  lim pur(x%) =0, vx° € intC. (5.7)
k— 00

Now let us show that the sequence {x;} is bounded. By contradiction, we can
suppose, passing to a subsequence if necessary, that
Xk

x|l = 400, lim —d+#0
k—o0 ||x]|
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By Proposition 3.1, part (ii) it follows that (A)oo(d) > —00. Set ) < (A1)oo(d).
From formula (2.3) (see Remark 2.1) we have for all k sufficiently large

Xk
x|

Xl(xk)=5xl( ||xk||)2061||x1<||-

This together with the monotonicity of 8 and inequality (5.7) yields to

f(Xk)Jr Ik 9(a1IIXk||)<f(x0)+Mk(xO)

el Tl Ik Tollll ]

By passing to the liminf in this last inequality we get
Joo(d) + b0 (a1) = 0. (5.8)

Since foo and O, are nonnegative we obtain that 6, (1) = 0, and consequently
foo(d) = 0. Furthermore, due to relations 05 (—1) = 0 and (1) = 1 it follows
that 1 < 0. Then letting o1 1 (A1) oo (d) it follows that (Xl)oo(d) < 0, or equiva-
lently, d € C. This together with foo(d) < 0, d # 0 contradicts the fact that S
is nonempty and compact.

Let x be a limit point of the sequence {x;}. For the sake of simplicity, we can
suppose that X = limy_, oo Xk-

Firstly, we proceed to prove that x is feasible. This is obviously true if for all
k sufficiently large the iteration point xj is feasible for problem (P), i.e. x; € C.
If this is not the case, we have from the construction of the algorithm

lim By = +o0. (5.9
k— 00
At the first iteration, the convexity of function yg implies
fxo) + p' (o) = f ) + p' () + (0, x0 — k). (5.10)
Using inequality (5.5) we get
k0 (Ai (G (xp)) /ri) = 0(Ai(G(xx))) —60(0), Vi=1,....,m,
which yields to
P (i) = p' (k) — m6(0).
Adding this last inequality to (5.10) we obtain

f(x0) + p'(x0) —mB©0) < f(xx) + p"* (x) + (no, xo — xx),

deducing from relation (5.6) that
m
+(G (%)
(B — Dp"™ (xi) < ik 29 (’T + Imolllxell + llell e — x° + K,
i=1

where K is a constant. Hence, from the boundedness of {x;} and relations (5.1),
(5.2) and (5.4) we can give an upper bound K for the right-hand side of the last
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inequality. Thus, from the fact that 6 is nonnegative it follows for all k sufficiently
large that

8 (M(G(Xk))) - K ’
Ik B — 1

Passing to the liminf and using formula (2.3) and (5.9) we get 6 (11 (G (x))) < 0.
As a consequence we conclude that A1 (G (x)) < 0, that s, x is feasible for problem
(P).

Secondly, we shall prove that x is an optimal solution of (P). Since 6(-) > 0
and inequality (5.7) we have

F) < £+ ue(x? vxl eintC.

We thus obtain at the limit that f(x) < f (x9) for all x° € int C. Hence, continuity
of function f implies that x is an optimal solution of (P). O

In the next theorem we extend to our semidefinite framework the main result
of the article (cf. Gonzaga and Castillo 2003, Theorem 1). For this purpose, we
denote by F; the subset of functions § € F satisfying the inequality 6'(0) > 0.
We remark that 6 and 67 belong to F'.

The following theorem says that for & € F3 and k sufficiently large, the point
x will be feasible. This result is important for optimization problems where fea-
sibility is a key issue. Of course, there are some examples of 6 € F (—log(x),
1/x,...) for which x; is strictly feasible, but in these cases the starting point of
the numerical methods used to obtain x; must also be strictly feasible, which can
be a difficult task for some problems. Thanks to the next theorem this difficulty is
avoided when 6 € F'.

Theorem 5.2 Suppose in addition to hypothesis of Theorem 5.1 that 0 € F;'. Then,
there exists ko such that for all k > ko, xy is feasible.

Proof We argue by contradiction. So, since {x;} is bounded, we can assume the
existence of a convergent but infeasible subsequence of {x;} (which for simplicity
will be also called {x;}). Hence, by construction of our algorithm, 8y — +o0. Let
X = limg_, o xg. It follows from Theorem 5.1 that x is an optimal solution of (P).

In the rest of this proof, we consider that & is large enough. If G(x) < 0 then
by smoothness of the function G we get G (x;) < 0, obtaining directly a contradic-
tion. We then suppose Im E(G(x)) = Ker G(x) # {0}, that is, G(x) is singular.
By Proposition 2.4, Slater’s condition (A») is equivalent to Robinson’s condition
(2.16), which can be written at x as follows

There exists 7 € IR" and p > 0 such that E(G (X)) DG(X)hE(G (X)) < —pl,

where I, is the identity matrix in S™.
Hence, continuity of DG(-) implies that

E{DG(x)hEx < —3pln, (5.11)

where E; € IR"*0(G®) are the matrices given by Corollary 2.1, i.e., the columns
of matrices E} are the orthonormalized eigenvectors of G (xi) associated with their
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lp(G(x)) largest eigenvalues, and £y — E(G(x)). Corollary 2.1 also tells us that
[+ (G(xg)) < lp(G(x)). Actually we have

M G) =u <0, Vi=lh(GXx)+1,...,m, (5.12)
where ;1 > 1 :=max{A;; A; = 1;(G(x)) <0}. _

We proceed to compute the inner product (g, h) = U;t{ﬁ’ where nx = Vg (xx)

and h is the vector appearing in (5.11).
From the derivation rule given in Proposition 2.3, part (iii) we get

Vpr i = 30 (—A"((i(xk”
i k

o (M(G(xk))

) ci(xk) - DG (x)h
(5.13)

Tk

I
iMs T

) (€)' (DG (xp)h) e,

1

where c¢; (xy) := ek (e¥)" and vectors ef.‘ ’s are the columns of Ej such that each ef.‘
corresponds to the eigenvector of G(xk) associated with A; (G (xg)).
Condition (5.13) implies that (ng, h) = V f(x)'h + B 0, 0/ (M)

(ef.‘) (DG(xk)h)el. , which can be rewritten as

k)t

m

t .
(s >+Vf(xk)h Z o (Al(G(xk)))(e{F)T (DG o
P P i=1o(G(F)+1 Tk
WGE) .
—— > ¥ (M) )T (DG (xp)h) ek, (5.14)
k

i=1

Taking the limit when k — 400 we have that the terms — (ng;h L and YL
converge toward O due to relations (5.1) and (5.2), and By — +o0. By (5.12),
we obtain A; (G (xx)/ry) — —oo for all i = lp(G(x)) + 1, ..., m. This together
with the limit lim;_, _o, 0’(f) = 0 implies that 8'(A; (G (xx)/rr)) — O for all
i =1lp(G(x))+1,...,m. Then we deduce that the entire left hand side of (5.14)
converges toward 0.

We will obtain a contradiction by showing that the right hand side of (5.14) is
strictly positive. Indeed, condition (5.11) implies that (ef-‘ )! (DG(xk)h)ef.< < —p/2
fori =1,...,lo(G(X)), and since 6 is nondecreasing, 8'(-) > 0 and I (G (xx)) <
lo(G (x)) it follows that

(@) , 0(G@) _
_ z o' (M) (el]f)t (DG(xk)l_l) el]f > g o' (M(G(xk)))

. Tk Tk
i=1

L+ (G (xg)) '
-2 (M) > 20'0)1 4 (x0).

p
i=1 k

i=1

D
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But 0'(0) > 0 (because 0 € F}) and x; is infeasible, i.e. [y (xx) > 1. Hence the
right-hand side of (5.14) has a strictly positive lower bound. The theorem follows. O

As for penalty and barrier methods with one parameter we can associate with
the sequence {xi} a sequence {Y}} of dual multipliers defined by

m

Yo = (@) (G(Xk)) _ B ZQ, ()»i(G(Xk))) ek (eby, (5.15)
Ik o1 Ik

where (') is the matrix function associated with 6’, defined in (2.10), and ef."s
are orthonormal eigenvectors of G (xy) associated with the eigenvalues 1; (G (xg)).
Then we have

ke = Vi (xx) = V f(xx) + DG (xp) Y. (5.16)

As in section 4, we prove in the next thorem that the sequence {Y%} is bounded
with each of its limit points being an optimal solution of (D).

Theorem 5.3 Suppose that the assumptions of Theorem 5.2 are satisfied.
Consider a sequence {xy} satisfying relations (5.2), and let {Yi} be the sequence
defined by formula (5.15). Then, {Yy} is bounded and each of its limit points is an
optimal solution of (D).

Proof By Theorems 5.1 and 5.2 we can assume, without loss of generality, that
the sequence {x;} converges to an optimal solution x of (P) and for k sufficiently
large xy is feasible and By = B > 1. Since xi is feasible and by the monotonicity
of 8'(-), we have that 8’ (A; (G (xx))/rr) < 6’(0) for all i, which proves that the
sequence {Y%} is bounded.
Let Y be a limit point of {¥;}. The proof is now similar to the one given in Theorem
4.1. Since Y > 0, it directly follows that ¥ > 0. On the other hand, condition
(5.16) implies that V, L(x,Y) = V f(¥) + DG(x)'Y = 0.

Let ! := lp(G(x)) be the number of null eigenvalues of G(x). Since lim;_, _,
0'(t) = 0 (cf. (4.5)), we get

B0/ ()»i (G(xx)

)—>0 Vi=I1+1,...,m, (5.17)
I'k

and since the sequences {ﬁke/ (#y")))} are bounded foralli =1, ..., [, it fol-

lows that Y = Zi:l Sié,-éf with §; > 0, which implies that G (x) - Y = 0. Hence Y
satisfies optimality conditions (4.1). We thus conclude that Y is an optimal solution
of (D). O
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