Delay Perturbed Sweeping Process

Jean Fenel Edmond

Abstract This paper is devoted to the study of a nonconvex perturbed sweeping
process with time delay in the infinite dimensional setting. On the one hand, the
moving subset involved is assumed to be prox-regular and to move in an absolutely
continuous way. On the other hand, the perturbation which contains the delay is
single-valued, separately measurable, and separately Lipschitz. We prove, without
any compactness assumption, that the problem has one and only one solution.
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1. Introduction

In this paper we are interested in the existence of solutions for a delay perturbed
sweeping process in an infinite dimensional Hilbert space. The problem is the
following: Let H be a real Hilbert space, T > 0, C: [0, T] = H a set-valued map
with nonempty closed values. Given a finite delay p > 0, one considers the space
Co := Cu([—p, 0]) endowed with the norm of the uniform convergence | - ||¢,. With
each ¢ € [0, T'], one associates a map t(t) from Cy([—p, t]) into Cy([—p, 0]) defined,
for all u(-) € Cy([—p, t]), by

(t@u)(s) :=u@+s) forall se[—p,O0].
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Let f: [0, T] x Cy([—p, 0]) — H be a single-valued map and let ¢ be a fixed member
of Cy([—p, 0]) such that ¢(0) € C(0). Then, we investigate the existence of solutions
for the following perturbed sweeping process

{ —u(t) € N(C@),u)) + f@, t(tu(-)) ae.t €[0,T], 0.1)

u(s) = ¢(s) Vs € [-p, 0].

We need an existence result for this problem in order to study, in the infinite
dimensional setting, an optimal control problem whose dynamic is given by a delay
perturbed sweeping process. Indeed, using the result of this paper, we prove, under
a classical convexity assumption, the existence of a solution for an optimal control
problem of the type

T
}l’(lg L(ug(T)H-/ J(t, ub (2), £(0))dt,
0

{(t)e.]"(z)
where uf (+) is the unique solution of the delay perturbed sweeping process

{ —u(t) € N(C(0), u(t)) + g(t, t(Hu(-), ¢ (1)) ae.t € [0, T],
u(s) = ¢(s) Vs € [=p, 0].

This result will be published in a forthcoming paper.

While the differential inclusions of the type (0.1) encompass the differential
equations (the case C(¢) := H for all ¢ € [0, T]), they are necessary to study some
systems. They are used, particularly, to describe mechanical systems with inelastic
shocks (see [16, 19], and [20]), which explains, besides mathematical motivations, the
interest for optimal control problems governed by such dynamics.

The problem (0.1) is a particular case of the more general one obtained by
replacing f by a set-valued map G: [0, T'] x Cy([—p,0]) = H, thatis,

—u(t) € N(C@), u(t)) + G, t(®)u(-)) ae. t € [0, T], 0.2)
u(s) = ¢(s) Vs € [—p, 0]. '
It is worth noting that those problems are extensions of the following one
—u(t) € N(C(t),u(t)) ae.t €0, T],
{ u(0) € C(0), 0.3)

which was introduced and thoroughly studied by Moreau (see [17, 18] and the ref-
erences therein) with C(¢) convex for all # and moving in an absolutely continuous
way. In this case, N(C(¢), u(t)) is the normal cone to C(¢) at u(¢) in the sense of the
convex analysis. Other references concerning the problem (0.3) are [1, 5, 6, 12], and
[23].

The problem (0.2) has been solved by Castaing and Monteiro Marques [7] under
some conditions. Among others, G has all its values included in a fixed bounded set
and C is Lipschitz and takes convex compact values. On the other hand, Thibault
[22] proved, in the finite dimensional context, the existence of solutions for general
subsets C(¢) and for G satisfying

G, ¢()) C (OB



for all (¢, ¢(-)) € [0, T]1 x Cu([—p, 0]), where B(-) € L' ([0, T],R*). More recently,
still in the finite-dimensional setting, Castaing et al. [8] proved the same result for sets
C(t) that are bounded and r-prox-regular, with G satisfying a more general growth
condition of the type

G, ¢() C BOA+[leOINB (0.4)

for all (¢, ¢(-)) € [0, T] x Cy([—p, 0]). Later, Bounkhel and Yarou [4] proved in the
infinite-dimensional setting the existence of solutions in the case the set-valued map
G has all its valued contained in a fixed compact set. More recently, we proved in [13]
a more general result where G satisfies (0.4) with B replaced by a fixed compact set.

In infinite-dimensional Hilbert spaces, unless appropriate compactness assump-
tions on the sets C(¢), the problem (0.2) with the condition (0.4) may have no solution.

In this paper we address, in the infinite-dimensional setting, the case where G
is a single-valued map. We establish an existence result without any compactness
assumption. More precisely, we prove that the problem (0.1) has one and only one
solution if the sets C(¢) are r-prox-regular (not necessarily bounded), the map f is
measurable with respect to the first argument and Lipschitz with respect to the second
one, and

IfE oI < BOA+NoOe,)

for all (¢, ¢(-)) € [0, T] x Cu([—p, O]). Note that this growth condition involves || ¢||c,
instead of ||¢(0)||. This condition is weaker than (0.4) when G is single-valued.
Whereas it is more natural as a growth condition, it is more difficult to deal with.

To our knowledge, up to now, even in the case the sets C(¢) are convex, there is
no existence result for (0.1) without compactness assumptions on the sets C(¢). Such
assumptions guarantee, for any bounded sequence of continuous maps u: [0, T] - H
such that u(r) € C(¢) for each ¢, the existence of a convergent subsequence. But, in our
setting, a priori, such a subsequence does not exist. Therefore, to obtain convergence
results for a sequence, not only that must be constructed carefully, but also some
effort is required.

Our existence result is obtained thanks to the one proved recently in [14] concern-
ing perturbed sweeping processes without delay. We proceed as follows: We consider,

for each n € N, a partition of the interval [0, T'] given by ¢} := % (j=0,---,n).
Then, on each subinterval [t7 t7+1], we replace f by the map f7': [t;’ t/’»‘H] x H—-> H

defined by f,’-“(t, x) = f(, t(t)hf}(-, x)), where

) o) if te[-p,0]
hy(t, x) = 0O+ Tt(x—p(O) if te[0.1]]

and A7(-, ) (j = 1) are defined in a quasi similar way. Doing so, we obtain a perturbed
sweeping process without delay for which our result in [14] insures the existence of
a solution u,(-). This approach is slightly different from the classic idea in that, in

our definition of f', we allow the second argument to depend on each ¢ € [t}’, t +1]‘
In addition to other techniques used to overcome the absence of compactness, this
adaptation enables the proof of the convergence of the sequence (u;,,) to a solution of

the original problem.



The paper is organized as follows. In Section 2, we recall some notions which are
used throughout the paper. In Section 3 are summarized some results concerning
perturbed sweeping processes without delay. Finally, Section 4, which is the most
important, is devoted to the existence result for the delay perturbed sweeping
process.

2. Preliminaries

In all the paper I := [0, T] (T > 0) is an interval of R and H is a real Hilbert space
whose scalar product is denoted by (-, -) and the associated norm by | - ||.

NOTATION 1.1. We will use the following notations.

The closed unit ball of H will be denoted by B.

For n > 0, one denotes by B[0, n] the closed ball of radius 5 centered at 0. For any
subset S of H, coS stands for the closed convex hull of §, and o (S, -) represents the
support function of S, that is, for all ¢ € H,

o (S, ¢) :=sup(¢, x).
xeS§
We will denote by C(I, H) or Cy(I) the set of all continuous maps from / to H. The
norm of the uniform convergence on C(I, H) will be denoted by || - ||~. The Lebesgue
measure is denoted by A.

For any p € [1, +00], we denote by L (I, H) the quotient space of all A-Bochner

measurable maps g(-): I — H such that | g(-)|| belongs to L?(1, R).

For the following concepts, the reader is referred to Clarke et al. [10, 11] and
Poliquin et al. [21].

Let S be a nonempty closed subset of H and x € H. The distance of x to S, denoted
by ds(x) or d(x, ), is defined by

ds(x) ;= inf{||x —u| : u € S}.
One defines the (possibly empty) set of nearest points of x in S by
projgix} :={u e S:ds(x) = l|x —ul}.

If u € proj¢{x} and o > 0, then the vector a(x — u) is called a proximal normal to S
at u. The set of all vectors obtainable in this manner is a cone termed the proximal
normal cone to S at u. It is denoted by N& (u).

One also defines the limiting normal cone and the Clarke normal cone, respec-
tively, by

NEu) = {g € Hity 2 ¢.00 e NPy, uy u]
and
NE () := coNE ).

.. s
Here, ¢, X ¢ signifies that the sequence ¢, converges weakly to ¢, and u, — u means
that u,, — u with u,, € S for all n.



For a fixed r > 0, the set S is said to be r-prox-regular (or uniformly prox-regular
with constant 1) if, for any u € S and any ¢ € N&(u) such that ||¢]| < 1, one has {u} =
projg{u + r¢}. Equivalently, S is r-prox-regular if and only if (see [21]) every nonzero
proximal normal to § at any point u € § can be realized by an r-ball, that is, for all
ue Sandall ¢ € N (),

<ay—w<J%Mw—mmemyeS (1.1)

Another characterization (see [21]) is the following hypomonotonicity property: For
any u; € S (i = 1,2), the inequality
(€1 = &y ur —wug) = —lluy — up)?

holds whenever ¢; € NSL(ui) N B(0, r), where B(0, r) stands for the open ball of radius
r centered at 0.
If S'is r-prox-regular, then the following holds (see [21]):

— for any u € S, all the cones defined above coincide and will be denoted by Ns(u)
or N(S, u);
— forany x € H such that ds(x) < r, the set projg{x} is a singleton.

In the other hand, let f: H — R be Lipschitz near x € H. One defines the Clarke
directional derivative of f atx € H in the direction u € H by (see Clarke [9])

fo(x; w) :=lim Supw.

y—>x t
t]0

The Clarke subdifferential of f at x is then defined by
0 f() = (¢ € H:(t.u) < fo(xiw)Vu € H).

We also recall the definition of the proximal subdifferential of f atx € H denoted by
d” f(x). One says that ¢ € H belongs to 3 f(x) (see, e.g., Clarke et al. [10]) if there
exist positive numbers & and M > 0 such that

f) — f) + My —x|> > (¢, y — x)Vy € B(x, ).

Obviously, the inclusion 3 f(x) c 8¢ f(x) holds for all x € H. There are some
links between the cones and the subdifferentials defined above (see [2] and [10]): For
any nonempty closed subset S of H and x € S, the following relations hold true

ads(x) = Nl (x) B (1.2)

and

3¢ds(x) € N§(x) NB. (1.3)

Remark 1.1. If S is r-prox-regular, by (1.2), (1.3), and the equality between the
proximal and Clarke normal cones, one has
8Pdg(x) = 0%dg(x)

whenever x € S.



Let r > 0. In all the paper a set-valued map C(-) from 7 to H will be involved. It is
required to satisfy the following assumptions:

(H;) For each t € I, C(¢) is a nonempty closed subset of H which is
r-prox-regular;

(H,) C(¢) varies in an absolutely continuous way, that is, there exists an
absolutely continuous function v(-): I — R such that, for any y € H and
s, tel,

ld(y, C(1)) —d(y, C(s))| < [v(r) — v(s)].

We will use the following result which is a straightforward consequence of
Gronwall’s lemma.

LEMMA 1.1. Let I = [Ty, T] and let (x,(-)) be a sequence of non-negative continuous
functions define on I, (a,) a sequence of real numbers, and B(-) € L' (I, R"). Assume
that lim,, o, = 0 and, for all n,

t
X, (1) < B($)x,(s)ds + ay. (1.4)
T

Then, forallt € [Ty, T1,

lim x,(t) = 0.
Proof. Fix any ¢t € I. Mutiplying both sides of (1.4) by 8(¢), we obtain
t
B®)x (1) < ﬂ(l)/ B($)xn(s) ds + anB(2).
To
According to Gronwall’s lemma, this entails that
t t t
/ B($)xn(s) ds < Ofn/ B(u) eXp{/ B(s) ds}du
1o 1o u
and then
t
lim/ B(s)x,(s) =0.
"I

Taking (1.4) into account, we deduce that lim, x,(¢) = 0. O

3. Perturbation without Delay

In this section we summarize two results concerning perturbed sweeping processes.
They will be used in the sequel.



PROPOSITION 2.1. Let H be a real Hilbert space. Assume that C(-) satisfies (H,;)
and (H,). Let h: [Ty, T1 — H be a A-integrable map. Then, for any x, € C(Ty), the
sweeping process with perturbation

{ —u(t) € N(C(@),u()) +h(t)ae. t €[Ty, T], 21)

u(To) = xo

has one and only one absolutely continuous solution u(-). Moreover, the following
inequality holds true

@) + O < [hOI + [0 a.e.t € [T, T].

Proof. We use a classical transformation. For each ¢ € [Ty, T1], let us set
t
Y(t) = / h(s)ds and D(t) := C(t) + ¥ (1).
Ty

Obviously, the set-valued map D(-) satisfies (H;). Now, let y € H and t,s € [Ty, T].
One has

ld(y, D)) — d(y, D(s))| < |d(y = ¢ (1), C()) — d(y = ¥ (s5), C(5))

< |
<@ =)+ @) —vs)]
< V() = Vsl

where
t
Vi) = /T (56| + 1h(s)]]) ds.

Hence D(:) satisfies also (H,) with the absolutely continuous function V(-). As xj €
C(Ty) = D(Ty), from [3] (or [15]) we know that the following sweeping process

{ —y(t) € N(D(1t), y(t)) a.e. t € [Ty, T],
y(To) = xo

has an absolutely continuous solution y(-). According to [22], the map y(-) satisfies
also the inclusion

—3(t) € V()ddpu (y(t) ae.t € [T, T].
Thus,
I¥O1 < VO] = [5()] + |h@®)] ae.t € [Ty, T]. (2.2)

Futhermore, the map u(-) defined by u(t) := y(t) — ¥ (¢) is clearly an absolutely
continuous solution of (2.1). Finally, by (2.2), we obtain the estimation

(@) + AN < IhON + 0] ae.t € [T, T].

Now, we turn to the uniqueness. If u;(-) and u,(-) are two solutions, the hypomono-
tonicity property of the normal cone yields, for almost all ¢ € 1,

1
(i (0) = 2 (0), un (1) —12(D)) < ~ (it DN + 2O + IA@ID | (6) — ua ()|



and then
d o 2. . 2
E(”ul(” 101 WES ;(Ilul(t)ll + i Of + 1RO DNur @) — ua(OI"

It follows from Gronwall’s lemma that u;(-) = u»(-). The proof is then complete. O

We will need also the following theorem which is proved in [14].

THEOREM 2.1. Let H be a Hilbert space. Assume that C(-) satisfies (H;) and (H>).
Let f: I x H— H be a map, which is measurable with respect to the first argument,
such that

(a) forevery n > 0 there exists a non-negative function k,(-) € L' (I, R) such that for
allt € I and for any (x, y) € B[O, n] x B[O, n],

I f( %)= fe. Il < ky@llx =yl

(b) there exists a non-negative function B(-) € L' (I, R) such that, for all t € I and for
all x € Uy CG), 1 £ 011 < BEO A+ [1x]]).

Then, for any xo € C(Ty), the following perturbed sweeping process

{ —u() € N(C@t),u()) + f(t,u(t))ae.tel, (SPP)

u(Tp) = xo

has one and only one absolutely continuous solution u(-).

4. Perturbation with Delay

This section constitutes the most important part of the paper. It is devoted to
the study of a perturbed sweeping process whose perturbation is single-valued and
contains a delay.

In the following, I is the interval [0, T'], thatis, Ty = 0.

Let p > 0. Consider the space Cy := Cy([—p, 0]) endowed with the uniform con-
vergence norm denoted by || - ||¢,. With each ¢ € [0, T'], one associates a map

t(@): Cu([—p, 1)) — Co
defined, for all u(-) € Cyx([—p, t]) by
(T@u())(s) :=u +s) foralls € [—p, 0].
Let C(-): [0, T] = H be a set-valued map and f: I x Cy — H a single-valued map.
Let ¢ be a fixed member of C; such that ¢(0) € C(0). We are going to investigate the

existence of solutions for the following problem

—u(t) € N(C(t), u(t)) + f(t, t(Hu(-)) a.e.t €0, T, P,)
u(s) = ¢(s) Vs € [-p,0]. ¢



One calls solution of (P,) any map u(-): [-p, T]1 — H such that

(a) for anys € [—p, 0], one has u(s) = ¢(s);
(b) the restriction u|j 71(-) of u(-) is absolutely continuous and its derivative,
denoted by 1(-), satisfies the inclusion

—u(t) € N(C(t), u()) + f(t, t(®)u(-)) aet €[0,T].

Now we are going to state and prove our existence result concerning the problem
(Py)-

THEOREM 3.1. Let H be a Hilbert space. Assume that C(-) satisfies (H,), (H»). Let
f:1xCy— H beamap satisfying:

(i) forany ¢ € Co, f(, ¢) is measurable;
(i) forany n > 0, there exists a non-negative function k,(-) € L'(1, R) such that, for
all ¢1, ¢2 € Co with ||pillc, < n (i =1,2) and forallt € 1,

1f ¢1) — ft. o)l < ky@)lp1 — P2llc,

(iii) there exists a non-negative function B(-) € L' (I, R) such that, for all t € I and
forall ¢ € Cy,

If. )l <O+ lPlcy)-

Then, for any ¢ € Cy with ¢(0) € C(0), the problem (P,) has one and only one
solution.

Proof. 1- Assume that

T 1
/0 B(s)ds < T 3.1

We are going to construct a sequence of maps (u,(-)) in Cyx([—p, T]) which
converges uniformly on [—p, T] to a solution of (F,).

A) Construction of the sequence (u,(-)).

We will introduce a discretization, being inspired by the one usedin [8].

For each n > 1, consider the partition of [0, T'] defined by the points 7} := L(j=
0,---,n). Define on [—p, t]'] x H the map Aj(-, -) by

~

p@) it 1e[-p,0]

hy(t, x) = .
0(0) + 21 (x — p(0)) if te[0,].

Let us consider the map fi': [0, 1] x H — H defined by

folt, x) == f(t, t@hg(-, x)).



We have, for any ¢ € [0, ¢{'] and for any x, y € H,

T Ohy (-, x) — T(OhG (¢, Wi, = supser—p o1 1@ + 5, X) — hg(@ + 5, Y|
= SUPs(_pir.q 1AG (S, X) — h (s, y) |
< Supyepo.q 1 (s, X) — hy (s, )|
SUPcro.q 751X — yll

<
< llx =yl

On the other hand,

”t(t)hg(" x) ”co = SUDse[—p41,1] Hhﬁ(s, X) H
< max{|l¢llc, . SUpyeio. | (0) + %£s(x — @(0) [}
max{[lglic, . SUPsero.y (1 — 25) o)l + £s [lx]}

<
<max{llelic, @O + llx]}

Then, according to (ii), for any n > 0, there exists a non-negative function k,(-) €
L'(1, R) such that for all ¢ € [0, t'] and for any (x, y) € B[0, n] x B0, 5],

I fo' @, x) = fo' @&, I < ky(@)llx — yll.
Moreover, thanks to (iii), for all (¢, x) € [0, t]] x H,
Jo @, x) < BOA + llelc, + IxI) < (A + llelic,) BE) L + [Ix]])-

Note also that, due to the fact that Afj(-, x) is uniformly continuous on [0, ¢{'], the
map t — t(t)hg(-, x) is continuous from [0, #'] into (Co, || - lc,) and hence fj (-, x) is
measurable. Consequently, according to Theorem 2.1, there exists one and only one
absolutely continuous map ug(-): [0, #]'] — H such that u;(0) = ¢(0) and, for almost
allr € [0, 1]'],

g () + fo (1, ug (@) € =N (C(), ug(1)) ae.t €[0, 1],
and Proposition 2.1 yields
la) + fr (e, ug)|| < | £ (2, ug )| + 19@)] ae.t € [0, 2]
Now, define hf: [—p, )] x H— H with
@) if te[—p,0]
R, x) = { U@ if 1e[0,47],
up (1) + %(z — ) (x—ug@)) if te[f,g].

As previously, we show that, for any ¢t e [0, t;’], the map x — t(H)A](-,x) is
1-Lipschitz and

|[z@niC 0], < max{lele,, sup \IMS(S)H} + x|l .

sefo.17]



Therefore, the map f: ¢, '] x H — H defined by
fln([vx) = f (17 T(t)h7(7 x))

satisfies the assumptions of Theorem 2.1, and hence there exists one and only one
absolutely continuous map v (-): [t], ] — H such that v (t]") = uj(}),

W)+ fi (6, uf ) € =N (C(), u} 1)) ae.t € [t], 1],
and
|l + fr (e @) | < | £ ui )| + 100 ae. t € [t 6]

Now, suppose that uj(-), - - ,u’}_l(-) (1< j<n-—1) are defined similarly. Let us
define h7 [—p, t;’H] x H— Hby
p@) it 1e[-p,0],
R, x) = W) if  te[ ] ie{0,---, j— 1},

n n n n n n 2 n n
Wi () + = (t=1f) (x—ujy () if e [tf.of]
and let us consider the map f]-": [t]’f, t7+1] x H — H with
f1 %) = @, TR, X)),

As above, it is not difficult to prove that, for all ¢ € [t;’, t;‘+1] andx,y € H,
IIf(t)h'}(-, X) — f(l‘)h;’(n We, < llx =yl
and
[znjC 0, < A+ Ix, (32)

where

A} = max Ielic, ., max ~ sup ]Huf(s)H}.

- n o .n
sefe.ety,

It results that the map f7'(-, -) complies with the assumptions of Theorem 2.1. Thus,
there exists one and only one absolutely continuous map u’}(~): [t;?, t" .1 — H such

j+1
that u;?(t]’-‘) = u’}_l(t]'-’),

W)+ f} (t.uj () € =N (CO).uj0) ae.t €[t} 1],,].
and
#5600+ 57 . 0)] < 117 ()] + 10l € [1.11,)

In this way, we define ug(-), - -, uj;_,(-) such that, for each i € {0, --- ,n — 1}, uj(:) is
absolutely continuous on [#", £, |1, u (") = u}'_, (/") (with the convention u" (0) :=
9(0)),

W) + £ (t,ul(0) € =N (C@), ul (1)) ae.t € [t8 1],



and
et @ + 7 (el )| < | f7 (6l ©) ] + 0@ ae.t € [1, 6]
Let us define u, (-): [-p, T] — H by

p@) if tel[-p,0]

(1) 1= {u?(t) it el q,].ie{0,- ,n—1}

Then, for eachi € {0, --- ,n — 1},

u(t) if  te[—p, 1]
A, x) = 33
T @+ = c—wan) i el O
Put
6,(0) = 0 if =0,
U i ety ] ie{0-  n— 1}
One has, by construction, u,(0) = ¢(0) and, for almost all ¢ € I,
() + f (r T(Ohg, ) (- un(t))) € —=N(C(t), un(1)), (34)

in(®) + £ (£, 7O )| < | £ TRy Cun]| + 1501 (35)

and
u,(s) = @(s) for alls € [—p, 0].
Thanks to (3.2), we have
[ ORyg 0@, <2000y - (3.6)
This, along with (iii), implies
[ £ (5 ey 0 m@) | < BOA +20100le,prp aet el ()

B) We are going to prove that (u,(-)) converges uniformly in Cy([—p, T]).
As u,(+) is absolutely continuous on [0, 7], it follows from (3.5) and (3.7) that, for any
tel0,T],

T T
lun ()1 < lleO) ] +/O [o()lds +2(1 + 2Mlunllcyq—p. 1) | B(s)ds

and hence

T T
lenOllcua—p, 1y < lelle, +f [v(s)lds +2(1 + 2||Mn(')||cH([fp,T]))/ B(s)ds
0 0

Taking (3.1) into account, it follows that

M

leenCHllena-p.11 < 7 (3.8)



where

—;@ || +‘+/T|a(s)|ds>
=4[] B(s)ds le T3, '

By (3.5) and (3.7) we have

(1) + f(t TR (- u,,(r))) H <yaetel, (3.9)
where
y (@) =100+ 1+ M)B@).
One has also
lin O < @) := [0 +2(1 + M)B() ae.t € . (3.10)
Now, we proceed to prove that (u,(-)) is a Cauchy sequence in Cx([0, T). Thanks to

(3.4), (3.9), and the hypomonotonicity property of the normal cone, for m, n > 1 and
for almost all ¢ € I, we have

(Ut (1) + 20 () — U (t) — Zm(0), U (t) — W (8)) < 1/1 y (©)|un(t) — um(t)”z’

where
znlt) = [t TN ) (o ua(0))).

Hence,

<un(t) - um(t) un(t) - um(t)> < 1/r V(t) ”un(t) - um(l‘)”2

it (0) = O | FE 7O 0 Cota@)) = f (17O, @) |
and then
d 1

5 7 () = un(|?) < —y O)llun () — UnO* + Bum(®) |tn(t) — un@l, (3.11)

where
Bun(®) i= | £t xRy ) un@)) = £ (6, 7OR 0 Con@))]

According to (ii), (3.6), and (3.8), we have, for some non-negative function ky(-) €
L'(I,R) andforallt € I

Bun(®) < kaa(t) | 70, 0 00(0) = TR, ) (o n @)
Then,
Bun®) < k() | £ OW g0 .t (0) = T OWyg 0 Gt +

ka0 | £ O, tn0) = O )t



The map x — r(t)h’,;,gn([)(-, x) being 1-Lipschitz, one has

By m(t) < k(1) lun (1) — up (@)

(0 [ £ OB 0, 1m0 = TR umm)H (3.12)
Leti€{0,---,n—1}and j € {0, -- — 1} such that ¢ €]¢/', ¢ ] and ¢ €l i1

Then,

2@ 00 tme) = TR,

= sup A s, wn(®) — BTG, wn ()|

S€[—p+t,t]

< s |1 (s, (@) — K}, um(@)) ) -

5s€[0,t]

In the case ;' < t}" one has

sup | (s, (D)) = W' (s, um ()] = max{ A, (1), A, (1), A, (D)},

s€[0,¢]
with
A () = sup [un(s) — um()|),
sef0,1]
Azn,m(t) ‘= sup Hun (tzn) + % (S - tln) (um(t) — U ( ) um(S)H
sefery]
and
A= sup |u (6) + = (s — ) (tm(t) — u (27))
’ selt’ ] T
m
(1) = 22 (5= 1) (1 (®) = 10 (£))
We have

AL, < sup up (17) = un(®)]| + n(s) = um(s)||

sefur]
+% (s = ) (ltm(@) — a1l + |t () — 10 (1)) -

Taking (3.10) into account, it follows that

t t
A, (1) < sup i/ a(t)dt + un(s) — um| + lum @) — un (0|l +/ Ot(T)dT}

selg 1]

t
< /a(r)dr+ sup [t (s) — wm(s)]l.
i

selt],t]



Ay < sup |t (1) = )] + 2000 = 1) + [t 0) = w0 (27

se[t}",t]

+% (s = 1) (Itm(0) = O] + 10 (0) = e (7))

m m
5 s = 1) Jatm®) = (1) |

t

t
< / 2 (@)t + in(t) — um(®)] + / a(v)dr
I

n m
i L

t

+ llum(t) — un ()|l +/

"

i

t
a(r)dt+/ a(t)dr
o

t t
<2 (/ a(t)dr + / a(t)dr) + 2||lu, () — upy(@)]].
i tj

Thus, if £ < t;", we have

supyeio. |47 (s, um(@)) — R (s, um(t)) | <

max{ sup |ty (s) — up(s)|, sup IIMn(S)—um(S)II,ZIIMn(I)—um(t)ll}

s€[0,4]'] selt,t]

t t
+2 (/ a(t)dr —|—/ a(r)dr)

t
< 2Mun () — (e, o) + 2 (/ a(r)dr +/ ot(t)dt) .
o o

Likewise, if 17" < 1!, interchanging ¢" and ¢, we obtain the same previous inequality.
Therefore, for any ¢ € [—p, T], we get

2O 0 @) = TR o Cottm@)] < 200000) = Olles0.0

t t
+2 (/ a(t)dr +/ a(‘r)dr) .
On (1) Om (1)

Coming back to (3.12), we obtain

t t
a(t)dr + / a(r)dt) .
2 (1) O (1)

Taking (3.11) into account, it follows that, for almost all # € 1,

By (1) < 3kyOllun () = umOlleqqo.) + 2knm (1) (L

1d 1
S (lun(®) — um®]?) < <;J’(f) + 3kM(t)> llun () — um(')”é,,([o,;])

t

t
+ 2un () — umOllc,qo.0km () </ a(t)dt +/
On(t) Om (1)

a(‘c)d‘r)



and, using (3.8), it results that

1
EE(”un(t) - um(t)”Z) < <;)/([) + 3kM(I)> [t () — Mm(')”é,,([(),t])

+ 2Mky (1) </ a(t)dr + / Ol(t)dt) . (3.13)
0,(0) Om(0)

In the following we use the fact that the map ¢ — |lu,(-) — u;,(-)llc, 0.7 1S continuous.
Integrating on [0, ¢], one has

1 tr
S (0 = w1 < /0 (;y(s) + 3kM(s>> et () = (13,0574

t s )
+ ZM/ ka(s) </ a(t)dr +/ a(r)dr) ds.
0 0,(5) Om(s)

The above inequality being true for any ¢ € [0, T'], it follows that

2
lun() — um(')”c,_,([(),t]) < nm

1
+ 2](; (;V(S) + 3kM(S)> It () — um(’)”CH([O,s])dS, (314)

T s K
Anm = 4M/ ki (s) (/ a(t)dr +/ a(r)dr) ds.
0 () ()

Note that lim, 6,(t) = ¢ for any ¢ and then lim, ff;n(t) a(r)dtr = 0. Therefore, by the
dominated convergence theorem we get lim,, ,, a,, ,, = 0 and, according to Lemma 1.1,

where

lim “un() - um()”oo =0,
nm

which proves that the sequence (u,(-)) converges uniformly in C([—p, T, H) to some
map u(-) € C([—p, T1, H) with u(s) = ¢(s) for all s € [—p, 0]. Moreover, thanks to
(3.10), we may suppose that (it,(-)) converges weakly in L'(I, H) to some map
g(-) e L'(I, H). It results that, for all ¢ € [0, T'], u(t) = ¢(0) + fot g(s)ds and hence
u(-) is absolutely continuous on [0, T'] with () = g(¢) for almost all ¢ € [0, T].
Consequently,

ity (-) = (-) weaklyin L'(I, H). (3.15)

C) Now, we aim at proving that u(-) is a solution of (F,).
First, let us prove that, for any ¢ €]0, T'], one has

tim £ (1, TR (o 1 (0)) = F(1, TOUC).

Fix 1 €]0, T]. For eachn > 1, there exists j € {0, -, n — 1} such thats €]¢}, ¢}, ] and
thus 6,(t) = t;?. Then,

R+ s, un(1)) — ult + s)H
IG5, 1a(0) = u(s)|

< max | sup, o ln(s) — u)|l. By, (0 .

”T(t)hri;@n(t)(‘s u,(t)) — T(t)u(')”Cn = SUPse[—p,0]

= SUPse[—p+t,1]



where

B, (1) :== sup |uy () +

se[t;’,t]

% (s = 17) (n(®) — un (1)) — u(s)H .

We have
B}, (1) < <SP [ ] ( un(t) — Uy (t;’) )
< sup 1 () =) + ) = w1+ Junt) — e ()

un(ti) — u(S)H +

)

It follows from (3.10) that

t
B!, (1)< sup lun(s) — u(s)] +2 / «(0)dx.
0,

se[t}’,t] (1)

As a result,

”t(t)h "

t

<)~ w42 [ atode
Ou (1)
and thus
et 00 = UG~ 0.

Due to the continuity of the map f(z, -), we have

£ (1 O 0o ua@)) > F(E @), (3.16)
Now, we are going to prove that

ut) + ft, t(u(-)) € —=N(C(@),u(t)) ae.t € I.

Thanks to (3.15) and (3.16), by Mazur’s lemma, there exists a sequence (¢, (-)) which
converges strongly in L'(Z, H) to the map ¢ — u(t) + f(t, t(®)u(-)) with

&u(0) € co {intt) + F(t, TR, (. u®) : k> ]

for each n > 1 and for all t € I. Extracting a subsequence, we may suppose that,
() = u() + f@t, t@u(-)) ae.t € 1.

Consequently, for almost all ¢ € 1,

u(t) + ft, t@u()) € ﬂco {uk(t) + f@, r(t)hAG o) k= n}.

It follows that, for some fixed negligable set Ny C [0, T'], for all ¢t € Ny, for any
§e€H,

(0 + Fto@u) < infsup s, ino) + f (1R (o))

By (3.4), (3.9) and (1.2), this entails that

(&, a@) + ft, t@Ou)) < a(t)limsup, o(—3Fdcq (un (1)), )
< a(t) limsup, 0 (—3%dc() (U (1)), €).



As, forallt eI, 0(—8Cdc(,)(~), &) is upper semicontinuous on /, one has, for all ¢ ¢
Ny, forall& € H,

(& at) + ft, TOu)) < a®)o(—d%der ), &).

The Clarke subdifferential aCdC(,) (u(t)) being closed and convex for any ¢ € I, we
deduce that

uit)+ f@t, t@u()) € —(x(t)acdc(l)(u(t)) C —N(C@®),ut))ae.t el
the last inclusion coming from (1.3). Consequently, the map u(-) is a solution of (P,).
IT — Now assume that fOT B(s)ds > 1.

Consider a partition 0 =Ty < T} < --- < T, = T of [0, T'] such that, for any i €
{0,---,n—1},

Tini

B(s)ds < % (3.17)

i

According to the part I, there exist a map uy(-): [—p, T1] — H absolutely continuous
on [0, 7;] such that

up(s) = ¢(s) for alls € [—p, 0]

and
() + ft, T(Due(-)) € =N(C(1), up(1)) a.e. t € [0, Ti].
Assume that, for any i € {0, --- ,n — 2}, there exists a map u;(-): [—p, Ti+1] > H
absolutely continuous on [0, 7;1;] such that
u;i(s) = @(s) foralls € [—p, 0] (3.18)
and
)+ ft, t@u; () € —N(C(), u;(t)) ae. t € [0, Ti1]. (3.19)

Let us define f:[0, T — T11xC— H, C:[0,T»—T1]1= H, and &(-):

ft.¢) == ft+ T, 9). Ct) == C(t + T1), (3.20)
and
$(5) = i (s + T41).
Define also B(-): [0, T4z — Ti41] — R by
B(t) := Bt + Tiy).
Obviously, for all 7 € [0, T;,, — T;+,] and for all ¢ € Cy
IF @ o)l < (1 + lipllc,) Bt

and, due to (3.17),

Ti2—Tir 1
d —.
/0 B(s)ds < 1



According to the part I again, there exist a map i(-): [—p, Ti+2 — T+1] — H which is
absolutely continuous on [0, 71, — T;+] such that

i(s) = ¢(s) for all s € [—p, 0] (3.21)
and
i) + ft. T a) € —NC @), i) ae.t € [0, T1o — Tl (322)
Consider the map u; 1 (-): [—p, T+2] — H defined by

u (1) == uit) if 1 e[-p, Tl
HRYTae - Ty it t e [Ty, Tol.

It follows from (3.20) and (3.22) that
i1 @)+ ft, t@Oui1() € =NC@®), ui11 (1)) a.e. t € [Ti41, Tyl (3.23)
Thanks to (3.18) and (3.19), along with (3.23), we obtain
ui1(s) = p(s) forall s € [—p, 0]
and
i1 () + f@, T@Ouis1()) € =N(C@), ui1(1)) a.e.t € [0, Ti42].

By repeating the process we obtain a solution on the whole interval [—p, T'].
Now, we turn to the uniqueness part. Assume that u;(-) and u,(-) are two solutions of
(P,). Let us set

n = max(|lu;)llc,q-p. 7> l2Ollcyq=p,T1)-
One has, fori = 1,2 and for all ¢t € [0, T],
It@uille, <n (3:24)
and, due to (iii),
£ T@ui (DI < A +mBO. (3.25)
It follows from proposition 2.1 that, fori =1, 2,
;1) + f(t, t@ui (D < m(0) == [0+ A +n)B@)ae.r [0, T]

The hypomonotonicity of the normal cone, along with the last inequality yields, for
almost all ¢ € [0, T],

1
(m@®+ f@, t@u () —ta@) — f&, t@ua(-), ur () —ux(@)) < ;m([)”ul(t) —w®)|?
and then

ld t HI? <1 t t HI?
EE(HMI( ) —ux () < ;m( Mur (@) —ux @)l

+ lur @) —w O f (1, T@ur () = f(&, T@ua( )l

From (i) and (3.24), it results that, for some non-negative function k,(-) € L!
([0, T1, R) and for almost all ¢ € [0, T'],

d 1
7 (@ —w0]?) <2 (;m(r)kn(o) et () = w21, o



Integrating on [0, ¢], one obtains

! 1
s (6) — wa ()2 < /0 2 (;m(s)k,ms)) et () = 2 (113, 0.7 5

This implies that, for all ¢ € [0, T,

! 1
lleer (-) — Mz(')||éH([o_l]) < /0 2 <;m(s)k,,(s)> lleer (-) — uz(')”éH([o.s])d&
According to Gronwall’s lemma, one has

lur () — w2l qo.ry =0,

which proves that u;(-) = uy(-). The proof is then complete. O

The following proposition gives an estimation of the derivative of the solution of the
problem (F,) depending only on ¢(-), B(-), and v(-).

PROPOSITION 3.1. Let u(-) be the unique solution of the problem (F,). For

T T
[:=lgllc, +exp {2/0 ﬂ(f)df}/o 20 + llellc,) Bs) + [0(s)1ds,

one has
@) + f@&, t@u)I < A+DB@) + o) ae.t el
and hence

la@®| <20 +DHB@E) + [v@)| ae.t €0, T].

Proof. Let u(-) be the unique solution of (F,). According to Proposition 2.1, one
has

la@) + f@&, t@u) < || fE t@uE)| +[v@)] ae. t €[0, T]. (3.26)
It follows that
la@)ll < 2B8@)A + lt@u)lc,) + lv@)] a.e. t € [0, T]

and hence

@)l < 28(1) (1 + max <||¢||CO,S2%€] ||M(S)||>> +lv@®lae.t€[0,T]
This yields

el < 25(;)/0[ lie(s)llds +2(1 + llglle,) B + [v(D)] ae. t € [0, T].
By Gronwall’s lemma we obtain, for all ¢ € [0, T],

t t t
fo IIZZ(S)IIdS</0 [(2(1+||<p||co)ﬂ(S)+|i)(S)|)eXP{2/ ﬂ(f)dT” ds.

As a result, for

T T
L= llglic, +exp {2/0 ﬂ(f)df}./(; 20 + llele,) Bs) + [0(s)1ds,



one has
luOllenq—p. 1y < L.
Consequently,
I f@ z@u)l < A+DB@) ae.t€l0,T]
and, from (3.26),
@) + f@, T@Ou)I < A +DB@ +1v@®)]ae.t €[0, T].
The proof is then complete. O
As expected, the map ¢ — u,(-) which associates with each ¢ in the set C := {¢ €

Cu([—p,0]) : (0) € C(0)} the unique solution of the problem (F,) is continuous.
That is the object of the following result.

PROPOSITION 3.2. Assume that the assumptions of Theorem 2.1 hold. For each ¢ €
C, let u,(-) be the unique solution of the delay perturbed sweeping process

{ —a(t) € N(C@t), u@®)) + f(t, t(®u(-)) a.et € [0, T],
u(s) = ¢(s) Vs € [—p, 0L

Then, the map ¢ — uy,(-) from C to the space C([—p, T, H) endowed with the uniform
convergence norm is Lipschitz on any bounded subset of C.

Proof. Let M be any fixed positive real number. We are going to prove that the
map ¢ — u,(-) is Lipschitz on C N M By, where By is the unit ball of Cy := Cy([—p, 0]).

According to Proposition 3.1, there exists a real number M, depending only on M
such that, for all ¢ € C N M B, and, for almost all ¢ € [0, T],

i, () + f(t, T@Ou, (DI < a() := 1+ M)B@) + [0()]
and
llie, (1] < 2(1 + M) B(t) + [v(@)].

Thanks to this last inequality, for some n > 0 depending only on M, for all ¢ € CN
MB, and for allt € [0, T'],

lugOllcua-p. 11 < 1 (3:27)

Fix any ¢;, 92 € C N MBy. By the hypomonotonicity property of the normal cone, we
have, for almost all ¢ € [0, T'],

(ttg, (1) + (1, Ty, (1)) = Uy, (1) — [, T(Dttg, (1)), Uy, (1) — U, (1))

o0

_ 2
p llutg, (1) — ug, ()l

and then

U iy, 0~ O

+ 1@, 1(Oug, () — [, T(Oug, (D) lug, () — 1y, @]

<l’2(ﬂ1 (t) - l"l(ﬂz (t)s ulﬂl (t) - u(ﬂz (t)> <



Since, by assumptions, there is a non-negative function k(-) € L'([0, T, R) such
that f(z,-) is k(t)-Lipschitz on nB, (this function depends only on M), the above
inequality, along with (3.27), entails that, for almost all ¢ € [0, T,

d
g, (1) = 4 (DI) <2 (@ + k(r)) lttg, () = g )2 p

Integrating on [0, ¢], we deduce that
llitg, () = ths VE .y < N1 ) = 22(IIE,
tCals)
+2 f (T + k(s)) e, () = 1y (V3.5 S
0
Via Gronwall’s lemma, we obtain, for any ¢ € [0, T,

litg, () = 1ty ONIE, =y < N01C) = 221G,

T T
+ 21610 — O3, / ((@ + k(s)) exp(2 / (@ + k(r)) dr}) ds.
0 0

Therefore,

lttg, (1) — thg, D llcuq—p. 1 < Al — 2llc,

T T
A= (1 + 2exp {2/ (ﬁ +k(T)) df}/ (@ —|—k(s)) ds)
0 r 0 r

The proof is then complete. O

where

=

Remark 3.1. Note that in the proof above, unlike the construction in [8], the second
argument of f in the definition of the maps f/"’s depends not only on x but also on .

References

1. Benabdellah, H.: Existence of solutions to the nonconvex sweeping process. J. Differential
Equations 164, 286-295 (2000)

2. Bounkhel, M., Thibault, L.: On various notions of regularity of sets in nonsmooth analysis.
Nonlinear Anal. Forum 48, 223-246 (2002)

3. Bounkhel, M., Thibault, L.: Nonconvex sweeping process and prox-regularity in Hilbert space.
J. Nonlinear Convex Anal. 6, 359-374 (2005)

4. Bounkhel, M., Yarou, M.: Existence results for first and second order nonconvex sweeping
process with delay. Port. Math. 61(2), 2007-2030 (2004)

5. Castaing, C., Duc Ha, T.X., Valadier, M.: Evolution equations governed by the sweeping process.
Set-Valued Anal. 1, 109-139 (1993)

6. Castaing, C., Monteiro Marques, M.D.P.: Evolution problems associated with nonconvex closed
moving sets. Port. Math. 53, 73-87 (1996)

7. Castaing, C., Monteiro Marques, M.D.P.: Topological properties of solution sets for sweeping
processes with delay. Port. Math. 54, 485-507 (1997)

8. Castaing, C., Salvadori, A., Thibault, L.: Functional evolution equations governed by nonconvex
sweeping Process. J. Nonlinear Convex Anal. 2, 217-241 (2001)

9. Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley, New York (1983)

10. Clarke, F.H., Ledyaev, Yu.S., Stern, R.J., Wolenski, P.R.: Nonsmooth Analysis and Control

Theory. Springer, Berlin Heidelberg New York (1998)



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Clarke, F.H., Stern, R.J., Wolenski, P.R.: Proximal smoothness and the lower-C?2 property.
J. Convex Anal. 2, 117-144 (1995)

Colombo, G., Goncharov, V.V.: The sweeping processes without convexity. Set-Valued Anal. 7,
357-374 (1999)

Edmond, J.F.: Problemes d’évolution associés a des ensembles prox-réguliers. Inclusions et
intégration de sous-différentiels. These de Doctorat, Université Montpellier 11, 2004

Edmond, J.F., Thibault, L.: Relaxation of an optimal control problem involving a perturbed
sweeping process. Math. Programming 104(2-3), 347-373 (2005)

Edmond, J.F., Thibault, L.: BV solution of nonconvex sweeping process differential inclusion
with perturbation. J. Differential Equations 226(1), 135-139 (2006)

Monteiro Marques, M.D.P.: Differential inclusions in Nonsmooth Mechanical Problems, Shocks
and Dry Friction. Birkhduser, Basel (1993)

Moreau, J.J.: Evolution problem associated with a moving convex set in a hilbert space.
J. Differential Equations 26, 347-374 (1977)

Moreau, J.J.: Sur I’évolution d’un systéme élasto-viscoplastique. C.R. Acad. Sci. Paris Sér. A-B
273, A118-A121 (1971)

Moreau, J.J.: On unilateral constraints, friction and plasticity. In: Capriz, G., Stampacchia, G.
(eds.) New Variational Techniques in Mathematical Physics, pp. 173-322. CI.M.E. II Ciclo 1973,
Edizioni Cremonese, Roma (1974)

Moreau, J.J.: Standard inelastic shocks and the dynamics of unilateral constraints. In: del Piero,
G., Maceri, F. (eds.) Unilateral Problems in Structural Analysis, C.L.S.M. Courses and Lectures
no. 288, 173-221. Springer, Berlin Heidelberg New York (1985)

Poliquin, R.A., Rockafellar, R.T., Thibault, L.: Local differentiability of distance functions.
Trans. Amer. Math. Soc. 352, 5231-5249 (2000)

Thibault, L.: Sweeping process with regular and nonregular sets. J. Differential Equations 193,
1-26 (2003)

Valadier, M.: Quelques problemes d’entrainement unilatéral en dimension finie. Sém. Anal.
Convexe Montpellier, Exposé No. 8 (1988)



	Delay Perturbed Sweeping Process
	Abstract
	Introduction
	Preliminaries
	Perturbation without Delay
	Perturbation with Delay
	References



