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Abstract

Let ¢ and 0 be two increasing homeomorphisms from R onto R with ¢ (0) =0, 6(0) =0. Let f:[0, 1] x
R x R+ R be a function satisfying Carathéodory’s conditions, and for each i, i = 1,2,...,m — 2, let
a; :R— R, be a continuous function, with Z;”:_lz a;(0)=1,§¢€(0,1),0<& << <&, 0 < 1.

In this paper we first prove a suitable continuation lemma of Leray—Schauder type which we use to obtain
several existence results for the m-point boundary value problem:

(p@h) = ft,u,u’), 1€(,1),

W(©0)=0,  Ou)= Z (u(ED)ai (u' (1))

We note that this problem is at resonance, in the sense that the associated m-point boundary value prob-
lem
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(¢’ 1)) =0, 1€(0,1),
m—2

WO)=0, o) = 0(uE))a(u &)

i=1

has the non-trivial solution u(t) = p, where p € R is an arbitrary constant vector, in view of the assumption
-2
:n:l a; (0)=1.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let ¢ and 6 be two increasing homeomorphisms from R onto R with ¢(0) =0, 6(0) = 0.
Let f:[0,1] x R x R+ R be a function satisfying Carathéodory’s condmons and for each i,
i=1,2,...,m—2,leta; :R+— R be a continuous function such that Z[ [ ai(0)=1. We are
interested in the problem of existence of solutions for the m-point boundary value problem:

(p@h) = f(t,u,u'), te(O 1),

(P) (1.1)
W0 =0,  Ou()= Z (u(E))ai (u' &),
where 0 < & <& <--- <§,_2 < 1 are given.
We note the associated m-point boundary value problem
(p(u'®)) =0, 0<t<1,
u'(0) =0, o (u(1)) = Z (u(E))ai (' () (1.2)

has the non-trivial solution u(¢) = p, where p € R is an arbitrary constant. Because of this we
say that problem (1.1) is at resonance.

Problems of this kind have been recently dealt with in the literature. Thus in the case ¢ (1) =
O(w)=u,u € R, a;(s) =constant, i =1, ...,m—2, werefer to [1], for m = 3, and for general m
in [2,7-9]. For general ¢ and 6 (1) = u the boundary value problem (1.1) has been studied in [3,4]
for the boundary conditions u’(0) =0, u(1) = u(n).

The authors continue in this paper the work initiated in [3,5,6] by generalizing the main results
in [2,3] in several respects. To illustrate this fact we state next a particular and simple case that
cannot be obtained from any of the results in [2,3].

Theorem 1.1. Let f:[0, 1] Xx R x R+ R be a continuous function in the boundary value problem

u = f(t,u,u’), te(,1), (1.3)
m—2

1 /
W(©O)=0.  ¢(uD)=-— 3 ¢ (uE))e @ E, (1.4)
i=1

where §; € (0,1),i=1,....m—=2,0<& <& <~ <éu2<1,and ¢p(s) = |s|p_2s, p>1.
Suppose f satisfy the following conditions:
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o there exists M > O such that for all |u| > M, and all t € [0, 1], one has
uf(t,u,0) >0,

e there exist a function ¥ : [0, 00) > [0, 00),  non decreasing with ¥ (s) — oo as s — 00,
and continuous functions dy, d» : [0, 1] x R — [0, 00), such that for allu € [—M, M), v € R,
and for all t € [0, 1], it holds that

| f @t u,v)| <di(t,u) +dat, u)yr ([v]),

o let Co =max{dr(t,u), t €[0, 1], |u| < M}, and assume that

: V() 1
0 < limsup < —.
§—00 N 2C2

Then problem (1.3)—(1.4) has at least one solution u € clo, 1.

The proof of this theorem is a direct consequence of Theorem 3.2 below and is left to the
reader. Theorem 3.2 in turn follows from our main existence result in Section 3.

This paper is organized as follows. In Section 2 we state and prove a rather general continua-
tion lemma for the solvability of problem (1.1). Section 3 begins with our main existence result,
Theorem 3.1. This theorem as well as rest of the results in this section is consequence of the
continuation lemma derived in Section 2.

We shall denote by C[0, 1] (respectively C 110, 1]) the classical space of continuous (respec-
tively continuously differentiable) functions with values in R defined on the interval [0, 1]. The
norm in C[0, 1] is denoted by | - |s. Also, we shall denote by L'(0,1) the space of functions
(equivalence classes of) that are integrable on (0, 1). The Brouwer and Leray—Schauder degree
shall be respectively denoted by degp and deg; g.

2. Abstract formulation and deformation lemmas

In this section f*:[0, 1] x R x R x [0, 1] — R will denote a function satisfying Carathéo-
dory’s conditions, i.e. (i) for all (s,7,A) € R x R x [0, 1] the function f*(-,s,r, X) is measur-
able on [0, 1], (ii) for a.e. ¢ € [0, 1] the function f*(z,-, -, -) is continuous on R x R x [0, 1],
and (iii) for each R > 0 there exists a Lebesgue integrable function pg: [0, 1] — R such that
| f*(@,s,r, 1) < pr() for a.e. t € [0,1] and all (s,r,2) € R x R x [0, 1] with |s] < R, and
|r| < R. We suppose, further, that f*(z,s,r, 1) = f(¢,s,r) forall (¢,5,7) € [0,1] x R x R.

Next we establish and prove a continuation lemma for the solvability of problem (1.1). To this
end we first introduce an operator 5: C 1[0, 1] x [0, 1] — R defined by

1 s
B(u,/\)=9<,\u(1)+(1 —)\)/gb—l(/f*(r,u(r),u’(r),x)dr> ds)
0 0

m—2

& s
_ Zai(u’(si))0<ku(§i)+(l—)L)/(b—l(/f*(f’u(f),ul(r),)n)df) ds),
0 0

i=1
@.1)

and then for A € (0, 1] we define the family of boundary value problems:
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M/ ' k /
(Py) (‘l’(T)) = u b, 2.2)
W(0)=0, B, 1) =0.

We note that for A = 1 problem (2.2) coincides with problem (1.1). We also define F :R — R by

1 s
F(,O)=9</¢_1(/f*(f,p,(),())d‘t)ds)
0 0

m—2 & S
— Zai(0)9</¢_l (/ f*(z, p,0,0) dr) ds> (2.3)
i=1 0 0
and note that
B(p,0) = F(p). (2.4)

Let £2 C C'[0, 1] be a bounded open set, we have the following continuation lemma.
Lemma 2.1. Assume that
(i) there is no solution u to (P,), 0 < A < 1, such that u € 952,
(i) the equation
F(p)=0 (2.5)

has no solution on 052 N R,
(iii) the Brouwer degree

degglF, 2 NR,0]#0. (2.6)
Then, problem (P) has a solution in 2.

Proof. If (1.1) has a solution in 9£2, then there is nothing to prove, hence we suppose that (1.1)
has no solutions belonging to d£2. This assumption combined with (i) implies that there are no
solutions to (P;) in 982 for 0 < A < 1.

It can be easily proved that problem (P,), for A € (0, 1] is equivalent to an abstract equation
of the form

u=w*u,xr, .7
where ¥*: C'[0, 1] x [0, 1]+ C'[0, 1] is defined by

t Ky
T (u, M) (1) :=u(0)+x/¢—1(/f*(r,u(r),u/(r),x)dr> ds + B(u, ). (2.8)
0 0

Standard arguments show that ¥™* is a completely continuous operator. Furthermore setting
W (u) :==¥*(u, 1), we observe that u is a solution of (P) if and only if it is a fixed point of W.
At this point it is clear that assumption (i) can now be restated as

u#w*u,r) forallu € df2, and for all A € (0, 1].
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We show next that this is also true for A = 0. We note from (2.8) that
U*(u,0)(r) =u(0) + Bu,0), rel[0,1],
is a real constant for each u € C1[0, 1]. Thus, if for some u € 342,
u=w*u,0), 2.9)
then, for all ¢ € [0, 1], we have that u(¢) = s € R and hence, from (2.9), and (2.4), we obtain
s=s5+B(s,0) =5+ F(s).

But this implies that F(s) =0, for s € RN d$2, contradicting (ii). In this manner we have verified
that

u#Ww*u,r) forallue€ds2, and for all A € [0, 1].
Then, from the homotopy invariance property of the Leray—Schauder degree, it follows that
degLS(I -, 82, 0) = degLS(I —¥*(.,0), £2, 0) = degB(I —¥*(-,0)|r, 20, O)
= —degg(F, £20,0) #0,
where £29 = £2 N R. Hence the mapping ¥ = ¥*(-, 1) has at least one fixed point in £ and
therefore problem (1.1) has at least one solution in £2. O
3. Existence theorems

Our main existence result is the following

Theorem 3.1. Let f:[0,1] x R x R+ R be a Carathéodory function in the boundary value
problem

(p@h) = ft.u.u), te,1), 3.1)

m—2
W(©0)=0,  O(u()= Z (u(E))ai (u' ), (3.2)
where a; :R +— (0,00) is a contmuousﬁmctlon, Ee@O),i=1,...m—20<é <& <

-+ < &2 < 1. Suppose f satisfies the following conditions:

(i) There exist M > 0, continuous functions g1, 82 :[0,1] x R x R — R, with g1(t,u,0) >0
for u > M and g>(t,u,0) > 0 for u < —M, and functions o1, oy in Ll(O, 1), a1(t) > 0,
ar(t) <0, for a.e. t €10, 1], such that for all u > M, for all v € R, and for a.e. t € [0, 1],
one has

ftu,v) Zai(®)gi(t, u,v),
and for allu < —M, for all v e R, and for a.e. t € [0, 1], it holds that
f@u,v) <ar(t)ga(t,u, v).

(i1) There exist a continuous function  : [0, 00) > [0, 00), Y non decreasing, with ¥ (s) — 00
as s — oo, and functions dy,d> € L! (0, 1), such that

| £t u,v)| <di(t) + da () ([v]),
forae. t€[0,1], allu e [—M, M], and all v € R.
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(>iii) It holds that
_SY(s)
o P (S))
where @*(s) = [y o~ Y(t)dr, s eR.
(iv) Suppose, further, that there exist constants b; >0,i=1,2,...,m — 2, with Z 2b =1,
O0<a(v)<b;, forallveR,i=1,...,m—2,

and

m—2

Za,-(O): 1.
i=1

Then problem (3.1) has at least one solution u € clo, 11.

Proof. We consider the family of boundary value problems (P;) with f*(¢,u, v, A) = f(¢,u, v)
for all (¢,u,v,x) €[0,1] x R x R x [0, 1], i.e. we consider the family of problems:

<¢(”7>> = f(@t,u,u’), te(0,1), »e(0,1],

W(0)=0,  Bu,1) =0, (3.4)

with B(u, A) as in (2.1).

We shall show that the family of problems (3.4) satisfies the conditions of Lemma 2.1 to
conclude that problem (3.1) has at least one solution in C'[0, 1]. Our first step is to define an
open set 2 C C 170, 1] such that (i) of Lemma 2.1 holds. Thus let A € (0, 1], and u be a solution
to (3.4).

We claim that |u(¢)| < M, for all ¢ € [0, 1], where M is as in assumption (i) of the theorem.
Let #p € [0, 1) be such that u(#y) is a local maximum for # and suppose first that 7 € (0, 1),
then (zr — to)u’(r) <0, for ¢ € (0, 1) close to fy. Also since u’(f9) = 0 by integrating the equation
in (3.4), we find that

¢<” m) /f T u(0).u'(0)) dr (3.5)

for all > 1y and close to #p. Let us assume that u(#p) > M, and set Co = g1 (¢o, u(tp), 0) > 0. Let
& > 0 be such that ¢ < C¢/2, then there is § > 0 such that for all (¢, u, v) such that |t — 79| < 3§,
lu —u(ty)| <6, |v| <4, it holds that

|lg1(t, u,v) — g1 (to, u(to), 0)| <&
implying that

g1(t,u,v) > gi(to, u(ty), 0) —e = Co — & > Co /2.

Now for the § > 0, where § is as above, there is a i > 0, i < &, such that for all |t — 79| < u, it
holds that

lu(t) —u(to)] <8 and |u'(t)| <S8.
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Hence for 9 <t < tg 4+ 1 we have that

gi(t,u@), u' (1)) > Co/2,

which implies that for all #p <t < 19 + u,

! t
¢<M)Et)> fo(t,u(f), u’(f))d‘f 2/al(f)gl(f,u(f),ul(‘[))df

to 0]
t

> CO/Z/al(t)dr >0,
1o

which contradicts (3.5).
Assume next that #p = 0, and that u(0) > M. Then, by integrating the equation in (3.4) we
first find that

t
¢<”f)> =/f(r,u(r),u/(r))dr,
0

for all ¢ > 0. Then, as in the previous argument, by using the continuity of the function g, we
find that

¢<u/)ft)> - O’

for r > 0 small. Hence u’(z) > 0O for ¢t > 0 small, implying that u is strictly increasing near zero,
yielding again a contradiction. Thus if 7y € [0, 1) is such that u(#p) is a local maximum for u,
then it must be that u(fy) < M.

By an entirely similar argument, using this time the continuity of the function g, it follows
that if 79 € [0, 1) is such that u(fp) is a local minimum for u«, then it must be that u(ty) > —M.

Thus, in particular, a solution u to problem (3.4) can have neither a global maximum
u(to) > M nor a global minimum u(fy) < —M, at points fy, fo with g, fp € [0, 1).

Suppose next that u reaches a global maximum at #p = 1 and that u(1) > M. Then u(1) > u(z)
for all ¢ € [0, 1]. We observe that in this situation it cannot be that u(&;) = u(1), for some i =
1,...,m—2, because u(t) would reach a global maximum att = §; € (0, 1). Hence u(§;) < u(1),
foralli =1,...,m — 2. Similarly u(0) < u(1). We will show that this implies

B(u,2) >0 (3.6)

yielding again a contradiction. Indeed, from (2.1),

1 K
B(u,k):@(ku(l)—i—(l —)\)/¢—1(/f(r,u(r),u’(r))dr> ds)
0 0

m—2

& s
— Za,-(u/(g,-))e (xu(s,-)+(1 —x)/qu (/f(t,u(r),b/(r))dr) ds>.
0 0

i=1

Now, since u is a solution to (Py), we have that
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t s
M(l)=u(0)+)»/¢1(/f(r,u(t),u’(t))dt) ds,
0 0

which together with the fact that u(1) > u(§;) foralli =1, ..., m — 2 implies that

1 s
/qb_l(/f(t,u(r),u'(r))dr) ds >0
& 0

foralli=1,..., m — 2. Then, from

1 K
lu(l)+ (1 —k)/(ﬁ_l(/f(r,u(r),u’(‘r))dr) ds
0 0
& 5
—au)—( —)»)/(]5_1(/f(r,u(r),u/(r))d'l.') ds
0 0

1 K
=2(u(D) —u)) + (1 —A)/¢_l(ff(r,u(t),u’(t)) dr) ds >0,
&i 0

foralli=1,..., m — 2 and the fact that 0 is an increasing function, we obtain that

Z (/' &) (Au(1>+<1—x>/¢ (/fru(r)u(r))dr>ds>

m—2

i=1

Also, since u(0) < u(1), we see from (3.7) that

1 s
/¢>—1 </f(t,u(r),u’(r))dr> ds > 0.
0 0

This implies that
1 K
au(l)+ (1 —k)/d)_l(/f(r,u(t),u’(t))dr) ds >0
0 0
which then gives
1 s
9<xu(1)+(1 —A)/d)‘l(/f(r,u(t),u’(t))dt) ds) > 0.
0 0

Accordingly, we see that

>3 (u/(sn)e(xu(s,-) +a —A)/qu (/ f(zu), u/(r))dz) ds).
0 0

(3.7)

(3.8)
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1 K
B(u,,\)>( Z (' &) ) (ku(l)—l—(l—)»)/q&1</f(r,u(t),u/(r))dt)ds)
0 0

m—2 1 s
> (1 - Zbi>9<ku(1)+(l —A)f¢—1(/f(r,u(t),u/(r))dr> ds)
i=1 0 0

=0. (3.9)

Thus B(u, 1) > 0, which is a contradiction.

In conclusion if a solution u reaches a global maximum u(#y) at some #y € [0, 1], then it must
be that u(ty) < M.

An entirely similar argument tells us that if a solution u reaches a global minimum u(fg) at
some #q € [0, 1], then it must be that u(f9) > — M. Thus, any solution u of problem (3.4), satisfies
lulloo < M.

We next show that derivatives of the solutions are also a priori bounded. We have that the
function @* is even, increasing in [0, 00), and is such that ®*(s) — oo as s — oo. Also it is
immediate that for any v € C I such that ¢ (v') € C!, it holds that

P () = V(o). (3.10)

u (t)

By multiplying the first equation in (3.4) by we have that

u)(f) <¢<u;t))> _ u;t)f(t,u(t), o

which by (3.10) becomes

d _, u'(t) u'(t) ,
Ecb (¢< . )): - e u@),u' @)).

Integrating this expression from O to 7, we find

1
! 1
@*((f)(u)(f))) < x/W(r)f(r,u(r)),u/(t)|dr
0

1 / 1 /
<l ||oo/|f(r,u<r),u )] dx.
0

for all ¢ € [0, 1]. Next by condition (ii)
1 1

/!f(r,u<r>,u’<r))|dr < f(dlm+d2<r>w(|u’(r)|))dr
0 0
<B4 By (1l oo).

where B1 = [|dill.10.1y> B2 = lld2]l1(0.1)- Combining the last two expressions we find that

<p*(¢(””1'°°)) Ve (8, 1 o (o)
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and thus
' oo ' lloe /
v (luleo)
1< B e +p—E—
o O(ZE) T o (o )
lle’lloo e llow 7, (10" lloo
<Bi 4 gyt v(5=) G.11)

¢*(¢(|lu ”oc))
Since by (3.3), lims_, o <p*(¢

o (9=

o = =0, we find from (3.11) and by using again (3.3), that there

must exist an Ry > M such that |lu'||oc < Ro. This implies that there exists an Ry > Ry, such
that for A € (0, 1] the family of problems (3.4), or equivalently the equation u = ¥*(u, 1), has no
solution on the boundary of the bounded open set £2 = B(0, R;) C C'[0, 1]. Hence condition (i)
of Lemma 2.1 is satisfied.

Next, we have that F'(p) given by (2.3), for this case, becomes

1 s me> & s
1«m=9</¢1</fmpﬁnm)m>—§:mmw(/¢1</fmpﬁnm>m>
0 0 i=l 0 0

Then, since from assumption (i), for all p > M (and hence for p = Ry), it holds that
f@t, p,0 =>a1(t)g1(t,p,0)>0 forae.t€]0,1],

and that for all p < —M (and hence for p = — R} ),
f(, p,0) <ax(t)ga(t,—p,0) <0 forae.tel0,1],

by using that Z;"z_lz a;(0) = 1, we conclude that F'(p) is strictly positive for p = R and strictly
negative for p = — R, implying that condition (ii) of Lemma 2.1 is satisfied. We note that this
argument also implies that condition (iii) of Lemma 2.1 is fulfilled (actually in this case, we have
degp[F, 2NR,0]=1). O

The following theorem is a direct consequence of Theorem 3.1 and generalizes Theorem 3.2
in [2]. Also under condition (3.14) below it improves the conditions we used in the particular
case of Theorem 3.1 in [3], in the sense that condition (3.2) in that theorem is not needed.

Theorem 3.2. Let f:[0, 1] X R xR+ R be a continuous function in the boundary value problem

@Wﬂ=f0uw)rem1> (3.12)
W'©0)=0,  6(u(l))= Z (u(&))a; (u' &), (3.13)
where a; :R +— (0, 00) is a continuous function, & € (0,1), i =1,....m -2, 0< & <& <

-- < &2 < 1. Suppose f satisfies the following conditions:
(1) There exists M > O such that for all |u| > M, and all t € [0, 1], one has

uf(t,u,0)>0. (3.14)
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(i1) There exist a function ¥ : [0, 00) > [0, 00), ¥ non decreasing with ¥ (s) — 0o as s — 0o,
and continuous functions dy, d» : [0, 1] X R +— [0, 00), such that forallu € [-M, M], v e R,
and for all t € [0, 1], it holds that

| £t u,v)| <di(t,u) +dat, u) g (Jv]).

(iii) Let Cy = max{d(t,u), t € [0, 1], |u| < M}, we assume that

0 < Cylimsup ——— SV () <1, (3.15)

s—oo P*(P(s))
where ®*(s) = [ ¢~ (v)d7, s e R.
(iv) Suppose, further, that there exist constants b; >0,i=1,2,...,m — 2, with Z 2b =1,
O<a(v)<b;, forallveR,i=1,...,m—2,

and
m—2
Y ai0)=1.
i=1

Then problem (3.12) has at least one solution u € clo, 11.

Proof. We notice that the function f(z,u,v) in this theorem satisfies the assumption (i) of
Theorem 3.1 with g1(t,u,v) = f(t,u,v), g2(t,u,v) =—f(t,u,v), a1(t) =1, ax(t) = —1 in
view of our assumption that f is a continuous function and satisfies the condition (i) of this
theorem. It satisfies the assumption (ii) of Theorem 3.1 with d| () = max{d (¢, u), |u| < M},
dr(t) = max{dr(t,u), |u| < M} for all ¢ € [0, 1]. Also it is clear that assumption (iii) of Theo-
rem 3.1 is implied by (3.15). Finally noticing that the assumption (iv) of this theorem is the same
as the assumption (iv) of Theorem 3.1, we see that the result is an immediate consequence of
Theorem 3.1. O

Corollary 3.1. Let f:[0, 1] xR x R+ R in problem (1.1) be a continuous function that satisfies
the following conditions:

(1) There exist non-negative functions di (1), da(t), and r(t) in LY (0, 1) such that

| £t u, )] <di@)p(jul) + da ) (1v]) + 7 (0),

forae. t €[0,1]and all u,v € R.
(ii) There exists ug > 0 such that uf (t,u,v) > 0 for u € R, with |u| > uo and v € R.
(iii) dy satisfies
D*(s)
sp~1(s)’
where as before @*(s) = fg ¢ N(t)dr, s eR.
(iv) Suppose, further, that there exist constants b; > 0,i =1,2,...,m — 2, with sz:_lz b, =1,

ldall 10,1y < liminf (3.16)

O<ai(v)<b;, forallveR,i=1,...,m—2,
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and
m—2
> ai0)=1.
i=1

Then problem (1.1) has at least one solution u € c'o, 11.

Proof. It is an immediate consequence of Theorem 3.2. Indeed setting in Theorem 3.2,
di(t,u) =di()d(lu|) + r(t), da(t,u) = da(t), and ¥ (s) = ¢(s), s € [0, 00), it is immediate
that conditions (i)—(iv) of this corollary imply that conditions (i)—(iv) of Theorem 3.2 are satis-
fied. O

In the following theorem we replace the assumption (ii) of Corollary 3.1 by the assumption
“there exists ug > 0 such that uf(¢t,u,v) <0 for t € [0, 1], u € R, with |u| > ugand v € R.”
In this case we assume that the continuous functions a; :R +— (0,00), i =1,...,m — 2, in
problem (1.1) are constant functions, i.e. there exist constants b; > 0,i =1,2,...,m — 2, with
S 2bi=1,and 0 < a;(v) =b;, forallveR, i=1,...,m —2.

Theorem 3.3. Let f:[0, 1] x R x R+ R in problem (2.2) be a continuous function that satisfies
the following conditions:

(1) There exist non-negative functions dy(t), d>(t), and r(t) in LY(0, 1) such that

|f (@, u,0)| <di(@)(lul) + da()$(|v]) + 7 (1),

forae. t €[0,1] and all u,v € R.
(ii) There exists ug > 0 such that uf (¢t,u,v) <0 fort € [0, 1], u € R, with |u| > ug and v € R.
(iif) Suppose |ldall110,1) < 1, and the function I":[0, 00) — [0, 00), defined for z € R by

ldillL10.1) Il z10,1)
F(z)=¢>_1( ——¢(2) + ’ )
1— ||d2||L1(0,]) I— ”dz”Ll(O,l)

satisfies the condition

r
lim sup ﬁ <1 (3.17)

z—>oo <

(iv) Suppose, further, that there exist constants b; >0,i=1,2,...,m — 2, with Z;";lz b;=1.

Then problem

(p@)) = flt,u,u), 1€(0,1),
m—2

u'(0) =0, 9(u(1)):2bi9(u($i)) (3.18)
i=1

has at least one solution u € C'[0, 1].

Proof. Let us set f*(¢t,u,v,A) = f(t,u,v), in Theorem 3.1. We shall show that for all
(t,u,v,A) €[0,1] x RxRx (0,1),and 0 < a;(v) =b;, forallveR; i=1,...,m — 2, the
family of problems
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<¢<ux>) = f(t,u,u’), te(0,1), Ae(0,1],

u'(0)=0, B, 1) =0, (3.19)

with B(u, A) as defined in (2.1), satisfies conditions (i)—(iii) of Lemma 2.1.
Let u(t) be a solution of (3.19) for some A € (0, 1). We claim that there exists a # € [0, 1] such
that

—ug < u(t) <ug. (3.20)

Indeed let us assume that u(t) > ug > 0 for all ¢ € [0, 1] then we see from assumption (ii) that
f@t,u@),u'(r)) <0forall ¢ € [0, 1]. We then get, for all ¢ € [0, 1],

(ph) <0 (3.21)

and since u’(0) = 0 we obtain that u(¢) is strictly decreasing and in particular u(1) < u(§;) for
all i. Further, we see that

1 s & S
/6257] (/f(t,u(r),u/(f))d7> ds </‘¢71 (/f(fv”(f)ﬂ/(f))dt) ds
0 0 0 0

for all i, since f(¢,u(t),u’(t)) <0 forall ¢ € [0, 1]. Hence, we obtain

1 K
au(l) + (1 —A)/(ﬁ_l(ff(r,u(r),u/(r))dr) ds
0 0

& s
<hu(E) + (1 - x)/qf‘ (/ flru), u/(w)dr) ds
0 0

for all i. We, next, use B(u, A) = 0 and the above inequality to obtain first that

1 s
e(xu(1)+(1 —A)/d)1</f(t,u(r),u/(r))dr> ds)
0 0
m—2 & S
- Zb,ﬂ(ku(é,»)—i—(l —)\)/qs—](/f(r,u(z),u’(z))dr> ds)
i=1 0 0

m—2 1 S
> Zb,ﬂ(ku(l)—}—(l —)»)/qﬁ_l</f(r,u(r),u/(r))d1:) ds),
i=l 0 0

and then use the assumption Zf":_lz b; =1, to yield the contradiction

1 s
e(xu(1)+(1 —X)/d)‘l(/f(t,u(r),z/(r))dt) ds)
0 0
1 s
>0<Au(1)+(1 —A)/(b_l(/f(r,u(t),u/(t))dt> ds).
0 0
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Similarly, if we assume that u(t) < —ug < 0 for all ¢ € [0, 1] we shall arrive at a contradiction.
Accordingly, there exists a 7 € [0, 1] such that —ug < u(7) < ug, proving the claim (3.20).
As an immediate consequence of (3.20) we obtain that

llulloo < uo + Nl [lo- (3.22)
Next, we see from assumption (i) of the theorem that

|f(tu@),u' @) <di)p(lu@)|) + da)p(|u' @)]) +r (@),

and hence by integrating the equation in (3.19) from 0 to € [0, 1] and using that u’(0) = 0, we
obtain that

d(lu'lloo) < P (llulloo) il 10,1y + ¢ (14 lloo) 12l 10,1y + 17 210,1)- (3.23)
Thus, solving for ||u’|| s, and then combining with (3.22) we find that
_ ldill 10,1 7101
I lloo < ¢ 1(14¢(uunoo) + 4) (3.24)
—ldall 01 1= ld2llz1r)
and then

lulloo < 1o+ I (llulloo)-
Accordingly, we get using our assumption

. I'(z)
lim sup — <1,
z—oo L

that there must exist a zg > 0 such that
l#lloo < zo- (3.25)

Finally, by (3.24) and (3.25) there is a positive constant Ry > uy (Where ug is as in assump-
tion (ii)) such that

lullcrpo, 1y < Ro-

Thus for any fixed R > Rg if 2 = B(0, R) C C1[0, 1], then for each 0 < A < 1 the family of
problems (3.19) has no solution on d52. Thus (i) of Lemma 2.1 is satisfied.
Next, we observe that for our case

1 s m—2 & s
F(p)=9<0/¢1<0/f(r,p,0)dr> ds) — ;bié(o/gﬁl(b/f(t,pﬁ)dr) ds)

and note that

B(p,0) = F(p).
Then assumption (ii) implies that for all p € R, with |p| > ug,
pF(p) <O. (3.26)

Since this holds when p = R, we have that (ii) of Lemma 2.1 is satisfied. That (iii) of that lemma
holds is immediate from (3.26). We have thus proved that the family of problems (3.19) satisfies
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all the conditions of Lemma 2.1 and hence existence of a solution for problem (3.18) follows
from that lemma. This completes the proof of the theorem. O

Next consider the problem

(@@h) + f,u,u'y=q(0), 1€(0,1),

m—2
u'(0) =0, 6 (u(1) =Z (u(&))ai(u' (), (3.27)
where f:[0, 1] x R x R+ R is continuous, and g € L0, 1). We define
s
q_supilfq(r)dr s € (0, 1]}
0
and
N
g:inf[l/q(t)dt s € (0, 1]}.
’ 0
We have

Theorem 3.4. Let g € LY(0,1) and f:[0,1] x R x R R in problem (3.27) be a continuous
function satisfying the following conditions:
(i) There exist non-negative functions dy(t), d(t), and r(t) in L'(0, 1) such that

| £t u,v)| <di¢(lul) + da(®)p(v]) + 7 (1),

forae. t€[0,1]and all u,v € R.
(ii) There exists a d > 0 such that

ft,u,v) <q foruz>d,

f@,u,v)y>q foru<—d,

forae. t€[0,1]andall v eR.
(iii) Suppose ||da2|l 11,1y < 1, and the function I": [0, 00) > [0, 00), defined by

. i
F(z>=¢‘1( Doy Loy )

1- ||d2||L1(0,1) 1- ||d2||Ll(o,1)
where r(t) =r(t) + q(t), satisfies the condition
r
lim sup o < 1. (3.28)
z—oo <
(iv) Suppose, further, that there exist constants b; >0,i=1,2,...,m — 2, with Zl'-”:_lz b =1,

O<a(v)<b;, forallveR,i=1,...,m—2,

and
m—2

> ai0)=1.
i=1

Then problem (3.27) has at least one solution u € clo, 11.
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This theorem improves the conditions of Theorem 3.2 in [3], in fact conditions (3.22) and
(3.23) in that theorem are no longer needed for its validity.

Proof. We shall show that for f*(t,u,v,X) = q(t) — f(t,u,v) for all (t,u,v,)) € [0, 1] x
R x R x (0, 1], the family of problems

/7 I
<¢<ux)> =q(t)— ft,u,u’), t€(0,1), 1€(0,1],

1’ (0) =0, B(u, 1) =0, (3.29)
with B(u, A) as defined in (2.1), satisfies conditions (i)—(iii) of Lemma 2.1.

Let u(¢) be a solution of (3.29) for some A € (0, 1). Then, by integrating the equation in (3.29)
from O to 7 € (0, 1] and using that u’(0) = 0, we obtain that

t
¢<”f)> =/(q<r) — f(r.u(@),u' (1)) dr
0

t

> /(‘l — f(r.u(0),u/'(v)))dr > 0, (3.30)
0
for all ¢ € [0, 1]. Similarly

¢<”f)> <0 ifu(t) < —d forall  €[0,1]. (3.31)

Next we claim that there exists a 7 € [0, 1] such that
—d <u(t) <d. (3.32)

Indeed assume first that u(r) > d for all ¢ € [0, 1]. Then we see from (3.30) that «’(z) > 0 for all
t € [0, 1] and hence that u(¢) is strictly increasing. Thus as in the proof of Theorem 3.1, repeating
the argument that goes from (3.6) to (3.8), it follows that B(u, A) > 0, yielding a contradiction.
Similarly, if we assume that u(¢) < —d for all # € [0, 1] we arrive to a contradiction. Hence the
claim (3.32) is proved.

As an immediate consequence of (3.32) we obtain that

lulloo < d + 1]l co- (3.33)
Next, we see from assumption (i) of the theorem that
lg@) — f(r,u@), u' 0)| <di@)¢(|u@)|) + da)p(|u’ 1)) +F (D),
and hence by (3.30), we obtain that

P (lu'lloo) < d(llulloo) il 10,1y + ¢ (I lloo) d2ll 1 0.1) + IF Il L1 0.1 (3.34)
Thus, solving for ||u'] s,
o ldillipioq 17121 0.1
/oo < ¢ 1<4¢(nuno@) + 4) (3.35)
1—ldalizi0,1y L —=lld2l 1101

and combining with (3.33), we find that
lulloo <d + I'(llulloo).
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Accordingly, using our assumption

I"(2)

lim sup — < 1,
700 <

we get that there must exist a zo > 0 such that
lulloo < 2o0- (3.36)

Finally, by (3.35) and (3.36) there is a positive constant Ry > d (where d is as in assumption (ii))
such that

||“||c1[(),1] < Ro.

Thus for any fixed R > Ry if £ = B(0, R) C C110, 1], then for each 0 < A < 1 the family of
problems (3.29) has no solution on 9£2. Thus (i) of Lemma 2.1 is satisfied.
Next formula (2.3), applied to our present situation, yields that

N

1
F(p)="0 /df‘ /(q(r)—f(r,p,o))dr ds

—Za,(O)G /(b /q(r)—f(t,p,O))dr ds |, (3.37)

i=1
where we note that

B(p,0) = F(p). (3.38)
Then, for all p € R, with |p| > d, assumption (ii), together with Zz—l a;(0) = 1, implies that

pF(p) > 0. (3.39)

Since this holds when p = R, we have that (ii) of Lemma 2.1 is satisfied. That (iii) of that lemma
holds is immediate from (3.39). We have thus proved that the family of problems (3.29) satisfies
all the conditions of Lemma 2.1 and hence existence of a solution for problem (3.27) follows
from that lemma. This completes the proof of the theorem. 0O
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