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Abstract
We consider the asymptotic behaviour of the solution of one di-
mensional stochastic differential equations and Lagevin equations in
periodic backgrounds with zero average. We prove that in several
such models, there is genrically a non vanishing asymptotic velocity,
despite of the fact that the average of the background is zero.

1 Introduction.

We consider the one dimensional diffusion problem

Oru = 0O, (%&Eu + b(t, x)u)
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where b is a regular function periodic of period T in the time variable t € R™*
and of period L in the space variable x € R. This equation and related
equations discussed below appear in many natural questions like molecular
motors, population dynamics, pulsed dielectrophoresis, etc. See for example
[6], [5], [10] [13], [14] and references therein.

We assume that the initial condition u(0, z) is non negative and of integral
one with |z|u(0,x) integrable, and denote by u(x,t) the solution at time t.
Note that the integral of u with respect to z is invariant by time evolution,
the integral of xu(z,t) is finite.

One of the striking phenomenon is that even if the drift has zero average,
this system may show a non zero average speed. There are many results on
homogenization theory which can be applied to equation (), see for example
[3], [T1], and references therein.

These results say that the large time asymptotic is given by the solution
of a homogenized problem. It remains however to understand if this homog-
enized problem leads to a non zero asymptotic averaged velocity. For this
purpose we will consider the quantity

t—o0

I(b) = lim % zu(t, z)dx (2)

which describes the asymptotic average displacement of the particle per unit
time (provided the limit exists).

Our first theorem states that the average asymptotic velocity is typically
non zero.

Theorem 1.1. The quantity 1(b) is independent of the initial condition, and
the set of b € C! with space average and time average equal to zero where

I(b) # 0 is open and dense.

Remark 1.1. By assuming that the space average (which may depend on
time) and the time average (which may depend on space) are both zero we
restrict the problem to a smaller set of possible drifts. One can prove a
similar result with weaker constraints. Note also that it is well known that
if b does not depend on time, then I(b) = 0 (see for example [13]).

Remark 1.2. The theorem can be extended in various directions, for exam-
ple by using different topologies on b, by including a non-constant periodic
diffusion coefficient, or by considering almost periodic time dependence.

Another common model for molecular motor is the two states model which
describes the time evolution of two non negative function p; and p,. In this
model, the “molecule” can be in two states: 1 or 2 which have different
interaction with the landscape described by the drift. We denote by p; (¢, x)



the probability to find the molecule at site x ate time t in state 1, and
similarly for ps. We refer to [13] for more details. The evolution equations
are given by

Opr = Oy EDaa:pl + by (@,01) —V1p1 + Vapo (3)
Op2 = 0y (DOypa + b2<13),02) + vip1 — Vap2

where D, v; and v are positive constants, b; and by are C! periodic functions
of = of period L the last two with average zero.
The asymptotic average displacement per unit time of the particle is now

defined by

1
I(l/l,Vg,bl,bQ) = tlglolo n /x (pl(t,x) + paolt, x)) dx .

We have the equivalent of Theorem [Tl As before, we assume that |z|(p1+p2)
is integrable.

Theorem 1.2. For any constants vy > 0 and vy > 0, I(v1,1s,b1,b9) is
independent of the initial condition, and the set of by and by € C' with space
average equal to zero where I(vy, 5, b1,by) # 0 is open and dense.

Another model of a particle interacting with a thermal bath is given by
the Langevin equation

dr = vdt ()
dv = (—yv+ F(t,x)/m)dt + o dW,;

where m is the mass of the particle, v > 0 the friction coefficient, F(t,z)
the force, W, the Brownian motion and ¢ = v/2D where D is the diffusion
coeflicient. We refer to [6] and [10] for more details.

For the time evolution of the probability density f(t,v,x) of the position
and velocity of the particle one gets the so called Kramers equation

0f = —v0uf +0,[(vw — F(t,2)/m)f] + SO )

We refer to [6] and references therein for more details on these equations.
By changing scales, we can assume that m =1 and D = 1 and we will only
consider this situation below. Moreover we will assume as before that F'(¢, x)
is periodic of period T in time, L in space and with zero average in space
and time. We can now define the average asymptotic displacement per unit
time by

t—o0

(7, F) = lim%/oth//vf(T,v,x)dvd:B. (6)



As for the previous models the average asymptotic velocity is typically
non zero. As usual, we denote by H'(dvdz) the Sobolev space of square
integrable functions of x and v with square integrable gradient.

Theorem 1.3. For vy > 0, I(v, F) is independent of the initial condition,
the set of F' € C! with space average and time average equal to zero where
I(v, F) # 0 is open and dense.

One can also consider a situation where the particle can be in two states
which interact differently with the landscape. This leads to the following
system of Kramers equation.

o= %@%fl — 00, f1 + O,
Oif2 = %@2}]3 — 00, f2 + 0,

(yo = Fi(2)) fr
(o = F2(2)) f2

In this equation, F} and F, are two periodic functions representing the
different interaction forces between the two states of the particle and the
substrate. The positive constants v; and v, are the transition rates between
the two states. The non negative functions f; and fy; are the probability
densities of being in state one and two respectively. The total probability
density of the particle is the function f; + f, which is normalised to one. The
asymptotic displacement per unit time for this model is given by

—vifi+wnf
+uifi—1afs. (")

1 t
I(v,F, Fy, v, 1) = lim = [ ds //v (fi(s,v,2) + fo(s,v,2)) dvdz , (8)
0

t—oo t
and we will prove the following result

Theorem 1.4. For vy > 0, vy > 0 and v > 0, I(v, F1, Fa,v1,15) is inde-
pendent of the initial condition, and the set of Fy and Fy € C* with space
average equal to zero where I(7y, F, Fo,v1,15) # 0 is open and dense.

2 Elimination of the spatial average.

Before we start with the proof of the Theorems, we first show that the result
does not depend on the spatial average of the drift b.

Proposition 2.1. Assume b has space time average zero, namely

1 T L
— b(t,z)dtdxr =0 .
TL/O /0 (t,x) x =0



Then the drift b given by

b(t,2) = b(t, z + a(t)) — — /0 b(t, y)dy

a(t) :—%/Otds/OLb(s,y)dy.

15 periodic of period T in time and of period L in x. This drift has zero space
average and leads to the same asymptotic displacement per unit time.

where

Proof. Note first that since the space time average of b is zero, the function
a is periodic of period T'. Let u be a solution of ([l), and define the function

v(t,x) = u(t,z + a(t)) .

An easy computation leads to
1 ~
O = 0O, (§8wv + b(t, x)v) .
Since a(t) is periodic and bounded we have by a simple change of variable

1 1
lim — [ zu(t,z)dr = lim . zo(t,z)dz .

t—o00 t—o0

3 Proof of Theorems 1.1]

We start by giving a more convenient expression for the asymptotic velocity
I(b). Using ([2) and (Il), and integrating by parts we get

I 1 [
I(b) = lim — ds/x@su(s,x)dx = — lim - ds/b(s,x) u(s, x)dx .
0 0

t—oo t t—oo §

Since b is periodic in z, of period L, we can write

/ b(s, ) u(s, o)dz = /0 C (5, 1) (5, 1)1

where

Uper (8, 7) = Z u(s,z +nl)

n



is a periodic function of x of period L. Note that since b is periodic of period
L, upe satisfies also equation (Il). We now have

t—o00

um::—1m1%[Td§ALMSJgum4&xym. (9)

Since the system is non autonomous, although periodic in time, we can only
expect that when ¢ tends to infinity, the function wupe (£, ) tends to a periodic
function wy(t, z) of ¢ and z. Let w, be the solution of equation (Il periodic
in space and time and with an integral (over [0, L]) equal to one. It can
be expected (see [13], [3], [II]) that the asymptotic average displacement is
given by

um:—%A‘Ab@@m@@wm. (10)

In order to give a rigorous proof of existence of the function wy(t, z) and
of the above relation, we introduce a new time. We consider the operator £
given by

Lw=—0,w+ 0, <%0xw + b(s, x)w) ,

acting in a suitable domain dense in the space Léer(ds dx) of integrable
functions which are periodic in s and x of periods T and L respectively .
This operator is the generator of the diffusion on the two dimensional torus
([0,7] x [0, L] with the suitable identifications) associated to the stochastic

differential equation

ds =dt
{ dr = —=b(s,z)dt + dW, (11)

where W, is the standard Brownian motion (see [8]). We can now establish
the following result.

Proposition 3.1. The diffusion ({I1) has a unique invariant probability mea-
sure with density wy(s,z). This function is strictly positive. It is periodic of
period T' in s and of period L in x and satisfies equation (), and it is the
only such solution. The semi group with generator L associated to the dif-
fusion (I1)) is compact and strongly continuous. The peripheral spectrum of
its generator is composed of the simple eigenvalue zero (with eigenvector wy).
In particular, for any function v € Lll)er(ds dx), we have in the topology of
L. (ds dx)

T L
lim v = wb/ / v(s,x)dsdx .
o Jo

T—00



This kind of results is well known, we refer to [15] for an exposition and
further references. We can now establish the relation between (@), and (I0).

Proposition 3.2. Let vg > 0 be a periodic function of period L in x of
integral one. Denote by v(t,x) the solution of () which is periodic of period
L in x with initial condition vg. Then

1 t L 1 T L
lim —/ ds/ b(s,z)v(s, x)dx = ——/ / b(t, z)wy(t, z)dtdx .
t=oo t Jo 0 T Jo Jo

Proof. In order to apply Proposition (3.1), we consider the operator Ly given
by

Ly =0, (%azu + b(s, x)u) :

and observe that if w € L}

per(ds dx), we have

(eTﬁw) (s,z) = (eTLOw(s - T, )) (x), (12)
and in particular for any integer n, we get
(€™ w) (s,2) = (e Fow(s, -)) (x)

since w is of period T in s.

We now take for w the function w(s, x) = v(s, x) for 0 < s < T. Although
this w may have a jump at s = T, we can consider it as a function in
L;..(dsdz). We observe that if W (7, s, z) is a solution of

1
oW = -0, W + 0, (éﬁxW + b(s, :U)W) ,
then for each fixed so, the function hg, (7, 2) = W (7, so+ 7, z) is a solution of
1
O-hsy, = 0 <§8mhso + b(sg + T, a:)hso) )

Therefore, by the uniqueness of the solution of ([II), we have for any ¢ > 0
(taking so =t — T'[t/T))
v(t,x) = (e[t/L]Tﬁw) (t—1[t/LIT, x) .

The proposition follows by applying Proposition [3.1]
[

The following proposition is the other main step in the proof of Theorem

L1



Proposition 3.3. The function b — 1(b) is (real) analytic in the Banach
space C*.

By this we mean (see [12]) that the function is C*°, and around any point
b € C! there is a small ball where the Taylor series converges to the function.

Proof. We will establish that the map b +— wj is real analytic in L._ (ds dx).

per

For this purpose, we first establish that the operator A defined by
Av = 9, (bv) = b0, v + O.bv

is relatively bounded with respect to

< 1
L=—-0,+-0%,

+ 50
and with relative bound zero (see [9] for the definition). This is obvious for
the operator of multiplication by 0,.b which is bounded, and since b is bounded
it is enough to derive the result for the operator 0,. We will show that there

is a constant C' > 0 such that for any A > 0, ‘&,CR,\ < OX7V2,

where R, is the resolvent of £. In other words, we will show that for any
< —. (13)

A>0 .
Oy / e el dr
‘ 0 Lo, (ds dz) \/X

Analogously to formula (I2)) we have for any w € L!_ (dsdz)

per

HLl (dsdx)

per

C

L
on <6T£ w) (s,2) = / Org-(z,y) w(s — 7,y) dy ,
0

where g, (z,y) is the heat kernel on the circle of length L. We now observe
that if n is an integer with |n| > 2, we have (since = € [0, L])
e—nQ/(47')

Lx—y—nL —(z—y—nL)? /(27
Sup/o ‘737}6( y=nL/27) gy < (1)

y€(0,L)] T

From the explicit expression

1 —(z—y—nL)?/(2T
gr(xay)227ﬁ€( y—nlL)?/(27)

n

it follows easily that
/ L e —y—nL|
sup
yel[0,L] Jo

73/2/21

ang(x,y)’dxg Z sup /0

In|<1 y€[0,L]



o £ 2

n|>2

Therefore, we get

L Ol iy

’ Ll (dsdz) \/7_'

Multiplying by e and integrating over 7 we get the estimate (I3) which
implies immediately that A is relatively bounded with respect to £ with
relative bound zero. Since the eigenvalue 0 of £ is simple and isolated,
the proposition follows from analytic perturbation theory for holomorphic
families of type (A) (see [9]). O

Oy (eTﬁ/w>

—A\T

In order to prove Theorem [Tl we now establish that I is non trivial near
the origin.

Lemma 3.4. DIy =0 and

P qL3T2
p2L4 + 7T2q4T2

D*Iy(B,B) =Y 1Bl .

p,q

Proof. The first statement is immediate from formula (I0). For b = 0, we
have obviously wy = 1/L. For b small we use Taylor expansion. We have for
b=eB

wy = w’ 4+ ew! + O(?) .

As we just explained, w® = 1/L and we have for w! the equation
1 1
0tw1 = 58311)1 + ZﬁmB .

Moreover, w' must have space time average zero. This equation can be solved
using Fourier series in time and space. Namely if

wl(t,a:) _ E eQmpt/T€27r7,q1‘/Lw11;7q ’

P
we obtain the equation
2Tip 2r3q¢* | 2miq
7 Ypa = T2 Yna + 12 Byq s

or in other words for any (p,q) # (0,0)

Wl — miq/L? '
P4 qip /T + w2q2 /L2 71




Note in particular that the denominator does not vanish except for p = ¢ = 0.
Using the Plancherel formula we can now estimate I(eB). We have

62

1(eB) = / B(t, 2)w(t, z)dtdz + (1) .

Therefore

q/L R
I(eB) = ¢ Z T in T2 B, Bpq + O(e) .
P q

Since B is real, we have B, , = B_, _, and this can also be written

i pqL3T2 9 5
I(EB) =€ Zp2L4—|—7T2q4T2|Bp’q| +O<€ ) :

p.g
This finishes the proof of the Lemma. O

To prove Theorem [Tl we observe that since I is continuous, the subset
of C! where it does not vanish is open. If this set is not dense, the zero
set of I contains a ball. However since I is real analytic and C" is pathwise
connected we conclude that in that case I should vanish identically contra-
dicting Lemma 3.4l We refer to [I12] for more properties of the zero set of
analytic functions in Banach spaces.

Remark 3.1. We observe that D?I is a non definite quadratic form. This
leaves the possibility of having non zero drifts b (with space and time average
equal to zero) satisfying I(b) = 0. Let b; and by be such that I(b;) > 0 and
I(by) < 0. Such b; and by exist, one can for example take them of small
enough norm and use Lemma [34] Moreover one can assume that by ¢ Rb;.
Otherwise, by the continuity of I, one can perturb slightly b, such that this
relation does not hold anymore, but 1(b,) is still negative. One now considers
the function p(a) = I((1—a)b;+aby). This function is continuous, it satisfies
©(1) > 0 and ¢(0) < 0, hence it should vanish at least at one point ag €]0, 1.
At this point we have by = (1 — ag)b; + agbs # 0 and 1(by) = 0, and by is a
non trivial periodic function with vanishing space average and time average.

4 Proof of Theorem [1.2.

In this section we discuss the model with two components ([B]). As before, we
arrive at the formula

1 t L
[(1/1, Uy, by, b2) = — lim Z/ / (bl(s,x) p1(8,x) + ba(s, x) pg(s,:v)) dsdx |
0o Jo

t—oo



where p; and ps are solutions of (3)) periodic in x of period L. We denote
by Li..(dx) the space of integrable periodic functions of period L in z with
value in R2. The norm is the sum of the L' norms of the components.
Proposition 4.1. The semi-group defined by (3) is compact in L}, (dz). It
15 positivity preserving, and its peripheral spectrum is the simple eigenvalue
one. The corresponding eigenvector can be chosen positive with dense support
and normalised, it depends analytically on by, and bsy.

Proof. We introduce the three generators

r < P1 ) _ < Op (Dazpl + b1($)P1) — V1p1 + Vap2 )
P2 0z (DOppa + ba(x)pa) + v1p1 — 12pa )

P Do2p, P1 Op (Dawpl + bl(x)/h)
L = ’ and L = _

" ( p2 ) < DO ps > 1 ( p2 ) < 0z (DOrp2 + ba(x)p2)
This operator Ly is the infinitesimal generator of a strongly continuous
bounded and compact semi-group in Llljer(dsn). It is easy to verify that the
operator A = L— Ly is Lg relatively compact and Lg relatively bounded with
relative bound zero (see [9]). Therefore £ is also the infinitesimal generator
a strongly continuous and compact semi-group in L (dz), and similarly for

L.

The semi-group e'* is positivity improving (see [2]). Indeed, let M be the

matrix
M = ( e ) .
n
It is easy to verify for example by direct computation, that the matrix e!™
has strictly positive entries for any ¢t > 0. Moreover, for any ¢t > 0, we have
etM > etit2)]q ) where the inequality holds for each entry. It immediately

follows from the Trotter product formula (see [2] ) that for each = and y in
the circle, and any ¢t > 0, we have

et[,(x’ y) Z e—t(V1+V2)et[,1 (.T, y) ’

again in the sense that the inequality holds between all the entries. Since for
each z, y and t > 0 the diagonal elements of e*“1(z,y) are strictly positive
(see for example [15]), we conclude that the matrix valued kernel e'*(z,y)
has non negative entries and strictly positive entries on the diagonal.

Since the sum of the integrals of the two components of an element of
L;er(dx) is preserved by the semi-group e'*, it follows that this semi group



has norm one in L} (dz). It then follows by classical arguments that 0 is a
simple isolated eigenvalue of the generator and there is no other eigenvalue
with vanishing real part.

The analyticity follows from the uniqueness and simplicity of the eigen-
value 0 as in the proof of proposition (33)).

O

We denote by w; and wy the two (non negative) components of the sta-
tionary solution of the system (B]) which are periodic of period L and nor-
malised by

/0 [wi(z) + wa(z)]dz =1.

Note that w; and ws depend on the constants vy, v, and the functions by,
and by.

It follows immediately from Proposition 1] that the average asymptotic
velocity is given by

I(v1,v9,b1,b0) = /0 [b1 () w1 (2) + ba(z)wo(z)]de . (14)

Since the function I(vy, 1o, by, be) is analytic in (bl, bg), to prove that it is
non trivial, we look at the successive differentials at the origin.

Proposition 4.2. DIy =0 and for any (by, bs), DQI()((bl,bg), (b1, bg)) = 0.

Proof. The first result is trivial. For the second result one uses perturbation
theory as before in the Fourier decomposition. We get with o = 472D/ L?

(i ) () s ()

Some easy computations using Plancherel identity lead to

2min

DIy ((by, ba), (b1, ba)) = — Z L(vy + ) ((on? + v1)(on? + 1) — v115)

n

X [(0n2 + v1)vaby (n)by(n) + (on® + v)v1be(n)by(n)

+V1V2 (Bg(n)bl (n) + 61 (n)bg(n))} =0

since by and by are real (b;(n) = by(—n)). O



This result suggests to look at the third differential at the origin which
turns out to be a rather involved cubic expression. In order to show that
the function [ is non trivial, it is enough to find a particular pair (bl, bg)
such that D3Io((br,b2), (b1, b2), (b1, b2)) # 0. This was done using a symbolic
manipulation program (Maxima). We found that for L = 2n, D = 1, by (z) =
cos(2z) and by(x) = cos(x), one gets

V11/2<1/2 — 21/1 + 1)
dvg+um) (e +r1+1)2 (e + 11 +4)

Dglo((blabQ)’ (b17b2)a (bla bZ)) ==

Theorem follows as before.

4.1 Proof of Theorem 1.3

As in the previous section, we can introduce the periodised function (in z)
flt,v,2)=> f(t,v,x+nL) .

This function is periodic of period L and satisfies also equation (Bl). We get
also I(v, F) by replacing f by f(t,v,z) in equation () and integrating only
on one period. From now on we will work with this periodised function and
denote it by f by abuse of notation.

We now introduce a stochastic differential equation on [0,7] x [0, L] x R
with periodic boundary conditions in the first two variables s and x. This
differential equation is given by

ds = dt
dr =vdt (15)
dv = —vyvdt + F(s, x)dt + dW; .

To this diffusion is associated the infinitesimal generator £ given by
1
Lw = —dsw —vpw + 0y [(yv — F(t, 2))w| + 5(9311) :

We denote by % the space L?(e7°ds dvdzx) of functions periodic in s of
period T" and periodic in  of period L. Using an L? space instead of an L!
space is useful in proving analyticity.

We can now establish the following result.

Proposition 4.3. The diffusion semi-group defined by ({I3) in B is compact
and the kernel has dense support. It is mizving and has a unique invariant
probability measure (in B) with density f(s,v,x). This function is strictly



positive, satisfies equation ({3), and it is the only such solution. In particular,
for any function w € B, we have in the topology of #

T L
lim e™w = f/ / /w(s,v,x) dsdvdz .
T—00 0 0

The function f is real analytic in F' € C'.

Proof. Instead of working in the space % , we can work in the space L?(ds dv dx)
by using the isomorphism given by the multiplication by function e7**/2. In
that space we obtain the new generator L. given by

2U2 1
Fg=— sg—vazg—F&)ngFvvg—VQ g+%g+§039-

Using integration by parts, it is easy to verify that

§R/§ (L% g)ds dvdz =

2 1
/(%|g|2+7FU|9|2—%UZ|g|2—§/|8vg‘2) ds dv dz

2 1
< (%—I—HFH;)/MPdsdvdx—/(%Uzlg|2+§‘&)g‘2) dsdvdz . (16)

We see immediately that —L% is quasi accretive (see [9] for the definition

and properties of the semi-groups generated by these operators).
Let g, = e'£F gy, using several integrations by parts one gets easily

8t/}gtfdsdvdx:ZV/FU}gtfdsdvdx—yg/U? ‘gt|2dsdvdx

+7/‘gt‘stdvdx—/‘8vgt‘2dsdvdx

2
< —%/02 }gt}2dsdvd93+ (74—472“17“;)/‘gt‘zdsdvdzv.

We obtain immediately

|| < 6(7/2+272||F||go)t||gOH (17)

and .
[r [ s dvae < 5 ) ot )
0



Similarly, we get

8t/v2 ’gt|2dsdvdx
:4/Fv}gt’2dsdvdx+27/Fv?’ |gt’2dsdvd:1:—72/v4’gt|2dsdvdx
+’y/112 }gt}zdsdvdx+2/|gt|2dsdvd:c—/v2‘&,gt‘zdsdvdx

< C(y, ||F||oo)/‘gt‘2dsdvdx (19)

where C'(7, || F'||o) is a constant independent of g;. For ¢t > 0 fixed, we deduce
from (IX) that there exists £(t) € [0, ¢[ such that

2
/v2 ‘gg(t)|2 dsdvdr < o o (rH?IFI ) H90H2 _
Using (&) and (7)) we get (for any ¢t > 0)

t
/v2 ’gtIQdede:/UQ }gg(t)fdsdvdx+/ dTaT/Ug ‘gT|2dsdvdx
()

< (s +ot)
v4t

In other words, for any ¢ > 0 the image of the unit ball by the semi-group
is equi-integrable at infinity in v. Compactness follows immediately using
hypoelliptic estimates (see [15]).

From the standard control arguments (see [15]) applied to the diffusion
(IH), we obtain that the kernel of the semi-group has dense support. We now
observe that integration of a function against e is preserved by the semi-
group evolution. This implies by standard arguments that the spectral radius
of the semi-group is one, the invariant density is unique, and exponential
mixing holds (see [15]). Finally, as in equation (&1), for g in the domain of
L' we have

%/g( " g)ds dvdz

2 1
> <%—2}|F}|io>/|g|2dsdvd:r—/ (%U2|9|2+§|&)9‘2) dsdvdx .

This implies for any A > 0

1
/}&)g - vvg}zds dvdx < XHchg + (4)\ +3v+4 ||FH<2>O)||9H2 )



In other words, the operator F’ (&, — 'yv) is relatively bounded with respect
to L£{, with relative bound zero and this implies the analyticity (see [9]). O

We can now complete the proof of Theorem [L.3]

Proof. (of Theorem [I.3)).
Repeating the argument in the proof of Proposition[3.2], using Proposition
43 we get

1 rt 1 T L -
lim —///vf(T,v,x)devdx = —///F(T, x) f(r,v,z)dr dvdx |
t=oot o YT Jo Jo

We can now use perturbation theory to compute the right hand side near
F = 0. For this purpose, it is convenient to fix a C! function G periodic in
space and time and with zero average, and consider F' = ¢ G with e small.
Since f is analytic by Proposition F3}, we can write

f=fotefi+éfot o(1)e*

where

and for n > 1 the fn are functions of integral zero, periodic in time of period
T, defined recursively by

~ ~ ~ 1 ~
at.fn + Uaxfn - av ('van) - 563]671 = —G(t, z)avfn—l .

We get immediately

/oT/oL/ G(t,2) fo(r,v,x)dr dvdr =0,

since fo is independent of z and ¢ and G has average zero. Therefore we now
have to look at the next order perturbation, namely the second order in € for
the average velocity. In other words, we have

1 t pL
lim—///vf(T,v,:B)devd:B:
t=oo t JoJo

;_;/OT/OL/G(T, z) fi(r,v, x)dr dvdr + O(1)e . (20)

We first have to solve

atfl + ’Uaxfl - av (’val) - %a?;fl = _G(tax)avfo



to get fl. For this purpose, we use Fourier transform in all variables (recall
that ¢ and x are periodic variables). We will denote by f1,4(k) the Fourier
transform of f; (and similarly for other functions), namely

fl(t,U,QI) _ Z627ript/T€27riqa:/L/eikvf17p7q(k) dk .

p.q

We get

omip K%\ o2rq\ d - ikGhy o
i S L 221 ) 2 — 2V TPa k() 21
( T + 2 ) flvpvq + <’Y L ) dkfl,p#] 27TL € ( )

We now observe that equation (AT]), only involves the integral of f1 with
respect to v since G does not depend on v. Therefore we need only to
compute fi,,(0). Let h,,(k) be the function

2m2q? /(v L?)+2mip/(yT)—1

_ kL

2 T 2
hp,q(k) — /) pmak/(v L) 7ra

1

For —27l|q|/(vL) < k < 2m|q|/(yL), this function is a solution of

(24 5ttt = 52 | (9= Z22) )] = 0.

For ¢ > 0, multiplying (2I)) by h,,(k) and integrating over k£ from 0 to
2mq/(yL), we get

~

fl,p,q(0> = Gp,qrp,q

where

R ) )
ro_ (T ak/(PD)

2m2¢? /(v3 L?)+2mip/(vT) 1

L kdk .

2mq

1

Note that since ¢ # 0, the integral is convergent. For ¢ < 0, one gets a
similar result, namely

- 0
r = / o ak/ (L)
T AT Jargn)

and it is easy to verify that T, , =I'_, _,. We now have

T pL -
/ / / G(r,z) fi(r,v,x)drdvde =Y Gy Ty Gy -
0J0 p,q

2n2q? /(v3L?)+2mip/ (vT)—1

_ kL kdk

2mq

1




Since G(t, x) is real, we have qu = G_p _¢> and therefore

r r_,_
/// T, T f17'vx)d7'dvdx— M,z —p’q+2 ba
We observe that for ¢ > 0,
kL 2m2q® /(v? L)1

1 - =
2mq

T L
Tpg T p _ 12 /2 e )eﬂqk/(VQL)
2 472q

x sin ((2mp/(vT))log(1 — vkL/(27q))) k dk ,
1
q 2020/ (~3 L2 202 /(v3L2)—1 -
= L eI T O LY (1 )2/ (P ) "L gy ((2mp/(T))log(1l — w)) udu .
Note that this quantity is equal to zero for p = 0, and it is odd in p. It can
be expressed in terms of degenerate hypergeometric functions. We now have
to prove that for p # 0, this quantity is not zero, at least for one pair of
integers (p, q). For this purpose, we will consider ¢ large. To alleviate the

notation, we consider the asymptotic behavior for a« > 0 large and g € R
fixed of the integral

1
J(a) = / e (1 —u)* (1 — u)Pudu .
0
Using steepest descent at the critical point u = 0 (see [7]), one gets

5o
CEEN P

We apply this result with o = 272¢%/(*L?) and 3 = 27p/(yT'), and conclude
that for ¢ large enough, (I, +T'_;, _4)/2 # 0 as required. O

SJ(a) = —

The proof of Theorem is finished as before.

4.2 Proof of Theorem [1.4]

The scheme of the proof is similar to the proofs of the previous Theorems.
We only sketch the argument except for some particular points. We assume
v >0, v; >0 and v, > 0. One starts by reducing the problem to a periodic
boundary condition in x. The key result is the analog of Proposition 1]



Proposition 4.4. The semi-group defined by (7) is compact in L? (67”2 dv dx)
(the x wvariable being on the circle of length L). It is positivity preserving
positivity improving on the diagonal. Its peripheral spectrum is the simple
eirgenvalue one. The corresponding eigenvector (fl, fg) can be chosen positive
with dense domain and normalised (fl + fo of integral one). The functions
fl and f~2 depend analytically on Fy, and F5.

Proof. The proof is very similar to the proof of Proposition [4.1] and we only
sketch the details for the different points.
O

It follows as before from the evolution equation that

I(% F1,F2,V1,V2) = / (f1F1 +f2F2) dvdx .

For fixed v > 0, v; > 0 and v, > 0, this quantity is real analytic in (F7, Fy),
and to check that it is non trivial we investigate its behaviour near the
origin. For this purpose, we set (Fi, Fy) = ¢(G1,Gs) with G; and G5 two
C! functions, periodic of period L and with zero average. We now develop
I(fy, €G1,€Gq, 1, 1/2) in series of €. As for model (3)), the terms of order € and
of order €2 vanish. One then has to find a pair (G, Gs) such that the term
of order € does not vanish. The computations are rather tedious and will be
detailed in the appendix.

A  Proof of Theorem 1.4l

We define the vectors

We then have
](%F1,F2,V1,V2) Z//ﬁOfdvd:r.

The equation for the stationary solution of ([7l) can be written

%ag f—00.f + 8, [y f) + Mf = B(z) 8,f (22)

M= ( -l 2 )
%1 —U9

where as before



and

5= ("7 iy )

Without loss of generality, we can rescale v and assume v = 1, replacing 1
and v, by 11 /7 and v, /7 respectively, L by Ly=3/2, | and F, by Fy/\/7 and

F,//7 respectively.

For reasons that will become obvious later on, it is more convenient to

consider instead of f the vector
15 = e”Q/Qj?.
Let .Z be the operator defined by
ZLh(v) = O2h(v) —v*h(v) + h ,

then the equation (22]) for the stationary solution can be written

LY — 200, + 2My) = 2B(x) (8,00 — vi))
and we have

I(v, Fl,F2,1/1,1/2) = //ﬁoiﬁeﬂﬂﬂ dvdx ,

with J normalised by

// (1 + o) e dude =1.

For F' = ¢ G we have the expansion
V=4 4 + €97+ 0(F)
where

0 o ]. 1%, —1)2/2
T SNz ( " )e ’

and the vectors J J are obtained recursively by solving

gJH—l _ 2210ij+1 + 2Mq/7j+1 =20 (x) (@vi/_jj - W/_J)j) )

c@ =" e )

where

(25)

(26)



Note that 1 © satisfies
L0 — 200,40 +2MY° =0

and the normalisation condition (25]), while for j > 1, Y7 should satisfy the
normalisation condition

// (] + ¥3) e dudr =0 . (27)

Corresponding to the expansion (28]), we have the expansion

3
](1, EGl, EGQ, vy, VQ) = Z EnIn(Gl, GQ, vy, VQ) + ﬁ(€4) ,

n=1
where

In(G17G27V17V2) :/ C_j.l;n_l €_v2/2 dvdx .

We have immediately [ (Gl, Go, 11, 1/2) = 0 since the averages of GG; and G5

over x vanish and @; Y does not depend on . In order to compute I;, we need
to compute 1 ! which solves

LYt — 200, +2MY = ve U PH(2)
where A Gr(a)
= Vo (T
)= —— = .
) LM+w%ﬁ(Vﬁw®)

Since H is periodic of period L, we can decompose this equation in Fourier
series and get

dmipv

L0 e) +2MY (p) = v e P H(p)

29 (p)

We now observe that
47T2p2
12

o dmipv

+2M:e27ripav/L <D§/p_ +2M) 6—27rip8U/L ]

This implies

. . A2 p? -t . .
Y l(p) = e ird/L (.,2” — 7;219 —|—2M) e 2mipdu/L (U 6_”2/2H(p)> . (28)



The spectrum of the self adjoint operator . in L?(dv) is well known (see for
example [I] or [4]). The eigenvalues are the numbers —2n with n € N*, and
the corresponding normalised eigenvectors are the functions
2 n/2 2 (=272 L, dh e
— —v?/2 _ v /2 ¥ —w
en(v) 74 (nl)1/2 Hy(v) e 74 ()12 € ant

where the H,, are the Hermite polynomials. We have

_9omri 2 27Tip 2 ; 2,.2/72
e 2mipOy/L (’UG v /2) _ (U— 7 )6 v /2627r1pv/L627r p*/L ’

and we decompose this function on the Hermite basis (e,). It follows easily
using integration by parts that

/€n<v) (v B 27Tip) o V% /2p2mipu/L 27 p? /L2

L
_ (_1)n 2m2p2/L? 2711/2 _ 27TZp 2wipv/L d—n 7v2d
B ¢ mi/4 (nl)1/2 v L )¢ a
-n/2
_ 627T2p2/L2 2 / %

Tl/4 (nl)1/2

/ 2mip\ " 2w ip "+1+ omip\" "
v — n
L L L
2=/ 2y 1/4 omip\" "

_w2p?/L? 2.2 /72 p

— ™ P/ i (n+ 27%p®/L?) < 7 )
This formula holds for any p # 0 and any n > 0. For p = 0, the formula
holds for any n > 1 (with the convention 0° = 1). Finally, for n = 0 and

p = 0 the result is zero. We now have after some simple linear algebra

(z - 47;;1’2 + 2M> B (en ﬁ(p)) (v) = en(v) (—Qn - 47;;’)2 + QM) B A(p)
en(v)
2(n + 2122/ L2) (n + v1 + vo + 272p?/ L?)

—vy —n — 21%p? | L* —Usy -
. ( — —vy —n —27%p? | L? H(p) -

—_2 1
e~ 627r7,pv/L dv

We can write using Fourier series

12(G17G27V17V2) :Zé(p). @Zl(v’p) 6—1)2/2 dv

p



B = —vy —n — 21%p? ) L? —Us =
_ZZG(p)° ( —u —vy —n — 21%p?/L* H(p)

1 n2p?/L2 an/27.‘.1/4 2 Zp "
e
2(n + vy + vy + 2m%p?/ L?) (n!)1/2 L
X / (eQmpav/Len) (v) e 2 qu .

Since the operator i0, is self adjoint, we get

/6_“2/2 (e%ipa“/Len) (v) dv = /627“"i”f’v/Le—UQ/2 en(v) dv

2
— /€n<v) e—(v—ZWiP/L) /2 dv = 627|—2p2/L2 /€n<v> €7v2/2 €2iv7rp'u/L dv |
By a computation similar to the above one, we get

4 —n/201/4 £9m i p\ P
2mipv/L —v2/2 _ 2 2/L22 m Tip
/e P e, (v) e dv=e""? CIEE < 7

After some simple algebra, we obtain

]2(G17 G272V172V2)

_ 2 e 222" (2mip\ ™ R(p)
L(vy + 1») n! L (n +u + s+ 27T2p2/L2)

n,p,n+p?>0

where
R(p) = G1(p)G1(p Yo (va +n+21%p* | L?) + Go(p) G2 ()11 (1 +n+27°p° / L?)

+I/11/2(G1( )GQ( >+G2( )Gl( )) .

Since G and Gy are real, we have G (p) = G1(—p) and Gy(p) = Go(—p).
This implies immediately that R(p) is even in p and therefore I (G 1, Ga, 11, 1/2) =
0. A similar computation (involving only p = 0) shows that the normalisa-
tion condition (27)) holds. We now need to compute I3 (Gl, Go, vy, VQ), and
we recall that it is given by

L(G1,Ganv) = 3 Gl) e [ 3 (0m) e do (29)
p

where
1

J2( — 2mind/L [ op Am?p? —2mipdy/L [ T
v,p) =e - +2M e J(v,p)) .




and where J(v,p) is the Fourier series of the vector

J(v,z) =2C(z) <6U1/71(v, x) — le(v, :13)) :

As above, using that the operator 0, is self adjoint, we get

Am2p? o .
I3(G1, G, 211, 21p) = Z/ (.,5,”— ﬂLf +2Mt) e2mipdu/L (e‘“z/QG(p)>
p

o mird/L (j(v,p)) dv .

We can now compute everything in terms of series of Hermite coefficients.
Denoting by C(p) the Fourier coefficients of the matrix C'(z) we get

6—27rip8u/Lj’(v’p) —9 Z C(p _ q)e—Qﬂ"ipav/L (61,@51(1)7 q) — Uﬁl(v, q))
q

— QZC(p _ q) e 2mipdu/L

4 4mlq? -1 , 279 =
(& — 0)62“‘18“/L (f - + 2M> e 2miadu/L (v e’ /2H(q)>
_QZC« 27rz (p—q) 0w/ L
42 q? ! 4 ”
(0, —v+2miq/L) (.,2” ~ + 2]\/[) e~ 2miadu/L (v e’ /2H(q)> :

We have already computed (for n > 0 if p # 0 and for p = 0 if n > 0)

Am*q? T amige /L, 22
Z — +2M ) eI (Ue H(q))

12
Z 221227 n2pt 4 (o en(v)
B (n!)1/2 L 2(n+ vy + vy + 27w%¢? /L?)
—vy —n —21%¢? )/ [* —1y -
( -1 —vy —n —2m%¢?/L? H{q) (30)

By a similar computation left to the reader, we get

4m*p? _12'8L 2/2 5
(z- o +2Mt) e2mindu/ (e_”/G(p)>




222 2P 2w p\ ™
_Z (m!)1/2 T

em(v)
X
2(m + 2m2p?/L?) (m + 11 + vy + 2w2p? / L?)
—vy —m — 27°p? /L2 -1 =
( —1y —vy —m — 272p? | L? G(p) (31)

It finally remains to compute

/em(v)e_Q’Ti(p_q) /L9, —v +2mig/L)en(v)dv

— _ﬂM/em(v)enH(v —2mi(p—q)/L)dv

2miq

7 /em(v)en(v —2mi(p—q)/L)dv

since (d% _ v) en(v) = —V2Vn+1eup1(v) .

We now compute the quantity

Vnm(r) = /em(v)en (v—2mir/L)dv

9~ (ntm)/2p2m?r?/L2 —0? omiru)L .

T /T (R m)2 /6 € Hy(v) Hy(v—2mir/L) dv
9—(n+m)/2 w2 r?/L? e

= —\v—mir/L )

T U7 (ntm) 2 /6 ( ) Hp(v) Hy(v—2mir/L) dv

2—(n-|—m)/2€7r2 r2 /L2

= NACETIEE /6_” Hy(v+ mir/L) H,(v— mir/L) dv

When m < n, we obtain

B (m!)1/22(n—m)/267r2T2/L2 iTr n—m . 277'27“2
Tnm(r) = (n1)172 "L Ln™\=—12 )

where L? denotes a Laguerre polynomial (see [4], formula 7.377). Similarly,
when m > n we get

(n!)1/22(m—n)/267r2r2/L2 iTr m—n _ 27T2’f’2
Vn,m(r): (m!)1/2 I Ly 2 )




We can now use this result together with equations (Al) and (A]) into the
expression (29). We get
13(G1,G2,V17V2) =

D Dl L N SR

L(I/l + 1/2) S L
Ry 272/ (omig\" ! PP/ 2~ 2/t (omip\™
(n!)1/2 L (mh)1/2 L

S, 9)
8 (m + 2m2p2 /L) (m + v + va + 202p2 [L?) (n 4 11 + v + 2722/ L?)
where

B vy +m + 2r%p? ) L? " =
S(p,q) = (( Uy V1+m+27r2p2/L2 G(p) | e

Gi(p—q) 0 vy +n+2m¢*/ L? Vo
0 Ga(p —q) 21 v +n+ 2r°¢* /L

()

A numerical simulation using for G1 and G2 real Fourier polynomials of
order two and random coefficients give a nonzero result for I3 (Gl, Go, 1, 2)
and L = 10.
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