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Abstract

In this Note we investigate the problem of the detection of a moving obstacle in a perfect fluid occupying a bounded domain in
R

2 from the measurement of the velocity of the fluid on one part of the boundary. We show that when the obstacle is a ball, we
may identify the position and the velocity of its center of mass from a single boundary measurement. Linear stability estimates are
also established by using shape differentiation techniques.

 
Résumé

Détection d’un obstacle en mouvement dans un fluide parfait à partir d’une mesure sur le bord du domaine. Dans cette
Note, on s’intéresse au problème de la détection d’un obstacle en mouvement dans un fluide parfait incompressible à partir de la
mesure de la vitesse du fluide sur une partie du bord du domaine. Lorsque l’obstacle est une boule, on montre que la position et
la vitesse de son centre de gravité peuvent être identifiées à l’aide d’une seule mesure. La stabilité linéaire par rapport à la mesure
est prouvée par des techniques de différentiation par rapport au domaine.

Version française abrégée

Dans cette Note, on étudie le problème inverse consistant à déterminer la position et la vitesse d’un obstacle en
mouvement dans un fluide incompressible à partir d’une mesure localisée de la vitesse du fluide. La détermination de
la forme d’un obstacle fixe dans un domaine borné Ω ⊂ R

d a été étudiée récemment dans [2,4] et [5] pour un fluide
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réel (de type Navier–Stokes) et d = 2,3. Dans le cas d’un fluide parfait potentiel, la question se ramène à un problème
classique (cf. [1] pour la détection de fissures en dimension deux).

Nous considérons dans cette Note un fluide parfait potentiel occupant un ouvert borné régulier Ω ⊂ R
2. Pour

simplifier, on suppose que l’obstacle est la boule B1(h(t)) centrée en h(t) et de rayon 1. On obtient le système

�ϕ = 0 dans Ω \ B1
(
h(t)

)
, (1)

∂ϕ

∂n
= l · n sur ∂B1

(
h(t)

)
, (2)

∂ϕ

∂n
= g sur ∂Ω (3)

où v(x, t) = ∇ϕ(x, t) est la vitesse du fluide, l(t) = h′(t) est la vitesse du centre de la boule, et g ∈ Hs(∂Ω) (s � 0)
est le flux sortant à travers ∂Ω . On suppose que ϕ est mesuré sur une partie Γm de ∂Ω , et on se demande si la
connaissance de cette mesure à un instant donné t suffit à identifier (h, l). Il est clair que la donnée g(x) = l · n(x),
où l ∈ R

2 est un vecteur fixe, est à exclure, car la boule peut se mouvoir à la même vitesse l que le fluide et être
indiscernable. Le résultat principal de cette Note montre qu’en dehors de cette situation, l’identifiabilité est possible.
On note (e1, e2) la base canonique de R

2, V = span(e1 ·n, e2 ·n) ⊂ L∞(∂Ω), et pour tout (hi, li) ∈ R
4, ϕi la solution

(définie à une constante près) de (1)–(3) associée à (h, l) = (hi, li) et g.

Théorème 0.1. Soient g ∈ Hs(∂Ω) \ V avec s > 1/2 et
∫
∂Ω

g dσ = 0, et pour i = 1,2, (hi, li) ∈ R
4 avec

dist(hi, ∂Ω) > 1. Alors

ϕ1 = ϕ2 sur Γm ⇒ h1 = h2 et l1 = l2.

La preuve du Théorème 0.1 repose sur une analyse des singularités d’un problème de Dirichlet non-homogène sur
un domaine à coins.

On peut établir une estimation de stabilité linéaire pour l’application de mesure Λ : (h, l, g) �→ ϕ|Γm . On fixe g

comme dans le Théorème 0.1, avec s � 1, et un couple (h0, l0) dans R
4 avec dist(h0, ∂Ω) > 1. Le résultat qui suit

s’obtient par une technique de différentiation par rapport au domaine.

Théorème 0.2. Il existe deux nombres ρ > 0, c > 0 tels que pour ‖(h − h0, l − l0)‖R4 < ρ, on ait∥∥Λ(h, l, g) − Λ(h0, l0, g)
∥∥

Hs+1(Γm)/R
� c

∥∥(h − h0, l − l0)
∥∥

R4 .

Les preuves détaillées des résultats de cette Note figurent dans [3].

1. Introduction

In this Note we investigate the issue of the detection of a moving obstacle in an incompressible fluid filling a
bounded domain in R

2 from the measurement of the velocity of the fluid on one part of the boundary of the domain.
The problem of the detection of a fixed obstacle in a real fluid of Navier–Stokes type has been tackled in [2,4]

and [5]. For an ideal fluid with a potential flow, the identification of fixed obstacles reduces to a classical problem (see
e.g. [1] for the detection of multiple cracks). However, for a moving obstacle of known form with an unknown velocity,
the identifiability of the position of the obstacle seems not to be a direct consequence of the unique continuation
property for Laplace equation, nor of topological arguments as in [1].

For the sake of simplicity, we shall assume here that the obstacle is the ball B1(h(t)) of radius one centered at
the point h(t), and that the fluid is ideal with a potential velocity v(x, t) = ∇ϕ(x, t). (Notice that no identification
result can be expected for general Eulerian flows as in [8], because of the existence of “ghost” solutions compactly
supported in space [7].) Setting l = h′, the system reads

�ϕ = 0 in Ω \ B1
(
h(t)

)
, (4)

∂ϕ

∂n
= l · n on ∂B1

(
h(t)

)
, (5)

∂ϕ = g on ∂Ω (6)

∂n



and we assume that ϕ is measured on an open set Γm ⊂ ∂Ω . We wonder whether only one pair (h, l) may be associated
with a given measurement.

Clearly, the data g(x) = l · x, with l ∈ R
2 a given fixed vector, has to be excluded, for it may lead to the situation

where the ball, which is surrounded by a fluid flowing at the same velocity (ϕ(x, t) = l · x), is not identifiable. The
first main result in this Note asserts that for any data g which is not of this form, the identifiability property holds true.
Let (e1, e2) denote the canonical basis in R

2, V = span(e1 · n, e2 · n) ⊂ L∞(∂Ω), and for any (hi, li) ∈ R
4, let ϕi be

the solution (defined up to an additive constant) of (4)–(6) associated with (h, l) = (hi, li) and g.

Theorem 1.1. Let g ∈ Hs(∂Ω) \ V with s > 1/2 and
∫
∂Ω

g dσ = 0, and for i = 1,2, (hi, li) ∈ R
4 with

dist(hi, ∂Ω) > 1. Then

ϕ1 = ϕ2 on Γm ⇒ h1 = h2 and l1 = l2.

The proof of Theorem 1.1 rests on the analysis of the singularities for a non-homogeneous Dirichlet problem in an
open set with corners.

A linear stability estimate for the measurement map Λ : (h, l, g) �→ ϕ|Γm can also be derived. Fix g as in Theo-
rem 1.1 with s � 1, and a pair (h0, l0) in R

4 with dist(h0, ∂Ω) > 1. The following estimate is obtained in using a
shape differentiation result due to Simon [9]:

Theorem 1.2. There exist two numbers ρ > 0, c > 0 such that for ‖(h − h0, l − l0)‖R4 < ρ, we have∥∥Λ(h, l, g) − Λ(h0, l0, g)
∥∥

Hs+1(Γm)/R
� c

∥∥(h − h0, l − l0)
∥∥

R4 .

The proofs of Theorems 1.1 and 1.2 are sketched in the next sections. Detailed proofs are given in [3].

2. Sketch of the proof of Theorem 1.1

We shall use in this section complex analysis, denoting the coordinates by (x, y) instead of (x1, x2), and identifying
a couple (x, y) of real numbers with the complex number z = x + iy.

For i = 1,2, let ϕi , hi and li be as in the statement of Theorem 1.1, and let Bi = B1(hi(t)). Since ϕ1 = ϕ2
on Γm, and ∂ϕ1

∂n
= g = ∂ϕ2

∂n
on Γm, we infer by unique continuation that ϕ1 = ϕ2 on Ω \ B1 ∪ B2. Define a function

ϕ :Ω \ B1 ∩ B2 → R by

ϕ(x, y) :=
{

ϕ1(x, y) if (x, y) ∈ Ω \ B1,

ϕ2(x, y) if (x, y) ∈ Ω \ B2.
(7)

If B1 ∩ B2 = ∅, or if l1 = l2 and h1 �= h2, then it is easily seen that g ∈ V , which is excluded. The non-trivial case is
the one for which 0 < ‖h1 − h2‖ < 2 and l1 �= l2. An application of Green’s formula gives (l2 − l1) · (h2 − h1) = 0.
After simple transformations, we may assume that h1 = (0, δ) = −h2, with 0 < δ < 1, and that l1 = e1 = (1,0) = −l2.
Thus the function ϕ :Ω \ B1 ∩ B2 → R satisfies the system

�ϕ = 0 in Ω \ B1 ∩ B2, (8)
∂ϕ

∂n
= g on ∂Ω, (9)

∂ϕ

∂n
= e1 · n on ∂B1, (10)

∂ϕ

∂n
= −e1 · n on ∂B2. (11)

By Schwarz Reflection Principle [6], ϕ may be extended as an harmonic function on a neighborhood of ∂B1 and ∂B2.
If we prove that ϕ can be extended as an harmonic function on B1 ∩B2, then we are done since it follows from (8)–(10)
that g ∈ V . We introduce the harmonic conjugate function ψ , which is defined (up to a constant) by ∇ψ = (∇ϕ)⊥; it
is analytic on the same set as ϕ. By an appropriate choice of the constant, ψ satisfies



�ψ = 0 in D1 := B1 \ B2, (12)

ψ = y on Γ1 := (∂B1) \ B2, (13)

ψ = −y on γ2 := (∂B2) ∩ B1. (14)

A similar Dirichlet problem is satisfied by ψ on −D1 = B2 \ B1, and from the uniqueness of the solution we infer
that ψ(x,−y) = ψ(x, y) = ψ(−x, y).

To prove that ϕ has no singularity in B1 ∩B2, it is therefore sufficient to check that ψ does not have any singularity
in the set B2 ∩ {z = x + iy; y � 0}. We first transform problem (12)–(14) into a Dirichlet problem in a convex cone.

We introduce the points M± = (±√
1 − δ2,0) located at the intersection of the circles ∂B1 and ∂B2.

Let T1 : z �→ z1 = x1 + iy1 = (z + √
1 − δ2)−1 denote the inversion of pole M− = −√

1 − δ2. As T1 is a Moebius
transformation, it carries circles into circles or lines (see [6]). Since M− is mapped to ∞, T1 maps D1 onto a convex
cone C1. For notational convenience, we translate and rotate the cone C1. We let C2 = T2(C1), where T2(z1) := z2 =
x2 + iy2 = −(z1 − (2

√
1 − δ2)−1). Then

C2 =
{
z2 ∈ C

∗; π − θ

2
< arg z2 <

π + θ

2

}
,

where θ ∈ (0,π) stands for the angle of C1 at T1(M+), or of ∂D1 at M+ by conformal invariance.
Let ψ2(z2) := ψ(z). Then ψ2 solves the system

�ψ2 = 0 in C2, (15)

ψ2(z2) = y2

(x2 + c)2 + y2
2

on d−1, (16)

ψ2(z2) = − y2

(x2 + c)2 + y2
2

on d0, (17)

ψ2(z2) → 0 as z2 → ∞, z2 ∈ C2, (18)

where c := −(2
√

1 − δ2)−1, and for any k ∈ Z, dk denotes the half-line

dk =
{
z2 ∈ C

∗; arg z2 = θk := π + (2k + 1)θ

2

}
.

Notice that (T2 ◦ T1)(B2 ∩ {y � 0}) is the corner C = {z2 ∈ C
∗; θ0 < arg z2 � π}. To prove that ψ does not have

any singularity in B2 ∩{y � 0}, it is therefore sufficient to check that ψ2 can be extended as a harmonic function on C.
This is done by applying several times the following reflection principle for harmonic functions proved in [3].

Lemma 1. Let θ0 ∈ R and θ ∈ (0,π/2). Let l± = {z ∈ C
∗; arg z = θ0 ± θ}, and let l0 = {z ∈ C

∗; arg z = θ0}. Let
C+ = {z ∈ C

∗; θ0 < arg z < θ0 + θ} (resp. C− = {z ∈ C
∗; θ0 − θ < arg z < θ0}) be the sectors bounded by the

half-lines l0 and l+ (resp. by the half-lines l− and l0). Let ψ be a harmonic function on C− such that

lim
z→Z, z∈C−

ψ(z) = Imf−(Z) ∀Z ∈ l−, (19)

lim
z→Z, z∈C−

ψ(z) = Imf0(Z) ∀Z ∈ l0, (20)

where f− (resp. f0) is a holomorphic function in a neighborhood of l− (resp. on C− ∪ l0 ∪ C+). Then ψ can be
extended as a harmonic function on the set C− ∪ l0 ∪ C+, and

lim
z→Z, z∈C+

ψ(z) = − Imf−
(
e−2iθZ

) + lim
z→Z, z∈C+

Im
(
f0(z) + f0

(
e2iθ0z

))
(21)

for each Z ∈ l+ for which the limit in the right-hand side of (21) exists.

Assume first that θ = π/(2N +1) for some N ∈ N
∗. Then one can prove by induction on k that ψ2 can be extended

in an analytic way on the sector d−1dk for each k � N + 1, with

ψ2(z2) = Im

(
1

z2 + c
+

k∑ 2

e−2liθ z2 + c

)
∀z2 ∈ dk. (22)
l=1



The first singularity encountered in the extension procedure is the point z2 = |c| exp(iθN+1) ∈ dN+1. As it is outside C,
we are done. If π/(2N + 3) < θ < π/(2N + 1) for some N ∈ N, then ψ can again be extended analytically on the
sector d−1dN+1, hence on C. Therefore, the function ψ does not have any singularity in B2 ∩ {y � 0}. The proof of
Theorem 1.1 is complete. �
3. Sketch of the proof of Theorem 1.2

Let h0, l0 and g be as in the statement of Theorem 1.2, and let B0 = B1(h0). Without loss of generality, we
may assume that h0 = (0,0). Let dΛ(h0, l0, g) denote the differential of Λ at the point (h0, l0, g), and let L =
dΛ(h0, l0, g)|R2×R2×{0}. It is clearly sufficient to prove that the map L : R4 → Hs+1(Γm)/R is one-to-one.

If (ĥ, l̂) ∈ R
4 is given, then by a classical result due to Simon [9] we have that L(ĥ, l̂) = ψ|Γm , where ψ denotes

the solution (defined up to a constant) of

�ψ = 0 in Ω \ B0, (23)
∂ψ

∂n
= 0 on ∂Ω, (24)

∂ψ

∂n
= −ĥ · n∂2ϕ0

∂n2
+ (∇ϕ0 − l0) · grad∂Ω(ĥ · n) + l̂ · n on ∂B0. (25)

In the above system, ϕ0 denotes the solution of (4)–(6) with (h, l) = (h0, l0), and grad∂Ω stands for the tangential
gradient, defined as grad∂Ωf := ∇f −(∇f ·n)n. If the map L is not one-to-one, then we can pick a pair (ĥ, l̂) �= (0,0)

such that L(ĥ, l̂) = 0, i.e. ψ|Γm = Const. Since ∂ψ
∂n |Γm

= 0 and �ψ = 0 in Ω \ B0, we infer that ψ ≡ Const in Ω \ B0

by unique continuation. Therefore, (25) gives

0 = −ĥ · n∂2ϕ0

∂n2
+ (∇ϕ0 − l0) · grad∂Ω(ĥ · n) + l̂ · n on ∂B0. (26)

Notice that ĥ �= 0, otherwise l̂ = 0 by (26). Let (r, θ) denote the polar coordinates with respect to the origin, and let
er := (cos θ, sin θ) and eθ := e⊥

r = (− sin θ, cos θ). Since g ∈ H 1(∂Ω), it follows from a classical regularity result for

elliptic problems that ϕ0 ∈ H
5
2 (Ω), hence

0 = �ϕ0 = ∂2ϕ0

∂r2
+ 1

r

∂ϕ0

∂r
+ 1

r2

∂2ϕ0

∂θ2
on ∂B0. (27)

Using (26)–(27), we arrive to

∂

∂θ

(
(ĥ · er)

∂ϕ0

∂θ

)
= (ĥ · eθ )(l0 · eθ ) − (ĥ · er)(l0 · er) − l̂ · er . (28)

Integrating with respect to θ in (28), we infer that l̂ = λĥ⊥ for some constant λ, and that ∂ϕ0
∂θ

= l0 · eθ + λ. It follows
that ϕ0(x) = l0 · x + λθ + Const, and that g ∈ V , which contradicts the assumptions. �
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