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Consider the fundamental solution of the
Laplacian in €2 with Robin boundary condition:
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Let I" be the fundamental solution to A in RY i.e.

(—log|:p—y], N =2,
Flz—y) =3 N > 2.
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The regular part of G, Is:
The Robin function Is

R)\(z) — S)\(I,I). (3)

Critical points of the reaular part of the harmonic Green’s function with Robin boundarv condition — pb.



We are interested in the asymptotic behavior of
Ry, as A\ — +oo, and in particular the number and

location of its critical points.

Formally, R, corresponds to the Robin
function of A with Dirichlet boundary
conditions.

It turns out that ., plays an important role in
applications.

We expect that R, A < oo plays a similar role
when Robin boundary conditions are

Imposed.



Consider Liouville’s equation in a bounded
smooth domain 2 C R?

—Au=¢e%" inQ, wu=0 ono

where ¢ > 0.
Suppose u. Is a familly of solutions thatas ¢ — 0
concentrates at a point ¢ € Q) In the sense that
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Then ¢ = 8t and

VR« () = 0.



If u. is a family of solutions to —Au = £%¢* in

Q0 C R?, u = 0 on 0f, that concentrates at m
points &;,....&, then &, ..., &, IS a critical point
of

(W1, ym) = > Rooyy) + > Goolui, ).
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Consider

Au+ %" =0 in
0
a—z + Ab(x)u =0 on 92
where )\, e > 0 and Q C R? is open, bounded,
smooth set.

Theorem. For all £ > 0 sufficiently small
(depending on \) the equation possesses
solutions bubbling a single point as ¢ — 0,
corresponding to the critical points of R,.



What are the possible locations of the critical
points of i) ?

Consider the Dirichlet Robin function

Ry (x) = —h(x) in 2 dimensions. If { = f(z) is a
conformal map of (2 into the unit disc such that
f(z9) = 0then G(z, zg) = —log | f(2)]. Using this
one can show that

Ah = 4e?"

l.e. h IS subharmonic.



The result of Caffarelli and Friedman (1985)
shows then that in the case of strictly convex (2,
the level sets of h are strictly convex.
Consequently function A has a unique critical
point (a minimum).

We show that if A > 1 but finite the structure of
the set of the critical points of R, Is much richer,
even In convex domains.



Recall (4):
{ —AG) = dyo,, In g,

A
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and
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Theorem 1. For )\ sufficiently large R, has at
least 3 different critical points. Two of them at

distance O(A™!) from 01Q.



Theorem 2. Let xy € 9€) be a non-degenerate
critical point of b. Then there exists a Ay > 0 such
that for any A > )\, there exists an x, € {2 which
IS a critical point of ), such that

2y — 20| = O(NP) for each 3 € (0, 1).



Theorem 3. Assume b = 1. Let x(x) denote the
mean curvature of 02 at z. If o € 9€2 IS a
non-degenerate critical point of x then there
exists a Ay > 0 such that for any A > )\, there
exists a critical point ), € Q2 of R, such that

2\ — 20| = O(N"P) for each 3 € (0, 1).

Interior critical point remains inside €2 when
A — 00

The Four Vertex Theorem implies that
generically when Q C R? there are at least 5
critical points of R).



Consider
“Au = %" in

@—F)\u:() on of)
ov

where \, e > 0 and Q C R? is open, bounded,
smooth set.

Theorem. There exists \y > 0 such that for all

A > 0 the following holds: for any m and for ¢ > 0
sufficiently small (depending on A\, m) there is a
solution concentrating at m different points which
are at distance O(1/X) from 0f.



Indeed, we can minimize

oAW1, -+ Ym) ZR)\ yi) + > Gl yj).
1#]

for y; near 0€). On the other hand

m
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has a critical point for any m only if (2 has
non-trivial topology (domain with a hole).



Let b = const.

Asymptotic expansion of R, in terms of \.

Main order of R, (Theorem 1 and Theorem
2).

Ry(z) = AV *ny(Md(x)) + ONY9)

where h)(¢) is an explicit function



The Green’s function in the half space

{ —AG,(x,y) =90, In H=A{(2",zn) : xny > 0}
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IS given explicitly by
Go(z,y) =I'(z —y) — 'z — y)

> 9,
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Then it follows

hy(t) = —log A — log(2t) + 2/ e *log(2t + s) ds,
0
when N = 2,

hy (1) = 2t2N—2/OO c
)x() ( ) ; (2t+S)N_2 S,

when N > 2.

In either case h) has a unique critical point
and hy(+0) = +oo.



For Theorem 3 compute the next term in the
expansion

Ry(z) = MY ?hy (Ad(2))
+ AVTH(N = Dk(2)v(Ad(x))
+ O\, 0<a<1
where x I1s the mean curvature of 92 and v Is

some function depending only dimension and
2 IS the projection of  onto oX).



When ) = By Is a ball there is an explicit
Green’s function, iIf N = 2:

o 1Y 1
G, y) = ~log | |+ log| ()Y + -

R
+2/0 (1—%)AR%10g x(l ;) Y

where y* Is reflection across 0By (similarly for
N > 3). By applying the previous expansion
when €} Is a ball and using the explicit Green’s
function we can find v.

ds




Final step is a (tricky) topological degree
argument. Basically one needs to show that
h'\ () and v(¢) do not have common zeros,

where (N = 2):

hy(t) = —log A — log(2t) + 2/ e °log(2t + s) ds
0

t - ds
t) = —= — 2t o
vit) = =5 /0 © (s +20)2
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