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Abstract

Let £2 be a bounded, smooth domain in RZ. We consider critical points of the Trudinger—Moser type
functional Jy (1) = % f Q |Vu|2 — % f Q e“2 in H(% (£2), namely solutions of the boundary value problem

Au + e’ =0 with homogeneous Dirichlet boundary conditions, where A > 0 is a small parameter.
Given k > 1 we find conditions under which there exists a solution #; which blows up at exactly k points in
2 as L — 0 and J) (u;) — 2km. We find that at least one such solution always exists if k =2 and £2 is not
simply connected. If £2 has d > 1 holes, in addition d + 1 bubbling solutions with £ = 1 exist. These results
are existence counterparts of one by Druet in [O. Druet, Multibump analysis in dimension 2: Quantification
of blow-up levels, Duke Math. J. 132 (2) (2006) 217-269] which classifies asymptotic bounded energy
levels of blow-up solutions for a class of nonlinearities of critical exponential growth, including this one as
a prototype case.
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1. Introduction and statement of main results

Let £2 be a bounded domain in R? with smooth boundary and A > 0. This paper is concerned
with the analysis of solutions to the boundary value problem

{Au—i—kue”Z:O, u>0 in£2, (L)

u=~0 on 052,
where A > 0 is a small parameter. This problem is the Euler—Lagrange equation for the functional
1 A
Jo(u) = E/|W|2 — E/euz, u e Hy(£2), (1.2)
Q2 2

which corresponds to the free energy associated to the critical Trudinger embedding (in the sense
of Orlicz spaces) [18,22,23]

HI (2)sur— e eLP(2) Yp>1,

which is connected to the critical Trudinger—Moser inequality
C(2)= sup{ /e4"“2/u € H}(£2), [ |Vu|?> = 1} < 400,
2 2

[17]. Observe that, in general, critical points of the above constrained variational problem satisfy,
after a simple scaling, an equation of the form (1.1). The Trudinger—Moser embedding is critical,
involving loss of compactness analogous to that of the Sobolev embeddings in dimension N > 3,

HY(2)3ur— ue L¥2(9),
for which the problem analogous to (1.1) is

N+2

Au+iu+uv-2=0, u>0 1inS2, (1.3)
u=0 on 052,

for A > 0, whose associated energy is

1 5 A , N-=2 2N |
I)L(M):E [Vu| —E u —W lu|N-2, MEHO(Q)
2 2 2

Loss of compactness in HO1 (£2) for the functionals J; or [ translates into the presence of non-
convergent Palais—Smale (PS) sequences. Let us consider for instance a sequence 1, — Ag = 0,
and a sequence u, with VI, (u,) — 0, I, (u,) — c. Then, by the result in [20], u,, decomposes
asymptotically into a finite sum of blowing-up standard bubbles and a critical point ug of Iy,
yielding in particular that
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L, (up) = Ly (uo) + kSy +o(1) forsome k > 1,

where Sy is a positive constant. Existence of solutions, namely critical points of I; with the above
property and ug = 0 is known under suitable assumptions, see [7,9,16,19]. For the Trudinger—
Moser functional (1.2), a clean classification of all PS sequences for J, does not seem possible
after the results in [3]. Actually PS holds as long as ¢ < 2m, see [1,11]. On the other hand, for
solutions more is known. In [2,14] a class of nonlinearities is considered for which the one in
(1.1) may be regarded as the prototype. From the result in [14], we have the following fact:

Assume that u, solves problem (1.1) for A = A,, with J,,(u,) bounded and A, — 0. Then,
passing to a subsequence, there is an integer k > 0 such that

o, (uy) = 2km + o(1). (1.4)
When k = 1 a more precise answer is obtained in [2]: the solution u, has for large n only one

isolated maximum, which blows up around a point xo € £2 which is characterized as follows: Let
G (x, y) be Green’s function of the problem

—AxG =4mdy(x), x€2,
Gx,y)=0, xe0d2,

and H its regular part defined as

H(x,y)=4log | —G(x,y). (1.5)

lx —y

Then from [2], it follows that xq is a critical point of Robin’s function x — H (x, x).

It is natural to ask whether or not solutions satisfying (1.4) exist. In fact the existence and
multiplicity question seems much more difficult than its critical Sobolev exponent counterpart.
Some results are known: From the result in [3], it follows that there is a Ao > 0 such that a
solution to (1.1) exists whenever 0 < A < XA (this is in fact true for a larger class of nonlinearities
with critical exponential growth). By construction this solution falls, as A — 0, into the bubbling
category (1.4) with k = 1. No solution other than this one is known. Struwe in [21] built in the
case of a domain with a sufficiently small hole (in the sense of Bahri and Coron [6,10]) a solution
taking advantage of the presence of topology. This solution exists for a class of nonlinearities,
perturbation of the Trudinger—Moser one, that also include Aue* =4 for which no solution exists
for small A, in a disk, see [4,12]. It is reasonable to believe that the construction of Struwe in
reality produces a second solution of Eq. (1.1), but this is so far not known.

In this paper we will address the issue of existence and multiplicity of solutions of problem
(1.1) when £2 is not contractible to a point. More precisely, we provide conditions for the exis-
tence of solutions of problem (1.1) for small A which satisfy the bubbling condition (1.4), at the
same time giving a precise characterization of its bubbling location. In particular our main result
implies the following: if 2 has a hole “of any size”, namely 2 is not simply connected, then a
solution blowing up at exactly two points and satisfying property (1.4) with k = 2 indeed exists.
We expect this result to be true for any k > 1, provided that the domain is not contractible to a
point.
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Theorem 1. Assume that $2 is not simply connected. Then there exists a family of solutions u;, to
problem (1.1) such that

1 A
EfIVuxlz— 5/6”12\=4n+o(1)
2 2

where o(1) — 0 as A — 0.

The location of the bubbling points (which are exactly two) for the solutions in this result can
be thoroughly described. To this end, let us introduce the following functional of k distinct points
&1,&, ..., & € 2 and k positive numbers my, mo, ..., mg,

k k
ok (E,m)=bY m3+2Y m’logm’
j=I1 j=I1

k
+ Y HEj EpmT =Y G, &)mim;. (1.6)

j=1 i#]

Here G and H are the Green function for the Laplacian on §2 with Dirichlet boundary condition
and its regular part, as defined above and b is an absolute constant which we will specify later.
As A approaches 0, the solution in Theorem 1 satisfies, up to subsequences,

2
() ~VAY miGx, &)

j=1

where (m1,mo, &1, &) is a critical point of ¢;.
Let us consider an open set D compactly contained in the domain of the functional ¢, namely

Dc{E m)ef xR /& #£¢&; Vi # j).

We say that ¢ has a stable critical point situation if there exists a § > 0 such that for any
g € CY(D) with | g| 'y < 8, the perturbed functional ¢, + g has a critical point in D.

Theorem 2. Let k > 1 and assume that there is an open set D where ¢y has a stable critical
point situation. Then, for all small ). > 0 there exists a solution u; of problem (1.1) such that

! /| |2 f u% 2k (1
— = —
3 Vu, 5 e +o0

2 2

where o(1) — 0 as A — 0. Moreover, passing to a subsequence, there exists (€, m) € D such that
Vi (§,m) =0 and
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k
0, (x) = ﬁ(ijGu,s,-) +o<1>)

j=1
where o(1) — 0 on each compact subset of 2 \ {&1, ..., &]).

As a direct consequence of the above result, we find in addition that the presence of topol-
ogy of the domain induces multiplicity of solutions with a single blow-up point: when k£ = 1
a bubbling solution around a critical point of the function H (x, x) exists. It is standard that
H(x,x) > +o00 as x — 052, thus we always have such a solution bubbling near a global mini-
mizer of this function. In addition, if £2 is not simply connected, Ljusternik—Schnirelmann theory
yields the presence of at least cat(£2) = d + 1 such solutions, where d is the number of holes
of 2.

Theorem 1 follows by showing via a topological construction that ¢, has a stable critical
point situation. We strongly believe that such a situation is in reality present for ¢y for any k > 3,
but the construction appears to be much harder. It is reasonable to conjecture that any family of
solutions satisfying (1.4) must have the concentration behavior described in the above theorem,
in further precision of the result in [14].

It is interesting to mention the link of the above discovered concentration phenomena with
the related Liouville equation Au + Ae* = 0 under Dirichlet boundary condition in a bounded
domain £2 in R?, see [8,13,15] and references therein. The fine blow-up structure very close to
the bubbling points is similar to that in the present problem however scalings and intermediate
regimes are much more subtle here. Our choice of first approximations to bubbling solutions is
inspired by the discovery of the blow-up shapes first in [5] then in [2,14]. However more accurate
information is needed, in particular the discovery of the role of the distinct weights m ;, which
marks a strong difference with the blow-up structure in Liouville’s equation. As in other elliptic
problems involving point concentration phenomena, our strategy of proof involves linearization
about a first approximation, to later reduce the problem to a finite dimensional variational one
of adjusting the bubbling centers and corresponding weights. The critical character of this non-
linearity is very much reflected in the delicate error terms left by the first approximation, which
makes the linear elliptic theory needed fairly subtle because of the multiple-regime in the error
size. While we restrict our investigation here to the nonlinearity Aue”z, we expect that similar
analysis can be carried out for a broader class of critical exponential growth nonlinearities. For
simplicity in the exposition we shall only consider the prototype case.

2. A first approximation and outline of the argument

It is convenient for our purposes to rewrite problem (1.1) by replacing u = +/Ad, so that the
problem becomes

{ Al + )\ﬁekﬁz =0, u>0 1in$2, 2.1)
u=0 on d52.
Let us consider k distinct points &1, &>, ..., & in £2 and k positive numbers m1, my, ..., mg.

We choose a sufficiently small but fixed number § > 0 and assume that for j =1, ..., k,
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1
dist(§;, 892) > 8. 16 —&1>6 forl#j. 6 <mj< (22)

for some given § > 0. _
We shall build an approximation U (x) which away from the points &; satisfies, in agreement
with the statement of Theorem 1,

k
Ux)=Y mjG(x.£)+o0(1) asi— 0. (2.3)
j=1

Near each point &;, we consider positive numbers 1, £, to be chosen in dependence from the
values of A, & and m, and the function

1
(u3e5 + |x — §1)?

k
Ux) = ij[log

—H; (x):| 2.4
j=1
where H; is a harmonic function so that the boundary condition zero is satisfied, that is
AH; =0, in £2,
{ Hj(x) =log W, forx € 052.
Let us observe that from elliptic estimates

Hj(x) = H(x, ) + 0 (e3u3),

uniformly in §2, where H is the regular part of Green’s function with zero Dirichlet boundary
condition in £2, as defined in (1.5). Hence

1
log -
(nFe] +1x — &17)?

Hj(x)=G(x.£) + O(e73), (2.5)

and the desired outer expansion (2.3) indeed holds for this U. Let us examine U in a small
neighborhood of a given &;. We write, for |x — &;| < 8, with sufficiently small but fixed &,

Ux)=mj(wj(x)+loge;* + B +6(x)) (2.6)

where

mjBj = —m;log8ui —m;HE;.&)+ Y miG&. &),
i#]
k

mj6(x)=0(1x — &)+ Y 0(e?)

i=1

and
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w;j(x) = wy, <x;_§,>
J

with
2

8
S (EEN e @7

wyu(y):=lo
The functions wy,, 1 > 0, are the radially symmetric solutions of the Liouville equation
Aw+e” =0 inR%

The idea is to choose the numbers 1}, £ in such a way that the error of approximation for U is
small around each point &;. This error is by definition

R(x) = AU + f (D). (2.8)
Here and in what follows f denotes the nonlinearity
F @) = A (2.9)
Let us observe that for [x —&;| < & we have

k
—AU(x) :mjsjfzewf + Z 0(81-2).

i=1

On the other hand

- 1
fU) = (kmjlog€—4 +)Lmj(wj + 0(1)))
J

L

2m2i(Bj+6)log L 2m2i(log L 4+B/)w; am?log?
mia(Bj+0)log -5 2m7i(log g;¥+ﬁ-’)u}-’ekw2m2 m’ log # ekmﬁ(ﬁj+9)2+2?nm§9wj'

X e je iTie

Let us make the following choice of ¢,

1
2m§,\(10g—4+ﬁj) =1, (2.10)
Fo
J
so that
-~ 1 2
AU=%(1+2mjk(wj+0(l))) (2.11)
and

g 2.2
AU = ePil2e 720 M (14 0(0)) (1 + O (Mw)). 2.12)
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Thus, in order to match f (U) and —AU at main order near &; we must fix u ; so that the number
B; satisfies

il —om?, (2.13)

namely we require that 4 ; satisfies

log 85 = —2log2m? — H(£;.&)) + Zmim;lG(gi, £). (2.14)
i#]

Then we get
F@) =mj(1+22m3w; + O(M))e" 725" (14 0©) (1 + 0(Myw;).

Now, it is easily checked that there is a C > 0 such that for all |x — &;| < § we have

loc)| = O<|x — &l +Ze,.2) < CT4 (log(l + V;J) + 1)

logsj j

and hence

(14+0®)(1+ 0Gw))) < (14 Crlw;]).
Hence, the error of approximation is given near §; by
2 2
R(x)=mje; 2" {1 = (1+2m5aw; + 0)e"*"1(1+ 00w} + ) 0(e7).
i
Observe that for [x — &;| = O(s) we have that R(x) ~ ks;zew!’. On the other hand, for

|x —&;| > & forall j we clearly have that | R(x)| < CA. Hence the error of approximation satisfies
the global bound

[R(0)| < Chp(x),
where
k
p(x) = ZpiXBa(gj)(x) +1;
j=1

here x denotes the characteristic function and

pi = 5 { (14 2m2awj + D) (14 A(1+ [w;]))e" ™7 — 1)e7 2",

2
ijk



M. del Pino et al. / Journal of Functional Analysis 258 (2010) 421-457 429

For later reference let us notice that

w?
1 1 2_] -2 w;j
pi =cyit (14— @i+ D)1+ = (14 wyl) )™ —1le;2e%, (215
Vi Vi
where y; = log 8;4.
This motivates us to introduce the following L°°-weighted norm for bounded functions de-
fined in £2. Let us set

k
p(x) = Z,OiXBa(g,-)(x) +1
Jj=1

and define

) (2.16)

Al = sup p(x)~" A (x)
xesf
so that

R« < Ch. 2.17)

In the rest of this paper we will look for a solution i of problem (2.1) of the form i = U + ¢,
where U is defined as above in (2.4), and we aim at finding a solution for which ¢ is small,
provided that the points &; and scalars m ; are suitably chosen.

For small ¢ it is natural to rewrite problem (2.1) as a nonlinear perturbation of its linearization,
namely,

{ Ap+ (D) =—R—L1fU+¢)— f(U) = [O)¢] ing, 2.18)
$=0 on 982. '

Let us observe that
£ =220 0%+ 1)V = 01
away from the points &;, so the linearized operator is a small perturbation of the Laplacian away

from the concentration points. Using relations (2.11), (2.12), similarly to the computation for
S (U) we find that very close to the points &}, at least for distances O(¢;) from &;, we have

F1(0) ~ 6;26’”1'.

Moreover, repeating the corresponding computation for R, we readily get that

< Ca. (2.19)

k
@)=Y e
j=1

*
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For this reason, it is more convenient to rewrite problem (2.18) in the form

{ L(@®):=Ap+[X5_ 6;°e" D =~[R+ N(¢)l, ing2, (2.20)

¢ =0, on 452,

where

k
N@) =[fU+¢)— fO) - f()¢] + [f/(l?) - Za;zewﬂ“}qs. 221)

j=1

What we hope for is to find a small solution ¢ to problem (2.21) which respects the size
just defined for the error, namely so that ||¢]lco < CA. Let us observe that the function elfzewi

is actually very concentrated near &;: It has size 0(85) away from the point, while it globally

integrates to 87 in R2. L is therefore a nontrivial perturbation of the Laplacian near the points
while it is essentially this operator in most of the domain. Unlike the Laplacian, the operator L
has an approximate kernel which in principle prevents any form of bounded invertibility. In fact
L can be approximately regarded as a superposition of the linear operators

Lj($)=Ad+s; e .

The problem L ;(¢) = 0 has bounded solutions originating in the natural invariances of the equa-
tion Aw + e* = 0. Let us consider the family of solutions w,(y) given by (2.7). Then the
functions

20 (y) = dpwy; (¥), zij(y) = oy wy; (), =12,

satisfy the equation AZ + ¢""i Z = 0. Hence the functions

Zij(x) == zjj <x ;Ej), i=0,1,2, (2.22)
J

are bounded solutions of L ;(Z) =0 in all of IR?. It is known that these actually span the space
of all bounded solutions of this equation, see [8] for a proof.

We want to solve, in a uniformly bounded way, problems of the form L(¢) = h. This is
possible, but only for a restricted class of right-hand sides. We identify them by considering
the problem projected to a suitable orthogonal of the “almost-kernel” for L. To formulate this
problem, let us consider now a large but fixed number Rg > 0 and a nonnegative function ¢ (p)
with £(p) =11if p < Ry and x(p) =0if p > Ry + 1. We denote

&0 =6 (‘ i

€j

). (2.23)

Given h € L*°(£2), we consider the linear problem of finding a function ¢ such that for certain
scalars ¢;j,i=0,1,2, j =1,...,k, it satisfies
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2k
L@)=h+> Y cijZijgj, ing, (2.24)
i=0 j=1
¢=0, ondf, (2.25)
/Zij§j¢=0, for all i, j. (2.26)
2

Consider the norm
I plloo = sup | (x)|.
xesf

Proposition 2.1. Let § > 0 be fixed. There exist positive numbers Ao and C, such that for any
points &, j=1,...,min 2, parameters mj, j =1,... .k, satisfying (2.2), u; given by (2.14),
and h € L*(82), there is a unique solution ¢ := T (h) to problem (2.24)—(2.26) for all ). < .
Moreover

[@lloe < Cllnlls. (2.27)

We will prove this result in the next section. It is worth mentioning that the criticality of
the Moser Trudinger situation is fairly delicate compared with other problems of concentration
phenomena. Not only is the form of the seeked solutions quite nonobvious, but also, even with
the right ansatz, the error is not small, and the invertibility theory in which the weight p enters is
indeed very tight.

Let us consider now the projected version of problem (2.20),

2k
L@)=—R-N@) +)_ Y c;Zitj, ing, (2.28)
i=0 j=I
¢=0, onas2, (2.29)
/Zij§j¢:0, forall i, j. (2.30)
2

To solve this problem in L°°(£2), we recast it in fixed point form

¢ =Ti(~R — N(@)) = A($) (2.31)

where 7;, is the operator in Proposition 2.1. Using estimate (2.19) and the easily checked fact
that || /" (U) |« < C we find that

IN@|, <CloI% + Crldlioo

This estimate, Proposition 2.1 and estimate (2.17) imply that A(B) C B where B={¢/||Pllco <
M} for a sufficiently large and fixed M and all small A. Besides, it is directly checked that the
operator A has a small Lipschitz constant in 53 for all small A. Thus, the contraction mapping
principle leads us to the following fact.
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Proposition 2.2. Under the assumptions of Proposition 2.1 there exist positive numbers C
and Lo, such that for all 0 < A < Ay problem (2.28)—(2.30) has a solution ¢ = ¢ (&, m) which
defines a continuous map into L°°(£2) and satisfies

[Plloc < CA.
The constant C is uniform on all (&, m) satisfying the constraints (2.2).

As a function of points and parameters, this ¢ is actually smooth. We will check this in
Section 4. Evaluating at this ¢ in problem (2.28)—(2.30), the constants c;; define functions
c¢ij = c;j(§,m). Thus we need to find a solution (§, m) of the 3k x 3k system

cij(E.m)=0 foralli=0,1,2, j=1,....k. (2.32)

To solve this problem, we formulate it in variational form. Let J, be the energy functional of
problem (1.1) defined in (1.2). As we will see in Lemma 5.1, if (&, m) is a critical point of the
functional

& m)— L(VA(OE m) + & m)) = Tp.& m), (2.33)

then it automatically satisfies system (2.32). In Lemma 6.1 we will show that at main order we
have

Iy, m)=2km +ar + Ao (§,m) + o)

where a is a fixed constant and ¢y is the functional introduced in (1.6) and o(1) — O in the
C!-sense as A — 0, uniformly on (£,m) satisfying (2.2). From here, using the definition of
nontrivial critical point situation, the result of Theorem 1 immediately follows. Theorem 2 will
be established as a special case of this result in Section 7.

In the remainder of this paper we will carry out the above outlined construction.

A main step in solving problem (2.20) for small ¢ under a suitable choice of the points &; and
the parameters m ; is that of a solvability theory for the linear operator L. This is the content of
next section.

3. Analysis of the linearized operator

We will prove here Proposition 2.1. At the very core of the proof is the following estimate for
the Laplacian. Let us consider fixed positive numbers R and M and for ¢ > 0 the annular region

M
pom i <2
&

and the function

w? w1 w
ps(|y|)=ye“’(eZV <1+—y ><1+ |y—|) - 1>
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where

2

8w _ 4
Sy TR

w(|y|) =lo

Let us consider the problem

{—Alpng in A, 3.1

v =0 on 0A,.
Lemma 3.1. There exist constants C, &y depending only on uniform upper and away from
zero lower bounds for R, M, such that for all ¢ < g the solution W, to problem (3.1) satisfies
[Welloo < C.
Proof. The solution ¥ is radial, say ¥ = ¥ (r), r = |y|. Let us consider the change of variables

¥ (t) =W (e'). Then it is straightforward to check that ¥ satisfies the two-point boundary value
problem

—y" () =e*pe(e'), tellogR, logM +y/4], Y(logR) =y (logM +y/4) =0.

Since w(r) = —4logr + O(1) in all the considered range, we find that we can estimate

r M t\ 22
e pe(e') < Ce‘zz{ (1 o 7) (1 - ;)e v - 1} =:g(1).

Thus, in order to prove the desired result it suffices to show that the solution of the problem

~¥"(1) =g, tellogRlogM +y/4l,  PogR) =P (logM +y/4) =0
is uniformly bounded. Here and in the rest of the proof, C denotes a generic constant independent
of large y.. 5
Since ¥ is concave and positive, it suffices to show that the quantity ¥ (a) is uniformly

bounded at some point a distant of order y from the boundary, let us say a = % Let G(t,s)
be the Green’s function of —1” with Dirichlet boundary conditions in the interval. Then

G(t, g) < Cmin{t—logR,logM+ % —t}.

Hence, since

logMJr%

(=T oo

log R

we get
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‘w(%)‘ <c f (t —log R)|g(1)| dt

log R

o=

)2
log M+ %

e / (logM+%—t>|g(t)|dt. (3.2)

o=

The first integral in (3.2) can be estimated as follows

Y

Y
g
2[2
/(;—1ogR)|g(t)|dt<c / e e v (1+1Y)ar
log R log R

\ oo =

<C | e'(14+1Y)dt<C,
log R
since in this region % < t. Concerning the second integral in (3.2), we observe that in that region
22
D ~ye2e7 (1 —1), sowe get
g 1 v g
log M+% r+o)

/ (logM+£—t>|g(t)|dt<C / e‘2’+2’7(y—z+0(1))2

oo
LN

r+o)

<C f e (s+0() ds <C,
o)

where we have used the change of variable s =y —¢.
We have thus established the existence of a positive constant C independent of ¢ such that

M
w[<C, forR<|yl<—,
e
and the proof of the lemma is concluded. O
An immediate consequence of the above estimate is the following.

Corollary 1. Let us consider now the weight p;(x) defined in (2.15), and the solution ¥ to the
problem

—AYi(x)=pj, inRej<|x—§&j|<M,
¥; =0 ondA. 3.3)



M. del Pino et al. / Journal of Functional Analysis 258 (2010) 421-457 435

Then there exists a C > 0, independent of all small & such that
|Wj(x)|<C, forallRej <|x —&j| <M.
The proof of Proposition 2.1 makes use of an a priori estimate.
Lemma 3.2. Under the assumptions of Proposition 2.1, there exist positive numbers Ay and C,

such that for any points §;, j =1, ...,m in 2, and positive numbers mj, u;, for j =1,...k,
which satisfy relations (2.2) and (2.14), and any solution ¢ to (2.24)—(2.26), one has

[Plloe < Clinllx, (3.4)
forall . < Ao.
Proof. We will carry out the proof of the a priori estimate (3.4) by contradiction. We assume then

the existence of sequences A, — 0, points 57 € 2 and numbers m’}, M'} which satisfy relations
(2.2) and (2.14), functions h,, with ||, ||+ = 0, ¢, with ||¢,|lec = 1, and constants ¢ijn such that

2k
L) =ha+ Y Y cijnZijgj, in82, (3.5)
i=0 j=1
¢ =0, onods2, (3.6)
/Zijé“j(ﬁn =0, foralli,j. 3.7)
2

We will prove that in reality under the above assumption we must have that ¢, — 0 uniformly
in §2, which is a contradiction that concludes the result of the lemma.

Passing to a subsequence we may assume that the points & approach limiting, distinct points
E;‘ in £2. We claim that ¢, — 0 in C! local sense on compacts of £ \ &, ..., &}, Indeed,
let us observe that 4, — 0 locally uniformly, away from the points &;. Away from the &;’s we
have then A¢, — 0 uniformly on compact subsets on £2 \ {& 1* ey E,f }. Since ¢,, is bounded it
follows also that passing to a further subsequence, ¢, approaches in C! local sense on compacts
of 2\ {&F,.... &} alimit * which is bounded and harmonic in £2 \ {£;,..., &} and ¢* =0
on 3£2. Hence ¢* extends smoothly to a harmonic function in 2, so that ¢* = 0, and the claim
follows.

For notational convenience, we shall omit the explicit dependence on r in the rest of the proof.

Next we claim that ¢;; — O foralli =0,1,2 and j =1, ..., k. Fix j and multiply Eq. (3.5)
against Z;;(x) = z,-j(x;—jsj), with z;; given by (2.22). We integrate the resulting relation in
B(&;, §) and obtain

2
hZij+ZCijZijZIjCj= f L(9)Zij
B(£;.8) [=0 B(£;.8)

= / OL(Z;j) + f [ZijVé-v—¢VZij-v].
B(;,8) dB(&,0)
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Let us observe that L(Z;;) = Zl;ﬁ/ 512 = 0(1) and that the C' convergence to zero of ¢ on
0B(&;,d) imply that the boundary integral in the above relation also approaches zero. On the
other hand, we have

o
B(§.9)

< C|hlls, and /ZijZ1j§j=Ki51j

where «; is a positive universal constant. Then we get ¢;; — 0, as desired. Observe then that
By = hy, + Zcf’].Zijg“j satisfies ||/, ||« — O.

Our next claim is that ¢, approaches zero uniformly, close to the concentration points. More
precisely, we have that

sup ‘c/)(x)|—>0 forall R > 0.

|X—Ej|<R8j

Let us assume the opposite, so that there exists an index j and R > 0 such that, for all n,

sup |¢n(x)‘ >k >0.
|x—é}l\<R8j

Let us set é&n ) =¢n (& 7 +¢;z). Elliptic estimates imply that qAbn converges uniformly over com-

pacts to a bounded solution é 0 of the problem in R?

) B $=0
b=
(15 + 122

According to the nondegeneracy result in [8], ¢3 is therefore a linear combination of the functions
zij, 1 =0, 1, 2. However, our assumed orthogonality conditions on ¢, pass to the limit and yield
/ §(|Z|)Zij¢3 =0, fori =0, 1, 2, thus a contradiction from which the claim follows.

Let us fix such a number R > 0 which we may take larger whenever it is needed and consider
the quantity

l¢ll:=  sup gl
Ui B Rej)

The desired result, ||¢, ||lc0c — 0 is a consequence of the following fact: there is a uniform constant
C > 0 such that

Ipllco < CLINi + Ill]- (3.8)

We will establish this with the use of barriers. Indeed, a crucial fact is that the operator L satisfies
the maximum principle in §2 outside balls centered at the points &; of radius Re;, for some fixed
R > 0. Let us check this. Given a > 0, consider the function
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k
zu):ZZo(a"C;ﬂ), xef, (3.9)
j=1 !

where zo(r) = is the radial solution in R? of Azy + 320 = 0. Then we have

1+ > (1+

8a2(a28._2|x —&12P-1)

(I+a2 2 |x — ;12

k
—AZ:ZSJ-_

j=1
So that for |x — &;|?> > 100a2¢ 2 for all J,

a28 -2

1+a%; *lx — £j12)?

2

m
>3 e
alx —&;[*

j=1

k
—AZ> Z

On the other hand, in the same region,

k m 82-
-2 o J
g e 2L C _

j=1

Hence if a is taken small and fixed, and R > 0 is chosen sufficiently large depending on this a,
then we have that L(Z) <0in £2 := £\ UT:] B(&j, Rej) and Z > 0 in £2. Thus in this region

L satisfies the maximum principle, namely if L(1) < 0in 2 and Y > 0on 952 then Y > 0in Q.
Let us consider the function ¥; in Corollary 1. Since ¥; is uniformly bounded, it is easy to

see that if R is chosen sufficiently large then the uniformly bounded function ¥ (x) := ¥; (4x)

satisfies —L () > p; for Rej < |x —&;| < M, where we fix M > 0 such that 2 C B(§;, M).
Let us set

k
G =201l Z(x) + 1hlls Y v (x),
j=1
where Z is the function defined above in (3.9). Then, it is easily checked that, choosing R larger

if necessary, —L(¢) < h, ¢ > ¢ on 952, where 2 = 2\ U] 1 B(§j, Rej). Hence |¢| < $ on 2
and estimate (3.8) follows. The proof of the lemma is concluded. O

We have now the main ingredient to prove Proposition 2.1.

Proof of Proposition 2.1. It only remains to prove the solvability assertion. To this purpose we
consider the space

H:{qseﬂg(sz): /;,Zijqb:Ofori:O,l,Z, j=1,...k},
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endowed with the usual inner product [¢, ] = f o VoV Problem (2.24)—(2.26) expressed in
weak form is equivalent to that of finding a ¢ € H, such that

[qﬁ,w]:/[ng—h]wdx, forall y € H,
Q

where W = Z];: 185 ~2¢™i. With the aid of Riesz’s representation theorem, this equation gets

rewritten in H in the operator form ¢ = K(¢) + h, for certain h € H, where K is a compact
operator in H. Fredholm’s alternative guarantees unique solvability of this problem for any A
provided that the homogeneous equation ¢ = K (¢) has only the zero solution in H. This last
equation is equivalent to (2.24)—(2.26) with & = 0. Thus existence of a unique solution follows
from the a priori estimate (2.27). This finishes the proof. O

Proposition 2.1 says in particular that the unique solution ¢ = T (h) of (2.24)—(2.26) defines a
continuous linear map from the Banach space C, of all functions 4 in L for which |||, < oo,
into L°°, with norm bounded uniformly in A.

4. Differentiability with respect to parameters

Let ¢ be the solution to the nonlinear projected problem (2.28)—(2.30), whose existence is
guaranteed by Proposition 2.2. This section is devoted to study the dependence of ¢ on (§,m) =
(¢1,...,8&,my, ..., my), where the points &; and the parameters m ; satisfy the constraints (2.2).
A direct consequence of the fixed point characterization of ¢ given by Proposition 2.2 together
with the fact that the error term R in the right-hand side of Eq. (2.28) depends continuously (in
the x-norm) on (£, m), is that the map (§, m) — ¢ into the space C (£2) is continuous (in the
0o-norm).

We analyze next the differentiability of this map, say with respect to £11.

We start with the following fact: Fix h € C, and let ¢ = T (h) be the solution to the linear
projected problem (2.24)—(2.26) whose existence is guaranteed by Proposition 2.1. Then, under
the same assumptions of Proposition 2.1, there exist positive constants A9 and C such that, for
all A < Ao,

|9, To.( | o < Clik @.1)
Indeed, we have in general
l0z, To.(m)|| o < Cllalles [0, T |, < CllAlls. @2)

Differentiating Eq. (2.24) and the orthogonality condition (2.26), we get that Z := 0g,, ¢ sat-
isfies

k
L(Z) = —0g, (Zsj_ze“’f("))qﬁ + Zci.iaf“ (Zijgj) + Zd[jZijé'j,
j=1

i,j i,j
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with dij = 3511 (Cij), and

fZijCjZ=—/3§11(Zij§j)¢.

2

Define

_ f‘bafll(zab{b)

QAgp = , Z=7Z+ awZals
¢ S (Zaptp)? Z e

a,b
fora=0,1,2andb=1,...,k. We havefZZ,-j{j =0 for all i, j. Furthermore

7= T,(f), where

k
f=—0, (Zgjzed)-’(x))tﬁ + Zcijaéll (Zij¢j) + ZO{abL(Zabib)-

j=1 ij ab
Using the result of Proposition 2.1, we get || Zlloo < C||h ||+ and hence the validity of (4.1).

Let ¢ be now the solution to (2.28)—(2.30). Since ¢ = T, (—(N(¢) + R)), we have formally
that

g9 = (9, Tk)(_(N(¢) + R)) + Ty (—(35“ N(@) + 0, R))
From (4.1) we get
| Ger, T (—(N (@) + R)) |, <C|N@) +R||, < Ch.

On the other hand, a direct computation gives

k
e, N(@)=[f'(U+¢)— f/(U)— "), U + 0, [f’(U) - Zgjze‘:’.i(x):|¢

j=1

k
+[F/ U +¢) - f/U)]oe, 6+ [f’(U) - Ze}ze@"(’”}m.

j=1
Thus, using (2.19)
|96, N @), < C[A7 10113 + D lloo + A113g, D ll oo + 2 118g1, Plloc .
Since [|9g;, R ||+ < CA, we can conclude that

||8511¢||oo < CA.

Analogous computation holds true if we differentiate with respect to m ;.
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The above computation can be made rigorous by using the implicit function theorem and the
fixed point representation (2.31) which guarantees C'! regularity in (&, m). Thus we have the
validity of the following:

Lemma 4.1. Consider the map (€, m) — ¢ into the space C(52), where ¢ is the unique solution
to the nonlinear projected problem (2.28)—(2.30), whose existence is guaranteed by Proposi-
tion 2.2. Under the assumptions of Proposition 2.1 the derivative Dg¢ (or Dy @) exists and
defines a continuous function of (&, m). Besides, there is a constant C > 0, such that

[Depll < CA, D@l < CA.

After problem (2.28)—(2.30) has been solved, we will find solutions to the full problem (2.20)
(or equivalently (1.1)) if we manage to adjust (§, m) in such a way that ¢;;(§,m) =0 for all i, j.
A nice feature of this system of equations is that it turns out to be equivalent to finding critical
points of a functional of (&, m) which is close, in an appropriate sense, to the energy of the first
approximation U. We make this precise in the next sections.

5. Variational reduction

As we have said, after problem (2.28)—(2.30) has been solved, we find a solution to prob-
lem (2.20) and hence to the original problem if £ and m is such that

¢ij(6,m)=0 foralli, j. (5.1)

This problem is indeed variational: it is equivalent to finding critical points of a function of &
and m. To see this let us recall the energy functional J, associated to problem (1.1), namely

B =2 [1VuPax—2 [ e a 52
k(u)_§f| ul x—E/e X. (5.2)
Q Q

We define, as in (2.33),
Ix(é,m)Efx(ﬁ(ﬁ(é,m)+¢(é,m))), (5.3)

where ¢ is the solution of problem (2.28)—(2.30) given by Proposition 2.1. Critical points of 7
correspond to solutions of (5.1) for small A, as the following result states.

Lemma 5.1. Under the assumptions of Proposition 2.1, the functional T, (&, m) is of class C.
Moreover, for all A > 0 sufficiently small,

De L) (6, m)=0 = ¢;j(§,m)=0 foralli,j.

Proof. A direct consequence of the results obtained in Section 4 and of the definition of the
function U is the fact that the map (£, m) — Z (&, m) is of class C'.
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Furthermore, thanks to Lemma 4.1, we have that

De Ty (8,m) = DIy (VY (U (&, m) + ¢ (&, m))) [VADg mU (€, m)]
+ DI (VMU E, m) + ¢, m)))[VADg md (5, m)]
= DI (VAU E m) + ¢E m)) [VADemUE m)|(1+0(D).  (5.4)

Letu(x) =U (&, m)(x) + ¢ (&, m)(x). For any [ define
m2 2.2
I (v) = 71/|Dv|2—/e”eml” , (5.5)
2 2

x=§
&

where £2; = QS;IS’ If we perform the change of variables i (x) = m;v;( )+ ﬁmz we get

J(@t) == J(Vau) = I (v)

and, as a direct consequence of (2.6), (2.10) and (2.13),
8
w( =)+ Y (0(lery +6 1) + 0(ef)) for Iyl < . (5.6)
j

Furthermore, we have
Aﬁ+kﬁekﬁ2=Zc,~j§jZ,»j(x), X € 2,

ij

and that v;(y) solves in §2;
5 s _£. s _ £,
mzsl_z[Aﬁz + e”(l + 2)\m12131)e)”m12“12] = ZCU{ (—ly 8= >8]._2Zij (—ly 8= >
m € €
ij

Thus we start with the computation of D,,,Z; (&, m). From (5.4), we get

Dy, y.(§, m) = Dy, 11 (01) = D11 (01)[Dim, V1]

_ Z(ﬁ(%ﬁ)g;zzil[(%)%m dy)cl.j_
ij J J

2

Fix now i and j. To compute the coefficient in front of ¢;; in the above expression, we choose
| = j and obtain

/§<m>8jzzij<w>Dmlv,dy= 8—:111/z%j(y)dy(l +o(1)).

Ej Ej
J J
2 R2
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Thus we conclude that, forany h =1, ..., k,
Dy T, m) = Y 24 / Z3;(y)dy co; (1 +o(1)).
h ‘ Bmh ] J
J R2
A direct argument shows on the other hand that, fora =1,2,b=1,...,k,

ol
De, T (6, m) = Z(ag /zo,<y)dyco, /Z%,@)dy)cab(uo(l)).

R2

We can conclude that Dy ,,7Z; (§, m) = 0 implies the validity of a system of equations of the
form

9
[Z ﬁ%}(uo(l)): h=1,...k, (5.7)
j
[Azggb 01+Cahj|(1+0(1))=0, a=1,2, b=1,...,k, (5.8)

for some fixed constant A, with o(1) small in the sense of the L* norm as A — 0. The conclusion

of the lemma follows if we show that the matrix ( 5 filadd ) of dimension k x k is invertible in the
range of the points &; and parameters m; we are con51der1ng Indeed, this fact implies unique
solvability of (5.7). Inserting this in (5.8) we get unique solvability of (5.8).

Consider the definition of the wu;’s, in terms of m;’s and points &; given in (2.14). These
relations correspond to the gradient D,, F (m, &) of the function F defined as follows

k
1
Fm.&) = > > “mi[—2log2m3 —log8ui — 1 — H(;.&)]+ Y _ G &))mim;.
im i#]

It is natural to perform the change of variable s; = m? With abuse of notation, the above function
now reads as follows

k
1
F(s.6)= 5 > si[—2log2s; —log8uf — 1 — HEj.&)]+ > G(i.&))/5is;.

=1 i#]

This is a strictly convex function of the parameters s;, for parameters s; uniformly bounded
and uniformly bounded away from O and for points &; in £2 uniformly far away from each other
. . 2. o
and from the boundary. For this reason, the matrix (%) is invertible in the range of parameters
L)
and points we are considering. Thus, by the implicit function theorem, relation (2.14) defines a

diffeomorphism between w; and m ;. This fact gives the invertibility of (%) we were aiming
at.
This concludes the proof of the lemma. O
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In order to solve for critical points of the functional 7, , a key step is its expected closeness to
the functional J;, (ﬁ U), which we will analyze in the next section.

Lemma 5.2. The following expansion holds
Ti (€, m) = JL(VA0) + 6,5, m),
where
1651 + VO = O (17),
uniformly on points and parameters satisfying the constraints in Proposition 2.1.
Proof. Taking into account D J, (ﬁ(ﬁ + ¢))[¢] =0, a Taylor expansion gives

J (VO + ¢)) — J(V20)

1
)»/DZJ,\(«/X(U—HQS))[QS]Z(] —t)dt (5.9)
0

1
A / ( / [N(@)+ R]p + / [7/(0) - £/(@ + r¢>>)]¢>2)<1 “hdi. (5.10)
0 2 2

Since ||plcc < CA, we get
L(Va(U +¢)) — BL(Va0) =6, = 0(33).

Let us differentiate with respect to £. We use the representation (5.9) and differentiate directly
under the integral sign, thus obtaining, foreach j =1,2,/=1, ...k,

3 [ (VAU + ) = 1 (VrD)]
1

:A/(/aé_il[(N(¢)+R)¢] +/a$ﬂ[f/(0) —f/(0+t¢)]¢2)(1 b,
2

0 £
Using the fact that ||0g¢||co < CA and the computations in the proof of Lemma 4.1 we get
3, [ (VAU + ¢)) — B(VAD) ] = 8,0, = O (37).
In a very analogous way one gets
I, [ (VAU + ) — L(VA0)] = 0(1%).

The continuity in £ and m of all these expressions is inherited from that of ¢ and its derivatives
in & and in m in the L°° norm. The proof is complete. 0O
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6. Asymptotics of energy of approximate solution

The purpose of this section is to give an asymptotic estimate of J; (U) where U (x) = VAU .
The function U is defined as

k
U(x):«/Xij[log

j=1

— H; 6.1
(M?s? + |x — §;1%)? ! (x)} ©D

(see (2.4)) and J,, is the energy functional associated to (1.1), whose definition we recall below

1 A
JA(u):5/|Vu|2dx—§/e”2dx.
2 2

We have the following result.

Lemma 6.1. Let § > 0 be a fixed small number and U be the function defined in (6.1). With the
choice (2.14) for the parameters i, the following expansion holds

D(U) =2k + ah + 4wk (. m) + 120, (5, m) (6.2)
where the function g (&, m) = gr (&1, ..., &, my, ..., my) is defined by

k k
or(E,m) = me? + 22m§10gm?
j=1 j=1

k
+ Y HE Epms =Y G, Epymim;. (6.3)

j=1 i#]

Here G and H are the Green function for the Laplacian on 2 with Dirichlet boundary condition
and its regular part, as defined in Section 1, and a, b are absolute constants. In (6.2), @, is

a smooth function of (§,m) = (&1,...,&,m1,...,my), bounded together with its derivatives,
as A — 0, uniformly on points &1, ..., &, € 2 and parameters (m1, ..., my) € (RH)k satisfying
(2.2).

Remark 6.1. In the sequel, by 6,, ®, we will denote generic functions of & and m that are

bounded, together with its derivatives, in the region dist(§;,9§2) > § and |&§ — &;| > 6, and

1
8<mj<g.

Proof. We write

k
Ux) =) Uj(x). withU;(x)=~vam;[uj(x) — Hj(x)]

j=1
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and

1
(57 +lx — &1

uj(x)=1log

We start with

/|VU| dx = - ( /lVU | dx—i—Z/VU VU; dx) (6.4)

j=lg J#i o

Fix j. We have

L \vuikax =2 2[ L 9w 24 Vu,VH dx + ~ [ \VHPd
3 IVU,;|”dx = Am 3 [Vuj;|“dx — u;VH; x+§ IVH;|"dx
Q Q2 Q Q
2‘1 5 OH, 1 OH;
=im5| = | |Vujl"dx — | uj—do + Hij—do
gl av 2 av
R R
:Am? / |Vu ;> dx — H; a—Jdo] (6.5)

where v denotes the unitary outer normal of 9£2. In the above equation we used the facts that H;
is harmonic in §2 and U} is zero on the boundary 952.

We will now evaluate |, o |Vu j|2dx. Let § > 0 be small and fixed. We split the previous
integral into two pieces, namely

/|Vuj|2dx= / |Vu | dx + f V| dx. (6.6)
£ B(§;.5) R\B(;.5)

Direct computations show, using (2.10), (2.13) and (2.14)

/ |Vu|* dx

B(;.9)
lx — &1
=16 55 )
(n5e5 +1x = &%)
B(£;.5)
2 s
— 16 / Iyl —dy <y=x Sz)
I+ EjlLj

(ej1))? ]

=16m|—2logeju; — 1 +log (s-u~)2+§2 + —
|: JH] [ JH] ] (Ejllj)z'f‘sz
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< (ejm))?
=167 | —2loge; —log8u? +1og8 — 1 +log[(ejm)? + 82|+ — L2
|: J J [ JJ ] (Sjﬂj)2+82
=16 1 ﬁ] -1
= 16| — +2log2m3 + H(Ej. &) — > mim;'G(&. &) +log8 — 1
4mZr J
j i#]
2 (ej1))?
+log[(eju)* + 8]+ —L—L—
[ JH] ] (81/~L])2+82
1 2 —1
=167 7 2A+10g2mj+H($j,$j)—Zmimj G(&, &) +1log8 — 1
") i#j
% (ej1))?
+log[(ejm)? + 82+ —L=L—|. (6.7)
g[ J'u’] ] (8j,uj)2+82

On the other hand, taking into account that for the fundamental solution I we have
VI(x,&)= =l and that H = I" on 952, we have

— £
/ Vuj*dx = 16 / el T —
W22+l — &)

2\B(¢}.5) 2\B(}.5)
2
- / VG )| dx + (6,205 ).
2\B(£;.9)

or 1 2
= H(x,Ej)E(x,gj)da—32nlog§+(sjuj) CH
082

/H(x E)AT (x, S,)dx—}-/l"(x Ej) (x §j)do

82

1
—32mlog = + (ej11))*O5
——8nH<s,,é,>+/H(x £) <x £)do
1 2
~ 32 log =+ (11,)°6. 6.8)

In the above formula ®5(&;) is a function dependent on § which is uniformly bounded, together
with its derivatives, in the region dist(§;, 9£2) > 4.
Noticing that the integral on the left-hand side in (6.6) is independent from § and that

/H(x £ (x, &) do ~ /H(x)—(x)da- ((e312)),
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from (6.5)—(6.8) we thus conclude that, for j =1, ...k,

1 1
2 _ 2 2 . &
/lVUj| dx_xmjlﬁn[—é‘m%+log2mj+5H($,,$,)
A .

1
—Zmimle(éi,Sj)—HogS—1+8?logf0(1):|. (6.9)
i#] &
We next deal with the mixed term in (6.4). Fix i # j.
Notice that

8/Ll~28[»2
((eimi)? + 1x — &9

AU;(x) = —\/Xm,-

Moreover U; =0 on 052. Hence we can write

/VUVUd VA / Buie] Ui(x)d
i iax = m; i(X X
Y YoEiri)?+ Ix— gD
2 2
A / 5 | ! d
=Am;m; og y
o I+ 1yP)2 7% (eju)? + leimiy + & — &2
o (2-8)
A / 5 H;( +& +e)d
mm S Hiews R
im; (1+|y|2)2 jUEIGY i y
i (@—&)

=87amim;G(&, &)+ O &2lo i+ 2 Jog & 0(e? +¢2), (6.10
- ity 1S Jj gg. 81' 0g8~ + (8i+8j)7 ( )
J 2

where the O(-) terms have uniform bounds in & in the region considered.
Summing up all the previous information contained in (6.9)—(6.10) and using the definition
(2.14) for p ;, we finally get the estimate for (6.4), namely

1

k k
2 _ 2 2 2
5/|VU| dx_2nk+4n,\[(2log8—2)zmj+2ijlog2mj

Q Jj=1 Jj=1

k k
1
+Y miHE L E) =Y mim G ) + Zs?logg—j 0(1)}. 6.11)

j=1 i#] j=1

Let us now evaluate the second term in the energy. We have

k
)\/eUzdx:)»|:Z / eUzdxi| + A (6.12)

I?) I=1 B8 o)
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Taking into account (2.3), we first observe that

Ay = MIR14 165, m)] (6.13)

with @, a function, uniformly bounded together with its derivatives, as A — 0. Now, we write

/ eU2 dx = / eU2 dx + / eU2 dx
B(§;,8./%)) B(&j,8¢j]loge;) B(§;,8./5))\B(§),8¢j|loge;|)
=1+ .

‘We will show next that

L= 167rm§ + A0, (&, m), L =10, m) (6.14)

for some function ®,, uniformly bounded together with its derivatives, as A — 0. Indeed, per-
forming the change of variables y = % and using the notations V;(y) =2y,;U(e;y+&;) — 2)/,.2

and y; =log 81-_4, we have

Vs )
/‘2 JT 3

14 e i dy

_ 2
I]—Sje‘-

B(0,5]loge;])

8
= 2m§ / e dy + 1Oy (E,m) = 16nm§[1 + 165 (E, m)].
RZ

On the other hand
-}
681‘ 1 logzr
2
|L|<C [ —e i rdr
r
3|loge;|
(t =logr)
® +ij R +y}
2T 2T
R Y !
=C / e Vi dt<C / e tdt=00).
Ry +log y,z R1+logyj2

We can thus conclude that estimate (6.2) holds true in C%-sense. The C!-closeness is a direct
consequence of the fact that ©, (&, m) is bounded together with its derivatives in the considered
region. O
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7. Proofs of the theorems
In this section we carry out the proofs of our main results.

Proof of Theorem 2. Let D be the open set such that
Dc{E m) e xR & #£¢;, Vi#j},

where ¢ has a stable critical point situation. Then any C'-perturbation of ¢; has a critical point
in D. Thanks to the results contained in Lemma 5.2 and Lemma 6.1, we thus conclude that the
function 7, (&, m), which is C I_close to or (€, m) when A is small enough, has a critical point
(§x, m;) in D, for all such A. From Lemma 5.1 we have then that

cij(Ex,my) =0 foralli, j,

and therefore

. (x) = Va(U &, 113)) (x) + ¢ (G, 113) (x)

is a solution to our problem (1.1). The qualitative properties of this solution predicted by Theo-
rem 2 are a direct consequence of our construction. This concludes the proof. O

Proof of Theorem 1. We shall apply the result of Theorem 2 for the case k = 2. Thus we want
to prove that the function ¢; has a stable critical point situation in some open set D, compactly
contained in 2% x Ri.

We make the change of variables s; = m? With slight abuse of notation we write

02(6,5)= ) (bsj +2s;logs; + H(E,&)s;) — 2G (€1, &) /515

j=1.2

To establish Theorem 1 we need to show the existence of a stable critical point situation for
¢ (&, s). To do so we shall show the existence of a critical point for ¢, obtained through a min—
max characterization, which is in fact preserved for small C! perturbations of the functional. The
rest of the section is devoted to carry out this construction.

Let us fix a small number § > 0 to be chosen later. We define D to be

D=R3 x 2§, where 2§ = {y € 2?/dist(y, 32%) > §}.

Denote by £2; a bounded nonempty component of R? \ £2 and assume that O € £2;. Consider a
closed, smooth Jordan curve y contained in §2 which encloses £2;. We let S be the image of y
and B=1[8,8"11% x § x §. Thus B is a closed and connected subset of D.

Let I" be the class of all maps @ € C(B, D) with the property that there exists a function
Y e C(]0,1] x B, D) such that

w0, )=Idg, Ww(,)=a. (7.1)
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Then we define

= inf () . 7.2
c q;relrilng( (2) (7.2)

‘We will show that
C>-K (7.3)

for some fixed constant K independent of §, and also that if § > O is chosen sufficiently small,
then for all (¢, s) € 3D such that (£, s) = C there exists a vector T tangent to D at (&, s) such
that

Vg (§,s) -t #0. (7.4)
Under the conditions (7.3) and (7.4), a critical point (£, §) for ¢, with ¢ (&, 5) = C exists, as a
standard deformation argument involving the negative gradient flow of ¢, shows. This structure
is clearly preserved for small C!(D)-perturbations of ¢, and hence a stable critical point situation
for this functional is established.

We begin with proving inequality (7.3).

Lemma 7.1. There exists K > 0, independent of the small number § used to define D such that
C>—K.

Proof. We need to prove the existence of K > 0 independent of small § such thatif @ € I", then
there exists a point Z € B for which

»(PQ@)=-K. (7.5)
We write
1=(21,22.23.24),  P(@) = (P1(z), P2(2), P3(2), P4(2)),
with
(z1,22), (P1(2), P2(2)) € R%, (23, 24), (@3(2), Pu(2)) € 2.

We claim that for any (z1,22) € Ri there exists a z € S x S such that ®3(z;,z2,2) and
®4(z1, 22, Z) have antipodal directions, more precisely

P3(z1,22,2)  ,, Palz1,22,2)

— =Ry ————, (7.6)
|D3(z21, 22, 2)| " 1®4(z1, 22, 2)|

where R, denotes a rotation in the plane of an angle 7. This fact clearly implies that the existence
of a number M > 0 depending only on §2 such that G(®3(z1, 22, 2), P4(z1, 22, 2)) < M. Thus
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02(P(z1.22.0)) 22 Y (21,22, 8) log Pj(21.22. %)
j=1,2

—2MV @1 (21,22, )Pz, 22, 2)
> min [2(rlogr+slogs) —2M+/rs] > —K,

r>0,5s>0

for some explicit number K, which depends on M, but it is independent of §. This gives the
validity of estimate (7.5).

We will prove (7.6) by means of a degree argument. Fix (z1,z2). Let us consider an
orientation-preserving homeomorphism % : S' — § and the map f: S' x S! — S! x S! defined

as f(£) = (f1(5), f2(£)) with

P3(z1, 22, h(51), h($2)) Py(z1, 22, h(51), h(£2))

Mo =1 e ienl P T 18y b b

If we show that f is onto, we get in particular the validity of (7.6).

By definition, there exists a ¥ € I" such that ¥ (1,:) = &. If we denote by ¥;(¢,-) the
components of the map ¥ and lfﬁ (t,&1,8) = V(t, 21, 22, &2, &), it follows that, for i = 3,4,
¥ € C([0,1] x S' x S', 22), %(0,) = Idgi, s and ¥(1,-) = &;. Define a homotopy
F:[0,11x S' x ' — 8! x S! by

B3(t, h(51), h(52)) Wt h(21) h(2)
= and Fp(t,¢) = — .
W3(1, h(£1). h(£2))] W4 (2, h (1), h(£2))]

Let us notice that F(1,¢) = f(¢) and

Fi(t,8)=

h h
F(O,;):( 1)  h() )

@D 1h ()]

This function defines a homeomorphism of S I % 1, which we regard as embedded in R3,
parametrized as follows:

¢ (61,62) €10,27)* > (p1 cosby, pi sinby, 0) + (0, p2cosba, pasind),
for 0 < pp < p1. The map f defined above can be read in the introduced variables as

£ @) =(p1£1(©),0) + (0, p2./2(2)).

The function f can be extended to a continuous map f : T — T, where T is the solid torus
described by

(61,62, p) €10,27)* x [0, p2] > (p1 cos by, py sinby, 0) + (0, pcosy, psinby)

and

& p)=(p1£1(0).0) + (0, pfa(D)).
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The function f is homotopic to a homeomorphism of 7', along a deformation which maps 07 =
St x $1into itself. Thus deg( f , T, P) £ 0 forall P in the interior of 7. We see next how this fact
implies that f is onto. Take (67, 65) € [0, 27)? and p* € (0, p2) then there exist ** € §! x §!
and p** € (0, pp) such that

(o1 £1(£7),0) 4+ (0, p** f2(¢**)) = (p1 cosOF, p1 sin6], 0) + (0, p* cos 63, p*sinby).

Thus we get f1(¢**) = (cos 6], sin6}), f2(£**) = (cos 6y, sin63) and p* = p**. It then follows
that f is onto. This concludes the proof. O

We now prove (7.4).

Lemma 7.2. There exists a sufficiently small § > 0 with the following properties: If (€,5) € 9Ds
is such that ¢y (&,5) = C, then there exists a vector t, tangent to 9Dy at the point (§,5), so that

V@a(§,5) - T #0.

Proof. Let us assume there exist a sequence § = §, — 0 and points (&, s,) € Ds such that
(omitting the subscript n), (£, s) — (£,5) € 2% x Ri and ¢ (&, s) — C < 0. We shall show that
there exists a tangent vector 7, tangent to 2% x Ri_, such that Vg, (§ ,8) -1 #0.

Assume first that £ € £22. If |s| — oo, then @2(£, s) — oco. Thus we may assume that |s| is
bounded.

Let us observe now the following fact: for any points & = (£1, &) fixed and far from each
other and from the boundary, the function

@2(6,5) =Y (bsj+2sjlogs; + HEE))s)) —2G (€1, &) /515

j=1,2

is strictly convex as a function of s, and it is bounded below. Hence it has a unique minimum
point, which we denote by (s1, s2). Then each component 5; of 5 is a function of & and &,
namely §; = 5; (€1, &) for i = 1, 2. Furthermore, a direct computation shows that

¥2(5,58) = —=2(51 + 52) (7.71)
and

b+2 H;.5)
2

w2(5,5) < 1 }nz<min(p2(§,s)> < —2e” m}nze_ . (7.8)
i=l1, i=l1,

Si =0

Assuming again that § e 2% ifs = (s1,52) = (0,0), then we would get that C = 0, which is
impossible. On the other hand, if say sy is far away from 0 and s, — 0, then 9,5, ¢2(&, 51, 52) —
—00, and then we can take T = 0, ¢>.

Let us consider now the case in which dist(&;, 0§2) = §. As § — 0, this fact implies that
H (%, &) — oo, then we must also have that |§; — &| — O to keep the value of ¢> bounded. By
construction we have dist(&1, 352) > §. Two cases arise: if Vi@ (&,s) # 0, then we can chose
T parallel to V¢ (&, s). Otherwise, we are in the case in which Vy¢, (&, s) = 0. It remains to
analyze this case.
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Formula (7.7) leads us to change variables as

r=s1+s, rt=s; withO<r<oo, 0<t<l.

In these new variables the function ¢, gets rewritten as

¢m(E,rt) =r[b+2tlogt +2(1 —1)log(l — t)] + 2rlogr
+r[HELEDE+ H(E, &)1 —1) —2G (&, &)Vl —1)].

6<ﬂz(r D_ 0o _ _CHhen . . -
The relation =0givesr=e 2, where C is an explicit positive number and A (&, t),

forO<r<1lis glven by

h(,t)=H(&, 60t + H(82,8)(1 —1) —2G (&1, 82)v1(1 —1) + 2rlogt + 2(1 — 1) log(1 —1).
(7.9)

To get the minimum value of ¢; in the variable s is thus equivalent to get the minimum of the
function 4 as a function of ¢ in the interval (0, 1). Differentiating & (&, t) with respect to t we get

HE.&) - HEL&) -3 1 t

= — lo . (7.10)
2G (&, &) JO-n GELE) 11—t
This relation defines uniquely the value of 7. Thus the relation Vi¢o (€, s) = 0 implies that
C+h(&,1)
0 (E,8)=—2r=—2e" " 2 (7.11)

with ¢ uniquely defined by (7.10) and % given by (7.9). Next we want to analyze the dependence
of this ¢ on the points &1 and &;. Our first claim is that ¢ is away both from 0 and 1. This fact is a
direct consequence of the following statement: there exists a positive number C such that

‘H(éz»éz)—H(Eué:l) <cC. (7.12)

2G(81.8)

We show the validity of (7.12). We assume by contradiction that

‘H(Sz,éz)—H(El,El) ~ 4o (7.13)

2G(¢1,62)

We have § = dist(&;, 0£2). Let us denote d; = dist(&1, 052), and d = |&; — &;|. Condition (7.13)
1mphes that di and d — 0, with § > d; and § = o(d). Let us consider the expanded domain
§2 = 87142 and observe that for this domain its associated Green’s function and regular part are
given by

H(x1,x2) =4logs + H(8x1,8x2), G (x1,x2) = G(8x1, 8x2). (7.14)

Furthermore, dist(&>, 0§2) = § implies dist(%—z, 9£2) = 1. After a rotation and translation, we
assume that %—2 = (0, 1) and as § — 0 the domain 2 becomes the half-plane x; > 0. We denote
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respectively by Go and Hy Green’s function and its regular part, associated to the half plane
x2 > 0. The expressions for G and Hy are explicit:

1 _
Ho(x,y)=4logm, y=01—y2)

where y = (y1, ¥2), and

Go(x,y) =4log —4log

lx =yl lx =3I

We thus compute the expression in (7.13)

H&. &) —HELe) _ HEG P -HE D

2G (&1, &) 2G(&, 2)
Ho((0, 1), (0, 1)) — 4log —— + o(1)

&1—&1
= 1
4log 2 o,
[€1—38(0, D]

but this is in contradiction with (7.13).
The next step is to study the dependence of ¢ on the points ;. Let us call

_HE &) - HELE) oL
2G (61, 62) ' G, 6)

Let us analyze how ¢ depends on p and A. Letussetz =t — % Then Eq. (7.10) defines uniquely
z=2z(u, 1)

f= — 4 Af(2). (7.15)
_22

i

‘We observe that

z( O):l H(&2,8) — H(é1,81) .
T 2V6@E, 8+ (HE &) - HELE)Y

Differentiating expression (7.15) with respect to x and to A we get that |z, | + |z, | is bounded if
u and A are bounded. Now we replace the values of t = (i, A), defined by the relation t = 7+ %,
in (7.9). We thus get a function & = h(H (&1, &1), H(§2, &), G (&1, &), t (e, 1)).

Our next claim is that the derivatives of i with respect to H (&1, &1), to H(%,&>), and to
G (&1, &) are bounded above and below away from 0. We show this fact for mh We have

— h(HEL &), HE, E),GEL &), b
G (&1, 62) (H (1,860, H(E2, ), G (&1, 5),1(1, 1))
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d oh [ ot o ot oA }
0G(&1,62) ot [0u dG(E1,5) 02 3G(61,5)

1 1
= — 1— ol ————|=001 o —— ).
vid=n+ (G@l,sz)) W+ (G(a,sz))

The above conclusion holds true since we have that |7,| + [, | is bounded. Furthermore,

o 1 —o(1) w  _ _HEL.§)-HE. &) _
0G¢L&)  GEL&)? ’ 9G (1. 62) G(&,6)?

o(1).

Finally, we Taylor expand

oh
—(H(El’ Sl)v H(é2v %‘2)1 G(Sls 52)7 t(“’a )"))

o1
oh
o

H(&1,€), H(2, &), G(§1,8),1(11, 0))

2

0°h ~
+ %(H(sl» sl)’ H(Ezs 52)» G(élv €2)1 t(/’L» )”))(t(/’Lv )‘) - t(/"“v 0))
=0(D),

since

2

a°h ~
%(H(Elagl), H(5,&), G(1,8),1(1, 1) = 0(DG (61, &)

and

1

t(ps A) =t (, 0)) ~ A~ ————.
( ) G(1,62)
In a similar fashion we get that the quantities

oh oh
AH (&1,&)’ 0H (&2,82)

are bounded above and below away from 0 in the considered region.

We have now the tools to conclude the proof of our lemma. We recall that the case we are
discussing is the following: dist(&z, 0§2) =6, & — &, with dist(&1, 082) > 8, Vs (€,5) =0
which implies the validity of (7.11), namely

_ Cth)
2

(p2(§’ S) = _26

with 7 uniquely defined by (7.10) and 4 given by (7.9). We argue by contradiction, assuming that
(7.4) does not hold. Then we have in particular that

Ve,p2(£.5) T =0 (7.16)
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for any vector t tangent to 0525 at &>, where 25 = {x € £2: dist(x, d§2) > 8}. Note that

oh

—V:, G(&,
3G & B 5G(1,86) +

mean=f”$”[ V@H@f{r

oh
0H (&2,52)

We recall that 5 G(%}ll’ 5 and 5 H&;zl 7y are bounded above and below away from 0. We denote

o = |& — &| — 0. Only two cases may occur, namely S s0or % < ¢p, for some constant cg.
We shall show that in both cases relation (7.16) is impossible.
Let us assume first that % — o0 and define

for j =1,2,
and x; =lims_.0 x;. Let us define

@(x1,x2) = @a(&1 + px1, &1 + px2, 5).

After rotation we may assume that in (7.16) we have 7 = (0, 1), and hence (writing & = (521, 522))
5121(1) 9,29 (x1, x2) = gf})p 9292(81 + px1, &1 + px2,5) = 0.

On the other hand, since away from the boundary the function H (x, x) is bounded, we get

) B 1
‘SIE)I}) axg(p(.X], xz) = —Cax% log m # 0,

a contradiction. Thus, we necessarily have that % is bounded. The interesting case is when
&1 € 0825. If not, we can reproduce the argument above to reach a contradiction. Let us assume
first that § = 0(p). In this case we find that (7.13) holds true, which leads us to a contradiction.
Let us assume then that % — ¢. We consider the scaled domain £ = 5~182, whose associated

Green’s function G and regular part H are given by (7.14). Furthermore, in this scaled domain
the number ¢ defined by relation (7.10) remains away from O and 1, since the quantity

H(, &) — H(E, &)
2G (&1, &)

remains bounded. Furthermore, after a rotation and translation, we may assume that §2 = %2 —

0, 1), §1 = %‘ — (a, 1), for some a > 0, as § — 0 and the domain 2 becomes the half-plane
x2 > 0. Under this condition, we see that the derivative of ¢, in the direction e = (0, 1) is not 0,
reaching again a contradiction with (7.16), and the proof is concluded. O
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