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Abstract. The influence of external colored noise on the carbon monoxide oxidation on Iridium(111) sur-
faces is examined. The noise is introduced in the reaction by randomly varying the composition of the gas
flow that keeps the reaction going on. Colored noise is studied using two models: a simple discrete time
Markov chain, and the Ornstein-Uhlenbeck process. We compute the probability distribution and tran-
sition times, for medium and large correlation time of the noise. These results extend previous analyses
that have been limited to small correlation times and the presence of a slow manifold, both assumptions
that are not supported by experiments. As we will see, the correlation and intensity of the noise leads to
qualitative changes in the stochastic behavior of the system.

1 Introduction

Surface reactions on crystals of the Platinum group have
attracted a good deal of scientific interest during the last
decades from the nonlinear science community. In addi-
tion to providing models for more complex processes used
in industry, some surface reactions exhibit genuine non-
linear behaviors, for instance coexistence of stable states,
limit cycles, spatio-temporal patterns, and chaotic dynam-
ics [1–5].

The presence of noise can change the deterministic pic-
ture. The effects of internal and external noise on surface
reactions have also been addressed, both in theory and in
experiments [6–12].

The catalytic oxidation of CO on Ir(111) (described
in [5]) provides a model system where the effect of in-
ternal noise can be neglected, and external noise can be
introduced in a well controlled manner, either by chang-
ing the temperature or by changing the composition of
the feed gas that flows into the vacuum chamber where
the crystal is located. For both methods, random varia-
tions can not be arbitrarily fast but are conditioned by
how fast the experimental setup can react to changes in
the control signals.

In [11,13] the effects induced by Gaussian white noise
are studied, using numerical and analytical treatments
based on dimensionality reductions. External colored noise
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imposed on CO oxidation was used in [14], a work that also
assessed the effects of non-Gaussianity from the numeri-
cal point of view. In [15] we used weakly correlated noise,
using the following approximate theories: standard small
correlation approximation [16], wideband perturbation ex-
pansion [17], and unified colored noise approximation [18].
These theories assume small autocorrelation for the noise
but break down when applied to the bistable system under
consideration with finite correlation time. Some of these
methods can only be used for one-dimensional systems so
one must assume there is a slow-manifold where most of
the dynamics take place.

In this article our goal is to find approximate solutions
to the probability distribution and transition times for
medium and large correlation times, with an emphasis on
genuine colored-noise effects such as qualitative changes
in the probability distribution shape. Noise-induced tran-
sitions have already been found and analyzed in a variety
of systems. For instance (among many works in the litera-
ture) in [17] several cases of monomodal-bimodal-trimodal
transitions are observed, as noise intensity or autocorre-
lation are varied. In ([19] Sect. 3.1.4) a nonlinear oscil-
lator is studied, that in the presence of noise, changes
oscillations for switchings between two states. In ([20]
Sect. A.3) the authors consider a Ginzburg-Landau type
potential that also shows qualitative changes when colored
noise is added.

Most of the references in the previous paragraph take
advantage of the low dimensionality of the systems under
study or particular symmetries. Here we want to study a
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specific bistable stochastic problem under colored noise,
while trying to keep the discussion as general as possible.

The structure of this work is the following: Section 2
describes the reaction model, Section 3 uses a simple dis-
crete Markov chain to analyze the limit of large correla-
tion time, Section 4 proposes a Ornstein-Uhlenbeck pro-
cess that captures the medium correlation time and leads
to a Fokker-Planck equation, Section 5 implements the
Fokker-Planck equations using the finite element method.
Finally in Section 6, we conclude by discussing our results.

2 The reaction model

The reaction mechanism of the catalytic CO oxidation on
Platinum group metal surfaces:

2 CO + O2 → 2 CO2,

is well established to be the Langmuir-Hinshelwood mech-
anism, which was shown in 1978 by Engel and Ertl to be
the mechanism for catalytic surface reactions [21,22]. It
consists of a sequence of three steps:

1. Adsorption of the first reactant:

CO(gas) → CO(ad)

2. Adsorption of the second reactant:

O2(gas) → O(ad) + O(ad)

3. Reaction between adsorbed particles and desorption of
the product:

O(ad) + CO(ad) → CO2(gas)

Here (gas) and (ad) mean gaseous and adsorbed phase
respectively.

The kinetics of the chemical processes involved in the reac-
tion can be written as a set of partial differential equations
that describe the evolution of the surface concentration of
oxygen nO and carbon monoxide nCO:

∂nCO

∂t
= dCO∇2nCO + Y ΦtotalsCO

(
nempty

nIr

)

− nCOνdeso exp(−Edeso/kT )
− nCOnOνrea exp(−Erea/kT ), (1)

∂nO

∂t
= dO∇2nO + 2(1 − Y )ΦtotalsO

(
nempty

nIr

)3

− nCOnOνrea exp(−Erea/kT ). (2)

The available number of sites on the iridium surface is
constant:

nIr = nempty + nCO + nO. (3)

The parameter Y is the molar fraction of CO in the total
feed gas flux Φtotal. In the first term of equation (1), the
effective number of CO molecules in the gas that reaches
the surface (per unit of time) is Y Φtotal. For O2 molecules

the effective number is (1 − Y )Φtotal. The probability for
each CO molecule to get adsorbed is sCO(nempty/nIr). For
the CO desorption, the number of molecules on the sur-
face that can desorb is nCO, and the rate is νdeso times
the activation factor. The third term in equation (1) and
the second one in equation (2) consider the reaction that
takes place when an adsorbed molecule of CO meets an
adsorbed O. The sticking coefficients sCO, sO are nondi-
mensional factors that can be interpreted as probabilities.
For simplification sCO was taken to unity and the ratio
sO/sCO was adjusted from experimental data.

In this work we will focus on stochastic behaviours
that can be explained without using macroscopic diffusion.
As in [6], we will assume from now on that nCO and nO

depend on time only.
Defining the following nondimensional quantities:

u
def= nCO/nIr, v

def= nO/nIr,

the ordinary differential equations (1)–(3) can be scaled:

du

dt
= αY (1 − u − v) − βu − γuv, (4)

dv

dt
= δ(1 − Y )(1 − u − v)3 − γuv, (5)

where we have intentionally left the parameter Y free so
it can be used as a source of random variations. Repre-
sentative values for the four parameters for a tempera-
ture T = 500 K are (in units of 1/s): α = 0.878205, β =
0.023692, γ = 6.640593, δ = 0.193205. These values are
used without modification in the rest of the article.

Depending on the value of the parameter Y , the re-
action has one stable steady state, or two stable and one
unstable steady states. As depicted in Figure 1, when the
parameter Y is varied, these two stable states define two
separate branches that we call upper rate (UR) and lower
rate (LR). The reaction rate i.e. the CO2 production for-
mation corresponds to the partial pressure of 44 amu, mea-
sured by a quadrupole mass spectrometer, and is propor-
tional to:

nCOnOνrea exp(−Erea/kT ).
For practical purposes we consider the nondimensional
rate z

def= uv.
It has been shown experimentally that the coexistence

of the two branches defines an interval between Y� and
Yh where the system is bistable. Inside the window, there
is a hysteretic loop: as the control parameter Y is slowly
increased beyond Y�, the reaction rate lies along the UR
branch until it disappears at Yh, then switches to LR. As
Y is decreased below Yh, the reaction rate sticks to LR
until the branch turns around at Y� and the reaction rate
jumps to UR. As indicated in Figure 1, the model defined
by equations (4), (5) captures these behaviors.

The existence and stability of steady states can be un-
derstood in phase plane (u, v), where fixed points move
and annihilate as the parameter Y is varied beyond Y� ≈
0.073 or below Yh ≈ 0.1215 (these values correspond to
the model). All the dynamics take place inside a triangle:

Ω2
def= {(u, v) | 0 ≤ u ≤ 1, 0 ≤ v ≤ 1, u + v ≤ 1},
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Fig. 1. (Color online) Fixed points of equations. (4), (5). The
stable branches define the upper rate (UR) and lower rate (LR)
stationary solutions that define the hysteretic loop. The un-
stable branch (made up of saddle points) is not observable but
plays an important role in the stochastic dynamics. The turn-
ing points of the curve define two saddle-node bifurcations (sn).

regardless of the value of Y . The restrictions u ≥ 0 and
v ≥ 0 come from the definition of u, v as coverages of
molecules on the surface. The restriction u + v ≤ 1 comes
from the finite number of adsorption sites in the lattice.
It can be verified that the vectorfield u̇û + v̇v̂ defined by
the differential equations (4), (5) along the three edges of
the domain always points inwards: meaning that ∂Ω2 is
an entrance boundary.

2.1 External noise

The preferred experimental method for adding external
random perturbations is by controlling the CO fraction of
gas flux Y (t) = ΦCO/Φtotal in a random manner, holding
its value constant for fixed periods of time. For some Y0

and ΔY (0 ≤ Y0 ≤ 1), the value of Y (t) is updated every
τn seconds following the distribution:

p(Y ) =

⎧⎨
⎩
N exp

(
− 1

2

(
Y −Y0
ΔY/2

)2
)

if |Y − Y0| ≤ ΔY,

0 otherwise.
(6)

The standard deviation of Y is ΔYeff/2 with ΔYeff
def=

κΔY where:

κ2 =

∫ 2

−2
x2 exp(−x2/2) dx∫ 2

−2 exp(−x2/2) dx
≈ 0.8796.

The smallest value of τn that can be achieved in the cur-
rent experimental setting is around one second. This lim-
itation comes from the finite time required for readjust-
ing the mass flow controller and the time required for the
gas to reach the chamber through a capillary. The longest
value of τn is around 100 s.

Defining:
y(t) def= Y (t) − Y0

one can verify that:

〈y(t)〉 = 0,

and

〈y(s)y(t)〉 =

{
D
τn

(
1 − |t−s|

τn

)
if |s − t| < τn,

0 otherwise,

where the effective strength of the noise:

D
def=

τn

2

(
ΔYeff

2

)2

. (7)

This piecewise-constant noise has an intrinsic correlation
time:

τ
def=

∫∞
0

〈y(t)y(0)〉dt

〈y2〉 =
τn

2
. (8)

This finite correlation time invalidates the use of white
noise and raises the question of whether it would change
the stationary or transient behavior of the stochastic sys-
tem. As discussed in [15], colored noise can have a direct
effect on the shape of the probability distribution, lead-
ing to qualitative changes that are the main motivation
behind this work.

Figure 2 displays a summary of three experiments ob-
tained with photoelectron emission microscopy (PEEM)
that roughly speaking represents LR (CO-covered) with
gray and UR (O-covered) with black. For these small in-
tensities of the noise, small UR islands are created at ran-
dom points on the surface. As time advances, the islands
grow until covering the whole surface. In the next section
we will show that for higher values of ΔY , it was possible
to observe transitions back and forth between LR and UR
states.

A full study of the influence of noise in the bistable sys-
tem should consider all combinations of values of τn and
ΔY , for Y0 ∈ (Y�, Yh). As indicated in [15], several approx-
imations have been devised to study small τ behavior, but
either break down or give extremely inaccurate results for
finite correlation times.

3 Quasi-static approach

In our study of nonzero correlation time for the external
noise, an extreme situation would be to consider a very
large value of τn, for instance τn 
 10 s, which is much
larger than any characteristic time scales of the determin-
istic dynamics explained by equations (4), (5).

In this limit, the system can be effectively considered
as residing at one of the stable fixed points compatible
with the current value of Y (t). When there is only one
fixed point this reasoning leads to the switching-curve ap-
proximation for the steady state distribution (see for in-
stance [16]):

Wrate(z) = p(Y )
(

dz

dY

)−1

with z the reaction rate of the fixed point of determinis-
tic dynamics equations (4), (5) that gives the distribution
along the branch of fixed points.
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Fig. 2. Three series of PEEM for different noise strengths (top ΔY = 0.02, middle ΔY = 0.03, bottom ΔY = 0.04) superposed
on Y0 = 0.11, as depicted on icon at upper-left corner. The time below each picture specifies the time that has passed since the
experiment started in LR. Growth of oxygen islands (dark) on an initially CO-covered surface (gray) is recorded. The number
of islands and therefore the transient time depends on Y noise strength. The field of view is 310 μm (black bar in left top
picture is 100 μm). Reprinted with permission from Wehner et al., “Influence of the Substrate on the Pattern Formation of a
Surface Reaction”, AIP Conference Proceedings 913: Nonequilibrium Statistical Mechanics and Nonlinear Physics. Copyright
2007, American Institute of Physics.
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Fig. 3. (Color online) Steady state probability of being at the
state LR for different values of Y0 and fixed ΔY . Blue cir-
cles show numerical simulation for τn = 500 s and ΔY =
0.0548, red triangles show results of quasi-static approach
equation (10).

But for the bistable case there are two branches, and
more important than the shape of p(u) is the probability
of being at one branch or the other. These probabilities
depend on the frequencies of switching events.

For the bistable case one needs to refine the argu-
ment and compute the probability of residing at each
branch after every time Y (tn) is updated: πUR(n) and
πLR(n). Jumps from UR to LR are going to take place
every time Y (t) > Yh, and jumps from LR to UR every
time Y (t) > Y�. The following discrete-time Markov chain

Fig. 4. (Color online) Reaction rate distribution computed
using a quasi-static approach equation (11): probability dis-
tribution of each branch was weighted using probabilities πLR

(left) and πUR (right). Two distinct peaks reflect the presence
of two branches.

model describes these transitions:

πUR(n + 1) = πUR(n)P (Y < Yh) + πLR(n)P (Y < Y�),
πLR(n + 1) = πUR(n)P (Y > Yh) + πLR(n)P (Y > Y�).

(9)

The unique stationary solution can be found right away:

πUR =
P (Y < Y�)

P (Y < Y�) + P (Y > Yh)
,

πLR =
P (Y > Yh)

P (Y < Y�) + P (Y > Yh)
. (10)
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Table 1. Comparison between the expected fraction of the
time the system spends around LR in experiments [23] and in
the quasi-static model (10). Y0 reflects the location on the hys-
teretic range [Y�, Yh]. All quantities are nondimensional. The
comparison is meant to be qualitative only, as in each row the
Y0 values were chosen so they correspond to similar locations
in the hysteresis loops in the experiment and in the model.

Experiment Quasi-static model
Y0 ΔY πLR Y0 ΔY πLR

0.11 0.10 0.628 0.085 0.10 0.375
0.12 0.12 0.740 0.097 0.12 0.500
0.13 0.10 0.953 0.116 0.10 0.707

Results in Figure 3 show how this simple model can ac-
count for some of the trends at large correlation time τ .
Weighting the switching curve approximation by the prob-
abilities πUR and πLR one can compute the distribution of
reaction rates in the bistable range. The following formal
expression can be used:

Wrate(z) = πLR p(YLR(z))
dYLR

dz
+ πUR p(YUR(z))

dYUR

dz
,

(11)
where it is understood that if YLR (YUR) does not exist for
a particular value of the rate z, the first (second) term does
not contribute. Figure 4 shows two well defined peaks of
different heights and widths, constructed using this quasi-
static approach.

Probabilities πUR and πLR can also be contrasted di-
rectly to experiments. Figure 5 displays a summary of
three experiments obtained with PEEM, showing tran-
sitions between UR and LR states. Each spacetime plot
shows the reaction rate of a thin segment on the iridium
crystal. For these intensities of the noise, transitions take
place on the surface more or less simultaneously and are
not mediated by growing islands. As Y is increased in-
side the bistable range, the basin of attraction of the state
LR becomes larger and more stable. In Table 1, a qualita-
tive comparison is made between the experiments and the
quasi-static model. Although the agreement is not sharp,
the model does capture some trends of what is actually
happening in experiments.

Using this quasi-static formalism the following ques-
tion can also be solved: how long does it take for the sys-
tem to switch from UR to LR (or the other way around)?
The question can be translated to the mean residence time
in branch UR:

TUR =
τn

P (Y > Yh)
, (12)

that depends on τn, Y0 and ΔY . This linear dependence
on correlation time will be examined in the next section
using more elaborate methods valid for finite correlation
time.

4 Ornstein-Uhlenbeck noise

A most useful choice in the treatment of colored noise
is the Ornstein-Uhlenbeck process, which can be tai-
lored to mimic the basic statistical properties of the
piecewise-constant noise. Among the references in the
literature where such approach has been used we can
cite [16,17,19,20,24].

The Ornstein-Uhlenbeck process generates colored
noise as an auxiliar degree of freedom ζ(t) ∈ R:

ζ̇ =
1
τ

(−ζ + ξ)

where ξ(t) is a white noise process:

〈ξ(t)〉 = 0, 〈ξ(s)ξ(t)〉 = 2δ(t − s).

The statistics of the colored noise ζ(t) are:

〈ζ(t)〉 = 0, 〈ζ(s)ζ(t)〉 =
1
τ

exp(−|t − s|/τ).

For D and τ defined in equations (7), (8), the function
Y (t) = Y0 +

√
Dζ(t) has the same correlation time and

standard deviation that the piecewise-constant Y (t) used
in experiments and defined in equation (6).

Now our system of stochastic differential equations
looks like:

u̇ = fu(u, v) + gu(u, v)
√

Dζ (13)

v̇ = fv(u, v) + gv(u, v)
√

Dζ (14)

ζ̇ = −1
τ
ζ +

1
τ

ξ (15)

where the nonlinear functions:

fu
def= αY0(1 − u − v) − βu − γuv,

fv
def= δ(1 − Y0)(1 − u − v)3 − γuv, (16)

and

gu
def= α(1 − u − v),

gv
def= −δ(1 − u − v)3, (17)

defined in the three-dimensional domain:

Ω3
def= Ω2 × R,

an infinite cylinder with triangular section.
Notice that the system is driven by the white noise

ξ(t) term in the third equation. The system equa-
tions (13)–(15) is Markovian, and its associated Fokker-
Planck equation for the probability density W (u, v, ζ, t):

∂tW = LW

= −∂u

[
(fu +

√
Dguζ)W

]
− ∂v

[
(fv +

√
Dgvζ)W

]

+
1
τ
∂ζ(ζW ) +

1
2τ2

∂2
ζ W. (18)
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Fig. 5. Space-time representation of a centered 270 μm vertical pixel line covering the period of 11 100 s for three series of
PEEM with large Y noise strength. Y position in the hysteresis region for each experiment is shown in the icons on the left side.
The white bar at the right of the bottom picture is 100 μm long. The thin vertical black line seen in the middle and bottom
images is due to a blind spot of the channelplate used in the PEEM. Reprinted from [23]. Reproduced with permission from
World Scientific Publishing Co. Pte. Ltd.

We can recognize terms that come from the deterministic
dynamics (D = 0), the dynamics of auxiliar variable ζ,
and the coupling between them.

There are second derivatives only for variable ζ (diffu-
sion takes place only along the axis of the cylinder). ‘Hor-
izontal’ motion is purely deterministic. In equation (18)
we can see that the limit of zero noise i.e. the Liouville
equation, is well defined, because u, v and ζ variables de-
couple. The limit of large τ corresponds to zero flux in the
vertical direction. The limit of small autocorrelation can
not be extracted with the same ease.

The total probability must be conserved, thus appro-
priate boundary conditions should be used (more on this
will come later). Integrating in the whole domain:∫

Ω3

W du dv dζ = 1

implies: ∫
Ω3

∂tW du dv dζ =
∫

Ω3

LW du dv dζ = 0

for any probability distribution W (u, v, ζ, t). The previous
equation can then be interpreted in the following way: the
characteristic function of the domain belongs to the left-
nullspace of L, so its right-nullspace also has at least one
member, and the Fokker-Planck operator L has at least
one zero eigenvalue.

Defining in the interior of the cylinder Ω3 the three-
dimensional vector field (probability current):

F def=
(
−fuW −

√
DguζW

)
û +

(
−fvW −

√
DgvζW

)
v̂

+
(

1
τ

ζW +
1

2τ2
∂ζW

)
ζ̂, (19)

we get an alternative expression of the FPE (18):

∂tW = LW = ∂uFu + ∂vFv + ∂ζFζ . (20)

From this last expression and using Green’s theorem we
obtain:

∫
Ω3

LW du dv dζ =
∮

∂Ω3

F · n̂ ds = 0,

which suggests that to guarantee strict conservation of
probability we should impose that the boundaries be re-
flecting:

F · n̂ = 0 in ∂Ω3. (21)

Boundary conditions can be further simplified using
the properties of functions fu, fv, gu, gv (defined in
Eqs. (16), (17)) on ∂Ω3:

(i) At u = 0 (0 ≤ v ≤ 1, ζ ∈ R):

−fuW −
√

DguζW = 0 =⇒ W |u=0 = 0

(ii) At v = 0 (0 ≤ u ≤ 1, ζ ∈ R):

−fvW −
√

DgvζW = 0 =⇒ W |v=0 = 0

(iii) At u + v = 1 (0 ≤ u, 0 ≤ v, ζ ∈ R):

−fuW −
√

DguζW − fvW −
√

DgvζW = 0
=⇒ W |u+v=1 = 0

(iv) At ζ = ±∞ (0 ≤ v, 0 ≤ 1, u + v ≤ 1):

(
1
τ

ζW +
1

2τ2
∂ζW

)
= 0 =⇒ lim

ζ→±∞
W = 0

Exponential decay in ζ could be used.

These boundary conditions enforce that the total proba-
bility (inside the cylinder) is conserved.
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4.1 Expansion into a complete set

The 3-dim linear PDE (18) can in principle be solved using
finite differences. But (following the book of Risken ([25]
Sect. 5.3)) it can also be solved using an expansion into a
complete set :

W (u, v, ζ; t) = μW̄ = μ(u, v, ζ)
∞∑

�=0

φ�(u, v, t)θ�(ζ). (22)

A good selection of functions μ(u, v, ζ) and θ�(ζ) leads to
an economical representation of L and a method to solve
for φ�(u, v, t) at least approximately. In the following we
will use:

μ(ζ) = θ0(ζ) def=
( τ

π

)1/4

exp(−τζ2/2),

the square root of the stationary distribution of ζ.
Another way of motivating the approach is the follow-

ing transformation:

L̄ def= θ−1
0 (ζ)Lθ0(ζ),

W̄
def= θ−1

0 (ζ)W. (23)

Naturally if W̄ is a solution of L̄ then W will be a solution
of L.

Defining annihilation and creation operators:

b
def=

1√
2τ

∂

∂ζ
+

√
2τ

2
ζ,

b† def= − 1√
2τ

∂

∂ζ
+

√
2τ

2
ζ, (24)

that verify the bosonic commutation relation:

[b , b†] = 1,

and

ζ =
b + b†√

2τ
, ∂ζ =

√
τ

2
(b − b†).

Using these operators, the expression of the Fokker-Planck
operator can be simplified:

L̄ = (−∂ufu − ∂vfv) − 1
τ

b†b −
√

D√
8τ

(b + b†)(∂ugu + ∂vgv),

(25)
where the first term involves a deterministic flow, and the
second and third terms correspond to noise effects. No-
tice that operator b (as well as b†) commutes with partial
derivatives ∂u and ∂v.

The compact representation of equation (25) suggests
using Hermite functions1 θ�(ζ):

√
� + 1 θ�+1(ζ) = b†θ�(ζ),

√
� θ�−1(ζ) = b θ�(ζ),

1 The functions defined by:

θ0(ζ) =
( τ

π

)1/4

exp(−ζ2τ/2),
√

� + 1 θ�+1(ζ) = b†θ�(ζ)

One possibility for φ� would be to further expand:

φ�(u, v; t) =
∑
m,n

cm,n,�(t)φm,n,�(u, v),

where φm,n,� satisfy boundary conditions (21). One could
for instance use combinations of sinusoids defined in Ω2.
This expansion would lead to a differential recurrence rela-
tion as in [24], that can be solved by the matrix continued
fraction (MCF) method presented in [25].

For the specific chemical reaction we are studying,
MCF is not effective for several reasons: it is difficult to
select functions that verify boundary conditions; the use
of harmonic functions may lead to the appearance of re-
gions with negative probability W ; and the probability
distribution becomes increasingly localized in (u, v) space
and a large number of terms would be necessary.

Here we develop a somewhat different method, expand-
ing W̄ as a sum over Hermite functions without making
any assumptions about (u, v) dependence. This approach
is also applicable to the exit time problem developed in
Section 4.2.

Replacing the Ansatz (22) in the Fokker-Planck equa-
tion (25) and in the boundary conditions, we get a set of
coupled two-dimensional partial differential equations for
φ�(u, v, t):

∂tφ� = −(∂ufu + ∂vfv)φ� − �

τ
φ�

−
√

D

8τ
(∂ugu + ∂vgv)

(√
� + 1φ�+1 +

√
�φ�−1

)
,

in Ω2 for � = 0, 1, 2, . . . (26)

Each one of equation (26) has terms that correspond to:
deterministic flow (Liouville operator); relaxation (other
than � = 0); and coupling with other layers due to noise.

When D is small all the layers decay and only the
first mode φ0(u, v, t)θ0(ζ) is relevant, meaning that the
variables u, v are decoupled from the noise ζ. Now, when
τ is small, there is no easy way to identify first order terms.
This is not a small-τ approach and does not try to separate
terms associated to D and τ , but as we will show this
approach does indeed capture the effects of colored noise.

satisfy ∫
θm(ζ)θn(ζ) dζ = δmn.

It can be verified that:

θ�(ζ) =
H�(ζ

√
τ)e−ζ2τ/2√

�! 2�
√

π/τ

where H�(x) are physicist’s Hermite polynomials, with leading
coefficient 2�, and

∫
Hn(x)Hm(x)e−x2

dx = n! 2n√πδmn.
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Relevant expected values can be obtained from:

W (u, v, t) =
∫ ∞

−∞
θ0(ζ)

∑
�=0

φ�(u, v, t)θ�(ζ) dζ

= φ0(u, v, t).

For the initial condition we should assume that at prepara-
tion time t = 0 the auxiliary variable follows its stationary
distribution:

W (ζ, 0) =
∫

Ω2

W (u, v, ζ, 0) du dv = θ2
0(ζ),

so we can assume:

φ0(u, v, 0) = 2,

the inverse of the area of the triangle Ω2. From the proba-
bility distribution one can compute the distribution of the
nondimensional reaction rate z = uv:

Wrate(z, t) =
∫ 1

0

φ0(u, z/u, t) du.

Each one of equations (26) also looks like a flux:

∂tφ� +
�

τ
φ� = ∇ · F� in Ω2 (27)

where ∇ is the divergence operator in (u, v) space and F�

is a set of vectorfields in two-dimensional (u, v) space:

F�
def=

(
−fuφ� −

√
D

8τ
gu(

√
� + 1φ�+1 +

√
�φ�−1)

)
û

+

(
−fvφ� −

√
D

8τ
gv(

√
� + 1φ�+1 +

√
�φ�−1)

)
v̂

(28)

(where each F� depends on φ�−1, φ�, φ�+1).
For the boundary conditions, equation (21) implies

that F� · n̂ = 0 in ∂Ω2, for � = 0, 1, 2, . . . and we get:

(i) At u = 0:

−fuW̄ −
√

Dgu
(b + b†)√

2τ
W̄ = 0

so

−fuφ� −
√

D

2τ
gu

(√
� + 1φ�+1 +

√
�φ�−1

)
= 0,

for � = 0, 1, 2, . . .
(ii) At v = 0:

−fuW̄ −
√

Dgu
(b + b†)√

2τ
W̄ = 0

so

−fvφ� −
√

D

2τ
gv

(√
� + 1φ�+1 +

√
�φ�−1

)
= 0,

for � = 0, 1, 2, . . .

(iii) At u + v = 1:

−(fu+fv)φ�−
√

D

2τ
(gu+gv)

(√
�+1φ�+1+

√
�φ�−1

)
= 0,

for � = 0, 1, 2, . . .
(iv) The boundary conditions at η = ±∞ are automatically

verified, because of the exp(−ζ2τ/2) factor.

In summary, we can use Dirichlet boundary conditions in
all three edges:

φ� = 0 in ∂Ω2 for all � = 0, 1, 2, . . . (29)

The evolution problem can be implemented iteratively us-
ing the backward Euler method:

φm+1
� − φm

�

Δt
= ∇ ·Fm+1

� − �

τ
φm+1

�

with appropriate initial condition φ0
� and Dirichlet bound-

ary conditions for φm+1
� .

4.2 First exit time problem

The evolution of stochastic trajectories can be studied in
several ways, most notably by measuring the relevant time
scales. As the Fokker-Planck equation is linear, the time
evolution of the probability distribution can be under-
stood as the superposition of several eigenmodes associ-
ated to nonpositive eigenvalues, all decaying in time with
the exception of the first mode that corresponds to the
stationary solution. Now, if the first nontrivial (nonzero)
eigenvalue λ1 is separated from the rest and the noise is
strong enough, the long term behavior is going to be dom-
inated by the timescale −1/λ1. This approach has been
used by [24] and many other works, where the effect of
the time correlation of the noise has been examined.

Although the expansion (22) can easily be used for
posing an eigenvalue problem, here we wanted to answer
a more concrete question: how long does it take for the
stochastic system to jump from UR to LR (or the other
way around)? This question can be posed as a first exit
time problem. Such problems have been abundantly ex-
plored in the literature by exploiting special properties of
the model systems under study (good reviews of colored-
noise and exit time problem are [20,26]). Here in this ar-
ticle we follow the more general approach (described in
textbooks such as Gardiner’s ([27] Sect. 5.4)) and take
advantage of the expansion into a complete set to study
the dependence of the time correlation of the noise on the
exit time.

For this purpose we define a subdomain R ⊂ Ω2 that
contains the deterministic fixed point UR. For the lower
boundary of R one should choose the boundary of the
basin of attraction of UR (separatrix). Here we take a
simpler option and choose a straight segment that passes
through the origin and the unstable fixed point, as de-
picted in Figure 6. The boundary of the region R is made
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Fig. 6. (a) Two dimensional domain of the reduced Fokker-
Planck equation (26). The horizontal and the vertical coordi-
nates are u and v respectively, and the corners of the triangle
are points (0, 0), (0, 1) and (1, 0). (b) Region used for the exit
time problem equation (31). It contains UR and its absorbing
boundary passes through the unstable fixed point ‘u’ of the
deterministic dynamics.

up of two parts: ∂R = Sa ∪ Sr. The boundary that coin-
cides (at least approximately) with the separatrix Sa must
be absorbing. The remaining boundaries Sr are reflecting
(as they were for the forward Fokker-Planck equation (18)
and its boundary condition (21)).

The probability G(u, v, ζ, t) of remaining inside R that
obeys the backward Fokker-Planck equation (the adjoint
of Eq. (18)):

∂tG = L†G

=
[
(fu +

√
Dguζ)∂uG

]
+
[
(fv +

√
Dgvζ)∂vG

]

− 1
τ
ζ∂ζG +

1
2τ2

∂2
ζ G (30)

in the cylindrical domain R × R. Appropriate boundary
conditions for G are:

n̂ · ∇G = 0 in Sr, and G = 0 in Sa,

and initial condition:

G(u, v, ζ, 0) = 1 for (u, v) inside R and ζ ∈ R.

For the function G we use a similar expansion to equa-
tion (22):

G(u, v, ζ, t) = θ−1
0 (ζ)

∞∑
�=0

ϕ�(u, v, t)θ�(ζ)

that after being replaced in equation (30) leads to the
following set of equations for ϕ�(u, v, t):

∂tϕ� = (fu∂u + fv∂v)ϕ� − �

τ
ϕ�

−
√

D

8τ
(gu∂u + gv∂v)

(√
� + 1ϕ�+1 +

√
�ϕ�−1

)
,

in R for � = 0, 1, 2, . . . (31)

with boundary conditions:

n̂ · ∇ϕ� = 0 in Sr, and ϕ� = 0 in Sa,

and initial condition:

ϕ�(u, v, 0) = δ�,0 inside R.

Now the mean time required to leave region R starting
from point (u, v) and random ζ that follows stationary
distribution, can be measured by the function T (u, v) that
can be obtained from G:

T (u, v) =
∫ ∞

0

∫ ∞

−∞
G(u, v, ζ, t) θ2

0(ζ) dζ dt

=
∫ ∞

0

ϕ0(u, v, t) dt. (32)

A similar approach could be used for the basin of attrac-
tion of LR. In the next section we will compute the evo-
lution of the set ϕ� by the Euler method for a reasonably
long time, and then integrate in time to compute the mean
exit time T (u, v).

5 Numerical results

A complete treatment of the evolution equation for the
set of equations (26) and the set of equations (31) (asso-
ciated to the forward and backward Fokker-Planck equa-
tions respectively) can be obtained using the finite element
method (FEM). Some of the advantages of FEM com-
pared with finite differences, for this specific problem are:
more sophisticated approach to function (Sobolev) spaces;
greater control of the approximations; better treatment of
complicated geometries; and easier handling of boundary
conditions. Another benefit of FEM is the possibility of
using adaptive refinement of the mesh as the solution be-
comes more localized [28].

The FEM solves the associated weak form of the par-
tial differential equations. In this work we use Freefem++,
a general-purpose FEM software developed by Frédéric
Hecht from Université Pierre et Marie Curie, Paris.

For most of the computations three layers were enough
(� = 0, 1, 2), because most of the ‘energy’ is contained in
the zero (� = 0) layer. For Y0 inside the hysteresis range
and small noise, the stationary probability W (u, v) = φ0

gets the expected bimodal shape and becomes concen-
trated along a narrow region in phase space i.e. the slow
manifold (used in [11,13,15]). As we will see, this di-
mensionality reduction is not true for stronger or more
strongly correlated noise.

Using this expansion approach we can predict how
changes in parameters Y0, ΔY, τ will affect the shape of
the probability distribution. For instance switching from
bimodal to monomodal distribution by increasing τ . In
Figures 7a–7d we show the stationary distribution W (u, v)
for four sets of parameters. As larger values of τ are consid-
ered, the distribution becomes broader and spreads away
from the slow manifold present in Figures 7a and 7b. This
qualitative change can be understood in the more general
framework of colored-noise effects [17].

Figure 8 shows mean exit time T (u, v). For other val-
ues of τ the shape of the contour curves remains similar
although the values change.

Figures 9a and 9b show the behavior of the first exit
time evaluated at UR fixed point T (UR), for different val-
ues of the noise correlation time τ . Ranges of τ in both
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Fig. 7. Stationary probability distribution W (u, v) for four different situations: (a) τ = 20; (b) τ = 50; (c) τ = 100; and
(d) τ = 200. Other parameters Y0 = 0.094, ΔY = 0.08 were held constant. Here the horizontal and the vertical coordinates are
u and v respectively, and the corners of the triangle are the points (0, 0), (0, 1) and (1, 0). As τ becomes larger the distribution
becomes wider and monomodal, and the one-dimensional slow manifold disappears.
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Fig. 8. Mean exit time T (u, v) for Y0 = 0.094, ΔY = 0.08, τ =
100. The domain of integration R contains the point UR and is
described in Figure 6. For other parameters the contour curves
of T (u, v) look qualitatively similar.

figures were selected so significative variations in T (UR)
were observed. When τ is increased for a given value of
ΔY , the value of T (UR) grows and sets into a trend of
linear growth with a slope approximately equal to one,
as depicted in Figure 9a (see also [29]). This behavior is
quite similar to what we could expect from the quasi-static
model, that predicted (see Eq. (12)) a linear growth of
T (UR).

Now τ has an effect on the effective noise intensity D
(Eq. (7)). When τ is increased and ΔY is adjusted so D
is kept constant, we see in Figure 9b how the exit time
T (UR) actually decreases towards a limiting value. This
last result should be compared for instance with eigenvalue
computations such as [24] and the results of approximate
one-dimensional Fokker-Planck equations [26], that pre-
dict (at least) exponential growth of the exit time with
τ , for constant values of the noise intensity D. Our con-
jecture is that increasing values of τ allows the system to
explore wider areas of the two-dimensional phase space,
as shown in Figures 7c and 7d, that may explain a faster
exit from the UR basin of attraction.

6 Conclusions and outlook

Surface reactions are usually affected by the noise that
comes from the environment or from impurities. Some of
the properties of the noise have a direct incidence on the
statistics of the reaction rate, both for transient and sta-
tionary behavior.

(a)

(b)

Fig. 9. (Color online) First exit times T evaluated at UR point
for different values of τ . (a) When ΔY is kept fixed, the exit
time T (UR) grows linearly. (b) When D is kept fixed (and
ΔY adjusted accordingly) the exit time decreases towards a
limiting value.

In particular we considered here the finite correla-
tion time of the noise. Several theories provide approxi-
mations for the probability distribution and the relevant
timescales, but for this specific surface reaction model
these methods do not work when the noise is strong or
when the time correlation is large.

Here we used a discrete time Markov chain and a
Ornstein-Uhlenbeck process to compute relevant quanti-
ties that describe stochastic behavior. The effects of the
Ornstein-Uhlenbeck noise can be analyzed using both for-
ward and backward Fokker-Planck equations, that can be
further simplified by an expansion into a complete set in
terms of Finite Elements. This approach captures genuine
colored-noise effects: changes in the shape of the proba-
bility distribution (bimodal and monomodal) as well as in
the transition times.

A few words are due about transition times computed
by the two methods. On the one hand, the Markov chain,
which is good for piecewise-constant noise with long win-
dows, predicts a linear growth of transition time with
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correlation time, when the amplitude of the fluctuations is
held fixed. On the other hand, Ornstein-Uhlenbeck noise,
which is based on very different assumptions and is only a
good approximation for moderate correlation times, shows
also a linear trend for the transition time. These two ap-
proaches seem to be complementary, and a more complete
crossover picture should be elaborated.

The approaches used here should be generalizable to
other surface reactions. Another interesting example is the
CO oxidation on Platinum(110) [1,2,10]. Its determinis-
tic bifurcations are a lot richer than those of Ir(111), ex-
hibiting many more types of bifurcations: Hopf, canard,
saddle-node, sniper, etc., so we expect that it will show
interesting noise-induced transitions, that can be investi-
gated using either the discrete time Markov chain or the
expansion into a complete set used in this work.

This work was supported by an International Cooperation
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