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Some simple boundary value problems are studied, for a new class of elastic materials, wherein

deformations are expressed as non-linear functions of the stresses. Problems involving ‘homogeneous’

stress distributions and one-dimensional stress distributions are considered. For such problems,

deformations are calculated corresponding to the assumed stress distributions. In some of the situations,

it is found that non-unique solutions are possible. Interestingly, non-monotonic response of the

deformation is possible corresponding to monotonic increase in loading. For a subclass of models, the

strain–stress relationship leads to a pronounced strain-gradient concentration domain in the body in that

the strains increase tremendously with the stress for small range of the stress (or put differently, the

gradient of the strain with respect to the stress is very large in a narrow domain), and they remain

practically constant as the stress increases further. Most importantly, we find that for a large subclass of

the models considered, the strain remains bounded as the stresses become arbitrarily large, an

impossibility in the case of the classical linearized elastic model. This last result has relevance to

important problems in which singularities in stresses develop, such as fracture mechanics and other

problems involving the application of concentrated loads.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

It has been shown recently that if by elastic bodies we mean
bodies that are incapable of dissipating energy in any process to
which these bodies are subject to, then this class is far larger than
Cauchy elastic or Green elastic bodies (see Rajagopal [1,2], Raja-
gopal and Srinivasa [3,4] for a detailed discussion of the rationale
for such models). Elastic bodies need not only be characterized by
providing an explicit expression for the stress as a function of the
deformation gradient (Cauchy elastic bodies), or by assuming that
there exists a stored energy that depends on the deformation
gradient (Green elastic bodies). It is possible that elastic bodies
could be defined by implicit constitutive relationships between the
stress and the deformation gradient, and the stored energy could be
a function of both the stresses and the deformation gradient. In fact,
the models could be even more general in that one need not even
define a deformation gradient in order to define elastic bodies. For
instance, Rajagopal and Srinivasa [4] provide rate equations
wherein the symmetric part of the velocity gradient and the rate
of the Green–Saint Venant strain are related by implicit relations.
ll rights reserved.
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ante).
Based on the work of Rajagopal [1,2], Bustamante and Rajagopal
[5] developed equations governing plane stress and plane strain for
constitutive relations wherein the linearized strain bears a non-
linear relationship to the stress. Such a model can be rigorously
justified within the context of models, where the stretch tensor is a
non-linear function of the stress or within the context of theories
wherein the stress and the stretch are implicitly related (see
Rajagopal [1]). Bustamante and Rajagopal [5] showed that even
for constitutive models where the linearized strain depends
non-linearly on the stress, one could introduce an Airy stress
function which automatically satisfies the equations of equilibrium
and the compatibility equation reduces to a non-linear partial
differential equation for the Airy stress function. In three-dimen-
sional problems one could introduce the stress potential and the
compatibility equations would then reduce to a system of non-
linear partial differential equations for the stress potential (see
Finzi [6], Truesdell and Toupin [7]).

Even in two-dimensional problems, as the governing equations
are very complicated and not amenable to analysis, Bustamante
and Rajagopal [5] developed a weak formulation within which
numerical calculations could be carried out. Bustamante [8]
subsequently extended the analysis in Bustamante and Rajagopal
[5], both within the context of developing governing equations as
well as numerical analysis. However, in none of the above studies
involving this new class of elastic materials were any specific
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boundary value problems solved. Recently, Rajagopal [9] consid-
ered a specific model that exhibits limiting strain in the presence of
arbitrarily large stresses and solved some very simple boundary
value problems, namely extension, shear, torsion, circumferential
shear and telescopic shear as well as certain combinations of
the same.

In this paper, we shall study several one-dimensional problems
where the stresses are both homogeneous and inhomogeneous,
within the context of this new class of elastic materials. Even in the
case of simple uniaxial extension, for a subclass of models, the
strain–stress relationship leads to a pronounced strain-gradient
concentration domain, a region where the strains increase
tremendously with respect to the stress. More importantly, for a
large subclass of models, it is possible that the strain will remain
bounded as the stress increases indefinitely. Such a response
characteristic has bearing on important technological problems
involving singularities in the stresses such as fracture mechanics
and the application of concentrated loads. We also study the
problem of biaxial extension when the stress fields are homo-
geneous. We consider four subclasses of constitutive relations
wherein the linearized strain is a non-linear function of the stress.
The most interesting feature of our study is the finding that even
when the stress vary monotonically, in some models the strains
vary non-monotonically. Moreover, we also find that for some
problems, and in some models, the solution may be non-unique.
The manifestation of such features in even one-dimensional
problems warns us that the numerical resolution of complicated
boundary value problems have to be carried out with a great deal of
care. The numerical study of two- and three-dimensional problems,
with the aim towards gaining an understanding of problems such
as crack propagation is the final goal of our studies. As the models
always present finite strain, limited to, however, small a value we
choose it to be a priori, it presents a very appealing methodology to
study fracture mechanics. It is apparent from the above response
characteristics exhibited by the new class of models, that they
greatly widen the scope of responses that can be described thereby
enlarging the capability of the modeler to characterize the non-
linear response of elastic bodies. We thus feel that it is worthwhile
investigating the response characteristics of such bodies in some
detail and this study is aimed at enhancing our understanding of
this new class of elastic bodies.

The arrangement of the paper is as follows. In the next section,
we provide a brief review of the basic framework and introduce the
kinematics. We also introduce the counterpart to Green elastic
materials of the classical theory of elasticity (see Bustamante [8]
for a detailed discussion of such materials) and then develop
the governing equations. In Section 3 we first introduce several
different homogeneous states of stresses corresponding to differ-
ent boundary value problems, namely those of simple uniaxial
extension, simple shear and biaxial extension. In the case of the
simple problem of uniaxial extension of a cylinder, it is possible
within the context of the most general class of models, for the
relationship between the stretch and the stress to be non-mono-
tone. Such a response of course depends on the choice of the
constitutive equation. While such non-monotone behavior might
seem undesirable, it is possible that such behavior is indeed
exhibited by real materials that show unstable response charac-
teristics. Such behavior could also be associated with the fact that
different types of response correspond to different phases of the
material.1 We also find that more than one solution for the strain
1 One should not think of the response as ‘phase transition’ as the phenomenon

of ‘phase transition’ is entropy producing and an elastic body is incapable of

producing entropy. Unfortunately there is a considerable amount of confusion in

the field; the response of a mixture of two elastic bodies is being confused with

the notion of ‘phase transition’, which is a dynamic process.
could be found for the same state of stress. However, it is
imperative to recognize that such instabilities or non-uniqueness
relies intimately on the choice of the constitutive relation. It is
possible to pick models that belong to the new class of elastic
bodies that do not exhibit such non-monotone behavior or non-
uniqueness of solutions. We follow this study of homogeneous
states of stress with an analysis of some inhomogeneous stress
states in one-dimensional problems and axially symmetric pro-
blems, in Section 4. We end the paper with some concluding
remarks in Section 5.
2. Basic equations

2.1. Kinematics

Let XAkRðBÞ denote a particle belonging to body B in the
reference configuration kRðBÞ, and let xAktðBÞ denote the position
of the same particle in the current configuration ktðBÞ at time t. We
shall assume the mapping v which assigns the position x at time t,
i.e., x¼ vðX,tÞ is sufficiently smooth to make all the derivatives that
are taken, meaningful. The displacement u and the deformation
gradient F are defined through u¼x�X and F¼ @v=@X. The
Cauchy–Green stretch tensors B and C are defined through B¼FFT,
C¼FTF, and the Green–Saint Venant strain E and the linearized
strain e are defined through

E¼ 1
2ðC�IÞ, ð1Þ

e¼
1

2

@u

@x

� �
þ

@u

@x

� �T
" #

: ð2Þ

The above kinematical definitions are sufficient for our purpose.
Within the context of the classical linearized theory of elasticity,
which presumes that the displacement gradient is small, it does not
matter whether we use (X,Y,Z) or (x,y,z) as variables, to within the
order of the approximation being used.

2.2. Constitutive equations

Rajagopal and coworkers have demonstrated that the class of
elastic solids is larger than the class of Cauchy and Green elastic
materials (see [1–3]). These new models include constitutive
equations or relationships of the forms

B¼ f ðTÞ, gðT,BÞ ¼ 0, ð3Þ

where in general (3)1 might not be invertible and (3)2 cannot be
reduced to the class of models defined as Cauchy elastic.

Rajagopal [2] showed that when we consider small gradients for
the displacement field, i.e., maxX A B

t AR
JruJ¼OðdÞ, d51, then from (3)1

the appropriate approximation when we consider small strains but
arbitrarily large stresses must be of the form

e¼ hðTÞ: ð4Þ

In the case of an isotropic material we have (see [5])

e¼ g0Iþg1Tþg2T2, ð5Þ

where g0, g1 and g2 are scalar functions that depend, for example,
on the invariants

IT ¼ trT, IIT ¼
1
2½ðtrTÞ2�trðT2

Þ�, IIIT ¼ detT: ð6Þ

Bustamante [8] showed that there is a subclass of materials for
which there exists a scalar function W¼W(T) such that

e¼
@W

@T
: ð7Þ
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In this paper we will consider constitutive equations of the form
(5) and in Section 3.3.2 we will also consider constitutive equations
of the type (7). We shall consider some special subclasses of
materials belonging to the class (5) to highlight the difference
between the response of such bodies and that exhibited by the
classical linearized elastic body. We will consider the following
four models, belonging to the class defined by (5) given by

ðaÞ g0 ¼�aIT , g1 ¼ bþ f ðIT Þ, g2 ¼ 0, ð8Þ

ðbÞ g0 ¼�a 1�
1

ð1þbIT Þ

� �
, g1 ¼

agffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þiðI2

T�2IIT Þ

q , g2 ¼ 0, ð9Þ

ðcÞ g0 ¼�a½1�e�bIT �, g1 ¼
ag

1þi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2
T�2IIT

q , g2 ¼ 0, ð10Þ

ðdÞ g0 ¼�aIT , g1 ¼ b, g2 ¼ g, ð11Þ

where a, b, g and i are constants and f¼ f(IT) is a sufficiently smooth
function that depends only on the first invariant. The different
constants that appear above have different values for the four
different constitutive equations. We consider the set of values
shown in Table 1 for the cases (b) and (c).

The four different models have been chosen to illustrate and
highlight the possibility that one could have interesting response
features exhibited by the new class of models. For instance, models
(b) and (c) exhibit limiting strains and strain boundary layers for
the problems considered and for the range of the parameter values,
while the model (a) does not. In Section 4.3 we consider the
constitutive model (d), and we find that one can have non-unique
solutions for certain simple inhomogeneous states of stresses, a
situation that is not possible in the other models.

2.3. Boundary value problem

If the linearized strains are given as (usually non-invertible)
functions of the stresses, then to have continuous displacement
fields the linearized strain tensor must satisfy the compatibility
equations (see [7]). For plane problems there is only one equation
to be satisfied, namely

e11j22þe22j11�2e12j12 ¼ 0: ð12Þ

The equilibrium equation for the stress tensor without body
forces is Tij

,i¼0, and for plane problems they are automatically
satisfied if we use the Airy stress function F defined through (see
[10])

T11 ¼F,22, T22 ¼F,11, T12 ¼�F,12: ð13Þ

It follows from (5) and (13) that (12) reduces to a (in general
non-linear) partial differential equation for F. In Cartesian coordi-
nates the full form for this equation in terms of the components of
the stress are given in Section 3.3 of [5].

We now provide Eqs. (12) and (13) for the case of Cartesian and
polar coordinates. The appropriate equations can be found, for
instance in [11,12].
Table 1
Values for the constants that appear in the models (b) and (c).

a 10�3

b 10�7 10�5 10�3 10�1

g 10�3 10�2 10�1 1

i 10�2 10�1 1 102

Here a is dimensionless and the unit for the constants b and g is (Pa�1), and for i is

(Pa�2) in model (b) and (Pa�1) in model (c).
Cartesian coordinates: The compatibility equation (12) and the
representations (13) become

@2exx

@y2
þ
@2eyy

@x2
¼ 2

@2exy

@x@y
, ð14Þ

and

Txx ¼
@2F
@y2

, Tyy ¼
@2F
@x2

, Txy ¼�
@2F
@x@y

, ð15Þ

respectively.
Polar coordinates: In case we use polar coordinates ðr,yÞ, (12) and

(13) become

@2err

@y2
þr2 @

2eyy
@r2
�2r

@e2
ry

@r@y
�2

@ery

@y
þ2r

@eyy
@r
�r

@err

@r
¼ 0: ð16Þ

and

Trr ¼
1

r

@F
@r
þ

1

r2

@2F
@y2

, Tyy ¼
@2F
@r2

, Try ¼
1

r2

@F
@y
�

1

r

@2F
@r@y

: ð17Þ

Remark. In Section 4 we consider plane stress problems in
Cartesian and polar coordinates. We assume that the body under
consideration is a very thin flat plate in the z-direction. The external
loads do not have components in the direction z, as a result Tzz¼0
(and the same happens with the shear components of the stress in
the z-direction). From (5) we see that the components of the stress
tensor being zero in the z-direction does not necessarily mean that
the strain ezz ¼ 0. However, since we work with very thin bodies, we
assume that ezz is very small, and as a result only (14) and (16) need
to be solved in our analysis. Similar assumptions are made within
the context of the linearized theory of elasticity, for example,
see Section 3.2 of [5] for a similar discussion.

3. Homogeneous deformations

As indicated in the Introduction, before attempting to solve
complicated two-dimensional problems, we start by studying the
predictions of the constitutive equations that we have chosen
within the context of some simple problems. By analyzing the
behavior of the deformation for these simple problems, we hope to
identify difficulties such as ‘instability’ and/or non-uniqueness of
solutions for a given problem when the physical problem presents
no such behavior. This knowledge may help in developing the
appropriate numerical methods for two-dimensional problems for
these models, as we will be solving non-linear differential equa-
tions using iterative schemes, which in some cases may not
converge.

3.1. Uniform tension in a cylinder

The first ‘homogenous’ stress state we consider corresponds to
the case of a cylinder under ‘uniform’ tension. In this case, using a
cylindrical coordinate system, we assume that the only non-zero
component of the stress tensor is the normal axial component
Tzz ¼ s. In this case the invariants (6) are given by

IT ¼ s, IIT ¼ 0, IIIT ¼ 0: ð18Þ

From (5) the axial component of the strain tensor ezz is

ezz ¼ g0ðsÞþg1ðsÞsþg2ðsÞs2: ð19Þ

Eq. (19) is the most general expression for the z-component of
the strain for this boundary value problem. Since ezz and the other
components of the strain tensor are constant, the compatibility
equations are satisfied automatically.

It could be possible that for some functions gi, i¼0,1,2 the
function ezz may not be a monotonically increasing quantity, which
would mean that for some values of s, smaller values for the axial
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deformation could be obtained for larger values of the external
loads, which is somewhat contrary to physical expectation. How-
ever, such a situation might be possible due to some instability
associated with the body’s response.

From (19) we have

dezz

ds ¼ g1ðsÞþ
dg0

ds ðsÞþ
dg1

ds ðsÞþ2g2ðsÞ
� �

sþ dg2

ds s2: ð20Þ

Remark. Within the context of our theory, the linearized theory of
elasticity would be a special case of (5), where the stress bears a
linear relation to the linearized strain. It is the non-dimensional
version of the stress that is small. That is we can define a
dimensionless quantity T/T0, where T0 would have physical units
of stress, and could be used as a parameter to compare, for example,
with the stresses such that the linearization of (4) would be valid.

Thus, when s-0 Eq. (20) would become the same as in the
classical linearized theory, and so evaluating (20) at s¼ 0 we can
assume that

dezz

ds ð0Þ ¼
dg0

ds ð0Þþg1ð0Þ40: ð21Þ

If g0, g1 and g2 are continuous functions with continuous deriva-
tives at s¼ 0, then there exists an interval for s around 0 such that
dezz=ds40. We would like now to investigate if there exists a
‘critical’ value scr 40 such that

dezz

ds ðscrÞ ¼ g1ðscrÞþ
dg0

ds ðscrÞþ
dg1

ds ðscrÞþ2g2ðscrÞ

� �
scrþ

dg2

ds s2
cr ¼ 0:

ð22Þ

For the three prototypical constitutive equations (8)–(10) we shall
investigate the consequence of the inequality (21) and the above
condition (22).

Model (a): In this case from (8) we have g0 ¼�as and g1 ¼

bþ f ðsÞ and (21) holds if

�aþbþ f ð0Þ40: ð23Þ
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0.0005

0.0010
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1
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Fig. 1. Axial component of the strain for model (b), as a function of the uniform axial stre

cases a¼ 10�3. Case (i): b¼ 10�3 Pa�1, i¼ 1 Pa�2 and different values of g (Pa�1). Case
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(σ

)
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10−1
1

Fig. 2. Function gðsÞ for model (b), for different values for the constants in (27). The stress

(ii): g¼ 10 Pa�1, i¼ 1 Pa�2 and different values of b (Pa�1).
In the linearized theory we have a¼ n=E, b¼ ð1þnÞ=E and f¼0,
where E and n are the Young and Poisson moduli. In this case (23)
simply implies n=E40, which holds trivially.

Regarding (22) this becomes

bþ f ðscrÞ�aþ
df

ds
ðscrÞscr ¼ 0: ð24Þ

Model (b): In this case we have g0 ¼ a½1�1=ð1þbsÞ�,
g1 ¼ ag=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þis2
p

and g2 ¼ 0, then from (19) we obtain that

ezzðsÞ ¼ a 1�
1

ð1þbsÞ
þ

gsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þis2
p

� �
, ð25Þ

and dg0=ds¼ ab=ð1þbsÞ2, dg1=ds¼�agis=ð1þis2Þ
3=2, and as a

result the inequality (21) implies that aðbþgÞ40, and if a40 it
would imply that

bþg40: ð26Þ

As for (22) if a40 then after some manipulations we obtain that

gðscrÞ ¼
b

ð1þbscrÞ
2
þ

g
ð1þis2

crÞ
3=2
¼ 0: ð27Þ

It is more illustrative to consider the behavior of ezzðsÞ and gðsÞ
for a number of different values for the parameters than to
study (27) analytically. Let us consider the values for (b)
given in Table 1. In such a case, from (25) and (27) we obtain
Figs. 1 and 2.

From Fig. 1 we see that for the two cases considered, for
moderately large stresses, the strain tends to become constant.

The deformation ezz is small, and unlike the classical linearized
theory, we notice that the normal strain in the z direction remains
bounded as the stress increases. We would need to also verify if
JruJ51 (see Section 2(c) of [8]).

From Fig. 2 we see that at least for the range considered for s,
and the different values for the constants, the function gðsÞdoes not
have any zero.

Model (c): For this last case, from (18) and (10) we have
g0 ¼ að1�e�bsÞ and g1 ¼ ag=ð1þijsjÞ, as a result from (19) we
10−5
10−7

10−3

10−1

1 2 3 4 5

0.0002

0.0004

0.0006

0.0008

0.0010

ε z

σ

ss for different values for the constants in (25). The stress s is in (kPa), for the three

(ii): g¼ 10 Pa�1, i¼ 1 Pa�2 and different values of b (Pa�1).

σ
1 2 3 4 5

0.00002
0.00004
0.00006
0.00008
0.00010
0.00012
0.00014

g 
(σ

)

10−5
10−7

10−3

10−1

s is in (kPa). Case (i): b¼ 10�3 Pa�1, i¼ 1 Pa�2 and different values of g (Pa�1). Case
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obtain that

ezz ¼ a 1�e�bsþ
gs

1þijsj

� �
: ð28Þ

From (21) we obtain the same condition (26) if a40. Consider-
ing that the first derivative of g1 does not exist at s¼ 0 we assume
s40, and in such a case we have dg1=ds¼�agi=ð1þisÞ2 and from
(22) we have

gðscrÞ ¼ be�bscr þ
g

ð1þiscrÞ
2
¼ 0: ð29Þ

As in the previous case, we plot the axial component of the strain
(28) and the function gðsÞ for a number of cases for the parameters
extracted from Table 1, the results are shown in Figs. 3 and 4.

The behavior exhibited here resembles the previous case closely
with regards to the influence of the different constants, and in
particular the non-existence of a critical value for s.

3.2. Uniform shear stress distribution

The second ‘homogeneous’ stress state we consider is a uniform
shear applied, for example, to a slab. In Cartesian coordinates we
assume the stress distribution to be of the form

Txy ¼ t constant, Txy ¼ Tyy ¼ 0: ð30Þ

In this case from (6) we have IT¼0, IIT ¼�t2 and IIIT¼0, and from
(5) we obtain that

exy ¼ g1ðtÞt, exx ¼ eyy ¼ g0ðtÞþg2ðtÞt2: ð31Þ

As we know for this kind of material the state of pure shear stress
does not necessarily mean a state of pure shear deformation [5].

As in Section 3.1, we can assume that for t-0 the material
should behave as a linearized isotropic solid. For such a material the
derivative dexy=dtð0Þ should be positive. From (31)1 we have the
restriction

g1ð0Þ40: ð32Þ
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Fig. 3. Axial component of the strain for model (c), as a function of the uniform axial stre
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Fig. 4. Function gðsÞ for model (c), for different values for the constants in (29). The stress

(ii): g¼ 10 Pa�1, i¼ 1 Pa�1 and different values of b (Pa�1).
We see here that in the linearized case g1ð0Þ would be simply the
shear modulus. As for g0, a requirement would be g0ð0Þ ¼ 0, so that
we have only shear deformation in such a case.

If (32) holds, there is an interval for t such that dexy=dtðtÞ40,
and there could be a ‘critical’ shear stress tcr such that

dexy

dt ðtcrÞ ¼
dg1

dt ðtcrÞtcrþg1ðtcrÞ ¼ 0: ð33Þ

We explore now the consequences of (32) and (33) for our three
prototypical constitutive equations (8)–(10).

Model (a): In this case from (8) we have g0 and g1 ¼ bþ f ð0Þ and
(32) implies

bþ f ð0Þ40: ð34Þ

With regards to (33) we see that there is no critical value, and if (34)
holds then it holds for any t.

Model (b): In this case from (30) and (9) we have g0 ¼ 0 and
g1 ¼ ag=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2it2
p

, and for the shear component of the deformation
we have

exy ¼
agtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ2it2
p : ð35Þ

Fig. 5 shows how exy varies with the shear stress for different values
ofag and i. We once again notice that for sufficiently small values of
t the shear strain increases exceedingly sharply as a function of the
shear stress, but then remains essentially constant, i.e., we have
domains of steep gradients in the strain with respect to the stress.

Regarding (32), this inequality holds for ag40, and from (35)
and (33) we find that �2agit2

cr=ð1þ2it2
crÞ

3=2
þag=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2it2

cr

p
¼ 0,

and this does not have solution.
Model (c): Finally from (10) we have g0 ¼ 0 and g1 ¼ ag=

ð1þi
ffiffiffi
2
p
jtjÞ, and we obtain

exy ¼
agt

1þi
ffiffiffi
2
p jtj: ð36Þ

In Fig. 6 we display the variation of exy with the stress and
once again we find that for certain values of the parameters, we
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can have pronounced domains of strain gradient with respect to
stress.

3.3. Biaxial extension

The biaxial extension of a thin plate, has been used in the
classical theory of non-linear elasticity as a valuable tool to
determine the stored energy function for isotropic hyperelastic
materials (see, for example, Chapter 10 of [13]). It has also been
used to study the instabilities that are manifested by some
constitutive equations. In this section we explore these two issues
for our new class of elastic materials. We assume that the plate is
very thin in the z direction, within the context of a Cartesian
coordinate system.

3.3.1. Behavior under uniform tension

Consider the case when we have the same external load applied
in the x and y directions. We have

Txx ¼ Tyy ¼ s, Txy ¼ 0: ð37Þ

For this problem it follows from (6) that IT ¼ 2s and IIT ¼ s2.
Therefore from (5), the components of the strain are

exx ¼ eyy ¼ g0ðsÞþg1ðsÞsþg2ðsÞs2, exy ¼ 0: ð38Þ
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As in the case of the previous two boundary value problems, we
shall assess the behavior dictated by (8)–(10), and in particular
study situations when for increasing external load s the deforma-
tions exx, eyy may not be increasing functions.

Without loss of generality let us consider only the component
exx. From (38)1 we have

dexx

ds
ðsÞ ¼ dg0

ds
ðsÞþ dg1

ds
ðsÞsþg1ðsÞþ

dg2

ds
ðsÞs2þ2g2ðsÞs: ð39Þ

Using arguments similar to those used in the case of the simple
tension of a cylinder and the shear problem, we assume that when
the ‘limit’ s-0 the material should behave as a classical linearized
elastic body, and in this case we impose the condition
dexx=dsð0Þ40 (we are assuming the plate can be only in tension),
therefore from (38)1 we have the restriction

dg0

ds ð0Þþg1ð0Þ40: ð40Þ

A critical point (if any), for which dexx=ds ceases to be an
increasing function of s, can be found from (39) as

dg0

ds ðscrÞþ
dg1

ds ðscrÞscrþg1ðscrÞþ
dg2

ds ðscrÞs2
crþ2g2ðscrÞscr ¼ 0:

ð41Þ

Model (a): For this constitutive equation from (39) and (37) we
have g0 ¼�2as and g1 ¼ bþ f ð2sÞ. As a result, (40) holds if and only
if

�2aþbþ f ð0Þ40, ð42Þ

while a ‘critical’ value for the stress scr (if any) is found from (41) as

d

ds
ðsf ð2sÞÞ

����
s ¼ scr

¼ 2a�b: ð43Þ

Model (b): For this constitutive equation, it follows from (9) and
(37) that g0 ¼ a½1�1=ð1þbsÞ� and g1 ¼ ag=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2is2
p

, and for the
strain we have

exx ¼ a 1�
1

ð1þbsÞ
þ

gsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2is2
p

� �
: ð44Þ

The restriction (40) for this constitutive equation leads to
að2bþgÞ40, and if a40 then this implies that

2bþg40: ð45Þ

We can compare this inequality with (26).
The condition concerning the existence of a critical value of

the stress (39), for this problem becomes 2b=ð1þ2bscrÞ
2
þ

ag=ð1þ2is2
crÞ

3=2
¼ 0. Since this last expression and (44) are very

similar in form to (25) and (27), we do not provide figures for
the same.

Model (c): For this constitutive equation it follows from (10) that
g0 ¼ a½1�e�2bs� and g1 ¼ ag=ð1þ

ffiffiffi
2
p

ijsjÞ, as a result

exx ¼ a 1�e�2bsþ
gs

1þ
ffiffiffi
2
p ijsj

� �
: ð46Þ

Restriction (40) implies the same inequality as before, namely (45),
under the same assumption a40 (see Section 3.1(c)). A critical
value for the stress scr is found from (39) as 2be�2bscr þg=ð1þffiffiffi

2
p

iscrÞ�
ffiffiffi
2
p

gi=ð1þ
ffiffiffi
2
p

iscrÞ
2
¼ 0.

As in the previous case (b), here we do not plot the above
expression or the deformation (46), because they resemble closely
that provided by in Figs. 3 and 4 in Section 3.1.

3.3.2. Remarks on the constitutive functions and the biaxial extension

problem

In analogy to the question that we ask in the classical non-linear
theory of elasticity, here we ask ourselves the question: Can we find
completely all the functions that appear in a constitutive equation
of the form e¼ a0Iþa1Tþa2T2 using the biaxial test?

We consider a thin plate subjected now to two (in general
different) uniform tensile loads, say

Txx ¼ sx, Tyy ¼ sy, and Txy ¼ 0, ð47Þ

where sx and sy are constants. Instead of working with a
constitutive equation of the form (5), we consider the Green-like
elastic material proposed by Bustamante [8]. We have e¼ @W=@T,
and for an isotropic material W ¼Wð~IT , ~IIT , ~IIIT Þ, where

~IT ¼ trT, ~IIT ¼
1
2 trT2, ~IIIT ¼

1
3trT3: ð48Þ

It can be shown that (see Section 4 of [8])

e¼W1IþW2TþW3T2, ð49Þ

where W1 ¼ @W=@~IT , W2 ¼ @W=@ ~IIT and W3 ¼ @W=@ ~IIIT .
From (47) and (48) we have ~IT ¼ sxþsy, ~IIT ¼

1
2 ðs

2
xþs2

y Þ and
~IIIT ¼

1
3 ðs

3
xþs3

y Þ. From (49) on using (47) we obtain that

exx ¼W1þW2sxþW3s2
x , ð50Þ

eyy ¼W1þW2syþW3s2
y , ð51Þ

and exy ¼ 0. We see that we have three unknowns, namely W1, W2

and W3, and only two Eqs. (50) and (51) to find them, which is not
enough in general.

Bustamante [8, Section 5] found a condition for a function W

such that a material of this class would be incompressible. In such a
case we need to work with a W such that (see Section 2.2)

W ¼W ðI�T ,II�T Þ, ð52Þ

where I�T ¼
~IIT�

1
6
~IT and II�T ¼

~IIITþ
2

27
~I

3

T�
2
3
~IT
~IIT . As a result we

obtain

W1 ¼�
1

6

@W

@I�T
þ

2

3

1

3
~I

2

T�
~IIT

� �
@W

@II�T
, ð53Þ

W2 ¼
@W

@I�T
�

2

3
~IT

1

6

@W

@II�T
, ð54Þ

W3 ¼
@W

@II�T
: ð55Þ

Now, the three derivatives W1, W2 and W3 that appear in (50) and
(51) depend only on two unknown functions @W=@I�T and @W=@II�T ,
which can be found from the experiment in an unique way. Note
the resemblance we have here with what happens in the classical
non-linear theory of elasticity, when we work with incompressible
materials for the biaxial extension problem [13].
4. One-dimensional problems. Non-homogeneous stress
distributions

In the previous section we analyzed the response corresponding
to a number of constitutive equations to some very simple
homogeneous problems. The main conclusion was that at least
for the problems considered, the linearized strain did not show any
‘unusual’ behavior, such as the strain decreasing while the stress
increases.

In this section we continue assessing this new class of elastic
bodies, but now for some problems with ‘non-uniform’ stress
distributions. We study whether in some cases we could have more
than one solution for a given problem, and investigate the
implications of the same within the physical point of view.

As we expect fully three-dimensional problems corresponding
to the models of interest to us lead to a very complicated non-linear
partial differential equation (12), we only study problems where
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the stress is a function of one variable. Though simple, they are yet
very interesting because in some cases we can obtain exact
solutions for some particular constitutive equations.

We study two different classes of problems: those in Cartesian
coordinates and in polar coordinates.
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Fig. 8. Solution for the case of inhomogeneous stress distribution in a plate for the

constitutive function (9).

2 Here function g has a different meaning than that in Eqs. (27) and (29).
3 Note that the function g(Tyy) not only has one zero in the interval considered,

but also a discontinuity at Tyy¼�1 kPa, which is a consequence of the second term

on the left hand side of (63), when 1þbTyy ¼ 0.
4.1. Problems involving Cartesian coordinates

Let us introduce the Airy stress function F, and study the case
when this function is such that all the components of the stress
(plane stress case) are only functions of x. Since Txx¼Txx(x),
Tyy¼Tyy(x) and Txy¼Txy(x), from (15) we have Txx ¼ @2F=@y2,
Tyy ¼ @2F=@x2 and Txy ¼�@2F=@x@y, we can prove that

F¼jðxÞþtxy, ð56Þ

where t is constant. Therefore

Txx ¼ 0, Tyy ¼ TyyðxÞ ¼
d2j
dx2

, Txy ¼�t: ð57Þ

The compatibility equation (14) in this case reduces to

d2eyy

dx2
¼ 0, ð58Þ

whose solution is eyy ¼ c1xþc0, where c1 and c0 are constants. From
(5) we have eyy ¼ g0þg1TyyðxÞþg2½t2þTyyðxÞ

2
� and so we obtain the

non-linear algebraic equation for Tyy(x)

g0þg1TyyðxÞþg2½t2þTyyðxÞ
2
� ¼ c1xþc0, ð59Þ

where we recall that g0, g1 and g2 are in this case functions of Tyy(x)
and t. From (6) we also have

IT ¼ TyyðxÞ, IIT ¼�t2, IIIT ¼ 0: ð60Þ

Note that for the linear case where we have g0 ¼�ðn=EÞtrT¼
�ðn=EÞTyyðxÞ, g1 ¼ ð1þnÞ=E and g2 ¼ 0, Eq. (59) becomes

�
n
E

TyyðxÞþ
1þn

E
TyyðxÞ ¼ c1xþc0, ð61Þ

which implies Tyy(x)¼E(c1x+c0). Let us consider a plate defined by
0rxrA and y¼ 7B=2 and the boundary conditions
Tyy(0)¼Tyy(A)¼T0. From (61) we infer that c1¼0 and c0¼T0/E,
which is a trivial result.

We now explore the solutions for (59) for the three constitutive
equations given in (8)–(10) for the same plate defined earlier. We
will study two boundary conditions, the one already mentioned
Tyy(0)¼Tyy(A)¼T0 and Tyy(0)¼0, Tyy(A)¼T0.

For the above stress distribution we consider the additional
example (11), for which a non-unique solution is found in Section
4.3.

Model (a): We need to solve (59) in the particular case, where
from (8) and (60) we obtain that g0 ¼�aTyyðxÞ and g1 ¼ bþ f ðTyyðxÞÞ,
and as a result (59) becomes

f ðTyyÞTyyþðb�aÞTyy ¼ c1xþc0: ð62Þ
For the given boundary conditions and function f we could have
more than one solution for the previous equation, but without a
specific form for f we can not say anything else.

Model (b): For this problem from (9) and (60) we have

g0 ¼ a½1�1=ð1þbTyyÞ� and g1 ¼ ag=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þiðT2

yyþ2t2Þ

q
, and it follows

from (59) that we need to solve2

gðTyyÞ ¼ 1�
1

ð1þbTyyÞ
þ

gTyyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þiðT2

yyþ2t2Þ

q �
1

a ðc1xþc0Þ ¼ 0: ð63Þ

For the case Tyy(0)¼0, Tyy(A)¼T0 we obtain a numerical solution of
(63). First, let us explore if for some parameters that appear in the
constitutive equation (9) there is one or more solutions to (63). To
do so, let us assume

a¼ 10�3, b¼ 10�3 Pa�1, g¼ 10�2 Pa�1, i¼ 10�1 Pa�2

and A¼1 m, T0¼5000 Pa and two values for t, say 0 and 5000 Pa. In
Fig. 7 we have plotted the function g(Tyy) for three values for x, say
x¼0.25, 0.5 and 0.75 m, to see how many solutions we have for Tyy

for (63). From Fig. 7 we observe that at least for the values for x that
has been explored, and for the range of Tyy considered, there is only
one solution for (63).3 We assume now (even though the above
numerical example does not necessarily offer a proof of it) that for
any 0oxoA there is one solution for (63). In Fig. 8 we have the
solution of (63) for two cases with and without shear stress t.

From Fig. 8 we first note that there is not much difference
between the two cases t¼ 0 or 5000 Pa. If we compare these results
with the solution in the linearized case wherein we would have a
linear distribution for Tyy, for the present model under
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consideration, we find that though the deformations are small, the
solutions are non-linear.

Model (c): In this last case, from (10) and (60) we have

g0 ¼ a½1�e�bTyy � and g1 ¼ ag=ð1þi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

yyþ2t2
q

Þ, and as a result

from (59) we need to solve

gðTyyÞ ¼ 1�e�bTyyþ
gTyy

1þi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

yyþ2t2
q �

1

a
ðc1xþc0Þ ¼ 0: ð64Þ

In Fig. 9 we can see the behavior of g(Tyy) for the case t¼ 0 and for
three different positions x. As the solutions are similar to the
behavior of the function for the case t¼ 5000 Pa, we do not provide
figures for the same. We use the same values for the constants and
other parameters as in case (b). We observe that for an ample range
for Tyy the behavior of g(Tyy) is such that we have only one solution
for (64). In Fig. 10 we see the behavior of Tyy(x) for this constitutive
equation when t¼ 0.

4.2. Problems in polar coordinates

Let us consider the simplified case when F¼jðrÞ in (17), then
Trr ¼ ð1=rÞdj=dr, Try ¼ 0, Tyy ¼ d2j=dr2 and so

Tyy ¼ Trrþr
dTrr

dr
, ð65Þ

which is equivalent to the well-known equation dTrr=dr¼

ðTyy�TrrÞ=r. We assume now that the stress depends only on the
radial position. In this case the invariants IT and IIT (6) also depend
on the radial position and so g0 ¼ g0ðrÞ, g1 ¼ g1ðrÞ and g2 ¼ g2ðrÞ.
From (5) and the above results for the components of the
deformation tensor we have

err ¼ g0ðrÞþg1ðrÞTrrðrÞþg2ðrÞTrrðrÞ
2, ð66Þ

eyy ¼ g0ðrÞþg1ðrÞTyyðrÞþg2ðrÞTyyðrÞ
2, ð67Þ

while ery ¼ 0. For the above components, Eq. (16) becomes
r2d2eyy=dr2þ2rdeyy=dr�rderr=dr¼ 0, which is equivalent to

r
deyy
dr
þeyy�err ¼ c where c is a constant: ð68Þ

For the linearized case where g0 ¼�ðn=EÞðTrr�TyyÞ and
g1 ¼ ð1þnÞ=E, the solution of (68) is simply TrrðrÞ ¼ ðcE=2Þ
lnrþc0þc1=r2.

Let us next consider the non-linear case. Now, the invariants
(6)1,2 are

IT ¼ TrrþTyy ¼ 2Trrþr
dTrr

dr
, IIT ¼ TrrTyy ¼ Trr

d

dr
ðrTrrÞ: ð69Þ

On substituting (60), (67) in (68), a lengthy but straightforward
calculation leads to the following non-linear ordinary differential
equation:

r2g1

d2Trr

dr2
þ2r2g2Trr

d2Trr

dr2
þ2r3g2

dTrr

dr

d2Trr

dr2

þ r2 dg1

dr
þ3rg1

� �
dTrr

dr
þ 2r2 dg2

dr
þ6rg2

� �
Trr

dTrr

dr

þ r3 dg2

dr
þ5r2g2

� �
dTrr

dr

� �2

þr
dg1

dr
Trrþr

dg2

dr
T2

rrþr
dg0

dr
¼ c:

ð70Þ

We can see that it is highly unlikely that we can obtain an explicit
analytical solution to the above non-linear equation.

Let us consider the two constitutive equations (9) and (10) for
the above problem. We do not study the constitutive equation (a)
since there is not much to do when one has to deal with a general
function f(IT).

Model (b): For this case, by virtue of (9) and (69) we have

g0 ¼ a 1�
1

1þb 2Trrþr
dTrr

dr

� �� �
8>><
>>:

9>>=
>>;, ð71Þ

g1 ¼
agffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þi 2Trrþr
dTrr

dr

� �2

�2Trr Trrþr
dTrr

dr

� �" #vuut
: ð72Þ

The numerical solution of (70) is depicted in Fig. 11.
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For this problem, as well as in the next case, we use a¼ 10�3,
b¼ 10�3 Pa�1, g¼ 10�1 Pa�1 and i¼ 1 Pa�2. The body under
consideration is a thin circular plate with a circular hole at its
centre. The inner and outer radii are 0.1 and 1 m, respectively, and
we are applying a radial tension on the outer surface of the plate,
while the inner surface is free of stress. The tension applied on the
outer radius is 2 Pa. When the external load is, for example, 1000 Pa
the numerical scheme for (70) using (71) and (72) does not
converge (considering that in Section 4.1, when working in
Cartesian coordinates we considered an external load of
5000 Pa). This difficulty with regards to obtaining a meaningful
numerical solution which converges has important ramifications,
especially if we intend to use (9) in more complex two-dimensional
or three-dimensional problems.

Model (c): When we consider the constitutive equation (10) we
obtain that

g0 ¼ a½1�e�bð2Trr þ rdTrr=drÞ�, ð73Þ

g1 ¼
ag

1þi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Trrþr

dTrr

dr

� �2

�2Trr Trrþr
dTrr

dr

� �s2
4

3
5

, ð74Þ

and the numerical solution of (70) is portrayed in Fig. 12.
The boundary value problem that is solved is the same as in (b),

and the numerical values of the different constants in (73) and (74)
are the same. In this problem, as in the previous case, we had the
same numerical problems working with ‘large’ loads at the outer
radius, and this is the reason we considered an external radial load
of 2 Pa for the outer surface of the plate, and the stress free state for
the inner surface. From Figs. 11 and 12 we can notice the behavior
of Trr is very similar for the models (b) and (c).

4.3. An example of non-uniqueness

It has been mentioned that for the class of materials described in
this paper non-unique solutions are possible. No non-unique
solutions were found so far with the examples of constitutive
functions (8)–(10) with regard to the previous boundary value
problems, and so in this section we would like to show this feature
with a different specific example. Let us consider Eq. (5) for the
particular case of model (d) presented in (11). Let us consider the
non-homogeneous stress distribution described in Section 4.1.
From (11) and (60) we have g0 ¼�aTyy, g1 ¼ b and g2 ¼ g. As a result
(59) becomes

gT2
yyþðb�aÞTyyþgt2�c1x�c0 ¼ 0, ð75Þ
which is a quadratic equation for Tyy with two solutions

TyyðxÞ ¼
1

2g
½a�b7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�aÞ2�4gðgt2�c1x�c0Þ

q
�: ð76Þ

An interesting question is: What happens when ðb�aÞ2�4g
ðgt2�c1x�c0Þo0? Depending on the values of a, b, g and t, and
also on the boundary conditions, we might have a situation where
there could be no solution for the problem, if the above inequality
holds for some x.

If we assume the boundary conditions Tyy(0)¼Tyy(A)¼T0, then
for the two solutions (76) we have c0 ¼ gðT2

0�t2ÞþT0ðb�aÞ and
c1¼0. This case would be interesting since c1¼0 means Tyy would
be constant with respect to x.

Finally, let us study the additional boundary condition Tyy(0)¼0,
Tyy(A)¼T0. In such a case for both solutions (76) we have c0 ¼ at2

and c1 ¼ ðT0=AÞð�aþbþgT0Þ.
5. Final remarks

In this paper we have studied some very simple homogeneous
and inhomogeneous deformations concerning a new class of elastic
bodies within the context of boundary value problems that depend
on one spatial variable. This new class of elastic bodies hold much
promise in the field of fracture mechanics and crack propagation as
the strains that come into play are always small, a value that can be
fixed a priori. The reason for looking at such simple problems that
depend on one space variable is because we expect the non-linear
constitutive relations to lead to governing equations that are very
daunting. As expected, even in the case of the simple problems that
we have considered, we found that the solutions are quite counter-
intuitive. It is possible to find solutions to the case of simple
uniaxial extension, where the strain varies non-monotonically
with respect to the stress. We also found non-unique solutions
within the context of other boundary value problems that we
studied. The problems that we have studied portend several
numerical challenges for problems in two and three dimensions
for we could not obtain convergence when, for instance, the loads
are reasonably large, even within the one-dimensional context.

The solutions that we found, in of themselves, offer some very
interesting insights. We find that there are regions of concentration
of strain gradients with respect to the stress, i.e., strain boundary
layers. They are qualitatively markedly different from the solutions
that are obtained in the case of linearized elastic solids. In view of
the potential of the new class of models offering the possibility of
resolving the inherent contradictions within the classical linear-
ized elastic model in problems involving singular stresses, a more
systematic and detailed study of two- and three-dimensional
problems within the context of such models is warranted.
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