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Abstract We study the probabilistic evolution of a birth and death continuous time
measure-valued process with mutations and ecological interactions. The individuals
are characterized by (phenotypic) traits that take values in a compact metric space.
Each individual can die or generate a new individual. The birth and death rates may
depend on the environment through the action of the whole population. The offspring
can have the same trait or can mutate to a randomly distributed trait. We assume that
the population will be extinct almost surely. Our goal is the study, in this infinite
dimensional framework, of the quasi-stationary distributions of the process condi-
tioned on non-extinction. We first show the existence of quasi-stationary distributions.
This result is based on an abstract theorem proving the existence of finite eigenmea-
sures for some positive operators. We then consider a population with constant birth
and death rates per individual and prove that there exists a unique quasi-stationary
distribution with maximal exponential decay rate. The proof of uniqueness is based
on an absolute continuity property with respect to a reference measure.
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1 Introduction and main results
1.1 Introduction

We consider a general discrete model describing a structured population with a micro-
scopic individual-based and stochastic point of view. The dynamics takes into account
all reproduction and death events. Each individual is characterized by an heritable
quantitative parameter, usually called trait, which can for example be the expression
of its genotype or phenotype. During the reproduction process, mutations of the trait
can occur, implying some variability in the trait space. Moreover, the individuals can
die. In the general model, the individual reproduction and death rates, as well as the
mutation distribution, depend on the trait of the individual and on the whole popula-
tion. In particular, cooperation or competition between individuals in this population
are taken into account.

To precise these notions let us introduce some notation. For a topological space
A we denote by B(A) the Borel o-field, by P(A) the set of probability measures on
(A, B(A)) and by M(A) the set of (positive) measures on (A, B(A)).

In our model the set of traits T is a compact metric space with metric d. For conve-
nience we assume diameter(T) = 1. The structured population is described by a finite
point measure on T. Thus, the state space, denoted by A, is the set of all finite point
measures which is a subset of M(T).

In all what follows, the set A will be endowed with the Prokhorov metric which
makes it a Polish space (complete separable metric space). This metric induces the
weak convergence topology for which A is closed in the set of finite positive measures
(See for example [7, Chapter 7] and “Appendix”).

A configuration 1 € A can also be described by (, : y € T) withn, € Z; =
{0, 1, ...}, where only a finite subset of elements y € T satisfy n, > 0. The finite set
of present traits (i.e., traits of alive individuals) is denoted by

(n={yeT:n >0}

and it is called the support of 7, its cardinality is denoted by #7. We denote by ||| =
> 1y the total number of individuals in 7. The void configuration is denoted by
yeln
n = 0, hence #0 = [|0| = 0 and we define A" := A\ {0} the set of nonempty
configurations with the induced topology.
The structured population dynamics is given by an individual-based model, taking
into account each (clonal or mutation) birth and death events.
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Quasi-stationary distributions for structured birth and death 193

The clonal birth rate, the mutation birth rate and the death rate per individual with
trait y in a population n € A, are denoted respectively by by (1), my (1) and A, (1). The
total reproduction rate for an individual with trait y € {1} is equal to by (n) + my(n).
We assume Ay (0) = by(0) = m(0) = Oforall y € T, which is natural for population
dynamics. In what follows we assume that the functions

Ay(m), by(m), my(n) : T x A0 R4+ are continuous and strictly positive. (1)

We notice that A,(n), by(n), my(n) do not necessarily vanish when n, = 0. This
is not a problem because in the transition rates what matters are the quantities
NyAy(m), nyby (M), nymy(n).

Let o be a fixed non-atomic probability measure on (T, B(T)), whose support
coincides with T. The density location function of the mutationsis g : T x T :—
Ry, (v,2) — g(y, z), where g(y, -) is the probability density of the trait of the new
mutated individual born from y. It satisfies

/g(y, 7)do(z) =1  forall yeT.
T

We assume that the function g is jointly continuous. To simplify notations we express
the mutation part using the location kernel G(n, z) : A x T — R given by

Ve AVz e T, Gn.2)= D nymy(ng(y.2).
yein}

Note that the ratio G (17, 2)do (z)/ 1 G(n, z')do (2) is the probability that, given there
is a mutation from 7, the new trait is located at z. The function G is continuous on
A x T under condition (1) (see Lemma 2.6 below).

We define a continuous time pure jump Markov process Y = (Y;) taking values on
A using the above transition rates.

We denote by Q : A x B(A) — Ry, (n, B) —> Q(n, B), the kernel of measure
jump rates given by

o B = > abm+ S naG+ / G(n, 2)do ().

ye{n}.n+d,€B y€{n},n—d6,€B n+8.€B

To simplify notation, sometimes we use Q(n, ') = Q(n, {n'}).
The total jump rate Q () = Q(n, A) at configuration 7 is always finite and given
by

Q) = D (yby () + nydy(n) + nymy(n))
ye{n}

The construction of this process Y with cadlag trajectories is the canonical one.
Namely, assume that the process starts from Yy = 5. Then, after an exponential
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time of parameter Q(n), the process jumps to n + &, for y € {n} with probability
nyby(n)/Q(m), or to n — 8, for y € {n} with probability n,A,(n)/Q(n), or with prob-
ability density G(n, z)/Q(n) (w.r.t. o) to a point  + §; for z € T \ {n}. The process
restarts independently at the new configuration.

The process Y can have explosions. We will avoid explosion assuming throughout
the paper that

sup sup (by(n) + my(n)) < oo. ()
neA ye{n}

This condition also guarantees the existence of the process (¥; : ¢ > 0) as the unique
solution of a stochastic differential equation driven by Poisson point measures. This
is proved in Sect. 2 following [11,5]. In order to control the martingale properties of
(Y:), we will assume there exist p > 1 and ¢ > 0 such that

Vi€ A:supiy(n) <clnll?. (€)
yeT

Since Q(0) = 0, the void configuration is an absorbing state for the process Y. We
denote by

Jo=inf{r >0:Y, =0}

the extinction time. We will make later on further assumptions ensuring that the process
almost surely extincts when starting from any initial configuration:

Vne A:Py(% <o) =1.

So, in our setting we assume that competition between individuals, often due to the
sharing of limited amount of resources, leads the discrete population to extinction with
probability 1. Nevertheless, the extinction time % can be very large compared to the
typical lifetime of individuals, and for some species one can observe fluctuations of the
population size for large amounts of time before extinction ([18,17]). To capture this
phenomenon, we work with the notion of quasi-stationary measure, that is the class
of probability measures that are invariant under the conditioning to non-extinction.
This notion has been extensively studied since the pioneering work of Yaglom for
the branching process in [23] and the classification of killed processes introduced by
Vere-Jones in [22]. The description of quasi stationary distributions (q.s.d.) for finite
state Markov chains was done in [6]. For countable Markov chains the infinitesimal
description of q.s.d. on countable spaces was studied in [16] and [21] among others,
and the more general existence result in the countable case was shown in [10]. For
one-dimensional diffusions there is the pioneering work of Mandl [13] further devel-
oped in [4,14,19] and for bounded regions one can see [ 15] among others. For models
of population dynamics and demography see [2,12] and [3].
Let us recall the definition of a quasi-stationary distribution.
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Quasi-stationary distributions for structured birth and death 195

Definition 1.1 A probability measure v supported by the set of nonempty configura-
tions A~? is said to be a q.s.d. if

VB € B(A™%) :P,(Y, € B|.% > 1) = v(B),

where B(A™9) is the class of Borel sets of .A~% and where as usual we put P, =
[ Pydv(n).
A—O

When starting from a q.s.d. v, the absorption at the state 0 is exponentially distributed
(for instance see [10]). Indeed, by the Markov property, the q.s.d. equality P, (Y; €
dn, 7o > 1) = vdn)P,(J > 1) gives

Py(% >t +5) =/Pv(Yz €dn, H>t+s)=Pu(FH >1) [vdnPy (T >s)
-0

A0 A
=P,(% > HP,(FH > s).

Hence there exists 8(v) > 0, the exponential decay rate (of absorption), such that
Vi>0:Py(F>1)=e 70, 4)
In nontrivial situations as ours, 0 < P, (%) > t) < 1 (fort > 0),then0 < 0(v) < oc.
We deduce that forall6 < 6(v), E, (69‘%) < 00. S0, forall & < 6(v), v almost surely
in n it holds: (e?7) < 00. Then, a necessary condition for the existence of a q.s.d.
is exponential absorption at 0, that is
Ine A 30>0, E, ") <oo. 5)

This condition is equivalent to

IneA 30 >0 3IC>0, P (H>1)<Ce ', Vi=0.

1.2 The main results
Let us introduce the global quantities

Ay = liminf inf inf A, (n).
* TR eno el
lInll=k
' =limsup sup sup (by(n) +my(n)).
k—oo neA ye{n}
lInli=k

Theorem 1.2 Under the assumptions (2), (3), and

I* < Ay (6)
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there exists a q.s.d. v such that ||Yy| has exponential moments, that is there exists
a > 0 such that

/e“”””v(dn) < 0.

Forallk > 1

o JIieIFvEn)
o) = log(W . (7N

Notice that under the hypothesis (6) and continuity of A, (1) [see (1)] we obtain

inf inf A > 0. 8
neA-0 ye{n} y (1) ®)

Theorem 1.2 is proved in Sect. 4. This proof is based on an intermediate abstract
theorem that shows existence of a finite eigenmeasures for some positive operators
(Theorem 4.2). Note that our result contains the case where the total birth rate per
individual is bounded and the death rate per individual is bounded away from 0 and
grows polynomially for large populations.

In Sect. 5, we will introduce a natural o-finite measure n and show that abso-
lute continuity with respect to u is preserved by the process. We study the Lebesgue
decomposition of a q.s.d. with respect to .

In Sect. 6 we will study the uniform case, which is given by

vy eT,ne A ay() = A, by(n) =b(1 = p), my(p) = bp,
where A, b and p are positive numbers with p < 1. The property (6) reads A > b.
In this case Theorem 1.2 ensures the existence of a q.s.d. with exponential decay rate

A — b. We will prove that this g.s.d. is the unique one with this decay rate, under the
(irreducibility) condition

o@a{(y,z)eT2:gkO(y,z)=o}=o, )

for some fixed integer ko > 1. Here g; denotes the iterated mutation kernel defined
recursively by g1 = g and for k > 1

gk+1(x,y) = /g(x, 2)8k(z, y)do (2).
T

Furthermore, given the weights of the configuration, the locations of the traits under
this q.s.d. are absolutely continuous with respect to o.
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Quasi-stationary distributions for structured birth and death 197

Theorem 1.3 In the uniform case assume that . > b and (9). Then there is a unique
g.s.d. v on A7°, associated with the exponential decay rate = ) — b. Moreover v
satisfies the absolute continuity property,

v(ij € o[ff) < c®*(e).

In this statement, 7 denotes the ordered sequence of the elements of the support {1},
(the compact metric space (T, d) being ordered in a measurable way, see Sect. 2.1),
and

n=@y:yenh (10)
is the associated sequence of strictly positive weights ordered accordingly.

Remark 1.4 1t is an open problem to exhibit, in the general case, a q.s.d. with a non
trivial singular part or to prove that this could not happen.

2 Poisson construction, martingale and Feller properties

Recall that (1) and (2) are assumed. We now give a pathwise construction of the pro-
cess Y. As a preliminary result, we introduce an equivalent representation of finite
point measures as finite sequences of ordered elements.

2.1 Representation of the finite point measures

Since (T, d) is a compact metric space there exists a countable basis of open sets
U; i e N={1,2,...}), that we fix once for all. The representation

R:T—{0,1}Y, 25 R@ =(c:ieN)withe; =1z elUhy)

is an injective measurable mapping, where the set {0, 1}V is endowed with the prod-
uct o —field. On {0, l}N we consider the lexicographical order <; which induces the
following orderon T : z < 7/ & R(z) <; R(z'). This order relation is measurable.
The support {n} of a configuration 7 can be ordered by < and represented by the
tuple 7 = (31, ..., y#,) and the associated discrete structure isn = (k) = ny, :

k € {1,...,#n}). Let us define So(n) = 0 and Si(n) = Z ny fork e {1,...,#n}.

Observe that Sy, (n) = ||n||. Itis convenient to add an extra topologlcally isolated point
d to T. Now we can introduce the functions H' : A +— T U {9} given by H(5) = 9
foralln € Aand fori > 1

Hi(p) = Y ifi € (Sg—1(n), Sk(n)] for k < #n '
0 otherwise
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198 P. Collet et al.

The functions H' are measurable. We extend the functions b, A and m to 9 by putt-
ing by(n) = ry(n) = my(n) = O for all n € A. The functions H' will be used to
enumerate in a measurable way all the individuals in the population.

2.2 Pathwise Poisson construction

Let (€2, F,P) be a probability space in which there are defined two independent
Poisson point measures:

e Mi(ds,di,dz,df) is a Poisson point measure on [0, 00) x N x T x RT, with
intensity measure ds(> - 8x(di))do (z)df (the birth Poisson measure).

e Ms(ds,di,d0) is a Poisson point measure on [0, co) x N x RT, with the intensity
measure ds (D~ 8k (di))dO (the death Poisson measure).

We denote (F; : ¢t > 0) the canonical filtration generated by these processes.

We define the process (Y; : t+ > 0) as a (F; : t > 0)-adapted stochastic process
such that almost surely and for all + > 0,

Yt = Y() + / 1{i§|‘YS7H} <8HI(YS—)1{0§bHi(y )(YS—)]
[0,/]xNxTxR+ -
5,1 d
+ 0y {bH,.(YH(Yﬁ)fesb,,,-(YH(YS,)JFmHI-(st)(Yﬁ)g(Hz(Yy),z)] ]
x My(ds, di, dz, d6)

- / Spri (v, ) 1{isunfu}1{9ﬂm(y )(Yk)}Mz(ds,di,dQ). (11)
[0,f]xNxR+ ”

The existence of such process is proved in [11], as well as its uniqueness in law. Its
jump rates are those given in Sect. 1.1 so this process has the same law as the process
introduced in Sect. 1.1. In particular, the law of Y does not depend on the choice of
the functions H' neither on the order defined in Sect. 2.1.

Observe that the process ||Y|| is dominated everywhere by the birth process Z
solution of

Z; = Yol + / Li<yz,_mnlio<cyM1(ds, di, dz, d9), (12)
[0,/ ]xNxTxR+
where
C* = sup sup (by(n) +my(n)). (13)
neA ye{n}

This means that almost surely || Y;|| < Z;.
We will use below the standard notation,

VK e N: Ty =inf{t >0: W > K}, (14)

@ Springer



Quasi-stationary distributions for structured birth and death 199

for a real process W. We shall use the notation Tlg instead of TIQY“. The following
results are consequences of the above domination.

Proposition 2.1 Forany n € A, any p > 1, there exist two positive constants ¢, and
by, such that for all o > 0

b
E,( sup [|¥]17) < ¢, e’ < oo,
tel0,10]

We refer to [11] for the proof.

Lemma 2.2 Foranyt > Oandanyn € A~°, there is a numberc = c(t, ||n|) € (0, 1)
such that,

VK > |In| : Py (T,¥ < t) < Py (T,? < t) <clemek, (15)

Proof Since ||n|| < K then T,g > T,g almost surely. Therefore, for any + > 0, and
any n € A0

Py (ng < f) < Py (TI? = f) :
For a pure birth process (see for example [9]) we have
By (T4 <1) =By (2 = K) = i ( m =1 ) e~CInle (1 — e—C*’)m_”"”
I\t = [l = Il — 1 ’
m=K
where C* was defined in (13). The result follows at once from this estimate. O

Let us introduce the following notation for any integer m > 1

_ 1
bm)=sup — > 0y (by(n) +my(m)
O<|Inll<m m ye{n)

and

A(m) = inf inf A,(n).
Inl=m yelm >

Note thElt from (2), continuity of the rates, and compactness of T, we have
sup,,>1 b(m) < oo. Moreover, if (8) is satisfied, we have inf,, A(m) > 0. More
precisely we have the following result.

Lemma 2.3 Under the hypothesis of Theorem 1.2, we have

limsupb(m) < I'* < A, = liminf A(m). (16)
m-—0o0

m— 00
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Proof By definition of A, and (6) we need only to prove the first inequality. By defi-
nition of I'*, for any € > 0, there exists an integer K (¢) such that for any k > K (¢)
we have

sup sup (by () +my () < T* +e.
Inll=k ye{n}

Therefore for m > K (¢)

_ 1
bim) < sup  — >y (by(m) +my ()
0<[nll<K(e) ™M ye{n}

1
+osup by () + my ().
K(@©=llnll<m ™ 25,

This implies
limsupb(m) < T* +e.
m—0oQ
Since this holds for any € > 0 the result follows. O

In the next result we shall need the use of X = (X, : ¢t > 0), a birth and death process
on Z; = {0, 1, ...} absorbed at 0, with individual birth rates (b(m) : m > 1) and
individual death rates (A(m) : m > 1). This means P(X;1p, = m + 1|X; = m) =
mb(m)h+o(h) andP(X, 1, = m—1|X, = m) = mA(m)h+o(h),form > 1. We will
prove that this birth and death chain X is exponentially absorbed. On the other hand it
is easy to see that irreducibility implies that the condition of exponential absorption of
a birth and death process does not depend on the initial state, and that the exponential
absorption is uniform, namely

30 >0, E, ("% ) <o0, Vn>0,

where ;¥ = inf{r > 0: X, = 0}.

Lemma 2.4 Under the hypothesis of Theorem 1.2 the process ||Y || is exponentially
absorbed. Moreover, we have uniform absorption in the sense that

30 >0, E, () <00, VpeA™

Proof We will show that ||Y|| is dominated by X, and X is exponentially absorbed.
We introduce a coupling on the subset _# of A x N defined by

I ={n,m) e AxN:|n|l <m}.
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The coupled process is defined by the nonzero rates

J(nv msn+8yvm+]) =77yby(77)1 y € {77}7
Jm,m;n+38,,m+ 1)do(z) = G(n,2)do(z), z ¢ {n},

T, msn,m+1) =mb(m) — > ny(by() +my®)),
vein}
J(n,m; =8y, m — 1) = Am)nyLypj=m, y € {n},
J(n,m;n =8y, m) =1y (hy() = L) Lyyi=m), ¥ € {n},
Jm,m;n,m —1) = mi(m) Ly <m,
J(0,m;0,m + 1) = mb(m),
J(O,m;0,m — 1) = mAr(m).

It is immediate to check that the marginals of this process have, respectively, the laws
of Y and X. On the other hand when the coupled process starts from _¢ it remains in
J forever, so the domination follows.

From the coupling the lemma will be established as soon we prove X is exponen-
tially absorbed.

In the sequel Exp[q] denotes the distribution of an exponential random variable
with mean 1/q. Also we putg; = b + A; foralli > 1.

We claim that starting from any k the time of first visit to k — 1 has exponential
moment, that is there exists 6; > O such that Ek(eggk)ﬁl) < oo for all & < 6, where
ﬂk’f | = inf{t > 0 : X; = k — 1}. This proves that %X has exponential moment,

starting from any k because Ei(e”70 ) = szk E;(e””=') which is finite for all
0<6<min{f;:j=1,...,k}
The condition (16), namely lim sup b(m) < lim inf A(m), implies there exists ig
m—0Q

m—00
such that for i > i

0< E;-k < A,; Wwhere l_J;-k =supb;, A

1>

- =inf ),.
k[ I>i 2

From the results in [21], there exists §; > A,; — E? > 0 such that
Eir1(%7") < oo.

Therefore the claim is proved for i > iy. The desired property will be proved by
induction on k = igp,ip — 1, ..., 1.
Assume that for k < i( there exists 6; such that Ek+1(e9k ykx) < 00. We shall

prove, from this fact, the existence of 6;y_1; > 0 such that ]Ek(eg’“”zc)ﬁl) < 00. This
will be done by studying the sequence of times of successive visits to k, starting from
k, before to visit k — 1. Let (E,, : m > 1) be a sequence of i.i.d. random variables
with common distribution Exp[g,]. These random variables represent the time spent
at k in each successive visit.
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On the other hand consider (L,, : m > 1) be a sequence of i.i.d. random vari-
ables, where the common distribution is the one of the hitting time at k, under Py 1.

We also take them independent from (Ej,). The last ingredient we need is M, a

random variable geometrically distributed with parameter 0 < € = % < 1, that is,

P(M = m) = (1 —e)e™ forallm € Z.. M represents the number of excursions from
k to k, previous to visit k — 1 for the first time. We also take M independent from

(Em)ms (Lm)m-
It is straightforward to show that under Py

M M—1 M
%{1 ~ zEm + Z Ly < Z(Em + Ly).
m=1 m=1

m=1

Hence we obtain for any 6 > 0
X > m
07 < 3 () o
m=1

We notice that for 0 < 8 < 6x A g, one has E(e? E1+L1)) < 00. From the monotone
convergence Theorem we have

limE(?E+L0y = 1,
610
Therefore, there exists 6;_; > 0 such that forall 0 < 6 < 6;_;
O(E1+L1) 1
E("1TV) < —

Ok—1. 7%

and then Ey (e 1) < 0o. As previously mentioned the result follows by induction.

O

2.3 Martingale properties
The process Y is Markovian and we describe its infinitesimal generator L, in a weak

form, using related martingales. Given f : A — R, ameasurable and locally bounded
function with f(0) = 0, we define Lf as

LE() = D nyby)(f(n+8y) — ()

ye{n}

+ > nymy(n) / (f+8) = F)g(y. 2)do (2)
ye{n} T

+ >y (D(F O = 8y) — f()). (17)
ve{n}
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Proposition 2.5 Assume (2) and (3). Let f : Ry x A — R be a measurable function
such that for any & € A the marginal function f (-, &) is continuously differentiable.
We assume f(-,0) = 0 and we take Yo = 1.

(1) If for any ty = 0 we have for some finite C(ty) and any n

sup | £, mI+10, £, m| < Cto)(A + [nlI”™),

0<r=<1y

then
t
=//4f =: f(t,Y) — f(0,n) — /((%f(s, Y) + Lf(Ys))ds
0

is a cadlag (F; : t = 0)-martingale.
(1) If the functions f, ds f are assumed to be continuous, or more generally locally
bounded, then .#7 is a local martingale and the process (///;YM t>0)isa
N
martingale.
Proof Let us first prove (i) for f with compact support. Using (11) we get for all
t>0

t

F@.Y) = £O.n) — / 8, f (s, Yo)ds = D (f (s, Yom + (Ys — Y,0)) — f(5. ¥,2))

0 s<t
= / Li<yv,_i [(f(S’ Yoo +8picy, )
[0,/ ]xNxTxR+
— Y, )1 ,
fis.%:0) {0=byi oy, eI (Vo). 0]

+(f (s, Ys— +8,)— f(s,Ys-)) 1{ }]Ml(ds, di,dz, do)

O<m iy (Vo8 (HI(Y,0).2)
b [ (Pt s - F Y
[0,/]xNxR+
x M (ds, di, d9),

1
) [i=1¥e0 =iy, o)

where both integrals belong to L' (P;). Compensating each Poisson measure, using
Fubini’s Theorem, and the fact that f'[r g(y,7)do(z) = 1, we obtain

1
f@. Y = fQ0,n) - /(asf(s, Yy) + Lf(Yy))ds
0

is a martingale. The rest of the Proposition is proved by localization arguments, justi-
fied by Proposition 2.1. O
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2.4 Feller property of the semi-group

Let us start with a general smoothness result needed later on.

Lemma 2.6 Let F : AXxTxT — R be a continuous function on T. Then the function
F defined on A x T by

F, =D Fn,y, 2y,

ye{n}
is continuous.

Proof Letn, 7 € Aand z,7 € T. Thus

|F(n,2) = F@, ) < D 1F(, y,2) = F(n, y,2)ny
ye{n}

+ Z |F(777 y:Z/)_F(ﬁv YvZ/)My
yein

+ DLy —iF, v, )|
ye{niuli}

Since T is a compact set, it is immediate that the two first terms are small if z is
close to 7/ and 7 close to 7. If 77 is in a small enough neighborhood of 7, these two
atomic measures have the same weights, and the corresponding traits are close. In
particular, 77 belongs to a compact set, and the smallness of the last term follows by
the equicontinuity and boundedness of F on compact sets. O

Let N = (N, : 1 > 0), where A is the number of jumps of the process Y up to time
t. We shall prove by induction the following result.

Lemma 2.7 Assume that f : Ry x A — Ris a bounded continuous function. Then
forallm > 0

t.n) — E,(f(t, Y), Ny = m)

is a continuous function.

Proof Denote by j = ||n|| and n = m + j + 1. Observe that because of (1)

Vk = 1, Q1 (k) = sup{Q(n) : |Inll =k} < oo. (18)

We first prove the continuity on time. For this purpose, we assume that 0 < u <t <ty
where ¢, u are close and ¢ is fixed. From

f(ta Yt) = f(ta YM)IM=NM + f(tv Yl)l_/\/‘[;é,/\/'u
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Quasi-stationary distributions for structured birth and death 205

we find [recall the notation (18)],

”Eﬂ(f(t? Yl)vM = m) - Efl(f(ua YM)’Ml = m)|
= sup [f(1,8) = fu, O+ NfI1Q+m~+ )t —u)+ ot —u)),

I§l<j+m

where || f|| is the uniform norm of f. Since the set {§ : ||| < j + m} is compact,
it follows from the uniform continuity of f on compact sets that the first term on the
r.h.s. is small if | — u| is small. Hence the result follows.

Soin what follows we consider thatt = u and we prove continuity on . We will do it
by induction onm. Inthe case m = 0, wehave E, (f(, ¥;), N; = 0) = f(t, n)e~ 2!
which is clearly continuous on 1. Now we prove the induction step, so we assume that
the statement holds for .z and all continuous functions f. We have

t
E,(f(t, Y. Ny = m+1) = /(Al(n, Mot —$) + As(rm, t —s)
0

+Az(m,m, t — s))e s gg,

where

ArGrm.t =) =D nyby(NEyys, (f(t = 5. Y1), Ni—s = m)

yen

Ay(pom.t =) = D nyhy By s, (f(t =5, Yi—s), Niy = m)
yen

As(n,m,t —s5) = /Enwz(f(t -5, Y9), Ni—s =m)G(n, 2)0 (d2).
T

From the inductive assumption and Lemma 2.6, it is immediate that the functions
A1, Ay and A3 are continuous in (¢, 7). We conclude by the dominated convergence
Theorem since f is bounded. O

Proposition 2.8 Let f : Ry x A — R be a bounded continuous function. Then

(t3 T)) g E?’](f(tv Yl‘))

is a continuous bounded function. In other words, the process (Y;) has the Feller
property.

Proof 1Tt is easy to verify that if the process starting from 1 has M > ||n|| jumps up
to time ¢ > 0 then there are at least (M — ||n||)/2 birth or mutation events up to
time 7. Hence, Z; > (M + ||n||)/2, where Z is the pure birth process defined in (12),
starting from Zy = ||n||. Using (15), we obtain that for each n € A, t > 0, there exists
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206 P. Collet et al.

1 > a =af(t, ||nll) > 0 such that for any positive integer M > ||n||,

P, (Th < 1) =Py N 2 M) < Pyyy (Ze = (M + [nl)/2)

VA -1 —aM
= Py (T<M+unn>/2 = ’) <a" e

Assume that 1’ is close to n (such that ||| = ||7||) and consider u, ¢ close and smaller
than #( fixed. Then for K > ||n| we have

IE,(f(t, Y) — By (fu, o) < 2[ flla e ek

K
+ DBy (f (2, Yo, Ny =m)

m=0

=By (f u, Yi), Ny = m)|.

The result follows by taking a large K and using Lemma 2.7. O

3 Quasi-stationary distributions
3.1 The process killed at 0

Let us recall that the state O is absorbing for the population process Y. We have
moreover assumed in (4) that the population goes almost surely to extinction, that
is P(% < oo) = 1. This is in particular true if A, > T'*. Our aim is the study of
existence and possibly uniqueness of a q.s.d. v, which is a probability measure on A ="
satisfying P, (Y; € ¢|. %) > t) = v(e). Let us now give some preliminary results for
q.s.d.

Since by condition (6), the process Y is almost surely but not immediately absorbed
then its exponential decay rate satisfies 0 < 6(v) < oo. Since 0 is absorbing it holds
P,(Y; € B) =P,(Y; € B, % > 1) for B € B(A™). So, the q.s.d. equation can be
written as,

VB € BA™Y), v(B)="V'P,(Y, € B). (19)
Recall that a necessary condition for the existence of a q.s.d. is exponential absorption
at 0 [see (5)].

Let (P, : t > 0) be the semi-group of the process before killing at 0, acting on the
set Cp(A™9) of real continuous bounded functions defined on A~°:

Vne A0 VF e Ch(A™") (P Y = Ep(f(Yr), To > 1).

Let us observe that for any continuous and bounded function 4 : 4 — R and for any
n € A0, we have

Ey(h(Yr) = Ey(h(Yr), o > 1) + h(O)P, (T < 1).
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Quasi-stationary distributions for structured birth and death 207

In particular, if 2(0) = 0, we get E,(h(Y;)) = E,(h(Y;), Jp > 1).
We denote by P: the adjoint semi-group acting on the space of positive measures
M(A79). It is defined trough the formula

Plu(f) = v(P f),

for any v € M(A~°) and any positive measurable function f (or equivalently for all
f e Cp(A™).

From relation (19) we get that a probability measure v is a g.s.d. if and only if there
exists & > O such that forall r > 0

v(P f) = e "v(f),

holds for all positive measurable function f. Then v is a g.s.d. with exponential decay
rate 0 if and only if it verifies

Vi>0:Pv=e""0. (20)

3.2 Some properties of q.s.d

Let us show that the existence of a q.s.d. will be proved if for a fixed strictly positive
time, the eigenmeasure equation (20) is satisfied.

Lemma 3.1 Assume there exists o € P(A) and B > 0 such that PlJf D = B7. Then
B < 1 and there exists v a q.s.d. with exponential decay rate 6 := —log > 0.
Proof First note that for all n € A™" we have P,(% > 1) < 1. Hence B =
Ple)(.A*O) =P;(F% > 1) < 1,500 := —log B > 0. We must show the existence of
v € P(A~9) such that P:v =e¢ %y forall t > 0. Consider,

v= [ " Plids.

o _

Fort € (0, 1) we have

1
J AR / e’ P:Jrsf)ds =

t

S — -

1
e’ P,TJrSdes + / e’ P;Hids
1—t

14+t
AU PGy + / U PISduy
1

~—__ ©
-

1 t
= e_et/eguPJﬁdu + 6_9'/60”69 PJPlTTJdu =0,
t 0

@ Springer



208 P. Collet et al.

Fort > 1wewritet =n+r withO <r < 1 and n € N. We have

Plv="PPlv=p8"Pv=e"e"0) ="

Note that

Py(% <1t)

— .
O(w) = lim —(1 —P,(9 > 1)) = lim
t—>0t 1 t—>0+ t

In the next result we give an explicit expression for the exponential decay rate asso-
ciated to a g.s.d. We will use the identification between the trait y € T and 6, the
singleton configuration that gives unit weight to y.
Lemma 3.2 Ifv € P(A°) is a g.5.d. then its exponential decay rate 0 (v) satisfies
o) = / Q(, 0)v(dn),
Inli=1

where for n = §y we have Q(n,0) = Ay(n).

Proof We will denote by T = inf{r > 0 : ¥; # Yy} the time of the first jump of the
process Y. Fori = 1, 2 we introduce

ai(t) = sup{Pe(F < 1) : |§] =i}.
Consider n such that ||| > 3, then the strong Markov property implies
Py(% =) =Ey(T> < t,Ey, (% =t — T2)) <Ey(Ta <t, By, (J0 = 1)) < a2 (D).

When ||n|| = 2, conditioning on the first jump and using the previous estimate we
obtain

Py(% <t) =E,(t <t,Ey, (% <t —71))
=Ey(t <t Y| = 1.Ey,(% <t —1))
+Ey(r <t, Y| =3, Ey, (% <t —1))
<Pyt < Da1() + ax()) = (1 — e~ 2P (a1 (¢) + ax (1))
< (1 —e ) (a) + ax(0)),

where Co = max{Q (&) : ||§|| = 2} < oo. Hence we deduce that

ar(t) < (9" = Dar(0).
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Quasi-stationary distributions for structured birth and death 209

On the other hand, if ||n|| = 1 we have
Py <0) <Pyt <) =1-¢20 <1,

where C1 = max{Q(§) : ||| = 1} < oo. In particular we deduce that a;(t) = O(¢).
Collecting all these facts we deduce

a(t) = 0(t?).

Now, if ||n]| = 1 we get

Q(n,0)
Py(r <1) Q]Zn) <Py(% =<1)
=Pyt =% <t)+E )t <t,|[Yz] =2,Ey, (% <t — 1))
<Pyt <01 QQ(T&?) +ax(1).

Given that P, (t < 1) = 1 — e~ 2™’ we deduce

BT =0) [Q(n,m if fInll = 1
t—0 t

i . )
0 otherwise

and the uniform bound: forall n € A% and all 7 > 0

By(Jh<0) _ (P D1 —e O 1

t t t

Finally from the q.s.d. equation we have fIP’n(% > )dv(n) = e ™" and then
f P, (% < tdv(n) =1 — e~ W The result follows from the Dominated Conver-
gence Theorem. O

4 Proof of the existence of q.s.d

In this section we give a proof of Theorem 1.2. The proof is based upon a more general
result, Theorem 4.2, which shows that for a class of positive linear operators defined
in some Banach spaces, whose elements are real functions with domain in a Polish
space, there exist finite eigenmeasures. We show Theorem 1.2 in Sect. 4.2. For this
purpose we construct the appropriate Banach spaces and the operator, in order that the
eigenmeasure given by Theorem 4.2 is a q.s.d. of the original problem.
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210 P. Collet et al.

4.1 An abstract result

In this paragraph, (X, d) is a Polish metric space. We will denote by Cp,(X) the set of
bounded continuous functions on X. This set becomes Banach space when equipped
with the supremum norm. We will also make the following hypothesis.

Hypothesis ¢ There exists a continuous real function ¢, on (X, d) such that

A 2= 1.
6 Forany u > 0, the set (p{l([O, u]) is compact.

It follows from 73 that if (X', d) is not compact, there is a sequence (x; : j € N) in
X such that limj_ o0 2(x;) = 0.

Before stating the main result of this section we state and prove a lemma which
will be useful later on.

Lemma 4.1 Let v be a continuous nonnegative linear form on Cp(X). Assume there
is a positive number K such that for any function ¥ € Cp(X) satisfying 0 < ¢ < ¢o,
we have

v(y) < K.

Then there exists a positive measure v on X such that for any function [ € Cp(X)

v = [ sav.

Proof Let Co(X) be the set of continuous functions vanishing at infinity. Let @ be a
real continuous non-increasing nonnegative function on R™. Assume that o = 1 on
the interval [0, 1] and @ = 0 on [2, co). For any integer m, let v, be the continuous
positive linear form defined on Cy(X’) by

U (f) = v(@ (92/m) ).

This linear form has support in the set ¢, ! ([0, 2m]) in the sense that it vanishes on
those functions which vanish on this set. Note also that ¢, ! ([0, 2m]) is compact by
hypothesis 773. Therefore it can be identified with a nonnegative measure v,, on X,
namely for any f € Cp(X) we have

()= [ fdva.
We now prove that this sequence of measures is tight. Let # > 0 and define the set
Ky = 93" (10, u).
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Quasi-stationary distributions for structured birth and death 211

Again, by hypothesis .73, for any u > 0 this is a compact set. We now observe that
1ge <1 — @ (2¢2/u). Therefore,

v (K3y) < vm(1 = @ Qg2 /) = v (1 — @ 2¢2/u))
= v(@ (p2/m)(1 — @ (2¢2/u))).

We now use the fact that the function gy (p2/m)(1 — @w (2 ¢2/u)) is in Cp(X) and
satisfies

%W(wz/m)(l — @ 2@2/u)) <@ (p2/m)(1 — @ 2e2/u)p2 < ¢2

to obtain from the hypotheses of the lemma that

2 2K
v(@ g2/ m)(1 =@ Qp2/w))) = —v(@ (@2/m)(1 — @ (22/w)g2) = —=.

In other words, for any u > 0 we have for any integer m
2K
The sequence of measures v, is therefore tight, and we denote by v an accumulation

point which is a nonnegative measure on X. We now prove that for any f € Cp(X)
we have v(f) = v(f). For this purpose, we write

v(f) = v(@(p2/m) )+ v((1 — @ (p2/m)) f).
We now use the inequality
@2 = (1 —w(p2/m))g2 = m(l — w(¢2/m)),

to conclude using the hypothesis of the lemma (since (1 — @ (¢2/m))p2 € Cp(X))
that

Kl

m

(1 =@ (@2/m)) )l = v((1 =@ (@2/m)[f) = | fllv(l = @ (p2/m)) <

In other words, we have for any f € Cp(X)

() = v ()] < S
m

From the tightness bound, we have for any f € Cp(X)
lim v, (f) =v(f),
m— 00
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see for example [1], and therefore v(f) = v(f) which completes the proof of the
lemma. o

We now state the general result.

Theorem 4.2 Assume hypothesis 7. Let S be a bounded positive linear operator on
Cp(X). Assume that there exist three constants ¢ > y > 0 and D > 0 such that

S1 > C1l
and for any ¥ € Cp(X) with0 < < ¢
S <ye2+ D.

Then there is a probability measure v on X such that STv = Bv, with g = v(S1) > 0
(ST being the adjoint operator of S). Moreover, we have v(g2) < 0.

Proof In the dual space Cp(X)*, we define for any real K > 0 the convex set Zx
given by

%Kzlvecb(X)*:sz,v(l)zl, sup v(tp)SK],
Y eCp(X),0<¢<¢

Note that by Lemma 4.1, the elements of #k are positive measures.

We observe that for any K large enough the set £k is non empty. It suffices to
consider a Dirac measure §, on a point x € X and to take K > ¢,(x). Since for
any K > 0, #k is an intersection of weak* closed subsets, it is closed in the weak*
topology. Since it is contained in the ball of C,(X)* of radius K, it is compact in
the weak™ topology (see for example [24], Theorem 1 and Corollary, in Appendix to
chapter V).

We now introduce the non-linear operator %7 having domain .#% and defined by

Sty
v(S1)’

U (v) =

Note that since S1 > ¢; > 0, we have v(S1) > c¢jv(1) and this operator % is well
defined on J#. We have obviously % (v)(1) = 1. We now prove that %/ maps %k
into itself. Let ¥ € Cp(X) with 0 < ¢ < ¢». Since

Sy <yg2+D

and obviously

S
0 < sy < 15V
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Quasi-stationary distributions for structured birth and death 213

we get

0=Sy <y@AUSY¥Il/y) + D.
Therefore since the function ¥' = @2 A (||Sv¥||/y) satisfies ' € Cp(X) and 0 <
¥’ < @p. We conclude that for v € #k

) < LPYI*+D
C

From the bound v(y/) < K we get

D
<ZK+=<K

yvWH+D vy
U )(Y) < B

if K > D/(c1 — y). Therefore, for any K large enough, the set £k is non empty and
mapped into itself by % .

It is easy to show that % is continuous on %% in the weak* topology. This follows
at once from the continuity of the operator S. We can now apply Tychonov’s fixed
point theorem (see [20] or [8]) to deduce that %/ has a fixed point. This implies that
there is a point v € %% such that STy = v(SHv. In particular we have v(p2) < 00
and this concludes the proof of the Theorem. O

4.2 Proof of Theorem 1.2

We assume that the hypotheses of Theorem 1.2 hold. The proof of this result is based
on Theorem 4.2 and Lemma 3.1. Here § = Pj, where P, is the semigroup of ¥ acting
on Cp(A9). Then

Sf) =Pif) =E,(f("1), %> 1), ne A,

Here the Polish metric space (X, d) of the previous paragraph will be (A~°, dp)
(where dp is the Prokhorov metric), and so the function ¢;, of hypothesis 7, will be
defined on the set of nonempty configurations.

We recall the elementary formula valid for any continuous and bounded function
fonAandanyr >0

Ey(f (YD) =Ey(f (YD), Zo > 1) + fOP (S < 1).

We start with the following bounds.

Lemma4.3 Letk; = sup sup Ay(m) < 00. Then, the generator L defined in (17),
n:linll=1ye€n
verifies

— < Lly0 <0,
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214 P. Collet et al.

and
Vi>0:e M < P1<1.

Proof The proof follows at once from Lemma 2.5 and a computation of L1 4-o [see
formula (17)]. O

To define the function ¢,, we will need the two following results.
Lemmad4.4 Let 0 < v < u < 00 be two real numbers. The differential equation

da (1= e ) + vl — &% 21)
E—u e )+ v( e (

has two fixed points a = 0 and a = log(u/v). The trajectory of any initial condition
ap € (0, log(u/v)) is increasing in time and converges to log(u/v).

Proof Left to the reader. O

Lemma 4.5 Assume (6). Let u and v be two real numbers such that
' <v<u < Ay

Let a(t) be the solution of (21) with initial condition ay € (0, log(u/v)). Then there
exists a constant C > 0 such that for any t > 0

E, (eamnnn, T > ,) < ol 4 ¢y,

Proof We introduce the function
fa,m) = e O 0@,
and for any integer N we denote by £ the function
AENIG)) (MY

Note that £ (¢, ) is continuous with compact support {n : [|n]| < N}.
Using Proposition 2.5 (iii) we get

AT
N
PeA T Yy ) = 1 0. ¥0) + / (3N . 70 + LN s ¥0) ) ds ],y
0
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where .#/" is a martingale and TA),; is the stopping time defined in (14). Then we
obtain

E, (fN (: AT, Y,ATAE)) = V(0. Yo)
IATY

48, | [ (Ve s Lt ) ds

0

Observe that if N > M and s < T}, we have fV(s,Y;) = f(s,Y). Let N tend to
infinity to get

Ey (£ (r AT Yy ) = £ 0. Y0)
(AT

+E, / s f(s,Ys) +Lf(s, Ys))ds | . (22)
0

We now compute Lg® (1) using (17), where ¢ () = 1"l 1 ,4-0(n).Forn € A0 we
have

Lo“(n) = D ny(by(p) +my())(e — el
yein}

+ D myhy e = De — 2,1y =i
ye{n}

Using hypothesis (6), we derive that there is a constant C > 0 such that for any
n € A % and for any a € [0, log(u/v)]

Le“() = (u(e™ = D)+ v(e* = Dlinlle + C.
Therefore

aS‘f(Sv Y?) + Lf(sv YS‘)
= (u(l — e ) 4 u(l — N |1 Y5 9P () + Lo (Yy) < C.

This implies from (22)
Ey (£ (1 Yy )) = £ O Yo) +Cr.
Letting M tend to infinity and by using Fatou’s Lemma we obtain,
E,(f(t. Y1) = f(0,Yo) + Ct.

The result follows from the definition of f. O
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We now choose once for all two real numbers u and v such that
' <v<u< s

We take for ¢ the function defined on A~? by

o) = (Pa(l)(ﬂ) — eu(l)l\ﬂll,

for a solution of (21) with initial condition ag € (0, log(x/v)). The operator S = P;
is positive and maps continuously Cp(A™Y) into itself. We must now show that S, and
¢ satisfy the hypothesis of Theorem 4.2.

Lemma 4.6 (i) The hypotheses 71 and 5 are satisfied.
(i) S1>cy >0, withc) =e .
(iii) For any y > O, there is a constant D = D(y) > 0 such that for any ¥ €
Co(A™) with0 < ¥ < @2

Sy <yp2+ D.

Proof The hypotheses .77 and 7% are easy to check using the Feller property of P;
(see Proposition 2.8).

(ii) follows at once from Lemma 4.3. We now prove (iii).

Let ¢ € Cp(X) with 0 < ¢ < ¢p. We have from Lemma 4.5

Piy(n) =E,(w (Y1), Jo > 1) < Ey(ga(Y1), Fo > 1) < e®ll 4 C.

Since a(1) > ag by Lemma 4.4, for any 1 > y > 0 there is an integer m, such that
for any m > m, we have

agm a(l)ym

e < vye
Therefore, for any n we have

Piy(n) < el 4 ¢ < yet®inll 4 gaomy 4 ¢

In other words, we have proved (iii) with the constant D = ¢%"r + C. O

Theorem 1.2 follows immediately from the previous Lemma, Theorem 4.2 and
Lemma 3.1. Since v(pz) < oo we get that under v, || Y| has exponential moment
and therefore for all k > 1 the integrability of ||||* with respect to v. From the q.s.d.
condition we have

E, (17111 = E, (05, o > 1) = e*(”)/ Inl*v(dn),
which implies (7).
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5 The process and absolute continuity
In this section we introduce a natural o —finite measure p. We will show that the pro-
cess Y preserves the absolute continuity with respect to p and that when the process

starts from any point measure after any positive time the absolutely continuous part
of the marginal distribution does not vanish.

5.1 The measures

We will denote by T* the set of all strictly increasing k-tuples in T with respect to the

order < (see Sect. 2.1). So, for n € A, its ordered support 17 = (y1, ..., y#n) belongs
to T#7. The discrete structure 17 = (1y,, .. ., Nys,) 1s an element in N#1 and the set of

all discrete structures is denoted by

IVE

HGZ+

Here N contains a unique element denoted by 0 and it is the discrete structure of the
void configuration n = 0. A generic element of X (N) will be denoted by q. Moreover
for each q € = (N) we put #q = k if q € N*. We put

Ag={ne A:=q} forqe Z(N),
and for B C A,

Bq={neB:n=q} forqe X(N).
In the sequel for q € N* and C C ﬂ we denote

[} xC=neA:f=q,7€C}.

We denote by M (A) the set of measures on (A, B(A)) that give finite weight to all
sets Aq. By M ¢(X(N)) we mean the set of measures on X(N) giving finite weight
to all the subsets N¥, and M ¢(N) denotes the measures on N giving finite weight to
all its points. Every measure v € M ¢(A) defines a measure v € M (X (N)) by

v(q) = v(Ag) . (23)

Also v defines a set of conditional measures vgq € M(ﬁ) by

oo = [0 if 5(q) =0,
T Mvmed: 7= q,7 € ¢)/v(q) otherwise.
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Then vq € P(?ﬁ) is a probability measure if v(q) > 0. In the case that v € P(A)
we have

vg(e) = v(ij € 0|7 = q).

Conversely a probability measure v € P(A) is given by a probability measure v €
P(2(N)) and the family of conditional measures (v; € P(Az)) so that

v(B)= D B(Q)vg(By). BeBAD).
qez ()

Let ¢ : A — R be a function. Observe that its restriction to .44 can be identified with

a function g0|A with domain in T#4 by the formula ¢ |A M) =¢m).Letp : A —> R
q q

be a v—integrable function, we have

/w(n)dv(n)z > ﬁ(q)/thAq(i)dvq(i)-

a Ges
Now we define the measure u by,

u(N? x T% = p({0}) = 1 and plyy 7 = € x o* fork > 1,

where £X is the point measure on NF that gives a unit mass to every point, and o is the
restriction to T* of the product measure o®* defined on T*. Note that v € M (A
satisfies

IR (Vq €T 1vq K a#q) .
Hence, if v € P(A) is such that v < pu, then v is of the form
v(n € A: 7 =g, 1 €dy) = v(qQ)eq(3)do™(3).

where v € P(Z(N)) and for each fixed q € X(N), ¢q(e) is a density function in ’]I/‘#\‘l
with respect to o4,

5.2 Absolute continuity is preserved

Proposition 5.1 The process Y preserves the absolutely continuity with respect to |4,
that is

Yv e P(A),v K =Vt > 0P, (Y; € o) K (o).
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Proof Let us define the jump time sequence,
tp=0and 7, =inf{t > 7,1 : ¥; # Y, ,} forn>1.

In particular T = 77 is the time of the first jump. Remark that the sequence 7, tends
almost surely to infinity since the process Y has no explosions. We have

Py(Y, € o) =D Py(Y € 0,7y <1 < Tyy).

n>0

Since the sum of absolutely continuous measures is also absolutely continuous it
suffices to prove that

P,(Y;ee, 1, <t <Ty41) < p foralln > 0.
First, let us show the case n = 0. For B € B(A)
Py,(Y; € B,t < t) =v(B)

and the property holds trivially in this case.
Now, for n > 1 we have

P,(Y;co, 1, <t < Tn—i—l) < PU(Y‘[” € o).

So, in order to prove that P,(Y; € o, 7, <t < 7,41) is absolutely continuous it is
enough to prove this property for P,(Y;, € o). On the other hand, the strong Markov
property shows, forn > 1,

]P)v(an €e) = IEUGPYr (Yr,,_l €e)).

A recurrence argument shows the result as soon as we prove P, (Y; € e) is abso-
lutely continuous. For proving the absolute continuity, it is enough to consider a fixed
p € (N) with #p = k, C € B(T*) such that o¥(C) = 0 and prove that

P,(Y; € {p} x C) =0.

To develop a formula that will show this property it will be useful to introduce the
following relation on X (N). This relation gives the allowed transitions from q to p.
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We put
) qj=pj J#I
1
q—b>p<i>#q=k, gi=pi—1
qi > 1
_ gi=pj 1=j=<i—1
q>peHtqg=k—1 1qj=pi i<j<k-I
pi=1
, qj=pj JjFi
1
ql—zpé#qzk, 19i =pi +1
’ pi =1
, gi=pj 1=j=<i—1
qo—l;pé#qzkﬂa gis1=pj i<j<k
’ qi =1
With this notation we obtain
P,(Y; € C:/d —_— ,dn'
( {p} x O) v(1n) Q()Q(n dn’)

A pIxC

k qi Z q(sj
-3 Y [ k“”)

Q\z(;] lqrh) (Pq()’)da )]

q:q$p yeC

] 14j8y; . .
+Z > i / ’)wq(y)da"(w
= IQQﬁp yeC 2= quay')
k1 o (K pisy + 8
Z j=11J% < i >
+Z > v(q)/ / ( . ' )(pq(y"'l")do(z) do* (3)
=l qq#p ye€ \lzyici=z=yi) Q(ZF' Pidy; +8Z)

8. ;
j lp] Yj vi> Yi o o
))qaq(y Hda* ().

+Z Z v(q)/

qqap yeC / lpjé‘f_(syi

—i

where 5% = (y1, .., Y1, 2 Vi ) and Y = (V1 Yie 1 Vil oo V)
when j = (y1,..., ) € TF. We take by convention ythe = (z, y1,..., ) and
yT&EED2 — (y1, ., yk, 2). When ¥ € T the restriction yg < z < yy is interpreted as
z < yrandsimilarly yx < z < yg+1as yx < z. Weconcludethat P, (Y; € {q}xC) =0
whenever u({q} x C) = 0, and the result follows. O
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5.3 Evolution after the first mutation

We want to study the absolute continuity with respect to p of the law of Y; initially
distributed according to a general measure v. To this aim we will introduce the first
mutation time. Note that a mutant individual has a different trait from those of its
parent, so the time of first mutation is almost surely

x =inf{r = 0:{Y;} £ {Yo}}.

When y is finite we have {Y, } # ¥, so (x < 00) = (x < D).
Now, let us consider the first time where the traits of the initial configuration dis-
appear,

k = inf{r > 0: {Y;} N {Yy} = ¥},
and for a fixed n, the first time where the traits of n disappear
" =inf{t > 0: {Y;} N {n} = 3d}.

When {n} N {Yo} = @, then «"=0. We have « # x except when x = x = oo.
Obviously k < . Moreover

(Xx>Kk) & (0=x>k)& (x>« =), and (k < %) & (x <k < D).

Alsonote that (k < x) N (k < 1) C (k = Fp < 1).
Since P, (Y; € o, % < t) = 8p(e)IP,,(J < t) is concentrated on n = 0, then

P,(Y; €0,k < x,6 <t)=580(e0)P,(k < x,k <1).

The unique nontrivial cases are the following two ones.

Proposition 5.2 Letn € A= and t > 0, we have:

i) P,(Y; €e,x <k <t < D) is absolutely continuous with respect to w and it
is concentrated in A9;
(i) P,(Y; € o, t < k) is singular with respect to L.

Proof Let us show (i). From the Markov property we have,

Py(Yiee.x<k<t)= > Pyx<k=tY, =£Y e
E0AEICn)
t
PP b AT
entelcm yele) \ 2, Ty

X / 8y, D)Pe+z(Yi—s € 0, k& <t —s)do(z).
T\{§}
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Hence, it is sufficient to show that for every u > 0,7 € A~ and y € {1}, it holds

/ By (Y € o0k < 1) g(y. 2)do () < pu().
T\{n}

By using fT\{n} Py ({Yu}N{n} # 0, " < u)g(y, 2)do (z) = 0,and since the measure
o is non-atomic, a similar proof to the one showing Proposition 5.1 works and proves
the result. Indeed, for each ¢ > 0, the singular part with respect to  of P, (Y; € -)isa
measure on the set of atomic measures with support contained in {5} (corresponding
to death or clonal events from individuals initially alive).

Let us show (ii). Let {n} C T be the finite set of initial traits and put k = #n. Con-
sider the Borelset B = {£ € A™% : {£}N{n} # @} and define B, = (¢ € A0 : #£ =

n,|[{€}N{n} =1} forn e Nl =1,...,n Ak. We have B = U B p.
neN,le{l,...,nAk}

Since o is non-atomic we have u(B;,) = 0 forall/ € {1,...,n A k}. On the other

hand, from the definition of « we have P, (Y, € B, t < k) = 1, and the result follows.

O

Let v € P(A). We denote by v’ the distribution of ¥; when the distribution of Yy is v,
that is

v'(B) =P,(Y; € B), BeB(A), t>0.

We denote by v = v 4v*! the Lebesgue decomposition of v into its absolutely contin-
uous part v¥¢ <« p and its singular part v®' with respect to w. For v this decomposition
is written as v* = v"* 40", As usual, §, is the Dirac measure at ) € A, so 5{7 denotes
the measure 5,’7 (o) =P, (Y; € o). We will denote by dp (1, n') the Prokhorov distance
between 1 and ',

Proposition 5.3 The process Y verifies:

(i) Forallt > 0andalln e A" we have 85 (A~%) > 0;

(i) Forallt > 0andallv € P(A™) it holds v'% > fA*U 8;’“cv(dn) > 0;
(iii) Foralln € A% and € > 0, the following relation holds

Vi >0, 8% (B, €) > 0,

where B(&,¢€) = {§' € A:dp(&,&") < €. In particular the closed support of
8y is A7 forallt > 0.

Proof Tt suffices to show (i) and (iii). Let us show the first part. Fixr > Oandn € A™°.
We claimthat P, (x < xk <t < %) > 0.Infact, it suffices to consider the event where
amutation occurs at the first jump and after it all the initial traits disappear before ¢ and
these changes are the unique ones before ¢. This event has strictly positive probability,
so the claim is proved. Proposition 5.2 (i) gives P, (Y; € o, x <k <t < J) <K i
and we deduce,

5;’“(./4_0) >Py(x <k <t <% >0.
Then (i) holds.
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The proof of (iii) is entirely similar to the proof of (i) but we need a previous remark.
From condition (9), the set

D={yeT:0({zeT: gk 2 >0}) =1}

verifies o (D) = 1.

Now, let 7 = (y1,...,y) and let £ € A™9 with § = (z1,...,z) and & =
(p1, ..., p1). Consider the following event: a mutation occurs at the first jump, from
the initial configuration 7, to n + 8,» with y* € D. This is possible because o (D) = 1
and so o({z € D : g(y;,z) > 0}) > O for all j. Consider then the event where [
blocs of kg births with mutations occur in order to arrive to traits z; € B(z;, €)N D for
i =1,...,1. We must now produce the discrete structure £. For this purpose, for each
trait z; we consider the trajectories having p; — 1 clonal births (when p; > 1). Finally
we consider the event where all the traits different from z/l, el z; disappear. These
events occur before ¢ and these changes are the unique ones that happen before 7. A
straightforward argument shows that the measure 8,’7* A of this event is strictly positive.
The claim is proved. O

5.4 Decomposition of g.s.d

Let us study the Lebesgue decomposition of a q.s.d. with respect to .

Proposition 5.4 Let v be a g.s.d. on A=°. Then,

@ v #0;
(ii) The closed support of v is A0, _ o
(iii) If v # 0, the probability measure v := v% JvSi(A~0) satisfies
P,wi(Y; € B) = e ?WHyi(B) VB € B(B*),t > 0, (24)

where BS' € B(A™°) is a measurable set such that j(B*) = 0 and v*'(B*)
— vsi(A—O).

Proof We first note that the existence of the set B e B(A™Y) satisfying u(B) = 0
and vS'(B%) = v¥ (A_Q) is ensured by the Radon—Nikodym decomposition theorem.
Define H := A~9\ B%. Let us show that

Vi >0, Vne A0:8,(H)> 0. (25)

Since (B™) = 0 and §%,* <« pu we have 8,%°(B%) = 0. Then 8/,% (H) = 85:*(A™0).
By Proposition 5.3, 5”“(,4’0) > Oforallt > 0andalln € A0 So

8L(H) = 85%(H) = 85°(A™%) > 0,
and the assertion (25) holds.
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Now we prove part (i). We can assume v* # 0, if not the result is trivial. From (25)
we get,

vi(H) = / 8,’7(H)v(dn) > 0.
A0

On the other hand, from relation (19) we obtain v(H) = ™"/ (H) > 0. Since
Vi (H) = 0, we necessarily have v*(H) = v(H) > 0, so (i) holds.

Similar arguments as above and the use of (iii) in Proposition 5.3, show (ii).

Let us show (iii). Let 1v* := 12 /12 (A~0). For every B C B%, B € B(A™%), we
have

V(B) = /1 (vaC(A*O)PU*ac(Y, € B) + v (AP (Y, € B)) . (26)

By Proposition 5.1, Y preserves absolute continuity with respect to (i, so Py«ac (Y; €
o) < . Since u(B%) = 0 we get Pac(Y; € B = 0. By evaluating (26) att = 0
and since B € B(B*) we find v*(B) = v(B)/v(B*%). By putting all these elements
together we obtain relation (24). O

6 The uniform case
6.1 The model

In this section, we assume that the individual jump rates satisfy,

Ay(m =X, by(m) =b(—p), my@m) =bp, Vyelin]

A, b and p are positive numbers with p < 1. Recall that g : T x T — R is a jointly
continuous nonnegative function satisfying fT g(y,c)do(c) = 1forall y € T and the
condition (9).

We observe that in this case the process of the total number of individuals ||Y || =
(I1Y¢]l : t = 0) is a Markov process and that Y; = 0 < ||Y;|| = 0, which means that
the time of absorption at O of the processes Y and ||V || is the same (note that although
the 0’s have a different meaning, they are identified).

Now, in [21] it is shown that there exists a q.s.d. for the process || Y| killed at O if
and only if A > b. In addition, the extremal exponential decay rate of ||Y ||, defined by
sup{f(v) : v ¢g.s.d.}, is equal to A — b and there exists a unique (extremal) q.s.d. ¢
for || Y || with this exponential decay rate A — b, given by

. b\ b
¢5(k) = (X) (I—X), k>1. (27)
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When v is a g.s.d. for ¥ with exponential decay rate 6 (v) then the probability vector
¢ = (¢(k) : k € N) given by

¢y =v(fne A:lnll =k}, keN,

is a g.s.d. with exponential decay rate & = 6(v), associated with the linear birth and
death process ||Y||. Hence a necessary condition for the existence of a q.s.d. for the
process Y is A > b. We also deduce that all quasi-stationary probability measures ¥
of Y with exponential decay rate A — b are such that v({n € A : ||n|| = k}) = ¢¢(k),
so by (27) we get

V(1) < oo, where ¢1(n) = |In]|.

Now, we know from Theorem 1.2 that there exists a q.s.d. v with exponential decay
rate 6(v) = —log(v(P1(1))). Moreover, it is immediate to show that ¢; satisfies
Lg; = —(A — b)g1. Then, from Proposition 2.5 we get Pi¢; = e’(k’b)q)l. Hence, if
v is a q.s.d. satisfying v(¢1) < oo (this is the case for those provided by Theorem 1.2)
its exponential decay rate is

0 =A—0>.
Let us now consider the semi-group R; given by,

Ri(p)(m) = " P (p)(n) = "' By (p(Y)15~), t=0.
The function ¢ satisfies R;p1 = ¢;.

Proposition 6.1 Every q.s.d. v with exponential decay rate 6 = ) — b is absolutely
continuous with respect to L.

Proof Let v be a g.s.d. which is not absolutely continuous. Then we can write the
Lebesgue decomposition

V= fu+£& thatis v(B) =/fdy,+§(B), B e B(E),
B

where f is a nonnegative p—integrable function and & is a singular measure with
respect to ji.

From now on we denote by Rj the dual action of R; on the set of measures defined
by (R;r v)(¢) = v(R;¢) for every measure v € M ¢ (A) and any positive measurable
function ¢. Since v is a q.s.d. it is invariant by the adjoint semi-group R}, that is
R,T v = v, then

fru4+&=v=R () =R (fu)+ R (&).
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On the other hand, it follows from Proposition 5.1 that RI (f) < . Therefore

RI(fw) < fu.

Since ¢ is v integrable it must also be f'd i integrable. From the relation R, (¢1) = ¢
we get,

/ o1 fdu = / Q1dR} (f 1),

and since ¢ is strictly positive, we conclude R,T (fw) = fu. This implies R,T (&) =¢&.
However by Proposition 5.3 (ii) (with v = &), RtT (&) cannot be completely singular
with respect to x unless & vanishes. This concludes the proof of the proposition. 0O

Let us now turn to the study of uniqueness. Recall that the we denote by (gx) the
sequence of kernels defined recursively by g1(x, y) = g(x, y) and

gk+1(x,y) =/g(x,z)gk(z,y)d0(z)-
T

Lemma 6.2 Assume condition (9): that is 0 ® o ({gk, = 0}) = 0, for ko > 1. Let
Aay = 1{n e A:q= (1, 1)}). Then for any q.s.d. v with exponential decay rate
0 = A —>band for any Borel set B with u(Aq,1yNB) > 0, we have v(Aq,1yNB) > 0.

Proof Let us consider a g.s.d. v with exponential decay rate 6 = A — b. Lemma 3.2
implies that the restriction v¢jy of v to {n € A : ||| = 1}, does not vanish. On the
other hand by the previous result, it is absolutely continuous with respect to o. Then,

d Vi) = fl do
for some nonnegative function f; that does not vanish o almost surely.

For any function f in Cp,(A) such that f(0) = 0 and with compact support, that is
f(n) = 0 for all ||n|| large enough, it follows from v(P; f) = exp(—0¢)v(f) that

V(Lf1 4-0) = —0v(f).

Since this is true for any such function we get, using notations introduced in (10) and
(23),

— OV dvy(i) = b1 —p) D (ny — DV vy (i)
yiny>1

1 D (ny + 1) VA dvgs (i) + & / VT vy (77
ve{n} zeT\{n}
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+bp D> V) D nyg(y, y)dvys (i )do (y)
yiny=1 y'emh\ iy}

—(o+b) D v dvy ().

yein}

In this formula if 7 = (g1, ..., qx), 1 = (1, ..., yx) then Y, 777, for y € {n}, and
71, 512, for z ¢ {n)}, are defined as

7 = [(5]17‘-',%‘I,Qi—l,qi+1,...,qk) if yy=y,qi > 1

G1s - s Qi1 Qit1s - - k) ifyi=y,qi=1
-y _|m if yi=y,qi > 1
n = .

(yl""ayi—lvyl'-"-la"'7yk) lfylzyﬂqlzl
T =Gty G 1, Qi1 -y 1) if yi <2z <Yig1
N = (Vs ooy Vi Zo Yidls oo os YE) if yi <z <yiq1

Since 6 > 0, we get

Gt S 0 T@dvy (i) > / By (7)
ve{n} zeT\{n}

thp > TG D npg(y v (T do (). (28)
y:ny:l y/E{U}\{y}

For any integer m > 1, we denote by (1) € X(N) the discrete configuration

(1’”):(1,...,1)

m times

From inequality (28) (keeping only the second term on the right hand side), we get
for any integer m > 2 and some constant C;, > 0

dvamyi, -« Ym) = CngYm—1, Ym)do (ym)dvm-1y(y1, -« - Ym—1)-
Using this inequality recursively, we obtain for any integer m > 2
m—1
dvamy(y1, ..., ym) = filyDdo (y1) H Civ18vj, yj+do(yjr1). (29

j=1
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We also derive from inequality (28), using only the first term on the right hand side,
that for any integer m > 1, there exists a constant C,, > 0 such that

dvamy(yis .. ym) > C), / dvm+1y (Y1, 2, Y25« s Ym)-
2€T\{y1,+eesYm}

Using this inequality recursively, we get for any integer m > 2
dv(lz)(xl ,X2)

m—1
> HC; / / / dvamy(X1, 21, .., Zm=2, X2).

j=2 T\{x1,x2} T\{x1,z1,x2}  T\{x1,21,-.0.zm-2,%2}

Combining this inequality with (29), we get for any m > 2, and for some constant
Cr >0

dvg2)(x1, x2) = Cpy fr(x1)gm—1(x1, x2)do (x1)do (x2). (30)

It follows directly from (28) that the same inequality holds for m = 2.
We also derive from inequality (28) that for some constant C; > 0 we have

dvy(x) = Cy / dv(j2)(z, x)
T\{x}

> C C,’,;do(x)/fl (2)8m-1(z, x)do (2).
T

where for the last inequality, which holds for any m > 2, we use (30). This implies
immediately that for o almost every x

filx) = CIC;,/,/fl(Z)gm—l(Z,x)dG(Z)~
T

We now choose m = ko + 1 (ko is given in (9)) therefore g,,—1(z,x) > 0,0 Q o
almost surely, and from the above inequality we get f; > 0, o almost surely. There-
fore, f1(x1)gm—1(x1,x2) > 0,0 ® o almost surely, and the result follows. O

Proposition 6.3 There is a unique q.s.d. associated with the exponential decay rate
0 =A—>b.

Proof Let v and v’ be two different g.s.d. with the exponential decay rate 8. We can
write the Lebesgue decomposition

V= frv+é
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with f a nonnegative measurable function and & a singular measure with respect to v.
Assume & # 0. Applying R,T we get

v = fuE =R (fv)+ R/ ().

If f is bounded, since v is a q.s.d., we have RZ(fV) <« v. In the general case, the same
result holds by approximating f by an increasing sequence of nonnegative functions.
Therefore, we must have

R (fv) < fv.

Integrating the function ¢; as before, we conclude that R,T (fv) = fv, and therefore
RI() =¢.

Then, we have two q.s.d. v and & with exponential decay rate 6 = A — b, which
are mutually singular. We claim that this is excluded by Lemma 6.2. Indeed let B be a
measurable subset such that £(B) = v(B) = 0. Then v(B N A1) = v(Aarn) > 0.
Since v < p we get w(B) > (B N Aqp) > 0. From Lemma 6.2 we deduce
&(B N Aurny) > 0 which is a contradiction. Namely & = 0 and we conclude that
v/ = fv. Letus now show that f = 1, which will yield v’ = v and so will conclude
the uniqueness result.

Multiplying if necessary by a positive constant, we can assume than v and v’ are
probability measures. In particular, the integral of f with respect to v is equal to 1.
The measure v — v/ = (1 — f)v is also invariant by the semi-group R} Therefore,
denoting by (1 — f)™ the positive part of 1 — f, we have

RI(1—ffvy=1-HTv+RI(F =Dy —(f =D
Since RZ ((f — 1)) is a nonnegative measure, this implies the relations

R = pHfnen{f<1)=U-fHtven{f <1}
RI((1=pHrwen{f>1)=0=1—- T ven{f > 1)),

showing that
RI((1= vy = (= i,
Since ¢ is invariant by R; we get
0= [ (K=o -a-nh).
Using that ¢; is strictly positive we deduce
RI( = Htvy == NHtv.
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We also get

RI((f =Dy =(f =Dt

If f is not almost surely equal to one, since its integral with respect to v is equal to one,
the two measures (1 — f)™v and (f — 1)*v are two non-trivial nonnegative measures,
invariant by R;. Moreover, they are mutually singular, but we saw above that this is
impossible. This contradiction ensures that f = 1 almost surely and completes the
proof of the proposition. O

The proof of Theorem 1.3 is now complete, it follows from Propositions 6.1 and 6.3.
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