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SUMMARY

We study the existence and uniqueness of strong solutions for the equations of non-homogeneous
asymmetric fluids. We use an iterative approach and we prove that the approximate solutions constructed
by this method converge to the strong solution of these equations. We also give bounds for the rate of
convergence. Copyright © 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Asymmetric fluid models a particular class of fluids where microstructure is relevant. These
fluids are important in application and interesting in themselves. For example polymeric sus-
pensions, liquid cristals or animal blood can be represented as a viscous medium with indi-
viduals particles of different shapes suspended in it. The general model for this kind of fluids
can be of great complexity [7]. However, in the particular case of a viscous fluid with rigid
spherical particles suspended that may rotate independently of the rotation and movement of
the fluid give rise to the asymmetric fluids, also called micropolar fluids, as has been estab-
lished by A.C. Eringen [6]. Mathematically, this is a significant and a simple generalization
of the classical Navier—Stokes model.
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1252 C. CONCA ET AL.

In this paper, we study the existence and uniqueness of strong solutions for the equations of
a non-homogeneous viscous incompressible asymmetric fluid. These equations are considered
in a bounded domain Q2 C R?, with boundary T, in a time interval [0,7]. Let u(x,¢)cR?,
w(x,1)€ER3, p(x,t)ER and p(x,t)€R, denote respectively, the velocity, angular velocity of
internal rotation, density and pressure at a point x €2 and at time ¢€[0, 7']. Then, the governing
equations are given by

0
pa—? 4+ p(u-Vu— (u+ p)Au~+ Vp =2u.rotw + pf
divu=20

¢ 1
p%+p(”'v)w_(ca+cd)AW_(C0+Cd—Ca)VdiVW+4,urwzzurrotu+pg ( )

op _

in Q7 :=Q x(0,T), with the following boundary and initial conditions
u(x,t) =0, w(x,t)=0on I'x(0,T)
u(x,0) = up(x), w(x,0)=wp(x) in 2)
p(x,0) = po(x) in £

Here, f(x,t) and g(x,¢) are respectively, the densities of the linear and angular momentum.
The conditions on up, wy and po are given in Section 2. The positive constants p, iy, Co, Ca,Cd
characterize the isotropic properties of the fluid; u is the usual Newtonian viscosity; p., o, Ca,Cq
are the new positive viscosities related to the asymmetry of the stress tensor resulting from
the presence of the field of internal rotation w; these constants satisfy ¢y + cq>c,. In this
paper, V, A, div and rot denote, the gradient, Laplacian, divergence and rotational operators
respectively (we also denote 0u/0t by u,); the ith component of (u - V)v in the Cartesian
co-ordinates is given by [(u- V)v];= 3"}, u;(dv;/0x;).

For the derivation of equations (1)—(2), and for its physical interpretations, see Refer-
ences [1,2] and the recent book by Lukaszewicz [3]. We observe that this model of fluids
includes the classical Navier—Stokes equations as a particular case, which has been thoroughly
studied by several authors (see, for instance, the classical books of Ladyzhenskaya [7], Lions
[5] and Temam [6] and the references therein).

It also includes the reduced model of the non-homogeneous Navier—Stokes equations, which
has been less studied than the previous case (see, for instance, References [7—13]).

Concerning the generalized model of an asymmetric fluid as considered in this paper,
Lukaszewicz [14] established the existence of local weak solutions for (1)—(2) using lin-
earization and a fixed point theorem. In the same paper, Lukaszewicz mentioned the possibil-
ity of proving the existence of strong solutions (under the hypothesis that the initial density
is separated from zero) by the techniques used in References [15,16] (linearization and fixed
point theorems, under the assumption of constant density).

The first result on the existence and uniqueness of strong solution (local and global) for
problem (1)—(2) was proved by Boldrini and Rojas-Medar [17] using the spectral semi-
Galerkin method and compactness arguments. The rate of convergence of this method is also
established in Reference [17].

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280



NON-HOMOGENEOUS ASYMMETRIC FLUIDS 1253

In this paper, we use another approach to establish the existence and uniqueness of a strong
solution. We use here an iterative process, by considering a sequence of linear problems. For
each one of these problems it is easy to show the existence and uniqueness of a strong solution
(for instance, by using the spectral semi-Galerkin method as in Reference [17]). Then, we
obtain a priori estimates for the sequence generated by the iterative process. Also we show
that the sequence is a Cauchy sequence in an appropriate Banach space, and consequently, we
obtain the strong convergence. From these convergences, the existence of a strong solution
for the original non-linear problem (1)—(2) is easily obtained. The uniqueness of the solution
is also proved. Further, we obtain bounds for the rate of convergence.

We hope that the technique developed here can be adapted to the full discretization case.
This question is presently under investigation.

This paper is organized as follows: in Section 2, we state some well-known results that will
be used in the rest of the paper; and also describe the approximation method and state the result
of existence and uniqueness of a strong solution and the bounds for the rate of convergence.
In Section 3, we derive a priori estimates for the linearized systems. In Section 4, we establish
that the solutions of the sequence of linearized problems is a Cauchy sequence and we prove
our main result. Section 5 provides an existence and uniqueness result of the pressure.

Finally, as it is usual in this context, in order to simplify the notation we will denote by
C, Cq, Cy,...,M, M,,... generic positive constants depending only on the domain and the
fixed data of the problem.

2. PRELIMINARIES

Let 2 be a bounded domain in R*® with a smooth boundary I', T>0 be an arbitrary real
number. The functions going to be considered in this paper are either R or R*-valued, and
sometimes we will not distinguish between them in our notation. This will be clear from the
context itself. We will consider the usual Sobolev spaces

Wma(D)={f€LI(Q) | |0* f||apy <00, o] <m}

for meN, 1< p<oo, D= or D= Qr, with the usual norm. When ¢ =2 we denote H"(D)=
WmX(D) and HJ'(D)= closure of 2(D) in H™(D). We put

7 (Q) = {ve2(Q)* |dive=0 in Q}
H = closure of 7'(2) in L*(Q)?
V = closure of () in H'(Q)?
It is well-known that
V= {veH (Q)|divo=0 in Q)

We denote by V* the dual space of ¥ and by H~! the dual space of H}(). We recall the
Helmholtz decomposition of vector fields L*(2)=H @© G, where G={¢ | p=Vp, pec H'(Q)}.

Throughout this paper P denotes the orthogonal projection from L2(£2) onto H. Then, the
operator 4:D(A)— H — H given by A=—PA with domain D(4)=V NH?*(Q) is called the
Stokes operator. It is well known that A4 is a positive definite, self-adjoint operator and is
characterized by the relation

Aw,v) =(Vw,Vv), YweD(A4), veV

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280



1254 C. CONCA ET AL.

If Q is of class ¢"!, then the norms |u||;> and ||Au| are equivalent in D(A) (see Refer-
ence [18]). We assume the other known properties of 4, as given in References [4,11,6]. The
same remark is also valid for the Laplacian operator B=—A with homogeneous Dirichlet
boundary conditions in the domain D(B)=HJ(Q)NH*(Q).

Applying the orthogonal projection P to problem (1)—(2), we can rewrite it as follows:
Find u,w, p in suitable spaces (which will be defined later on), satisfying

P(pu,) + (p + pe)Au + P(pu - Vu) =2pu.P(rotw) + P(pf) (3)
owr + (ca + ca)Bw + pu - Vw — (¢co + ¢4 — )V divw + 4w =2, rotu + pg 4)
p+u-Vp=0 ()

u(x,0) =uo(x), w(x,0)=wo(x), p(x,0)=po(x) in O (6)

We consider the following iterative process for the approximate solution of problem (3)-—
(6). Setting:

u'(t)=e "Wt Hy,  wi(r)=e @By, pl(x,1) = po(x)

where e /(W14 and e« +c)B are the semigroups generated by the Stokes and Laplace oper-
ators, respectively. And for given u”,w" and p”, we define u"*',w"*! and p"*! as the unique
solution of the following system of linear equations:

P(p"ui ™) + (u + po)Au"! + P(p"u" - Vu" ™) =2p.P(rot w") + P(p" f) )

P"WIT + (cy + ca)BW™ + p"u - VW™ — (¢ + cq — ¢a)V div " 4 4wt

=2u,rotu" + p"g (8)
P vt =0 9)
W 0)=uo(x), w'(x0)=wo(x), p"(x,0)=po(x) in Q (10)

Concerning the initial density po, we assume that it is a continuously differentiable function
(po€%"), and that there exist o, f such that
O<a<po(x)<p Vxe

In this paper, the external fields f and g are assumed to be L*(Qr) functions, small enough
with respect to the viscosities coefficients of the model p, yir, ¢, and ¢q. More precisely, f and
g are assumed to satisfy

3 1/4
2 2 ﬂ 1 4 1 M cT < YR
2 . S (e A < 11
U Nz20r) + 1912201y (u+ur) {2 " (;L * 4) el ] 160G (1)

where ® = min{o/48,0°/8°}, C = max{812/a(u + u;),412/ou(cy + cq)} and A is the small-
est eigenvalue of the Laplace operator B=—A in ) with homogeneous Dirichlet boundary
condition.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280



NON-HOMOGENEOUS ASYMMETRIC FLUIDS 1255

Notice that this hypothesis is fulfilled either if f and g are small enough with respect to
the viscosities ¢ and p,, or if the viscosities are sufficiently large with respect to the data f
and g¢.

In Reference [17], the authors used the Galerkin method to solve this linear system and
showed that the solutions (u",w”,p") enjoy the following conditions concerning their
regularity:

u" € L=(0,T; V) (12)
u' e L0, T;H) (13)
Au" € L*(0,T; L2(Q)) (14)
w" € L>(0,T; H) (2)) (15)
wl' e L2(0,T; L2(Q)) (16)
Bw" € L*(0,T; L*()) (17)

We are going to prove on the one hand that these sequences are uniformly bounded in the
corresponding spaces. On the other hand, applying the method of characteristics to the conti-
nuity equation (9), it follows immediately that whenever p” exists, it satisfies 0 <a < p” <f.
In particular, we have that

{p"} is uniformly bounded in L>°(0, T; L>°(£2)) (18)

Furthermore, the hypotheses on the density p” make it possible to apply the Ladyzhenskaya-
Solonnikov’s results [20, see Lemma 1.3, p. 705]. In our case, we obtain that Vp” and p}
are also uniformly bounded in L°°(0,7;L>°(2)) as n— oc.

From now onwards we consider without loss of generality, uo(x)=0 and wy(x)=0 (the
general case can be treated by introducing an appropriate lifting of the initial conditions). Let
us first present the following results obtained for the approximate solutions. In this case, it is
clear that the first iterate is (u',w', p')=(0,0, po).

Lemma 2.1
If £,9€L?(0,T;L*(f2)) and satisfy the conditions as given in (11), then the unique solution
(u",w", p") of problem (7)—(10) are uniformly bounded in the respective spaces as given in

(12)—(17).

Lemma 2.2

If the hypotheses of Lemma 2.1 are verified and assuming that f, g€L?(0,7;H'(Q2)) and
fi»9: €L*(0,T; L*(£2)), then the solution (u",w", p") of problem (7)—(10) satisfies the follow-
ing estimates uniformly in n:

SII}p(IIM;’(t)H2 + W) < C
t
/0 (VL () + [ Vwi@)]?) de < C,

SLtIIO(HAu”(f)II2 +IBw"(0)]*) < €

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280



1256 C. CONCA ET AL.

t
/O (V" (@)[2 + [ VWD) ) de < C

sup o (1) Vul (O + [Vi(0)]) < €
/0 o)D) + [wi0)]?) de < C
/0 ()[4 )| + [Bwi(D)P)dt < C

for all €[0,T], where C >0 is a constant independent of »n and o(¢)= min{1,¢}.

Theorem 2.3
Let the conditions of Lemmas 2.1 and 2.2 be satisfied. Then the approximate solutions
(u",w", p") converge to the limiting element (u,w, p) in the following senses:

u" —u strongly in L>(0,T; V)NL*(0,T;V N H*())

w" —w strongly in L>(0,T; Hy(Q))NL*(0,T; Hy (Q)NH*())

u' —u, strongly in L*(0,T;H)

w' —w, strongly in L*(0,T;L*(Q))

u!' —u, weakly in L*(0,T;V)NL* (e, T; VN H*(Q)), Ve>0

ul —u, weakly in L*(e,T;H), VYe>0

w' —w, weakly in L*(0,T;H)(Q))NL*(e, T; Hy(Q)NH?*(Q)), Ve>0
wh —w, weakly in L*(e, T;L*(Q)), Ve>0

The limiting element (u,w, p) is the unique solution of problem (3)—(6) and

sup{([ V() = V(O + [V ()~ oy < b G

(M1 T)n—l
(-1
| (du(2) — Au)| + [Bw(z) — By de < AT
’ (n—1)!

M, T)nfl
n _ 2 < ( 1

/0 (1) — w()]]? + WD) — wi()[?) de < M

(M] T)nfz

sup o) (1) — (O + wi(6) — wiOI) < M C

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280
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/ o @IVHD) — V)P + [0 D) — V)P de < ATV
0 (n—2)!

sup o(0)([[4u (1) ~ Au()| + [ Bw' (1) = Bw(n)|) < M (Z—T)zyz

n—2

sup a(0)([Ju" (1) = u(O)i~ + [w"(0) = w(n)[F-) <M (?Z]—T)z)v

/ o @IV(2) — Va2 + [[9w7(2) — T2 de < g ATV
0 (n—2)!

Moreover,
ue ' ([0,T1; H)N%([0,T]; D(A4))
w e %' ([0,T];L*(2))N%([0, T1; D(B))

p e (Or)

3. A PRIORI ESTIMATES

In this section, we prove uniform a priori estimates in n for the approximate solutions.

3.1. Proof of Lemma 2.1

3.1.1. Uniform estimates for u" and w" in L*(0,T;V). From (9), we have (p'v,0)=
—(div (p"u")v,v)=2(p"u" - Vv,v) and consequently

1d 1
E a” V anHZ = 5(,0;70,1)) + (pnvl,v):(pnun : VU,U) + (an[,U), VUEI_]()I: UIELz(Q)

With this identity in mind, multiply (7) by «"*! and (8) by w”*!, to obtain, respectively:

1d

3 g VP P 4 (e i) [V = 2pae(rotw”, u ) + (p" £t (19)

1 d n n : n n

3 all\/P”W P 4 (ca + c)l VWP + (co 4 ca — c)lldiv w12 + dp w2
=2p(rot u”, W) + (p"g,w"th) (20)

We recall that for ue Hj(§2), we have
Irotull <[ Vull, [lullpe <2"2[Juel [Vl 7* - and - [Jue]? < A7Vl (21)

where /4 is the smallest eigenvalue of the Laplace operator B=—A (see, for instance, Refer-
ence [4]).

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280
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By Holder and Young inequalities, and (21), we get from (19) and (20) the following
differential inequalities

d 112 8y 2p227"
- ny 4 + U, VunJrl 2< r wh 2 4 2
g VeI A+ (et ol < Wi+

d T
al\\/P”W"“HZ + (€ + ) [V 2+ 2(co + cq — ca)|div w2

4u?

<—
S
Ca Cd

oy B
1P+ g ol

Adding both inequalities and integrating both sides from 0 to ¢, we get the following integral
inequality (recall that ug=wy=0):

| O + W OI) + G+ o) /0 IV () de

t t
—I—(ca+cd)/ Vw1 (2)[|* dt + 2(co + cq —ca)/ |divw™t(7)||* dt
0 0

8#2 /t ) 4,[12 /t 252 /"L—l ﬂz
< ! w'(7)||*dt + —— u"(D)|Fdr+ 22— 2 + g
. [w"(Ol cta [lu" ()| T 1S 1 Z2c0m 8MrllgllLZ(Q,)

Then, there exist constants M and C, choose for example

8H2 4,[12 } 2ﬂ2/‘{—1 ﬂ2
C=ma . ! and M= |7 2 gl?
S o (it i) 1200 g 1910

such that
t t
R + o + B [eeopars @ [ ac
0 O

<cC / (" ()| + [w (D)) de + M (22)

Thus, setting ¢,(2) = [|u"(¢)||> + |[w"(¢)]|?, the last inequality implies

t
oraO<M +C [ (o
0
Observing that ¢;(¢)=0, a straightforward induction argument shows that, for all #,

(Cr)f
k!

n—1
Pu()<M <M exp(Ct)
k=0

Therefore, we conclude that for all n, we have
sup ("I + [w" (1)) < sup M exp(Ct)=M exp(CT)=M, (23)
t€[0.T] t€[0,T]

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280
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Notice that M; does not depend on n. Combining (22) and (23), we get

oM, oM,

un+1 2 N ihtnal and Wn+1 2 ! < 7 24
|| ”LZ(O,T,V)\ U+ U || HLZ(O,T,HO'(Q))\ ca+tcq ( )

where the bounds are independent of 7.

3.1.2. Uniform estimates for u" and w" in L>=(0,T; V). Multiplying (7) by d4u"*!, and then

by u/*! and integrating in €2, we obtain respectively

5(/1 4 ,ur)”AunJrl”Z — _5(pnu;l+l’Aun+l) + 2,ur5(r0t Wn,AunJrl)

1 3(p" £, Au™Y — S(p"u" N, AumY (25)

and

1

N

d n n o,n n n
SV = 2ot ) + (o o)
_ (pnun'vunﬂj u;tﬂ) (26)

Then, using o< p” < f3, we get

n A+ ue d
ol a1 1?4 BT

<[0(p"uy ™, Au" )| + 2 0(rot w”, Au" )|+ 2pc(rotw”,u )+ (0" fu )|

[Fut 2+ 3+ o) du

+10(p" £, AU+ [0(p"u" V™, Au" | + |(p"u" V)| (27)

Now, using Holder and Young inequalities, and (21), we get

80" u" N Au )| < OB 1|V A |
< OBV2 |V P T A |

< SBV2 VBV |||V o Aum | (28)

Since H*(Q)) — Wh4(Q), for uc D(A), we have
[Vl s <[[ull .o < Collull > < Co|Aul| (29)
where C, is a positive constant, independent of u. Thus, from (28) and (29), we obtain

13(p"u" N, AuY| < SBV2 A7 VEC| |V ||| Au | (30)

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280
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Similarly,

[(p"u" 7wy ™) < Bllaa” s | Ve |l

n+1112
< Vapiscalvar (s + M) (31)

Using the above estimates for the last two terms and the classical estimates for the remaining
terms in (27), we obtain

n 21/22_1/8(? n n
(ot g9 -2 (= 3 = B ) g
3047 3/29—1/8 n ntl2
+25 (et ) = 8 = g o wue) |

Sudq | 22\, :
<(’g2’7+,‘1‘)nw 2+(2n+ﬂ)|f||2

where 7 is any positive real number. Integrating the above inequality in [0,#] we have

' 212, -1/8(,
(o il o +2 [ (- 30 - P o) ) e ol o

' 392
+25/0 ((,u + ) — 45 _ ﬂ23/2/1‘1/8CQ||Vu”(r)||> ||Aun+l(‘f)||2 dt

8 % 2 T n ’
g ( ton 2 ) / VW' (@) de,. (2n+ / ) 1/ 100,

dn 1\ 2plaM, [32
< (/32 + ) c. + cq +< n+ Hf“LZ(QT)

Then, by choosing 7 =a/4 and 6 =a(u + . )/4p%, we have

ﬁ321/2/1 1/8CQ

n 1 2
a(u+ i) IVu (T)||> [l 1 (2)||” de

. n+1 2 2 !
i+ )|V () + /(

t
¢ L p) / (ﬂ Z e ﬁ23/2)v1/8cgw"(r)l> [4u""!(7)[|* de
0

2p?
2 1
<I(o2 2 Ky o 2 2 _ 2
<AL +4P) B SM o (P A f g =2 () ()
We use the method of induction to prove that
€
V(D€ ———5 33

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280
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Setting n=1 in (32) and using that u! =0, we get

! o+ pe) 1t
e+ 9O +2 [ Jlad ol de+ 252 [ e ar <
0 0

then, for all 1[0, 7], we have

V(1) < (34)

£
(1 + pe)'?
We assume inequality (33) for n=+k and prove for n=4k + 1. From (32), it suffices to show
that
391/2 7—1/8 3/2)—1/8
o B2V CQ£>O and ptpe P27 PCae
4 a(pt ) 4 (At pe)'?
By using (11) one can prove the positivity of the above terms.
Therefore, for all n, we have proved that

3

[Esgg] [Vu'(2)|| < TENSE (35)
From (32) and (35), we have
“(Mz;gzﬂr) / (N L izzi;;:;(izgs) 4w (0)|* dr<e?
Therefore, we conclude that there exists a constant C, independent of #, such that
[ @r e+ [ @pa<c (36)
Similarly, for all n, we obtain
el O +e [ B @Pers [ iopase o
and the proof of Lemma 2.1 is complete. |

3.2. Proof of Lemma 2.2

3.2.1. Uniform estimates for u' in the space L>=(0,T;L*(Q))NL*(0,T;V(Q)) and Au" in
L>=(0,T;L*(QQ)). Differentiating (7) with respect to ¢, we obtain

P(pfui™) + P(p"ui ™) + (1 + po)Au; ™!
=2uP(rotwy') + P(p] f) + P(p" f:) — P(pju" - Vi)
= P(p"uy - Vu") — P(p"u" - Vuy ™) (38)

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280
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Multiplying (38) by u/*! and after some simple computations, we get

3SR+ G ) |9

= —%(Pﬁl?“ T+ 2 (rotwiuf T 4 (o foul T A (o frul )
—(pu" - Vu”“,uf“) . (p”u:’.Vu"H,u;’H) —(p"u"- Vu:’“,u:’“)

= f(dIV (p"u ™ u ™y + 2p (W rot u ) — (div (p"u™) £ ul )
(P ot ™)+ (div (0w " N Y — (- V)

— (" Vg (39)

since from (5), p/ =—div(p"u").
Using classical estimates, each of the seven terms in the right-hand side of (39) can be
bounded as follows. The first one:

*(le (pnun)unJrl n+1) _ (pnun . VM;H»I u;H»l)

S 8 A8 A P A [ P2

< BIVa [V a2 570 P

”vunJrl ||7/4||M7+1 ”1/4

//\

nllu”“ll2 + ||Vt

The second term is simply bounded by
2ue(wy, rotuf D) <SGy [wi |17 + | Var T2 (40)
For the third one, integration by parts gives
—(div (p"u") fouy ™) = (p"u" Vf ,up ™) 4+ (p"u" -Vt f)

< BV W™ s+ Bl 7 1
< CIS 190 <Gl + T

For the fourth term, one can easily obtain
(0" fio ™) S Gyl fil? + | Va2 (41)

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280
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Integrating by parts the fifth term gives

(le (pnun)un . vunJrl, u;1+1)

— Z / (pn n)u (uz-&-l) uz:&t-l dx

i,j,k
n,n 0 n n n n,n,n 0 n n
e COICT R R W CT Rt
i,j,k ! i,j,k
_ Z pnunun i 1 n+l1 dx
— 0 i\ g k axl k,t

< CPllu oVl 26 7™ el o + CBlIua” 1ol Au™ ey Lo
+CPlu" | oIV e[ V|
< CllAau|[|[Vug ™| + CllAu || Vuy ™|
< CyllAu [P + | w1 12) + 21| Vay ¥
The sixth and the seventh terms can be bounded, respectively, as
(p"ur - V" ™y < Bl | Ve s s
< Clla ||| Azl
< Cyllaf Pl A4u™ 1P + | Vo |2
and
(o - ™y < Bl Ve o
< CI[ Va2 a2
< Cylluy P + | Va2

Using all these bounds in (39) we obtain

2 dt”\/ ”n+1|‘2+(/v‘+ﬂr)||v”n+l||2

SCyllut ™ 1P + Gyllwi 1P + Cll £ IEn + Cyll £ll> + CyllAu”|?

+ CyllAu™ 2 + Gyl || Au™ 2 + Cyllag ™1 + 8| Vi 112
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By choosing #=(u + p;)/16, we get

S IV P+ Gt )V
<Cl R + CIWIP + CILF IR + CILAIR + Cllaw?> + Clau*1 |2
+ Cllup ||| 4u™ Y + C (42)
In order to get a bound for ||4u"*!||>, multiply (7) by Au"*!, we obtain
(1 o)A P = —(pa A1) + 2ot wh, Aut* )+ (p" £, AuH)
(""" Au") (43)
Consider the right-hand side of (43),
(a0 A )] < Bl [T A
< OV |4 A |74 < Cs| Va2 + 6| du |

Using the above result with classical estimates in (43), we get
(o uo)[ w2 < Csllu ™2 + Gl Vw” |12 + Goll £ 112 + Col| VT * + 40 |2
Then, taking 6 >0 sufficiently small, from the previous inequality, we obtain the bound:
ldu" 2 <Cllui? + C (44)

Thus, rewriting (42), we obtain

d n n n n
g Ve P+ et ol Vg P < Cllat P + Cllw |12 + CILA N + CIAIP
+ C 1P [l + Cllag|I* + €

Integrating the above inequality from 0 to z, we get

Al O + (e + ) / IV (o)) de
<cC /0 (1 @I + Wi+ 1£ Ol + I de

t t
e / ()Pl ()P de + C / ()| de + Bl (0| + Cr

From Eq. (26), we can easily bound the rightmost term [|u/*!(0)||%. In fact, d/dt||Vu"*'(¢)|?
is non-negative at 1=0, since Vu"*'(0)=0. Applying (36), (37) and the hypotheses on f
and f;, we get

t t
1 () + / Vi (0P de<C + C / () 2l () de

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1251-1280



NON-HOMOGENEOUS ASYMMETRIC FLUIDS 1265

If we denote ¢(¢)= ||uf*'(¢)||, the above inequality can be written as

o=C+ [ ol owas
By Gronwall’s lemma,
o=Ce (€ [ uscorrac)
Using (36) we conclude that
O + [V @ desc (45)

Moreover, from (44) we have for all n
sup [4u"" ! (1)*<C (46)
t

Similarly, for all n, one can prove the following:

t
O + [ V@[ de<Cand sup B (o] <C (47)
0 t

3.2.2. Uniform estimates for u" in L*(0,T; W!>). Let us write (7) as

(14 p)Au™" = P(F) (48)
where

F:2,urr0t wh 4 ,Onf o pnu;ﬂrl _ pnun . Vun+l

From the estimates given in Lemma 2.1, together with estimates (45) and (46), we can prove
that F € L?(0,T;L%)) and consequently by the Amrouche-Girault’s results (1991), we
obtain uniform bounds for u” in L*(0,T; W>%(Q)). Also, by using the Sobolev embedding,
one can show that #” is uniformly bounded in L2(0, T; W'>°(Q)).

3.2.3. Three estimates on the second order derivatives. Now, multiplying (38) by «*!, and

using (18), (19), Lemma 2.1, the estimates for p/ in L>°(0, T;L>°(£2)), and Holder and Young
inequalities, we obtain

,U+,ur

12
allu P+ 5

d n n n
3 Ve P < G+ CAVWE + G + G

+ el AP + C | Va7 Au 2
+ Ce[ VP + Te )P

Choosing € =o/14 and observing (45)—(46), we have
n d n n n
| P + (e i) IV P < CIVWEP + CLAP + CLAI + C I va|?
+C|Vut P+ C
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and multiplying by ¢(¢) = min{1,¢}, results

n d n
OCO'(I‘)”utt+1 H2 +(u+ .“r)a (0'(1‘)||v”t7Ll ||2)
/ n+172 n(2 n|2
<(U+ o (t)||VM, || +CO—(’)(HV’“’1H + ||th ” )

+ Ca)(|f1? + 1A + Ca()(|[Vu; ] + 1) (49)

As a consequence of (45), there exists a sequence g; — 0, such that &;||Vu/"!(g;)||><C. Since
a(t)<1 and ¢'(¢)<1 a.e. in [0, T], applying (45)—(47) and integrating (49) from ¢, to ¢, we
obtain

06[ a(0)||u™ (D) do + (1 + p)a()[ Vi (O] < C + Clp+ p)a(er) [V (@) + €
Taking limit as ¢; — 0, for all n, reduces the previous inequality to
[ ol @ as+ owivig ol <c
Analogously, for all n,
[ o@i @l ac+ ool 0P <c

To prove the last estimate given in Lemma 2.2, we observe from (38) that

(#+ﬂr)/0 G(T)IIAu?“(f)IIZdK/O o(D)]|G"(7)|* dr

where
Gn — 2,urr0twf + ptnf + P"ft o ptnu:Hrl o pnu;ItJrl o ptnun . vun+1 o pnug.vuwrl _ pnun . VM;HI

All the above estimates imply that ¢'?(#)G" is uniformly bounded in L?(0,7;L*(2)).
Analogously, one can prove the estimates for w”.

Remark

Using arguments of compactness and the estimates given in Lemmas 2.1 and 2.2, it is possible
to prove that the approximate solutions (u”,w”,p") converge to a strong solution of the
problem (1)—(2). This can be done in exactly the same way as in Reference [17].

4. PROOF OF THEOREM 2.3

4.1. Convergence analysis

In this subsection we show that »”, w”" and p” are Cauchy sequences. Let us introduce the
following notation for the difference of two terms of a sequence. For n,s>1,

wh () =u" () —u" (1), W) =w" (1) —w'(1) and  p™(1)=p"" (1) — p"(1)
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With these notations, we observe that u™*, w™* and p™* satisfy the following equations:

(") + (e + o) Au™
— 2,Lt1-P(rOt anl,S) + P(pnfl,Sf) . P(pnfl,su?) o P(pnflJrsunflJrs . vun,S)
7P(pn71+sun71,s . Vu") _ P(pnfl,sunfl . vun) (50)

P TIESWS 4 (a4 ca)BW™S — (co + cq — c)V divw™* + dpuw™*
:2,ur(rot un—l,S) + pn—l,sg _ pn—l,sw;z _ pn—l+sun—l+s . vwn,s

_ pn—H-sun—l,s YW — pn—l,sun—l - Vw" (51)

p?,s + un,s 3 vpn+s + un . vpn,s — O (52)
The following lemma, which can be easily proven, is fundamental in order to obtain error

estimates.

Lemma 4.1
Let 0< ¢ (¢)<M for all t€[0,T] and assume that for all n=2, neN, we have the following
inequality:

0<¢n(t)<C/t ¢n_1(7)dt
0

where C >0 is a constant independent of n. Then,
n—1 n—1
(Cr) <M (CT)
(n—1)! (n—1)!
for all 1€[0,T] and n>2. Therefore, ¢,(t)—0 as n— oo, Vi€ [0, T]

bu(t) <M

4.1.1. Bounding the error of the density sequence. The density sequence can be bounded in
terms of the velocity sequence, as stated in the following lemma.

Lemma 4.2
Under the hypotheses of Lemma 2.2, we have

t
o™ ()3 <C / VU (o) de

Proof
Multiplying (52) by (p™*)° and integrating over (2, we obtain

ld/ 6 / , 1
- n,s dx:— un,s.v n+sg n,s de_i/un.v n,s édx
cdl Q\p | 5 p (™) 5/, (™)

n,s n—+s n,s 1 . n n,s
</\u SZa, "|5dx+g/ div u"(p™)° dx
Q Q
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< ||VP"+S||L°°<0,T;L°°<Q>>/ ™ |[p™*| dx
Q

1/6 5/6
< C (/ |un,s|6 dx) (/ Ipn,s|6 dx)
Q Q

This implies

1d , < .
& 10" <Clla el

but,

1 d n,s n,s d n,s
< 2l 18 = o™ 10" s

then, since H'(2) < L°()), we obtain
d
. n,s 6 < C n,s
& <Clva|

Integrating the last inequality from O to ¢ and applying the Cauchy—Schwarz inequality, we
conclude that

t , 12
Hp"""(t)IILs<C/ ||Vu”""(r)||dr<C</ IIVM”""(f)IIZdT> (33)
0 0

4.1.2. Convergence of u" and w" in L>*(0,T;H}(€2)). Multiplying (50) by dAu™*, integrating
over () and estimating as usual, we obtain

O+ po)[ A 17 < mlleey "2+l Vw12 + mllp" 5 £ 11
o™ IV ||? + Va2

—Ls n—1L,s 1 n,s
Va2 A+ llp" 7 + 47752C||Au’ I (54)

where 7 is a positive parameter and C is a constant independent of n. Similarly, multiplying
(50) by u"®, we get

o fuef

s u+pe d s
1>+ 3 EIIW’H2

<SGIVW TP+ Cllp" Nl NZ + Cyllo™ ™ sl V |1
+ Gyl VU2 + GVt 4 Gyl e + 6mfar 1 (55)
where C, is a constant independent of n.
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Adding (54) and (55), we get

[+
2

<26, [Vw" 2+ 26, " M IEILA 11 + 2C o™~ 5 IV 1P + 26, | Vu P

n,s d n,s n,s
o[> + g 1ve" 12+ 0(u + pe) |l A |?

n—1s n—1,s n.s C52 s
26, IV 4 2G, "+ Ol + - Au

By choosing n=0/12 and >0 such that (u + u;)6 — C6*/4n>0, we reduce the previous
inequality to

8 d n,s n,s
P+ (e ) g [V P+ Gl du|

SCIVw' =12+ Cllp" N7l A N1Zs + Cllp" =17 Va2
+ClIVu™|? + Cl[Vu" =12 + Cllp" (56)

with positive constants C;, C independent of n.
From (51), we have

pn—l-&-sw?,s +LW"’S +4’urwn,s
:Z,Ur(I'Ot un—l,S) + pn—l,sg _ pn—l,sW;1 _ pn—l+sun—1+s . vwn,s
_ pn—l+sun—l,s A vwn _ pn—l,sun—l . VW" (57)
where Lw™* = (c, 4+ cq)Bw™* — (co + ¢4 — ¢, )Vdivw™*. Since L is a strongly elliptic operator,

see Reference [20, p. 70], there exists a positive constant , depending exclusively on c, +
C4, Co+cq —c, and I' such that

(Lw™*, BW™) = (ca + ca)l|BW™*||* = No[ Vw"*||? (58)

Multiplying (57) by 0Bw™*, using (58) and estimating as usual, we have

Ocu -+ co)l[Bw™ > < O™ |+ e[+ V=" | + Lo e g
" BV + Wl + L Var |

0*C

i n,s|2
a7 18| (59)

+ "7 +
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Multiplying (51) by w;"*, standard estimates yield

Ca+Cq cot+cg—ca d .. ) d
€0 ¢ ™ & ns 20, —
3 5 g 1wl + 2 2w

<G|V + Cellp™ e lgllz + Cello™ =I5 I wr |2

n,s||2

n,s d n,s
o w12 + LA

+ Gl VW™ |2 + Cel[ Va2 + Cellp"™ s + 6L [wr|I? (60)

Adding (59) and (60), we get

n,s Ca+C d n,s n,s
w2 + VW™ |1? + O(ca + ca)|| BW™ |2
2 d¢
Co+Cd—Ca d . 2 d 2
— n,s 2 . — n,s
= w2 |

<AC V=P 4 2C 0" M gl + 2Cc " (7 Vwr |2

Cco?

+(0 + DC[Vw™|? +2C||p" (|76 + 6L [[wi* | + TCIIBW”’SIIZ

Now, choosing {=a/12 and 0=(c, + cq)%/25p°, and setting C,=(c, + cq)*0/(25B)?,
we get

n,s d n,s n,s d T n,s
o||wi Hz+(ca+cd)a||w’ I? + Gy || Bw™ ||2+(co+cd—ca)a||d1VW’ 112

Vw/|l®

2
L6

d - S — 1,8 — 1,5
+ e w2 < Cven P+ Cll" gl + €l
+CVw™ |2+ Cllp" |1 (61)

Adding (56) and (61), and integrating the result from O to ¢, we obtain

(e IV O + e | W OFF + o [t @IF + @) de
0 [ @ de+Cs [ 1Bw O de + (o + e — e w )
<¢ [(war@P + 19w @) de
e [l @R + o)
e [l @BV + 9w o))
¢ [ AP + v @Pde ¢ [ ol b (62)
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From (53), Vz€(0,¢), 0<t<T, we have

T t
ol <C [ Ve @Pdi<c [ veti@)P e

and replacing this last inequality in (62), we obtain

t
C([Vu () + [Fw™(0)|) + C3 / (e ()| + Wi (o)) d
t
o [ (@) + [Bw @) de + Calldiv w1
0
t
<cC / (V" @) + [T ()|?) de
0
t t
e / Va5 dey / (/@2 + g0 de
t t
e / Va5 dy / (V)| + VW (0)?) de
0 0
t t
We / (V@) + VW™ (0)|]?) de + CT / V15 da
0 0
where C3 = min{y + U, ¢, + c4,% ¢1,¢2}. Then,
t
IV @) + Vw0 + / (@) + WD) da
t t
+ / 4w ()| dt + / |BwS (o) de
0 0
t
<cC / (V" @) + [T (@)|) de
0
t
e / (V@) + [ VW™ (0)]]?) de
Applying Gronwall’s inequality see Reference [21, Lemma 3.10, p. 122], we get
t t
IV @) + VW™ (@) + / (@) + WD)y de + / 4w (o)) de

t t
+ / 1BwS (D) de <M, / (Va5 @) + [V )P ) d (63)
0 0

Thus, we have

t
IVu™ @I + [Vw™ (0)|* <M, /0 (Ve (@) + [[Vw" = (0)]*) dr
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Since ||Vu™s(¢)|* + [|[Vw™(¢)||> <M, Vn,s and ¢t€[0,T], using Lemma 4.1, we obtain

Mity—! (M, Ty—!
n,s 2 n,s 2< ( 1 < 1
IVu™()||* + | Vw™()||* <M = 1) <M =1 (64)
We observe that
! ! Myt)y—2 (Myty—!
n—1,s 2 n—1,s 2 < ( 1 < 1
My [ Qv @ + @y de<an [ u G e SO 65)
Therefore, from (63) and (65), we have
! Mity—! (M, Ty—!
n,s 2 n,s 2 < ( 1 < 1
/0(||Au O + |I1BwW™(0)||7)dt<M -1 <M 1) (66)
from which we obtain the convergence in L?(0,T; H*(Q2)), and
! Mity—! (M TYy—!
n,s 2 ns 2 < ( 1 < 1

which gives the convergence of u! and w/ in L2(0,T;L*(2)).
4.1.3. Convergence of the density sequence in L>°(0,T;L>°(£2)). Now, from (52), we have
pt Fu" Npht = —u" . Vp"?
p™*(0)=0
Let z"(x,t,7) be the solution of the Cauchy problem
z; =u"(z",7)
"=x for t=t¢
Then, using the characteristic method, we have
pi(x,t)=— /Ot u™*(z"(1),7).Vp"(z"(1),7)dr
Bearing in mind the properties of z”, see Reference [10, pp. 93-96], we get

t t
HP"‘S(f)IILoo<IIVP”“|\L°°<0,T;L°°(Q>>/O [[u™*(2)]| df<C/0 [4u™*(7)]| dz

Hence, applying the Cauchy—Schwarz inequality and observing (66), we have

(Mlt)n_l (MlT)n_l
-1 M-

t
10" ()3 <c / 4w ()| de<M (68)
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4.1.4. Convergence of u" and w" in L*(g,T; W'>°(2)). The following bounds in the lemma
require some technical manipulation. Let us differentiate (50) with respect to ¢, and multiply
the result by u"* and integrate the resultant on 2. We get

5 dtW PP (o )|V P

S ) 2p(rot ) + (o )
(P Iu u) — (prI ys y)
("I S ) — (pnflesuans VU )
_ (ptnflJﬁsunfl,s SV W) — (p" sy LS 7y u )

. (pn—l+sun—l,s ) Vu?,u';’s) . (pn—l,su:l—l'vun,u;l,s‘)
— (" V) (T )

= () = (V)

Let us group the terms containing p~"*, namely
b= (o fot) = (™ ul ) — (o T
and denote the remaining terms by /;. Then, we have
d ns
g llver N7 4+ 20+ po)lIVur || = 2k + 25

Multiplying this equation by ¢(#)= min{1,¢} and integrating the result from 0 to ¢, we get

(OISO (O + 2 + i) /0 o(0)| Vi (1) de
:/t G (O (0 (0| dt + 2H1 (1) + 2Ha(1) (69)
0

where H(t)= fot a(t)hi(t)dt and Hy(¢) = fot a(t)hy()dr.
Now, we estimate the right-hand side of the above equation. From the fact that 0<o’(¢) <1
a.e. in t€[0,7T], we have

n,s ! T -l
[ oo ssp [ ssp P o)
as a consequence of (67). It is easy to show that
(AA/IIT)’H2 U + Ur / 2
Hi(1)<C =) + ) a(t)||Vu " (7)||* de (71)
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For each term in A,(¢), using (52) and integrating by parts, we can obtain the same kind
of bound. In fact,

(P ) = =@ V) = (@ )
= (@ I+ (o V)
+ (pn—l,sun—l VU
< [ e 90" e o
S a1 it P A A
11" el e I3
< ClIvu W IFu |+ Cllo™ e Wl [V
< GIVE T IR + Gyl el + 2019 R (72)

Taking, respectively, = f, Yy =u" and Yy =u"~' - Vi, choosing n=(p + u,)/24, we have
t t
() < [ [V @I a4 C [ o @@l de
0 0

t t
e / Va5 @) de + € / 1" 5 () 2|V (o) de

' n—1,s + T ' n,s
+C [l @l e+ B [ a@vicoar

Now, using (53), (64) and (65), we obtain

M, TY—2 ! s
HXHSM(MI;ﬂ-+H:ﬂLAUQWV%%ﬂWdT (73)

Therefore, carrying (69) and (71) in (73), we obtain

(MIT)an

(n—2)! (74)

t
sO I+ [ oV (o) dr <
which proves the convergence for u/. For w/"* the arguments are similar.

The sixth rate of convergence in the Theorem is directly obtained from (54). Similarly,
the seventh rate of convergence is consequence of the previous bound, thanks to the Sobolev
embedding L>(2) C H*(Q).

Finally, the last rate of convergence of Theorem 2.3 is obtained by repeating the same
arguments used in Lemma 2.2 (see equation (47)). That is, write (50) as

(1 + pe)Au™ = P(F)
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where
F :2/11—1'0'[ Wn—l,s + p}’l—],sf _ pn—l,su:l _ pn—H—s . vun,s
_ pn—l+sun—l,s Vu" — pn—l,sun—l Vu" — pn—l+sultq,s
The remaining step consists in showing that Fe€L*(0,7;L%Q)) and in applying the
Amrouche—Girault result [18].

4.2. Passage to the limit

Once the convergences have been established, the passage to the limit is a standard procedure.
We obtain

T
[ o+ V= pf 2ot — (1)) e dt =0
0

T
/ (pw; + pu - Vw — pg — 2p,rotu + 4pew — (¢u + ca)Aw
0
—(co+ cq — co)Vdivw,z)(t)dt =0
for all z,ve L*(Q2) and ¢,y €L>(0,T).
These equalities together with the Du Bois—Reymond Theorem imply
(pu; + pu-Vu—pf —2u,rotw — (i + p)Au,v) =0
(pw; + pu - Vw — pg — 2u, rotu + 4pu,w — (¢u + ca)Aw — (co + ¢4 — ¢,)Vdivw,z) =0
a.e. in [0, T], for every veH, z€L*(f)). These last two equalities imply
P(pu; + pu-Vu— pf —2u,rotw — (4 ¢, )Au) =0 and

ow; + pu - Vw — pg — 2protu + 4w — (¢a + ca)Aw — (co + ¢g — ¢o)Vdivw =0
For the density, we proved that

u" —u strongly in L*(0,T;L*())
ol —p, and Vp" — Vp weakly in L*(0,T;L*(2))

Thus, when n — co in the approximated continuity equation, we obtain
pr+u-Vp=0 in the L*(0,T;L*(2)) — sense

Now, we prove the continuity established in Theorem 2.3 for the solution (u,w, p). Firstly,
given that u€L>(0,7T;D(A4)) and u, € L*(¢,T;D(A4)), by interpolation (see Reference [6,
p. 260]) u is a.e. equal to a continuous function from [e, 7] into D(A4), i.e.,

ueé(e, T;D(A)) Ve>0
On the other hand, since u, €L*(e,T; D(A)), uy € L*(¢,T; H), by interpolation we have
w€b(e, T V), Ve>0
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Therefore,
ucé'([e,T;V)N%G([e,T]; D(A)), Ye>0
Analogously, we prove that
web ([, T]; Hy ()N ([, T]; D(B)), Ve>0
To prove the continuity at t =0, we proceed as follows. It is easy to show that
lim [lu(t) = u(0)| =0,  lim | Vu(t) = Vu(0)[| =0
To prove that
lim [[Au(z) — Au(0)[ =0

it is sufficient to show that
Tim sup [ Au()]| < o]

since we already know that u(¢) —uo in H'().
Multiplying (7) by Au/*! and integrating in €2, we have

pApe d o .
3 : aI\Au P+ VeV P

= — (p"u" - Vu", A + 2u(rot ", AU + (p" f, Aul T
_ (vpn . vu:tJrl’ u:tJrl

Then, integrating from 0 to ¢, we get

2
14w (O] < [[Auo]® + e [(—p" ()" () - V™ (1) + 2pt ot w'(1)
T

+p" (O f (1), Au" (1)) = (—pu"(0) - Vg™ + 2p;rot wy

+ 00/ (0), Aug™)] + N(t)

,u+,ur

uniformly in » and where
t
N(@) = / |(pru” - Vu"™ + p"ul - Vu" + p"u" - Vil — 2p, rot w
0
t
oS = fudu et [Vt de
0

t
< C/O (IS |+ 5 |+ 570+ w7+ LA+ DLflD de<er'

by virtue of Holder inequality and the estimates as given in Lemma 2.2.
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From this, we conclude that

[ 4u(O)|* < |l Auo|® + c[(—p(t)u(t) - Vu(t) + 2pcrot w(t) + p(t) f (1), Au(t))
— (—pou(0) - Vg + 21, rot wo + po £ (0), Aug)] + Ct'/?
Since p(t)u(t)-Vu(t) — poug - Vug, p(t)f(t) — pof(0), rot w(t) — rot wy in L>(Q) and Au(t) —
Augy weakly in L?>(Q) as t — 0T, we obtain the desired result. From this, it is easy to show
Tim [ (1) — u(0)] =0

The results for w are proved in the same way.

4.3. Uniqueness of the strong solution

To prove uniqueness, let us assume that (u,w, p) and (u;,w;, p1) be two solutions of (1)—(2)
with the same regularity as stated in Theorem 2.3. Now, define
U=uy—u, W=w;—w and R=p;—p

These auxiliary functions verify a set of equations similar to (50)—(52). If we multiply the
first equation by U, the second by W and the third by R and repeat the argument as given
in the proof of Lemma 2.1 in 3.1.1, we obtain for ¢(t)=||U(?)||> + |W(@)|* + ||R(?)|* an
inequality of the following type:

o)< C/o o(t)dr

which, by Gronwall’s inequality, is equivalent to assert U =0, W =0 and R=0. The proof
of Theorem 2.3 is completed.

5. EXISTENCE AND UNIQUENESS OF THE PRESSURE

Lemma 5.1

With the hypotheses of Lemma 2.1, for each n, there exists p"€L*(0,T; H'(Q)/R) such that
(u",w", p", p") is an approximate solution of problem (1)—(2), where (u",w",p") are given
by Lemma 2.1. In addition, with the hypotheses of Lemma 2.2, p”" is uniformly bounded in
L>(0,T; H'(Q)/R).

Proof
One can prove this lemma from (47) and the Amrouche—Girault’s results (1991).

Lemma 5.2
Under the hypotheses of Lemma 2.2, we have
¢ n—1
n+s n 2 (M T)
/0 12"() = Pl G <M S s
n+s n 2 (MlT)niz
sup o(0)|| (1) — p (f)||H1<m/R<MW

for all £€[0,T1].
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Proof
We denote p™* = p"* — p", ¥Yn=1. Then, from (7) and (50), we have
—(H+ pe)Au™ + Vptt=J (75)
where
J = Z/J,rI'Ot wnfl,s 4 pnfl,Sf . pn 1, su;z o pnflJrsunflJrs . vun,s
7pn71+sunfl,s . Vun 7pn ls n—1 Vu n l+su;1,s (76)
Moreover,

sl f 11z + Cllp" = Mzl 17 + ClIva™|J*
+CIVu" =P + Cllp" =17l Ve 17 + Clla |1 (77)

WI? < CIow "I + Cllp '

Now, (75)—(77) and the Amrouche—Girault’s results [18], imply
17" Iz @y <CIVII? (78)

and integrating it from 0 to ¢, we get

t n—1 n—1
[ 1 @y te < cn [ SAD o QODEC [y o a

M, Ty MT
D [ v e+ S0

(MT)" 1 : Ty~
+ = ORI /||Au () dr + (1 1),]

by virtue of (53), (65) and (67). Therefore,

t n—1
n,s 2 (MIT)
L1 @l de<ir G5

Also, from (76) and (78), with ¢(¢) = min{1,¢}, we have

(Ol P lin@ym < VW12 + Cllp" |7 I/ 12 + Cllp"

+ CITut |+ CITut= | + Cllo™ | + Cot)u P

(MIT)n—Z (MIT)n—Z (MlT)n_l
SO M Gy I MG Ty
(MIT)"_I (MlT)n_] (MlT)n_2
+CM Sy CM s+ O S
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by virtue of (53), (64), (67) and (68). Therefore, by interpolation, f € C([0,T]; L*(2)). From
the last inequality, we conclude

(M, T)—2

(n—2)! (79)

U(f)||Pn’S(f)‘|§11(Q)/R <M

Theorem 5.3
Under the hypotheses of Lemma 2.2, the approximate pressure p” converge to the limiting
element p in L*(0,T;H'(2)/R) and (u,w,p, p) is the unique solution of (1)—(2), where
(u,w, p) is the solution given in the Theorem 2.3.

Moreover, we have the following error estimate:

M Ty!
(n—1)!

Also, p" converges to p in L>=(¢,T; H'(Q)/R), for all £>0 and satisfy the following error
estimate

t
/0 17(0) = POy dT<M

(M Ty

n _ 21 <M -———
s111p o)) p" (1) — POz yr (n—2)!
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