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EXISTENCE OF LOCAL AND GLOBAL SOLUTIONS OF
FRACTIONAL-ORDER DIFFERENTIAL EQUATIONS

M. Muslim,! C. Conca,”> and R.P. Agarwal® UDC 517.9

We study the existence of local and global mild solutions of the fractional-order differential equations in
an arbitrary Banach space by using the semigroup theory and the Schauder fixed-point theorem. We also
give some examples to illustrate the applications of abstract results.

1. Introduction

We consider the following fractional-order differential equation in a Banach space (H, ||.||):

dPu(t
-ji%z—kAuO):vﬂLuUD, t€(0,T),
(1.1)
u(0) = uo,
. . dPu(r)
where A is a closed linear operator defined on a dense set, 0 < 8 <1, 0 < T < oo, and 5 denotes

the derivative of u in the Caputo sense. We assume that —A is the infinitesimal generator of a compact analytic
semigroup {S(¢):¢ > 0} in H, and the nonlinear map f is defined from [0, T] x H into H satisfying certain
conditions to be specified later.

For the initial works on the existence and uniqueness of solutions of differential equations of different types,
see [1-9] and references therein.

Jardat et al. [3] considered the following fractional-order differential equation in a Banach space:

dPu(t)

B = Au(t) + f(t,u(),Gu(t),Su(t)), t>ty, B e€(0,1],

(1.2)
u(to) = uo,

where A generates a strongly continuous semigroup. They have used the semigroup and fixed-point methods to
prove the existence and uniqueness of solutions.

In the present paper, we use the Schauder fixed-point theorem and semigroup theory to prove the existence of
local and global mild solutions of problem (1.1). With some extra assumptions, we can apply all the results of this
paper to the problem considered by Jardat in [3].
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The plan of the paper is as follows: The introduction and preliminaries are given, respectively, in the first two
sections. In Sec. 3, we prove the existence of local mild solutions, and the existence of global mild solutions for
problem (1.1) is given in Sec. 4. In the last section, we give some examples

2. Preliminaries

We note that if —A is the infinitesimal generator of an analytic semigroup, then, for ¢ > 0 large enough,
—(A + c1) is invertible and generates a bounded analytic semigroup. This allows us to reduce the general case in
which —A is the infinitesimal generator of an analytic semigroup to the case where the semigroup is bounded and
the generator is invertible. Hence, without loss of generality, we suppose that

SO <M for t=>0

and
0 € p(—A),

where p(—A) is the resolvent set of —A. It follows that, for 0 < o < 1, A% can be defined as a closed linear
invertible operator with domain D(A%) dense in H. We have H, — H, for 0 < @ < k, and the imbedding is
continuous. For more details on the fractional powers of closed linear operators, see [10]. It can easily be proved
that Hy := D(A%) is a Banach space with norm | x|l = ||A*x|| equivalent to the graph norm of A%.

Note that the set C7 = C([0, T'], H) of all continuous functions from [0, 7] into H is a Banach space under
the supremum norm given by

I¥lr = SUPTHI//(U)II, ¥ eCr.

0=n=
We consider the following assumptions:

(Hy) —A is the infinitesimal generator of a compact analytic semigroup S();

(Hy) the nonlinear map f:[0,7] x H — H is continuous in the first variable and satisfies the following
condition:

ILf (. x) = f(s. p)Il = Ly (r)lt = s+ [lx = pll].

forall x,y € B,(H,ug) and ¢,s € [0,T]. Here, Ly:R4 — R is a nondecreasing function and, for
r>0,

B (Z,z1) ={z € Z:|z—z1|lz =1},
where (Z,||.]|z) is a Banach space.
We need some basic definitions and properties from the fractional-calculus theory.

Definition 2.1. A real function g(x), x > 0, is said to be in the space Cy, n € R, if there exists a real
number p (> ) such that g(x) = xPgi(x), where g1 € C[0,00), and it is said to be in the space C;' iff
g™ e Cy, meN.
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Definition 2.2. The Riemann—Liouville fractional integral operator of order B > 0 of a function g € Cy,
W > —1, is defined as

Boiry— L [ _ gyt
I gU)—]Xﬂ)!kt 0)5=1g(6)d6, t > 0.

Definition 2.3. If g € C| and m is a positive integer, then we can define the fractional derivative of g(t)
in the Caputo sense as follows:

dPg(t)
dtB

mﬁlm .
= T = ﬁ)/(t 0) gmO)ydo, m—1<p<m, t>0.

Definition 2.4. By a mild solution of the differential equation (1.1), we mean a continuous solution u of the
following integral equation:

u) = St)up + m /(t —s)ﬂ_lS(t —38) f(s,u(s))ds.

For more details on mild solutions, see [3].

3. Existence of Local Solutions

To prove the existence of a mild solution of the evolution problem (1.1), we need the following lemma:
Lemma 3.1. The differential equation (1.1) is equivalent to the following integral equation:

u(t) = ug + Tﬂ) /(z — )P (—Au(s))ds + %ﬂ) /(z — )P £ (s, u(s))ds,
0

where 0 <t <T.
Proof. For details, we refer to Lemma 1.1 in [3].

We now state the following theorem:

Theorem 3.1. Assume that conditions (H;) and (H») are satisfied and ug € D(A). Then there exists to,
0 <tg < T, such that Eq. (1.1) has a local mild solution on |0, to].

Proof. Let R > 0 be such that

Mluol| =

|

andlet A1 = ||[A7Y].
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We choose t9, 0 < t9 < T, such that

L
B

R( M -1
0 < { i L R + R+ 170 }
We set

= {u € Csy:u(0) = up, ||u)—upll <R for 0 <t <tp}.

Clearly, Y is a bounded, closed, convex subset of Cy,.
Forany 0 < T < T, we define a mapping F from Cj into Cz as follows:

(Fu)(r) = S(H)uo + Tﬂ) (l — )P 1St —5) f(s,u(s)) ds.

Clearly, F is well defined.
We need to show that F:Y — Y. Forany u € Y, we have (Fu)(0) = ug. If ¢t € [0, 7], then

I(Fu)(@) —uoll < [|S@)uo — uoll + W/(Z = )P NS @ =) f (s uls)ds

<R
T2 BT

[T + Rl + L/ (0.uo)ll}ef <

Hence, F:Y — Y.

We now show that F maps Y into a precompact subset F(Y) of Y. For this purpose, we show that, for
fixed t € [0,10], Y(¢) = {(Fu)(t):u € Y} is precompactin H and F(Y) is a uniformly equicontinuous family
of functions. Here, for t = 0, Y(0) = {ug} is precompactin H.

Let ¢t > 0 be fixed. For an arbitrary € € (0,¢), we define a mapping F¢ on Y by the formula

(Feu)(t) = S(Hup + m /(l —s)ﬂ_lS(t —5) f(s,u(s))ds

_S(Z)MO+T/3)[(t )‘3 LS(t — s —€) f(s,u(s)) ds.

Since S(¢) is compact for every € > 0, the set Ye(¢t) = {(Feu)(t):u € Y} is precompact in H for every
€ € (0,1), where t € (0, to].
We also have

|(Fu) () — (Feu) ()] = %ﬁ) / (t —)P71S(t —5) f(s.uls) ds| < PR
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forall t € (0,2], u €Y, and

Ry = {Ly (BT + Rl + [ £(0,u0)ll}-

BT (B)

Consequently, the set Y (), where ¢ > 0, is precompact in H.
For any 11,1, € (0,19] with 1 <, and u € Y, we have

(Fu)(t2) — (Fu)(t1) = [S(2) — S(t1)]uo + Tﬂ) /(lz —$)P71S (12 — ) f (s, u(s)) ds

e / (11— 71 — (12 — )P 1St — 5) f (5. u(s)) ds

5 / (1 =518 =) = S = 9)] £5.u() ds

=L+ 1L+ 13+ 14 (3.1)
Hence,
[(Fu)(t2) — (Fu)(t) |l < 1l + 1211 + [113]] + Za]l- (3.2)
We get
I1 = [S(t2) = S(11)]uo
It follows from Theorem 2.6.13 in [10] that, forevery 0 < n < 1 —q, t» > t; > 0, we have
[ 11]] < A1][(S(t2) — S(t1))A%uo|| < A1CyCoynt, T 1y — 1) o] < My(ta — 1),
where Cj is some positive constant such that ||A"S(¢)|| < Cpt~" forall ¢+ > 0. Furthermore, M; depends on

t1 and blows up as t; decreases to zero.
Using Eq. (3.1), we get

(ty —11)”,

21 = 55 / (12 =912 = L f s, uo)lds =
where Ay = {Ls(R)[T + R] + | f(0,up)||}. We have

Iz =

o / (11— 71 — (62 — )P 11S (b2 — ) s, u(s)) ds.
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Hence,

Az A1 Cy
N0))

151
I15] < /Urﬂﬂ”ﬂh—ﬂ”“—m—ﬂ”ﬂd&
0

where
1 —
A=1-—aqa, ;L:—'B, and o # 1.
l—«
Hence, after some calculation, we get

Az A1 C _ VN ~
5] < 2201 % 5 01 (] — o)=AA==1 (g, ) A=)

I'(B)

where

c=(1—(%>lku) and 0<8 <1.

Similarly, we obtain

151
Ay A2 Cr4q B—1 -1 -1
nmm—————/m—@ (1 —9)"" = (2 — )] ds
'(B)
0
A1 A2 Crya , (1-1) -B BO—%)
< L2 ey D1 — tr—1 8,
= arp) 2 (1 —=c1) P (t2 —11)
where
1
Clyoq = (l_ﬁ)’ 0<é <1,

and Cy.g is some positive constant such that ||A1T*S(1)|| < Ci4qt™17¢ forall ¢ > 0.

Thus, it follows from the above calculations that the right-hand side of inequality (3.2) tends to zero as
tp —t; — 0. Hence, F(Y) is a family of equicontinuous functions. Furthermore, F(Y) is bounded. Thus,
according to the Arzela—Ascoli theorem (see [11]), F(Y) is precompact. The existence of a fixed point of F in
Y is a consequence of the Schauder fixed-point theorem.

Hence, there exists u € Y such that, for all ¢ € [0, #9], we have

t

u(t) = S{)up + %,3) (t — s)ﬂ_lS(t —5) f(s,u(s))ds, (3.3)
0

where u(0) = uy.

Applying similar arguments as above, we see that the function u given by Eq.(3.3) is uniformly Holder
continuous on [0, fp]. With the help of condition (H,), we can show that the map ¢ +—— f1(¢,u(¢)) is Holder
continuous on [0, zp]. This completes the proof of the theorem.
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4. Existence of Global Solutions
Theorem 4.1. Suppose that 0 € p(—A) and —A generates a compact analytic semigroup S(t) with

SOOI < M for t = 0, ug € D(A), and the function f1:[0,00) x H — H satisfies condition (H»). If
there is a continuous, nondecreasing, real-valued function k(t) such that

A =k@A +1yl) for =0, ¥ eH,

then Eq. (1.1) has a unique mild solution u, which exists for all t > 0.

Proof. According to Theorem 3.1, we can continue the solution of Eq. (1.1) as long as |u(¢)| stays bounded.
Therefore, we need to show that if u exists on [0, 7T), then |u(z)| is bounded as ¢ 1 T.
For ¢t € [0,T), we have

u) = St)uo + m /(Z — s)ﬂ_lS(l —5) f(s,u(s))ds.

From the above equation, we get

le@)] = Mlluoll + —/(Z — )P NS @ = 9IS (5, u(s))l|ds.

I'(B)
Hence,
lu(@)|| < C2 + C3 /(t — )V |lu(s)| ds.
where
Co = M |uol| + ﬁMk(T)Tﬁ
and

1

Therefore, it follows from Lemma 6.7 ([10], Chap. 5) that u is a global solution.

To complete the proof of the theorem we only need to show that u is unique on the whole interval.

Let u; and u be two solutions of the given fractional integral equation (1.1). Then, by a similar argument
as above, we conclude that

i (6) — w0 < F(IS)MLJ«R)/(: 9B D s (s) ~ wa(s) | ds.

Hence, according to Lemma 6.7 ([10], Chap. 5), the solution u is unique. This completes the proof of the theorem.
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5. Examples
Let H = L?((0,1);R). Consider the following fractional partial differential equations:
9B
at—ﬂw(t,x) — 8,26w(t,x) =F(t,w(,x)) x€(0,1), >0,
(5.1

w(0,x) =ug, w0 =wk1)=0 te€[0,T], 0<T <oo,

where F is a given functionand 0 < 8 < 1.
We define an operator A as follows:

Au=—u", ue D(A) = HO,1).

Here, clearly, the operator A is self-adjoint, has a compact resolvent, and is the infinitesimal generator of a compact
analytic semigroup S(z). Let @ = 1/2 and let D(A'/2) be a Banach space with the norm

lx[l1/2 := ||A1/2x||, x € D(Al/z);

denote this space by Hj ;.
Equation (5.1) can be reformulated as the following abstract equation in H = L?((0,1); R):

dPu(r)
dth

+ Au(t) = £t u(t)), t>0,

u(0) = uo,

where u(t) = w(t,.), i.e., u(t)(x) = w(t,x), t € [0,T], x € (0,1), and the function f:[0,T]x H — H is
given by

ftu(®)(x) = Ft, w(t, x)).

We can take f(t,u) = h(t)g(u'), where h is Lipschitz continuous and g: H — H is Lipschitz continuous
on H. In particular, we can take g(u) = sinu, g(u) = £u, and g(u) = arctan(u), where £ is constant.
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