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Abstract. Given W = M1, with M a tridiagonal M-matrix, we show that there are two diag-
onal matrices D, F and two nonsingular ultrametric matrices U, V' such that DWFE is the Hadamard
product of U and V. If M is symmetric and row diagonally dominant, we can take D = E = 1. We
relate this problem with potentials associated to random walks and study more closely the class of
random walks that lose mass at one or two extremes.
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1. Introduction. A result of Gantmacher and Krein [9] shows that for a non-
singular symmetric matrix A, its inverse A~! is an irreducible and tridiagonal matrix
if and only if A is the Hadamard product of a weak type D-matrix and a flipped
weak type D-matrix. In McDonald et al. [16], the authors extend this result when
A is nonsymmetric and A~! is a Z-matrix (for related results see Nabben [17]). In
this situation, an extra diagonal matrix is needed. We connect this type of result to
potentials of random walks. In what follows a random walk is a losing mass Markov
chain on Z = {1,...,n} with nearest neighbor transition probabilities (here n is the
size of the matrices). In other words, it is a general birth and death chain on a finite
set.

We shall prove that the inverse of a tridiagonal irreducible M-matrix can be
written as the Hadamard product of two (or one in some extreme cases) special
nonsingular ultrametric matrices, after a suitable change by two diagonal matrices,
which can be taken as the identity if the M-matrix is symmetric and row diagonally
dominant (see Corollary 2.8). We also study this type of decomposition using even
simpler ultrametric matrices, but in this case we have to allow one, or both, of these
matrices to be singular (see Theorems 2.1 and 2.3). Conversely, if W = U 0OV is
the Hadamard product of two nonsingular ultrametric matrices U,V associated to
random walks, then W' is a tridiagonal M-matrix (see Theorem 2.3). We also give
necessary and sufficient conditions in terms of U,V so that W~1! is row diagonally
dominant. We also discuss the uniqueness of this decomposition and study the special
case where the random walk associated to W loses mass at one or two ends.

In what follows we denote by M ™! the class of inverse M-matrices. Given W =
M~1 e M~ we denote by G = {(i,j) : M;; < 0} the incidence graph of M out of
the diagonal. In most of this work we are interested in matrices for which G is linear
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(nearest neighbor); that is, (¢,7) € G if and ouly if |i — j| = 1. In particular, M is
tridiagonal.

An interesting subclass of M~ is the class of potential matrices, which are the
matrices whose inverses are row diagonally dominant M-matrices. It is straightfor-
ward to show that a potential matrix W satisfies W~ = §(I— P) for some constant 6
and a substochastic matrix P, that is, P > 0, P1 < 1 with strict inequality at some
site i: (P1); < 1. This decomposition is not unique, and if there exists one for which
0 = 1, we say that W is a sub-Markov potential. Even if the decomposition of W !
is not unique, the graph G associated to W is the graph of one-step transitions of P.
Hence, G is linear if P is the transition kernel of a (nearest neighbor) random walk.

Recall that a substochastic matrix P is irreducible if for all 7,j there exists m
such that PJ? > 0. For an irreducible substochastic matrix P, the series »- ., P™
is finite, and W = (I— P)~! = Y, ., P™ is the potential of P. Thus, W;; is the
expected number of visits to site 7 when the Markov chain whose transition kernel is
P starts from site 7. In applications potentials are interpreted in terms of electrical
networks (see, for example, [12, Chapter 2], [11, Chapters 7 and 8]).

Note that for all i # j

(1.1) Wij = [y Wij,

where fV

i € [0,1] is the probability that the chain ever visits j starting from 4. In

what follows we define f}¥ = 1 so that (1.1) is satisfied for all i, j. Irreducibility of P

is equivalent to W > 0; that is, all the entries of W are positive. For this reason we
say that an M-matrix is irreducible if its inverse is a positive matrix.

In general the Hadamard product of two potentials is not an inverse M-matrix.

For example, take the following ultrametric matrices (actually B is a permutation of

A):

2 2 2 9 29 2 2 9
2 4 4 4 2 8 6 4
A=15 4 6 6 and  B=|, o ¢ 4
2 4 6 8 2 4 4 4

A difficult problem is to give conditions under which the Hadamard product of two
inverse M-matrices is again an inverse M-matrix. There are a few results in this
direction (see, for example, [19]). On the other hand, the square in the sense of
Hadamard of an inverse M-matrix is an inverse M-matrix, which was conjectured in
[18]. This is also true for every rth Hadamard power as long as r > 1 (see [1], [2], and
[6]). The rth power, for r > 1, of a potential is again a potential (see again [6] and
some results for fractional powers in [8]). This means that if a potential is realized by
an electrical network, then it is possible to construct another electrical network whose
potential is a power of the initial one. Nevertheless, to the best of our knowledge
there is no probabilistic mechanism that relates one network with the other. This
remains an important question in finite state Markov chain theory.

The decompositions studied in this paper, as well as those in [16], [17], allow us to
study the Hadamard powers of inverses of irreducible and tridiagonal M-matrices. We
show that the rth power of any of these matrices is again an inverse of an irreducible
tridiagonal M-matrix when r > 0 (see Theorem 2.9). Thus, for r > 1 the rth power
of a potential associated to a transient irreducible random walk is again a potential
of another transient irreducible random walk. This provides a way to generate new
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random walks by using the Hadamard powers of random walk potentials. Further-
more, formula (2.4) below gives some probabilistic information on the random walk
associated to the powers of such matrices.

Moreover, we show that if W, X are inverses of irreducible tridiagonal M-matrices,
then their Hadamard product W ® X is an inverse of an irreducible and tridiagonal
M-matrix (see Theorem 2.10).

To give an insight into the results of this work, let us recall that a transient Markov
chain can be described uniquely by its potential. In many applications one measures
directly the number of visits between sites (a measurement of its potential) instead of
the transition frequencies of the underlying Markov chain. With this information one
could estimate the potential matrix and then the transition probabilities. The main
drawback of this approach is that structural restrictions for potentials are difficult to
state. Nevertheless, as a consequence of [9] and our Theorems 2.3, 2.6, and 2.7, this
approach is feasible for random walks.

For example, in the symmetric case, if W is a potential of a random walk, then W
is determined by two monotone sequences of positive numbers 0 < x7 < x5 < -+ <
Tn,y 0< Yn S Yn—1 S o S Y1 such that

W; Wi,

Wi = @in; ysv; and @ = —ay, gy = —2L
J ing Yivj 4 15 Yj Yi.
Win Wi

Thus, W must satisfy the structural equation and monotonicity

WinW i . .
(12) Wij - TU’ 1 S 1 S J S n, and W-n Ta Wl- \l, .

in

This condition is close to being sufficient for having a potential of a random walk (see
Corollary 2.4 and formula (2.7)). Therefore, in applications if one wants to model
a random walk by specifying its potential, a restriction like (1.2) must be imposed.
Notice also that Theorem 2.6 discriminates between the ultrametric case and the non
ultrametric one by the disposition of the sites where the chain will lose mass (roots).
Thus, as a consequence of this result, if the model is not ultrametric, we expect to
have at least two nonconsecutive roots.

Notably, restriction (1.2) is stable under Hadamard positive powers, which is in
accordance with the fact that potentials are stable under Hadamard powers. On
the other hand, (1.2) is also stable under Hadamard products, an indication that
the product of two inverse tridiagonal M-matrices is again an inverse tridiagonal M-
matrix. The probabilistic consequences of this fact and how the restriction that both
graphs are linear intervenes in this property remain open questions.

Now we start with a concept that has revealed itself to be crucial in finite potential
theory and that will play a key role in this work.

DEFINITION 1.1. Given a square matriz A, we say that p is a (right) signed
equilibrium potential if Ay = 1, and a (right) equilibrium potential if in addition
> 0. When A is nonsingular such a right signed equilibrium potential exists and
is unique, and we denote it by pa. In this situation, we say that i is a root for A if
(1a)i # 0. The set of roots of A is denoted by Z(A) = {i: (pa); # 0}, which is the
support of the signed measure i 4.

The fact that W is a potential is equivalent to W € M~ and puyw = W11 > 0.
In this case (uw); = 6(1—3_; F;;), and therefore (uw); > 0if and only if >, P;; < 1.
The support of py is exactly the set of those indexes i for which P is losing mass,
and we say that P is substochastic at those sites. We note that if there exists a path
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(of positive probability) connecting k with a root i, which does not contain j, then
f,g}/ < 1 and so Wy; < Wj;. On the other hand, if every path (of positive probability)
that connects k with any root also contains j, then f,g;/ =1 and Wy; = Wj;. So, if
W1 is irreducible and tridiagonal, and, for example, i < j, Z(W)N|[1,5) = 0, then
o =1, but if Z(W) N [1,7) #0, then f}j < 1.
Let us recall the definition of an ultrametric matrix (see [14]).
DEFINITION 1.2. A nonnegative symmetric matriz U is said to be ultrametric if

ur) Vi, j, k. we have U;; > min{Us, Uy;}.

Remark 1.1. Notice that by taking j = i in (U{L) one obtains for all i: U; >
max{U,;,Uj; : j # i}. If this inequality is strict for all ¢, we shall say that U is strictly
ultrametric.

The following special class of ultrametric matrices will play an important role.

DEFINITION 1.3. The symmetric matriz U of size n will be called a linear ultra-
metric matrix if there exist k € {1,...,n} positive numbers x1,...,x, such that

(1.3) X122 2 2 Tp—1 2 X S T <o STy
and U;; is given by

Tiv; i i, <k,
Uyj=min{zs: iANj<s<iVj}=Qwzn ifi,j>k,

Tk otherwise.

We shall say that U is in class L(k) to emphasize the dependence on k. We call
T1,...,Ty, the characteristics of U.

Matrices in £(1) are a special case of D-matrices introduced by Markham [13]. In
the same vein, £(n) are a special case of flipped D-matrices. Also, matrices in L(k)
are a special case of cyclops with eye k+ in the notation of [16]. In particular, U can

be described by blocks as
o A [IJkE
U= <xkE’ B ) ’

where A is an £(k) matrix of size k determined by x1 > --- > 23, > 0, B is an £(1)
matrix of size n — k determined by 0 < zp41 < --- < z,, and E is a matrix of ones of
the appropriate size and xj < Tg41.

If A is a matrix indexed by Z and J,K are nonempty subsets of Z, then, as is
customary, A 7x denotes the submatrix of A by selecting the rows in 7 and columns
in K. If there is no possible confusion, we use the notation A instead of A7 7.

Remark 1.2. If 7 C {1,...,k} has cardinal p > 1 and U € L(k), then Uy € L(p).
Similarly, if 7 C {k,...,n}, then Uy € L(1).

Every linear ultrametric matrix is an ultrametric matrix. The following theorem
collects known results about these matrices and shows the connection between them
and symmetric random walks.

THEOREM 1.4.

(i) Assume that U € L(k). Then, U is nonsingular if and only if there are strict
inequalities in (1.3).

(ii) Assume that U € L(k) is nonsingular. Then, U~ = (I — P) for some
constant 0 and a symmetric irreducible substochastic and tridiagonal matrix
P that loses mass only at k.
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(iii) Assume that P is a symmetric irreducible substochastic and tridiagonal ma-
triz. Then U = (I — P)~! is an ultrametric matriz if and only if one of the
following two cases occurs:

(ili.1) Z(U) = {k}, in which case U € L(k).
(iii.2) Z(U) = {k,k + 1}; that is, the roots are adjacent. In this case U =
Vi © Vo, where Vi € L(k),Va € L(k+ 1) are nonsingular.
Part (iii.2) will be generalized in Theorem 2.6 to the case where the potential
has more than two roots or has two roots in the general position. A formula for the
tridiagonal matrix U~! when U € L(k), 2 < k <n — 1, is given by

-1 _ -1 _ -1 _ 1
Un =-Un =-Un =515

: -1 _ -1 _ -1
Visn-—1, UixiJFl - UiJlei T |Uig1,i41-Uii]?

_ . 1 -1 —1
V2<i<n,i#k, U; =-U,;1-U_ i

U—l _ Uki1,641 1
kk UkkUk+1,k+17U]?k Uk—l,k—lkak.

When U € L(1), we have

(1.4)

-1 _ 1 1
Ull T Un + Uz2—Ui1’

) 1 yr-1 —1
(1.5) Vi<n—1, U5 =Uiy: = o= o
v2<i<n, Ug'=-Ull,-U-,.

In both cases we assume implicitly that U, ! 41 = 0. A similar formula holds when

U e L(n). !

2. Main results.

THEOREM 2.1. Let M be a tridiagonal irreducible M -matriz, of size n, with
inverse W = M~1. Then, there exist two positive diagonal matrices D, E such that
(DWE)™L is an irreducible symmetric tridiagonal and row diagonally dominant M -
matriz, and, moreover,

(2.1) DWE =U®GV

for some U € L(1) and V € L(n). If M is row diagonally dominant, we can take
D =1, and if M is symmetric, we can take D = E.

All diagonal matrices D, E for which X = DWE is a symmetric potential are
constructed in the following way. Take p € R™ to be any nonnegative nonzero vector
and define D = D(p) as

1
2.2 Vi, Dj=-——.

Neat define E' = E(a, p) as the solution of the iteration: E1; = a > 0, and

DB 11 Wit

2.3 Vi>2, Ej—
23) - D11 Wicis

The right equilibrium potential of X is px = E~1p.

In particular, if we choose p = e; = (1,0,...,0)" as the first vector in the canonical
basis of R", and we consider D = D(e;), E = E(l,e1) then DWE = U is a
symmetric potential with an inverse that is an irreducible tridiagonal row diagonally

dominant M-matriz, and its right equilibrium potential is uy = e1. Hence, U e L(1).
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In the last part of the previous theorem we have shown that for some special D
and E the matrix DWE € £(1). This is a special case of the general decomposition
given in (2.1), where V' = 11’ is the matrix full of ones. The importance of this
special decomposition is that every potential of a random walk can be changed to a
linear ultrametric matrix through two diagonal matrices.

Using this transformation and formula (1.5) we obtain a formula for W~ in terms
of W, where W1 is an irreducible tridiagonal M-matrix. This formula is

Wit=0 ifli—j|>1,

W-_l _ W-_l Wit1,

w-l. — Wi, it i Win Wit11
Vi<n—1 4,i+1 Witt,iti Wig1,i W2 =Wy Wi i a W2 0
— )

(2.4) i+1,i Gt Wiig1?
. -1 _ -1 Wi—ana —1 Wigi1a
V2<i<n—1, Wi =-Wi =g~ —Wiiiw
-1 _ —1 Way, -1 _ —1 Wn-11
Wll - _W12 Win? Wnn - _Wn,n—l Woa

Remark 2.1. Recall that each diagonal entry of an ultrametric matrix dominates
its corresponding column (and row) and this property is stable under Hadamard
products. Thus, if W = U ©@V is the Hadamard product of two ultrametric matrices,
then its diagonal entries dominate the corresponding column.

In the next result we show uniqueness of the decomposition W =U ® V up to a
multiplicative constant.

PROPOSITION 2.2. Assume that W =U @V =U OV for some U,U € L(1) and
V,V € L(n). Then there exists a > 0 such that U = aU and V = iy,

Proof. Let 0 < 21 < - <2, 0< 31 < - < Ty, Y1 = -+ > yp >0, and
g1 > -+ > Un > 0 be the collection of numbers defining U, U, V,and V, respectively.
We define a = &1 /x1. We note that for all ¢ we have W;1 = x1y; = #19;, and therefore
for all i we obtain y; = afj;, which implies that V = aV. Similarly, we obtain that
U = aU, and the result is shown. O

Ezxample 2.1. When M is not row diagonally dominant, a decomposition like
W =U ®V may not exist, and the use of the diagonal matrices is necessary. Take,
for example,

35 20 25
W=120 16 20],
25 20 35

whose inverse is the irreducible tridiagonal M -matriz

0.1 —0.125 0
M= |-0.125 0375 -0.125
0 —0.125 0.1

We point out that M is row diagonally dominant only for the second row. A simple
inspection shows that W is not the Hadamard product of linear ultrametric matrices
(see Remark 2.1 and Theorem 2.3(ii) ).

THEOREM 2.3. LetU € L(1), let V € L(n) be of size n, and consider W =UQOV.

(i) W is nonsingular if and only if for alli=1,...,n—1

Uit1,i+1Vii > Ui Vig1,iv1,
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which is equivalent to

Whit1i Wi

> Wi
Wln 1,7

In particular, W is nonsingular if U and V' are nonsingular.

In what follows we assume that W is nonsingular with inverse M = WL,

(ii) M s an irreducible tridiagonal M -matriz, which is row diagonally dominant
at rows 1,n.

(ili) M s strictly diagonally dominant at row 1 if and only if

(2.5) (Uag — Ui1)(Us3Vag — UaaViz) > 0.

Since Voo > Viz > 0 a sufficient condition for this to happen is that Uss >
Uso > Uy1, which is the case when U is nonsingular. That is, if U is nonsin-
gular, M s strictly row diagonally dominant at row 1.

Similarly, M is strictly diagonally dominant at row n if and only if

(26) (anl,nfl - Vnn)(UnanfanfZ,an - Un72,n72Vn71,n71) > 0.

Again, since 0 < Up—2 p—2 < Uy—1,n-1, a sufficient condition is that V,,_2 n_2
> Vi—1,n—1 > Van which is the case when V' is nonsingular. That is, if V is
nonsingular, M s strictly row diagonally dominant at row n.

(iv) When n > 3, we define for any i € {2,...,n—1} the set J ={i—1,i,i+1}.
The matrix Wy is nonsingular, and its inverse N (i) is a tridiagonal M-
matriz, which is row diagonally dominant at rows 1,3 (strictly row diagonally
dominant in the case Us and V.7 are nonsingular).

(v) Either of the following two conditions is necessary and sufficient for M to be
row diagonally dominant at row i € {2,...,n— 1}:

(2.7) (Uit1,i+1-Uiz1,i-1) (Vic1,i-1—Vii) > (Usi=Ui—1,i—1) (Vie1,i-1—Vig1,i41),

(2.8) N(i) is row diagonally dominant at row 2.

Furthermore, M is strictly row diagonally dominant at row i if there is a

strict inequality in (2.7), which is equivalent to saying that N (i) is strictly

row diagonally dominant at row 2.

When U and V' are nonsingular, (2.7) and (2.8) are equivalent to

(2.9) UpitaVian 2 Ui Vil
(vi) If U and V are sub-Markov potentials, that is, U"} =1 - P, V™1 =1-Q

with P, Q substochastic matrices, then the diagonal of M is bounded by one:

Vi, My <1.

As consequence of these theorems, we obtain the following result.
COROLLARY 2.4. Assume that W is a symmetric nonsingular matriz with inverse
M =W, The following two conditions are equivalent:
(i) M is a tridiagonal irreducible row diagonally dominant M -matriz.
(ii)) W=UoV, where U € L(1),V € L(n), and (2.7) is satisfied for all i €
{2,...,n—1}.
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Under either of these two equivalent conditions we have

W25 if i=1,j=12,
(2.10) M;; = (W{i—l,i,i+1})£;_i+2 if 2<i<n-—1, [i—jl <1,

(W{n727n717n})37’}7n+3 if i=n, j=n—1n.

If, in addition, U and V are sub-Markov potentials, then W is also a sub-Markov
potential.

Proof. (i)=-(ii) follows from Theorem 2.1. (ii)=(i) follows from Theorem 2.3.
That (2.10) holds under each one of these conditions follows from the proof we will
do by induction of Theorem 2.3. In particular, we will show (see (3.8)) that for all
3<p<n

The other cases in (2.10) follow similarly. Finally, if U and V are sub-Markov poten-
tials, then by Theorem 2.3(vi) M;; < 1 for all ¢, which, together with the fact that M
is a row diagonally dominant M-matrix, shows that M = [— N for some substochastic
matrix N. Thus W is a sub-Markov potential. O

Remark 2.2. It may happen that W = U ® V is nonsingular and U € £(1), V €
L(n) are singular. Indeed, consider the example

2 11 1 1 1 2 11
W=1[111|]=(11 1]l 1 1
11 2 1 1 2 1 11

Moreover, if W = A ® B with A € £(1), B € L(n), then both A, B are singular.
Notice that in this case W € L(2).
The following result gives conditions to have U and V' be nonsingular.
PROPOSITION 2.5. Assume that U € L(1), V € L(n), and consider W =U OV,
which is, of course, a symmetric matriz.
(i) A necessary and sufficient condition to have U and V' be nonsingular is that
foralli=1,...,n—1

(211) Wi7i+1 < min{Wii, Wi+1,i+l}~

Hence, using Theorem 2.3(1), this condition implies that W is nonsingular.

(i) Assume that W is nonsingular and that M = W' is a tridiagonal irreducible

row diagonally dominant M -matriz. Then, U is nonsingular if and only if M
is strictly diagonally dominant at row 1. Similarly, V is nonsingular if and
only if M is strictly diagonally dominant at row n.

Proof. (i) Consider 0 < 21 < 29 < -+ < x, and y1 > y2 > -+ > y, > 0 the
numbers defining U and V. Since Wj ;11 = zi¥it1, Witi1,i+1 = Tiv1Yir1, Wi = i,
condition (2.11) is equivalent to saying that z’s are strictly increasing and y’s are
strictly decreasing, which is equivalent to U and V' being nonsingular (see Theorem
1.4).

(ii) If U is nonsingular, then from Theorem 2.3(iii), we get that M is strictly
diagonally dominant at row 1. To prove the converse we assume that M is strictly di-
agonally dominant at row 1. Without loss of generality we also assume that M = I1—P
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with P symmetric, substochastic, irreducible, tridiagonal and strictly substochastic at
row 1. The Markov chain associated to P loses mass at least at node 1, which, together
with the fact that P is tridiagonal, implies that Z‘{H <lforalli=1,...,n—1.

We denote by 0 < 21 < a9 <--- <z, and y1 > y2 > --- > y,, > 0 the numbers
defining U and V. Since z;yi11 = Wiip1 = fih Wittt < Wistit1 = Tip1¥it1,
we conclude that the x’s are strictly increasing and therefore U is nonsingular. The
conclusions for V follow similarly. 0

Remark 2.3. If W = U @ V, then condition (2.11) is sufficient for W being
nonsingular. On the other hand, if W is nonsingular, then the 2 x 2 matrix Wy; ;4 1y
is positive definite, because W is an inverse M-matrix. In particular its determinant
is positive, or, equivalently,

Wiit1 </ WiiWigt i1

Thus, condition (2.11) is a strengthening of the necessary condition for W to be
positive definite, namely, that each principal minor of size 2 must be positive.

The aim of the next result is to show that if W is the potential of a symmet-
ric irreducible random walk, then it is either a linear ultrametric potential or the
Hadamard product of two nonsingular linear ultrametric potentials.

THEOREM 2.6. Assume that M = W~ is a symmetric irreducible tridiagonal
and row diagonally dominant M -matrixz. Then

(i) Z(W) = {k} if and only if W € L(k);

(i) [Z2(W)| > 2 if and only if W = U @V, where U € L(k), V € L(m) are

nonsingular and k = min Z(W), m = max Z(W).

Remark 2.4. When |Z(W)| > 2, the decomposition given by this theorem is not

unique. We shall see that there are

1+ (k—1)+ (n—m)

degrees of freedom in such decomposition.

As a converse of the previous theorem, we have the following result.

THEOREM 2.7. Assume that U € L(k), V € L(m) are nonsingular of size n
(without loss of generality we assume k < m). Then W = U ® V is nonsingular,
and M = W~ is an irreducible tridiagonal M-matriz. The sum of row i is zero for
i ¢ {k <j<m} and it is strictly positive for i € {k,m}. When k <i <m, M is row
diagonally dominant at row i if and only if (2.7) holds, that is,

(Uit1,i41 — Uic1,im1) (Vic1im1 = Vi) = (Ui — Ui—1,i-1) (Vie1,i—1 — Vigiig1)-

There is a strict inequality in this formula if and only if M is strictly diagonally
dominant at row 1.

We summarize some of these results in the next corollary.

COROLLARY 2.8. Assume that W is a nonsingular positive matriz and denote by
M its inverse. Then, M is an irreducible tridiagonal M-matriz if and only if there
exist two positive diagonal matrices D, E such that X = DWE is a symmetric poten-
tial and X is a linear ultrametric matriz or the Hadamard product of two nonsingular
linear ultrametric matrices U, V. The first case occurs when X has one root. In the
second case the roots of X are contained in the convex set determined by the roots of
U and V. If M is row diagonally dominant we can take D =1 and if M is symmetric
we can take D = F.

THEOREM 2.9. Assume that W~ is an irreducible tridiagonal M-matriz of size
n. Then, for allr > 0 the matriz W), the rth Hadamard power of W , is nonsingular
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and its inverse is an irreducible tridiagonal M-matriz. If W is a potential (respec-
tively, sub-Markov potential) and r > 1, then W) s also a potential (respectively,
sub-Markov potential).

For r < 0 the matric W) is nonsingular, its inverse C(r) is an irreducible
tridiagonal matriz, and the following properties hold:

(i) sign(det(W()) = (—=1)"*1.

(ii) If n > 2, then for alli,j we have

<0 if i=1j,
O(T)ij s ¢ >0 if |Z —]l =1,
=0 otherwise.
(iii) If W is symmetric, then the eigenvalues of W) are negative, except for the

principal one, A1, which is positive and with maximal absolute value.
In this theorem the sign function is given by

1 if x>0,
sign(z) = 0 if z=0,
-1 if z<0.

THEOREM 2.10. Assume that W and X are nonsingular and W=, X1 are two
irreducible tridiagonal M -matrices. Then the Hadamard product W ® X is again the
inverse of an irreducible tridiagonal M-matriz. B

Proof. There exist diagonal matrices D, D, F, E and nonsingular matrices U,U €
L(1) such that

DWE =U, DXE=U.
Then
UoU=(DWE)® (DXE) = DD(W © X)EE
is again a nonsingular matrix in £(1), and the result follows. O

3. Proof of main results. We start with a useful result about principal sub-
matrices of inverse tridiagonal irreducible M-matrices.

LEMMA 3.1. Assume W = M~! is the inverse of an irreducible tridiagonal M -
matriz indezed by T = {1,...,n}. Let J = {1 < --- < Ll,} CZ, andlet X = W4
be a principal submatriz of W. Then X' is an irreducible tridiagonal M-matriz. If
W is a (sub-Markov) potential, then X is also a (sub-Markov) potential. Moreover,
if w = pw s the right equilibrium potential of W, then

(3.1) px > plg = MggeMzlgeplge > plg,
and LR (X)) ={l;:i € ZX)} DRZW)N J.

Consider i = Ls for some s =1,...,p. If {i,i+1} C J, then X;81+1 =M, it1.
Furthermore, if {i —1,i,i+1} C 7, then X;;_H = M, i+ fort € {—1,0,1}. Finally,
if {1,2} C J, we have X;,' = My for k € {1,2} (a similar relation holds when
{n—1,n} CTJ).

Proof. We assume that J = {{1 < --- < {,} g T. Tt is well known that X
is an inverse M-matrix (see [10, p. 119]), and since W > 0, we know that X ! is
irreducible.
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Using the inverse by block formula we obtain
(3.2) X '=Msg—MgzeMzl;Mgey.

For the rest of the proof, we denote Y = Mk;cljc.

The set J induces a partition on J¢ ={l; < --- < ln,p}, in at least one atom,
given by the sets [(s, ls11] N T, where £s, 0511 € J are consecutive in this subset,
together with the sets [1,41] N J° and [¢,,n] N J°. Denote the nonempty atoms by
A, ..., 4. The fact that M is tridiagonal implies that M, o, = 0 for a # b. This
block structure of M zc 7. is also present in Y. Therefore we have the formula, for
by =i < j= ét,

—1
X =Mij — Ciprj-1Mi 1Y, 0, Mj—1 5,

where Ciy1-1 = 1if i+ 1, 5 — 1 belong to the same atom in J¢ and I, = ¢ + 1,
l., =7—1. When i+ 1 or 5 — 1 does not belong to J¢ or they belong to different
atoms, we take C;11 ;1 = 0.

Thus, if there exists k € J such that i < k < j, we conclude that X_,* = 0 and
therefore X ! is a tridiagonal M-matrix.

Similarly, we obtain that

(3.3)  X.'= My — Cipri1 MY, 0, Mig1, — Cicv,i-1Mii1Y1, 0, Mi—1,

from which the last part of the lemma follows (here [, = ¢ — 1 when this element
belongs to J°).
Assume now that W is a potential, that is, y = M1z > 0. Then, we get

Mgzl =plg —Mgzelge,
MJCJC]_JC :/,I,|Jc _MJCJ]]-J'

Since Y = MEEJC >0and —Mg7c >0, we get
Mggly =plg —Mgg-Yplge + MggeYMgegly,
which yields
px =X g =Mggly = MggeY Mgegly = plg — MggeYplze > plg.

Thus X is a potential, and ¢(Z(X)) D Z(W)N J.

Finally, assume that W is a sub-Markov potential. We have to prove that X is
also a sub-Markov potential, which given that X is a potential, amounts to showing
that the diagonal elements of X ~! are bounded above by 1. This follows from (3.3)
because X;Sl < M;; <1. |

Proof of Theorem 1.4. (i) The property follows from the fact that a positive
ultrametric matrix is nonsingular if and only if all rows are different (see [15] or [4]).

(ii) Every nonsingular ultrametric matrix is a potential. When U € L(k), the
kth column is constant and therefore U~ '1 = zikek, where ey is the kth vector of
the canonical basis in R™. Thus, the only root of U is k. That U~! is tridiagonal
follows, for example, from Theorem 3 in [4], because the tree matrix extension of U
is supported by a path or linear tree (see also Theorem 4.10 in [17]).

(iii) Assume that U~! is tridiagonal, that is, its incidence graph is a path. For
a nonsingular ultrametric matrix, all the roots are connected (see Theorem 4 in [4]),
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and so U can have one root or two adjacent roots. Conversely, assume that U has
only one root at k. For i < j < k we have U;; = fi[jj'Ujj = Uj;. Similarly, if k <i < j,
we have U;; = Uy. Finally, for the case ¢ < k < j one has Uj; = Uy; = Uj, = Uy
Thus, U € L(k) with characteristics z; = Uj;.

Finally, assume that U has two consecutive roots at k, k 4+ 1; then according to
Theorem 4.10 in [17] U is ultrametric. The fact that U = V; ©V, with Vi € L(k),V; €
L(k + 1) is a particular case of what we will prove in Theorem 2.6. O

Now, we turn to the proof of the main results.

Proof of Theorem 2.1. Assume first that M is a symmetric tridiagonal irreducible
row diagonally dominant M-matrix. Consider W = M~!. The proof is done by
induction on the order n of the matrix M. For n = 1 the result is obvious. So assume
that the result holds for every symmetric row diagonally dominant matrix of order at
most n — 1. Without loss of generality we can assume that M =1 — P, where P is a
substochastic tridiagonal matrix. We decompose M and W by blocks as follows:

_ 1—P11 —C/ o W11 Cl/
M—< ¢ N) and W_<a T

Here (' = (P12,0,...,0) >0, 1 <1-— P11, ' = (Wia,...,W1,), N is a tridiagonal,
symmetric row diagonally dominant M-matrix, and, moreover, N1 — ¢ > 0. From
Lemma 3.1 T is also a sub-Markov potential, and T~ is tridiagonal. Then, by the
induction hypothesis there exist two ultrametric matrices R, S, where R € £(1) and
S € L(n—1)such that T = R® S. We denote by 0 < zg < 23 < --- < z,, and
Yo > ys > -+ >y, > 0 the numbers defining R and S, respectively.

The fact that P is tridiagonal and symmetric implies that for ¢ > 2

Wi = [ War = f5Wia = 5 fI¥ Wao
= fls Wi.

We take x1 = xof{5, which verifies 0 < 21 < 2. Then Wa; = w1y2, W31 =
21Y3, ..., Wn1 = x1y,. Finally, we take y; = Wiy/xy > Wai /a1 = ya. We define
U € L(1) associated to 0 < 21 < xo < 23 < --- < x,, and V € L(n) associated to
Y1 > Y2 >y > - >yy >0toget W=U@®V, and the result is proved in this case.

Now, consider M a general irreducible tridiagonal M-matrix. Then, there exists
a positive diagonal matrix F' (see [10, Theorem 2.5.3]) such that L = MF is a row
diagonally dominant M-matrix. If M is a row diagonally dominant M-matrix, we
can take F' = [. Clearly L is also tridiagonal and irreducible. Now, we look for a
diagonal matrix G such that G'L is also symmetric. The condition is that G;L; ;—1 =
Gi—1,i—1Li—1; for i = 2,...,n. We take G1; = Fy;, and we define inductively, for
i>2,

Li_y,
Gii =Gi—1,i-1—=.
Li;

The diagonal of G is positive by construction. Thus, H = GMF is a symmetric
tridiagonal irreducible M-matrix, and

H1=G(MF1) > 0.

Hence, H is also row diagonally dominant, and there exist two ultrametric matrices
Ue€L(1),VeL(n)suchthat H-1 =UeV = F'M~'G~!. Thus, we take D = F~1
and E = G~1.
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If M is symmetric, we obtain for ¢ > 2

Li1; a
— =Gt
Li; 1 M i1 Fi—1i-1

M 1:iFy G Fy;
=Gi—1i—15—
Fi 11

Gii =Gi1,1
The solution is G = F', which that implies H = FFM F' is a symmetric tridiagonal row
diagonally dominant M-matrix, and we obtain D = E = F~ L.

Take D, E diagonal matrices with positive diagonal elements. Let us now assume
that X = DWFE is a symmetric potential and consider y its right equilibrium poten-
tial. Then DW Eu = 1, and if we define p = FEu, we obtain a nonzero, nonnegative
vector. Obviously we get that D = D(p), as defined in (2.2). Since X is symmetric,
we get that E must satisfy (2.3). Also we obtain that = E~!p.

Conversely, assume that D, E are constructed as in (2.2) and (2.3). The matrix
X = DWE is a nonsingular matrix with an inverse X ' = E-'MD~!. Thus, X!
is an irreducible tridiagonal M-matrix. On the other hand, XE~!'p = DWp = 1,
which means that X ! is a row diagonally dominant matrix. The only thing left to
be proved is that X is symmetric. This is equivalent to proving that E~'MD™! is
symmetric, which follows from the fact that for an irreducible tridiagonal M-matrix
M with inverse W it holds that (see formula (2.4))

M;iv1 Wiita

Mit1i Wi

Finally, if we take p = ej, then U = DWE is a symmetric potential whose
inverse is an irreducible symmetric tridiagonal row diagonally dominant M-matrix.
Hence, (U)~! = 0(I— P) for some constant # and an irreducible symmetric tridiagonal
substochastic matrix P. Since the right equilibrium potential of U is ug = e1, we get
that P loses mass only at the first row. Then, from Theorem 1.4 we conclude that
UeL(l). O

The proof of Theorem 2.3 requires the next lemma, which is essentially the result
we want to show for dimension 3.

LemMA 3.2. Consider the tridiagonal symmetric substochastic matrices

1l—x—2 T 0 1—p p 0
P= x l—z—y y and Q= p 1-p—gq q )
0 Y 1—y 0 q l—qg—s

where 0 <z, 0<y<1,0<z,z+2z<1, x4y <1 and similarly 0 <p <1, 0 < gq,
0<s,p+q<1,q+s<1. Then A=({I—-P)"teL(l), and B=(1—-Q)" '€ L(n).
The matric W = A ® B is nonsingular, and N = W~ is the tridiagonal M -matriz
given by

2w

—% 0 o = pqz + psz + qsx + qsz;
B = (z + 2)pqsz;
v E n Y = TPGsz;
N = a 0 -5 |’ €= (pqzw + pqzy + psyx + pszx + pszy + qsyx + qszx + qszy)zqsx;
§ = qrz + syx + sxz + syz;
y 0= (q + 5)szyz;
0 -5 3 7 = qsSTYZ.

The following inequalities hold:

0<vy<f<a 0O0<e<ad, and 0<n<O<éd.
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Thus, N is strictly row diagonally dominant at rows 1, 3, and the diagonal elements
of N are smaller than 1. The sum of the second row is

s*z2qx(qz — py)
ad

Hence, N is a tridiagonal row diagonally dominant M -matriz if and only if
(3.4) qr —py >0,

and in this case we have N =1 — R for a substochastic matriz R, which is stochastic
at the second row if and only if equality holds in (3.4).

Proof. The proof is direct using MAPLE. O

Proof of Theorem 2.3. (i) The result follows from formula (2.10). When U and V'
are nonsingular they are inverse M-matrices and therefore they are positive definite
matrices. Hence, W is positive definite and a fortiori nonsingular.

For proving parts (ii)—(vi) we shall first assume that U and V' are nonsingular.

(ii)—(iv) We show by induction on n the size of W that M = W~ is a tridiagonal
M-matrix, which is strictly row diagonally dominant at rows 1,n. When the order is
1 or 2 the result is trivial. The case of order 3 is just Lemma 3.2.

Thus, we assume that the result is true up to order n — 1, and we shall prove it
for order n > 4. Without loss of generality we assume that U=! =1 — P and V~! =
I— @, where P, are symmetric substochastic kernels, which are also irreducible and
tridiagonal. Moreover, P loses mass only at 1 and @ only at n. We decompose the
matrices W and M in the following blocks:

_ X Vant (2 <
W= (Vnnu' V,mU,m> and M= (—4’ a )

where X = W{l,...7n71}a u = (Unla ey Un,n—l)-
In what follows we denote by e; € R"~! the ith vector of the canonical basis. The
basic computation we need is, for i =1,...,n — 1,

(Xen—l)i = n—l,ivn—l,i = ‘/n—l,n—lUi,n—l = Vn—l,n—l gnflUn—l,n—l-
On the other hand U; ,, = U,,; = fg,annfLi =Up—1,i = Ui,n—1. This means that

(35) Xen,1 = Vn,l,n,lu.

Then, using the formulas for the inverse by blocks, we get that

v 1
with
VTL’IL

_ > 0.
7 anl,nfl(vnfl,nflUnn - VnnUnanfl)

Note that « is well defined and positive because U,_1, = f,?_LnU,m < Upyn and
Vn—l,n - fX_LnVnn - ‘/nna but ‘/n,n—l - fqi/:n_lvn—l,n—l < ‘/n—l,n—l-

The induction hypothesis implies that X ' is a tridiagonal M-matrix strictly
row diagonally dominant at rows 1 and n — 1. We conclude that € is a tridiagonal
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M-matrix that is strictly row diagonally dominant at rows 1 and n — 1, because the
nonnegative term ve,_jel, _; modifies just the diagonal element §,,_1 ,_1.
The equation for ¢ is V,,Qu — V,,,Upnn¢ = 0, and therefore

1

Unnc - X_lu + 7U7L—1,7Len—1 - <V ) )
n—1,n—

+ 7U7L—1,7L) €n—1,

which gives

1
3.6 = n—1-
( ) C anLnflUnn - VnnUnfl,nfl ¢ !

Finally we compute o = M,,,,, which is given by

Vn—l,n—l
Vnn(anl,nfl Unn - VnnUnanfl) .

& = (ViuUpn — V2u/ X 1u) ' =

Since V,—1,n—1 > Vp, we obtain that the sum of the row n is positive, and n is
connected only to n — 1 and n (|M,, ,—1| > 0, M,,, > 0). The connections of M on

{1,...,n—1} are the same as in X ~! (including the connection (n—1,n— 1), because
X 7?_11,71—1 > 0), and then the induction hypothesis shows that M is tridiagonal. With
respect to the row sums, the only one that can change sign in {1,...,n — 1}, with

respect to the ones in X !, is that associated to row n — 1 because the vector ¢ is
null out of the node n — 1.

Thus, we have proved that M is a tridiagonal M-matrix, and the row sum of row
n is positive (by symmetry the row sum of the row 1 is also positive). This proves
in particular (iii). Since W is a positive matrix and its inverse is an M-matrix, we
deduce that W1 is irreducible. We also have proved (iv) because Ws = Us ® V7
and according to the extra hypothesis the three matrices are nonsingular (they are
principal matrices of inverse M-matrices).

(v) To investigate the other row sums we have to look more closely at the previous
induction and use the fact that the row sums of M in {1,...,n— 2} and those of X !
are the same.

Taking ¢ € {2,...,n — 1}, we shall prove that condition (2.9) is necessary and
sufficient to have a nonnegative row sum at row ¢ in M. Since n > 4 we choose
J ={i—1,i,i+1}. By Lemma 3.1 we have that

(U31)2,k7i+2 =U.b (le)z,kﬂ‘w =V;!

holds for £ € J. Lemma 3.2 gives a necessary and sufficient condition for N =
(U7 ®Uz)~! to be a row diagonally dominant M-matrix, which written in terms of
U,V is

UpitaViain 2 Ui Vil
We conclude that (2.9) and (2.8) are equivalent (also the equivalence between their
corresponding strict counterparts).

As we add states to this initial set 7, the only row sums that can be modified
are those associated to nodes ¢ — 1 and ¢ + 1 (depending on which side we add nodes).
Hence, the row sum associated to node 7 at the final stage on the matrix M is the same
as the row sum of the second row in N, showing that (2.9) is necessary and sufficient
for M to be row diagonally dominant at row ¢ (again there is a correspondence between
their strict counterparts).
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Now, we show that conditions (2.9) and (2.7) are equivalent. For that purpose
consider p € R3 to be the unique solution of (Us ® Vi7)u = 1. This solution is

M1
p=|H2| =NI,

3

which implies that po is the sum of the second row of N. Thus, condition (2.9) is
equivalent to ps > 0. According to Cramer’s rule we get

Ui—1,i-1Vic1i-1 1 Ui—1,i-1Vig1,i41
(3.7) pedet(Us @ Vy) =| Ui—1,i-1Vii 1 UiiVit1,i+1
Ui—1i—1Vit1i41 1 Uigr1,i+1Vig1,i41

Since Uy ® V7 is a positive definite matrix, the sign of uy is the same as the sign of
(Uist1,iv1 = Uic1,i—1) (Vicrio1 = Vi) — (Ui — Uizv,i—1) (Vieri—1 — Vi),

and the equivalence is shown.
(vi) The result is straightforward when n = 1, 2. The case when n = 3 is done in
Lemma 3.2. By Lemma 3.1, we obtain

My = (Wios)ns
Mi; = (Wii—14i41))2s When 2 <i<mn,
Mnn = (W{n72,n71,n})37313

and the theorem is proved under the extra hypothesis that U and V are nonsingular.

We now show (ii)—(v) without the assumption that U and V are nonsingular.

(ii), (iv) Denote by 0 < #7 < --- < z,, and y1 > --- > y, > 0 the numbers
associated to U and V/, respectively. For € > 0 we consider z§ = x;+ie and y§ = y;+1ie.
Then clearly 0 < 2§ < --- < af, and y{ > --- > y5,. Thus, the ultrametric matrices
they induce, U(e), V' (¢€), are nonsingular. What we have proved, applied to the matrix
W(e) = U(e) ® V(e), gives that W~1(e) is a tridiagonal M-matrix, which is strictly
diagonally dominant at rows 1,n. Since W(e) — W as € | 0 and W is assumed to
be nonsingular, we conclude that M = W~! is a tridiagonal M-matrix that is row
diagonally dominant at rows 1,n. This shows (ii) and (iv).

(v) In order to prove that (2.7) is equivalent to W ~! being row diagonally domi-
nant at row 7, we note that the proof we have done in the restricted case relies on two
facts. First, we have to prove that the condition is necessary and sufficient to have a
row diagonally dominant at the second row of W}l. This was done in (3.7).

The second fact to be proved is that the row sum of node ¢ does not change as
we add more nodes until we arrive to Z. Assume that ¢ < n — 1. As we have done
before, we decompose W and W~ into blocks as follows:

o X Vnnu -1 _ Q —C
W= <Vnnu/ VnnUnn> and W N (_C/ « ) '

The fact that W ! is tridiagonal implies that { = ae,,_; for some a > 0. a has to be
positive; otherwise node n cannot connect to any other node, and Wj,, = 0 for j < n,
which is not possible. Moreover,

1
)
anl,nfl Unn - VnnUnanfl

a =
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where we note that (‘/n—l,n—l Unn - VnnUn—l,n—l)Un—l,n—l‘/nn = det(W{nan}) > 0.
Also we have

Vi /" Vi
(3.8) 0= (X - U—ﬂﬂuu’) =X+ Vn717n71aen_1e;_1.
The row sums of W~! and X! are the same on {1,...,n — 2}. The rest is done

by induction. If ¢ = n — 1, we decompose the matrices in blocks indexed by {1} and
{2,...,n} and proceed as before.

(iii) To show that (2.5) is equivalent to M being strictly row diagonally dominant
at row 1, we proceed as in the proof of (iv). This condition is exactly that the inverse
of Wiy 2 3y is strictly row diagonally dominant at row 1. This row sum does not change
as we add more states proving the desired equivalence. Similarly, (2.6) is equivalent
to the property that the inverse of Wy, 5,1, is strictly row diagonally dominant
at row n. The rest of the argument is analogous. O

Proof of Theorem 2.6. In what follows we assume that M = 1 — P for a sub-
stochastic matrix P.

(i) The proof follows immediately from Theorem 1.4.

(ii) Here we take J = {k < j < m} to be the smallest interval containing Z(W),
which by hypothesis has size at least 2. According to Lemma 3.1, X = W, is a
potential matrix. Its inverse is an irreducible tridiagonal row diagonally dominant
M-matrix and Z(X)+ (k—1) 2 2(W)NnJ 2 {k,m}.

The case k = 1 and m = n, that is, X = W, follows from Theorem 2.1 and
Proposition 2.5. Thus, without loss of generality, for the rest of the proof we can
assume that & > 1. Again Theorem 2.1 and Proposition 2.5 imply that X = R® S for
nonsingular R € £(1), S € L(m —k+ 1) of size m — k + 1. The idea is now to extend
these two matrices to a decomposition of W. We shall give an idea of how to extend
this decomposition to K = {k — 1 < j < m}. Let us consider Wy, the restriction of

W to K, that is,
 (Whei g1 W
W’C — < w X) )

with w = Wi—14, -, Wi1.m) = Wik, - .., Wem)' because f,g‘il’k = 1. Using that
w’ = X1, is the first row of X (Xe1 is the first column of X) we rewrite Wi as

(Wi k=1 Xie
e (M ).

Since f,gﬁH < 1 we have that Wj_; ;1 strictly dominates the values in X,. Indeed,
for j =k,...,m we have

Wi =Wio1; =Wk—1 = fﬂ_lwk—l,k—l < Wi—t1,k—1-
Let us now introduce the numbers associated to R and S:
0<ap <xpg1 < < Ty and  Yg > Yggp1 > - > Ym > 0,

respectively. In particular Xi4 = @k (y,- .-, ym). Hence, if we take xp_1 > xp and
Yr—1 > Yi such that zp_1yp_1 = Wk—l,k—l > Wik = xkyk, we get

Th—1 zpll Yk—1 (Yks -+ Ym)
Wi = m—k+1 ® .
kK <5Ck]1mk+1 R ) ((yka e Ym) S
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The rest of the proof is done by an argument based on induction. The matrix U
constructed (from the z’s) belongs to L(k), and V belongs to L(m). O

Proof of Theorem 2.7. W is a positive definite matrix, and therefore it is non-
singular. On the other hand, there exist U1,U2 € L(1) and V1,V2 € L(n) such
that U = Ul®V1and V =U26 V2. Then W = (Ul © U2)® (V1 ©® V2) is the
Hadamard product of U10U2 € L(1) and V1OV 2 € L(n). Hence, M is an irreducible
tridiagonal M-matrix (see Theorem 2.3).

Consider J = {i : kK < i < m}. Then, Wy = Uy ® V7 is again an inverse
M-matrix, and Uy € £(1),Vy € L(m — k + 1) are nonsingular of size m — k + 1 (see
Remark 1.2). In particular R = W}l is an M-matrix, which is strictly row diagonally
dominant at the first and last row. Now take the vector

v=Rl,_p41 € RMFHL

the signed equilibrium potential of W,. We know that vy > 0 and v,,—x4+1 > 0,
because of Theorem 2.3(ii). Consider p € R™, the following extension of v:

0 iti¢J,
Mi:{ ifi ¢

Vi—k+1 ifi € J.

Let us prove that Wy = 1. For that purpose we compute

(Wﬂ)i = Z Uij‘/;jﬂj = Z Uij‘/;juj,kJrl.
J JjeT

There are three cases to analyze: i < k, 1 € J, and i > m. In the first case we use
the fact that for i < k and j € J

Uij = Ukj, Vij = Vijs

and therefore this case is reduced to the second one. Similarly, the third case is
reduced to the second one. Hence, we are left with 7 € 7 in which case

(Wi =Y UiiVijvjkir = Y (Wa)iokirjki1vj-ki1 = (Wa v)igqr = 1.
jeTg jeT

Therefore, n = W—'1 = M1 is the right signed equilibrium potential of W. In
particular, the row sums of M are 0 at rows i ¢ J. Also the row sums at rows k, m
are strictly positive. Finally, M is row diagonally dominant at row i : k < i < m if
and only if v;_4+1 > 0 or, equivalently, R is diagonally dominant at row ¢ — k+ 1. By
Theorem 2.3(v) this is equivalent to

(Uig1,i41=Uic1,i-1) Vic1,im1—=Vii) > (Uii—Uiz1,i-1)(Vic1,i-1 = Vig1,i41)-

Similarly, M is strictly diagonally dominant at row ¢ if there is a strict inequality in
the last formula. d

Proof of Theorem 2.9. If W1 is an irreducible tridiagonal M-matrix, then W
is an entrywise positive matrix, and there exist two positive diagonal matrices D, F
and a nonsingular U € £(1) such that

DWE =U.
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Hence, for all r € R we get
DOWE g — ),

For r > 0 we have that U(") € £(1) is nonsingular and therefore W (") is also non-
singular. Moreover, (W)~ = EC/(U )= D) Since U™ € £(1), its inverse is a
symmetric tridiagonal row diagonally dominant M-matrix. Hence, W () is the inverse
of an irreducible tridiagonal M-matrix.

When W is a potential and r > 1, the fact that W) is also a potential (respec-
tively, sub-Markov potential) follows from Theorem 2.2 (respectively, Theorem 2.3)
in [6].

Now, let us assume that W~ is a tridiagonal irreducible M-matrix and r < 0.
In order to prove (i), (i) we can assume without loss of generality that W = U. We
shall prove the desired properties by induction on n, the size of U. The cases n = 1,2
are obtained immediately. So we assume the properties hold up to dimension n — 1,
and we shall prove them for dimension n > 3. Also we shall assume that r = —1. The
general case follows from the fact W) = (W(=7))(=1),

Take 0 < 1 < 29 < .-+ < x,,, the numbers defining U. Then we have

1 1 1
T 1 T
R .
T = W(*l) — z1 T2 z2
1 1 L
T 2 Tn

Now, we partition 7 and 7! (here for the moment we assume it exists) in blocks of

sizesn — 1 and 1 as
A a _ Q
(e i) m=(eY)

Lo, %) The equations for €2, z and ( are
n—1

where a’ = (i, o
Q= (A—mzpaa)"t,
z= (g%n —ad' A ta)™t,

(=—zA"'a.

The induction hypothesis implies that A is nonsingular. The important relation for
solving these equations is Ae,_1 = a, which implies that

1 1 1 1
— —dA'a="——de, 1= — — <0
LT Tn LT Tn—1

and z = “nfn-l ),

Tn—1—"Tn

On the other hand, we have

Q=(A—z,ad) " = A +ae,_1€,_4,

TnTn—1
Tn—1—Tn

with a = = z < 0. Finally, we get

C = —k€n-1.
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The induction hypothesis implies that A~! is an irreducible tridiagonal matrix, with
negative diagonal elements and positive elements in the upper and lower next diago-
nals. The same is true for 2 and also for 71 since (T~ !),, < 0. Finally, from the
well-known formula for the determinant of a matrix by blocks

det(W D) = det(A) (xi - a'Ala) = det—(A),

z

we get that sign(det(W (1)) = —sign(det(A)), and the proof of (i), (ii) is complete.

(iii) The proof is done by induction on n, the size of W. When n = 1,2, the proof
is straightforward. So we assume that the property holds up to dimension n — 1. Let
A > Xg > -+ > )\, be the eigenvalues of W), We take X = Wii,....n—1} to be
a principal submatrix of W, and we consider the ordered set of eigenvalues for X (")
given by ps > pz > -+ > py,. Since X is a principal submatrix of W(T), we have
by Cauchy’s interlace theorem for eigenvalues

M2 2 A > 2 A 2 g 2 A 20 2 i > A,

where k = 2,...,n. The matrix X, of size n — 1, satisfies the induction hypothesis,
and therefore ps > 0 > 3, which implies that A, < A1 <+ < A3 <0< A;. We
need to prove that Ay < 0. For that purpose we use that

det(W ) H Ak, det(X H m

and sign(det(W())) = —sign(det(X)). This implies that necessarily Ao < 0. That
A1 is maximal in absolute value follows from the Perron—Frobenius theorem. 0

Remark 3.1. Note that W( is the constant matrix of ones, and so it is singular
(unless the dimension of W is one). On the other hand, if W is a potential and
0 < 7 < 1, the matrix W) is not in general a potential, as the following example
shows. Take the matrices

1 1 1 1 25 16 9 1
1 4 4 4 16 16 9 1

U= 149 9 € L(l), V= 9 9 9 1 € L(4).
1 4 9 16 1 1 1 1

The matrix W = U ® V is a potential (check numerically, or use Theorem 2.3), but
T = W/?) is an inverse M-matrix that is not row diagonally dominant (the sum of
the third row of 7! is negative).

Remark 3.2. For r < 0, the inverse of W (") which we denoted by C(r), has the
sign pattern opposite to an M-matrix, but clearly —C(r) is not an M-matrix because
its inverse is an entrywise negative matrix.

4. Potentials associated to random walks that lose mass only at the two
ends. The aim of this section is to characterize the potentials associated to random
walks on Z = {1,--- ,n} that lose mass exactly at 1,n. As we know from Theorem
2.6 these potentials (at least the symmetric ones) are the Hadamard product of two
nonsingular ultrametric matrices, one of them in £(1) and the other in £(n). We shall
see that this decomposition has a very special form.
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Consider the simplest random walk on {1,...,n} losing mass at 1 and reflected
at n; that is, Pt = P (n) is the n x n matrix given by

. 1/2 ifji—jl=1lori=j=n,
(41) VZ,], ongl = .
0 otherwise.

This matrix is stochastic except at i = 1. According to Theorem 1.4, the matrix
U% = (I - P°Y)~! is ultrametric and, moreover, is given by

(4.2) Vi, j, Uyt =2(i A j).

It can be checked directly that Ut = T+ U P! proving that U = (I — P9%)~1,
We also note that the matrix U'? obtained from U%' by

Vi, J, Uiljo = Ug-li-l—i,n+1—j =2(n+1—-iAn+1—-j])=2(n+1~(iVy))

is also ultrametric and is the potential of the random walk P'° which loses mass at n
and is reflected at 1. Also we note that P, P10 are tridiagonal.

The random walk on {1,...,n} that loses mass at 1 and n has a kernel P% =
P (n) given by
1/2 ifli—j|l=1
(43) Vivja PzOJO = / ' |z ]| ’
0 otherwise.

This matrix is stochastic except at 1 and n, and it is tridiagonal. The matrix W% =
(I — PY9)~!is a potential and is given by

(4.4) WY = (GAHn+1—(iVy))) = GAG)(n+1—iAn+1-—3]).

n+1 n+1

We note that W% is not only symmetric but also is symmetric with respect to the
change (i,7) > (n+1—i,n+1—j).

The main observation is that W% is proportional to the Hadamard product U ®
U0, where U°! is the ultrametric potential of the standard random walk that loses
mass at node 1 (see (4.2)) and U is the one that loses mass at node n. Indeed we
have

Woo — 1 U o o,
2(n+1)
This is a part of a general result that we now state.
THEOREM 4.1. Consider the matric W indexed by T = {1,...,n} and given by

(4.5) Wi = zinj(m — ziv;)d;

where 0 < 21 < 23 < -+ < zp, < m and d; > 0 for all j. We note that W is
symmetric if and only if (d;) is constant. Then, W is a potential matriz with inverse
W=t = 0(I—P), where 0 is a constant and P is an irreducible tridiagonal substochastic
matriz, which is stochastic except at 1 and n, and, moreover,

Wt =0ifli—jl>1,

-1 _ 1 1 1 -1 1 1 1
Wll T dim (zl + z2—2z1 ) ’ Wnn T dpm (mfzn + Zn—Zn-—1 ) ’
Vi<n—1, W1 — 1 oWl . =- L

Qi+l T T dim(zit1—2i)’ i+1,1 dig1m(zit1—2;) °

(4.6)

V2<i<n—1, Wil=-Wil, -Wii,.
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Conversely, assume that P is an irreducible tridiagonal substochastic matriz,
which is stochastic except at 1 and n; then there exist z,m,d as before such that
W = (I — P)~! has a representation like (4.5). In order to compute d, first calculate

a1 =1 and a;11 = ai% fori=1,....n—1. Then, d is obtained from
a;
4.7 d; = - <1.
(1) max{a;:j=1,...,n} ~
Clearly, if P is symmetric, we have d; = 1 for all j. Moreover, m and z can be

calculated as

n—1
_ 1 1 1
T di(1-P11—Pr2) * jz:l d; Pj 1 + dn(1=Ppn—Pn,n-1)’

(4.8)

i—1
; R S N S
VzZ 17 2 = mdy (1—Pr1—P1a) +]Z::1 wd,; Py o1
Remark 4.1. This result bears some similarities to the case of one-dimensional
diffusions on the interval [0,1] killed at both ends. In this context W plays the role
of G, the Green potential of such diffusions. For example, in the case of Brownian
motion killed at 0,1, the Green potential is given by

G(a,y) = 2(x Ay)(1 = (zVy)),

which is the analogue of (4.4).
Proof of Theorem 4.1. Assume that W has a representation like (4.5), where
d; = 1 for all j; that is,

Wij = zing(m = ziv;)-

The first thing to notice is that W = U ® V, where U, V are the ultrametric matrices
given by

Uij:zmj, ‘/ij = (m—zi)/\(m—zj).

It is straightforward to show that both U € £(1),V € L(n) are nonsingular. Hence,
U and V are symmetric inverse M-matrices and therefore positive definite. Thus,
W is a positive definite matrix and a fortiori nonsingular. It is straightforward to
see that U,V satisfy relations (2.7) with equality for all ¢ = 2,...,n — 1. Hence,
W=t = f(I-P), where @ is a constant and P is an irreducible tridiagonal substochastic
matrix, which is stochastic except at 1 and n (see Theorem 2.3(iii)).

Formula (4.6) for W~! follows from formula (2.4), by using the symmetry of W
and the fact that W;; = z1(m — z;). This shows the result when W is symmetric.

In the general case, W= WD, where W is symmetric and D is a diagonal matrix,
with strictly positive diagonal entries. Since W—! = D~'W !, we conclude the proof
of the first part.

Now we assume that P is an irreducible tridiagonal substochastic matrix such
that P is stochastic except for the rows 1,n. At the beginning we shall assume
that P is symmetric. We shall prove that W = (I — P)~! has a representation like
(4.5). For that purpose we use representation (4.6) for W~! =1 — P. First, consider
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a(l) = ﬁ, which is well defined because P is substochastic at 1. Notice that
a(1) represents the unknown mz;. In general, for i = 2,...,n we define
(i) = ali 1) + 5
a(i) = ai — )
P

Also note here that (i) represents mz;. Then, the formula for W1 in (4.6) and the
symmetry of P suggest that

1

2 _
m _a(n)+1_Pn7L_P7L,n—1’

which is well defined because P is substochastic at n. Then, we obtain

i—1
. N 1 1
Vi1, a(l) T 1-P11—Pri2 + Zl Pjjy1?
J:

n—1
2 __ 1 1 1
me = 1-Py1— P12 + j; Pj 11 + 1-Ppn—Pnon-1"

Given «(i), ¢ = 1,...,n, and m, we can define z; = «a(i)/m, which gives the formula
(4.8).

It is clear that 0 < 23 < 29 < -+ < 2z, < m. The matrix A defined by A;; =
zinj(Mm—2z;v;) is, according to what we have proved, a potential matrix, and its inverse
is given by formula (4.6). This shows that A = W, and the result is proved in this
case.

Assume now that P is not symmetric. Take a; = 1, and define inductively for
t=1,...,n—1

P
Aip1 = a;—=""~.
’ "Pii1
We define d; = mdx{aa—_l < 1 and the associated diagonal matrix D. It is
jii=1,...,n}

straightforward to show that DP is symmetric. The symmetric matrix @ defined by
I-Q=DI-P),

that is, Qi; = (1 — d;)d;; + d; P;j, is again irreducible tridiagonal and substochastic.
Moreover, @) is symmetric and stochastic except at rows 1,n. Hence, there exist z, m
such that T = (I — Q)~! satisfies

Tij = zi,\j(m — Zi\/j).

Let W = (I — P)~!; then W = TD. Hence, W;; = T;;d;, and then W has a
representation like (4.5), showing the result. O

Remark 4.2. Assume that W is symmetric. The decomposition (4.5) is unique;
that is, if for all 4, 5

(4.9) Wij = zinj(m — ziv;) = Zinj (M — Zivj),

thenm=mand z=2onZ. So, if 7 ={l; < - <} CT and we define V =W,
then clearly for all 1 < s,¢ < k we have

Vet = Woe, = 2o ne, (M — 2o,ve,) = Usnt (M — Ugvi),
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with us = 2zp,. In particular m is the same quantity for all the principal submatrices
of W. Thus, m may be computed, for example, from Wy, 5y and is given by

m? — (W11 Way — Wi)?
(Wi1 — Wig)(Wag — Wig)Wia

Acknowledgments. We are indebted to the anonymous referees and the editor
for comments and suggestions that improved the presentation of this work.

REFERENCES

[1] S. CHEN, A property concerning the Hadamard powers of inverse M-matrices, Linear Algebra
Appl., 381 (2004), pp. 53-60.

[2] S. CHEN, Proof of a conjecture concerning the Hadamard powers of inverse M -matrices, Linear
Algebra Appl., 422 (2007), pp. 477-481.

[3] P. DARTNELL, S. MARTINEZ, AND J. SAN MARTIN, Opérateurs filtrés et chaines de tribus invari-
antes sur un espace probabilisé dénombrable, in Séminaire de Probabilités XXII, Lecture
Notes in Math. 1321, Springer-Verlag, Berlin, 1988, pp. 197-213.

[4] C. DELLACHERIE, S. MARTINEZ, AND J. SAN MARTIN, Ultrametric matrices and induced Markov
chains, Adv. Appl. Math., 17 (1996), pp. 169-183.

[5] C. DELLACHERIE, S. MARTINEZ, AND J. SAN MARTIN, Description of the sub-Markov kernel
associated to generalized ultrametric matrices. An algorithmic approach, Linear Algebra
Appl., 318 (2000), pp. 1-21.

. DELLACHERIE, S. MARTINEZ, AND J. SAN MARTIN, Hadamard functions of inverse M-
matrices, SIAM J. Matrix Anal. Appl., 31 (2009), pp. 289-315.

. DELLACHERIE, S. MARTINEZ, AND J. SAN MARTIN, Ultrametric and tree potential, J. Theoret.
Probab., 22 (2009), pp. 311-347.

. DELLACHERIE, S. MARTINEZ, AND J. SAN MARTIN, Hadamard functions that preserve inverse
M -matrices, STAM J. Matrix Anal. Appl., 33 (2012), pp. 501-522.

[9] F. R. GANTMACHER AND M. G. KREIN, Oszillationsmatrizen, Oszillationskerne und kleine

Schwingungen mechanischer Systeme, Akademie-Verlag, Berlin, 1960.

[10] R. HORN AND C. JOHNSON, Topics in Matriz Analysis, Cambridge University Press, Cambridge,
UK, 1991.

[11] J. G. KEMENY, J. L. SNELL, AND A. W. KNAPP, Denumerable Markov Chains, Springer-Verlag,
New York, Heidelberg, Berlin, 1976.

[12] R. LyoNs AND Y. PERES, Probability on Trees and Networks, in preparation; available online

T.

=
a a Q

at http://mypage.iu.edu/~rdlyons/prbtree/prbtree.html (2013).
L. MARKHAM, Nonnegative matrices whose inverses are M-matrices, in Proc. Amer. Math.
Soc., 36 (1972), pp. 326-330.

[14] S. MARTINEZ, G. MICHON, AND J. SAN MARTIN, Inverses of ultrametric matrices are of Stieltjes
types, SIAM J. Matrix Anal. Appl., 15 (1994), pp. 98-106.

[15] J. J. McDoNALD, M. NEUMANN, H. SCHNEIDER, AND M. J. TSATSOMEROS, Inverse M-matriz
inequalities and generalized ultrametric matrices, Linear Algebra Appl., 220 (1995), pp.
321-341.

[16] J. J. McDoNALD, R. NABBEN, M. NEUMANN, H. SCHNEIDER, AND M. J. TSATSOMEROS, Inverse
tridiagonal Z-matrices, Linear Multilinear Algebra, 45 (1998), pp. 75-97.

[17] R. NABBEN, On Green’s matrices of trees, SIAM J. Matrix Anal. Appl., 22 (2001), pp. 1014—
1026.

[18] M. NEUMANN, A conjecture concerning the Hadamard product of inverses of M -matrices, Lin-
ear Algebra Appl., 285 (1998), pp. 277-290.

[19] B. WaNaG, X. ZHANG, AND F. ZHANG, On the Hadamard product of inverse M-matrices, Linear
Algebra Appl., 305 (2000), pp. 2-31.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


