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1. Introduction

In the last years there has been a growing interest in the
development of theories to study the behavior of magneto-
sensitive bodies. Applications of such theories lie among others
in the modeling of magneto-active materials investigated experi-
mentally, for example, in [1-6]. Several aspects of the theory of
magneto-elastic interactions considering large deformations had
been developed several decades ago. Among the most important
early contributions we mention the papers by Brown [7,8] and
Tiersten [9], the monographs by Brown [10], by Hutter and van de
Ven [11] and the review article by Pao [12] (for the general case of
electromagnetic interactions with continua). Furthermore, we
recall the books by Maugin [13] and by Maugin and Eringen [14].

The recent development of some new rubber-like materials,
which can react to magnetic fields [1-6], has prompted the
revision of the theories presented in the classical works men-
tioned previously, and triggered the development of new alter-
native formulations. Examples for a discussion considering large
deformations can be found in [15-25].

For the case of modeling the behavior of a magneto-active
elastic body surrounded by free space in the quasi-static case, it is
necessary to solve a system of three non-linear partial differential
equations (see, for example, [16,17]). Two of these equations have
to be solved inside the body (in order to determine the displace-
ment field and the magnetic field or magnetic induction), whereas
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the simplified form of the Maxwell equations must be solved in
the space surrounding the body. All three equations are coupled
and their solutions must satisfy some continuity conditions across
the boundary of the body [14,17,26-28]. The possibility of
obtaining large deformations, the coupling of the displacement
with the solutions of the Maxwell equations inside and outside
the body, the need to satisfy a number of continuity conditions for
the different variables and finally, the necessity to solve two non-
linear partial differential equations inside the body imply that
solving this boundary value problem is in general a daunting task,
even for simple geometries and boundary conditions (see, for
example, [29]). Therefore, the application of numerical methods is
particularly important while modeling the behavior of such
magneto-active bodies. Among the different numerical methods,
the finite element method is one of the most widely used. The
finite element method can be developed using variational for-
mulations as a starting point.

In this work we study in detail mixed variational formulations
for three classes of problems. In the first case we explore the well
known problem of determining the magnetic field distribution for
a portion of free space. In the second case we extend the previous
results by adding the presence of a rigid magneto-active body
immersed in vacuum, considering the presence of the magnetic
field inside and outside the body. In the third and last case, we
modify the derived mixed variational formulations to be valid for
a deformable magneto-elastic body surrounded by free space.
There are different options to choose the set of independent
variables for each functional associated with the respective
variational formulation. In this work the main aim is to develop
master functionals, which depend on all three magnetic
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quantities, such as magnetic field strength, magnetic induction,
and magnetic vector potential. From these master functionals,
sets of three-, two- and one-field functionals are then derived
subsequently. For the equivalent electro-elastic problem see, for
example, [30].

An important topic addressed in this work is the use of the
magnetic vector potential as one of the independent variables of
the functionals. In some recent works on the numerical modeling
of magneto-sensitive elastomers, a magnetic scalar potential has
been defined, from which the magnetic field can be calculated as
its negative gradient (see, for example, [29]). Although the use of
such a magnetic scalar potential simplifies the implementation of
the numerical work, its lack of clear physical meaning implies
that it is necessary to consider other possibilities. Alternatively,
the magnetic vector potential can be used, from which the
magnetic induction is derived as the curl of such a potential,
and which has a reasonable physical significance [31].

The use of the magnetic vector potential leads for the three-
dimensional case to a lack of uniqueness: if we add the gradient of
a scalar field to such a vector potential, we obtain the same
magnetic induction field. Different techniques have been devel-
oped to address this issue theoretically as well as from a
numerical point of view, see, for example, [32-44]. A proper
study of the subject requires, in particular, a careful analysis of
the functional spaces to which the different variables in the
functionals belong. Such a detailed study is absent in most of
the works reviewed so far, and so another of the objectives of this
work is to do such a detailed study for the different mixed
formulations proposed.

Although a lot of work has already been done in the field of
variational principles for magneto-elasticity, most of the formula-
tions do not include these three major aspects:

1. Physical setting of a body carrying a volume current immersed
into vacuum.

2. Continuum mechanical setting for a geometrically non-linearly
deforming body.

3. Functional analytical setting for the independent variables.

Regarding variational principles, one of the early works that
can be mentioned is the article by Brown [8], which presents a
two-field functional in the magnetization and the magnetic field
strength together with the resulting Euler-Lagrange equations for
a deforming body in finite strain theory. The surrounding free
space and the corresponding jump conditions were not consid-
ered in this work. In [9], Tiersten presents an internal energy
which was a function of the magnetization, the gradient of the
magnetization and the deformation gradient. The variational
principle considered a non-linearly deforming body surrounded
by free space. In [45], Maugin defines a Lagrangian density
depending on the deformation gradient, the magnetic moment
and the magnetic moment’s gradient. A variation following the
Hamiltonian principles leads to the Euler-Lagrange equations
that coincide with the magnetostatic Maxwell’s equations in
terms of magnetic induction and the magnetic couple density.
In [46], Penman proposed a functional for a rigid body, which
coincides with our primal master functional, however, he con-
sidered only linearized constitutive equations and no surrounding
space. Rikabi [47] extended the results presented in [46], using
the concept of complementary variational principles. As func-
tional, Rikabi used the error in the constitutive relation between
the magnetic field and the magnetic induction, which may also be
coupled non-linearly.

For the case of a deforming ferromagnets, we would like to
mention the works by James [48,49], DeSimone [50,51], Rybka
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Fig. 1. Extended illustration of the formulations under investigation together with
the corresponding transformation procedures. Following the arrows explains how
to transform one functional into the other. ‘LAM’ denotes a Lagrange multiplier
procedure together with the respective constraint that has to be added or omitted
is displayed. ‘LET(e, ®)' denotes a Legendre transformation from the first argument
to the second argument. The application of the theorem of Gauss is marked by the
word ‘Gauss’.

[52] and Bielski [53]. Besides the formulation of functionals
including the surface and exchange energy for ferromagnetic
material, they also made some statements about the uniqueness
and existence of minimizers. However, as stated in [52], energy
minimizing solutions without surface energy and exchange
energy do not generally exist. To overcome this problem, micro-
structures defined by minimizing sequences are studied in [49].
For a two-dimensional problem without surface and exchange
energy and surface energy considering certain boundary condi-
tions, the existence of minimizers was proved in [50]. Bielski [53]
follows the model studied in [48,50-52] and extends it to weakly
incompressible and incompressible materials.

Consequently with some of the objectives described pre-
viously, this work is divided in the following sections. In Section 2
we review in detail the boundary value problem for the magneto-
static case in free (vacuum) space and a number of variational
principles are explored. In Section 3 we extent the analysis given in
Section 2, by considering a rigid magneto-active body surrounded
by free space. In Section 4 we finally consider the full-blown
problem of an elastic magneto-sensitive body, surrounded by free
space, which can undergo large deformations and displacements
due to the application of magnetic and mechanical loads. For the
mixed variational formulations, one of the objectives is to obtain
master functionals, from which a number of special cases could be
derived systematically, and to study the connections between those
functionals by obtaining a chart depicted in Fig. 1. Finally, in Section
5 we discuss the results presented and we outline some future lines
of research.

2. Free space
Before we consider the case of free space (or vacuum)

occupying the domain S as depicted in Fig. 2, we briefly recall
some basic aspects of magnetostatics. In general, the quasi-static
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Fig. 2. Illustration of the bounded open and simply connected geometry of free
space S with a Lipschitz-continuous exterior boundary 6S...

field equations for the magnetic field h and the magnetic induc-
tion b read as [14,26-28,54]

Vxh=j, V.b=0, )

where ﬁf denotes a possible volume free current density.

As discussed, for example, in [41], Maxwell’s equations are
naturally posed in unbounded domains together with the con-
tinuity or jump conditions for the magnetic field and the mag-
netic induction along and across surfaces of material
discontinuities [14,26-28,54]

of
nx[h]=j, [b] -n=0 ata surface of material discontinuity,
)]

where ﬁf (A/m) denotes a surface free current density, and the
jump [(e)] is defined as the difference of a certain value with
regard to the normal vector pointing outwards: [(e) ] = (®)outside—
(®inside-

In order to establish a framework which allows for a numerical
approximation of the partial differential equations, a bounded
domain with explicit boundary conditions for the unknown
magnetic fields has to be defined. To do this, we consider a
bounded open and simply connected geometry S with a Lipschitz-
continuous exterior boundary 6S., [41,55] as illustrated in Fig. 2.

The surface 4S., has to be regarded as an interface that
truncates the computational domain S from the complementary
infinite outer domain. Imposing certain behavior for the magnetic
field and the magnetic induction in the complementary region,
denoted by h, and b, results in prescribing boundary conditions
for the tangential component of the magnetic field and for the
normal component of the magnetic induction [14,26-28,54]

of
Ny, xh=—j +ny xhy, on oSy,
b-n,=by N, onaS.. 3)
For the special case of vacuum (free space), the basic magnetic

quantities are coupled linearly by the permeability of vacuum
Uo =47 x 1077 V's/A m [26-28]

bt = Mlo[b, b= pigh. )

To emphasize this linear relation in vacuum notation-wise, we
will denote the magnetic field in free space by h* instead of h.
Furthermore, we can set the surface current densities equal to
zero [28,56] and assume no external sources in vacuum, i.e.

of
foo = jj; =0. The boundary 0S is split into two connected non-
overlapping surfaces,

S =08l uast, oSl nas? =9, 5)

where the tangential component of h* or the normal component
of b are prescribed, respectively (see [38,40,41,54]). As a summary
we have

Vxh*=0 insS, (6a)

V-b=0 ins, (6b)
n, x b =n, x h’. onasi, (60)

b-ne=bs -n, onaoS. (6d)

As pointed out in [41], for the case 85!, =, the hypothesis
Josz Boo - oo da =0 is needed due to compatibility reasons.

Since the divergence of the magnetic induction is equal to zero,
we can introduce a vector potential a such that [26-28,54-56]

b=Vxa inS. )

Of course, the vector potential is defined only up to a gradient
field, unless a gauge transformation is imposed, which leads to a
unique definition [26-28,54-56]. This is taken as divergence free
condition on the magnetic vector potential known as the Coulomb
gauge [26,27,54-56]

V.a=0 inS. ®)

The introduction of a magnetic vector potential leads together
with the normal continuity condition (2), on b to a tangential
continuity condition for a (see, for example, [28,34,35,54,55])

nx [a]=0 across a surface of material discontinuities. 9)

In view of the boundary condition (6d) on b, an essential
(Dirichlet) boundary condition on the tangential component of
the magnetic potential a has to be imposed [34,35,54,55]"

Moo X A=MNoy X dog = A" 0N 0S%. (10)

The natural (Neumann) boundary conditions on the tangential
component of the magnetic vector potential are given by the
boundary condition (6¢) on h*.

The free magnetic field energy density M expressed in terms of
the magnetic induction is defined as [26-28]

M([b):zi%[b.[b. a1

while its Legendre transformation, as described for example in
[57] and applied to magneto-elasticity for example in [58], is
defined as

LET(h*,b) : M**) = i%f{M(h)_'_Wt by = —%,uo[h]” -h*. 12)

With this at hand, we define the following constitutive laws
for the magnetic field quantities, which coincide with the cou-
pling relation (4):
oM oM™

b=—2"_1in&. (13)

nw_ 9V —
. ~ ob’ oh*

2.1. Variational principles in free space

The goal of this section is to define several functionals whose
stationary points are solutions of the system of partial differential
equations described in (6a)-(10). We start with the definition of a
Dirichlet type functional, for which we can also state existence
and uniqueness of a solution with the help of the Brezzi theorem
(see Appendix B). The Dirichlet type functional is then extended
to a more general master functional, which is achieved by
dropping certain constraints on the unknown variables and
incorporating these conditions directly into the functional. In
order to do this within a functional analytic framework, a proper

! We favor the definition of the boundary conditions (6¢) and (10) in terms of
the vector product, such that we are able to prescribe functional analytical
requirements on a and h with the least regularity. (see also Remark 1 in Section 2.1.1).
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definition of the involved functional spaces is necessary, which
can be found in Definition 1 of Appendix A.

2.1.1. Master functionals
We define the primal Dirichlet-type functional

pd _ _ I
77 (a) = /S M(b) dv / B x alda (14)

0S

for aeV.(S) and with the constraint b=V x a. Under the
assumption that a fulfills the Dirichlet boundary condition (10),
and assuming enough regularity for a and éa and in consequence
for h*, we can easily derive that the Euler-Lagrange equations of
the functional (14) coincide with Egs. (6a) and (6c). A theory for
existence and uniqueness of the primal Dirichlet-problem is given
by the Brezzi theorem. For further details see also Appendix B.

Remark 1 (Functional space for h’)). The trace theorem for
H(curl; S) (see [55, Theorem 2.11]) guarantees that the tangential
component along the boundary for every function in H(curl; S) is
in H/?(8S..). This means that for each magnetic vector potential
a in H(curl; S), its tangential component n., x a is well-defined.
To ensure this also for the boundary integral in (14), we propose
for the prescribed boundary term h*. € H'/2(88! ). With regard to
Footnote 1, it should be observed here that a boundary integral of
the form [,y [ x hi]-a da would call for a e H"*(S), which is
not the desired choice.

Using the primal Dirichlet functional as a starting point, it is our
goal to derive further one-, two- and three-field functionals whose
stationary points represent a solution to the magnetostatic problem.
To pursue this intention, we develop in this section two types of
master functionals. From these master functionals, the desired one-,
two- and three-field functionals can be derived later on in a
systematic top-down procedure, depending on the number of strong
assumptions proposed directly onto the master functionals.

Adding the constraint b=V x a (7) and the Dirichlet boundary
condition on &, Ny, x @ =M. X @ ON S5, (see Eq. (10)), with the
Lagrange multipliers 4 and u to the primal Dirichlet functional
(14), renders the preliminary functional:

T(ab, i p) = /AM([h;) dv— / W[ x a] da
Js Jasl,

—//1~[[h>—V><a1]dv+/ B[N X a—Ny X Ay da.
s 852,
15)

The variation of the preliminary functional ZP™ leads to a set of
Euler-Lagrange equations which give a meaningful interpretation
to the Lagrange multipliers 4 and u. The imposition of these
Lagrange multipliers directly into the preliminary functional Z
leads to the following primal master functional ZP™:

IP"‘(a,[b,ﬂn")z/M(h) du—/' BY . [n. x a da
s asi,

7/%” b=V xaldv— [ B[y x a—ny x ax] da
S

oS
0S5,

(16)
for a e H(curl; S), b e [%(S), b* € L*(S) and h* e H/?(852).

Remark 2 (Functional space for a,, and h"). We propose that
[hJ"eHl/z(GSi‘c) with the same argument as in Remark 1. In
consequence, this leads to the assumption that a., € H(curl;S).
The restriction on h* is obviously fulfilled if we assume more
regularity on h*, as for example, h* e H'?(S). Then, the trace
theorem for H'"?(S) guarantees that the boundary values of h* are
well-defined without further ado.

In order to exchange the weak Dirichlet boundary condition
appearing in the boundary integral, we apply the Gauss theorem

Table 1
Classification of results according to weak and strong satisfaction of field
equations and boundary conditions in free space.

InS phw phr pd dhw dhr dd Eq.
Vxh*=0 Weak Weak Weak Weak Weak Strong (6a)
b=V xa Weak Weak Strong Weak Weak Weak (7)
n, x h* =n, x b, Weak Weak Weak Strong Strong Strong (6c)
N, x a=aln Strong Strong Strong Weak Weak Weak (10)
b — oM Weak - Strong Weak - - (13);
)
b oM* - Strong - - Strong Strong (13),
T ah"

to the primal master functional ZP™, which leads to the following
dual master functional:

79m(a,b,h*) = /M([b) dv—/ Ca [ x hf'—ny x b ]1da
S ash,

—/[[h]” -b—[V x h*]- a] du—/ Ao - [Moe x h*] da
S 282,
a7

for a e L?(S) and a e H'/2(@8%,), b € L*(S), b* e H(curl; S). The func-
tional spaces for a and h* now switched roles in contrast to the
primal case. The given boundary values now have to belong to the
spaces a,, € H'/?(652)) and h¥, e H(curl; S).

2.1.2. Three-, two- and one field functionals

From the master functionals, Hu-Washizu-, Hellinger-Reissner-
and Dirichlet-type functionals can now be derived in a systematic
top-down procedure. The primal functionals result from the primal
master functional and the dual functionals from the dual master
functional, respectively. Table 1 summarizes the respective choices
of the effective assumptions to obtain the different variational
formulations. We present the different functionals in the following
paragraphs:

(a) Primal Hu-Washizu Principle (phw): Starting with the
primal master functional (16) and enforcing that a e V.(S), we
obtain the primal Hu-Washizu functional:

7Y@, b, ) = /[M([h))—[h" ([b=V x a]] dv
JS

—/ he - [n. x a] da, (18)
0S5

for aeVa(S), bel?S), h*el?S) and daecVo(S), obel?(S),
Sh* e L2(S).

Let (a,b,h*) be a saddle point? of 7P, Exploiting the boundary
condition of Vy(S) for da and supposing enough regularity of h*
and oa, this triple is the result of the variation

oM(b)

5Il’h""(a1,[b,[h")=/s{w-5[b—6h” b=V x a]—h* . 5[@} dv

+/A[h"~[V><5a1]dvf/_ be . [ x da] da
JS x@SL

:/HM_W} - Sb—0h* . [b—V x a]] dv
s b

+/‘[V < "] - da dy_/‘ @ [Ny x W'y x ] da.
S 085

It is possible to see that Egs. (6a), (6¢), (7) and (13); are weakly
fulfilled by the solution of the saddle point problem.

2 We assume that the stationary points of the two- and three field principles
are saddle points, because solving for the magnetic vector potential a necessitates
the formulation of a saddle point problem already within the primal Dirichlet
framework.
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(b) Primal Hellinger-Reissner principle (phr): Performing a
Legendre transformation on the Hu-Washizu functional reduces
the number of independent variables by one, and yields the
Hellinger-Reissner functional:

TP () = / [IM*(b") + b - [V x a] dv
S
—/ bk - [ny x a]da, (19)
Jask,

for a e Va(S), h* € L2(S) and da € Vo(S), oh* e L2(S).
For a given saddle point solution (a,h*) with enough regularity,
the variation of ZP" can be rearranged to

" [oM*(h*
phr Hy
STPM (@, ) /S{ W

- ._[hﬁo-[nocxéa] da

oSk,

- /,[[—[h>+V « a] - Oh* +[V x b - 5a] dv
JS

). Sl 4 5h - [V x al+ b - [V x da]| dv

—/ 5@ M x b~ x 1] da
asl.

assuming the strong identity (13), and the boundary condition of
Vo(S) for da. The remaining equations (6a), (6¢) and (7) hold for
this principle in a weak sense.

(¢) Primal Dirichlet principle (pd): The primal Dirichlet func-
tional defined in Eq. (14) can be derived from the primal Hu-
Washizu functional omitting the Lagrange multiplier h* and
instead assuming Eq. (7) in a strong sense. Alternatively, we can
start with the primal Hellinger-Reissner functional proposing the
strong validity of Eq. (7) and performing subsequently a second
Legendre transformation. This leads back to the original free space
energy M(b). For a discussion of its variation we refer to Appendix
B. Within the primal Dirichlet principle, Eqs. (6a) and (6c) are
weakly fulfilled, whereas Eqs. (7), (10) and (13); are valid in a
strong sense.

(d) Dual Hu-Washizu Principle (dhw): In analogy to the primal
case, we start now with the dual master functional and incorpo-
rate the boundary condition h* € W;(S) directly, which results in
the dual Hu-Washizu functional

79 (a, b, h*) = /[M([h))—lh]“ -b+[V x h*]- a] dv
JS
- [ . Ao - [Noo x 1*] ds (20)

for ael?S), bel’S) h'ew;S) and dael?S), dbel*(S),
Sh* e Wo(S).

Let (a,b,h*) be a saddle point of 79"V, Assuming that the
boundary condition of Vy(S) holds strongly for da and supposing
enough regularity of h* and Ja, this triple is the result of the
variation

oM ()

ST (@, b,h*) = / { ~p - Ob—0h" - b—h* - Sb+[V x [h“]-éa} dv
JS

+/[V><5[h]"]~a1dv—/ a - M x OM] ds
s 052,

:/HM_W] .§&D+[an—[b]~5ﬂ‘llﬂ}
Al

+/[v « W 5a dv—/ (Moo X a—Tiae x @] - SHH ds.
s 252,

Therefore, (6a), (7), (10) and (13), are the Euler-Lagrange equa-
tions of this principle. Eq. (6c), in contrast, is the only equation
that holds in a strong sense.

(e) Dual Hellinger-Reissner principle (dhr): In order to decrease
the number of independent variables from three to two fields, the

dual Hu-Washizu principle is Legendre transformed. As a result,
the Hellinger-Reissner functional reads as

Idh‘(a,h“):/[M*(h“)—i-[V x "] a] dv
S

—/ Ao - [Moo x h*] ds
o852

o

for a e L*(S), b" e W;(S) and da € L*(S), Sh* € Wo(S).

Assuming the strong identity (13), and the boundary condi-
tion of Wy(S) for oh*, the variation of 79" can be manipulated to
the following expression:

e ol
5zdhf(a1,[h/‘):/ [al\/(lah(}[lh )-6[h1“+[V x Oh*]- a+[V x h*]- 551] dv
s

7/ an - [N x 0" ds
052,

. s HL
:/ H‘W’ (h )+[h)} -5[h1“+[V><I]1]"]-5a1} dv
L o

- Sh* - [Ny x a—Ny x @] ds.
882,
The Euler-Lagrange equations of the dual Hellinger-Reissner
principle coincide with Eqgs. (6a), (7) and (10).

(f) Dual Dirichlet principle (dd): The dual Dirichlet functional
can be derived from the dual Hellinger-Reissner functional
omitting the Lagrange multiplier a and assuming instead Eq.
(6a) in a strong sense. Alternatively, we can start with the dual
Hu-Washizu functional proposing the strong validity of Eq. (6a)
and performing subsequently a Legendre transformation:

790 = / M*(h*) dv— / Qoo - [Mos x W] ds
JS Jos?

for b* € W;(S) and Sh* € Wo(S).
For a given solution h* of the dual Dirichlet principle with
enough regularity, we can derive the first variation as

s oh*
_ /[v « a—h] - 5h* dv—
JS

* o
5Idd([h]”)=/aM A7) sy dv—/ an - [ x O"] ds
Jasz,

Sh* - [Ny x @a—Ny X @s] dS.
Jos?,
For the dual Dirichlet principle, Egs. (6a) and (6c) and the
constitutive relation (13), are strongly fulfilled, whereas (7) and
(10) are satisfied in a weak sense.

3. Rigid body embedded into free space

We now introduce a rigid body B to our geometry, as depicted
in Fig. 3. The most important difference with the formulation in

282,

;

Fig. 3. Geometry of rigid body immersed in free space. The body 3 is bounded by
the C'-boundary 8B. The Lipschitz-continuous exterior boundary 6S,, denotes the
truncation of the computational domain. Along the interface and the exterior
boundary external magnetic loads are applied.
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mere free space is the careful investigation of the physical
phenomena arising on the surface o8 separating the body B from
the outer space S. The surface o8 of the body B is divided into
two parts,

0B = 0B U oB®, (21)

such that 88' N 65* = ¢. The body B is bounded and we assume 68
is C'. As in the case of free space, 6S., denotes the truncation of
the computational domain where external magnetic loads are
applied. The boundary conditions (6¢) and (10) still hold in
vacuum all relations shown in the previous section.

Inside the body a possible non-linear coupling between the
magnetic field and the magnetic induction is assumed. This can be
described by an additional variable, the magnetization m of the
material, where [26-28]

1 .
h=—b-m inB. 22)
Ho
For the special case of vacuum, h coincides with (1/uy)b since
there is no magnetization in free space, i.e. m=0.

Additionally to the free space equations (6a) and (6b), the
static field equation for the magnetic field and the magnetic
induction have to hold within the body, which read as
[14,26-28,54]

Vxh=j, V.b=0inB. (23)

Although when working with a magneto-active polymer no free
currents exist, we keep the term ﬁf to make our formulations more
general. Since we assume the quasistatic case of the Maxwell’s
equations, the free current density has to be invariant in time.
Eq. (23), is satisfied by setting [26-28,54-56]

b=Vxa inB. 24)

Across the boundary of the body, the continuity conditions
already introduced in Section 2 as Eqgs. (2); and (9) are relevant.
Assuming that only 88! carries a free surface current and only
along oB* a prescribed value for the magnetic vector potential is
given, the continuity conditions can be stated more precisely as
[14,26-28,34,35,54]>
on a8,

nx[[h]]:nxﬁf'p::ﬁf (25a)

nxa,=nxa=nxa’=a®P onaBs? (25b)

where the indices i and o refer to inside and outside the bulk,
respectively. The index p indicates a prescribed value. Since we
assume the quasistatic case of Maxwell’s equations, the free
surface current density has to be invariant in time.

The magnetic quantities are coupled by the constitutive law
obtained by the derivatives of the total internal potential energy
density W, where W consists of the free field magnetic energy
density M and the free energy density  associated with the
magnetization of the material, i.e.

W (b) = M(b)+y/(b). (26)

Following a procedure similar to the method developed by Cole-
man and Noll, we can write

W

h=" inB, 27)

3 We favour the definition of the jump conditions (25a) and (25b) in terms of
the vector product, such that we are able to prescribe functional analytical
requirements on a and h with the least regularity. See also Remark 3 in
Section 3.1.1.

where we implicitly defined the magnetization as

o
m=— e (28)
After a Legendre transformation of W(h) into the complementary
energy density W*(h), we obtain the alternative constitutive
relation
ow*

b=—"n

in B. (29)

3.1. Variational principles for a rigid body in free space

Several concepts and expressions obtained in Section 2 are also
of relevance here. The structure of weak and strong satisfaction for
each variational principle remains unchanged for a rigid body, in
comparison to the case of mere free space as in Table 1. Therefore,
we present most results briefly with only some details, however, the
adaption of the function spaces to the new geometry is necessary. A
proper definition of the involved functional spaces can be found in
Definition 2 of Appendix A.The most important difference is the
incorporation of the jump conditions along the interface of the body
with the surrounding free space (Table 2).

The tangential continuity across material discontinuities, pro-
posed for the magnetic vector potential a in (9), is guaranteed
through the trace theorem for functions in V(BU S) [55].

3.1.1. Master functionals

The primal master functional for the free space (16) is
amended by the contributions within the bulk B, as well as by
the Dirichlet boundary condition and the energy stored by the
surface free current density along the interface 8. The new two
master functionals (with the superscripts pm and dm having the
same meaning as in Section 2.1.1) read as

Ipm(a,ﬂb,ﬂn)z/M([h)) dv—/ e - [ x @] da
s sl

h- [Ny x a—Ny x @] da

Jasz,

—/[h]-[[h)—an]dv—
JS

+ /B Wi al dv— /ﬁ P xalda

—/[hl~[[h)—V><al]dU+/ [h]-[mxa—n x aP]da
JB oB*
(30)

for ac V(BUS), bel2(BUS), hel2(BUS) and heH'?(8S8%) as
well as h e H/?(68).

de(a,ﬂm.ﬂn)z/M([b) dv—/ @ [fe x h—n x o] da
s asi,

Table 2

Classification of results according to weak and strong satisfaction of field
equations and boundary conditions for a rigid body immersed in free space. The
classification of the equations valid in free space can be found in Table 1.

In B phw  phr pd dhw  dhr dd Eq.
Vxh= ﬂf Weak Weak Weak Weak Weak Strong (23);
b=Vxa Weak Weak Strong Weak Weak Weak (24)
nx[h]=nxj?P Weak Weak Weak Strong Strong Strong (25a)
nx a,=nxa;=nxaP Strong Strong Strong Weak Weak Weak (25b)
he w Weak - Strong Weak - - (27)
ob

owW* - Strong - - Strong Strong (29)

b=—Tp
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—/[[h-[h)—[Vxh]-a]dv—/ Ao - [Moo x ] da
S a8

a
oo

_:f . _=fp
+/B[W([h))]] a]du+/ a-[nx [h]—i" x n] da

oB!
—/[[h B[V x [h]]-a]dv+/ ab.mnx [h]]da (31)
B oB*

for acl?(BUS) and acHY?@S5%) as well as aeH!%(o8%),
bel?(BUS), he V(BUS).

Remark 3 (Functional spaces of ﬁf'p and aP). We propose for the
primal case that j"P e H'/?(asi_) and aP e H(curl; 85%). For the dual
case we propose that j"P e H(curl; B) and aP e H'/?(aS% ). Observe
here that a boundary integral of the form fmﬁ -ada in (30)
would call for aeH"*(BUS) and analogously, the boundary
integral [, [h] -a™"P dain (31)forhe H2(BUS).

3.1.2. Three-, two- and one field functionals

Once we derive the functionals Z°™ and 79™ in their most general
form, we can follow all steps from Section 2 without any changes in
order to derive the one-, two- and three-field functionals. Therefore,
for the sake of brevity, only the final expressions are presented:

(a) Primal Hu-Washizu-type functional

7MY (a, b, h) = /[M([b)—[h] b=V x a]] dv—/ he - [Ns x @] da
S asl,

_uf . _ . _ _ uf‘p .
+/B[W([h>) if-a—h - [b—V x aJ dv /mﬂﬂ (n x a] da
(32)

for aeVa.(BUS), bel?(BUS), hel?2(BUS), and daeVy(BUS),
b el?2(BUS), dhel?(BUS). By the solution of the saddle point
problem, Egs. (23);, (24), (25a) and (27) are weakly fulfilled,
whereas Eq. (25b) is strongly fulfilled.

(b) Primal Hellinger-Reissner-type functional

Ith(a,[h])z/[M*([h]) dv+h-[V x a]]—/ he - [N x @] da
s oSk

+/.[W*([b) dv—if-a+h-[V x a] dv—/ i"P . [n x a] da
B oBi
(33)

for aeV(BUS), hel2(BUS), and daeVo(BUS), Shel>(BUS).
Assuming the strong identities (29) and the boundary condition
(25b), the remaining equations (23);, (24) and (25a) hold for this
principle in a weak sense.

() Primal Dirichlet-Type functional:

pd — _ .
T (a)_/SM(fb)dv /asL[hoo [ x a] da

. n s
+/B[W([b)ﬂ al dv /asﬂﬂ [n x a]da 34

for aeV,(BUS) and da e Vo(B U S). Within the primal Dirichlet
principle, Eqgs. (23); and (25a) are weakly fulfilled, whereas
Eqgs. (24), (25b) and (27) are valid in a strong sense.

(d) Dual Hu-Washizu-type functional:

7w (g Iy = /[M([h))—[hl - b+[V x h] - a] dv—/ a - [N x h] da
s Jasz,
+/[W([h>)—jjf ca—h - b+[V x b]- a] dv+/ a.[nx [h]]da
B oB*
(35)
for aeL2(BUS), bel>(BUS), he W;(BUS), and dacl*(BUS),
SheLABUS), she Wo(BU S). Egs. (23)1, (24), (25b), (27) are the

Euler-Lagrange equations of this principle. Eq. (25a), in contrast,
is the only equation that holds in a strong sense.

(e) Dual Hellinger-Reissner-type functional

zdhf(a,ﬂn)z/[M*(h)jL[v x h] - a] dv—/ Ao - [ x ] da
S a8,
+/[W*([hn)—ﬁf-a+[V x h]-a] dv+/ aP-mx [h]lda (36)
B oB*

forael*(BUS), he W;(BUS), and da e L>(BU S), 5h e Wo(BU S).
Assuming the strong identity (25a) and the constitutive law (29),
the Euler-Lagrange equations of the dual Hellinger-Reissner
principle coincide with Egs. (23)1, (24) and (25b).

(f) Dual Dirichlet-type functional:

dd _ * _ .
7@y~ [MEdv- [ av . xhida

o

s _ =f. p.
+/BW([h])dv /Bﬂ a1d1/+/88ma mx[hjjda (37

for he W;(BUS) and dhe Wo(BUS). For the dual Dirichlet
principle, Eqgs. (23)1, (25a) and the constitutive relation (29) are
strongly fulfilled, whereas (24) and (25b) are satisfied in a
weak sense.

4. Geometrically non-linear deforming body embedded into
free space

The final step is to investigate a non-linearly deforming body
as depicted in Fig. 4, which is subjected to a magnetic field. At a
first glance, the reader will notice that the functionals that we are
going to present in the next Section 4.1, do not differ much from
those presented in Section 3.1. Basically, they are only expanded
by the external contributions of the body forces inside the bulk
and mechanical tractions on the surface. This simple adaptation of
the functionals, of course, should not mask the fact that the major
challenge, when observing magnetic and mechanical effects
simultaneously, lies in a suitable formulation of the balance of
linear momentum and the stress tensor used therein.

Due to the magnetic couple acting on the bulk, the Cauchy
stress tensor is not symmetric anymore. This was already stated
in the pioneering works of Tiersten [59] and Brown [8]. From
those early times on, it was known that for the case of static
equilibrium, the antisymmetric part of the Cauchy stress tensor
(named as elastic or local stress in the equivalent work on non-
linear dielectrics by Toupin [60]) is balanced by the antisym-
metric part of a ponderomotive stress tensor. This additional
contribution to the elastic stress measure is usually referred to as
the Maxwell stress (see, for example, [10,15,18,17,21,59,60]) or
(electro)magnetic stress [45] and results in a Cauchy-like sym-
metric total stress tensor [16,18,19,28,61].

We will adopt the term ponderomotive stress here and use the
terms magnetization stress and Maxwell stress for the non-
symmetric and symmetric parts of the ponderomotive stress,
respectively. This notation may at first seem to be a further
complication of the predominant use in the literature. However,
we take it as a handy tool to distinguish immediately between the
non-symmetric part of the ponderomotive stress tensors, which
exists only inside the body, and the symmetric part of the
ponderomotive stress tensor, which exists also outside the body.
The same split can be found in [19,23] and is in analogy to our
previous works [25,30].

The surrounding free space may not be neglected when it
comes to the investigation of a body immersed by vacuum,
because the magnetic fields inside and outside the body influence
each other and the need to satisfy the continuity conditions for
the magnetic variables, generates non-homogeneous fields inside
a finite body. Due to the existence of a magnetic field outside
the body, parts of the total stress tensor do not vanish in vacuum.
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The ponderomotive contribution of stress has to be taken into
account in cases, where the magnetic field surrounding the body
does not decrease abruptly, when reaching the interface but
continues gradually. This occurs in the case of magneto-active
material with a small relative permeability. This class of magneto-
rheological elastomers was investigated in experiments docu-
mented, for example, in [1-3,62], where relative permeabilities of
order O(1) for particle concentrations up to 50% were reported.
Fluid counterparts with the same order of relative permeability
can be found in experimental works like [5,6,63].

Before presenting the variational formulations for the non-
linearly deforming body, we will repeat briefly the basic concepts
of non-linear continuum mechanics, and the necessary alterations
of the magnetostatics equations from the previous sections.

Our body may undergo large deformations. Therefore, we have
to distinguish between an undeformed configuration By and a
deformed configuration B;. For the material as well as for the
spatial setting, the surface of the body is divided into different
subsets:

oB=oB UoB®, oB=oBlUB, (38)
such that
oB neBt =0, oBYnaBt=0. (39)

Obviously, B is bounded and we assume &8 is C'. Let ¢ denote
the deformation map, F the deformation gradient, i.e. F= Vx¢
and J the determinant of F. Here, Vx denotes the nabla operator
with respect to X. The position vector and the magnetic field
quantities are designated by capital letters in the material setting
and by small letters in the spatial setting, respectively. The push-
forward operations for the magnetic field quantities read as
[13,16]

b=B-cof F!, h=H -F', m=M.F (40)

From the magnetostatic point of view, the equations to be
solved are Maxwell’s equations as we have seen them before in
Section 3. Due to the deformation of the body, we now have to
specify them for a formulation in the material configuration:

VxH=J V.B=0in By, 41
where J' denotes the free current density within the bulk per
undeformed unit volume. Eq. (41), is satisfied by

B=VxxA in By, (42)

where for the magnetic vector potential the following push-
forward operation holds

a=A-F' (43)
In free space we have?
VxH=0, V-B=0in Sp. (44)
Eq. (44), is satisfied by
B=Vx x A in Sp. (45)

Observe here that in (22) we have a relation for the three
magnetic field variables, which is, however, valid only for the
deformed configuration. In the material setting this translates
to [17]

He L c.B-M
Jig

which reduces to H =[uJ]'C- B = H" in free space Sy, where

M =0.

in Bo, (46)

4 We have extended the displacement field ¢ outside the body in vacuum, and
as a result we can define H and B, the magnetic field and magnetic induction for
free space.

ask,”

v
v

Fig. 4. Geometry of geometrically non-linearly deforming body immersed in free
space with reference configuration on the left and deformed configuration on the
right. Besides the magnetic loading along the interface and the exterior boundary,
mechanical loads are applied along the interface.

In addition to the magnetic field equations that have been
discussed previously, one has to solve the balance of linear
momentum [17]

VX -P+bg°"+b0:VX -Pt0t+b0=0 in By, 47)

where bj™" denotes the ponderomotive body force, and bg
denotes the mechanical body force. P*** symbolizes a total stress
tensor which contains the contributions of the ponderomotive
body force. A Piola transformation of P*" leads to the Cauchy-like
symmetric total stress tensor 6, which was mentioned in the
introductory part of this Section 4 in the deformed configuration

6°t = Pt cof F!. (48)

This transformations together with (40) allows a formulation of
the set of partial differential equations in the deformed config-
uration. For the balance of linear momentum we obtain

Vi 6+b°" +b =V, .6 +b =0 in 5. (49)

As mentioned before, P and 6%t not only consist of the Piola
stress P or the Cauchy stress o, respectively, but also of a part
arising from the magnetic field effects. To be more precise, P**
and o™t are split additively into

PP = P4+ PP" — P+ P™8 4 P ip 3y, (50a)

o' =6+ 6P" =6+06MC+ 6™ in B;. (50b)

This construction of the different stress contributions is exempli-
fied for the spatial configuration as follows, and can easily be
understood with the choice for the ponderomotive body force® as

b =m - Vb+j x b, (51)

which coincides with the force term introduced by Pao [12] when
neglecting all electric fields and the polarization. The motivation
for the ponderomotive stress is given by the intention to express
the ponderomotive body force in terms of a divergence:

bP" = V, - 6P with 6P = %[[b -bli—[h - bli+h & b. (52)
0

With relation to Eq. (46), the ponderomotive stress aP°" is
separated into its non-symmetric part, the magnetization stress

6™ =[m - bji-m ® b, (53)

and its symmetric part, the Maxwell stress

" = —M;i+ 'ul[b ® b. (54)
0

5 The definition of the ponderomotive body force is not unique, see, for
example, [7,45,59]. Each choice for the force leads to alternative decompositions of
the ponderomotive stress tensor, see, for example Table 1 of [18] for an overview
of the possible forms. We have chosen a force in terms of the magnetic induction
b, because it plays well along with the magnetic free field energy defined in (11),
and with the variational functionals in terms of the magnetic vector potential a.
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The magnetization stress 6™ compensates the antisymmetric
part of the elastic Cauchy stress 6. Adding all stress contributions
together leads to the symmetric Cauchy-like total stress tensor 6.
The corresponding expressions for PP°", P™ and P™ are obtained
via the Piola transformation (48), however, their summation does
not lead to a symmetric stress tensor. The total Piola stress tensor
P™' is non-symmetric in the material configuration, as it holds for
the Piola stress tensor in pure elasticity as well.

It should be observed that the Maxwell stress also exists in
vacuum, whereas all other stress contributions vanish in outer
space. Furthermore, it can also be derived directly as a derivative
of the free field magnetic energy with respect to the deformation
gradient

oMy
oF -

Pmax _

= (55)

The spatial magnetic free field energy M, is given as in (11), its
material counterpart is calculated from the relation My =JM, and
results in

My(F,B) = ziuorlc :[B ® B]. (56)

Without loss of generality, we assume that there is no
deformation at the far-away boundary 8S., therefore

@X)-X=0 on dS,, (57)

and we do not have to consider the Maxwell stress or any
mechanical tractions at that boundary:

P"* . n,=0 onéSs. (58)

The existence of such an extension of ¢@eH"?(By) to
@ e H'"2(By U Sp), which preserves the weak derivatives across
0By and has support only in a subdomain of By U Sy, is guaranteed
by the extension theorem, see, for example, [57]. Since
@ € H'"2(By U Sp), the continuity of ¢ across the boundary 88, is
obtained due to the uniqueness of the trace operator [55]. Of
course, one can prescribe Dirichlet values for the deformation
map ¢ along the boundary 88,

@, =@, =@" ondB. (59)

The jump condition regarding the stress along the boundary of
the body is written as

[P°] -N=—t, onaB, (60)

where to is a prescribed mechanical traction and N is the
outwards pointing normal vector to the surface of oBy. For the
magnetic continuity and boundary conditions we refer to Egs. (6c),
(10), (25a), and (25Db).

As a final step to complete the boundary value problem, we
introduce constitutive relations for the total stress tensor and the
magnetic field strength following closely [17]. In analogy with
what was done for the free energy used in Sections 2 and 3, we
keep the magnetic induction B as the independent variable which
is complemented by the deformation gradient F. We define an
energy density Uy related to matter per referential unit volume,
which consists of an internal contribution Wy and an external
contribution V;. The internal contribution Wj is equivalent to the
amended energy density presented in [17] and is split into two
parts: the free field magnetic energy density My and an energy
density 1/, which is associated with the magnetization as well as
the strain energy density of the material.

Uo(A,B,H;F,(P) = Wo(B;F)—FV()(A,H; (p)
= My(B; F)+o(B; F)+ Vo(A,H; ). 61)

Based on the above energy densities the total Piola stress P*"
and the referential magnetic field strength H are defined as [17]

ot _ 0Uo _ dWo _9Ug _ Wy
P_aF_aF'H_aB_aB' 62)
and the magnetization as

M=—Yo (63)

oB -

After a Legendre transformation of Wy(B) into the complemen-

tary energy density W§(H), we obtain the alternative constitutive
relation

oW

B=-n

in Bo. (64)

4.1. Variational principles for a geometrically non-linear deforming
body in free space

In order to investigate variational formulations of a deforming
body in free space, the definition of two additional functional
spaces for the deformation map ¢ is necessary, see Definition 3 in
Appendix A.

At this point we refer to [64] for a mathematically detailed
discussion on non-linear elasticity theory including the definition
of the necessary Sobolev space, ie. WP for p>2, and the
sufficient growth conditions on the strain energy function to
ensure the existence of a minimizer for the variational functional.
In the following sections, we choose for simplicity p=2.

4.1.1. Three-, two- and one field functionals

For the sake of simplicity, we study here the transformations
in the independent variables only for the magnetic quantities. For
different variational settings in the mechanical quantities, we
refer to standard procedures that can be found, for example, in
[65]. Thus, ¢ remains as independent variable with
@ cUy(BoUSp), 6 clUp(BoUSp) and the identity F=Vxe still
holds. All principles satisfy the balance of linear momentum (47)
and the boundary conditions on the Piola total stress tensor, (58)
and (60), in a weak sense, whereas the Dirichlet boundary
conditions on the deformation, (57) and (59), as well as the
constitutive relations for the Piola total stress inside and the
Maxwell stress outside the body, (55) and (62),, are fulfilled
strongly. Table 3 gives an overview of the strong an weak validity
of all equations that hold within the bulk and the surrounding
free space.

Since we have studied master functionals dealing with a rigid
body in Section 3.1, we have basically only to amend them with
the external contributions from the body forces and the mechan-
ical tractions. The additional terms are easily identified as the two
ultimate integrals in the following list of functionals.

(a) Primal Hu-Washizu-type functional

ZPMY(A,B,H; @)
— [ [Mo(B:F)—H - [B—Vx x AJ] dV—/ Ha - [Na x A]dA
So asl,

+/ [Wo(B: F)—Jf - A—H - [B—Vx x A]] dV
By

—/_Jlf'p-[NxA]dA—/q)-bodV—/ ¢-thdA (65)
o8y Bo a8},

for AeVi(BoUSo), Bel?’(BoUSo), Hel*(BoUSo), @ely
(Bo U Sp), and A e Vo(Bo U Sp), 0B € L2(By U Sg), 0H e L2(By U Sp),
0@ € Up(Bp U Sp). By the solution of the saddle point problem, Eqs.
(44),, (41)4, (45) and (42), the boundary conditions on H (6c¢) and
(25a), and the constitutive laws for H (13); and (62), are weakly
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Table 3

Classification of results according to weak and strong satisfaction of field equations and boundary conditions for a deforming body immersed in free space.

InS In B phw phr pd dhw dhr dd
VxH'=0 V x H=Jf Weak Weak Weak Weak Weak Strong
B=Vx x A B=VxxA Weak Weak Strong Weak Weak Weak
Ny x HY =ny x HE Nx[H]=nxJ"> Weak Weak Weak Strong Strong Strong
N x A=A2" N x Ay=N x Aj=N x AP Strong Strong Strong Weak Weak Weak
HA = oMo H= Wy Weak - Strong Weak - -
oB oB

Be oM B owW§ - Strong - - Strong Strong

T oHF TTH
Vx - P™* =0 Vx - P +by=0 Weak Weak Weak Weak Weak Weak
oX)-X=0 @ =P Strong Strong Strong Strong Strong Strong
P™ . n,=0 [P°']-N=—t, Weak Weak Weak Weak Weak Weak
pmax _ oMo plot _ Wy Strong Strong Strong Strong Strong Strong

T oF T OF

fulfilled, whereas the boundary conditions on A (10) and (25b)
are strongly fulfilled.
(b) Primal Hellinger—Reissner-type functional

TPM(A,H; @)
- / [ME(H; F) dV+H - (Vx x A)]—/ Hao - [Noo x A]dA
JSo Jasi,

Wi(B; F)dV—J' - A+H - [Vx x A]]dV

By

—/_J]f'p-[NxA]dA—/(p-bodV—/ @t dA (66)
JoB) JB, JoBy,

for AeV(BoUSy), Hel’(BoUSy), @ellp(BoUSo), and
OA e Vo(Bo USg), SH el2(ByUSpy), d¢eldy(BoUSp). Assuming
the strong validity of the constitutive law for B, (13), and (64),
as well as the boundary conditions on A, (10) and (25b), then
hold the remaining equations (44),, (41);, (45) and (42), as well as
boundary conditions on H, (6¢) and (25a), for this principle in a
weak sense.
(c) Primal Dirichlet-type functional

TP(A: ) = / Mo(B: F) dV—/‘ Ha - [Noo x A] dA
Jso Jasi,
+/ [Wo(B: F)—J' - A] dV—/ JFP LN x A]dA
JB, Jasi

_ (p-bodV—/ @t dA 67)
Bo B},

for Ae Va(BoUSp), @ Gu(p(Bo U So), and oJ0A e Vo(Bo U So),
0@ eUp(Bp U Sp). Within the primal Dirichlet principle, Egs.
(44),, (41),, and the boundary conditions on H, (6c¢) and (25a),
are weakly fulfilled, whereas Eqs. (45) and (42), the constitutive
law for H (13); and (62);, and the boundary conditions on A (10)
and (25b) are valid in a strong sense.

(d) Dual Hu-Washizu-type functional:

79w (A, B,H; @)
:/ [Mo(B: F)—H - B+[Vx x H] - A] dV—/ A -[No x H] dA
So a3,
+/ (Wo(B: F)—J - A—H - B+[Vx x H]- A]dV
Bo
+/' Ap~[N><[[H}]]dA7/,(p-bode/ @ dA (69
,("35‘3‘ J By x@Bt

for Ael*(ByUSp), Bel?(BoUSo), HeW;BoUSo) @ eldy(Bo
USg), and OA eL?(By U Sy), 0B el?(ByU 50) SH e Wo(Bo U Sp),

0@ € Up(Bo U Sp). Eqs. (44),, (41)q, (45) and (42), the boundary
conditions on A, (10) and (25b), and the constitutive law for H,
(13); and (62),, are the Euler-Lagrange equations of this princi-
ple. The boundary conditions on H, (6¢) and (25a), in contrast, are
the only equations that hold in a strong sense.

(e) Dual Hellinger-Reissner-type functional:

Zdhr(a,[h];(p)
:/ [ME(H; F)+[Vx x H]- A] dA—/ A - [N x H] dA
So

[W*(H; F)—J" - A +[Vx x H]- A]dv+/ AP. [N x [H]]dA

Bo
_ (p~b0dV—/ @t dA (69)
Bo o8y,

for Ael*(BoUSy), HeW(BoUSy), @ely(BoUS), and
0A e L? (Bo U Sp), OoH e Wo(Bo U So), ()(p eUp(Bp U Sp). Assuming
the strong identity of the boundary conditions on H, (6¢) and
(25a), and the constitutive law for B, (13), and (64), the Euler-
Lagrange equations of the dual Hellinger-Reissner principle
coincide with Egs. (44),, (41);, (45) and (42), and the boundary
conditions for A, (10) and (25b).
(f) Dual Dirichlet-type functional:

zdd(A;qp):/M’g(H;F) dv_/' A - [No x H] dA

/wz(hp)dv Jf. Adv+/ AP [N x [H]]dA
oBg

@by dV— / @t dA (70)
Bo oB

for He Wﬂ(Bo USp), @ GU(/,(BO U So), and oHe Wo(Bo U Sop),
0@ € Uy(Bp U Sp). For the dual Dirichlet principle, Egs. (44); and
(41),, the constitutive relations for B, (13), and (64), as well as
the boundary conditions on H, (6¢c) and (25a), are strongly
fulfilled, whereas (45) and (42), and the boundary conditions
on A, (10) and (25b), are satisfied in a weak sense.

5. Conclusions

In this communication we have presented different variational
formulations for the problem of a magneto-active body exhibiting
large elastic deformations under the stimulation of external
mechanical loads and magnetic fields. The body is assumed to
be surrounded completely by free space, which calls for a careful
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consideration of the continuity conditions of the magnetic field
quantities. The magnetic vector potential is used as one of the
independent magnetic variables. The main interest has been to
propose systematically mixed formulations (for the magnetic part
of the problem), and to study in detail the functional spaces to
which the different variables in these formulations belong.
A summary of the important results corresponds to Fig. 1, where
the relations between the presented mixed formulations are
illustrated.

As remarked in the Introduction, the modeling of the behavior
of bodies undergoing large elastic deformation under the coupled
effect of magnetic fields and mechanical loads is a particularly
complex challenge considering the non-linearity of the equations
involved and the different couplings to be considered. There is a
need for numerical methods of solutions, and the finite element
method can be one of the best options for the simulation. It is
important to have different mixed variational formulations with a
number of different variables for the functionals, since a standard
formulation, where we would only consider the displacement
field and the magnetic vector potential as the main variables, may
not be the best option from the numerical point of view. In
particular, in order to deal with the different problems and the
continuity conditions between the body and the surrounding free
space, a larger variety in the choice of approximation functions for
the unknown vector fields might be advantageous.
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Appendix A. Definitions from functional analysis

Definition 1 (Function spaces in free space). Let v be an arbitrary
vector field defined on the domain QeR> de({1,2,3}, with
boundary I'. We define the following function spaces:

1/2
12(Q)= {\/ 1 Q aRd\\\w\le(Q) = (/ lv|? dv> <oo}.
Q

H2(Q) = {v e L*(Q)| Vv e L2(Q)},

H? (@) ={veH"@)|v=00n T},

H(curl; Q) = {v e L2(Q)|V x v e L2(Q)},

Ho(curl; Q) = {v e H(curl; Q)|n,, x v=0on '},
H(curl; Q) = {v e H(curl; Q)|V xv=0},

Va(S) = {v e H(curl; §)|n x v=a2" on 652},

Vo(S) = {v e H(curl; §)|n. x v=0 on 853},

Wj(S) = {v e H(curl; )| x v =1y x h¥ on 85},
Wo(S) = {v € H(curl; §)|n, x v=0on asl_},
Wi(S) = (v e H(curl, )| x v=1. x b’y on a5l },

Wo(S) = {v e H(curl,5)|n x v=0 on asS._},
and the proper norms for H"?(Q) and H(curl; Q):

=(lvli%,, +I1VvIZ, )12,

vl 2@ 2@

H"2(Q)

2 2 1/2
IV leurte) = (V1% o +1V x VIZ )72,

For a detailed definition of the space of traces H'/?(I') of H'?,
we refer to [55,66,67]. Its dual space is denoted by
H V20 =H"2(@).

L2(Q), H"*(Q) and H(curl; Q) are Hilbert spaces equipped with
the inner products

WV)2 = /Qun v dv,
(W, V)2, = (W,V);2g) +(Vuu,V\/)Lz(Q).

(W, V)neurt:) = @, V)29, +H(V x 0,V x V)2 .

The same holds for Hy*(Q) (as well as Vy(S)) and Ho(curl; Q)
together with the inner product of H'"?(Q) and H(curl;Q),
respectively.

Definition 2 (Function spaces for the body and free space). Let v be
an arbitrary vector field. We define the following function
spaces:

V(BUS)={vel>BU 8)|v|s e H(curl; 8), v|, e H(curl; B},

Va(BUS) = {v e LA (BUS)|v|; € Va(S)V| ; € H(curl; B),
n x v=a%"P on 85%},

Vo(BUS) = {ve 2 (BUS)|v|geVo(S)v|, e Hcurl; B),
n x v =0 on oB%},

Wi(BUS) = {v e L2(BUS)|v| € Wi(S),v|, e H(curl; B),
Af -
nx[v]=j onaB},

Wo(BUS) = {vel?>(BUS)|v|seW;(S).v|,eH(url: B),
nx [v]=0on B},

Wi(BUS) ={v e X (BUS)|v|; e W;(S),v|, e H(curl; B),

nx[v] —i' on o8,

Wo(BUS) = {v e L2 (BUS)|v|; e Wi(S),v|, € H(curl; B),
nx [v] =0 on o8}

Definition 3 (Functional spaces for the deformation). Let v be an
arbitrary vector field. We define

Uy(Bo U So) = {ve W"P(By USp)|v|, =0,V

EBS = (Pp}.

Uo(Bo U So) = (Ve W'P(By USo) V|5 =0,V s =0},

for p>2 and where v
boundary 6S,,.

as., denotes the trace of v along the
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Appendix B. Existence and uniqueness of a stationary point
for the primal Dirichlet-type functional

Existence and uniqueness of a stationary point for the primal
Dirichlet-type functional (14) can be proved with the help of
Brezzi’'s theorem [55,68,69]. The Brezzi theorem guarantees
existence and uniqueness of a solution of saddle point problems
with divergence-free conditions as, for the example, in the
classical Stokes problem. We adopt this structure for the magne-
tostatic problem and define the following bilinear forms:

a(u,v) = / l[V x u]-[V x v]dv
s Ko
and
b(v,q) = /\/ -Vq dv,
S
and the linear form
f(v) = / hY - [ny x v]da.
asl,

Note here that the bilinear form a is not coercive in general
and thus, an application of the Lax-Milgram lemma is not
possible. Furthermore, the divergence free condition on a is
needed in order to guarantee uniqueness of the magnetic vector
potential, which is incorporated by the bilinear form b. For the
test functions q e Hg)'z(S), the elements v of the kernel of b(v,q) are
divergence free, since

b(WvQ)Z/W'Vq dU:—/[V-w]m dv=0 vgeH}*S)
S s
<V.v=0 insS.

As prerequisites for the Brezzi theorem, one has to show the
continuity of a and b which is achieved straightforwardly with the
Cauchy-Schwartz inequality. Furthermore, it is assumed that a is
coercive on the kernel of b which can be shown with the help of
the Friedrichs’-type inequality. As last assumption, b has to satisfy
the Ladyzhenskaya-BabuSka-Brezzi-condition, which holds trivi-
ally for v = Vq. A final application of the Poincaré inequality leads
to the desired condition.

The mixed variational problem of the saddle point problem
reads as follows: given @ e V,(S), find (a,) € Va(S) x Hy*(S) such
that (a—a,) € Vo(S) x Hy(S) and

a(a—a,oa)+b(da,p)=f(da), Vdae Vo(S),

b(a—-a,0p)=0, Vépe Hé’z(s)-

Withf(\/) = f(v)+a(a,v) and g(q) := b(a,q), this can be rewrit-
ten as

a(a,0a)+b(Sa,@) =f(5a), VdaeHo(curl;S),
b@,0¢p)=g(3¢), VopeHY(S). (71)

For problem (71), existence and uniqueness is given by the Brezzi
theorem.
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