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1. Introduction

In this article, we are interested in the structure of the solution set of the boundary value problem

(1.1)

—Au=x("—-1), u>0 inB;
u=~0 on dB,

where B is the unit ball in RV, N > 3 and A > 0 is a parameter. Smooth solutions to (1.1) are radially symmetric and
decreasing by the classical result of Gidas, Ni and Nirenberg [1].
Problem (1.1) is related to the following Gelfand problem:

(1.2)

—Au=xé", inB;
u=20 on 0B.

Barenblatt [2] and Joseph and Lundgren [ 3], using phase-plane analysis, gave a complete description of the classical solutions
to (1.2), which are again radially symmetric [1].

Proposition 1.1. Assume N > 1, then there exists A* = A*(N) > 0, such that

e for 0 < A < A% (1.2) has the minimal solution u,;
e for . = \*, (1.2) has a unique solution;
e for A > A%, (1.2) has no solution (even in the weak sense).

Moreover, we have the following.

(a) if N =1, 2, then for 0 < A < A*, there are exactly two solutions to (1.2), one of them is the minimal solution u;. The other
one, denoted by U,, has Morse index 1.
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(b)If 3 <N <9, thenA* > 2(N —2). For 0 < A < A*, A # 2(N — 2), (1.2) has finitely many solutions; for . = 2(N — 2),
(1.2) has infinitely many solutions; for A close to 2(N — 2), (1.2) has a large number of solutions that converge to —2 log |x|.
(c) If N > 10, then A* = 2(N — 2) and u, = —2log |x|. Moreover (1.2) has a unique minimal solution u;_for each A € (0, A*).

Nagasaki and Suzuki [4] classified the solutions of (1.2) according to their Morse index. In a few words, the family of
regular solutions of (1.2) can be described as a curve (u(s), A(s)) with s € [0, c0), such that (u(s), A(s)) — (0,0)ass — 0
and (u(s), A(s)) = (us, Ay)ass — oo,whereu, (r) = —2log(r), A, = 2(N—2) isasingular solution of (1.2).In dimensions
3 < N < 9, A(s) oscillates around 2(N — 2) as s — oo and the Morse index of u(s) increases by one in each oscillation.
In dimensions N > 10, A(s) is monotone, u(s) is monotone and is stable for each s. We refer the reader to the book of
L. Dupaigne [5] for further references on problem (1.2). Moreover, Berchio, Gazzola and Pierotti in [6] studied Gelfand type
elliptic problems under Steklov boundary conditions.

A problem analogous to (1.1) is

u=~0 on 0B (1.3)

{—Au =u"+ru, u>0 inB;
where p > 1and A > 0 is a parameter. According to classical bifurcation theory [7], the point (w1, 0) is a bifurcation point
from which emanates an unbounded branch € of solutions of (1.3), where 11 is the first eigenvalue of the negative Laplacian
operator under Dirichlet boundary condition in B.

o Ifp < N” 5(N > 3),for A < uq, there is a positive solution of (1.3) by a standard constrained minimization procedure
involvmg compactness of the Sobolev embedding. Moreover, by Pohozaev’s identity [8], problem (1.3) has no solutions

for . < 0 wheneverp > Y2,

o Ifp = % which is the classical Brezis-Nirenberg problem [9], problem (1.3) has a solution for 0 < A < u;if N > 4,
and for pu1 <A < ppif N =3,
e If p > N2 Dolbeault and Flores found thatif p > ¥2,and p < >2X2=L or N < 10, then there is a unique number

N—2/N—1-4 4
Ay > 0, such that for A close to A,, a large number of classical solutions of(l 3) exist. In particular, there are infinitely

many classical solutions for A = X,. Recently, Guo and Wei in [10] showed that the structure of the branch € changes

forp > pc and 32 < p < p, where p. = % SLifN > 11;and p. = 00 if 2 < N < 10. Moreover, they

established that for M < P < P¢, C turns infinitely many times around A, € (0, w1). For p > p, all solutions have a
finite Morse index, and for N > 12 and p > p. sufficiently large all solutions have exactly Morse index one.

This paper is devoted to the study of the structure of solutions to problem (1.1). We start with some general remarks.
First, classical solutions of (1.1) can exist only for A in some interval.

Proposition 1.2. Let w1 be the first eigenvalue of the — A under Dirichlet boundary condition in B. Then there exists Ao > 0,
such that a necessary condition for existence of classical solutions to problem (1.1)is A € (Ao, 1).

See a proof in the Appendix. By classical bifurcation theory [11,7] we have that (i1, 0) is a bifurcation point of solutions
to (1.1). Both observations are also valid if we replace the ball by a bounded smooth domain (star shaped in the case of
Proposition 1.2).

We are interested also in weak solutions, allowing for possible singularities.

Definition 1.3. We say thatu € H(} (B) is a weak solution of (1.1) if e € L'(B) and

/Vqu) = A/(e” — e forally € C§°(B). (1.4)
B B

We say that a weak solution u of (1.1) is regular (resp., singular) if u € L°°(B) (resp., u & L*°(B)).
We say that a radial weak solution u of (1.1) is a weakly singular solution if it is singular and lim,_, o ru/(r) exists.

We first study singular solutions to (1.1).

Theorem 1.4. Assume N > 3. Let A > 0 and suppose that u € C>(B\{0}), u > 0is a radial solution of
— Au=A(e" — 1) inB\{0}. (1.5)
Then either

(a) u can be extended as a function in C*°(B) and (1.5) holds in B,
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or
(b) uis singular at r = 0 and satisfies

2(N — 2)
)

)

lirr(l)(u(r) + 2logr) = log
r—

lim rv/(r) = 2.
r—0
As a consequence, u is a radial singular weak solution to (1.1) if and only if u is a weakly singular solution.

Theorem 1.5. For N > 3, there exists a unique A, > 0, such that (1.1) admits a radial singular solution for . = A, and the
radial singular solution is unique.

By Theorem 1.4 the singular solution is weakly singular.
Next, we consider the question of multiplicity of solutions to (1.1).

Theorem 1.6. If 3 < N < 9, then problem (1.1) has infinitely many regular radial solutions for .. = A,. For A # A, but close to
A, there is a large number of regular radial solutions for (1.1).

For a weak solution (A, u) of (1.1) we define the Morse index of u as the largest dimension k of a subspace Y C C2°(B)
such that

(@) =f|w|2 3’ <0 Vg e Y\(0).
B

If u is a regular solution this is the number of negative eigenvalues, counting multiplicity, of the operator —A — Ae". By
Theorem 3 of Dancer and Farina [12],if 3 < N < 9, for a sequence of solutions (A,, u;,) to (1.1) with |[uy||ieo) — 00 as
n — oo, then the Morse index of u;, goes to infinity asn — oo.

Theorem 1.7. Assume N > 10. Then there exists K < oo such that the Morse index of any radial solution (1, u;) of (1.1) (regular
or singular) is bounded by K. The number of intersections of any regular solution and the radial singular solution is uniformly
bounded by 2K + 1. Moreover, for each A € (Ao, i11), the number of regular solutions to (1.1) is bounded by (K + 1)2.

Anatural conjecture for N > 10, which is observed in numerical calculations, is that the Morse index of any radial solution
of (1.1) (regular or singular) is 1, the number of intersections of any regular solution and the radial singular solution is 1,
and that for each A € (A,, 1) there is a unique solution.

To obtain multiplicity of solutions to problem (1.1) we use geometric theory of dynamical systems in three-dimensional
phase space, which was applied in [13], and subsequently in [14-16]. There are some analogies between the results and
techniques of this work and [17-21] on fourth order problems involving the exponential nonlinearity. In Section 2 we give
some preliminaries. In Section 3 we prove Theorem 1.4, namely that radial solutions either are regular or weakly singular.
Theorem 1.5, which is about the existence and uniqueness of a singular solution is proved in Section 4. In Section 5 we prove
Theorem 1.6 on the multiplicity of solutions in dimensions 3 < N < 9. In Section 6 we analyze the Morse index of solutions
to problem (1.1), give the structure of the branch of solutions to (1.1), and prove Theorem 1.7. Finally, we give the proof of
Proposition 1.2 in the Appendix.

2. Preliminary results

Let u satisfy (1.1) and make the change of variables
v(t) =u(r) withr =e¢', fort € (—o0, 0). (2.1)
Then problem (1.1) becomes

")+ 2 =N () =21e¥ "D = 1), te(—00,0)

v(0) =0, lim e "v/(t) = 0. (2.2)
t——00
Define
vy (l’) — A ev([)+2t
2(N —2) ’ 03)
v () = V'(t), .
v3(t) = re*.

We find that (vq, v,, v3) satisfies the following differential system

v = vi(v2 + 2),
vy = —2(N — 2)v; — (N — 2)v; + v3, (24)
vy = 2vs,
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with the condition
v3(0) = 2(N — 2)v4(0). (2.5)
System (2.4) has two stationary points
P; =(0,0,0) and P, =(1,-2,0).
The linearization of (2.4) around P, is given by X’ = MX, with

2 0 0
M{=|-2(N—-2) 2—-N 1].
0 0 2

The eigenvalues of M; are V; = vV, = 2,93 = 2 — N.Thus for N > 3,P; = (0, 0, 0) is a hyperbolic point, which has a
2-dimensional unstable manifold W*(P;) and a 1-dimensional stable manifold W*(P;).
The linearization of (2.4) around P, is given by X’ = M,X, with

0 0 2

The eigenvalues of M, are given by

=2 e 2-N) £ VN 2N - 10) 27

2
For 3 < N <9, v, and v; are complex conjugates and Re(v;) = Re(v3) = % < 0.For N > 10, all the eigenvalues are real
and vy > 0,v, < 0,v3 < 0.Thus forallN > 3, P, = (1, —2, 0) is a hyperbolic point, which has a 1-dimensional unstable
manifold W¥(P,) and a 2-dimensional stable manifold W*(P,). Actually W*(P,) is contained in the plane {v3 = 0}, which is
invariant for (2.4).

Also we note that solutions of system (2.4) restricted to {vs = 0} are related to radial solutions of the equation
— Au=xre! (2.8)

by exactly the same change of variables (2.1) and the first two equations in (2.3). This yields immediately a heteroclinic
connection from P to P, which is associated to the unique radial solution of (2.8) with A = 2(N — 2) and initial condition
u(0) = u’(0) = 0.

0 1 0
M, = |:—2(N —2) 2—-N 1} . (2.6)

Proposition 2.1. For N > 3, system (2.4) has a heteroclinic orbit from P to P,, which is contained in the plane {vs = 0}.

Thanks to a result of Belickil [22], we have the following lemma.

Lemma 2.2. The system (2.4) is C'-conjugate to its linearization around P, = (1, —2, 0).
Proof. We just need to check that none of the following relations

Re(v;) = Re(v;) + Re(wp), (2.9)
holds for different indices i, j, k € {1, 2, 3} such that Re(v;) < 0 and Re(vy) > 0, where vy, v,, v3 are corresponding

eigenvalues of M,. It is easy to check this by calculation for N > 3. O

Lemma 2.3. Let vV, v@ v be the eigenvectors of M, associated to vy, vo, v3. Then v® = (1, v, v (Vk—(2—N))+2(N—2))
and vV is always real; for 3 < N < 9, v®, v® are complex conjugates. In particular the components of vV = (1, 2, 4(N —1))
are positive.

Proof. By direct calculation, v® = (1, vy, v(vk — (2 — N)) + 2(N — 2)) is an eigenvector associated to v,. O

3. Characterization of weakly singular solutions

In this section our aim is to prove Theorem 1.4. We assume that u € C2(0, 1), u > 0 satisfies
—Au=2(N-2)("—1) in(0,1), (3.1)

where we assume, by using a scaling, that .. = 2(N — 2). The scaling changes the length of the interval where the solution
is defined, but this is not relevant for the next arguments, so we assume that the interval is (0, 1).
Define v(t) = u(e'), w(t) = v(t) + 2t for t < 0. Then w satisfies

—w' () +@—-Nw'(t) =2(N—-2)(e"® —e* — 1) forallt <0. (3.2)

We also let vy, v,, v3 be defined in (2.3).
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By similar arguments as in [20], we have the following results.

Lemma 3.1. One has

liminfw(t) < 0. (3.3)
t——00

Proof. We follow [23]. Let L := liminf;_, _, w(t) and suppose by contradiction that L > 0. Then there exists To > 0, such
that w(t) > L/2forallt < —Ty. Let ¢ be a smooth cut-off functionin R such that 0 < ¢(t) < 1, ¢(t) = 0fort < —(Tp+3)
andt > —Tp; ¢(t) = 1fort € [—(To + 2), —(To + 1)],and fori = 1, 2

—Tp ()2
/ @) dt .= ¢ < +o0.
(T3 @

Lett > 1and ¢.(t) = (b(%). Multiplying (3.2) by ¢, and integrating, we get

—Tot 2 —Tot ) —Tpt
/ €O — Dedt =Y / we® dt + / e ¢, dt, (3.4)
—(To+3)T i=1 —(To+3)t —(To+3)t
where a; = % a = —m. Using Young's inequality with £; > 0 to be fixed later on, we have
—Tot . —Tot —Tot (¢(i))2
V we® dt| < 81[ w? e, dt + C,, f T gt
—(To+3)1 —(To+3)t —Mp+3r  Pr
—Tot )
< & / w? ¢, dt + Ce,cit' 2 (3.5)
—(To+3)7
We also have
—Tot 1
/ X, dt < —e 207, (3.6)
—(Tp+3)t 2

From (3.4)-(3.6) we get

—Tot . 1
/ [e"® — 1 — eiKw(t)*] ¢ dt < C.,K maxcr' 2 + —e 210"
—(To+3)r i=12 2

withK = |a;| + |az]. Since w(t) > L/2 > Oforall t < —Tp, we can choose &; > 0 small, such that e*® — 1 —g;Kw(t)? > o
fort < —Ty, where ¢ > 0 is fixed. Then

—2TptT
)

—Tot .
0T < / [e"® — 1 — &iKw(D)?*] . dt < C.,K mleuz(c,-rl_z’ + —e
_ i=1,

(To+3)t

N | =

which is impossible for 7 > 1large. O

Lemma 3.2. We have

limsup w(t) < +o0.

t——00

Proof. Assume by contradiction that lim sup,_, _,, w(t) = +oc. Then there is a sequence t; — —oo such that w(ty) —
+o00. Furthermore we can assume that for all k > 1 we have ty11 +10g2 < t, w(ter1) > w(ty).
Set My = w(ty), ry = e't and p, = r%l Note that 0 < pi < 3. Let n(r) = Y-2rZ(1 — r?) so that it satisfies

—Ane=2(N—2)r} inB, ne =0 ondB.
Define

u(r) = u(rme) — My + 2log(re) + nk(r).
Then we have

—Au(r) = 2(N — 2)r,fe“(r’<r) = 2(N — 2)eMm@ete®  for0 < r < rk’1.
Since 7y is bounded from above,

— Ay > CoeMke™ YO <1 <1, (3.7)
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for some Cy > 0 independent of k. Also note that
u(1) = u(rg) — M + 2t = 0,
Ug(pk) = Mir1 — My + 2(tk — te1) + me(ox) = 0.

Let Ay be the first eigenvalue for —A with Dirichlet boundary condition in the annulus B\B,, and ¢, > 0 be the corre-
sponding eigenfunction, that is,

—Agr = M@k, G >0 inB\B,;
# = 0; on d (B\B,,) .

normalized so that ||yl ) = 1. Multiplying (3.7) by ¢ and integrating in B\B,, , we get

b
Coe¥ / ety dx < / ﬂuk do + )H,k/ U Py dx.
B\B, 3(B\Bp) dv B\B,

But u, > 0 and % < 0on d(B\B,,) so that

Coe™ / ey dx < Aix / Uy dx.
B\Bp, B\Bpy,

Now using the inequality e* > u, it yields that
CoeMk < A.l,k.

However, since the annulus B\B,,, has a width that does not converge to zero, A1 x remains uniformly bounded. It follows
that My is bounded as k — oo, which is a contradiction. O

Lemma 3.3. Fori =0, 1, 2, we have

lw?(@®) <Cc(+1t]) forallt <0, (3.8)
and foralli=1,2,3
v < C(A+t]) forallt <O. (3.9)

Proof. Since u > 0 and w is bounded above, we have |w(t)| < C(1 + |t|). Moreover, by Eq. (3.2), and interpolation
inequalities such as in Chapter 6 of [24], we get that forany t < —1andi =1, 2

w?(O)] < C sup (Jw|+2(N = 2)[e"” —e* —1])
[t—1,t4+1]

C sup (Jw|+2(N—2)e” —1]).
[t—1,t+1]

IA

Since w is bounded above, the second term in the supremum is bounded. Then (3.8) and (3.9) follow from the bound of
w. O

Lemma34. Fori=1,2,3

[vi(®)] < C forallt <0, (3.10)
fori=1,2
lw?(t)] < C forallt <O0. (3.11)

Proof. Itis direct that v; is bounded forall t < 0. Since v;(t) = e®® (recall the change of variables (2.3) and that we assume
A = 2(N — 2)) and w is bounded above, we have v;(t) is bounded as t — —o0. Next we prove that v, is bounded for all
t<o0.

Integrating the following equation

d

o (29eN) = [22N = 2)01(5) + v3()] e
S

in[t, to] witht < tg < 0, we get

2 2 P 2(N —2)
vy (t) = e N2 1y (tg)eN 20 4 2(N — 2) / eN=D5y, (s) ds — T(e”f0 —ey ).
t
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Since v, is bounded, the integral ffooo eN =25y, (s) ds exists. If

2(N -2
QENIO_Z

to
N (N-2) / e 2%y (s) ds # vy (t)e™ P,
—0Q

we deduce that |v,(t)| grows exponentially as t — —oo, which contradicts (3.9). Therefore we get

2(

o N-2
vy (ty) = —2(N — 2)e"N—20 / eN=D5y, (s) ds + T)eﬂo Yty <O0. (3.12)

—00

It follows that |v,(t)| < C for all t < 0, because v is bounded.
Finally, the relations

w®)=v,+2,  w'(t)=—-2(N—-2)v; + (2 — N)vy + vs,
imply (3.11). O
Proof of Theorem 1.4. The statements in the theorem are consequence of the following properties, that we will prove next.

(i) If liminf,_, o w(t) = —oo, then w(t) — —oo, vi(t) - 0ast — —oo fori = 1, 2, 3, and u is a regular solution.
(i) Ifliminf,_, _o w(t) > —oo, then w(t) — 0, (vq, V2, v3) — Py ast — —oo, and u is a weakly singular solution.

To prove these claims it is useful to define
1
E(t) = E(w/(t))2 +2(N = 2)(" —w(t) — (N = 2)Cie™,

where C; > 0 is a constant such that |w’(t)| < C; for all t < 0. This constant exists thanks to Lemma 3.4. Let us compute
E'(t) = (w(t) + 2(N = 2)(e”® — 1)w(t) — 2(N — 2)C;e*
for t < 0. Using Eq. (3.2) we get

E'(t) = —(N — 2)w'(t)® + 2(N — 2)e** (w'(t) — C;) < 0. (3.13)

Let us prove (i) and so we assume liminf;_, o, w(t) = —oc. First, we show that w(t) — —oocast — —o0. By
contradiction, we assume that w(t) does not tend to —oo ast — —oo. Then we can find sequences s, — —oo, Ty — —00,
such that s, > 1,

w(sy) — —oo, w(ty) is bounded.

But then E(ty) is bounded and E(sy) — oo as k — oo. However, by (3.13), E(sy) < E(t), which is a contradiction.

Now, since w(t) — —ooast — —oo, we can easily deduce v{(t) — 0ast — —oo. Using formula (3.12), we obtain
vy(t) = 0ast — —oo. Therefore lim;_, _,, V(t) = P;.

Since v(t) — 0ast — —oo, we have lim,_,ort/(r) = 0. Then for any € > 0, there exists ry > 0 such that for any
0 < r < rg, we have |ri/(r)| < e. Integrating from r to ry in this inequality, for any 0 < r < ry we obtain

0<u(r) <—elnr+¢, ' < cre, (3.14)

for some C > 0.
We can then get that u/(r) is bounded for r > 0 small enough. In fact, Eq. (1.1) can be written as

— (N (9) = AN — 7).

Integrating above equation from & to r with (8, r) C (0, ro) and using (3.14), letting § — 0, we have
r
v/ (r)] < Crl’N/ s (s—1)ds<C
0

for0 < r < ro. From the boundedness of u’ near r = 0 we also get that u is bounded near r = 0. This shows that u is regular.

We prove now (ii), so we assume that liminf;_, _, w(t) > —oo. Since w is bounded above by Lemma 3.2, we have
w is bounded. By Lemma 3.4, the derivatives of w are bounded, then we get that E(t) is bounded as t — —o0. From the
boundedness of E together with the boundedness of the derivatives of w and (3.13), we deduce that

0
/ w'(6)? dt < +oo. (3.15)

o0
Set Yrr(t) = w'(t + T), then we get that
Yr — 0 inI?(0,1) asT — —oo.
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Moreover, Yr satisfies the equation

Y7 (0) + 2 = N)y7(6) = 2(N — 2)e" Ty (6) — 4(N — 2)e* T,
Using regularity theory, we have ¥7(3) — 0and v(3) — 0asT — —oo. Thus we obtain that w'(t) — Oast — —oo
and similarly w”(t) — 0 as — —oo. This implies that lim,_, _,, v'(t) = —2. Since v'(t) = u'(e')e! we see that u is

a weakly singular solution by the definition. We get in addition that (vq, v,, v3) — (1,—2,0) ast — —oo. That is,
iMoo V() =P, O

A direct corollary of the proof of Theorem 1.4 is the following.
Corollary 3.5. Let u be a radial singular solution to (1.1) and let V(t) = (v1(t), v2(t), v3(t)) be the corresponding trajectory
to (2.4). Then lim;_, _, V(t) =P, = (1, =2, 0).

As a consequence of Theorem 1.4 and Corollary 3.5, we have the following.

Corollary 3.6. For u a radial solution of (1.1) we have:
(a) uis regular if and only if lim;—, _ V(t) = Py;

(b) uis singular if and only if lim;_, _, V(t) = Ps.

4. The unstable manifold at P,

In this section, we study the unstable manifold of P, and prove Theorem 1.5. First we have the following result.
Proposition 4.1. Let V(t) = (v1(t), v2(t), v3(t)) : (—oo,T) — R be the trajectory in W*(P;) such that vi(t) > Oas
t — —oo, where T is the maximal time of existence. Then there exists some t < T such that v3(t) > 2(N — 2)v(t).

Proof. First we observe that this trajectory satisfies
vi(t) > 0, vy (t) > 0, vy(t) > 0

for t close to —oo since the tangent vector to this trajectory becomes parallel to (1, 2, 4(N — 1)) as it approaches P,.
Let z(t) = v3(t) — 2(N — 2)v;(t) and by contradiction we assume that

z(t) <0 forVt e (—oo,T). (4.1)
First, we remark that
v(t) <0 forVt € (—oo, T). (4.2)

To prove this, let us suppose it fails, and so there is the first time ty € (—o0, T), such that v, (tg) = 0. Since lim;_, o, v2(t) =
—2 we must have v/ (tp) > 0. But writing the second equation in (2.4) as

vy (t) = z(t) — (N — 2)v,(t)
we would get z(ty) > 0, a contradiction with (4.1).

Using (2.4) and v,(t) < Oforall t < T we can assert that the solution is defined for all ¢, that is T = +-00. Indeed, the
first equation in (2.4) yields

ot
01 (£) = vy (tg)elo @20 e, (4.3)

Since v,(t) < 0 we see that vq(t) cannot blow up ast — T, if T were finite. Also v3 cannot blow up. This and the linearity
of the second equation in (2.4) yield that T = +o0.
Now, let us establish that

v1(t) > 0 forVt € (—o0, +00). (4.4)

In fact, this is valid for t near —oo since v(t) — 1ast — —oo. If inequality (4.4) does not hold, then v;(ty) = 0 for some
to, and it follows from (4.3) that v (t) = O for all t, a contradiction.
Next, we prove that
lim sup v, (t) = 0. (4.5)
t——+4o00
Indeed, suppose not, we assume that there is a small number § > 0 such that v,(t) < —8 < 0 for all t. From the first
equation in (2.4), we then get v} (t) < (2 — 8)v;(t), so we have vy (t) < vy (0)e®=9 for all t > 0. But by the third equation
in (2.4), we have v3(t) = v3(0)e*. Hence z(t) = v3(0)e? — 2(N — 2)v1(0)e*=®! > 0 for some t > 0, which contradicts
assumption (4.1).
From (4.2) and (4.5), there exists a sequence (ty) with t; — +00 as k — 400, such that

vy(ty) >0, and wvy(t) - 0 ask — +oo.
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Moreover, by the second equation in (2.4) we have 0 > z(ty) = v5(ty) + (N — 2)vo(tx) > (N — 2)v,(ty). Therefore,

z(ty) > 0 ask — +oo. (4.6)
From (2.4), we have 2/(t) — 2z(t) = —2(N — 2)v;(t)vz(t). Multiplying by e~%' and integrating from t to t;, we get

tk
2(ty) = e <z(t) —2(N —2)e* / e_25v1(s)v2(s)ds> ) (4.7)
t
From (4.2), (4.4), (4.6) and (4.7) we have that
+00
/ e Bv1(s)|va(s)|ds < 400 forany t < 4o00. (4.8)
t

t)—z(t
Note that v (t) = % and hence

Z'(t) — 2z(t) = (z(t) — v3(t) vz (D).

Multiplying by e~

and integrating from O to t;, we find
tk 79
z(ty) = e (z(O) +/ e 2z(s)vy(s)ds — / e_zsvz(s)v3(s)ds> )
0 0
Since z(0) < 0, f(;k e~ z(s)v,(s)ds and — Ot" e~2v,(s)vs(s)ds are positive, we get
+o0
f e % |vy(s)|v3(s)ds < 4-o00. (4.9)
0

Since v3(t) = v3(0)e*, (4.9) implies that

+00
/ |v2(s)|ds < 4o00. (4.10)
0

Since z(t) < 0 by assumption, we have v,(s) < v,(0)e~®=2* for s > 0. Then for t > 0,

+00 +oo
/ e Bv1(5)|va(s)|ds = — / e Bv(s)vy(s)ds
t t

+00
> —1,(0) f e v (s)ds. (4.11)
t

Integrating by parts and using (2.4) we get
OO N. 1 Nt 1 > N
_ _ — i
/; e Cvi(s)ds = Ne v(t) + N/[ e vi(s)ds

1 —Nt 2 > —Ns 1 = —Ns
= Ne vi(t) + N e Cv(s)ds + N e Cv1(s)va(s) ds
t t

and we deduce

* —Ns 1 —Nt 1 * —Ns
e v(s) = ﬁe vi(t) + N_3 e Cv1(s)va(s) ds.
t - - t
Hence for t > 0, and since v,(s) < 0
o0 1 1 o0 )
f e Mu(s) > N ze’erl(t)—i— ﬁf e = v1(s)v2(s) ds. (4.12)
t - - t
From (4.11) and (4.12) we have
+o00 0 0 +00
f e 01 (9)[va(5)ds > — 132( )2v1<t)e‘”‘ + 132—()2 v16)[va(s)]e ¥ ds,
t - - t
which implies that
+00
—2s —v2(0) —Nt
e “v1(s)|va(s)|ds > ———————wv(t)e . 4,13
/ Ol = T2 (413)
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Now, from (4.6) and (4.7) we have
+0o0
—z(t) = 2(N — 2)e* / e Bv1(5)|va(s)|ds. (4.14)
t

From (4.14) and (4.13), we observe that
—2(N — 2)v,(0)

—z(t) > vy (£)e TN, 4.15

) > N—2— 0,00 1(6) (4.15)
Moreover, using (4.10)

01(0) = v1(0)eXelo 2% = v ()X e fo 2O > (0)e X (4.16)

for some constant C > 0. Hence,

—2(N — 2)v1(0)v,(0) e~Cold—Nt . (1.18(4,1\1)[7

—z(t) > 417
® =z N —2 — v,(0) ( )
for C; > 0, which is a contradiction with (4.6) for N = 3, 4.
From now on we assume N > 4. By the second equation in (2.4) and z(t) = v3(t) — 2(N — 2)v4(t), we get that
t
—vy(t) = —v,(0)e? Mt e(z_N)‘/ (—z(s))eN=2ds.
0
By (4.17) we have
t
(D) = —v2(t) > —v2(0)e® M + C1e<2‘””/ e*ds
0
Ci oome o (4—N)t
z e (e” —1) = Ge )
for t > 1 where G, is a positive constant. Therefore,
+00 +o0
/ e B(s)|v2(s)|ds > G / e@ N5y, (s)ds, (4.18)
t t
while, for N > 4andt > 0
e (2—N)s 1 Q—N)t 1 e (2—N)s 2 e (2—N)s
e s)ds = e - — —— e S s)lds + —— e s)ds
| n©ds = () = DO+ [ 0i(s)
(2—N)t 1 e 2 2 e (2—N)
> v(t)es ™M — —— e “v(s)|va(s)|ds + —— e Sy(s)ds.
> n© = s + 7 1©)
So,
+o00 1 1 +o00
/ e® ™Mo, (s)ds = vi(0e® V' — —— / 751 (5)[v2(5)ds. (4.19)
¢ N—4 —4 J,
Combining (4.18) and (4.19), we get
/ = e Bv1(s)|v2(s)|ds > Lm(t)e(kmt. (4.20)
; T N—-4+G
Then, from (4.14), (4.16) and (4.20) we obtain that
2(N — 2)Gvy(0)e™€
—z(t) > ( VGu @ 6w _ C3e®Mt, (4.21)

N—-4+G

for C3 > 0, which is a contradiction with (4.6) for N = 5, 6.
Starting with (4.21) we can do the same process and obtain a contradiction for all N > 3. This ends the proof of the
proposition. O

Proposition 4.2. At any point of W"(P;) N {v3 = 2(N — 2)v,} the intersection is transversal.
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Proof. Let V(t) = (v1, v, v3) be a trajectory in W!(P,) with t in some interval (—oo, T) and lim;_, _o, V(t) = P;.
Suppose that t; is such that v3(t;) = 2(N — 2)v;(t;). By contradiction, assume that V’(t;) is not transversal to the plane
{v3(t) = 2(N — 2)v ()}, that is,

V/(ﬁ) € {U3 = 2(N — 2)1)1}.

Then, v3(t;) = 2(N — 2)v1(t1), v5(t;) = 2(N — 2)v/(t1). From (2.4) we get v,(t;) = 0. Let z(t) = v3(t) — 2(N — 2)v(t).
The ODE (2.4) implies that

vy =z — (N —2)v,, Z' =2z —2(N — 2)vqv,.

Treating v; as a given function, we see that v,, z satisfy a first order non-autonomous linear ODE and the initial condition
va(t) = 0, z(t;) = 0. Since v, = z = 0 is a solution of the ODE with the same initial condition, by uniqueness we deduce
vy (t) = 0 for all t where it is defined. This contradicts lim;_, _o, v2(t) = —2. O

Proof of Theorem 1.5. The existence of some A, > 0 such that (1.1) has a singular solution is a consequence of
Proposition 4.1. Indeed, let V(t) = (v1(t), v2(t), v3(t)) : (—o0, T) — R3 be the trajectory in W*(P,) such that vy(t) > 0
ast — —oo, where T is the maximal time of existence. Then there exists some t < T such that v3(t) > 2(N — 2)v(t).
Let t; be the first time such that v3(t;) = 2(N — 2)v;(t1). Because the system (2.4) is autonomous, by shifting time, we can
assume t; = 0. Let P* = V/(0) be the point of intersection, and write P* = (P{, P;, P;). Then

2(N — 2)v1(10g(r))>
A

is a singular solution of (1.1) for A, = P3.

The uniqueness of A, such that a singular solution of (1.1) exists is a consequence of Corollary 3.6, which says that singular
solutions must be associated to trajectories in W (P,), and the trajectory in W"(P,) with tangent vector close (1, 2, 4(N—1))
as it approaches P, is unique except a shift in time. This also yields the uniqueness of the singular solution. O

u(r) = —2log(r) + log (

5. Multiplicity result: proof of Theorem 1.6

In this section, we assume that 3 < N < 9 and prove multiplicity of solutions to problem (1.1). Let P; = (0, 0, 0) and
P, = (1, —2, 0) be the stationary points of (2.4). We recall that P; has a 2-dimensional unstable manifold W*(P;) and 1-
dimensional stable manifold W*(P;), while P, has a 1-dimensional unstable manifold W"(P,) and a 2-dimensional stable
manifold W*(P,).

From Corollary 3.6 it follows that each regular radial solution of (1.1) corresponds to exactly one point in W*(P;) N
{vs = 2(N — 2)v¢}. By Proposition 4.2, we define A, to be the height v3 = A, where W"(P,) first intersects the plane
{vs = 2(N — 2)v1}, and we denote this intersection point by

.
P* = (P}, P}, PY)=—— P, A ). 5.1
( 2 3) (2(N—2) 2 *) ( )

Let Vy : R — R3 be the heteroclinic connection from P; to P, contained in {v; = 0} as stated in Proposition 2.1 and let
Vo = Vo(—00, +00). Then Vj is contained in both W¥(P;) and W*(P,).

Lemma 5.1. WY (P;) and W*(P,) intersect transversally on points of \70. More precisely, for points Q € \70 sufficiently close to
P,, there are directions in the tangent plane to W*(P;) which are almost parallel to vV, the tangent vector to W¥(P,) at P,.

Proof. Let ug be the solution of the following initial value problem

{—Auﬂ(r) =2(N—=2)e"® — 8 for0 <r <R(B), (52)

up(0) =0,  u(0) =0,

where € R is a parameter and R(8) > 0 is the maximal time of existence. We claim that R(8) = +4o0. Indeed, assume
R(B) < +oo and fixry < R(B). Then for r € [ry, R(B)), from Eq. (5.2) we get

;
uy(r) =1 up (ro)r' N — rH’/ " (2N = 2)e© — B) d, (5.3)

o

and this implies

1Al

uy(r) < r(’)\”lu};(ro)rl_’\' + W(r —rNe Y forrg <1 < R(B).
Integrating we see that

limsup ug(r) < +o0.
r—>R(B)
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Since ug is bounded above in [rg, R(8)), using again (5.3) we obtain

r(’)\”]u%(ro)r]_N —Cr—r"Vr)h) < uy(r) forrg < < R(B),

and this shows that

liminfug(r) > —oo.
r—>R(B)

—R(

Control of ug asr — R(B) also yields control of u}, by (5.3) and this contradicts that R(83) is the maximal time of existence.
Therefore the solution ug(r) of (5.2) is defined for all r > 0.

Let vg(t) = ug(r) withr = e’ for t € (—o0, +00) and set
v1 () = e O vap = VL), v3,4(t) = Be.

Then vy g, V2,4, V3, satisfies system (2.4). Let Vg = (v1 8, V2,8, U3 ). We have created in this way a family of trajectories
in W"(P;) with B as a parameter. Note that for 8 = 0, V; is just the heteroclinic connection of system (2.4) from P; to P,

contained in the plane {v3 = 0} described in Proposition 2.1.

Define X = g—ﬂlf;:o.ThenX satisfies

X' = My +R(t)X (5.4)

where M, is the matrix defined in (2.6) and

V2.0(t) +2 vi0t)—1 0
R(t) = { 0 0 0} .
0 0 0

Note that there exist C, « > 0, such that |Vy(t) — P,| < Ce™*! for all t > 0, which follows for example from Lemma 2.2.
Therefore |R(t)| < Ce™®! forall t > 0.Recall that the eigenvalues of M, are v; > 0and v,, v3, which are complex conjugates
with negative real part. Let v®) e C> be the eigenvector associated to v,. By Theorem 8.1 of Chapter 3 in [25], there are
solutions v to

Vi = (My + R, fort >0

such that lim,_, o Y (t)e™ ! = v®_ Then

3
X() =) avi

k=1
for some constants cq, 3, ¢3 € C. Since v,, v3 have negative real parts, ¥ (t) — 0ast — oo, fork = 2, 3.1f c; = 0 then

a';“;ﬂ lp=o(t) = €* > Oforallt > 0.So0 c; # 0 and therefore

X(t) = cvPe”t 4+ 0(e"f) ast — oo.

X(t) — 0ast — oo and this contradicts

This shows X (t) is almost parallel to vV as t — o0. Since vV is the tangent vector to W¥(P,), then X(t) is not tangent
to W*(P,) for t large. On the other hand, X = g—g| p=0 is tangent to W*"(P;). This implies W*(P,) and W*(P;) intersect

transversally on points of \70 close to P,. Since the flow is invertible near \70, WH(P;) and W*(P,) intersect transversally at
every pointof V. O

We write (vq, v, v3) as points in the phase space R? and let {e, e,, e3} denote the canonical basis of R>.
We call 8 C R? a spiral around P* if there exist independent vectors oy, 0, € R>, a continuous positive function
p :[0,00) = Rwith p(t) - 0ast — o0, and w € R such that

8 = {P* 4 p(t) cos(wt)ay + p(t) sin(wt)oy + o(p(t)) : t > 0}.
Lemma 5.2. W¥(P;) N {vs = 2(N — 2)v1} contains a spiral § around the point P*.
Proof. The linearization of (2.4) at P, is given by the system
= 527
vy = —2(N —2)¥1 + (2 — N)V + U,
V3 = 21_)3,
which is represented by the matrix M. Let M, denote the matrix
_ RE(Uz) —Im(l)z) 0
M; = lm(\)z) Re(\)z) 0

0 0 1%1
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where vq, v, are the eigenvalues (2.7). By Lemma 2.2, system (2.4) is C'-conjugate in a neighborhood of P, to the flow
generated by M, around 0. More precisely, let X, denote the flow generated by (2.4) and Y, = e"2!. Then there are open
neighborhoods U of P, and V of 0 = (0, 0, 0), and a C! diffeomorphism @ : U — V such that Y;(x) = @ o X; o @~ (x)
wheneverx € Vand @~ '(x) € U.

Let D be the 2-dimensional disk

D={V=(vy,v2,v3) : v3 =2(N — 2y, [V — P*| <o},

where ry > 0 is fixed and small, so that W¥(P,) N {vs = 2(N — 2)v;} contains only the point P*. This r > 0 exists
by Proposition 4.2. Also by this proposition, D is transversal to W"(P,). Let BB C W*(P;) N U C {v3 = 0} N U be an
open neighborhood of P, relative to W*(P,), which is diffeomorphic to a 2-dimensional disk. Define D; as the connected
component of X; (D) N U that contains X; (P*). We choose U smaller if necessary so that by the A-Lemma of Palis [26], D; is
a C! manifold, which is C! close to B® for t sufficiently negative. More precisely, let ¢ > 0 be small to be fixed later on. Then
there exists ty < 0, |to| large, such that for all t < t, there is a diffeomorphism »; : D; — B® such that ||i’ o n; — illcip,) <€
where i, i’ denote the inclusion maps. From now on we let M = Dy,.

WefixQ € \70 such that Q € U is sufficiently close to P,. From Lemma 5.1, we can find a C! curve I" contained in W*(P;)
of the form I' = {y(s) : |s| < 8} with y : (=8¢, 80) — R3 a C! function such that ¥ (0) = Q and y’(0) not tangent to
W?(P,) at Q. We can also assume that I" is contained in U by taking §; small. Choosing ¢ > 0 smaller if necessary we can
assume that I" intersects M.

We want to prove that for t > 0 large, there is a point P; € X;(I") N M and that the collection of points P; describes a
spiral around the point X, (P*).

By the conjugation @, we will assume that P, is at the origin and near the origin the flow is given by Y; = eM2f, Thus
the image of W*(P,) N U through @ is {(y1, y2, ¥3) : ¥3 = 0}, which is inside V, and the image of B® is {(y1,2,¥3) : y3 =
0, ly| < 6} for some § > 0.

Choosing ¢ small in the A-Lemma, we can assume that the normal vector of M = = @ (M) near @ (P*) is almost parallel
toes = (0, 0, 1). Thus by taking a subset of M, we may assume that MisacCl graph with respect to the variables (y1, y,),
that is, there exists a C! function ¢ : {§ = (y1,¥2) € R?, |J| < 8§} — R such that

={G,9() : 7 € R, [j] <8}

Since y’(0) is not tangent to W*(P,) at y(0), we have y;(0) # 0. We may assume that ¢(¥) > 0 for y near the origin and
y3(0) > 0.

We claim that for all t > 0 large there is a unique s = s(t) > 0 small so that Y;(y(s)) € M. Indeed, this condition is
equivalent to

1ty3(s) = (e (11(s) + iy2(9)))- (5.5)
Let t = 1/t > 0 and define, for (7, s) € (0, §;) x (=81, §1) (67 > 0 a small fixed number)
F(z,5) = y3(s) — eV 0(e" (11(5) + iy2(5))).

Then, since v; > Re(v,), F admits a C! extension to T = 0 and
oF oF ,
F(0,s) = ys(5), —(0,5) =0, —(0,5) = y5(5).
ot as

Since F(0,0) = 0 and %(0, 0) > 0, by the implicit function theorem, given t > 0 large there is a unique s small so that
F(1/t,s) = 0. We obtain a C' function s(t) > 0 defined for all t large such that Y;(y (s(t))) € M. Using (5.5) we see that

—vqt
s(t) = ——p(0)(1 + o(1))
¥3(0)
ast — oo. Writing v, = « + iw, the point of intersection has the form
Pe = Yi(y(s(t))) = (0,0, (0, 0)) + €* cos(wt)&1 + ' sin(wt)5, + 0(e™)

where

()'=

(
= (-

ap
y1(0), J/z(O) (0 0)y1(0) + 7(0 0)V2(0)>

¥2(0), 1(0), _7(0 0)y2(0) + 7(0 0))/1(0))
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Therefore the curve {15[, .t > t1}, where t; > 0 is large, defines a spiral contained in M. Applying the conjugation @' we
obtain a collection of points P, = ®~1(P,) in M N X, (I") that forms a spiral around X¢, (P*). Applying the flow X_;, we see
that

8 =X, (Y (s(t))) : t > t1}
with t; > 0 large has the structure of a spiral around P*. By construction 4§ is contained in W*(P;) N {v3 = 2(N —2)v{}. O

Proof of Theorem 1.6. Let us define A, to be the height v; = X,, where W"(P,) first intersects the boundary plane
{vs = 2(N — 2)vy}. Define H;,, = {v3 = A}.If A = A, we know that P* lies on the line {vs = A,, v = 2(N — 2)vq}.
From Lemma 5.2, W¥(P;) N {v3 = 2(N — 2)v;} contains a spiral § around the point P*. Since the plane H,, is transversal to
{vs = 2(N — 2)v1}, it is possible to show that H,, and 4§ intersect an infinite number of times, which means that problem
(1.1) has infinitely many radial regular solutions; see for example Lemma 4 in [14]. If A # A, but X is close to A, we
have that H; N 4§ contains a large number of points, which means that problem (1.1) has a large number of radial regular
solutions. O

6. Proof of Theorem 1.7

In this section we always assume that N > 10 and prove Theorem 1.7.
First we give the asymptotic behavior of a radial singular solution to problem (1.1) near the origin.

Lemma 6.1. Assume that (1., u,) is a radial singular solution of (1.1). Then

2N=-2) X
u,(ry = —2logr + log)\i +r“4+o0(@“) asr — 0. (6.1)

*

Proof. By Theorem 1.4, u,, is a weakly singular radial solution of (1.1). Define v(t) = u,(r) with r = e, and vy, v,, v3 are
given by (2.3). Therefore, from Corollary 3.6,

lim (U]7 V2, U3) = (15 _25 O)~
t——00

By Lemmas 2.2 and 2.3, we have
(1, v2, v3) = (1, =2,0) + (1,2, 4N — 1))e’ (1+0(e™)) ast — —oo,
with § > 0 small. We then get

U (r) = v(t) = =2t + logw

A
2(N —2) (14 e* 4 o(e@+¥t
= —2logr + log ( )( . ( ))
2(N -2
= —2logr + log % +log(1+ 1% + o(r**%))
2(N —2)

—ZIogr—i—log)\i +r2400% asr— 0. O

*

For A > 0, let us define

2N=2) A

r)=—2logr +log —— + —r~. 6.2
w(r) gr+log——+ (6.2)
Let p > 0 be a small number, which will be fixed later and let us write ¢, = w(p). Then w satisfies
—Aw < A(e” —1) inB,,
{w(/)) =c, on dB,, (6.3)

where B, is a ball with radius p and center at the origin.
We have the following stability property of w.

Lemma 6.2. Suppose N > 10 and let w be defined in (6.2). There exists p € (0, 1) small, such that w is stable in B, in the sense
that

[Vo|? > A/ e’p* forallp € C(B,). (6.4)
By B

0
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Proof. Write A = 3% Since N > 10,
9> e
Vol — e = [ (VpP - 208 -2 %"
B, r

2
=/ (|V¢|2—2<N—2>f—2)—2<N—2)<A+o<1>) ¢
By

Bp

N2 2
> / (|V<p|2— u‘%) —2N—2)A+o() [ ¢,
B, 4 r B,

where 0(1) — 0as p — 0. Let us recall the following improved Hardy inequality from [27]: for ¢ € C°(B,)

(N —2)* ¢? _
/ <|V§0|2 T~ 4 2 >Hp 2 | ¢,
B, r B

o

where the constant H; is the first eigenvalue of the Laplacian in the unit ball in N = 2, hence it is positive and independent
of N.
Choose p > 0 such that 2(N — 2)(A + o(1)) < H,p~2.Then (6.4) holds. O

Lemma 6.3. Let p € (0, 1) be small and satisfy Lemma 6.2. Then for any radial regular solution u of (1.1) we have

u(r) < {2‘;(” :Z §<Bp, (6.5)

where w(r) is defined in (6.2).

Proof. Arguing by contradiction, suppose there exists ry € (0, p), such that u(rg) = w(ro). Then

—Au=2x(e"—1) inBy;
—Aw < A(e” —1) inBy; (6.6)
u=w on 0By,.
Therefore,
—A(w —u) <A(e” —€") inB, (6.7)
w—u=20 on dB,,.
Multiplying by (w — u)* and integrating in (6.7), we obtain
f Vw —w P <r | @ —e)w—u. (6.8)
Bry Bry
From Lemma 6.2, w is stable in B,, by taking ¢ = (w — u)* in (6.4), we then have
f IVw —u)T]? = xe*(w —u)*)? > 0. (6.9)
B

0
Combining (6.8) and (6.9), we get
A/ e((w—wH2<a | (e —eHw—ur.
By, Bry
We rewrite it as

/ [ —eY(w—wT —e”(w—wh)?] > 0.

Bry
By convexity, the integrand is nonpositive, therefore,

" —eY(w—wtr —e’(w—-u?=0 aeinB,,
then

(w—u)" =0 ae. inB,.

It implies that w < u in B, which is impossible because u is a radial regular solution. Then u(r) < w(r) forr € (0, p).
Since u is a radially decreasing regular solution, u < ¢, inB\B,. O
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Now, let (A, u,) be any radial solution to (1.1) (regular or singular), and define the operator L, as
L (¢)=—Ap —re"p +y¢
with y > 0 large but fixed. We have the following lemma.

Lemma 6.4. If y > 0is fixed large enough, we have:

(@) for N = 11. (L, 9). 9) = Cill9I%y , forall ¢ € C*(B);

(b) for N =10, (L, (¢), ¢} > Cz||¢||fz(3) forallg € C(B),
where C; and C, are positive constants.

Proof. For p > 0 small given in Lemma 6.2, from Lemmas 6.1 and 6.3, we have

(L, ($). 6) = / L (@) = / (V0P — re¢? + yo?)
B B

= /|V¢|2—/ Ke”*(ﬁz—/ Ke”*¢2+/)f¢2
B B/’ B\Bp B

2

> /|V¢|2—2(N—2) S (1+Ar? +0(%) - C ¢2+fy¢2
B r B\B, B

By
2
> / <|V¢>|2 —2(N - 2)72) + [y — max{2(N — 2)(A + o(1)), C}]f¢2
B B

where A = % for a radial regular solution u;, A = 1 for a radial singular solution u;, and o(1) — 0as p — 0. Choose y
large such that the second term of above is nonnegative, we then get the conclusion by Hardy’s inequality. O

We now define
1612, = / (V0P — 1e%¢? + yo?)
B

which is a norm on C2°(B) with associated inner product

RN /B (VoVe — repp + v o) .

Completing C2°(B) with respect to this norm we obtain a Hilbert space H. We denote by H* the dual of H. We have
H}(B) C H C L*(B) and therefore L*(B) C H* C H™'(B). Actually by Lemma 6.4, if N > 11, the space H is just H (B).
Given h € [?(B) C H* we consider the following problem

L,¢ =h inB, and ¢ =0 onodB. (6.10)
We say that ¢ € H is a weak solution of problem (6.10) if

(¢, o)y = (h, @)=y forallp € H.
By the Lax-Milgram theorem, for h € [2(B), problem (6.10) has a unique weak solution ¢ € H.
Lemma 6.5. Let T : L>(B) — L*(B) be the operator defined by Th = ¢, where ¢ is the solution of (6.10). Then T is compact and
the natural embedding H < L*(B) is compact.

Proof. For N > 11, both statements hold since T : [*(B) — H = HJ(B) and H}(B) < [*(B) is compact, by the
Rellich-Kondrachov theorem. For N = 10, we observe that L, satisfies

(Ly(@). ) = Il Yo € (B
for2 <r < % where ¢, > 0, thanks to an improved Hardy inequality of Brezis and Vazquez [27]. Then the statements
are proved in [28]. O

Proposition 6.6. The radial singular solution (1, u,) of (1.1) has a finite Morse index.

Proof. By Lemma 6.5,if y > Oislarge, (—A — A.e" 4+ )~ ! is well defined and compact from L?(B) into itself, and hence its
spectrum except 0 consists of eigenvalues, and these eigenvalues form a sequence that converges to 0. Hence —A — A,e'*
is negative definite on a finite dimensional space only. O

Next we prove a bound for the Morse index of any radial regular solution of (1.1).
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Proposition 6.7. There is an integer K > 1 independent of A, such that for any radial regular solution u; of (1.1) we have
1 <m(uy) <K, (6.11)
where m(u;, ) denotes the Morse index of u;.

Proof. From (1.1) we get

/Wum = x/(e“x — Du,.
B B

Therefore,
/(|Vux|2 —reuy) = A/(e"* —1—e"u)u, <0,
B B

som(u;) > 1.
We prove the proposition by contradiction. Suppose that {(A,, u,)} is a sequence of radial regular solutions of problem
(1.1) and assume that m(u,) — oo asn — oo. Let us write m(u,) = m, and

Ly = —A — Apetn.
Let
E, = span {(p c*B): ¢ is eigenvector of L, with negative eigenvalue}

so that dim(E,) = m,. Since L, is symmetric there exist eigenfunctions ¢ . ..., @m,n € E;, namely

La@in = Hin@in InB,
Yin=20 on dB,

with p; , < 0, that form an orthonormal basis of E;, in L?(B) sense, that is

/‘goi,ngoj,n =¢§; fori,je{1,2,...,m}, (6.12)
B

where §;; is Kronecker’s delta.
Multiplying by ¢; , and integrating on B, we find

/ (IV@inl® = An€""@?) = in / 97, < 0.
B B

2 up 2 up 2 up 2
/|V§0i,n| < /)\ne "Pin :/ An€ @i +/ An€ Qi
B B B, B\By
2(N-2) 2
—2logr+lo; +Anre 2 2
< / Ape2logrHlos =5 n (pi,n+C/ ®in
B, B\B,

2
(pA

(1 4+ Arr? +0(r?) + C/ o7
r B\B,

8 f Vgl + max (2(N — 2)(A, + 0(1)). C} / 7
N — 2 B B ’

Then

2N —2)
By

IA

If N > 11 we deduce
, N-2
V@il < ——— max{2(N — 2)(A, + o(1)), C},
5 N—10

where A, = ;—;3, Let us assume N > 11 and leave the case N = 10 for later. Thus (¢;,), is bounded in H(} (B). By a
diagonal argument, there is a subsequence (which we write the same), such that for eachi € {1, 2, ...}, ¢in — ¢; weakly
in H(} (B), 9i.n — ¢; strongly in L?(B) and almost everywhere in Bas n — +oo. Therefore for all i > 1,

||‘Pi||H8(B) =< lniT_g&f”(pi’n”H(}(B) <C, ”(pi”LZ(B) =1

Moreover, taking n — oo in (6.12)

/(pi(pj = 81']‘ fori,j > 1. (6.13)
B
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Since (¢;)i>1 is bounded in H(} (B), there is a subsequence (gofj)j of (¢;) such that Y > @ in L?(B) asj — 400, and
l¢ll;2s = 1. But from (6.13) we get

/(/),-J.(p,'m =0 forj#m.
B
Taking the limit, asj — 400 and m — 400, we have

o
B

which is a contradiction.
For N = 10, we define the Hilbert space H as the completion of CZ°(B) with respect to the norm

1612, = / (IVOP = Me®¢? + y¢?)
B

with y > 0 large but fixed and u, the radial singular solution of (1.1) with A = A,. Then

l@inllZ = / (IV@inl® — rse™@?,) +y / .
B B

= m,n/%z,n + / (n€"™ — rie™) @2, + ¥ /90?,,1
B B B
< /(Aneu” — )\*e“*) <pfn +y /(piz_n.

B B
Let p > Obe asin Lemma6.2. Let A, = é—;\‘l From Lemmas 6.1 and 6.3, we find
f (Ane™ — 1.e") @2, = / (Ane"™ — Aie™) @2, + / (Ane'™ = 2se™) @7,
B ' B, ’ B\B, '

20N-2) 2 2N-2) , 2., 2

—21 log =5—= +A —21 log =5—=

< / ()\ne ogrlog =5 = +Anr® _ Al ogr+log =5 = +r°+o(r )) (/’iz.n + C/ (/J,%n
B, B\Bp

C/(pfn.
B

ol < (€ + y)/w?,n <c.
B

IA

Thus we get

That is, (¢; »)n is bounded in H. By Lemma 6.5, the natural embedding H < [%(B) is compact, so using the same argument
as the case N > 11 we obtain a contradiction. This ends the proof of Proposition 6.7. O

Lemma 6.8. Suppose that u,, u, are radial regular solutions of (1.1) associated to the same parameter A > 0. Then the graph of
uq must intersect with the graph of u-.

Proof. By contradiction, assume that u;(r) > u,(r) forany r € (0, 1), and set v = u; — u,. By Eq. (1.1) we have

v>0 in B; (6.14)

—Av = A(e"! —e*2) > re'2v  inB;
v=20 on 0B.

We consider the following eigenvalue problem

—AY = 2re?y +py inB;
v >0 in B; (6.15)
v =0 on JB.

Multiplying by ¥ and v in (6.14) and (6.15) respectively, and then integrating on B, we get

A/e“zwv+u/wv>kfe”2¢v,
B B B

so i > 0, that is u, is a stable radial regular solution. Then m(u;) = 0 and this contradicts Proposition 6.7. O
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Proof of Theorem 1.7. The first part follows from Propositions 6.6 and 6.7.

Let K be an integer such that m(u;) < K for any radial regular solution u; of (1.1) and m(u,) < K. This integer exists by
Propositions 6.6 and 6.7. Next we prove that the graph of any radial regular solution u; of (1.1) intersects with that of the
radial singular solution u, at most 2K + 1 times in (0, 1). We follow the idea of Theorem 1.2 in [10].

By contradiction, suppose that the graph of u; intersects with the graph of u, at least 2K + 2 times in (0, 1). There are
two cases: A < A, and A > A,.

For A < XA,, we can show m(u;) > K + 1, contradicting Proposition 6.7. Indeed, since the graph of (A, uy) intersects with
that of (A, u,) at least 2K + 2 times in (0, 1), there are at least K + 1 intervals J; C (0, 1)(i = 1, 2, ..., K + 1) such that
u; > u, inj;. Let

o 1~ U iy
710 in (0, D\J;.
Since u;, and u, satisfy Eq. (1.1), we have
—AUy —uy) = A" — 1) — A (e —1)
< A(e" — ey < xe'* (uy — uy).

Therefore
Qu, (h) = /[th,-|2 — xe"*h]dx < 0.
B

Since the functions h;, i = 1, ..., K + 1 are linearly independent, we conclude that m(u;) > K + 1.

For A > )., similarly we can obtain that m(u,) > K + 1. This contradicts Proposition 6.6. In fact, because the graph of u;
intersects with that of u, at least 2K + 2 times in (0, 1), there are at least K + 1intervalsJ, C (0,1) (k=1,2,..., K+ 1)
such that u, > u; inJ. Let

e = |t — W inJi;
=10 in (0, 1)\Jk.
Note that
—Ahk < )\*e“*hk iH]k

and this implies
Qu, () = /[thl2 — hye"hZldx < 0.
B

Therefore m(u,) > K + 1.

Next we prove that the number of regular solutions to (1.1) is bounded by (K + 1)? for each A € (Ag, 7).

By contradiction, for each fixed A € (Ag, (1), we suppose that there are at least (K + 1)? 4 1 radial regular solutions
0 (1.1), denoted by u; (i = 0, 1, ..., (K + 1)?). Without loss of generality, assume uy(0) > u;(0) > --- > U 1y2(0).
By Lemma 6.8, the graph of u;, i = 1,..., (K + 1)?, must intersect with that of ug. Let a; be the first point such that
u;(a;) = up(a;) fori = 1, ..., (K + 1)%. Then there are the following two cases.

Case 1: There are at least (K + 1) different points g; such that uy — u; > 01in (0, a;) and u;(a;) = up(a;).

Case 2: There exists some point a;, € (0, 1), such that there are at least (K + 1) regular solutions that first intersect ug
at Qi .

Case 1. We rearrange the indices so that a; < --- < agy;. Now uy(0), ..., ug+1(0) are not necessarily ordered. Let
@i = (Ug — uj) X(0,aqp- We claim that {; : i = 1,2, ..., (K + 1)} is linearly independent. Indeed, suppose that

K+1

Z cigi = 0.
pa

Since a;_1 < a;, there exists r;_1 € (aj_1, @;), such that ¢1(ri_1) =0, @2(ri.1) =0, ..., ¢i—1(ri=1) = 0, g;(ri_1) # 0, then
wecangetc; =0,fori=1,2,..., (K + 1). Then

Quy (@) = / [IVgil* — re"p?]dx
{Ixl<a;}

= A/ [e"0 —e"i —e" (ug — u;))](ug — u;)dx < 0
{IxI<a;}

by strict convexity and ug — u; > 0in {|x| < q;}. This implies that m(ug) > K + 1, contradicting Proposition 6.7.
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Case 2. Rearranging indices, there are at least K + 1 solutions uy, ..., ug that satisfy (up(r) — u;(r)) > 0forr € (0, a;))
and uj(a;) = up(ay),j=1,..., K+ 1.Set ¢; = (up — uj) x(o, aiy)» We cla1m that
{gj :j=1,..., K+ 1} is linearly independent. (6.16)
Claim (6.16) together with Qu,(¢;) < 0 yields that m(ug) > K + 1, contradicting 1 < m(up) < K.
Let us show that the claim (6.16) holds. From now on, we write ry = a;,. We assume that there exist¢;, j=1,...,K+1,
such that
K+1
chgoj(r) =0 forallr € (0, o],
j=1
that is,
K+1 K+1
chuj(r) = (Z q-) ug(r) forallr € (0, rg]. (6.17)
j=1 j=1
We will deduce ¢; = - - - = cx+1 = 0 from the following assertion:
K+1 K+1
ch(u}(ro))” = (Zc] (up(ro))", for all integers n > 0. (6.18)
=1 j=1

In the following we will establish (6.18). We denote g™ the n-th derivative of g and set
fu) = —Ae" —1), VueR; b = ug(rp).
Then f™ (u;(ry)) = —AeP for any integer n > 1.
In order to prove (6.18), we shall show that for eachj € {0, 1,2, ..., K + 1},
u;") (ro) = Pn(u]/»(ro)) for any integern > 1, (6.19)

where P, is a polynomial of degree 1 forn = 1, 2, and of degree n — 2 for n > 3, whose coefficients depend only on N, n, rg,
and b.

Indeed, for n = 1, (6.19) is direct and for n = 2 this follows from Eq. (1.1). By induction, assume that (6.19) holds for
n =k > 2. From Eq. (1.1), we have

(Aup D = (Fu)) V. (6.20)
We see that forn > 0,

-1 N—-1 —1
(Au])(”) (n+2) + (n+1) S S > (") + n(n _ 1) (n 1)
r r

l /
u, (6.21)

+(—1)””nvuu”+(—1)"n'N_
o Lot

and by the formula for derivatives of a composition (e.g. Faa di Bruno [29]) we obtain

N n! . )y
(W)™ = —ne' Zan PRI CIssPATrT Du,) : (6.22)

where the sum ranges over integers @y > 0, ..., o, > 0with oy 4+ 23 + - - - + na, = n. Using (6.20)-(6.22) withn = k— 1
and r = ry, we get

N —1 N—-1 4_
a0 (rp) = _riu;’o(ro) + (k= 1) ——u"(ro) —
0

0

1 /
uj(ro)

— (=" 2k — 1)!%%{/@0) — k=N -

0 0

S (k=17 [T o
— ! (1)M0pl@)% a1k — Dhmer L1 T

where the sum ranges over integers o1 >0,..., 01 = 0withay + 20y + -+ + (k — 1)ax_1 = k — 1. By the induction
assumption (6.19), we have I—[l 1 (u(') (ro))%isa polynomlal inu "(ro) of degree atmost oy + oty + o3 + 204 + 305 + - - - +
(k — 3)ag—1 < k — 1. Thus we see the validity of (6.19).
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Next we prove that (6.18) holds, again by induction. From (6.17), we have

K+1

ZCJ " )(ro) = <Z q) u(()”) (ro) for anyintegern > 0, (6.23)

and so (6.18) holds for n = 0, 1. Suppose (6.18) holds for n = k. By Eq. (1.1), we get

(Aup)™ = (f () ™. (6.24)
Since uj(rg) = up(ro) forj=1,2,...,K + 1, from (6.21)-(6.24), we obtain for any integer n > 0,

K+1 K+1
> 6 ((4jr0)" + Apn) =<Zc}) ((ro))" + Ao.n) (6.25)

where
n! LA
0] o
A, = u;” (rg))"
o Q]Z_:an a1 (1)@ !(21)72 - - - ! (nh)on H( j (10))
and the sum ranges over integers 0 < oy < n,oy >0, ..., o, > Owithoy 4+ 2a + - - - +na,, = n. Inwriting (6.25) we have

used again the formula for the n-th order derivative of a composition, where we have isolated one term. Consider (6.25) for
n =k + 1. By (6.19) we know that ]_[k+1 (u;‘) (r9))% is a polynomial in ujf(ro) of degree at most

o1+ oy + o3+ 204 + 35 + - - + (K — Dotgyq.
Since 0 < o < k + 1, we see that
o1 tortos+20+ 305+ -+ (k= Do <01+ 20+ -+ (k+ Do = k+ 1

and therefore A; , can be expressed as a polynomial in u]f (ro) of degree at most k. Thus by the induction assumption, we have

K+1 K+1
2 GAjn = E G | Aon
j=1 j=1

and so (6.18) holds for any integer n > 0.
Finally we turn to the proof of (6.16), namely the linear independence of ¢;,j = 1,...,K + 1. We denote uy(ro) =
do, u]/.(ro) =djforj=1,2,..., K+ 1LForn=1,2,...,K 4+ 1, we can rewrite (6.18) as

y 0 T Sl O A A

d%—dg dg‘dg d,3<+1—dg C2

dy —dy d, —d, o dyyy—do G | =o. (6.26)
a7 S dst A Sds - ds) e

A calculation shows that the determinant of the coefficient matrix of (6.26) is equal to a (K 4+ 2) x (K + 2) Vandermonde
determinant and the value is

[[ @-dy+#o.
0<j<i<K+1
Thusc; = ¢; = - -- = cx4+1 = 0 and this ends the proof of Theorem 1.7. 0O
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Appendix

Proof of Proposition 1.2. Suppose uis a classical solution of (1.1). Let ¢; > 0be the first eigenfunction of — A corresponding
to the first eigenvalue . Multiplying problem (1.1) by ¢ and integrating over B, we find

Ml/u¢1=1/(e”—l)¢l>1/u¢1.
B B B

Thus A < 1.
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Multiplying problem (1.1) by x - Vu, and integrating over B, we have

—/Au(x -Vu) = Af(e” — 1D(x-Vu). (A1)
B B

— | Au(x-Vu) = ! IVulPx-v+ (1= = [Vul?
Jowcosr= = [ (1-3) |
(1 - —)/qul (A.2)

since x - v > 0 on dB. Moreover,

But

A/(e“ — 1) (x-Vu) = —AN /(e” —1—u). (A3)
B B

From (A.1)-(A.3), we get

() o -t

We rewrite the above inequality as
N-—2 . N-2 ,
—_— |Vu| <AN [ —1—u) — —— | |Vul~.
4 B 4 Js

Multiplying Eq. (1.1) by u and substituting we get
N-2 . N—
—= [ |vu)? NE"—1—u) —

4 B B

The integrand on the right hand is negative for u > Cy, with Cy, a positive constant, so the integral can be restricted to the
region {x : u(x) < Cy} and in this region

2
(e — 1)u] .

2
e — Du < Cu?.

u N —
NE"—1—u) —

Thus
N-—-2 ) )
_ |Vu| <AC; | u® < AG | |Vul7,
4 B B
where C; > 0, C; > 0. This implies thatu = 0if0 < A < ;. O
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