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Abstract In this work, we present a review of the state of

the art of information-theoretic feature selection methods.

The concepts of feature relevance, redundance, and com-

plementarity (synergy) are clearly defined, as well as

Markov blanket. The problem of optimal feature selection

is defined. A unifying theoretical framework is described,

which can retrofit successful heuristic criteria, indicating

the approximations made by each method. A number of

open problems in the field are presented.
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1 Introduction

Feature selection has been widely investigated and used by

the machine learning and data mining community. In this

context, a feature, also called attribute or variable, repre-

sents a property of a process or system than has been

measured or constructed from the original input variables.

The goal of feature selection is to select the smallest feature

subset given a certain generalization error, or alternatively

finding the best feature subset with k features, that yields the

minimum generalization error. Additional objectives of

feature selection are as follows: (i) improve the general-

ization performance with respect to the model built using

the whole set of features, (ii) provide a more robust gen-

eralization and a faster response with unseen data, and (iii)

achieve a better and simpler understanding of the process

that generates the data [23, 31]. We will assume that the

feature selection method is used either as a preprocessing

step or in conjunction with a learning machine for classi-

fication or regression purposes. Feature selection methods

are usually classified in three main groups: wrapper,

embedded, and filter methods [23]. Wrappers [31] use the

induction learning algorithm as part of the function evalu-

ating feature subsets. The performance is usually measured

in terms of the classification rate obtained on a testing set,

i.e., the classifier is used as a black box for assessing feature

subsets. Although these techniques may achieve a good

generalization, the computational cost of training the clas-

sifier a combinatorial number of times becomes prohibitive

for high-dimensional datasets. In addition, many classifiers

are prone to overlearning and show sensitiveness to ini-

tialization. Embedded methods [38] incorporate knowledge

about the specific structure of the class of functions used by

a certain learning machine, e.g., bounds on the leave-one-

out error of SVMs [64]. Although usually less computa-

tionally expensive than wrappers, embedded methods still

are much slower than filter approaches, and the features

selected are dependent on the learning machine. Filter

methods [17] assume complete independence between the

learning machine and the data, and therefore use a metric

independent of the induction learning algorithm to assess

feature subsets. Filter methods are relatively robust against

overfitting, but may fail to select the best feature subset for

classification or regression. In the literature, several criteria
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have been proposed to evaluate single features or feature

subsets, among them: inconsistency rate [28], inference

correlation [44], classification error [18], fractal dimension

[45], distance measure [8, 50], etc. Mutual information (MI)

is a measure of statistical independence that has two main

properties. First, it can measure any kind of relationship

between random variables, including nonlinear relation-

ships [14]. Second, MI is invariant under transformations in

the feature space that are invertible and differentiable, e.g.,

translations, rotations, and any transformation preserving

the order of the original elements of the feature vectors [35,

36]. Many advances in the field have been reported in the

last 20 years since the pioneer work of Battiti [4]. Battiti

defined the problem of feature selection as the process of

selecting the k most relevant variables from an original

feature set of m variables, k \ m. Battiti proposed the

greedy selection of a single feature at a time, as an alter-

native to evaluate the combinatorial explosion of all feature

subsets belonging to the original set. The main assumptions

of Battiti’s work were the following: (a) features are clas-

sified as relevant and redundant; (b) an heuristic functional

is used to select features, which allows controlling the trade-

off between relevancy and redundancy; (c) a greedy search

strategy is used; and (d) the selected feature subset is

assumed optimal. These four assumptions will be revisited

in this work to include recent work on (a) new definitions on

relevant features and other types of features, (b) new

information-theoretic functional derived from first princi-

ples, (c) new search strategies, and (d) new definitions of

optimal feature subset. In this work, we present a review of

filtering feature selection methods based on mutual infor-

mation, under a unified theoretical framework. We show the

evolution of feature selection methods on the last 20 years,

describing advantages and drawbacks. The remainder of

this work is organized as follows. In Sect. 2, a background

on MI is presented. In Sect. 3, the concepts of relevant,

redundant, and complementary features are defined. In Sect.

4, the problem of optimal feature selection is defined. In

Sect. 5, a unified theoretical framework is presented, which

allows us to show the evolution of different MI feature

selection methods, as well as their advantages and draw-

backs. In Sect. 6, a number of open problems in the field are

presented. Finally, in Sect. 7, we present the conclusions of

this work.

2 Background on MI

2.1 Notation

In this work, we will use only discrete random variables,

because in practice the variables used in most feature

selection problems are either discrete by nature or by

quantization. Let F be a feature set and C an output vector

representing the classes of a real process. Let us assume that

F is the realization of a random sampling of an unknown

distribution, where fi is the ith variable of F and fi(j) is the

jth sample of vector fi. Likewise, ci is the ith component of

C and ci(j) is the jth sample of vector ci. Uppercase letters

denote random sets of variables, and lowercase letters

denote individual variables from these sets.

Other notations and terminologies used in this work are

the following:

S Subset of current selected variables.

fi Candidate feature to be added to or deleted from

the subset of selected features S.

{fi, fj} Subset composed of the variables fi and fj.

:fi All variables in F except fi::fi ¼ F n fi.

{fi, S} Subset composed of variable fi and subset S.

:ffi; Sg All variables in F except the subset

ffi; Sg::ffi; Sg ¼ Fnffi; Sg
p(fi, C) Joint mass probability between variables fi and

C.

j � j Absolute value/cardinality of a set.

The sets mentioned above are related as follows:

F ¼ fi [ S [ :ffi; Sg; ; ¼ fi \ S \ :ffi; Sg. The number of

samples in F is n and the total number of variables in F is m.

2.2 Basic definitions

Entropy, divergence, and mutual information are basic

concepts defined within information theory [14]. In its

origin, information theory was used within the context of

communication theory, to find answers about data com-

pression and transmission rate [52]. Since then, information

theory principles have been largely incorporated into

machine learning, see for example Principe [47].

2.2.1 Entropy

Entropy (H) is a measure of uncertainty of a random var-

iable. The uncertainty is related to the probability of

occurrence of an event. Intuitively, high entropy means that

each event has about the same probability of occurrence,

while low entropy means that each event has a different

probability of occurrence. Formally, the entropy of a dis-

crete random variable x, with mass probability pðxðiÞÞ ¼
Prfx ¼ xðiÞg; xðiÞ 2 x is defined as:

HðxÞ ¼ �
Xn

i¼1

pðxðiÞÞ log2ðpðxðiÞÞÞ: ð1Þ

Entropy is interpreted as the expected value of the

negative of the logarithm of mass probability. Let x and

y be two random discrete variables. The joint entropy of
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x and y, with joint mass probability p(x(i), y(j)), is the sum

of the uncertainty contained by the two variables.

Formally, joint entropy is defined as follows:

H fx; ygð Þ ¼ �
Xn

i¼1

Xn

j¼1

pðxðiÞ; yðjÞÞ � log2ðpðxðiÞ; yðjÞÞÞ:

ð2Þ

The joint entropy has values in the range,

max HðxÞ;HðyÞð Þ�H fx; ygð Þ�HðxÞ þ HðyÞ: ð3Þ

The maximum value in inequality (3) happens when

x and y are completely independent. The minimum value

occurs when x is completely dependent on y. The

conditional entropy measures the remaining uncertainty

of the random variable x when the value of the random

variable y is known. The minimum value of the conditional

entropy is zero, and it happens when x is statistically

dependent on y, i.e., there is no uncertainty in x if we know

y. The maximum value happens when x and y are

statistically independent, i.e., the variable y does not add

information to reduce the uncertainty of x. Formally, the

conditional entropy is defined as:

HðxjyÞ ¼
Xn

j¼1

pðyðjÞÞ � Hðxjy ¼ yðjÞÞ ð4Þ

where

0\HðxjyÞ\HðxÞ; ð5Þ

and H(x|y = y(j)) is the entropy of all x(i), which are

associated with y = y(j).

Another way of representing the conditional entropy is:

HðxjyÞ ¼ H fx; ygð Þ � HðyÞ: ð6Þ

2.2.2 Mutual information

The mutual information (MI) is a measure of the amount

of information that one random variable has about

another variable [14]. This definition is useful within the

context of feature selection because it gives a way to

quantify the relevance of a feature subset with respect to

the output vector C. Formally, the MI is defined as

follows:

Iðx; yÞ ¼
Xn

i¼1

Xn

j¼1

pðxðiÞ; yðjÞÞ � log
pðxðiÞ; yðjÞÞ

pðxðiÞÞ � pðyðjÞÞ

� �
;

ð7Þ

where MI is zero when x and y are statistically

independent, i.e., pðxðiÞ; yðjÞÞ ¼ pðxðiÞÞ � pðyðjÞÞ. The MI

is related linearly to entropies of the variables through the

following equations:

Iðx; yÞ ¼
HðxÞ � HðxjyÞ
HðyÞ � HðyjxÞ
HðxÞ þ HðyÞ � Hðx; yÞ:

8
<

: ð8Þ

Figure 1 shows a Venn diagram with the relationships

described in (8).

Let z be a discrete random variable. Its interaction with

the other two variables {x, y} can be measured by the

conditional MI, which is defined as follows:

Iðx; yjzÞ ¼
Xn

i¼1

pðzðiÞÞI x; yjz ¼ zðiÞð Þ; ð9Þ

where I x; yjz ¼ zðiÞð Þ is the MI between x and y in the

context of z = z(i). The conditional MI allows measuring

the information of two variables in the context of a third

one, but it does not measure the information among the

three variables. Multi-information is an interesting

extension of MI, proposed by McGill [42], which allows

measuring the interaction among more than two variables.

For the case of three variables, the multi-information is

defined as follows:

Iðx; y; zÞ ¼ Iðfx; yg; zÞ � Iðx; zÞ � Iðy; zÞ
Iðy; zjxÞ � Iðy; zÞ:

�
ð10Þ

The multi-information is symmetrical, i.e., Iðx; y; zÞ ¼
Iðx; z; yÞ ¼ Iðz; y; xÞ ¼ Iðy; x; zÞ ¼ . . . The multi-information

has not been widely used in the literature, due to its

difficult interpretation, e.g., the multi-information can take

negative values, among other reasons. However, there are

some interesting papers about the interaction among

variables that use this concept [5, 30, 42, 68]. The multi-

information can be understood as the amount of

information common to all variables (or set of

variables), but that is not present in any subset of these

variables. To better understand the concept of multi-

information within the context of feature selection, let us

consider the following example.

Fig. 1 Venn diagram showing the relationships between MI and

entropies
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Example 1 Let x1, x2, x3 be independent binary random

variables. The output of a given system is built through the

function C ¼ x1 þ x2 � x3ð Þ, and x4 = x1, where ? stands

for the OR logic function and � represents the XOR logic

function.

x1 x2 x3 x4 x2 � x3 C

0 0 0 0 0 0

1 0 0 1 0 1

0 1 0 0 1 1

1 1 0 1 1 1

0 0 1 0 1 1

1 0 1 1 1 1

0 1 1 0 0 0

1 1 1 1 0 1

Using Eq. (10) to measure the multi-information among

x2, x3, and C gives: I(x2;x3;C) = I({x2,x3};C) - I(x2;C) -

I(x3;C). Notice that the relevance of single features x2 and

x3 with respect to C is null, since I(x2;C) = I(x3;C) = 0,

but the joint information of {x2,x3} with respect to C is

greater than zero, I({x2,x3};C) [ 0. In this case, x2 and x3

interact positively to predict C, and this yields a positive

value of the multi-information among these variables. The

multi-information among the variables x1, x4, and C is

given by: I(x1;x4;C) = I({x1,x4};C) - I(x1;C) - I(x4;C).

The relevance of individual features x1 and x4 is the same,

i.e., I(x1;C) = I(x4;C) [ 0. In this case, the joint informa-

tion provided by x1 and x4 with respect to C is the same as

that of each variable acting separately, i.e.,

I({x1,x4};C) = I(x1;C) = I(x4;C). This yields a negative

value of the multi-information among these variables. We

can deduce that the interaction between x1 and x4 does not

provide any new information about C. Let us consider now

the multi-information among x1, x2 and C, which is zero:

I(x1;x2;C) = I({x1,x2};C) - I(x1;C) - I(x2;C) = 0. Since

feature x2 only provides information about C when inter-

acting with x3, then I({x1,x2};C) = I(x1;C). In this case,

features x1 and x2 do not interact in the knowledge of C.

From the viewpoint of feature selection, the value of the

multi-information (positive, negative, or zero) gives rich

information about the kind of interaction there is among the

variables. Let us consider the case where we have a set of

already selected features S and a candidate feature fi, and

we measure the multi-information of these variables with

the class variable C, I(fi;S;C) = I(S;C|fi) - I(S;C). When

the multi-information is positive, it means that feature fi
and S are complementary. On the other hand, when the

multi-information is negative, it means that by adding fi,

we are diminishing the dependence between S and C,

because fi and S are redundant. Finally, when the multi-

information is zero, it means that fi is irrelevant with

respect to the dependency between S and C.

The mutual information between a set of m features and

the class variable C can be expressed compactly in terms of

multi-information as follows:

Ið x1; x2; . . .; xmf g; CÞ ¼
Xm

k¼1

X

8S�fx1;:::;xmg
jSj¼k

Ið½S [ C�Þ; ð11Þ

where Ið½S [ C�Þ ¼ Iðs1; s2; � � � ; sk; CÞ. Note that the sum

on the right side of Eq. (11) is taken over all subsets S of

size k drawn from the set {x1, …, xm}.

3 Relevance, redundancy, and complementarity

The filter approach to feature selection is based on the idea

of relevance, which we will explore in more detail in this

section. Basically, the problem is to find the feature subset

of minimum cardinality that preserves the information

contained in the whole set of features with respect to

C. This problem is usually solved by finding the relevant

features and discarding redundant and irrelevant features.

In this section, we review the different definitions of rel-

evance, redundancy, and complementarity found in the

literature.

3.1 Relevance

Intuitively, a given feature is relevant when either indi-

vidually or together with other variables, it provides

information about C. In the literature, there are many

definitions of relevance, including different levels of rele-

vance [1, 2, 4, 6, 10, 15, 23, 31, 46, 67] used a probabilistic

framework to define three levels of relevance: strongly

relevant, weakly relevant, and irrelevant features, as shown

in Table 1. Strongly relevant features provide unique

information about C, i.e., they cannot be replaced by other

features. Weakly relevant features provide information

about C, but they can be replaced by other features without

losing information about C. Irrelevant features do not

provide information about C, and they can be discarded

without losing information. A drawback of the probabilistic

approach is the need of testing the conditional indepen-

dence for all possible feature subsets and estimating the

probability density functions (pdfs) [48].

An alternative definition of relevance is given under the

framework of mutual information [6, 21, 32, 33, 37, 53, 55,

67]. An advantage of this approach is that there are several

good methods for estimating MI. The last column of

178 Neural Comput & Applic (2014) 24:175–186
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Table 1 shows how the three levels of individual relevance

are defined in terms of MI.

The definitions shown in Table 1 give rise to several

drawbacks, which are summarized as follows:

1. To classify a given feature fi, as irrelevant, it is

necessary to assess all possible subsets S of :fi.

Therefore, this procedure is subject to the curse of

dimensionality [7, 57].

2. The definition of strongly relevant features is too

restrictive. If two features provide information about

the class but are redundant, then both features will be

discarded by this criterion. For example, let {x1, x2, x3}

be a set of 3 variables, where x1 = x2, and x3 is noise,

and the output class is defined as C = x1. Following the

strong relevance criterion, we have I(x1;C|{x2, x3}) =

I(x2;C|{x1, x3}) = I(x3;C|{x1, x2}) = 0.

3. The definition of weak relevance is not enough for

deciding whether to discard a feature from the optimal

feature set. It is necessary to discriminate between

redundant and non-redundant features.

3.2 Redundancy

Yu and Liu [67] proposed a finer classification of features

into weakly relevant but redundant and weakly relevant but

non-redundant. Moreover, the authors defined the set of

optimal features as the one composed by strongly relevant

features and weakly relevant but non-redundant features.

The concept of redundancy is associated with the level of

dependency among two or more features. In principle, we

can measure the dependency of a given feature fi with

respect to a feature subset S � :fi, by simply using the MI,

I(fi;S). This information-theoretic measure of redundancy

satisfies the following properties: it is symmetric, nonlin-

ear, nonnegative, and does not diminish when adding new

features [43]. However, using this measure, it is not pos-

sible to determine concretely with which features of S is fi
redundant. This calls for more elaborated criteria of

redundancy, such as the Markov blanket [33, 67] and total

correlation [62]. The Markov blanket is a strong condition

for conditional independence and is defined as follows.

Definition 1 (Markov blanket) Given a feature fi, the

subset M � :fi is a Markov blanket of fi iff [33, 67]:

pðfFnffi;Mg;Cgj ffi;MgÞ ¼ pðfFnffi;Mg;Cgj MÞ:
ð12Þ

This condition requires that M subsumes all the

information that fi has about C, but also about all other

features {F\{fi,M}}. It can be proved that strongly relevant

features do not have a Markov blanket [67].

The Markov blanket condition given by Eq. (12) can be

rewritten in the context of information theory as follows

[43]:

Iðfi; fC;:fi;Mgj MÞ ¼ 0: ð13Þ

An alternative measure of redundancy is the total

correlation or multivariate correlation [62]. Given a set of

features F ¼ ff1; . . .; fmg, the total correlation is defined as

follows:

Cðf1; . . .; fmÞ ¼
Xm

i¼1

HðfiÞ � Hðf1; . . .; fmÞ: ð14Þ

Total correlation measures the common information

(redundancy) among all the variables in F. If we want to

measure the redundancy between a given variable fi and

any feature subset S � :fi, then we can use the total

correlation as:

Cðfi; SÞ ¼ HðfiÞ þ HðSÞ � Hðfi; SÞ; ð15Þ

however, this corresponds to the classic definition of MI,

i.e., C(fi;S) = I(fi;S).

3.3 Complementarity

The concept of complementarity has been re-discovered

several times [9, 10, 12, 43, 61]. Recently, it has become

more relevant because of the development of more efficient

techniques to estimate MI in high-dimensional spaces [27,

34]. Complementarity, also known as synergy, measures

the degree of interaction between an individual feature fi
and feature subset S given C, through the following

expression (I(fi;S|C)). To illustrate the concept of

Table 1 Levels of relevance for candidate feature fi, according to probabilistic framework [31] and mutual information framework [43]

Relevance level Condition Probabilistic approach Mutual information approach

Strongly relevant 9= pðCjfi;:fiÞ 6¼ pðCj:fiÞ Iðfi; Cj:fiÞ[ 0

Weakly relevant 9S � :fi pðCjfi;:fiÞ ¼ pðCj:fiÞ
^p(C|fi, S) = p(C|S)

Iðfi; Cj:fiÞ ¼ 0

^
I(fi;C|S) [ 0

Irrelevant 8S � :fi p(C|fi, S) = p(C|S) I(fi;C|S) = 0

Neural Comput & Applic (2014) 24:175–186 179
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complementarity, we will start expanding the multi-infor-

mation among fi, C and S. Decomposing the multi-infor-

mation in its three possible expressions, we have:

Iðfi; S; CÞ ¼
Iðfi; SjCÞ � Iðfi; SÞ
Iðfi; CjSÞ � Iðfi; CÞ
IðS; CjfiÞ � IðS; CÞ:

8
<

: ð16Þ

According to Eq. (16), the first row shows that the multi-

information can be expressed as the difference between

complementarity (I(fi;S|C)) and redundancy (I(fi;S)). A

positive value of the multi-information entails a dominance

of complementarity over redundancy. Analyzing the

second row of Eq. (16), we observe that this expression

becomes positive when the information that fi has about

C is greater when it interacts with subset S with respect to

the case when it does not. This effect is called

complementarity. The third row of Eq. (16) gives us

another viewpoint of the complementarity effect. The

multi-information is positive when the information that

S has about C is greater when it interacts with feature fi
compared to the case when it does not interact. Assuming

that the complementarity effect is dominant over

redundancy, Fig. 2 illustrates a Venn diagram with the

relationships among complementarity, redundancy, and

relevancy.

4 Optimal feature subset

In this section, we review the different definitions of the

optimal feature subset, Sopt, given in the literature, as well

as the search strategies used for obtaining this optimal set.

According to [58], in practice, the feature selection prob-

lem must include a classifier or an ensemble of classifiers,

and a performance metric. The optimal feature subset is

defined as the one that maximizes the performance metric

having minimum cardinality. However, filter methods are

independent of both the learning machine and the perfor-

mance metric. Any filter method corresponds to a definition

of relevance that employs only the data distribution [58].

Yu and Liu [67] defined the optimal feature set as com-

posed of all strongly relevant features and the weakly rel-

evant but not redundant features. In this section, we review

the definitions of the optimal feature subset from the

viewpoint of filter methods, in particular MI feature

selection methods. The key notion is conditional indepen-

dence, which allows defining the sufficient feature subset

as follows [6, 24]:

Definition 2 S � F is a sufficient feature subset iff

pðCjFÞ ¼ pðCjSÞ: ð17Þ

This definition implies that C and :S are conditionally

independent, i.e., :S provides no additional information

about C in the context of S. However, we still need a search

strategy to select the feature subset S, and an exhaustive

search using this criterion is impractical due to the curse of

dimensionality.

In probability, the measure of sufficient feature subset

can be expressed as the expected value over p(F) of the

Kullback–Leibler divergence between p(C|F) and

p(C|S) [33]. According to Guyon et al. [24], this can be

expressed in terms of MI as follows:

DMIðSÞ ¼ IðF; CÞ � IðS; CÞ: ð18Þ

Guyon et al. [24] proposed solving the following

optimization problem:

min
S�F
jSj þ k � DMIðSÞ; ð19Þ

where k[ 0 represents the Lagrange multiplier. If S is a

sufficient feature subset, then DMI(S) = 0 and Eq. (19) is

reduced to minS�F jSj. Since I(F;C) is constant, Eq. (19) is

equivalent to:

min
S�F
jSj � k � IðS; CÞ: ð20Þ

The feature selection problem corresponds to finding the

smallest feature subset that maximizes I(S;C). Since the

term minS�F jSj is discrete, the optimization of (20) is

difficult. Tishby et al. [55] proposed replacing the term

minS�F jSj with I(F;S).

An alternative approach to optimal feature subset

selection is using the concept of the Markov blanket (MB).

Remember that the Markov blanket, M, of a target variable

C, is the smallest subset of F such that C is independent of

the rest of the variables F\M. Koller and Sahami [33]

proposed using MBs as the basis for feature elimination.

Fig. 2 Venn diagram showing the relationships among complemen-

tarity, redundancy, and relevancy, assuming that the multi-informa-

tion among fi, S and C is positive

180 Neural Comput & Applic (2014) 24:175–186
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They proved that features eliminated sequentially based on

this criterion remain unnecessary. However, the time nee-

ded for inducing an MB grows exponentially with the size

of this set when considering full dependencies. Therefore,

most MB algorithms implement approximations based on

heuristics, e.g., finding the set of k features that are strongly

correlated with a given feature [33]. Fast MB discovery

algorithms have been developed for the case of distribu-

tions that are faithful to a Bayesian Network [58, 59].

However, these algorithms require that the optimal feature

subset does not contain multivariate associations among

variables, which are individually irrelevant but become

relevant in the context of others [11]. In practice, this

means for example that current MB discovery algorithms

cannot solve Example 1 due to the XOR function.

An important caveat is that both feature selection

approaches, sufficient feature subset and MBs, are based on

estimating the probability distribution of C given the data.

Estimating posterior probabilities is a harder problem than

classification, e.g., in using a 0\ 1-loss function only the

most probable classification is needed. Therefore, this

effect may render some features contained in sufficient

feature subset or in the MB of C unnecessary [24, 56, 58].

4.1 Relationship between MI and Bayes error

classification

There are some interesting results relating the MI between

a random discrete variable f and a random discrete target

variable C, with the minimum error obtained by maximum

a posteriori classifier (Bayer classification error) [14, 20,

26]. The Bayes error is bounded above and below

according to the following expression:

1� Iðf ; CÞ þ logð2Þ
logðjCjÞ � ebayesðf Þ 6

1

2
HðCÞ � Iðf ; CÞð Þ:

ð21Þ

Interestingly, Eq. (21) shows that both limits are minimized

when the MI, I(f;C) is maximized.

4.2 Search strategies

According to Guyon et al. [24], a feature selection method

has three components: (1) evaluation criterion definition,

e.g., relevance for filter methods, (2) evaluation criterion

estimation, e.g., sufficient feature selection or MB for filter

methods, and (3) search strategies for feature subset gen-

eration. In this section, we briefly review the main search

strategies used by MI feature selection methods. Given a

feature set F of cardinality m, there are 2m possible subsets;

therefore, an exhaustive search is impractical for high-

dimensional datasets.

There are two basic search strategies: optimal methods

and sub-optimal methods [63]. Optimal search strategies

include exhaustive search and accelerated methods based

on the monotonic property of a feature selection criterion,

such as branch and bound. But optimal methods are

impractical for high-dimensional datasets; therefore, sub-

optimal strategies must be used.

Most popular search methods are sequential forward

selection (SFS) [65] and sequential backward elimination

(SBE) [41]. Sequential forward selection is a bottom–up

search, which starts with an empty set and adds new features

one at a time. Formally, it adds the candidate feature fi that

maximizes I(S;C) to the subset of selected features S, i.e.,

S ¼ S [ farg max
fi2FnS

ðIðfS; fig; CÞÞg: ð22Þ

Sequential backward elimination is a top–down

approach, which starts with the whole set of features and

deletes one feature at a time. Formally, it starts with

S = F and proceeds deleting the less informative features

one at a time, i.e,

S ¼ Snfarg min
fi2S

ðIðfSnfig; CÞg: ð23Þ

Usually, backward elimination is computationally more

expensive than forward selection, e.g., when searching for

a small subset of features. However, backward elimination

can usually find better feature subsets, because most for-

ward selection methods do not take into account the rele-

vance of variables in the context of features not yet

included in the subset of selected features [23]. Both kinds

of searching methods suffer from the nested effect,

meaning that in forward selection, a variable cannot be

deleted from the feature set once it has been added, and in

backward selection, a variable cannot be reincorporated

once it has been deleted. Instead of adding a single feature

at a time, some generalized forward selection variants add

several features, to take into account the statistical rela-

tionship between variables [63]. Likewise, the generalized

backward elimination deletes several variables at a time.

An enhancement may be obtained by combining forward

and backward selection, avoiding the nested effect. The

strategy ‘‘plus-l-take-away-r’’ [54] adds to S l features and

then removes the worst r features if l [ r, or deletes

r features and then adds l features if r \ l.

5 A unified framework for mutual information feature

selection

Many MI feature selection methods have been proposed in

the last 20 years. Most methods define heuristic functionals

to assess feature subsets combining definitions of relevant
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and redundant features. Brown et al. [10] proposed a uni-

fying framework for information-theoretic feature selection

methods. The authors posed the feature selection problem as

a conditional likelihood of the class labels, given features.

Under the filter assumption [10], conditional likelihood is

equivalent to conditional mutual information (CMI), i.e., the

feature selection problem can be posed as follows:

min
S�F
jSj

subject to : min
S�F

Ið:S; CjSÞ:
ð24Þ

This corresponds to the smallest feature subset such that

the CMI is minimal. Starting from this objective function,

the authors used MI properties to deduce some common

heuristic criteria used for MI feature selection. Several

criteria can be unified under the proposed framework. In

particular, they showed that common heuristics based on

linear combinations of information terms, such as Battiti’s

MIFS [4], conditional infomax feature extraction (CIFE)

[22, 40], minimum-redundancy maximum relevance

(mRMR) [46], and joint mutual information (JMI) [66], are

all low-order approximations to the conditional likelihood

optimization problem. However, the unifying framework

proposed by Brown et al. [10] fell short of deriving

(explaining) nonlinear criteria using min or max operators

such as Conditional Mutual Information Maximization

(CMIM) [21], Informative Fragments [61], and ICAP [29].

Let us start with the assumption that I(F;C) measures all

the information about the target variable contained in the

set of features. This assumption is based on the additivity

property of MI [14, 32], which states that the information

about a given system is maximal when all features (F) are

used to estimate the target variable (C). Using the chain

rule, I(F;C) can be decomposed as follows:

IðF; CÞ ¼ IðS; CÞ þ Ið:S; CjSÞ: ð25Þ

As I(F;C) is constant, maximizing I(S;C) is equivalent to

minimizing Ið:S; CjSÞ. Many MI feature selection methods

maximize the first term on the right side of (25). This is known

as the criterion of maximal dependency (MD) [46]. On the

other hand, other criteria are based on the idea of minimizing

the CMI, i.e., the second term on the right-hand side of Eq. (25).

In the following, we describe the approach of Brown

et al. [10] for deriving sequential forward selection and

sequential backward elimination algorithms, which are

based on minimizing the CMI. For the convenience of the

reader, we present the equivalent procedure in parallel

when maximizing dependency (MD). In practice, a search

strategy is needed to find the best feature subset. As we saw

in Sect. 4.2, the most popular methods are sequential for-

ward selection and sequential backward elimination.

Before proceeding, we need to define some notation.

St Subset of selected variables at time t.

fi Candidate feature to be added to or eliminated

from feature subset St at time t.

fi ¼ arg max
fi2:St

Iðfi; CjStÞ in forward selection.

fi ¼ arg min
fi2St

Iðfi; CjStnfiÞ in backward elimination.

sj A given feature in St.

:sj The complement set of feature sj with set St, i.e.,

:sj ¼ Stnsj

St?1 Subset of selected variables at time t?1.

Stþ1  fSt; fig in forward selection.

Stþ1  Stnfi in backward elimination.

:Stþ1 Complement of feature subset St?1, i.e.,

F ¼ fStþ1;:Stþ1g.

:Stþ1  f:Stnfig in forward selection.

:Stþ1  f:St; fig in backward elimination.

Table 2 shows that for the case of sequential forward

selection, we achieve the same result when using the MD

or CMI approach: the SFS algorithm consists of maxi-

mizing I(fi;C|St). Analogously, Table 3 shows that for the

case of sequential backward elimination, again we achieve

the same result when using MD or CMI approaches: the

SBE algorithm consists of minimizing I(fi;C|St\ fi).

For space limitations, we will develop here only the case

of forward feature selection, but the procedure is analogous

for the case of backward feature elimination. The expres-

sion I(fi;C|St) can be expanded as follows [12]:

Iðfi; CjStÞ ¼ Iðfi; CÞ � Iðfi; StÞ þ Iðfi; StjCÞ: ð26Þ

Table 2 Parallel between MD

and CMI approaches for

sequential forward selection

a This term is independent of fi
b This term has the same value

V fi

MD CMI

max
fi2:St

IðStþ1; CÞ ¼ min
fi2:St

Ið:Stþ1; CjStþ1Þ

max
fi2:St

IðfSt; fig; CÞ ¼ min
fi2:St

Ið:Stnfi; CjfSt; figÞ

max
fi2:St

IðSt; CÞa þ max
fi2:St

Iðfi; CjStÞ
+

max
fi2:St

Iðfi; CjStÞ

min
fi2:St

Ið:St; CjStÞb þ min
fi2:St

�Iðfi; CjStÞð Þ
+

max
fi2:St

Iðfi; CjStÞ
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The first term on the right-hand side of (26) measures

the individual relevance of the candidate feature fi with

respect to output C; the second term measures the

redundance of the candidate feature with the feature

subset of previously selected features St; and the third

term measures the complementarity between St and fi in the

context of C. However, from the practical point of view,

Eq. (26) presents the difficulty of estimating MI in high-

dimensional spaces, due to the presence of the set St in the

second and third terms.

In what follows, we take a detour from the derivation of

Brown et al. [10], using our own alternative approach. To

avoid the previously mentioned problem, I(fi;S
t) with

|St| = p can be calculated by averaging all expansions over

every single feature in S, by using the chain rule as follows:

ð27Þ

Analogously, we can obtain the following expansion for

the conditional mutual information, I(fi;S
t|C):

Iðfi; StjCÞ ¼ 1

jStj
X

sj2St

Iðfi; sjjCÞ þ
1

jStj
X

sj2St

Iðfi;:sjjfC; sjgÞ:

ð28Þ

Substituting (27) and (28) into Eq. (26) yields:

Iðfi;CjStÞ¼ Iðfi;CÞ�
1

jStj
X

sj2St

Iðfi;sjÞþ
1

jStj
X

sj2St

Iðfi;:sjjsjÞ

0
@

1
A

þ 1

jSj
X

sj2S

Iðfi;sjjCÞþ
1

jSj
X

sj2S

Iðfi;:sjjfC;sjgÞ

0

@

1

A:

ð29Þ

Equation (29) can be approximated by considering

assumptions of lower-order dependencies between

features [3]. Features sj2St are assumed to have only

one-to-one dependencies with fi or C. Formally, assuming

statistical independence:

pðfijStÞ ¼
Y

sj2St

pðfijsjÞ

pðfijfSt;CgÞ ¼
Y

sj2St

pðfijfsj;CgÞ;
ð30Þ

we obtain the following low-order approximation:

Iðfi; CjStÞ 	 Iðfi; CÞ � 1

jStj
X

sj2St

Iðfi; sjÞ þ
1

jStj
X

sj2St

Iðfi; sjjCÞ:

ð31Þ

Notice that Eq. (31) is an approximation of the multidi-

mensional MI expressed by Eq. (26). Interestingly, Brown

et al. [10] deduced a similar formula but with coefficients

1/|St| replaced by unity constants.

Equation (31) allows deriving some well-known heu-

ristic feature selection methods. When only the first two

terms of Eq. (31) are taken into account, it corresponds

exactly to the minimal redundance maximal relevance

(mRMR) criterion proposed in [46]. Moreover, if the term

1/|S| is replaced by a user-defined parameter b, then we

obtain the MIFS criterion (Mutual Information Feature

Selection) proposed by Battiti [4]. When considering only

the first term in Eq. (31), we obtain the MIM criterion [39].

Equation (31) with its three terms corresponds exactly to

the Joint Mutual Information (JMI)[10, 66]. Also, it cor-

responds with the Conditional Infomax Feature Extraction

(CIFE) criterion proposed in [40] when the coefficient

|St| = 1, Vt. Moreover, the Conditional Mutual Informa-

tion-based Feature Selection (CMIFS) criterion proposed in

[12] is an approximation of Eq. (29), where only 0, 1, or 2

out of t summation terms are considered in each term. The

CMIFS criterion is the following:

JcmifsðfiÞ ¼ Iðfi; CÞ � Iðfi; stÞ þ
X

sj2S;j2f1;tg
Iðfi; sjjCÞ

� Iðfi; stjs1Þ: ð32Þ

Table 3 Parallel between MD

and CMI approaches for

sequential backward elimination

a This term is independent of fi
b This term has the same value

V fi

MD CMI

max
fi2St

IðStþ1; CÞ ¼ min
fi2St

Ið:Stþ1; CjStþ1Þ

max
fi2St

IðStnf ; CÞ ¼ min
fi2St

Iðf:St; fignfi; CjStnfiÞ

max
fi2St

IðSt; CÞa þmax
fi2St
�Iðfi; CjStnfiÞð Þ

+
min
fi2St

Iðfi; CjStnfiÞ

min
fi2St

Ið:St; CjStÞb þmin
fi2St

Iðfi; CjStnfiÞð Þ
+

min
fi2St

Iðfi; CjStnfiÞ
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The previously mentioned methods do not take into

account the terms containing :sj in Eq. (29). This entails

the assumption that fi and :sj are independent, therefore

(Iðfi;:sjÞ ¼ Iðfi;:sjjCÞ ¼ 0). This approximation can

generate errors in the sequential selection or backward

elimination of variables. In order to somehow take into

account the missing terms, let us consider the following

alternative approximation of I(fi;C|St):

Iðfi; CjStÞ ¼ Iðfi; CÞ þ Iðfi; St; CÞ
¼ Iðfi; CÞ þ Iðfi; fsj;:sjg; CÞ
¼ Iðfi; CÞ þ Iðfi; sj; CÞ þ Iðfi;:sj; CjsjÞ
¼ Iðfi; CjsjÞ þ Iðfi;:sj; CjsjÞ: ð33Þ

Averaging this decomposition over every single feature

sj 2 St we have:

Iðfi; CjStÞ ¼ 1

jStj
X

sj2St

Iðfi; CjsjÞ þ
1

jStj
X

sj2St

Iðfi;:sj; CjsjÞ:

ð34Þ

The Interaction Capping (ICAP) [29] criterion

approximates Eq. (33) by the following expression:

JicapðfiÞ ¼ Iðfi; CÞ þ
X

sj2S

minð0; Iðfi; sj; CÞÞÞ: ð35Þ

In ICAP [29], the information of variable fi is penalized

when the interaction between fi, sj, and C becomes

redundant (I(fi;sj;C) \ 0), but the complementarity

relationship among variables is neglected when

I(fi;sj;C) [ 0. The authors considered a Naive Bayes

classifier, which assumes independence between variables.

Equation (34) allows deriving the Conditional Mutual

Information Maximization (CMIM) criterion [21] when we

consider only the first term on the right-hand side of this

equation and replace the mean operator with a minimum

operator. CMIM discards the second term on the right-hand

side of Eq.(34) completely, taking into account only one-

to-one relationships among variables and neglecting the

multi-information among fi;:sj and C in the context of sj V
j. On the other hand, CMIM-2 [60] criterion corresponds

exactly to the first term on the right-hand side of Eq. (34).

These methods are able to detect pairs of relevant variables

that act complementarily in predicting the class. In general,

CMIM-2 outperformed CMIM in experiments using arti-

ficial and benchmark datasets [60].

So far we have reviewed feature selection approaches

that avoid estimating MI in high-dimensional spaces. Bo-

nev et al. [9] proposed an extension of the MD criterion,

called Max-min-Dependence (MmD), which is defined as

follows:

JMmDðfiÞ ¼ Iðffi; Sg; CÞ � Ið:ffi; Sg; CÞ: ð36Þ

The procedure starts with the empty set S = [ and

sequentially generates St?1 as:

Stþ1 ¼ St [ max
fi2FnS

JMmDðfiÞð Þ: ð37Þ

The MmD criterion is heuristic and is not derived from a

principled approach. However, Bonev et al. [9] were one of

the first in selecting variables estimating MI in high-

dimensional spaces [27], which allows using set of variables

instead of individual variables. Chow and Huang [13] pro-

posed combining a pruned Parzen window estimator with

quadratic mutual information [47], using Renyi entropies,

to estimate directly the MI between the feature subset St and

the classes C, I(St;C), in an effective and efficient way.

6 Open problems

In this section, we present some open problems and chal-

lenges in the field of feature selection, in particular from the

point of view of information-theoretic methods. Here can be

found a non-exhaustive list of open problems or challenges.

1. Further developing a unifying framework for informa-

tion-theoretic feature selection. As we reviewed in Sect.

5, a unifying framework able to explain the advantages

and limitations of successful heuristics has been

proposed. This theoretical framework should be further

developed in order to derive new efficient feature

selection algorithms that include in their functional

terms information related to the three types of features:

relevant, redundant, and complementary. Also a stron-

ger connection between this framework and the Markov

blanket is needed. Developing hybrid methods that

combine maximal dependency with minimal condi-

tional mutual information is another possibility.

2. Further improving the efficacy and efficiency of

information-theoretic feature selection methods in

high-dimensional spaces. The computational time

depends on the search strategy and the evaluation

criterion [24]. As we enter the era of Big Data, there is

an urgent need for developing very fast feature

selection methods able to work with millions of

features and billions of samples. An important chal-

lenge is developing more efficient methods for

estimating MI in high-dimensional spaces. Automati-

cally determining the optimal size of the feature subset

is also of interest, many feature selection methods do

not have a stop criterion. Developing new search

strategies that go beyond greedy optimization is

another interesting possibility.

3. Further investigating the relationship between mutual

information and Bayes error classification. So far
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lower and upper bounds for error classification have

been found for the case of one random variable and the

target class. Extending these results to the case of

mutual information between feature subsets and the

target class is an interesting open problem.

4. Further investigating the effect of a finite sample over

the statistical criteria employed and in MI estimation.

Guyon et al. [24] argued that feature subsets that are

not sufficient may render better performance than

sufficient feature subsets. For example, in the bioin-

formatics domain, it is common to have very large

input dimensionality and small sample size [49].

5. Further developing a framework for studying the rela-

tionship between feature selection and causal discovery.

Guyon et al. [25] investigated causal feature selection.

The authors argued that the knowledge of causal

relationships can benefit feature selection and viceversa.

A challenge is to develop efficient Markov blanket

induction algorithms for non-faithful distributions.

6. Developing new criteria of statistical dependence beyond

correlation and MI. Seth and Principe [51] revised the

postulates of measuring dependence according to Renyi,

in the context of feature selection. An important topic is

normalization, because a measure of dependence defined

on different kinds of random variables should be

comparable. There is no standard theory about MI

normalization [16, 19]. Another problem is that estima-

tors of measures of dependence should be good enough,

even when using a few realizations, in the sense of

following the desired properties of these measures. Seth

and Principe [51] argued that this property is not satisfied

by MI estimators, because they do not reach the

maximum value under strict dependence, and are not

invariant to one-to-one transformations.

7 Conclusions

We have presented a review of the state of the art in

information-theoretic feature selection methods. We

showed that modern feature selection methods must go

beyond the concepts of relevance and redundance to

include complementarity (synergy). In particular, new

feature selection methods that assess features in context are

necessary. Recently, a unifying framework has been pro-

posed, which is able to retrofit successful heuristic criteria.

In this work, we have further developed this framework,

presenting some new results and derivations. The unifying

theoretical framework allows us to indicate the approxi-

mations made by each method and therefore their limita-

tions. A number of open problems in the field are suggested

as challenges for the avid reader.

Acknowledgments This work was funded by CONICYT-CHILE

under grant FONDECYT 1110701.

References

1. Almuallim H, Dietterich TG (1991) Learning with many irrele-

vant features. In: Artificial intelligence, proceedings of the ninth

national conference on, AAAI Press, pp 547–552

2. Almuallim H, Dietterich TG (1992) Efficient algorithms for

identifying relevant features. In: Artificial intelligence, proceed-

ings of the ninth canadian conference on, Morgan Kaufmann,

pp 38–45

3. Balagani K, Phoha V (2010) On the feature selection criterion

based on an approximation of multidimensional mutual infor-

mation. IEEE Trans Pattern Anal Mach Intell 32(7):1342–1343

4. Battiti R (1994) Using mutual information for selecting features

in supervised neural net learning. IEEE Trans Neural Netw

5(4):537–550

5. Bell AJ (2003) The co-information lattice. Analysis pp 921–926

6. Bell DA, Wang H (2000) A formalism for relevance and its

application in feature subset selection. Mach Learn 41(2):175–195

7. Bellman RE (1961) Adaptive control processes: a guided tour. 1st

edn. Princeton University Press, Princeton

8. Bins J, Draper B (2001) Feature selection from huge feature sets.

In: Computer Vision, 2001. Proceedings eighth IEEE interna-

tional conference, vol 2, pp 159–165

9. Bonev B, Escolano F, Cazorla M (2008) Feature selection,

mutual information, and the classification of high-dimensional

patterns: applications to image classification and microarray data

analysis. Pattern Anal Appl 11(3-4):309–319

10. Brown G, Pocock A, Zhao MJ, Luján M (2012) Conditional

likelihood maximisation: a unifying framework for information

theoretic feature selection. J Mach Learn Res 13:27–66

11. Brown LE, Tsamardinos I (2008) Markov blanket-based variable

selection in feature space. Technical report dsl-08-01, Discovery

systems laboratory, Vanderbilt University

12. Cheng H, Qin Z, Feng C, Wang Y, Li F (2011) Conditional

mutual information-based feature selection analyzing for synergy

and redundancy. Electron Telecommun Res Inst 33(2):210–218

13. Chow T, Huang D (2005) Estimating optimal feature subsets

using efficient estimation of high-dimensional mutual informa-

tion. IEEE Trans Neural Netw 16(1):213–224

14. Cover TM, Thomas JA (2006) Elements of Information Theory.

2nd edn. Wiley-Interscience, New Jersey

15. Davies S, Russell S (1994) Np-completeness of searches for

smallest possible feature sets. In: Intelligent Relevance, associa-

tion for the advancement of artificial intelligence symposium on,

AAAI Press, pp 37–39

16. Duch W (2006) Filter methods. In: Feature extraction, founda-

tions and applications, studies in fuzziness and soft computing,

vol 207, Springer, Heidelberg, chap 3, pp 167–185

17. Duch W, Winiarski T, Biesiada J, Kachel A (2003) Feature

selection and ranking filter. In: International conference on arti-

ficial neural networks (ICANN) and International conference on

neural information processing (ICONIP), pp 251–254
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