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1. Introduction

Stability at operating points is one of the key requirements of engineering systems. As long as the system is given by
time-invariant dynamics, linearization at the operating point gives local stability information that can be extended through
incorporating some nonlinear features, e.g., via the use of normal forms, see [1]. If the system under consideration has time-
varying dynamics, the usual modal approach fails since for these systems eigenvalues do not describe the stability behavior
of the linearized system. Therefore, one has to approach (exponential) stability directly via the Lyapunov exponents of the
system at the operating point.

An important class of systems with time varying dynamics are those systems that are subject to sustained random per-
turbations, such as load behavior, environmental effects, or intermittent generation in power systems. The interaction be-
tween system dynamics and perturbation falls into two groups: (i) the random noise changes the operating point of the
system, or (ii) the equilibrium point persists under all perturbations. We have developed performance indices for case (i)
in [2], and analyzed one specific approach in case (ii) in [3] using almost sure Lyapunov exponents. This paper develops sev-
eral performance indices for case (ii), analyzes their relationships, and compares the results for several examples. The key
idea is the look at the sample (exponential) growth rates for trajectories and at the growth rates of moments of the trajec-
tories, such as the stability of the mean, or mean square stability involving the second moment. Both points of view result in
potentially useful performance criteria for power systems.

2. Mathematical background
2.1. The system model

We start from a nonlinear differential equation y(t) = f(y(t), &(t, )) in R? with sustained random perturbation &(t, ®). In
order to analyze optimal parameter settings for stability at an operating point, we linearize the system equations at the equi-
librium point y*. Linearization (with respect to y) at the equilibrium results in the system
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x(t) = A(E(t,w))x(t) in RY 1)

where A(¢(t, w)) is the Jacobian of f(y(t), &(t, w)) at y*. We denote by ¢(t,x, w) the trajectories of (1) with initial value
@(0,x,w) = x € RY. We think of a given probability space (Q, &, P) under the usual conditions on which the Wiener process
in (2) is defined. We use the notation w € Q, and all expectations E(-) are with respect to the given probability measure P.

The random perturbation can be considered as white noise, leading to a stochastic differential equation for (1), or as a
colored, bounded noise. In this paper we discuss the latter situation since macroscopic perturbations in engineering systems
generally are non-white; but a similar theory also holds for the white noise case, see [4] for the basics. We start from a back-
ground noise 7, given by a stochastic differential equation on a compact C*-manifold M

dn = Xo(m)dt +> "Xi(17) o dW; on M (2)
i=1

where the vector fields X, ..., X, are C*, and “o” denotes the Stratonovic stochastic differential. We assume that (2) has a
unique stationary, ergodic solution #*(t, w) which is guaranteed by the condition (compare [5])

dim £A{X1,...,X,}(0) = dimM for all 0 € M. (3)

Here £A{-} denotes the Lie algebra generated by a set of vector fields. The background noise #*(t, ) is mapped via a sur-
jective smooth function f : M — U C R™, f(n) = &, into the system perturbation ¢(t, ®). This setup allows great flexibility
when modeling the statistics of the system noise.

2.2. Lyapunov exponents

Exponential stability of the system (1) is described by Lyapunov exponents; in [6] we gave an overview of the almost sure
theory, with applications to power systems. Here we extend the analysis to moment Lyapunov exponents. The individual
Lyapunov exponents of the trajectories ¢(t,x, ) of (1) are given as

H(%, @) = limsup  log | (t,x, )], (4)

t—oo t

and for p € R the Lyapunov exponent of the pth moment is given by
. 1
8(p,x) = limsup log E|o(t,x, o). (5)
t—oo

This includes for p = 1 the exponential growth behavior of the mean, and for p = 2 the exponential mean square stability of
the system. We again need the projection of the linear system onto the sphere $%! in R¢:

8(t) = h(&(t, w),s(1)), h(&5) = (A(E) — 4(&,5))s, q(&,s) =SA()s, (6)

where “.7” denotes the transpose. via identification of s and —s Eq. (6) can be considered on the projective space P4~!. The
Lyapunov exponents of all system states x € R? \ {0} can be analyzed together if the perturbation affects all states. This is
expressed in the condition

dich{ <xm h,%) ,(X1,0,0),.... (xr,o,O)}(e,s, t) = dimM + d (7)

forall (9,s,t) € M x s x R. Another approach to condition (7) is as follows: Let 7 be the ideal in LA{X, +h,Xq,...,X,} gen-
erated by {Xy,...,X;}. Then, by [5], Condition (7) is equivalent to dimZ(6,s) = dimM + d — 1. This condition, which is needed
for the analysis of moment Lyapunov exponents, is slightly stronger than Condition 7 in [6], but it is generally satisfied for
systems that appear in applications, compare, e.g., [5] or [10].

Theorem 2.1. Consider the stochastic system (1) under the conditions (3)and (7). Then

1. the moment Lyapunov exponents exist as a limit and they are independent of x € R\ {0}, i.e., g(p) = g(p,X) = lim;_.. ! log
Elo(t,x, ) forall p € R,
2. the trajectory-wise Lyapunov exponents are a.s. constant and independent of x <RI\ {0}, ie, 1=i(x,0)=
lim;_.. 1 log|o(t, x, w)|.
The proof of Theorem 2.1 is given in [7], Theorem 1 for the first part, and in [10], Theorem 4.1 for the second part upon
noticing that Conditions (3) and (7) together imply Conditions (A) and (C) in [10]. With the results from Theorem 2.1 it was
shown by Arnold in [7] that the a.s. Lyapunov exponent is the derivative of the moment Lyapunov exponent function at 0:

Corollary 2.2. Consider the stochastic system (1) under the conditions (3) and (7). Then the function g(p) is analytic on R, convex,
and satisfies g(0) = 0 and g'(0) = A
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Remark 2.3. The information contained in Corollary 2.2 shows that

1. If the a.s. Lyapunov exponent of the system (1) is negative, i.e., if the system is almost surely exponentially stable, then
moments for small p > 0 are also exponentially stable. And vice versa, if moments for small p > 0 are exponentially sta-
ble, then the system is a.s. exponentially stable.

2. The moment exponent function g(p) has at most two zeros. Specifically, if the system is a.s. exponentially stable, i.e., if
4 < 0, then g(p) has at most one zero besides g(0) = 0, and this occurs for p > 0. Assume that such a second zero exists
at a > 0, then all pth moments are stable for 0 < p < a, and unstable for a < p < oo.

In light of Remark 2.3 the key question regarding the exponential stability of the moments of (1) is the existence of a sec-
ond zero of g(p), i.e., the existence of a > 0 with g(a) = 0. Such a point a does not always exist since g(p) = Ap is possible,
compare [9], Theorem 2.3, Case 2.1.2(a). A detailed analysis of this question involves the function y : R — R, given by

7(0) = 2. 7(p) :¥ for p # 0. (8)

According to Corollary 2.2 this function is analytic on R and increasing. We define
y" = limy(p) 9)

and note that either y™ = /, in which case g(p) = ip, or 4 = y(0) < y*, in which case y(p) is strictly increasing. Note that there
exists a > 0 with g(a) = 0 if and only iff y* > 0. For the following results see [9].

Remark 2.4. As it turns out, the quantity y* does not depend on the statistics of the noise process (¢, @), only on its range
U c R™. More precisely, y" is given by the exponential growth rate of the spectral radius of the (deterministic) semigroup
given by (1), see also [13], Chapter 7. Similarly we have

1. y* = SUPs)stationary A(A({)), where the supremum is taken over all stationary processes { with values in U C R™;

2. y* =limllog||p(t,x, )|, where | - ||, denotes the essential supremum.

[
In other words, if we have no information about the perturbation &(t, w) except for its range U c R™, then y* < 0 assures
exponential stability for all stochastic perturbations with values in U. This property is sometimes called 'universal stability’.

Remark 2.5. If there exists a second zero g(a) = 0 for a > 0, then more can be said about the behavior of individual trajec-
tories of the system (1):

1. If we have 1 < 0 < y*, then there exists a > 0 with g(a) = 0. In this case there is a constant ¢ > 1 such that forallR >0
and all x € R? with 0 < |x| < R it holds that

1/Ix\* X[\
E(ﬁ) <P{stggl<ﬂ(t,x,w)\ > R} <c<ﬁ .

2. If we have 1 < y* <0, then there is a constant ¢ > 1 such that with P—probability 1 it holds that

sup|e(t, x, )| < clx|.
t=0

In other words, if g(p) does not have a second zero, then the system response is almost surely bounded, while in case there
exists a second zero at a > 0 then the probability that the system response will exceed a safety threshold R > 0 behaves like
(1x|/R)“, which goes to zero for a — cc. For these reasons, the point a > 0 is called the 'stability index’ of a linear stochastic
system in [8]. In [8,14] the authors investigate the 'robustness’ of the stability index under small nonlinear model
misspecifications.

3. Stability-based performance indices for stochastic systems
3.1. Performance indices

In this section we discuss performance indices for systems under stochastic perturbations. The goal is to identify system
parameters that allow for optimal (exponential) stability behavior of a system at a stable operating point. Since exponential
stability can be inferred from the system linearization, we consider systems as in (1), and we assume that the perturbation
can be modeled by a function of a Markov-diffusion process as in (2). More specifically, our goal is to guarantee stability of
the system under the largest possible perturbation range.
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The size of the random perturbation is described in the following way: We consider the noise range U ¢ R™ to be convex,
compact with 0 < intU, the interior of U. Introducing the size parameter p > 0 we consider U” := p - U together with the
maps f” : M — U, f?(0) = p - f(0). In this way we obtain a family {&”(t,w), p = 0} of system perturbations with correspond-
ing dynamics (1)°. For p = 0 this model corresponds to the unperturbed system.

To be precise, we analyze the family of systems

X (t) = A& (t, ), bxP(t), xR, (t,w)eU’ CR™, p>0 (10)

where b € B ¢ RF is a vector of parameters that are to be tuned in such a way that the system (10) is stable for p > 0 as large
as possible.
The almost sure stability radius

r=inf{p > 0,i(p) > 0} (11)

was introduced in [12] and analyzed in detail in [3]. Here 2(p) denotes the a.s. Lyapunov exponent of (10). In a similar way,
one can define the pth moment stability radius as

r(p) =inf{p > 0,g°(p) > 0} foreach p e R (12)

with g?(p) as defined in (5) for the system (10). This stability radius provides an appropriate performance index if emphasis
is placed on stability of specific moments of a system, such as the mean (p = 1) or mean square stability (p = 2). In both cases
the design problem can be written as

maxr(b) or maxr(p,b) for a given p > 0.
beB beB

Section 2.2 points at other performance indices that can be useful for the evaluation of stability: Specifically, the second zero
a(p) > 0 of the moment Lyapunov exponent function g”(p) of (10) not only describes the moments that are exponentially
stable (see Remark 2.3), but also the boundedness behavior of individual trajectories (see Remark 2.5). For a given stochastic
perturbation with given range U” the design problem reads in this case

max a(p,b) for agiven p > 0. (13)
€.

Following [8] we call (13) the stability index problem. Note that under our conditions 4(p) = 0 is equivalent to g(p, p) > 0 for
all p > 0 which in turn is equivalent to the stability index a being zero.

Finally, Remark 2.4 shows that the analysis of the limit y* of the function y(p) contains important information about the
stability of the randomly perturbed systems (10): this number describes the worst case exponential stability behavior for
any process with values in U”. This idea leads to the deterministic stability radius

raec = inf{p > 0,7"(p) > 0}.

This radius turns out to be described by the maximal Bohl exponent, or the maximum of the Morse spectrum of a determin-
istic perturbation (or control) system associated with (10), see [13], Chapter 7 for a detailed discussion of these concepts.

In the following sections, we will analyze the moment stability radius and the stability index problem together with their
relationships to the a.s. stability radius.

3.2. Computation of indices

While the computation of a.s. Lyapunov exponents has attracted great interest (see, e.g., [6,11,16], or [17] and the refer-
ences therein), the computation of moment Lyapunov exponents seems relatively unexplored. One way is to write g(p) as the
maximal eigenvalue of a certain second order partial differential operator (see, e.g., [7] for the white noise, and [9] for the
general case). This idea has been followed, e.g., in [21], in some examples of Chapter 9 in [20], or in [18], but generalizations
to high dimensional systems appear more than cumbersome.

The other approach is to follow the definition (5), i.e., simulate trajectories of the system (1), compute the moments and
their exponential growth rate, see e.g., [19] or [20], Chapter 9.2 for an idea in this direction. Our experiences from [6] suggest
to simulate solutions directly from the linear differential equation, using renormalization at regular time intervals since the
trajectories grow or decay exponentially. This leads to the following approach:

We fix a time interval [0,T],T € N, and a step size h =1 > 0,k € N, for the simulation of the background process #, in (2),
resulting in $ time series #,(i),i = 1,..., f of length Tk. We pick « initial conditions x{) = s{) e s%1 j=1,..., o For each initial

condition the linear system (1) is solved on the time interval [0, 1], resulting in $ time series x’(m(i) withn=0,... k. We de-
fine ¥, (i) := ¥, (i) and use ) (i) := ¥, (i) /|| (i)|| € S*" to be the starting point for the time interval [1,2]. Denote by x} (i) the
approximated solution at time ¢t = 2; and renormalize as s (i) := X} (i) /||¥, (i)|| € S*' to obtain the starting point for the time
interval [2,3]. We continue in this way over the time interval [0, T] to obtain o - § approximate (and renormalized) solutions
of (1): Note that for t = 1,...,T the starting points for each time interval [t — 1,t] are the 5{71 (i) e s%!, and the final points

x,(i) are used for the computation of the moment Lyapunov exponents as follows:
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Computing the expectation on each time interval [t — 1,f] fort=1,...,Tand j=1,...,o we obtain
» Elo(T, %, 0) & Eotx, o)’ T
Elo(T, % o) = 120X OF 11 FletX, ) ; ~[- (14)
E[xp =1 [Elo(t -1, x67w Wl = |[E‘S
and hence
.
log[E|(p(T X, o) = Z _Botx0)f Zlog Ef (i) (15)

= ‘[E|(Pt*1"}07w|p T
We now note that E[x,(i)]” = 7 Z/’ 1|x’( i)|P by averaging over the realizations of the background process, and finally averaging
over all « initial values we obtain

B
g(p.%) = lim 1 log (T, ) TZZ log (;Zﬂt(m"). (16)
j=1 t=1 i=1

The numerical approximation of moment Lyapunov exponents given by Formula (16) uses only numerical solutions of (1) on
time intervals of length t — (t — 1) = 1 and hence avoids solutions growing or decreasing exponentially over a long period of
time. If time intervals of length 1 are too long to give reliable numerics for specific systems, this approach can easily be
adapted to smaller intervals. Of course, burn-in intervals and choice of initial values have to be considered carefully, see
[6] for a discussion of these issues for a.s. Lyapunov exponents; these considerations apply as well to the computation of
moment exponents.

The performance indices introduced in Section 3.1 depend on moment Lyapunov exponents, and they require optimiza-
tion with respect to the size p of the perturbation range and/or with respect to the tunable parameters b € B of the system.
Given the general setup we have provided in the previous sections, we do not expect analytical results on these optimization
problems. Therefore, optimization is performed numerically over a grid in the parameter spaces.

4. Examples
4.1. Three-dimensional linear oscillator

Consider the linear oscillator X = A(¢;)x in dimension 3 given by

0 1 0
x=A(¢)x = 0 0 1 [x withxeR. (17)
—c(1+¢) -b —a
For the computations we have used the values a = 1, by, = 2, and ¢ = 1. The stochastic perturbation is &’ (t) = p - sin(n(t)),
where 7(t, ®) is an Ornstein-Uhlenbeck process as in [6] and p > 0 is the size of perturbation.
For the following discussion we consider b to be the tunable parameter with values in B = [0.8bpom, 1.2bnom|, and the size

of perturbation satisfies p € [0, 1.4].
Fig. 1 shows the moment Lyapunov exponent curves for b = 0.8b,0, and p € [0,1.4].

2

Rho=0
——— Rho=0.2
Rho=0.4
- Rho=0.6
Rho=0.8
Rho=1.0
1L Rho=1.2
| ——Rho=1.4

Stability Index i
05 defined in (13) g Pl

Moment p

Fig. 1. Moment Lyapunov exponents of the linear oscillator, b = 0.8byp.
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Fig. 1 allows to determine the pth moment stability radius as in (12): we have, e.g., r(4;b = 0.8b,m) = 1.2, or
r(5;b = 0.8b,om) = 0.95. Note that r(p; b = 0.8b,,m) > 1.4 forall p € (0,3.5). Furthermore, Fig. 1 shows the stability index pro-
posed in (13) which corresponds to the moment p, for a fixed p, where system will not remain stable. In this case if the size of
the perturbation is p = 1.4, then all moments p > 3.5 of the system will be unstable.

To compare the a.s. Lyapunov exponents with the derivative of the moment Lyapunov exponents at p = 0 (compare Cor-
ollary 2.2), we also computed the a.s. exponent 4(p) using the methodology described in [6]. The results are listed in Tables 1
and 2, showing a very good agreement between the two methods.

Fig. 2 shows the case where b = 1.2b,,n, and the size of perturbation is p € [0; 1.4]. Comparing the results to Fig. 1 we see
that increased damping, indicated by increasing b, leads to larger moment stability radii. For example, for b = 1.2b,,, we
have r(5;b = 1.2bpem) = 1.3.

In the case where b = 1.2b,,n, the stability index defined in (13) corresponds to p = 4.8 when p = 1.4.

4.2. One machine - infinite bus power system

In this section we present the application of the proposed methodology to the example of a power system consisting of
one machine connected to a infinite bus; see [15] for more information regarding this model.

Model of linearized system with noise

The state vector for the linearized system x = Ax, is

X = [Aw,Ad, AV, v1, V2, V3]

Table 1
Almost sure Lyapunov exponents for p = 0.8.
p=038 b = 0.8bnom b = 0.9bnom b = 1.0bnom b = 1.1bom b =1.2byom
Ap) —0.15831 —-0.19362 —0.22268 —-0.25087 —0.27052
P (0) -0.15758 —0.19363 —0.22349 -0.25225 -0.27175
Table 2
Almost sure Lyapunov exponents for p = 1.4.
p=14 b = 0.8bnem b = 0.9bnom b = 1.0byom b = 1.1bnom b =1.2byom
Ap) —0.13345 —-0.16359 —0.19494 —-0.22503 —-0.24130
7°(0) -0.13071 -0.16141 —0.19348 —-0.22415 —0.24039
150
—— Rho=0
; Stability Index ——— Rho=0.2
L ——— Rho=0.4
defined in (13) Rh§=0.6
——— Rho=0.8
Rho=1.0
——— Rho=1.2
| ——Rho=14
\\ ~
25 \
_3 k ) L 1 L L 1 1 L 1
0 1 2 3 4 5 6 7 8 9 10

Moment p

Fig. 2. Moment Lyapunov exponents of the linear oscillator, b = 1.2bom.
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where v1, v,, v3 are variables of the power system stabilizer, using expressions defined in [15]. The matrix A has the
structure

app ap a3z 0 0 O
(1531 0 0 0 0 0

A 0 an a3 ayy 0 asz
B 0 ap ap ay O 0

as; Os; as3 0 ass O
Gs1 ds2 g3 0 g5 Ges
The model for the field circuit is

K3 .
A“I"fd = m (AEfd — K4AO)
and the excitation system is given by
AEfd = —KAAU17

where v, is the output of voltage transductor. The perturbation has been introduced as an error in the reference signal. This
situation is described by changing the element as4 in the matrix A to

AEfd = 7KA(‘1 + ft)AZ/].

To be precise, we consider the (linearized) one machine - infinite bus system x = A(¢;)x with system matrix

0 -011 -012 O 0 0
377 0 0 0 0 0
A = 0 -019 -042 asn 0 274
) 0 -73 208 -50 0 0 ’
0 -1 -1.1 0 -071 0

0 -48 -54 0 269 -303

where as4 = as4 - (1 + &) is a stochastic perturbation in the excitation component of the system. The stochastic perturbation
is & = p - sin(y,) with 5, an Ornstein-Uhlenbeck process as in [6] and p is the size of perturbation.

In the similar case of Example 4.1, the key parameter in this system is the gain of the PSS, Kpss, whose nominal value
Kpss,., was chosen as in [15]. In order to compute Performance Indices, we used gain values K, :=w - Kpss,,,, with
w € [0.8,1.2]. For the range of the random perturbation we used p € [0, 0.5], with a step size of 0.1.

Fig. 3 shows the moment Lyapunov exponents curves for K,, = 0.8 - Kpss,,, and p € [0,0.5].

Fig. 3 allows us to determine the pth moment stability radius as in (12): we have, e.g., 1(2; Ky = 0.8 - Kpss,,,) = 0.1, or
r(1.5;Ky = 0.8 - Kpss,,,) = 0.19. Similar to the findings of Example 4.1, Fig. 3 shows the stability index proposed in (13) which
corresponds to the moment p, for a fixed p, where system will not remain stable. In this case if the size of the perturbation is
p = 0.5, then all moments p > 1.2 of the system will be unstable.

4

Rho=0
s Rho=0.1
3l Stability Index Rho=0.2
defined in (13) Rho=0.3
Rho=0.4
2l > Rho=0.5
1
] -
.‘\,
Ak
2F
Bl
4|
-5 L 1 L L L L 1 ]
0 05 1 15 2 25 3 35 4

Moment p

Fig. 3. Moment Lyapunov exponents of the one machine system, K,, = 0.8Kpss,,.-
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Stability Index
| defined in (13)

N

o] 0.5 1 1.5 2 25 3 3.5 4

Moment p
Fig. 4. Moment Lyapunov exponents of the one machine system, K, = 1.2Kpss,,,.

Fig. 4 shows the moment Lyapunov exponents curves for K, = 1.2 - Kpss,,,, and p € [0;0.5]. Comparing the two cases
Ky = 0.8 - Kpss,,, in Fig. 3 and K, = 1.2 - Kpss,,, in Fig. 4 we see that the second zeros of the moment Lyapunov exponents
curves are not monotone in K,,: we have a(0.5,0.8 - Kpss,,,,) > a(0.5,1.2 - Kpss,,,), While a(p, 0.8 - Kpss,,,) > a(0, 1.2 - Kpss,o)
for all p € [0.1,0.4]. This indicates that optimal parameter tuning relative to exponential moment stability cannot simply
be achieved by increasing PSS gains.

5. Conclusions

This paper proposes several performance indices for the stability of operating points in dynamical systems affected by
sustained random perturbations. These indices are based on moment Lyapunov exponents and they complement the almost
sure Lyapunov exponent and stability radius analyzed in [6,2]. The two sets of indices are related by the fact that the almost
sure Lyapunov exponent of a system is the derivative at p = 0 of the pth moment Lyapunov exponent function g(p). This
means, in particular, that for small moments p > 0 the pth moment Lyapunov exponents contain the 'same’ information
as the a.s. exponent, while for large moments p > 0 the pth moment Lyapunov exponents contain the 'same’ information
as the maximal deterministic (robust) exponent y*, compare Remark 2.4. Hence for design purposes stability indices based
on moment Lyapunov exponents can be used to strike a balance between almost sure behavior based on specific random
perturbations, and behavior based on the range of the perturbation. Design issues surrounding moment stability indices
are the topic of a forthcoming paper.

Note that while we always have for the moment Lyapunov function g(p) that g(0) = 0, for a stable operating point the
second zero of g(p), i.e., the point a > 0 with g(a) = 0 determines the moment stability behavior. In realistic systems, such
as the one machine - infinite bus power system, this second zero a may not depend in a monotone fashion on the size of the
random perturbation, and on the amount of damping in the system. This indicates that optimal parameter tuning relative to
exponential moment stability cannot simply be achieved by increasing system damping, such as PSS gains.

A key question then is to what extend system design that uses indices based on almost sure or moment Lyapunov expo-
nents, depends on the specific statistics of the system noise £(t, ). Of course, if one wants to immunize a system against all
specific noise statistics, one will have to use the deterministic (robust) exponent y*: this index depends only on the size of
the perturbation, not on its statistics, see the comments above. The robustness of the design indices presented in this paper
relative to noise statistics is the topic of ongoing research.

Acknowledgment

This research was financed by Project Fondecyt 11130169 (Comision Nacional de Investigacion Cientifica y Tecnologica
Chile) and by University de Santiago de Chile, Project DICYT N 91.

References

[1] ]JJ. Sanchez-Gasca, V. Vittal, M.J. Gibbard, A.R. Messina, D.J. Vowles, S. Liu, U.D. Annakkage, Inclusion of Higher Order Terms for Small-Signal(Modal)
Analysis: Committee Report—Task Force on Assessing the Need to Include Higher Order Terms for Small-Signal (Modal) Analysis, IEEE Trans. Power
Syst. 20 (4) (2005) 1886-1904.


http://refhub.elsevier.com/S0096-3003(14)00061-7/h0030
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0030
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0030

394 H. Verdejo et al./Applied Mathematics and Computation 231 (2014) 386-394

[2] H. Verdejo, L. Vargas, W. Kliemann, Improving PSS Performance under Sustained Random Perturbations, IET Gen. Transm. Distrib. 6 (9) (2012) 853-
862.
[3] H. Verdejo, L. Vargas, W. Kliemann, Stability radii via Lyapunov exponents for large stochastic systems, Procedia [UTAM (2013) 188-193.
[4] L. Arnold, E. Oeljeklaus, E. Pardoux, Almost sure and moment stability for linear Itd equations, Springer Lecture Notes in Mathematics No. 1186 (1986)
129-159.
[5] K.Ichihara, H. Kunita, A classification of the second order degenerate elliptic operators and its probabilistic characterization, Z. Wahrsch. Verw. Gebiete
30 (1974) 235-254.
[6] H. Verdejo, L. Vargas, W. Kliemann, Stability of linear stochastic systems via Lyapunov exponents and applications to power systems, Appl. Math.
Comput. 218 (2012) 11021-11032.
[7] L. Arnold, A formula connecting sample and moment stability of linear stochastic systems, SIAM ]. Appl. Math. 44 (1984) 793-802.
[8] L. Arnold, R.Z. Khasminskii, Stability index for nonlinear stochastic differential equations, Proc. Symp. Pure Math. 57 (1995) 543-551.
[9] L. Arnold, W. Kliemann, Large deviations of linear stochastic differential equations, in: Springer Lecture Notes in Control and Information Sciences No.
96 (1987), 117-151.
[10] L. Arnold, W. Kliemann, E. Oeljeklaus, Lyapunov exponents of linear stochastic systems, Springer Lect. Notes Math. 1186 (1986) 85-125.
[11] F. Carbonell, R. Biscay, J.C. Jimenez, QR-based methods for computing Lyapunov exponents of stochastic differential equations, Int. J. Numer. Anal.
Model. B 1 (2010) 147-171.
[12] F. Colonius, W. Kliemann, Stability radii and Lyapunov exponents, in: D. Hinrichsen, B. Martensson (Eds.), Control of Uncertain Systems, Birkhduser,
1990, pp. 19-56.
[13] F. Colonius, W. Kliemann, The Dynamics of Control, Birkhduser, 2000.
[14] R.Z. Khasminskii, On robustness of some concepts in stability of stochastic differential equations, Fields Inst. Commun. 9 (1996) 131-137.
[15] P. Kundur, Power System Stability and Control, McGraw-Hill, reprinted edition, 1994.
[16] D. Talay, Approximation of Upper Lyapunov Exponents of Bilinear Stochastic Differential Systems, SIAM ]. Numer. Anal. 28 (1991) 1141-1164.
[17] D. Talay, Simulation and numerical analysis of stochastic differential systems: a review, in: P. Krée, W. Wedig (Eds.), Probabilistic Methods in Applied
Physics, Lecture Notes in Physics 451, Springer-Verlag, 1995, pp. 54-96.
[18] LG. Vladimirov, The monomer-dimer problem and moment Lyapunov exponents of homogeneous Gaussian random fields, Discr. Cont. Dyn. Syst. 18
(2013) 575-600.
[19] W.-C. Xie, Monte Carlo simulation of moment Lyapunov exponents, ASME ]. Appl. Mech. 72 (2005) 269-275.
[20] W.-C. Xie, Dynamic Stability of Structures, Cambridge University Press, 2006.
[21] W.-C. Xie, R.M.C. So, Numerical determination of moment Lyapunov exponents of two-dimensional systems, ASME ]. Appl. Mech. 73 (2006) 120-127.


http://refhub.elsevier.com/S0096-3003(14)00061-7/h0035
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0035
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0040
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0045
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0045
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0050
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0050
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0055
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0055
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0060
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0065
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0075
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0080
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0080
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0085
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0095
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0100
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0100
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0105
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0110
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0110
http://refhub.elsevier.com/S0096-3003(14)00061-7/h0115

	Stability indices for randomly perturbed power systems
	1 Introduction
	2 Mathematical background
	2.1 The system model
	2.2 Lyapunov exponents

	3 Stability-based performance indices for stochastic systems
	3.1 Performance indices
	3.2 Computation of indices

	4 Examples
	4.1 Three-dimensional linear oscillator
	4.2 One machine – infinite bus power system

	5 Conclusions
	Acknowledgment
	References


