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Most numerical schemes applied to solve the advection–diffusion equation are affected by numerical dif-
fusion. Moreover, unphysical results, such as oscillations and negative concentrations, may emerge when
an anisotropic dispersion tensor is used, which induces even more severe errors in the solution of multi-
species reactive transport. To cope with this long standing problem we propose a modified version of the
standard Smoothed Particle Hydrodynamics (SPH) method based on a Moving-Least-Squares-Weighted-
Essentially-Non-Oscillatory (MLS-WENO) reconstruction of concentrations. This scheme formulation
(called MWSPH) approximates the diffusive fluxes with a Rusanov-type Riemann solver based on high
order WENO scheme. We compare the standard SPH with the MWSPH for different a few test cases, con-
sidering both homogeneous and heterogeneous flow fields and different anisotropic ratios of the disper-
sion tensor. We show that, MWSPH is stable and accurate and that it reduces the occurrence of negative
concentrations compared to standard SPH. When negative concentrations are observed, their absolute
values are several orders of magnitude smaller compared to standard SPH. In addition, MWSPH limits
spurious oscillations in the numerical solution more effectively than classical SPH. Convergence analysis
shows that MWSPH is computationally more demanding than SPH, but with the payoff a more accurate
solution, which in addition is less sensitive to particles position. The latter property simplifies the time
consuming and often user dependent procedure to define the initial dislocation of the particles.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

The numerical solution of the advection–diffusion equation
(ADE) is challenging, particularly when the dispersion tensor is
anisotropic and when dealing with multispecies reactive solute
transport (e.g. [32,58]) and also when the accurate reproduction
of the concentration gradients is essential, such as in modeling
transport of chemotactic bacteria [39]. More in general, accuracy
problems arise when the transformation of transported scalars is
controlled by diffusive fluxes, which depend on the complex inter-
play between diffusion and local concentration gradients
[13,15,38,34]. In addition, natural heterogeneity of porous forma-
tions results in disordered velocity fields, which vary spatially both
in direction and magnitude. Such heterogeneity in the velocity pro-
file leads to plume deformations that greatly enhance spatial
variability of solute concentration gradients, thereby fostering
local dilution and mixing at both local and global scales. A continu-
ous interplay between sharpening of the concentration gradients
due to plume deformation and their smoothing due to diffusion
is the main factor shaping the plume and controlling the dis-
tribution of solute concentration. Capturing these processes calls
for new numerical schemes eliminating or minimizing numerical
diffusion and the occurrence of spurious oscillations and negative
concentrations.

In an attempt to reduce numerical diffusion arising when classi-
cal Eulerian schemes are applied to the ADE, Eulerian–Lagrangian
approaches have been developed, in which mass conservation is
applied along streamtubes instead than over a structured Eulerian
grid (see e.g., [2,5,3,4,14]). Discontinuous Galerkin has also been
considered as a possible alternative to Eulerian–Lagrangian
schemes. For example, Kim and Wheeler [35,36] proposed a
discontinuous Galerkin discretization using mortar finite elements
and a multiscale discontinuous Galerkin scheme for the advection–
diffusion reaction equation.
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Another appealing alternative, which does not suffer from
numerical diffusion, is Smoothed Particle Hydrodynamics (SPH),
a fully Lagrangian meshless scheme developed by Lucy [40] and
Gingold and Monaghan [27] for astrophysics applications, and suc-
cessively extended to fluid mechanics, such as free surface flows of
an incompressible fluid (e.g., [25,41,42]). Successively, Herrera
et al. [32] extended SPH to model transport in heterogeneous por-
ous media. Other relevant applications of SPH are those proposed
by Tartakovsky and Meakin [50], to model multiphase flow, and
by Tartakovsky et al. [51,52] to model solute transport and mineral
precipitation in porous and fractured media. Furthermore, Pan
et al. [45] combined SPH with continuous boundary force method
to solve the Navier–Stokes equations with a Robin boundary con-
dition. The potential of SPH to reduce the impact of numerical dis-
persion on the numerical solution of ADE in highly heterogeneous
formations has been shown by Boso et al. [9].

SPH solves the advective component of the ADE by particle
tracking, thereby eliminating numerical diffusion, which in
Eulerian schemes arises in the discretization of the advective com-
ponent, and the diffusive term is solved by using a kernel
interpolation approximation. Being a meshless method, SPH does
not suffer from grid orientation effects, which is one of the main
drawbacks of standard Eulerian schemes [32]. Unlike random walk
methods, SPH does not require a background grid to compute con-
centrations and the numerical precision of the computed concen-
tration is only limited by hardware representation [32,52]. Since
particle tracking defines the concentration as the ratio between
the mass contained in a cell and its volume, it cannot resolve con-
centrations smaller those associated to a single particle, which is
given by the ratio between the mass of the particle and the volume
of the cell. However, SPH may lead to negative concentrations and
unphysical oscillations, in particular when the dispersion tensor is
anisotropic [29,30,32,44,46,54,55].

In an attempt to reduce the occurrence of unphysical oscilla-
tions and negative concentrations, Herrera et al. [32] developed a
new hybrid numerical scheme, which applies SPH in a streamline
oriented framework. In this scheme, the ADE is written in a local
reference system with the longitudinal axis tangent to the stream-
line, while the dispersion tensor is split into the sum of two ten-
sors. The first tensor originated from the splitting is anisotropic
with the transverse component equal to zero, while the second
tensor is isotropic. Therefore, the diffusive term originating from
the anisotropic tensor is solved by using a one-dimensional finite
difference scheme. The second dispersion tensor is diagonal and
isotropic and therefore the corresponding diffusive term is solved
by standard SPH. Boso et al. [9] proposed a modification of this
scheme to take into account the fact that the volume associated
to the particles changes along the streamline. With this modi-
fication, the method is less prone to develop negative concentra-
tions and is much less demanding in term of computational time
than the standard SPH, chiefly because it works with particles
which are fixed in space. However, an intrinsic limitation of this
method is that it can be applied only to stationary flow fields.

Recently Avesani et al. [6] presented a class of SPH schemes
based on a new weighted essentially non-oscillatory (WENO)
reconstruction technique on moving points, hereafter referred to
as MWSPH, which shows advantages with respect to a traditional
SPH scheme in term of accuracy and reduction of unphysical
oscillations.

In the present, work we propose and develop a robust numeri-
cal scheme to extend MWSPH to the solution of the advection–dis-
persion equations. Furthermore, we compare the performances of
MWSPH and the standard SPH under a few challenging conditions
analyzing the occurrence of numerical oscillations and negative
concentrations. Finally, we study monotonicity properties of both
schemes for different flow fields and degrees of anisotropy of the
dispersion tensor, evaluating the occurrence of numerical oscilla-
tion and their impact on modeling mixing-controlled reactive
solute transport in porous media.

The paper is organized as follows. In Section 2 we introduce the
mathematical model for the advection–diffusion equation and
describe the standard SPH scheme. In Section 3 we apply
MWSPH to the solution of the ADE, describing also WENO recon-
struction. In Section 4 we test both the SPH and MWSPH against
reference solutions. In Section 5 we apply both schemes to con-
servative and mixing-controlled reactive transport in heteroge-
neous porous media, and finally, in Section 6 we drawn some
conclusions.
2. Smooth Particle Hydrodynamics

We focus on the numerical solution of the ADE for both homo-
geneous and heterogeneous velocity fields, which is commonly
used to model solute transport in porous media:

@C
@t
þ v � rC ¼ r � D � rC½ �: ð1Þ

The Lagrangian formulation of Eq. (1) assumes the form of a system
of an ordinary and a partial differential equation:

drðtÞ
dt
¼ v rðtÞ; t½ �; ð2Þ

dCðt; rÞ
dt

¼ r � Dðt; rÞ � rCðt; rÞ½ �; ð3Þ

which describe solute transport by advection and dispersion,
respectively. The diffusive transport component, defined in Eq. (3),
represents dispersion processes at Darcy’s scale generated by the
interaction between pore diffusion and velocity non uniformity
within the pores, while at larger scales the heterogeneity of the
velocity field is reproduced directly by the advective term defined
in Eq. (2). In Eqs. (2) and (3) r is the position of the fluid particle,
t is time, v is the fluid velocity, expressed in an Eulerian framework,
Dðt; rÞ is the hydrodynamic dispersion tensor and C is the solute
concentration. To simplify the notation, hereafter we consider
implicit the dependence of r; v, C and D from time t and position
r. In porous media, the hydrodynamic dispersion tensor assumes
the following form (see e.g., [7]:

D ¼ ðaT jv j þ DmÞ Iþ ðaL � aTÞ
v � v0
jvj ; ð4Þ

where Dm is the molecular diffusion coefficient, aL and aT are the
local pore-scale dispersivity coefficients in the directions tangent
(longitudinal) and orthogonal (transverse) to the local flow velocity
v, respectively. Given Eq. (4) the dispersion tensor becomes diago-
nal in an orthogonal reference system with the longitudinal axis in
the direction of the local velocity, i.e. tangent to the streamline in a
steady-state velocity field.

In all SPH based schemes, the system of differential equations
(2) and (3) is approximated by using a finite number of points (par-
ticles), which carry the physical property of interest, in our case
solute concentration, and move with the fluid according to Eq.
(2) (see for examples [25,31,42]). We consider here the case in
which flow and transport equations are decoupled, such that the
flow velocity field is already known when the transport equation
is solved. Consequently, Eq. (2), which provides the position of
the ith particle, can be solved by a standard particle tracking
scheme (e.g., [48,49]). Unlike Random Walk Particle Tracking
(RWPT) schemes, where the dispersion is modeled with a random
movement of particles, SPH uses a kernel interpolation to repre-
sent the dispersive term in Eq. (3). Fig. 1 shows a sketch illustrating



Fig. 1. Sketch of the Smooth Particle Hydrodynamic (SPH) scheme in heterogeneous porous media, particle i is marked in red. Particles move along streamline and then
dispersion is evaluated using a kernel interpolation approximation. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)
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how SPH is applied to the solution of the diffusion term, described
by Eq. (3).

2.1. SPH discretization of the diffusive term

Español and Revenga [24] derived the following formulation of
the diffusive step in SPH, as an extension of the original expression
proposed by Brookshaw [10] and further developed by Cleary and
Monaghan [16] (see [42] for a complete review) to model thermal
dispersion:

dCi

dt
¼ 1

2

XN

j

mj

qij
ðCi � CjÞriWijDðri; rjÞ; ð5Þ

where

Dðri; rjÞ ¼
Xm

l¼1

Xm

k¼1

Di
lk þ D j

lk

� �
4
ðrj � riÞlðrj � riÞk
jrj � rij2

" #
� dlk: ð6Þ

The terms Ci and Cj are the solute concentration of the ith and jth
particles, at positions ri and rj, respectively. In Eqs. (5) and (6) mi

is the mass of ith particle, riWij is the gradient of the interpolating
kernel function centered in ri [25] and m indicates space dimen-
sionality. In addition, Dlk indicate the component l; k of the disper-
sion tensor and dlk is the Kronecker’s delta. Here, qij ¼ ðqi þ qjÞ=2,
where qi is the density of the i�th particle, with the arithmetic
average introduced to ensure that the diffusive fluxes are antisym-
metric [31]. For the interpolating kernel function we choose, among
the different possibilities, the following cubic B-spline:

Wij ¼
c
ðhijÞm

2=3� q2
ij þ q3

ij=2 if 0 6 qij < 1;

ð2� qijÞ
3
=6 if 1 6 qij < 2;

0 if qij P 2;

8><>: ð7Þ

where qij ¼j ri � rj j =hij is the relative distance between particles i
and j, while c is a normalization constant selected in such a way that
the volume integral of the kernel function in Rm is equal to one (a
detailed explanation is available in [25,42]). In addition, hij is the
smoothing length and determines the size of the kernel support
for each particle, which is locally variable and defined as:

hij ¼
1
2

hi þ hj
� �

; with hi ¼ r
ffiffiffiffiffiffi
mj

qj

m

s
; ð8Þ

where r is a constant selected to have at least 40–50 interpolation
particles within the compact support with r ¼ 2 [6].
3. The MWSPH formulation of advection–dispersion equations

Following the new class of MWSPH schemes developed by
Avesani et al. [6], we propose to use Riemann solvers to estimate
diffusive fluxes:

dVi

dt
¼
XN

j¼1

2ViVjðvij � viÞ � rWij; ð9Þ

dViCi

dt
¼
XN

j¼1

2ViVjGij � rWij; ð10Þ

where Gij is the flux tensor, Vi is the volume of the particle i, which
evolves in time according to Eq. (9), and vij is the velocity at the
interface between the two interacting particles Pi and Pj. The flux
tensor Gij is approximated by using a Rieman solver. Considering
the Rusanov solver, the flux tensor assumes the following expres-
sion [21,33]:

Gij ¼
1
2

FðrCþij Þ þ FðrC�ij Þ
� �

�HðC�ij � Cþij Þ � nij; ð11Þ

where F is the non-linear flux vector, which depends on the concen-
tration and the concentration gradient, H is the maximum of the
Jacobian matrix of the flux with respect to the gradient of C
[26,33], i.e the maximum eigenvalue of @FðrCÞ=@rC, and nij is
the unitary separation vector between particles i and j.
Furthermore, C�ij ¼ Cið�rijÞ; Cþij ¼ Cjð�rijÞ; rC�i ¼ rCið�rijÞ and

rCþj ¼ rCjð�rijÞ are the concentrations and concentration gradients
computed at the midpoint, �rij ¼ ðri þ rjÞ=2, of the segment connect-
ing the particles i and j using local high-order reconstruction at ri

and rj, given the concentrations of the surrounding particles. As
shown in Fig. 2(b) and (a), local high-order reconstruction
polynomials CiðrÞ and CjðrÞ are first defined for each pair of interact-
ing particles Pi and Pj and used successively to compute the con-
centrations and the concentration gradients at the midpoint of the
segment connecting the two particles. After these preparatory
steps, the flux Gij (10) between two interacting particles assumes
the following expression:

Gij ¼
1
2
ðD�ijrC�ij þ DþijrCþij Þ �HijðCþij � C�ij Þ � nij; ð12Þ

where Dij is the dispersion tensor evaluated at the interface
between interacting particles i and j. The local high-order recon-
struction polynomials CiðrijÞ are computed for each particle Pi with
a nonlinear meshfree Moving-Least-Squares WENO reconstruction,



(a) (b)

(c) (d)
Fig. 2. Sketch of the particle stencils and reconstruction polynomials.
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knowing the concentration of particles Pj in its surrounding. Details
on the application of this scheme are provided in the work by
Avesani et al. [6]. Here we summarize the main steps of the
procedure.

First, a set of reconstruction stencils is constructed for each par-
ticle Pi as follows:

Si
s ¼

[nes

k

PjðkÞ; ð13Þ

where k (with 1 6 k 6 nes) is a local index, counting the particles Pj

in each stencil, j ¼ jðkÞ is the mapping from the local index k to the
global indexation of the particles in the computational domain X
and nes is the number of particles in each stencil. The set of stencils
consists of one central stencil Si

0 (Fig. 2(c)) and a set of 8 one-sided
stencils (1 6 s 6 8, Fig. 2(d)). The central stencil is obtained by the
union of the central particle P i and its surrounding particles Pj as
follows:

Si
0 ¼

[nes

k

PjðkÞ; rij

�� �� 6 hmls; ð14Þ

while the one-sided stencils are defined as:

Si
s ¼

[nes

k

PjðkÞ; rij

�� �� 6 2hmls and h 2 ½ðs� 1Þp=4; sp=4�; ð15Þ
where hi;mls is a characteristic length and h is the angle that the vec-
tor rij ¼ rj � ri connecting the two particles Pi and Pj forms with the
x-axis:

tanðhÞ ¼
yj � yi

xj � xi
: ð16Þ

The smoothing length hi;mls is locally variable and assumes the fol-
lowing expression:

hi;mls ¼ rmls

ffiffiffiffiffiffiffiffiffiffiffiffiffi
mi=qi

q
ð17Þ

with a rmls being a suitable constant.
The second step of the procedure concerns with the reconstruc-

tion of the local concentration, through the following nine
polynomials:

Cs
i ðn;gÞ ¼ Ci þ

Xnc�1

m¼1

bwm;s/mðn;gÞ; ð18Þ

one for each of the nine stencils Spi
s ; s ¼ 0; . . . ;8, previously defined

and represented in Fig. 2(d). The form of the polynomials depends
on space dimensionality, where Cs

i ðn;gÞ for the ith in the sth stencil.
For simplicity hereafter we consider two-dimensional applications,
but the reconstruction procedure can be easily extended to three-
dimensional applications. Therefore, considering two-dimensional
polynomials, n ¼ ðx� xiÞ=hmls and g ¼ ðy� yiÞ=hmls are the local



Table 1
Parameters used in the homogeneous test case.

Parameter Symbol Value

Length numerical domain L 50
Peclét number Pe 10
ratio between transverse and longitudinal

dispersivity
k ¼ aT=aL 0:1
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coordinates centered at the ith particle, bwm;s denotes the set of
nc ¼ ðM þ 2ÞðM þ 1Þ=2 undetermined coefficients of the s-th poly-
nomial and /m are the associated basis functions. Eq. (18) is the
Taylor series expansion of order M of the concentration around
ðxi; yiÞ, i.e. the position of the ith particle. Finally, the nc basis func-
tions in Eq. (18) are defined as follows:

/mðn;gÞ ¼
nagb

hðaþbÞ
mls

; ð19Þ

where aþ b ¼ l, and l ranges from 1 to M [1,59]. The unknown coef-
ficients bwm;s are computed applying the set of reconstruction equa-
tions on each stencil Ss:

Cj � Ci ¼
Xnc�1

m¼1

bwm;s/mðnj;gjÞ; 8Pj 2 Si
s: ð20Þ

The number of particles nes in each stencil Ss, and therefore the
number of Equations in the system (20), is chosen such that
nes > nc. Consequently, Eq. (20) constitute an overdetermined lin-
ear algebraic system for the nc coefficients of the polynomials,
which is solved by least square minimization of the residual
between particles concentration and the corresponding values pro-
vided by the interpolating polynomials at the particles locations
[1,22]. The minimum number of particles in each stencil is set to
2nc to ensure linear stability [22,23].

The final non-linear WENO reconstruction polynomial
Ci;WENOðn;gÞ of degree M is obtained by a non-linear combination
of the nine polynomials Cs

i of order M reconstructed on the ns
stencils:
Fig. 3. Comparison of exact and numerical solutions for uniformly distributed particles
(MWSPH-M3)- and fourth (MWSPH-M4)-order reconstruction. The concentration is also
longitudinal axes x in a uniform velocity field with direction inclined of b ¼
r ¼ 2:5; rmls ¼ 4:5; CFL ¼ 0:9; 201� 201 particles.
Ci;WENOðn;gÞ ¼
Xns

l¼1

Cs
i ðn;gÞ ð21Þ

with the normalized nonlinear weights

xl ¼
fxlPns

r¼1 exr
ð22Þ

computed from the non-normalized weights fxl as [22,23]:

fxl ¼
kr

ð�þ rsÞr
; ð23Þ

where � ¼ 10�14; r ¼ 4 and the linear weights are set k0 ¼ 105 for
the central stencil and kl ¼ 1 for the one side stencil (1 6 l 6 8).
The smoothness indicator is computed in a mesh-independent
manner as [6]:

rs ¼
X

16jmj6M

ŵ2
m;s; ð24Þ

where the integration of the derivatives in the central cell is implic-
itly taken into account. Once defined the WENO reconstruction
at dimensionless time t ¼ 5 obtained with standard SPH and MWSPH with third
shown along three sections forming an angle of 0; p=4and 3p=4 with respect to the
p=6 with respect to the same axes. Numerical solutions are shown for
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polynomial for the concentration, the gradient reconstruction poly-
nomial is directly computed from the derivatives of the basis func-
tions as follows:

rCi;WENOðn;gÞ ¼
Xnc

m¼1

ŵmJ�Trn/m ð25Þ

with
Fig. 4. Comparison with the analytical solution of the numerical solutions for irregularly
and MWSPH-M4. The concentration is also shown along three sections inclined of 0; p=4
angle b ¼ p=6 with respect to the longitudinal direction. Numerical solutions are shown

Fig. 5. Difference between the maximum concentration of numerical (CN) and analytica
distributed particles. Numerical solutions obtained with SPH, MWSPH-M3 and MWSPH
rn ¼
@

@n
;
@

@g

� 	T

: ð26Þ

The reader can notice that, MWSPH is written in conservative
form [6], this means that, as in the standard SPH, the global mass
of solutes is conserved exactly if a kernel gradient correction is
not applied. Otherwise, the gradients of the kernel are no longer
anti-symmetric and both standard SPH and MWSPH do not guar-
antee conservation of mass [56].
distributed particles at time t ¼ 5 obtained with standard SPH and both MWSPH-M3
and 3p=4 with respect to axes x in a uniform velocity field with direction forming an

for r ¼ 2:5; rmls ¼ 4:5 and CFL ¼ 0:9; 201� 201 particles.

l (CA) solutions as function of time for (a) uniformly distributed and (b) irregularly
-M4 are for r ¼ 2 and 3, rmls ¼ 4:5 and CFL ¼ 0:9.
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4. Comparison between SPH and MWSPH

4.1. Accuracy of the numerical schemes

The aim of this section is to compare accuracy and positivity
preserving properties of MWSPH and standard SPH for transport
of a conservative solute in a homogeneous flow field. Hereafter,
MWSPH-M3 and MWSPH-M4 indicate the MWSPH scheme with
third and fourth-order flux reconstruction, respectively. In the pre-
sent work we adopt the third order TVD Runge–Kutta scheme [28]
under the Courant–Friedrichs–Lewy (CFL) condition [17].

We consider transport of a non reactive solute instantaneously
injected at time t ¼ 0 according to the following spatial
distribution:

Cðx; y; t ¼ 0Þ ¼ M
2pw2 b

exp � x2 þ y2

2w2


 �
; ð27Þ
Fig. 6. Dilution index E computed with the concentration distribution provided by SPH, M
for k ¼ aT=aL equal to (a) 0.1 and (b) 0.01. In all cases, rmls ¼ 4:5; CFL ¼ 0:9 and r ¼ 3.

Fig. 7. Maximum absolute value of the negative concentrations obtained with SPH, MW
and 3, rmls ¼ 4:5 and CFL ¼ 0:9. The concentration is normalized with respect to the ini
where, M is the mass injected, b is the thickness and w is the char-
acteristic size of the slug injection. The velocity field v is assumed
uniform and forming an angle bwith the axis x. In an unbounded
domain the solution of the ADE (1) with the initial condition (27)
assumes the following expression:

Cðx;y;tÞ=C0 ¼
1

2pr
exp

� �
x�x0ð Þ2 1þ2Dyy t

� �
þ y�y0ð Þ2 1þ2Dxx tð Þ�4Dxy tðx�x0Þðy�y0Þ

2r2

" #
;

ð28Þ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 t Dxx þ Dyy � 2 D2

xy � Dxx Dyy

� �
t

h ir
. Hereafter,

length are dimensionless with respect to w, time with respect to
the advective characteristic time T ¼ w=v , the dispersion coeffi-
cients Dij; i; j ¼ x; y with respect to the product v w and the concen-
tration with respect to the maximum concentration C0 ¼ M=ðw2 bÞ.
WSPH-M3 and MWSPH-M4 for uniformly and irregularly distributed particles and

SPH-M3 and MWSPH-M4 with (a) k ¼ aT=aL equal to (a) 0.1 and (b) 0.01, for r ¼ 2
tial concentration C0 and it is shown in logarithmic scale.
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In Eq. (28) x0 ¼ t cosb; y0 ¼ t sinb and the three components of the
dispersion tensor assume the following expressions (see e.g., [7]):
Dxx ¼
1þ 1� kð Þcos2b

Pe
; Dyy ¼

1þ 1� kð Þ sin2b
Pe

;

Dxy ¼
1� kð Þ sinbcosb

Pe
; ð29Þ
where Pe ¼ w=aL is the Peclét number, defined with respect to the
longitudinal dispersivity and k ¼ aT=aL is the ratio between trans-
verse and horizontal dispersivities.
Fig. 8. Concentration distribution at dimensionless time t = 10 computed with SPH (fi
column) and k ¼ 0:01 (right column), by using 201� 201 uniformly distributed particles
indicated in gray.
Since in a homogeneous flow field the relative position of the
particles does not change in time, we focus on the solution of the
dispersive fluxes by setting x0 ¼ y0 ¼ 0 into Eq. (28) such that the
maximum concentration is located at ðx; yÞ ¼ ð0;0Þ. Furthermore,
we apply the two SPH schemes by considering particles both uni-
formly and irregularly distributed within the computational
domain. The irregular distribution is obtained by perturbing the
position of the particles at the nodes of the regular grid with spac-
ing Dx and Dy used in the uniform case by the following quantities:
�1Dx and �2Dy, where �1 and �2 are two independent random num-
bers drawn from a uniform distribution within the range ½0;1�.
Table 1 shows the parameters used for this test case. Notice that
rst row), MWSPH-M3 (second row) and MWSPH-M4 (third row), for k ¼ 0:1 (left
. In all cases r ¼ 3:0, rmls ¼ 4:5; CFL ¼ 0:9 and b ¼ p=6. Negative concentrations are



Fig. 9. Dissipation rate v computed with the concentration distribution provided by SPH, MWSPH-M3 and MWSPH-M4 for uniformly and irregularly distributed particles and
for (a) k ¼ 0:1 and (b) k ¼ 0:01. In all cases rmls ¼ 4:5; CFL ¼ 0:9 and r ¼ 3.

Table 2
Convergence test for anisotropic dispersion test case with standard SPH, MWSPH-M3 and MWSPH-M4. The first column report the dimensionless spacing Dx between particles,
the following three columns the norms L1, L2 and L1 used to assess the error, which are followed by the rate of convergence evaluated with respect to the spacing between
particles of the previous row. The last column gives the CPU time of the serial code on Intel(R) Core(TM) i7-2640M CPU 2.80 GHz with 8 GB of RAM. The error norms refer to the
concentration considering uniformly distributed particles for the homogeneous test case at time t ¼ 1.

Dx �L1 �L2 �L1 OðL1Þ OðL2Þ OðL1Þ tCPUðsÞ

Standard SPH ðr ¼ 3:0Þ
0.20E�01 0.10E�03 0.11E�04 0.29E�01 – – – 3.84
0.10E�01 0.33E�04 0.17E�05 0.75E�02 1.66 2.74 1.96 26.17
0.50E�02 0.17E�04 0.42E�06 0.34E�02 0.94 2.03 1.14 250.96
0.25E�02 0.15E�04 0.17E�06 0.25E�02 0.18 0.13 0.44 17718.67

MWSPH M ¼ 3 ðr ¼ 3:0Þ
0.20E�01 0.15E�03 0.13E�04 0.29E�01 – – – 197.11
0.10E�01 0.29E�04 0.13E�05 0.64E�02 2.34 3.24 2.17 1731.15
0.50E�02 0.37E�05 0.10E�06 0.95E�03 3.01 3.76 2.76 18491.27
0.25E�02 0.11E�05 0.17E�07 0.40E�03 1.75 2.55 1.25 158064.79

MWSPH M ¼ 4 ðr ¼ 3:0Þ
0.20E�01 0.15E�03 0.13E�04 0.29E�01 – – – 222.82
0.10E�01 0.29E�04 0.13E�05 0.64E�02 2.36 3.18 2.17 1996.12
0.50E�02 0.37E�05 0.10E�06 0.95E�03 3.24 3.00 1.76 19459.43
0.25E�02 0.11E�05 0.17E�07 0.40E�03 1.53 2.40 1.20 212704.79

Fig. 10. Error norm L1 computed for the homogeneous test case with uniformly distributed particles, for r ¼ 3; CFL ¼ 0:9, with Dx being the distance between the particles.
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the selected anisotropy ratio of the dispersivity tensor is k ¼ 0:1,
which is in line with what observed in experimental studies [7,
Section 5.2.2] and similar to the value used by Herrera and
Beckie [30].
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Fig. 3(a)–(d) compare the concentration distribution obtained
by SPH and MWSPH with the exact analytical solution (28). In par-
ticular, Fig. 3(a) shows the three-dimensional view of the numeri-
cal and analytical solutions, while Fig. 3(b)–(d) shows the same
solutions along the three sections shown in Fig. 3(a), which form
the angles 0�, 45� and 135� with the x direction. The three numeri-
cal schemes agrees quite well, with MWSPH-M4 showing the best
match to the analytical solution, with respect to the other two
schemes, though the differences are small everywhere. However,
the concentration peak is slightly underestimated by MWSPH-M3
and overestimated by SPH.

The case with an irregular spatial distribution of the particles
is shown Fig. 4(a)–(d). Here the advantage of using MWSPH
instead of SPH is more evident than for uniform particles dis-
tribution. The relative error is much smaller for MWSPH-M3 than
SPH, though in absolute terms the difference is small also for
SPH. The substantial insensitivity of MWSPH to the spatial dis-
tribution of particle density is an appreciable property in model-
ing transport, in particular for heterogeneous velocity fields,
which create an irregular distribution of the particles with sig-
nificant rarefaction behind (with respect to flow direction) areas
of low velocity.

Fig. 5 shows the evolution in time of the relative difference
between the maximum concentration obtained with the numerical
Fig. 12. (a) Flow velocity field for the heterogeneous test case and (b) sketch of the com
particles.

Fig. 11. Error norm L1, computed for homogeneous test case with uniformly distributed
2640M CPU 2.80 GHz.
solutions and the corresponding exact analytical solution. The
comparison is shown for standard SPH, MWSPH-M3 and
MWSPH-M4 with smoothing length set to r ¼ 3 and 2. As reported
by Herrera [29] and evidenced in Figs. 3 and 4, standard SPH over-
estimates the maximum concentration. When the particles are uni-
formly distributed both MWSPH-M3 and MWSPH-M4 perform
much better than SPH at early times, with relative errors smaller
than 0.6% and 2%, respectively. Standard SPH is very sensitive to
the choice of the smoothing length, with the maximum relative
error that drops from 2% to 0.8% when r is reduced from 3 to 2.
Both MWSPH schemes are much less sensitive to the smoothing
length, though the shorter the smoothing length, the smaller the
error at all explored times (see how dashed blue and green lines
compare with solid lines of the same color). The performance of
the two MWSPH schemes deteriorate much less than SPH when
the spatial distribution of particles becomes irregular, and in this
case SPH does not significantly improve its performance by reduc-
ing the smoothing length, as can be observed by comparing
Fig. 5(b) with Fig. 5(a). The results obtained with MWSPH are
rather insensitive to the choice of the order of the polynomial
interpolation for concentration reconstruction, and to the particles
spatial distributions, with the latter property resolving the major
drawback of SPH when applied to the solution of the ADE in a het-
erogeneous velocity field.
putational domain with indicated the source area and the initial distribution of the

particles, versus the computational time for a single processor Intel(R) Core(TM) i7-



Fig. 13. Concentration distribution at dimensionless time t ¼ 12, computed for the heterogeneous test case with SPH (first row), MWSPH-M3 (second row) and MWSPH-M4
(third row), for k ¼ 0:1 (left column) and k ¼ 0:01 (right column), by using 200� 200 initially uniformly distributed. In all cases r ¼ 3:0, rmls ¼ 4:5; CFL ¼ 0:9 and b ¼ p=6.
Negative concentrations are indicated in gray.
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4.2. Numerical diffusion and its impact on quantifying dilution

Following Boso et al. [9], we use the dilution index [37] and the
scalar dissipation rate [8] to quantify the accuracy of the proposed
numerical methods in reproducing solute dilution. According to
Kitanidis [37] the dilution index is defined as:

EðtÞ ¼ exp �
XN

k¼1

PklnPk

 !
; ð30Þ

where Pk ¼ Ck=M; M is the total solute mass and N is the total num-
ber of particles. In Eq. (30) we consider only dimensionless concen-
trations larger than 10�16 in order to avoid negative concentration
values in the argument of the logarithm. As clearly shown by
Kitanidis [37] the dilution index grows with the volume of the
plume and therefore it can be used as a global indicator of numeri-
cal diffusion, which acts by increasing the volume of water occupied
by the solute beyond the effect of local dispersion. The correct
estimation of the dilution index is of particular relevance for the
investigation of mixing processes in aquifers (e.g., [53]) and it can
be informative for the estimation of the length of contaminant
plumes [12,47].

Another important global quantity is the scalar dissipation rate
v, which assumes the following expression:

vðtÞ ¼
Z

X
rC � D � rCdX; ð31Þ
where X is the volume of the computational domain. The scalar
dissipation rate vðtÞ quantifies the rate of dissipation of concentra-
tion fluctuations by means of local dispersion and enters into the
computation of global reaction kinetics for mixing-controlled pre-
cipitation-dissolution reactions [18]. Considering that both SPH
and MWSPH provide a discretized representation of the concentra-
tion distribution at the particles positions, Eq. (31), can be approxi-
mated as follows:

vðtÞ ¼
XN

i¼1

VirCi � Di � rCi; ð32Þ

where the volume Vi of the ith particle changes as it moves along
the streamline.The scalar dissipation rate computed through (32)
is a good metric to quantify numerical diffusion, mainly because
it is sensitive to errors in the computation of the concentration gra-
dient [8].

Fig. 6(a) and (b) shows the dilution index E for anisotropy ratio k
set equal to 0.1 and 0.01, respectively, obtained by substituting
into Eq. (30) the concentrations computed at the particle nodes
by the three numerical schemes and the analytical solution (28).
In all cases the same grid of N ¼ 40;401 nodes is used and except
for the additional value of k the parameters are the same used in
the test case described in Section 4.1 and reported in Table 1.
The dilution index obtained with the analytical solution of the con-
centration (solid black line in Fig. 6) is therefore the benchmark
against which the numerical schemes are compared. Notice that
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the dilution index is a global quantity, which complements the
analysis performed in Section 4.1. Inspection of the figures, reveals
that the best match with the analytical solution is obtained by the
standard SPH, with MWSPH-M3 slightly overestimating and
MWSPH-M4 underestimating the dilution index. The insensitivity
of the two MWSPH schemes to particle distribution, already evi-
denced in Section 4.1 is confirmed here (blue and green dashed
lines cannot be distinguished from the corresponding solid lines),
while standard SPH results in smaller E values when applied with
irregularly distributed particles. The good performance of SPH in
terms of dilution index can be explained as a compensating effect
of overestimation of large concentrations and underestimation of
small concentration. Notice that negative concentrations of rela-
tively large magnitude are distributed over larger portions of the
computational domain when SPH is used (see Fig. 8). This is a sig-
nificant limitation for the computation of the dilution index, which
require the computation of the logarithm of solute concentration.

The maximum magnitude of negative concentrations is shown
in Fig. 7 as a function of time for the three numerical schemes.
Given that the concentrations are dimensionless with respect to
M=ðw2 bÞ, the magnitude of the concentration is bounded between
0 and 1, in the absence of numerical errors.

Both MWSPH schemes produce fewer negative concentrations
with the maximum absolute value that stabilizes after an initial
rapid growth to a value, which is orders of magnitude smaller than
with SPH (Fig. 7). The influence of the degree of anisotropy on
negative concentrations is hardly detectable with MWSPH, but sig-
nificant with SPH, whose maximum absolute value increases with
Fig. 14. Negative concentration distribution for the heterogeneous test case at dimens
MWSPH-M4, with r ¼ 3:0; rmls ¼ 4:5 and CFL ¼ 0:9.
the anisotropic ratio. In agreement with what already evidenced in
the discussion of Figs. 5a and 5(b) the choice of the smoothing
length has a more pronounced effect on standard SPH than
MWSPH. Fig. 8(a)–(f) shows the spatial distribution of the dimen-
sionless concentrations at the dimensionless time t ¼ 10, obtained
with the three numerical schemes for an anisotropy k ratio set
equal to 0.1 (left column) and 0.01 (right column). Negative con-
centrations are shown in gray. Curvilinear bands of negative con-
centration are observed in all plots, but their extension changes
with the adopted numerical scheme and the anisotropy ratio. In
general the area with negative concentrations is larger for
k ¼ 0:01 than for k ¼ 0:1. However, the most important result
shown in these figures is that SPH leads to a much wider area with
negative concentrations than MWSPH. Consequently, SPH is more
affected by the occurrence of negative concentrations than
MWSPH. This compensation effect is small to negligible for
MWSPH-M3, which underestimates slightly concentrations around
the peak, thereby leading to a slight overestimation of E. MWSPH-
M4 is much closer to the analytical solution because of an overall
better approximation of the concentrations across the plume.

A metric of dilution that is free of compensating effects, because
of its quadratic form, is the dissipation rate (31). Fig. 9 shows the
dissipation rate, obtained using the expression equation (32) for
all cases considered in the present work. Both MWSPH schemes
reproduce accurately the dissipation rate v at all times (similarly
to the dilution index the benchmark is the expression of v obtained
by substituting into Eq. (32) the concentration gradients computed
from the analytical solution (28)). The accuracy deteriorates
ionless time t ¼ 12. Computations are performed by using SPH, MWSPH-M3 and



Fig. 15. Spatial distribution of the concentration of the species A, computed with the mixing ratio X obtained by solving the transport equation with SPH, MWSPH-M3 and
MWSPH-M4, respectively. In all cases, r ¼ 3:0; rmls ¼ 4:5 and CFL ¼ 0:9.
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significantly when concentration gradients are computed by SPH,
as clearly shown in Fig. 9. Also for this metric, SPH is sensitive to
the spatial distribution of the particles, while MWSPH is not.

4.3. Convergence and computational cost

The considerable gain in terms of accuracy of the MWSPH
method is associated with an increase of the computational cost.
Here we analyze the convergence of the numerical schemes and
evaluate their computational cost. Convergence is evaluated by
computing the following norms of the error evaluated as the differ-
ence at the computational nodes (particles) of the numerical and
analytical solutions:

�Lp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i

Ci � Cðxi; yi; tÞj jpp

vuut =N ð33Þ

where the analytical solution Cðxi; yi; tÞ is provided by Eq. (28),
p 2 ½1;2� [ p 2 N and �L1 ¼ maxðjCi � Cðxi; yi; tjÞ.

Table 2 summarizes the results of the convergence test obtained
starting with a grid spacing of Dx ¼ 0:02 and reducing it by a factor
of 2 at each successive step. The values of the norms for the
selected Dx are reported in Table 2, while Fig. 10 shows L1 as a
function of 1=Dx. The convergence rate of MWSPH is larger than
for SPH, though with a relatively coarse grid spacing MWSPH-M3
shows larger L1 and L2 norms, while L1 is the same. The rate of con-
vergence of MWSPH-M3 is slightly smaller than that of MWSPH-
M4 at relatively large particle spacing (i.e. small values of 1=Dx),
but becomes larger as the spacing reduces, leading to nearly the
same L1-norm at the smallest investigated spacing of
Dx ¼ 0:25 � 10�2 (see Fig. 10). This is in agreement with the general
property of polynomial interpolation: the order of the polynomial
becomes progressively immaterial as the spacing is reduced.
However, the observed reduction of the convergence rate with
the reduction of the spacing (i.e. the increase of the number of par-
ticles) is dramatic below Dx ¼ 0:005 for SPH and much less evident
for MWSPH, demonstrating that though no appreciable gain is
obtained by increasing the order of polynomial reconstruction,
the combined action of WENO and polynomial reconstruction is
extremely beneficial for the accuracy of the numerical scheme.
The price to pay for this gain in accuracy, which shows an almost
quadratic convergence rate at small spacing, is a larger com-
putational burden.

The CPU time for particles distributed uniformly within the
domain is reported in Table 2 for an Intel(R) Core(TM) i7-2640M
CPU 2.80 GHz single processor. As expected, MWSPH is much more
demanding in terms of CPU time than SPH (up to two orders of
magnitude), because of the computationally expensive MLS-
WENO reconstruction and stencils construction. The payoff for this
larger computational effort is the higher convergence rate. Fig. 11
shows the L1-norm as a function of the CPU time. While SPH is less
expensive than MWSPH for relatively low, yet acceptable in many
applications, accuracy (i.e., for L1 > 2 � 10�5), the situation reverses
when high accuracy is required, because of its larger rate of
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convergence. Notice that the CPU time in Table 2 should be consid-
ered in relative terms, since the running time can be drastically
reduced by parallelization of the code.

5. Conservative transport in a heterogeneous flow field

In this Section we compare the accuracy of MWSPH-M4 against
SPH in modeling transport in a heterogeneous flow field. We focus
on MWSPH-M4, which provides the best compromise between
computational cost and accuracy of the numerical solution. To
eliminate the effects of the errors introduced by the numerical
solution of the flow equation, we consider the following analytical
dimensionless flow field:

vxðx; yÞ ¼ 1þ
Xm

k¼1

Aknyk p cos nxk px� p
2

� �
cos nyk py

� �
; ð34aÞ

vyðx; yÞ ¼ 1þ
Xm

k¼1

Aknyk p sin nxk px� p
2

� �
sin nyk py
� �

; ð34bÞ

which has been proposed by Nakshatrala et al. [43]. In Eq. (34) the
velocity is dimensionless with respect to a given mean velocity
j v jand lengths are dimensionless with respect to the wavelength
L of the velocity fluctuations. Furthermore, m is the number of har-
monics, which we set equal to 3, and the other quantities
are: ðnx1;nx2;nx3Þ ¼ ð4;5;10Þ; ðny1;ny2;ny3Þ ¼ ð1;5;10Þ; ðA1;A2;A3Þ ¼
ð8;2;1Þ. Fig. 12(a) shows the resulting heterogeneous velocity field
and Fig. 12(b) depicts the initial condition: an instantaneous
Fig. 16. Spatial distribution of the concentration of the species B, computed with the m
MWSPH-M4, respectively. In all cases r ¼ 3:0; rmls ¼ 4:5 and CFL ¼ 0:9.
injection of a nonreactive tracer in a square of size Sx ¼ Sy ¼ 30 cen-
tered at ðx¼ 35=81; y¼ 35=81Þ and unitary initial dimensionless
concentration. The local dispersion tensor is anisotropic with a con-
stant longitudinal Peclèt number Pe¼ L=aL ¼ 100 and ratio of aniso-
tropy k¼ aT=aL, where aL and aT are the longitudinal and transverse
dispersivities, respectively. Particles are initially placed at the nodes
of a regular square lattice. Finally, time is dimensionless with
respect to the characteristic advection time: T ¼ L= j v j.

Fig. 13 shows the spatial distribution of the concentration at the
dimensionless time T ¼ 10 since the injection, obtained by apply-
ing SPH and MWSPH with the above velocity field and for both
k ¼ 0:1 (left column) and k ¼ 0:01 (right column). Spurious nega-
tive concentrations are marked in gray. Similarly to the homoge-
neous case, when MWSPH is used negative concentrations are
distributed over a smaller area and are at a larger distance from
the main plume body than with SPH. This difference is more pro-
nounced for high anisotropy, i.e. small k, as can be seen by compar-
ing the two columns in Fig. 13. The better performance of MWSPH
is due to a more accurate reproduction of local concentration gra-
dients, which leads to a better estimation of spatially variable con-
centration fluxes even when particles are non-uniformly
distributed within the computational domain, due to the hetero-
geneity of the velocity field. This is a property of the solver that
is particularly appreciated when high accuracy is required in the
reproduction of local concentration fluxes, such as in modeling
transport of species reacting upon mixing, for example. The color
plots of Fig. 14(a) and (b) shows the spatial distribution of the
absolute value of the negative concentration for SPH and
ixing ratio X obtained by solving the transport equation with SPH, MWSPH-M3 and



Fig. 17. Spatial distribution of the concentration of the product C, computed with the mixing ratio X obtained by solving the transport equation with SPH, MWSPH-M3 and
MWSPH-M4, respectively. In all cases r ¼ 3:0; rmls ¼ 4:5 and CFL ¼ 0:9.
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MWSPH. Negative concentrations occupy a much smaller area and
are of much smaller absolute value (notice the logarithmic color
scale) when transport is simulated using MWSPH, thus confirming
also visually the better performance of MWSPH in modeling trans-
port in heterogeneous velocity fields. The solute concentration
computed according to the standard SPH scheme leads to negative
concentrations of the order of 10�3 and 10�2, for k ¼ 0:1 and
k ¼ 0:01, respectively, while the MWSPH scheme reduces this error
by four orders of magnitude down to 10�7 and 10�6, respectively,
which can be considered a significant improvement.

The occurrence of spurious oscillations and of negative concen-
trations is particularly problematic when dealing with reactive
transport under mixing controlled conditions. A representative
case of two-species solute transport, useful for illustrative pur-
poses, is the following instantaneous irreversible bimolecular reac-
tion between species A and B, which produces the species C
according to the following stoichiometry: f A Aþ f B B! f C C, where
f A; f B and f C are the stoichiometric coefficients of the reaction. This
reaction has been used by Kapoor et al. [34] to study the effect of
flow heterogeneity on bimolecular reactions and later in studies
dealing with the effect of heterogeneity on mixing (see e.g.,
[19,20,57]). Under the hypothesis that the two reacting species
share the same molecular diffusion coefficient (see [11] for an in
depth discussion on this point), the following relationship can be
established between the concentrations of the three species
(CA; CB and CC) and the reaction ratio X, which is a normalized vari-
able bounded between 0 and 1:
CA ¼ X � CA;in � ð1� XÞ f A
f B
� CB;amb

CB ¼ 0
CC ¼ ð1� XÞ f C

f B
� CB;amb

9>>=>>;for X > Xcrit; ð35Þ

CA ¼ 0
CB ¼ ð1� XÞ � CB;amb � X f B

f A
� CA;in

CC ¼ X � f C
f A

Ain

9>>=>>;for X 6 Xcrit; ð36Þ

where Xcrit is defined as follows:

Xcrit ¼
f ACB;amb

f BCA;in þ f ACB;amb
; ð37Þ

where CA;in is the concentration of the species A in the injected
water and CB;amb is the concentration of the species B in the ambient
water. In this context, the mixing ratio represents the fraction of
source water in the ambient water and is a conservative quantity
satisfying the ADE. This property simplifies the mathematical prob-
lem, which reduces to the solution of the ADE for the mixing ratio X
with suitable initial and boundary conditions, followed by the sub-
stitution of X into the stoichiometric equations (35) and (36) to
obtain the concentration of the single species. As shown in Fig. 15
the concentration of the species A is insensitive to the numerical
scheme adopted, simply because according to Eq. (36) CA is set to
zero for low X values (i.e., X < Xcrit), thereby the error introduced
by the numerical scheme at low concentrations of X is immaterial
in the computation of the concentration of this reactant. The
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influence of the numerical scheme is instead clearly visible in the
spatial distribution of the reactant B and the product C. Numerical
simulations have been performed with the following parameters:
CA;in ¼ 1; CB;amb ¼ 0:001 (dimensionless with reference to a given
concentration), f A ¼ 1; f B ¼ 1 and f C ¼ 1. Numerical artifacts intro-
duced by SPH are clearly visible in the Figs. 16 and 17, showing
the concentration distribution of the reactant B and the product C,
respectively. Areas of negative concentrations of the product appear
at the plume fringes, whose extension is larger for larger anisotropy.
Notice that the occurrence of negative product concentrations cor-
responds to regions in which the mixing ratio is negative. In the
same regions, the reaction partner B is generated instead of con-
sumed during the reaction, as shown in Fig. 16. These unphysical
results are absent in the MWSPH-M4 simulations.
6. Conclusion

We have derived a new SPH formulation based on a high-order
non-linear Moving-Least-Squares WENO reconstruction on moving
point clouds.The comparison with the classic SPH scheme has
shown the advantages offered by the novel scheme in term of accu-
racy achieved in simulating transport of conservative and reactive
solutes in homogeneous and heterogeneous porous media. In par-
ticular, MWSPH is very effective in limiting the occurrence of nega-
tive concentrations and spurious oscillations and the accuracy of
the numerical solution does not deteriorate at higher anisotropy
of the local dispersion tensor. This accommodates for one of the
main drawbacks of SPH, which generates increasingly negative
concentrations as the anisotropy in the dispersion is more relevant.
As expected, the accuracy of the MWSPH scheme depends on the
order of the reconstructed polynomial. In addition, convergence
analysis shows that the MWSPH is more accurate than the stan-
dard SPH scheme and shows a much larger convergence rate.
Negative concentrations of the order of 10�2 � 10�3 C0, where C0

is the initial concentration, are observed with SPH, while MWSPH
limits the absolute value of negative concentrations to about
10�7C0.

Avoiding the occurrence of unphysical negative concentrations
is important in all cases where high accuracy is required, such as
in multi-species mixing-controlled reactive solute transport. The
proposed MWSPH scheme can be also applied to transient flow
fields. This is an important advantage of MWSPH because most
of the improvements to the SPH scheme are limited to steady state
flows when an anisotropic dispersion tensor is considered [32].
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