Calc. Var. (2015) 53:473-523

DOI 10.1007/500526-014-0756-3 Calculus of Variations

Intermediate reduction method and infinitely many
positive solutions of nonlinear Schrodinger equations
with non-symmetric potentials

Manuel del Pino - Juncheng Wei - Wei Yao

Received: 27 March 2014 / Accepted: 22 May 2014 / Published online: 29 June 2014
© Springer-Verlag Berlin Heidelberg 2014

Abstract We consider the standing-wave problem for a nonlinear Schridinger equation,
corresponding to the semilinear elliptic problem
—Au+V@u=|ul” " u, ue H'R?),

where V (x) is a uniformly positive potential and p > 1. Assuming that

a 1
V)=V, — 4+ 0| ———), as |x| > 400,
()= Voo b T (|x|m+”) S

for instance if p > 2, m > 2 and 0 > 1 we prove the existence of infinitely many positive
solutions. If V (x) is radially symmetric, this result was proved in [43]. The proof without
symmetries is much more difficult, and for that we develop a new intermediate Lyapunov—
Schmidt reduction method, which is a compromise between the finite and infinite dimensional
versions of it.

Mathematics Subject Classfication 35J15 - 35J61 - 35B08 - 35B09 - 35Q55

Communicated by P. Rabinowitz.

M. del Pino (X)) - W. Yao

Departamento de Ingenieria Matematica and Centro de Modelamiento Matemdtico (UMI 2807 CNRS),
Universidad de Chile, Casilla 170 Correo 3, Santiago, Chile

e-mail: delpino@dim.uchile.cl

W. Yao

e-mail: wyao.cn@gmail.com

J. Wei
Department of Mathematics, University of British Columbia, Vancouver, BC V6T 122, Canada

J. Wei

Department of Mathematics, The Chinese University of Hong Kong, Shatin, NT, Hong Kong
e-mail: jewei @math.ubc.ca

@ Springer



474 M. del Pino et al.

Contents
1 Introduction and statement of the mainresult . . . . . . ... ... .. ... L L. 474
2 Description of the construction . . . . . . . .. Lo 478
3 Preliminaries . . . . . .. .o e e e e 484
4 The Lyapunov—Schmidt reduction . . . . . . . . . . . . ... 490
4.1 Linear analySis . . . . . . . . . L e e 491
4.2 Nonlinearanalysis . . . . . . . . . . . . o e e 495
5 Afurther reduction process . . . . . . . .. .. 500
5.1 Projections . . . . . .. e 500
5.2 Theinvertibility of T . . . . . . . . . o e 507
5.3 Reduction to one dimension . . . . . . . . . ... e e 507
6 Proof of Theorem 1.1: variational reduction . . . . . . . .. ... ... ... ... ......... 509
7 Generalizations and discussion . . . . . . ... Lo 510
7.1 More general nonlinearities . . . . . . . . . . ... L 510
7.2 Sign-changing solutions . . . . . . . . ... 510
7.3 Remarks on condition (1.14) . . . . . . . . . . . e 511
7.4 The aniSOtropiC CASE . . . . . v v v v v i e e e e e e e e e 512
7.5 Optimal conditiononthedecay . . . . . . . . . .. .. ... 512
7.6 Higherdimensions . . . . . . . . . ... 512
7.7 Higher dimensional concentration phenomena . . . . . . . ... ... Lo 513
Appendix A: Circulant matrices and proof of Lemma 5.4 . . . ... ... ... .. ... ........ 513
Appendix B: Energy expansion . . . . . . . ... 520
References . . . . . . . . . 522

1 Introduction and statement of the main result

In this paper we consider the problem of finding positive solutions of the classical semilinear
elliptic problem
—Au+V@u=u’'uinR"Y, (1.1)

where A = Z;v:l % stands for the Laplace operatorin R, V (x) is a non-negative potential,
and p > 1. '

Equation (1.1) arises in various branches of applied mathematics and physics (cf. [12] and
references therein). For instance, in condensed matter physics one simulates the interaction
effect among many particles to obtain a focusing nonlinear Schrodinger equation of the form

L0y s p—1 - N

i = B AY + W)y — 17y in [0, 00) x BY, (1.2)
where i is the imaginary unit, 7 the Planck constant and W (x) a given potential. Standing
wave solutions of (1.2) are those of the form

Ut x) =e MMy,

where u(x) is a real-valued function. Then (1.2) reduces to Eq. (1.1) for u, where V(x) =
W(hx) — A.

In what follows, we shall only consider positive, finite energy solutions of (1.1). Namely,
we are concerned with the problem:

—Au+V@u—u? =0 inRV,

1.3
u>0inRN, u e H' (R"). (-

@ Springer



Infinitely many positive solutions 475

Associated to (1.3) is the energy functional

1 2 2 1 +1
RV RN

where uy = max{u, 0}. In all what follows, we make the following structure assumptions
on V and p:

V is locally Holder continuous, V € L®@®Y) and Vy = ian Vix)>0;, (1.5
xeR

2
+2 for N > 3. (1.6)

N
l<p<ooforN=2 and 1<p<N

Under these hypotheses, it is standard that classical solutions of (1.3) correspond precisely
to non-trivial critical points of & in H'(RV).

Let us denote the set of solutions of problem (1.3) by Sy. A natural question is whether or
not Sy # . When V is radially symmetric, the answer is yes (cf. Theorem 4.6 in [24]). But
the answer is no when the potential is increasing along a direction (cf. Theorem 1.1 in [15]).

If we further assume that

lim V(x)=Vyx >0, 1.7
|x|—o00
the existence of a positive solution of (1.3) has been widely investigated. For example, if we
further suppose that
inf V(x) < Vo, (1.8)
xeRN
then one can show that (1.3) has a least energy (ground state) solution by using the concen-
tration compactness principle (cf. [24,31,32,39]). But if (1.8) does not hold, problem (1.3)
may not have a least energy solution and solutions have to be seeked for at higher energy
levels. Results in this direction are contained in [6,7,9], where a positive solution has been
found by variational methods under a suitable decay condition on V at infinity.

The structure of the solution set Sy may be quite rich and interesting. Let us consider for

instance the semi-classical limit case:

[ —&2Au+W@u—u? =0 in RV,

(1.9)
u>0 in RV, ue H (RN),

where ¢ > 0 is a small parameter. Naturally, problem (1.9) is equivalent to problem (1.3)
for V(x) = Wi(ex). It is known that as e goes to zero, highly concentrated solutions near
critical points of the potential W can be found, see [1,10,11,17-20,25,27,37,42], or near
higher dimensional stationary sets of other auxiliary potentials [3,21,33,41]. The number of
solutions of (1.9) may depend on the number or type of the critical points of W (x). Itis rather
difficult task to understand the structure of Sy for an arbitrary potential V. For instance, a con-
spicuously unanswered question is whether ornot Sy # ¥ for any potential V satisfying (1.7).

Summing up, the above-mentioned work concerns the existence of positive solutions, i.e.,
Sy # ¢. There is less work on the multiplicity of positive solutions of (1.3), namely on
estimating #Sy. A seminal result in this direction was given in Coti-Zelati and Rabinowitz
[16] where V (x) is spatially periodic. In that situation they prove the existence of infinitely
many positive solutions, distinct up to periodic translations, via variational methods.

Recently, by assuming that V = V(|x|) is radially symmetric, the second author and
Yan [43] proved that problem (1.3) has infinitely many positive non-radial solutions if there
are constants Voo > 0,a > 0, m > 1, and o > 0, such that
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V(r):Voo—i-%—i-O( ) as r — 400. (1.10)
r

ym+o

An alternative proof through min-max methods was given by Devillanova and Solim-
ini [23].

The proof in [43] uses in essential way the radial symmetry of the potential V. On the
other hand, it is conjectured there that the result should remain true when the symmetry
requirement is lifted:

Conjecture Problem (1.3) has infinitely many positive solutions if there are constants Voo >
0,a >0, m>1,and o > 0, such that the potential V (x) satisfies

||

a
VX) =Voo+ ——+ 0 (|x|m+(7

), as |x| — +oo. (1.11)

Results in this direction with non-symmetric potentials, as far as we know, there are only
perturbative results (cf. [4, 14]). For instance, if V (x) tends to V,, from above with a suitable
rate:

V(x)>Vy>0, | llirn (V(x) = Vao) €l = 400, forsome 7€ (0,vVs), (1.12)
X|—> 00

and V satisfies a global condition:

sup [|[V(x) — Voo”LN/Z(Bl(y)) <V, (1.13)
yeRN
where V is a sufficiently small positive constant (with no explicit expression), Cerami et al.
[14] proved that problem (1.3) has infinitely many positive solutions by purely variational
methods. (In [4], Ao and Wei gave a new proof of this result, using localized energy method.
The new techniques also allow them to deal with more general nonlinearity).

The main purpose of this paper is to prove the above conjecture under some additional
assumptions. In [43], the fact that V is radially symmetric allows to build a k-bump solution
for an arbitrary k > 1 with a k-dyadic symmetry, reducing the problem to just adjusting one
parameter representing the location of a single bump along a given ray. A finite dimensional
Lyapunov—Schmidt reduction method is used.

When V is non-symmetric, we cannot constrain the bump configuration to any symmetry
class. We are thus forced to deal with a large number of bumps and therefore with a huge
number of parameters which need to be adjusted. This poses a tremendous difficulty in the
construction comparatively to [43]. In Lyapunov—Schmidt reduction for problems like (1.3)
the situation of adjusting a finite number of points (finite dimensional Lyapunov—Schmidt
reduction method), and that of adjusting a higher dimensional object such a geodesic in a
suitable metric as limiting concentration sets (infinite dimensional Lyapunov—Schmidt reduc-
tion method) have been treated. In this work we develop an intermediate Lyapunov—Schmidt
reduction method, which consists of the finite dimensional procedure for large number of
reduced equations, which in the limit become an ODE system of limiting Jacobi-type oper-
ators (see (8.9) below). Treating the discrete problem needs a method, technically delicate,
which we interpret as an intermediate procedure between the finite and the infinite dimen-
sional one (see for instance [21,22,38] and references therein for the latter). The main dif-
ference between the intermediate and infinite dimensional reduction, is that in the latter
procedure only the variations in the normal direction are needed so the usual Jacobi operator
for a curve appears. In the former procedure we also need to take into account variations in the
tangential direction of points, which in the limit may be interpreted as a reparametrization of
the curve. This seems to be a new procedure, with potentially many interesting applications.
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Infinitely many positive solutions 477

Our main result removes the symmetry assumption on V when N = 2.

Theorem 1.1 Let N = 2. Suppose that V (x) satisfies (1.5) and (1.11) for some constants
Voo > 0,a > 0, and

. p—1
min {1, — m>2, 0>2. (1.14)

Then problem (1.3) has infinitely many non-radial positive solutions, whose energy can
be made arbitrarily large.

If (1.11) holds in the C! sense, then “c > 2 in (1.14) can be improved to be “o > 1”.
The condition on p can be further relaxed if we assume more regularity of the condition
(1.11) orif p is an integer.

The results in [4,14] make us think that condition (1.11) could be improved. In fact we
believe that the optimal condition should be (1.12). We stress that our result does not require
a global perturbative assumption such as (1.13) on V. In addition, it is worth pointing out
that the results on the existence of positive solutions in [6,7,9] do not include the polynomial
decay case (1.11).

Finally, we remark that for N > 3, Theorem 1.1 holds if we assume the following addi-
tional symmetry assumption on V': after suitably rotating the coordinate system,

V)=V, x")=vE,—x"), (1.15)

where x = (x', x”") € R? x R¥N=2. An open question is whether or not the same result holds
when N > 3 with no extra assumption made.
Throughout the paper, we shall use the following notation and conventions:

e For quantities Ax and Bk, we write Ax ~ Bk to denote that there exists a positive
constant C such that 1/C < Ax/Bg < C for K sufficiently large; Ax = O(Bg) means
that |Ag /Bk/| is uniformly bounded as K tends to infinity; Ax = o(Bg) denotes that
|Ax/Bg| — 0as K — oo.

e For simplicity, the letter C denotes various generic constant which is independent of K.
It is allowed to vary from line to line, and also within the same formula.

e We will use the same |y| = ||y||2 for the Euclidean norm in various Euclidean spaces RN
when no confusion can arise and we always denote the inner product of @ and b in RV by
a-b.

e For the index j € {1, 2,..., K}, we shall always use the convention that j — 1 = K if
j=land j+1=1if j =K.

e The cardinality of a finite set £ will be denoted by #E; The Lebesgue measure of a set
E C RV will be denoted by |E|.

e The transpose of a matrix A will be denoted by A7

e For each function w(x) defined in RN, if w is radially symmetric, then there is a real
function w(r) such that w(x) = w(|x|). With slight abuse of notation, we will simply
write w(r) instead of w(r).

In the next section, we will describe the procedure of our construction and give the main
ideas of each step.

@ Springer



478 M. del Pino et al.

2 Description of the construction

We will prove the slightly more general version of the Theorem 1.1, for N > 3 where we
assume even symmetry in N — 2 the remaining variables in the sense that

V)=V, x")=vE', —x"), 2.1

where x = (x/, x”) € R? x RV=2. We assume this henceforth.

We shall briefly describe the solutions to be constructed later and will give the main
ideas in the procedure of the construction. In particular, we shall introduce the intermediate
reduction method, which we believe can be very useful in other contexts.

Firstly, without loss of generality, we can assume that Vo, = 1 by suitable scaling. As
developed in [43], we will use the loss of compactness to build up solutions. More precisely,
we will construct solutions with large number of spikes whose inter-distances and distances
from the origin are sufficiently large.

By the asymptotic behaviour of V at infinity, the basic building block is the ground state
(radial) solution w of the limit problem at infinity:

—Aw+w—wP=0, w>0 in RY,
2.2)

w=w(x]), weH®RY).
The solutions we construct will be small perturbations of the sum of copies of w, centered
at some carefully chosen points on R? x {0} € R", where 0 is the zero vector in R¥ 2.

Let K € N, be the number of spikes, whose locations are given by Q; € RN, j =
1,..., K. We define

K
wo, x)=wkx—0;) and Ux) = Zij (x), for x e RV, 2.3)
j=1

A natural and central question is how to choose Q ;’s such that a small perturbation of U will
be a genuine solution.
Assuming that

inf i| > 400 and inf|Q; — — +09,
N~ o0 and 10, = 01l = +

by the asymptotic behaviour of V at infinity and the property of w, one can get (at least
formally) the following energy expansion

K
|
EW) =K1 +aoz; Q1™ — Eyoz#;w(le — Qy]) +other terms, (2.4)
J= J

J(Q1,...,0k)

where Iy, ap and yy are positive constants. Here £(U) is the energy functional defined at
(1.4) and we denote the leading order expansion as J(Q1, ..., Q).
Observe that for any rotation Ry around the origin in RY, there holds

J(RgQ1,....,ReQk) = J(Q1, ..., Qk).

Hence any critical pointof J(Q1, ..., Qk) is degenerate. Therefore, except in the symmetric
class, itis not easy to find critical points of small perturbations of J(Q1, ..., Q). This means
that it is not easy to apply the localized energy method directly. However, this observation
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Infinitely many positive solutions 479

gives us some enlightenment in the non-symmetric setting. Actually, when we restrict Q ;’s
on a plane, this suggests us to introduce one more parameter to deal with the degeneracy due
to rotations as we will see in Sect. 5.

Under the condition (1.15), there is no essential difference between N = 2 and N > 3.
Hence from now on we will restrict Q;’s on the plane R? x {0} ¢ RN. To describe further
the configuration space of Q ;’s, we define

Q? = (Rcos®j, Rsinb},0) € R?> x {0}, for j=1,...,K,
where
. 21
0]-:01—1—(]—1)? e R.

Here « is the parameter representing the degeneracy due to rotations, and R is a positive
constant to be determined later. Observe that each point Q(])' depends on «. Thus we write
Q(j). = Q[]). (). When o = 0, the Q?’s are the points used in [43]. If V(x) is radially
symmetric, it is obvious that the parameter « plays no role in the construction in [43]. But it
is very important in our construction as we will see in Sect. 6.

For the constant R, we introduce the so-called balancing condition:

—m—1 .o .o
agmR™""! = 25in Ly <2R sin 7) , (2.5)
K K
where ag = % f]RN w?dx > 0, and W is the interaction function defined by

W(s) =— / w(x — 5€) div (w” (x)€) dx. (2.6)
RN

Here € can be any unit vector in RN (cf. [34,35]). The balancing condition (2.5) can either
be understood as a consequence of a conservation law or can be seen as a condition such that
the approximation U is very close to a genuine solution (cf. Appendix in [35]). Assuming
that

d:2Rsin% — +00, as K — +o0,
we will see that (cf. Lemma 3.3)

10% = R~ KK, and min {10 — 0%} =d ~ mIn K.
j 27 jil U= !

Next we define a small neighbourhood of QY= (0Y,..., Q(I)() on (R2 x {0})X in a suitable
norm to be made precise and introduce another parameter. Let f;, g; € R, j =1,..., K,
we define

Q= Qf + fjiij +gjt; = (R+ f)iij + gjt. @2.7)
where

iij = (cos®j,sinf;,0), and 7; = (—sin6;,cos6;,0).

Keep in mind that f; and g; measure the displacement in the normal and tangential
directions, respectively.

Writing Q; = Qj(a), 11, = () and f; = 7;(a), we note the following trivial but
important fact:

Qjl@a+2nr)=0Qj(@), Ve €R, and Vj=1,...,K. (2.8)
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We can now introduce another parameter q and define a suitable norm. Denote

a=(fi, s fx,81,-..,gx)" e R*K,

thatis, q; = fjand gx1; = gj for j = 1,..., K. We define

q:(,f:la-"7fK7g'17'~'7g'K)T7 and q:(,f.la 7]2:1(7.{23;17"' 7§K)T7

where for j =1, ..., K,

. K . K2

fi= 1 — fj)gs fi= U1 —2f; +fj71)47_7,
K 2

gj = (gj+1 — gj)g, gj = (gj+1 —2g; +gj71)m,

Sk+1 =11, fo= fk, gk+1 = &1, g0 = gk -

Observe that if f; = f(6;) for some 27 periodic smooth function f, then f j is the forward
difference of f and f; is the 2nd order central difference of f.
With these notation, we can define the configuration space of Q ;’s by

A = {(Ql,..., 0k) € (R? x {0)X | Q; is defined by (2.7) and |q[, < 1},

where [|q]lx = l1qlloo + II4llco + |d]loo is @ norm on R2K In the following, we assume that
Q; is defined by (2.7), the parameter o € R and the parameter q satisfy

lall« = llgllcc + 1alloo + ldllec = 1. (2.9
For any (Q1, ..., Qk) € Ak, an easy computation shows that for j =1, ..., K,
1Qjl =R+ fj + O™,
and
1041 = Q)1 =d +2(f; + &) + OK™).
Define p = min 4 {|Q; — Qyl}, it follows that

p=d+O0K™"), and _min_{|Q;]} =R+ 0(1). (2.10)

.....

We will prove Theorem 1.1 by showing the following result.

Theorem 2.1 Under the assumption of Theorem 1.1, there is a positive integer K¢ such that:
for all integer K > Ky, there exista € [0, 2) and (Q1, ..., Qk) € Ak such that problem
(1.3) has two solutions of the form

K
u(x) =Y wx — 0)) + ¢ (x), (2.11)
j=1

where |||l g1 gy + |11l Lo gy = 0 as K — +00. Moreover, the energy of u is given by

1 1
— _ p+1
c‘:(u)_K(2 p+1)/w dx + o(1). (2.12)

RN
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Remark 1 1t is worth pointing out that the solutions constructed in this paper are different
from those found in [4, 14]. The reason is simply that the inter-distances and distances from
the origin of the spikes of the solutions given in (2.11) tend to infinity uniformly as K goes
to infinity, but those of the solutions found in [4,14] do not.

Remark 2 The fact that we can find at least two solutions of the form (2.11) is nontrivial.
This is due to the fact that we need to choose the first starting point Q(f. It turns out that there
are at least two such points to choose (see Sect. 6).

Remark 3 As K — 400, (fj, g;) is the discretization of two second order ordinary differ-
ential equations (8.9).

To prove Theorem 2.1, it is sufficient to show that for K sufficiently large there are
parameters « and q such that U + ¢ is a genuine solution for a small perturbation ¢. To
achieve this goal, we will adopt the techniques in the singularly perturbed problem. Unlike
problem (1.9), there is no apparent parameter in (1.3). As stated in Theorem 2.1, we use the
number of the spikes as the e-type parameter. This idea comes directly from [43] and goes
back at least as far as to [30].

Before we sketch the procedure of our proof, we briefly introduce the abstract set-up of the
Lyapunov—Schmidt reduction (although it is always used in a framework that occurs often
in bifurcation theory).

Let X, Y be Banach spaces and S(x) is a C! map from X to Y. To study the equation
S(u) = 0, anatural way is to find approximations first and then to look for genuine solutions
as (small) perturbations of approximations. Assume that U, are the approximations, where
A € A is the parameter (we think of A as the configuration space). Writing u = U, + ¢, then
solving S(u) = 0 amounts to solve

L[¢]+ E + N(¢) =0, (2.13)
where
L[¢] = S'(UDI¢], E = S(Uy), and N(¢) = S(U;. + ¢) — S(U;) — S"(UD)[].

Here S'(U,.) is the Fréchet derivative of S at Uy, E denotes the error of approximation, and
N (¢) denotes the nonlinear term. In order to solve (2.13), we try to invert the linear operator
L so that we can rephrase the problem as a fixed point problem. That is, when L has a
uniformly bounded inverse in a suitable space, one can rewrite Eq. (2.13) as

¢ =—L7'[E+ N@)]=A@).

What is left is to use fixed point theorems such as contraction mapping theorem.

The Lyapunov—Schmidt reduction deals with the situation when the linear operator L
is Fredholm and its eigenfunction space associated to small eigenvalues has finite dimen-
sion. Assuming that {Zy, ..., Z,} is a basis of the eigenfunction space associated to small
eigenvalues of L, we can divide the procedure of solving (2.13) into two steps:

(i) solving the projected problem for any A € A,

L[¢]+E+N(¢)=Z'}=lcj2j
(¢, 2;)=0,Vj=1,...,n,

where ¢; may be constant or function depending on the form of (¢, Z;);
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(ii) solving the reduced problem
cj(AM)=0,Vj=1,...,n,
by adjusting A.
Let us now turn to our problem (1.3). In this case,
Su) = —Au+V@u—ul,
LIgl = —Ap + V()¢ — pUP 9,
E=—-AU+Vx)U-UP?,
N(p) = —(U + )} +UP + pUP'g.

Observe that all of these quantities depend implicitly on « and q even though this is not
apparent in the notation.

By the Lyapunov—Schmidt reduction, the procedure of construction is made up of several
steps which we explain next and postpone the proofs of major facts in later sections.

Step 1: Solving the projected problem
Let o € R and q satisfy (2.9). We look for a function ¢ and some multiplier B € R2K
such that
Ligl+E+N@g)=p- %

4’ (2.14)
fRNqbZdex =0,VvVj=1,...,K,
where the vector field Zg; is defined by
Zg;(x) = Vw(x — Q)). (2.15)
By direct computation, we have
U . - - o \T
9 — (2, -7, oo Bog ik, Zoy s 2o IK)

This is the first step in the Lyapunov—Schmidt reduction. It is done in Sect. 4 through
some a priori estimates and contraction mapping theorem. A required element in this step
is the non-degeneracy of w (cf. Lemma 3.1). It is worth pointing out that the function ¢
and the multiplier E found in Step 1 depend on the parameters « and q. Hence we write

¢ =¢(x;a,q) and B = B(a, q).

Step 2: Solving the reduced problem

By Step 1, it is known that Eis small. But it is not easy to solve E(oc, q) = 0 directly
since the linear part of the expansion of E in q is degenerate (due to the invariance of
J(Q1, ..., Qk) under rotations).

More precisely, let us write

Bla,q) = Tq + @(a, q),

where Tq s the linear part and @ («, q) denotes the remaining term. As we will see in Sect. 5,
T q does not depend on « and there is a unique vector (up to a scalar)

qQ=200,...,0,1,....,HT e rR?
R
K K

such that fqo =0.
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Infinitely many positive solutions 483

By the Lyapunov—Schmidt reduction again (called the secondary Lyapunov—Schmidt
reduction), the step of solving the reduced problem B(c, q) = O can be divided into two
steps. To write the projected problem of 8 = 0 in a proper form, note that

K

2 VY rec s a2
Z Z(f/ag gjafj)—(RQO+‘I) 5

where g+ = (-3, f) forq = (f, £). Hence we define
B=PB-y(Rqy+q*), forevery yeR. (2.16)

With this notation,

~ U - U aU
Prad =P 5 T

Obviously the new multiplier B depends on the parameters «, q and y. Thus we write
B=pBq,y).

Step 2.A: Solving B (o, q, ¥) = 0 by adjusting y and q
In this step, for each o € R, we are going to find parameters (y, q) such that

Ble.q,y) =0, and q L qo. (2.17)

It can be seen as the step of solving the projected problem in the secondary Lyapunov—
Schmidt reduction. To achieve it, we will use the condition (1.14). This step is done in Sect. 5
by using various integral estimates and contraction mapping theorem. A key element in this
step is the invertibility of an 2K x 2K matrix whose proof is given in Appendix A.

When Step 2.A is done, we denote the unique solution of (2.17) by (y (), q(«)). Then
the original problem (1.3) is reduced to the problem y («) = 0 of one dimension.

Step 2.B: Solving y («) = 0 by choosing «

At the last step, we want to prove that there exists an « such that y (o) = 0. As a result,
the function u = U + ¢ is a genuine solution of (1.3).

This step is the second step of solving the reduced problem in the secondary Lyapunov—
Schmidt reduction. To achieve this step, by Step 2.A, the function ¢ = ¢ (x; «, q(«)) found
in Step 1 solves the following problem:

[ [¢]+ E + N(¢) = y () 3<,

(2.18)
Jen ¢ Zg,dx =0, Vj=1,... K,

where all of the quantities depending implicitly on («, q) are taken values at («, q(«)). To
solve y () = 0, we first apply the so-called variational reduction (often used in the localized
energy method) to show that equation y (o) = 0 has a solution if the reduced energy function
F(a) = £(U + ¢) has a critical point. Secondly, by using (2.8), it is easy to check that F(«)
is 27 periodic in . Hence it has at least two critical points. More details of this step will be
given in Sect. 6.

Finally, this paper is organized as follows. Some preliminary facts and estimates are
explained in Sect. 3. In Sect. 4 we apply the standard Lyapunov—Schmidt reduction for Step
1. Sect. 5 contains a further reduction process for Step 2.A which reduces the original problem
to a one-dimensional one. In Sect. 6 we carry out Step 2.B and then complete the proof of
Theorem 2.1. At the last, we discuss some possible extensions in Sect. 7.
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3 Preliminaries

In this section we present some preliminary facts and some useful estimates.

First we recall some basic and useful properties of the standard spike solution w defined
by (2.2) and those of the interaction function W defined in (2.6).
Lemma3.l If1 < p <ooforN=2and1 < p < %for N > 3, then every positive

solution of the problem:
—Au+u—ul=0in RV,
3.1

u>0in RV, ue HY(RV),

has the form w(- — Q) for some Q € RN, where w(x) = w(|x|) € C®@RN) is the unique
positive radial solution which satisfies

. NoLo, w'(r)
lim r 2 e'w(r) =cpy,p, im =
r—>+00 T r>qo0 w(r)

-1 (3.2)

Here cy p is a positive constant depending only on N and p. Furthermore, the Morse index
of w is one and w is nondegenerate in the sense that

Ker(—=A +1— pw? )N L¥®RY) = Span {5, w, ..., 3, w}.

Proof This resultis well known. For the proof we refer the reader to [12,40] for the existence,
[26] for the symmetry, [29] for the uniqueness, Appendix C in [36] for the nondegeneracy,
and [8] for the Morse index.

Lemma 3.2 For s sufficiently large,
N1 -1
W(s)=cyps 2 e (1+0G), (3.3)
where cy p > 0 is a constant depending only on N and p.

Proof This lemma follows from Taylor’s theorem and the Lebesgue dominated convergence
theorem. We omit it here and refer to [27,34] for details.

Next we study the balancing condition (2.5). Assuming that
d =2Rsin% — 400, as K — +oo,

by the expansion (3.3), both positive numbers R and d are uniquely determined by K.
Moreover, we have the following expansions.

Lemma 3.3 For K sufficiently large,

d:man+(m— )1n(man)+0(1), (3.4)

m 1 N -3
R=—KWhK+—{m——)KIn(mInK) + O(K).
2 2 2

Proof From the balancing condition (2.5), the number d satisfies the equation

A" (d) = agm (2 sin %)m . (3.5)
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By using (3.3), for K sufficiently large, Eq. (3.5) becomes
enpd" 1T (14 0@ = agm@u)" K" (14 0(K72),
from which we obtain
A N
Letd =mIn K + d| withd; = o(In K), we have
e p(mIn KY" =5 e (1 4 o(1)) = agm2m)™ (1 + O(K™2) .
It follows that
el ~ (mIn K)m"'l_%.

Therefore,
N -3
dy = (m - T) In(mIn K) + O(1),
from which we get the expansions of d and R. O

In the next section, we will apply the Lyapunov—Schmidt reduction. After refinements by
many authors working on the subject or on closely related problems, this type of argument
is rather standard now. However technical difficulties arise when the number of spikes goes
to infinity or the number of spikes is infinity (cf. [34]). To deal with these difficulties, the
following lemmas are useful.

Lemma 3.4 There exists a constant Cy depending only on N such that for any K € N and

any @ = (Q1. ..., Q) € ®RM)K,
#{0;]p/2 <10 —x| < (€+Dp/2} < Cy(t+ DV, (3.6)

for all x € RN and all ¢ € N, where p = min;{|Q; — Qyl}. In particular, if Q =
(01, ..., 0k) € (R x {ODX, then for all x € RN and all € € N,

#{0;[4p/2 <1Qj —x| < €+ 1p/2} <6(£+1). 3.7)

Proof When p = 0, the result is trivial. It remains to consider the case p > 0. For £ = 0, it
suffices to take Cy > 1. For £ > 1,1et O, ’s (k = 1, ..., n) be the points satisfying

tp/2<1Qj, — x| < €+ Dp/2.
By the triangle inequality, we have
l=Dp/2<|y—x|<(+2)p/2, Vy € Bpp(Qj).
Hence forallk =1, ..., n,
B,/2(Q ) C Bet2)p/2(x) \ Be—1)p/2(x).
Since B,/2(Q ;) N Byy2(Q ) = ¥ for I # k, we conclude that

n

Z ‘Bp/Z(ij)| < ’B(Z+2)p/2(x) \ B(Zfl)p/Z(x)|~
k=1
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2N -V
(e+1)N-T

n<@+2)VN —@-1N <cye+

Therefore, taking Cy = supyey, , we have

which implies (3.6).
IfQ=(Q1,..., Q) € (R* x {0})X, the above argument implies that

)

Z |By2(Qj) NR? x {0} < | Be+2)p/2(x) \ Be—1)p/2(x) NR? x {0}
k=1

which implies that
n<@+2%—(—-1D2<6(+1).
Therefore, we get the estimate (3.7) if we restrict Q = (Q1, ..., Qg) on R2 x {opX. 0
Given Q = (01, ..., Qk) € ®R)X with p = min; 4{|Q; — O/} > 0, forany ¢ € N,
we divide RY into K + 1 parts:

Q; [xeR |1x — 0} IISI}ISHK|X Qil<tp/2i,Vj=1,...,K,

and Q§<+1 =RN\ Ule Qf Then the interior of Qf N Qf is an empty set for j # /.
Lemma 3.5 Suppose that I'(r) is a positive decreasing function defined on [0, 00) such that
for some b € Randn > 0,

r(r)~rle™ as r — +oo. (3.8)
Then there exist positive constants py and C (independent of K) such that

(i) forall K, ¢ € Ny, all (Q1, ..., Qx) € ®RMX with p > po, and all x € Q§0 (o =
1,..., K), we have

K
> Ix— 0, < ™ 'r(x = Q). (3.9)
j=1

In particular, if (Q1, ..., Qk) € (R2 x {0DX, then

K
D I(lx = Q) < Cer'(jx = Qjy .

j=1
(i) forall (Q1,..., Qk) € ®RNK with p > pyand all jo € {1, ..., K},
> r(Qj,—Qih =Crp). (3.10)
J#Jo

Remark 4 A similar result holds when I" (r) has polynomial decay. For example, if for some
integer n € Ny,

I'(r)~ P asr — +o00, where b < —n,

then there are positive constants pg and C (independent of K) such that for all K € N, all
(01, ..., 0k) € (R" x {O)X with p > po, and all jo € {1,..., K},

S r(0; - 0ih = Cr(p).

J#Jjo
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It seems that this kind of property will be useful and important in the construction of infinitely
many solutions of problem with critical growth.

Proof Given x € Qﬁo, by definition we have
e — Q< p/2 and |x— Q| <lx—Q;. Yj=1,....K.
Thus there is an integer 0 < £¢ < £ such that

Lop/2 < |x — Qjl < (lo+ Dp/2.

By the property of I"(r) and Lemma 3.4, for p sufficiently large, we have

K +00
D Tlx— Q) < Cnllo+ DV 'I(x = Qjh+Cy D s+ DN ' I(sp/2)
j=1 s={o+1

<Cy+ D' (x = Qjh + Cllo+ 2V (6o + 1) p/2)
<N (x = 0y,
where in the second inequality we use the following inequality:

“+00

Z (s + HV-L T(sp/2)
o +2N=1 T (Lo + Dp/2) ~

s={p+1

To prove it, for p sufficiently large, by (3.8), we have
b
I (sp/2) <cC ( s ) o n—to—1)p/2.

I ((Co+ 1)p/2) — lo+1
Hence
+ _ + N—1+b
f GHDM Fee/d ﬁ ( s )  atebon
smtot 1 (bo +2) I' ((bp+Dp/2) smtot ] Lo +1
+o00
<C Z e NG—lo—Dp/4
s=lo+1
+00
<C / e Pl gr < C.
0

In particular, if (Qq, ..., Qk) € (R2 x {OHX, then by (3.7), we can take N = 2 in the above
argument.
To deduce (3.10) from (3.9), denote

o~

Q=(01,--, Qjo-1, Qjot1,---» Q) € ®RNHKL,

and
ﬁ=rjr,l;iérll{|Qj—Qzl\j # jo. L # jo} = p.
Take j; € {1, ..., K} such that
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and choose ¢ € N satisfying

€ —1)5/2 < 1Qj,— Qj| < tA/2.
Then by (3.9), we have

260 — 0. \N-1
ZruQ,-o—Q,-Dsc(HM) rqgj,—0jh
%o P

<CIr'(Qj,— Q)+ Cr () <Cr(p),

where in the second inequality we use the following inequality:

1Qjo — 041N (10), — Q1) = CAY ' (B, for |Qj,— Q)1 =75 = po.

To prove it, we only need to apply (3.8). O
A simple corollary is the following result which is useful in our construction.

Corollary 3.6 There are positive constants py and C (independent of K) such that for all

K. €Ny all(Qi,..., Qk) € R*x{ODX with p = po, and allx € Qf (jo=1,...,K),
we have
K
Zij (x) < Clwg, (x), (3.11)
j=1
and
S M0l < ce, (3.12)
J#Jo

To analyze the interactions between spikes, we prove some estimates concerning convo-
lution of functions with suitable exponential decays.

Lemma 3.7 Given Iy, > two positive continuous radial functions on RN with the following
property:

Ii(r) ~ rPle=mr  and D(r) ~ e gs r s too,

where b1,by € R, ny > 0, no > 0. Let £ € RN tends to infinity. Then, the following
asymptotic estimates hold:

@) If m < na, then
/Fl(x — &) (x)dx ~ |§|ble—rlllé\_
RN

Clearly, if n1 > no, a similar expression holds, by replacing by and ny with by and 1.
(i) If n1 = ny, suppose that by > by for simplicity. Then

N+l .
|€:|b1+b2+76 mlsl if by > _N+1

2 £
/Fl(x—é)Fz(x)dxw (|g|b1 In |§|)efn1\él’ if bz:_NT-H’
RN |E|P1e—mIEl if by < _NTH'
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Proof This result follows from the Lebesgue dominated convergence theorem. The argument
is standard and is omitted here, we refer the interested reader to Lemma 3.7 in [2] for details.
O

By the property of w, as a corollary of Lemma 3.7, we have the following integral estimates.

Lemma 3.8 Suppose that |Q j — Q| is sufficiently large, then the following estimates hold:

(i) forevery p > 1,

[ wo,uwh, dx = 6o+ o)1, - i
RN
where yy = fRN wP(x)e ™V dx > 0 is a constant;
(i)
[ wowodx = 0% g, - 0,7V,
RN

(iii) let Qi = {x € RN ||x — Qk| = minj<j<k |x — Q;l}, then

_ptlig. _N-3
/w'éijkdx=O(e 710/ Q"'IQj—QkI 2 ),
Qe

and

. ' 3 j N-3
/wé/_wlékldx =0 (e—mm{2, ’T”QJ_QH'Qj 3 Qk|—N2 )
Qe

Proof Since the argument of proof is somewhat standard, we give only the main ideas of the
proof.

(1) It follows from Lemma 3.1 and Lebegue’s dominated convergence theorem (see e.g.
the arguments used in the proof of Lemma 2.5, in [30]).
(ii)) By Lemma 3.1 and a simple computation, we get the estimate from Lemma 3.7.
(iii) By the definition, for all x € €, we; (x) < wg, (x) forevery 1 < j < K. Hence by
Lemmas 3.1 and 3.7, we have
p+l pt+l

rr2 pr7 _ptl 0O, _N-3
/w’é.ink dx g/wQ_Z/, wyl dx < Ce” 7 1C7CH1Q; — 0477,
Qe Qe

and

: +1 . p+l
2 p—1 mln{l,pT} min{2, 5=}
<
/ijka dx < C/ij W, dx
Qp Q
p+l

< Cem M2 B0 g g7

[m}

Using above integral estimates, we can get the expansion of the energy of approximate
solution.
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Lemma 3.9 For K sufficiently large, for any o € R and q satisfying (2.9) we have

K
1
EW) = Kl + (ao +0(1) D 1Q;17" = 5 >~ (o + o) w(lQ: = Q)

j=1 i#]

+ O(KR—Zm) +0 (Ke—min{z,%}dd_NTﬁ) ,

where yy = fRN wP (x)e ™ dx is a positive constant given in Lemma 3.8,

1 1
Ip={-—- —— /w”“dx, andaozg/wzdx.
2 p+1 2

RN RN
Proof The proof is delayed to Appendix B. O

4 The Lyapunov-—Schmidt reduction

The aim of this section is to achieve Step 1 in the procedure of our construction described in
Sect. 2.

Before stating the main result, we first introduce some notation. Let n € (0, 1) be a
constant chosen later, we define the weighted norm:

% -1

Il = sup [[ D e ™) hex)|, .1
xeRN jil
where Q; is defined in (2.7). In what follows, we assume that (Q1, ..., Ok) € Ak, i.e., the
parameter q satisfies (2.9).
We first claim that
IAllgoo@yy < Cllall and Al a@yy < CK Al for 1 <g < oco. 4.2)

Indeed, the second inequality in (4.2) follows directly from

K
)| < s D e =91 vx e RV,
j=1
To prove the first inequality in (4.2), it suffices to show that Zf: 1 e~ =2l < C. Indeed,

for any x € R", we can choose ¢ € N and jo € {1,..., K} such that x Q‘;O \ Qf;l
Hence by Lemma 3.5,

K
0< ze*"‘X*Qf‘ < ceNlemn=be/2 < (4.3)
j=1

Denote

Buw = {h € L*@®Y) |l < o0}

Then B is a Banach space with the norm ||/ . To show the completeness, suppose that
{h,} is a Cauchy sequence in Byy. By (4.2), {h,} is also a Cauchy sequence in Lo (RM),
Hence h,, converges to a function /i in L®(RNM). By the definition of Cauchy sequence, for
any ¢ > 0, there is ng € N such that
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K
() = b [ D e 7)< by — hillw < &, Vx € RN, i n,k > np.
j=1
Letting k — 400, we get
-1

K
i (x) = hoo(x)| | D721 <& Vx eRY, ifn > no,

which implies that ||h;, — hoo|lsx — 0 asn — +o0.
Now we can state our main result in this section.

Proposition 4.1 Suppose that V (x) satisfies (1.11) for constants Voo > 0, a € R, m > 1
and o > 0. If N > 3, we further assume (1.15). Then there is a positive integer Ko such
that: for all K > Ky, every o € R, and q satlsﬁes (2.9), there exists a unique function
¢ € W»2(RN) N By and a unique multiplier ,3 € R2X such that

Lgl+ E+N@) =B 45,

. 4.4)
fRN(t)Zdex:O,V]:l,...,K,

where

B = {6 € LX®™) [ |91l = Cok ™15 (1n k)72

d¢

Here Cy is a positive constant independent of K. Moreover, (a, q) — ¢ (x; «, q) is of class

Cl, and
+
. ‘ aq

The proof of Proposition 4.1 is somewhat standard and can be divided into two steps:

¢
o

Rl l)min{p—l,l}

< ¢ (K=l 5 i )2

k%
(1) studying the invertibility of the linear operator;
(i1) applying fixed point theorems.
4.1 Linear analysis
Let M denotes an 2K x 2K matrix defined by

oU U
Mjk=/7—d Vjk=1,...,2K. 4.5)
8‘1/ 0qx

Lemma 4.2 Assume that m > 1. Then for K su]j‘iczenlly large, given any vector b e R2K,
there exists a unique vector ,8 € R2K such that M ,3 =b. Moreover,

1Bllse < Clibllso. (4.6)

for some constant C independent of K.

Proof To prove the existence, it is sufficient to prove the a priori estimate (4.6). Suppose that
|81 = l|Bllo, by the definition, we have

K -~
ZMjkﬂk =b;. 4.7)
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For the entries M i, by Lemmas 3.3 and 3.8, we get

N-3

IMj| < Ce™¥d™"7 < CK™™(mInK)™, Yk # j, (4.8)
and

M.,-.,-:/(Bxlw)z dx=cy>0,Vj=1.2K, (4.9)

RN
Hence by (4.7)-(4.9), for K sufficiently large, we have
o~ o~ o~ CO o~ -
collBlloc = colBj1 = 27 IMillBil + 1bj1 < - 1Blloo + Ibloc,
k#j

from which the desired result follows. O
We can now formulate our main result in this subsection.

Lemma 4.3 Under the assumption of Proposition 4.1, there is a positive integer Ko such
that: for all K > K, every a € R, and q satisfies (2.9), and for all h € B, there exists a
unique function ¢ € W>2(RN) N By and a unique multiplier B € R*X such that

Li¢gl=h+pB 2,
9] P (4.10)
fRN¢Zdex:O,Vj: 1,..., K.
Moreover, we have R
l&llsx + 1Blloo < Cllhllsx, 4.11)

for some positive constant C independent of K.
Proof To solve (4.10), we first consider weak solutions. Define
H={ueH' ®)| (u (-A+1D7'20)=0,¥j=1,.. K]
Then H is a Hilbert space with the standard inner product:
(u,v) = /(Vqu + uv)dx.
RN

Since the vector function Z¢; decays exponentially at infinity, by integration by parts, it is
not hard to show that for ¢ € H'(RY), ¢ € H is equivalent to

/gbZdex:O,Vj:l,...,K.
RN

As usual, ¢ € H is a weak solution of (4.10) if and only if it satisfies the following
equation:

/ {VoVe + V(x)pp — pU"_lqbgo} dx = /h(pdx, Yo e H.
RN RN

By the Riesz representation theorem, the last equation can be written as

¢+ Klpl =h,
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where 71 is defined by duality and K is a linear compact operator due to the exponential decay
of U and |V (x) — 1| < Clx|™™ for |x| large. Using the Fredholm alternative, showing that
Eq. (4.10) has a unique weak solution is equivalent to showing that it has a unique solution
for i = 0. Moreover, by (4.2), h € L4(RY) for all 1 < g < oo. By the standard elliptic
regularity results, ¢ € W>9(RY). Hence ¢ is a strong solution and ¢ € L>®(R") by the
Sobolev imbedding theorem. Therefore, to prove Lemma 4.3, it is sufficient to prove the a
priori estimate (4.11).
To prove (4.11), we first multiply Eq. (4.10) by % and integrate over R" to obtain

U
MB = / —dx—/h—dx, (4.12)
aq

RN

where M is an 2K x 2K matrix defined in (4.5).
By the integration by parts,

/L[¢]2Qk dx:/q&L[ZQk]dx.
RN RN
Observe that
LZg,) = (V(x) = 1) Vug, — p (U7 = wh ) Vug,.

We claim that

/L[¢]2Qk dx| < Cde~ ™2 gy o (4.13)
]RN

Indeed, on one hand, by the assumption (1.11) and ¢ € H, we have

/ (V(x) = 1) Vwg, ¢pdx| < CR™ ' InK + R77)|1¢]| -
RN
On the other hand, by mean value theorem and (3.11), for |[x — Qx| < 2m In K, we have
—1 p—1 p—2
UP™" —wp, | = Cup, Zij'
J#k
Thus by Lemma 3.8,

/—p (v = wh ") Vug, dx| < Cde™ Mg .
RN

Combining the above estimates we get (4.13).
Since w decays exponentially at infinity, we have

/thk dx| < Cllhls. (4.14)
RN
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Combining the above estimates (4.13) and (4.14), by Lemma 4.2, we get

1Bllso = € (de™ ™5 g g + 1] ) (*.15)

Now we prove the a priori estimate (4.11). First we show that ||¢ |« < oo. To prove it,
by the maximum principle, we prove that there exist constants T and C (both independent of
K) such that for all x € RN \uj’?=1 B(Qj, 1),

K

1P ()] < C(IIL[¢>]|I** + Sup ||¢||Lw(B<Qj,r)))Ze_”'X_Q-f'. (4.16)
=J=

j=1

To prove the above pointwise estimate, we first show the independence of 7 on K, for
x €RN \ Ule B(Qj, t), by Lemma 3.4, we have

U s D> wa-0)+ Y > wlx — Q)

10 —xI<p/2 =1 £p/2<|Qj—x|<(t+1)p/2
o0

<w()+ CZszle*‘P/z < Cw(1).
=1

Thus we can take t sufficiently large but independent of K such that
pUP™ (x) < (Vo —nP)/4, Vx e RV \ UK, B(Q;. 7). (4.17)
Now we claim that for 7 sufficiently large (independent of K), in RN \ Ule B(Qj, 1),
LIW_]>coW_, and L[W,] > coW
where Wi (x) = Zle et =9jl and ¢y > 0 is a constant independent of K. Indeed, for
x e RN\ UK B(Q;, 1),

K

L[Wsl=) [V(x) —i’F

2
n— PUp_ll e =)l > Yo—m 5 T wy,
=

N -1
lx — Q)l
by the assumption (V' 1) and inequality (4.17).

The remaining part in the proof of (4.16) is to apply the maximum principle for the linear
operator L in RN\ Ule B(Qj, 7) to obtain

K K
|¢(X)|SC(||L[¢]II**+ sup ||¢||Loc<B<Q_,,r>>)Ze—”X—Qf+5Zew—Qf
K

I<j=< j=1 j=1

for any § > 0, where C is a constant independent of K and §. Letting § — 0, we get the
desired estimate (4.16). Hence

lllssx < C(IIL[¢]|I** + sup ||¢||L°°(B(Qj,t))) < 00. (4.18)
K

l=j=<

Now we can prove the a priori estimate (4.11). Arguing by contradiction, assume that
there is a sequence of (¢X), hK)) satisfying (4.10) such that

1% e = 1, and |1 [l = 0(1), as K — oo.
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(For simplicity, in the following we will drop “(K)” in the superscript.) As a consequence
of (4.15),

K
<cC (de—mm{l,lj}d”(p”w + ||/’L||**) Ze—ﬂlx—Qﬂ.

~ U
B )
‘ aq j=1

Since [|@lloc < Cli@llwx and [[A]lsx = o(1), we get || L[@]]lx+ = o(1). Hence (4.18) implies

that there exists a subsequence of Q; such that

lglleso; ) =C >0 (4.19)

for some fixed constant C (independent of K). Since ||¢|lcc < 1, by elliptic regularity

estimates, we get ||| c1ryy < C. Applying Ascoli-Arzela’s theorem, one can find a subse-
quence of Q; such that ¢ (x + Q) converge (on compact sets) to ¢ It is not hard to show
that ¢, is a bounded (weak and then strong) solution (actually bound by e ¥y of

~Aoo + Poo — pw’ oo = 0.

Furthermore, since ¢ satisfies the orthogonality condition fRN ¢ Zp i dx = 0, the limit
function ¢ satisfies [y ¢oo Vw = 0. By the non-degeneracy of w, one has ¢, = 0, which
is in contradiction with (4.19). This completes the proof of Lemma 4.3. O

Remark 5 If V(x) is a bounded measurable function such that there is no nontrivial solution
of
— AP+ V)P =0, |¢p(x)] < Ce ™ in RV, (4.20)

the above argument still work by adding O to the points Q;’s.

Remark 6 Since the Morse index of w is finite, using a similar argument in the proof of
Lemma 4.3 (cf. [4]), one can show that

ol i@y < CllRlL2®Ny 4.21)

for some positive constant C independent of K. Indeed, since 7 is independent of K, one can
first prove that

Cltleny = [ {1908 +V(0ig? = pur~19%) di.
RN

4.2 Nonlinear analysis

Summarizing, forany & € B, by Lemma4.3, there is aunique function ¢ € HN w22 ®RMN
B satisfying (4.10). Hence we can define a linear operator from By to HNW22(RN) N By
and denote it by L™!. Then Eq. (4.4) is equivalent to

¢=—L""[E+N(@].

Before we give the complete proof of Proposition 4.1, we first show the estimate of the
error.

Lemma 4.4 Given (Q1, ..., Qk) € Ak, then for any fixed 0 < n < 1 and K sufficiently
large, there is a constant C (independent of K) such that

IE |l < CK=mnLE0m 0 k)= (4.22)
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Proof By the definition, we have

p

K K K
E=3 V)~ Do, —1 (X we, | -2 wp,
j=1 j=1

Jj=1

E; Ey
Claim 1: There exists a constant C (independent of K) such that
lEillss <CR™" <CK ™(nK)™". (4.23)
Claim 2: There exists a constant C (independent of K) such that
| Eall < Cd™ "7 ¢ minll 5344 < o= mintl Bt g fe)y=mintS5tmt1) (4,04
If both Claim 1 and Claim 2 are true, the desired estimate (4.22) follows.
Proof of Claim 1: Note that for |[x| < R/3, by the triangle inequality, we have
Ix —Qjl =10 —Ix| = R/2.

Hence for all |x| < R/3,by V € L®(R") and Lemma 3.1, we get

K K K
[E1()] = C Y wix — Q) < Cem ITMRD " omih=Cil < cg =3 %" om0l
j=1 j=1 j=1

For |x| > R/3, by the assumption (1.11), we have |V (x) — 1| < CR™™. Hence for all
x| > R/3,

K K
|E1(x)| < CR™™ Zw(x — Q]) <CR™ Ze—r]|x—Qj|.
j=1 j=1

Combining these estimates, Claim 1 follows.

Proof of Claim 2: For x € Qﬁ e where ¢ € N is chosen later, we have

K K
[Ex(0)l < KP7 D wh (0 + D wpy (x)
j=l1 j=1

K K
< ckr! Z e PR=Qjl < cgP=lo=(p=milp/2 Ze—n\x—Qﬂ_
j=1 j=1
Since p > 7 In K, by choosing £ > % (independent of K'), we have

KPle=(p=mto/2 o gp—lg—(p—mtm/4 o cg—m=3

l
Thus for all x € QKH,

K
|E2(0)| < CK™" 73 ) el
j=1
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Bythedeﬁnitionofﬂﬁ.,j =1,...,K,|[x=0j| < |[x—Qg|forallx € Qﬁ. andl <k <K.
Thus |x — Qx| > £ for k # j. Hence by mean value theorem and (3.11), for all x € QK,., we
have ‘

[E2(x)]

IA

X P K p=l
(kaQk) —wg/_ —I—Zwléi Sp(kZ:ka) szk‘f‘ngk
=1 =1

i#] k#j k#j
N-1)(p-1),, pr—1
CE( )(p )ij Zka.
k#j

IA

Since ¢ is independent of K, for all x € Q‘i, by Theorem 3.1 and (3.12) we have

|E>(x)| < Ce=(P=DIx=0jl Zp—%e—w—Qk\
k]
< Cp~ T2l Ze—min{l,%ng,—Qk\
k]
< Cd~ T e~ minll, Byt y—nlx—0;1

Combining these estimates, Claim 2 follows. O
Now we are in the position to give the proof of Proposition 4.1.
Proof of Proposition 4.1 Let C be a positive number to be determined later, we define

Bg = {¢ S LOO(RN) . ||¢||** < COK—min{l,%}m(ln K)_%} '

Then Bk is a non-empty closed set in B,. Now we defineamap A : Bx +— HN WZZ@®RM)N
B by

A(p) = —L7'[E + N(¢)].

Now solving Eq. (4.4) is equivalent to finding a fixed point for the map .A.
Since ¢ is uniformly bounded for ¢ € Bk, by the mean value theorem, there is a positive
constant C such that for all ¢ € By,

IN(@)] < Clg|™™r2),
and for all ¢1, ¢ € Bk,
IN(¢1) — N(¢2)| < C(|gpg [™P=11 |y mintp =11y 1 — g5
Thus by (4.3), one has
IN @)l < Clip ™7,
and we have that
IN@D = N@2)llsx < CUt I 4 1o 5P 101 — ol

Hence by Lemmas 4.3 and 4.4, for K sufficiently large and C large we have

; - 1
IA@) [l < CUEllex + IN(@)[l4x) < Cok ™51 1y k)=3,
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and
1
[A@1) — A@2) |l < CIIN (1) — N(@2) s < 5|I¢1 = @21l

which shows that A is a contraction mapping on 5. Hence there is a unique ¢ € Bk such
that (4.4) holds.

Now we come to the differentiability of ¢ (x; «, q) as function of («, q). Consider the
following map 7 : R x R*X x B x R?X — B x R*K of class C!:

(—A+D)7'SW+¢)—B-(—A+ DS

T(.q.9.B) = Je ¢ 20, dx

fRN ¢ ZQK d.x

where B = W22(RY) N B,. Equation (4.4) is equivalent to 7 («, q, ¢, E) = 0. By the above
argument, we know that, given o € R and q satisfying (2.9), there is a unique local solution

(¢(a, q), B(c, q)). For simplicity, in the following, we write (¢, B) = (¢(a, ), B(e, q)).
We claim that the linear operator

787(0[’(1’?"8) ‘BxR¥ - B xR
(¢, ) (@.9.6.5)

is invertible for K large. Then the C'-regularity of (o, q) — (¢, E ) follows from the Implicit
Function Theorem. Indeed we have
A+ D7ISU+ Pl —¢ - (—A+ D71
07 (. q.4. ) o, £] = Jan 9 Zg, dx
3@, B lwasp :

f]RN @ Zoy dx

Since ||@|lsx < COK_““"“’%}’" (In K)_%, by Lemma 4.2, the argument in the proof of

3T (a,q,4.B) L. . . . )
T96D N wasd is invertible for K sufficiently large. This con
cludes the proof of Proposition 4.1.

Next we study the dependence of ¢ on («, q). Assume that we have two solutions corre-
sponding to two sets of parameters. One of them denoted by

Llgpl+E +N(p) = B - VqU,

corresponds to the parameters « and q; the other denoted by

Lemma 4.3 shows that

o o o o o N o
Llg]l+ E+ N(p) =B - VqU,
corresponds to the parameters ¢ and §. Observe that ¢ is L?-orthogonal to VqU while ¢ is
L?-orthogonal to ﬁqU . To compare qb with ¢, we first choose a vector @ so that
b =0+ VqU

satisfies the same orthogonality condition as ¢. Moreover, by the equation of ¢, the function
¢, satisfies the equation

Ligol + (L — L)[$] — & LIVqU1 + E + N(@) + B - (VqU — VqU) = B - VqU.
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Taking the difference with the equation satisfied by ¢, we get
Ligo — ¢ = (L = D)[$] + & - LIVqU] + (E — E) + (N($) — N(#))
— B (VqU = VU) + (B — B) - VU
Note that by (2.7), for j =1, ..., K, we have
10 = Q)] = C(RI& — | + I|§ — qlloo)-
Assume that (R|& — a| + || — qlleo) < 1/2, then we have

(L = L)[@1llee < CK™™00 57 (10 K) 73 (RIG — o] + 1§ — qlloo).
16 - LIVqUT ]l < CK~ ™57 (10 K) 213 o,
IE — E|l < CK™™0L577 00 K) 3 (RIG — ] + 1§ — qlloo),

ING@) = N @llew < CASIL" + 1912D1Y = Gl + Cllg I
(Rl — | + 1§ — qll0)
< Ck=m0 M= 1y K)=E g — Gl

min{p—1,1}
e (K—mm{l Em (1 K)——) (Rl — ol + 14 — qllc0)s

ES o BN °
1B (VqU — VqU)llss < Cllﬂlloo(RIOt —Otl + 114 — dlleo)
< Ck~minl m(In K)~ 2(R|a—a|+ 14 — qlloo)-
Hence by Lemma 4.3,

o —~ . - min{p—1,1}
1 = Bl + 1 = Bllos = € (K058 1n )5

(RI& = allos + 14 = qlloo)
+ R (1K) 316 o
+ CKmnEI D (1 ) 1§ —
On the other hand, by the definition of ([3@, we have
ol < C||<73||**(RII& —alloc + 11§ — glloo)
< CK™™0 N (10 K) 72 (R)6 - allos + 116 — qlloo)-

Hence

° S o~ R p—n _1 min{p—l,l} N .
16— @llunt 13— Bllos < € (K~ mnt15%) ) (Rll&—aloo 11§ = ll).

Therefore, we conclude that

K—mm{ TIM(nK)T2

R- p—n l)min{p—l,l} .

s

*k

[m}
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5 A further reduction process

The main purpose of this section is to achieve Step 2.A. As explained in Sect. 2, we define

E:B\—y(RqO—f—ql), for every y € R. 5.1
Then Eq. (4.4) becomes
- U oU
L]+ E+ N(p) =8 9 +y v (5.2)

Note that ¢ does not depend on y, but E depends on the parameters «, q and y and we write
B =Fqy. i

In this section we are going to solve B(«, q, y) = 0 for each & € R by adjusting y and q.
To this end, we multiply (5.2) by %—U and integrate over R" to conclude that

oU oU
/(E+L[¢]+N(¢))—dx — MB+y / S g
By Lemma 4.2, solving ,5 (o, q, ) = 0 amounts to solve
oU oU
/(E+L ]+N(¢))—d x=y —dx. (5.3)
da aq

RN
For this purpose, in the next subsection, we will evaluate the projection of the error and the
projections of the terms involving ¢.

5.1 Projections

We first compute f]RN E % dx. Recall that

oUu - - - 5.7
E =—(ZQ1 ~n1,...,ZQK ~nK,ZQ] -l‘l,...,ZQK 'Z‘K) .
Lemma 5.1 Under the assumption of Proposition 4.1, for sufficiently large K, the following
expansion holds:
(Qj Qk)

/EZdex:aolekl mo1 D +ZW(|Q, N
10, — Ol

]RN
+ R "M (a, q) + R_m_317k,2(0l7 q) + R" I 3(a, @)

-n
M T a(a, q)

+R™ min{2—n, p+2]

where 1 is a small positive constant chosen later, ay = % fRN w?(x) dx, and Iy (o, q)’s are
smooth vector valued functions, which are uniformly bounded as K — 0.

Proof By the definition,

K K
/EZQk dxzz /RN(V(X) — l)ijVka dx—/RN Zij —Z w‘;/_ Vwo, dx .

RN j=1 j=1 j=1

I 16}
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Claim 1: There are smooth vector valued functions [Ty 1, [Ty > and IT; 3 of o and q such that

—m—1 Ok —m— e _
I = agm| Qx| ™" ' =5 4+ RO M1 (@, @) + R M a(a, q) + R My 3(a, q).

Claim 2: There exists a smooth vector valued function ITj 4 of o and q such that

(Q; — Q) N Rfmin{an,pBl*"

M M4 (a, q),
|0 — Okl '

L=—=> W(Q,;— O
J#k
where 7 is a small positive constant chosen later.
Combining Claim 1 and Claim 2, we get the desired result. The remainder of this proof
will be devoted to the proofs of Claim 1 and Claim 2.

Proof of Claim 1: We divide I; into two parts:

I = /RN(V(x) — Dwg, Vwy, dx—i—%/RN(V(x) —Dwo,Vwg, dx.
J

I
Iz

Write I11 = I111 + 1112, where

I = / (V(x) = Dwg, Vwg, dx, and I;p = / (V(x) — Dwo, Vwg, dx.

R R
lx|=3 lx|>3

On one hand, since V € L®(R") and (2.10), by the triangle inequality and the property of
w, we get |I111] < CeR®/2 < CR™73. On the other hand, by (1.11) and Taylor’s theorem,

Iy = 4 o, Vwo, dx + O(R™™7)
12 = e 0V 0

a —
= / mw(y)Vw(y)dy—i—O(R ")
ly+0xl>%

—m—1 Ok a
=m|Qk|™"T ——

“ 2 —m—o —m—3
|Qk|2/w (x)dx + O(R )+ O(R ),

RN

where in the last equality we use the following identities:

/w(y)Vw(y) dy =0, /y,-ykw(y)Vw(y) dy=0,Vjk=1,...,N,
RN RN

and

Tz 1 2902 V2 N
(y e)w(y)Vw(y)dyz—E w’dye, Ve e RV,
]RN ]RN
Therefore, we get

m—1 Qk

O(R™™ %)+ O(R™"3).
|Qk|++ ( )+ O( )

Iy = aom|Qk|™
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If (1.11) holds in the C! sense, i.e.,

ma X
|x|m+1 |x| |x|m+l+a

by a similar argument, we get

VV(x)=— ), as |x| — +o0,

Ill :a0m|Qk|_m_l%++O(R—m—l—o)+O(R_m_3).

For the term 715, we claim that there exists a constant C (independent of K) such that

N-3
|I12] < CR™™e™%d~"2 < CR™".

Indeed, by Lemmas 3.3, 3.5 and 3.8, we have

> [ = 1wg,Vuo, dx
j?&kRN

IA

> / (V(x) = Dwg, Vwg, dx| + | D /(V(x)—l)ijVkadx
j#k J#k

R R
lx|<3 [x|=3

CKe R 1> R0 |g; — 0%
j#k

N-3

<CR™™e™9d="7 < CR™™.

IA

Combining the above estimates, we complete the proof of Claim 1.

Proof of Claim 2: We first divide I, into two parts:

— p—1
L= /RN pwy, Zij Vwg, dx

Jj#k
Iy
K P
+/]RN Zij —wgk —Pw’ézlzng —ngl_ Vwg, dx .
J=! J#k Jj#k

I

By the definition (2.6) of the interaction function W,

(Qj — Qn)
Iy =-> ¥(Q, - anﬁ.
J#k jTRk
For the term I, we divide the domain of integration into K + 1 parts: Q¢, ..., Q‘}( 1

On Q% 41- by taking £ large but independent of K, we have

p

K
_ P pl _ p p,—ptp/2 —m=3
2 wo; | —wh —pwh, D wo; = D wp | < CKPeT M2 < CKT
j=1 j#k j#k
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On Qf,l: 1,..., K, by the definition, we have
lx — O/l <|x = Qjl, Vx e Qf, and Vi<j<K. (5.4)

Since ¢ is independent of K, for x € Qi, by mean value theorem and (3.11),

p

K

p p—1 P
Dowo, | —wp, —pwh, D iwo, — D wh t Vwg,
j=1 J#k J#k

2
p—1 P
=C Woy Zij +kaZij
J#k J#k

Note that for x € Qﬁ, |x — Q| = p/2 for all j # k. Hence by Lemma 3.1, (5.4) and
Lemma 3.5, and by choosing 0 < n < 1 sufficiently small, we have

2
p—1 4
wh, | 2 wo, +kang,
J#k J#k
2

; N-1 ) )
< Cp—mm€2.17]T e~ (P=1=m)lx—0kl Ze—\x—Q_,\ +e—(l—n)lx—Qk\ Ze—plx—Q_,\ ank
J#k J#k

< Ce™ min{z,W)dd—mm{z,p}NTf‘wg )
- k

Similarly, for all x € Qf (I # k), by mean value theorem, (3.11), Lemma 3.1, (5.4) and

Lemma 3.5, we have

p

K

P p—1 P
Zij —Wo, T~ PWy, Z wo; — z Wo, Vwo,
j=1 J#k J#k

-1
J#l
and
r—1 r
WoWo, szj+kale
J#l

< Cp~min2.pI T ) =@ Okl = (P DI¥=Qil = (=M= 0kl ,—Ix— QI

4o U=mlx=0Qkl ,—(p=Dlx—0y] Z e ¥=Cil L ,=nlx—0Okl
J#k.l

. N-1 _ _optl=n _ _
SCd—mm{Zp}T e~ Min{2—n, ==, p—n}d ,—nlx— 0Okl
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Since p > 1, we can choose n > 0 such that p — n > %1_”. Hence, there is a constant
(independent of K) such that for all x € RV,
% p
14 p—1 r
Zij — Wy, — PWy, ZwQ.f _Zij Vwo,
Jj=1 J#k J#k

: N—1 : p+l-n
< g~ minf2.p) 5! min(2n, EEd Qi

Therefore,

ptl-n

NT_le—min{Z—n. > < ¢ g min{2—1

\I| < Cd~mint2.p) L m

Combining the above estimates, we complete the proof of Claim 2. O
Now let us analyze [y E %—z dx. Before doing this, we define

¥'(d)

d=—
(d)

d=d+ 0(1),

andfor j =1, ..., K, we denote

fi=titfiov=Um = fi-05 8 =8j+8j-1=@j+1 = 8j-1)7

Lemma 5.2 Under the assumption of Proposition 4.1, for sufficiently large K, the following
expansion holds:

aU
- / Egg = agmR™"*Tq+ R °ITi(a, q) + R™" (e, q) + R™*" [T3(cr, q)
RN
pt+l-n

+ R™METTM T (, @) + R (In K)? s (e, g, . ),

where Iy («, q), ..., (o, q), I15(a, q, q, §) are uniformly bounded smooth vector valued
functions with I1s(«,0,0,0) =0, and T is an 2K x 2K matrix defined by

citAr+cal ¢ A
T — , (5.5)
—c2 Ay 3 Aj
Here I is the K x K identity matrix, both A1 and A are K x K circulant matrices given by
-2 1 o --- 0 1 0 1 o -~ 0 -1
1 -2 1 0 —1 1 0 0
1 =2 1 0 0o -1 0 1 0
Al = , Ay = . ’
0 1 -2 1 0 o -1 0 1
1 0 1 -2 1 0 0o -1 0

and c1, ¢2, ¢3, ¢4 are constants given by
2

T 472’

~ K?

—~ K —~
c1 czz(d—l)g, 63:—d4ﬂ—2, ca=d—m—1. (5.6)
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Proof First a simple computation shows that

1 (@ + q0)
|00 + g
= R Vg + R {gudi — (m + 1) fidig} + O(RT"72).

=107 + al

To estimate />, by direct computation, we have
Qjr1—0;
[Qj+1 — Ol

T ; - JR ; . 2] -
= {—sin 2+ —gDRT =R T = (= e + )R i

+leos Z 4 (s — gpRVE = 20 — g PR + 0k P an k)
K J J K 2 J J J ’

[Qj—1— 0Ol
—{—sinl—k(—f AR 5. R—ll_ _f. . 4. VR 25
= X i1+ &j) 8j-1 K (=fi-1+g)(fj +gj-1) }"J

_ LA T 227 -3 -1
cos - + (—fj-1+ )R S i1+ ) R T + 0K P (n k)™,

K
and
V(Qj+1—0QjD
_.m , L2 . 2 : S T
=Wd+Qfj+8) )+ V) 12857 +2fj 77 + i —8)"RT
+W(d)O(K?),
V(Qj-1—0jD
Lol . 7? . 2T
=V(d+Qf;+8)) K)-i-‘lf(d)[—Zgjﬁ—ij—1F+(—fj—1+gj) R E]
+W(d)O(K3).
Therefore,

(Qj — Qk)

\\7j R
> g, Qk|)|Qj_Qk|

jetk—1, k+1}
:—ZSln—\I/(d)nJ—l—Z\Il (d) { Qf;+gpij+ (fj +2§)i;}

+ W(d)R™! E {@f; —gpi; + (f; — 28t} + W@ OK ).
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Combining the above estimates and Lemma 5.1, we get
o " 1._ ~ 1_ -
/ EZg,dx = amR™"? [—(m +DJfi+ (e = 580 +d(fi + Egk)] ik
RN
—m—=2 1 - ~1 . -
+aomR gk+(§fk _8k)_d(§fk+8k) Ik
+ R (e @) + R Mo, @) + RT3 (@, @)

pt+l—ng

+ R M= T T (e, q) + RT3 (n K) My s (@, q, 4, @),

where Iy (e, q)’s and [Ty 5(c, q, q. q) are smooth vector valued functions, which are uni-
formly bounded as K — oo. Moreover, [T 5(c, 0,0,0) = 0. The desired result follows.
[m}

Next we compute [ (L[] + N(qﬁ))% dx.

Lemma 5.3 Under the assumption of Proposition 4.1, for sufficiently large K, the following
expansions hold true:

n

oUu . i

/ LIgls - dx = K~ M504 0 K)2 Mg @ ),

RN 1
and

U —min{2, p—n}m —1
N(¢)8fdx:1< P (In K) T T (a, q),
RN 1

where Ig(a, q), IT7(a, q) are uniformly bounded smooth vector valued functions.

Proof By integration by parts, (4.13) and Proposition 4.1, we have

/ L[] Zg, dx| = / ¢ LIZg,1dx| < Cde™ ™M B) g,
RN RN
< CK—min{2,§+l—%,p—%}m(ln K)Z.

For the second estimate, since ||@ || s < € K~ min{1, 55" m (In K)’%, one has
CUP~2|p|?, for|¢| < U/2,

IN(@®)| <
Clol?, for |¢| = U/2.

We claim that

/ N@)Zg, dx| < Cllg|2, < CK~™n2 p=nm (1 gy~
RN

Indeed, when p > 2, this follows from |N(¢)| < C|¢|?. Now we consider the case p < 2.
In this case, it is not hard to get |N (¢)| < CUP~2|¢|>. Since U > wo,, we have

_ —1 .
IN@)Z0,| < CUPPwol¢* < Cw]y 19, if p <2,

from which we get the desired result. O
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5.2 The invertibility of T

In this subsection, we study the linear problem T'q = b and get the following result, whose
proof is delayed to Appendix A.

Lemma 5.4 There is an Ko € N such that for all K > Ko and every b € R2K | there exists
a unique vector q € R*X and a unique constant y € R such that

Tq=b+yq, qL qy whereq =M(Rqy+q"). (5.7)
Moreover, there is a positive constant C which is independent of K such that
Il < Cn K)?|Iblloo- (5.8)

Denote the inverse of T in the sense of Lemma 5.4 by T~!. Since q; depends on the
parameter , the matrix 7! depends on q and thus we write 7~ = Tq‘l.

5.3 Reduction to one dimension
Now we can state the main result in this section.

Proposition 5.5 Under the assumption of Theorem 1.1, there is an integer Ko > 0 such that:
Sfor al_{ integer K > Ko and for each o € R, there exists a unique (q, y) = (q(®), y (@) such
that B(a, q, y) = 0. As a result, ¢ (x; o, g(a)) and y () satisfy the equation:

_ ., U
[L[¢]+E+N(¢) =y, (5.9)

fRNq&ZQidx =0,vj=1,...,K.
Moreover, the function ¢ (x; o, q()) is of class C Uin a, and we have
1§ ]lx < Cok ™52 (I k)2, lgll + RV |duglls < CK(InK)2,  (5.10)

where C is a positive constant (independent of K ), and

. . p—1—n
O<p,<m1n[a—2,mm[l—n,f]m—&l]. (5.11)

To prove Proposition 5.5, it suffices to solve B («, q, y) = 0 for each «. By the results in
the preceding subsections, we can rewrite this equation in a more explicit form.

Lemma 5.6 For every a € R, the equation B(a, q, y) = 0 is equivalent to
—agmR™" 2 Tq + @ (o, q) = v q;, (5.12)

where T is the 2K x 2K matrix defined in (5.5), ® denotes the remaining term, and

/aU U 4x = M(Rgo +q)

= —_—ax = .

91 da 0q 90 ¢
RN

By Lemmas 5.2, 5.6 and 5.6, we have the following expansion of ®(«, q).
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Lemma 5.7 Under the assumption of Proposition 4.1, for K sufficiently large, the following
expansion holds:

d(g) = R Mi(a, 9) + R Ma(a, q) + R [T5(ct, q)

pt+

. 1—
+ R—mm{Z_q, > ’]}mn4(a! q) + R—m—3(1n K)Zns(a! q’q, q)
+ K—min{2,%+l—%,p—g}m(ln K)ZHG(Ol,q) + K~ min{2, p—n}m (In K)_1H7(Ol, 9,

where I;(a, q)’s and I15(«, q, 4, §) are smooth vector valued functions, which are uniformly
bounded as K — 00. Moreover, I15(x, 0,0, 0) = 0.

Now we are going to solve (5.12) and then complete the proof of Proposition 5.5.

Proof of Proposition 5.5 By Lemma 5.4, Eq. (5.12) is equivalent to
q = (aom)”' T [R" P20 (e. @] = F(q).

By Lemma 5.7, since min{2 — 7, %H’} <min{2, p—n} <min{2, £ +1-73, p— 1} for
0<n<p—1,weget

(aom) " 'R™ 2@ (a, q) = K "I (o, q) + (K ' InK)E (e, q, §, §),

where both IT and Z are smooih vector valued functions, which are uniformly bounded as
K tends to infinity. Moreover, = («, 0, 0, 0) = 0.
Hence by Lemma 5.4, for ||q|« < 1/2, we have

IF@lls < C (K *(InK)> + K~ '(InK)?) < CK*(In K)?,

and

IF@ = F@I« < € (K" K)* + K~ K)*) g - G« < %nq =gl
since ||(Tq_1 — T, Hb|l, < CKR™™(n K)?||b|lsollg — §l|«. Therefore, F is a contraction
mapping. By the %anach fixed point theorem, the result follows.

To show the differentiability of q(o). Consider the map 7 («,q) = q — F(o,q) : R x
R2K 5 RZK of class C!. Since % = 0K * (InK)?), % I— %(a, q(@)) is
invertible, we get the differentiability of q(«).

Next we study the dependence of q on «. Assume that we have two solutions corresponding
to two sets of parameters. One of them denoted by

|a,q<a> =

q = (aom)” ' T [R™ 0 (e, @]
corresponds to «; the other denoted by
= (am) ' T, [R"P 0@, @),

corresponds to &. Assume that R|& — «| < 1/2, by a direct computation and Lemma 5.4, we
have

g — @l < CK*(In K)*(R|& — «l),

from which we get the desired result. O
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6 Proof of Theorem 1.1: variational reduction

In this section, our purpose is to achieve Step 2.B in the setting up of the problem and then
complete the proof of Theorem 2.1.

To solve y(«) = 0 in Step 2.B, we will apply the variational reduction. To do this, we
first introduce some notation. Let « € R and ¢ = ¢ (x; o, q(«)) be the function given in
Proposition 5.5, we define the reduced energy function by

Fl@)=EU+¢):R— R, (6.1)

where we write U = U (x; «, q()).
By (2.8), both U and ¢ are 27 periodic in «. Hence by Proposition 5.5, the reduced energy
function F'(«) has the following property.

Lemma 6.1 The function F(x) is of class C' and satisfies F (o + 21) = F(a) for every
o R

With this notation, the next lemma shows that if F'(«) has a critical point then y («) = 0
has a solution. In other words, after the Lyapunov—Schmidt reduction, the following lemma
concerns the relation between the critical points of F'(«r) and those of the energy functional
E(u).

Lemma 6.2 Under the assumption of Proposition 5.5, there exists Ko € N4 such that: for
all integer K > Ky, if ag is a critical point of F (), then y (ag) = 0 and the corresponding
function

u(x) = U(x; 2. q(0)) + ¢ (x; @0, g(eto))
is a solution of (1.3).
Proof By Proposition 5.5, for K sufficiently large and for every « € R, ¢ = ¢(x; a, q())
satisfies the equation

aUu
SWU +¢) = J/(Ol)*8 : (6.2)
o

By the definition (6.1), we obtain

Fl(a) = / S(U + $)(3U + 04¢) dx,
RN
where 9,U = 9% + 34 . 9,q and 9,¢p = ¥+ % - 9q. Thus by using (6.2),
) U
Fia) =y(@) a(aaU + 0u ) dx.
RN

If g be a critical point of F (), then F’(ag) = 0. Hence to prove y (ag) = 0, it is sufficient
to show that

U
/ 5(80(U + 0qp) dx # 0. (6.3)
RN
In fact, by Propositions 5.5 and 5.5, we have

iU dU 0
aaU+8a¢:7+7'aaq+£+

¢
da | oq 9

Q. (6.4)
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Recall that

U LU
= — (R L,
. (Rgyp+4q7) oq

hence by Propositions 4.1 and 5.5, we have
p2 [OU 2
K 'R E(aau + 0up)dx = (1 4+0(1)) [ (3y,w)"dx,
RN RV

which implies (6.3) and completes the proof. O

Proof of Theorem 2.1 By Lemma 6.1, F(e) is 27 periodic and of class C'. Hence it has at
least two critical points (maximum and minimum points) in [0, 277). Therefore, Theorem 2.1
follows from Lemma 6.2. O

7 Generalizations and discussion

In this section we first give some slight extensions of the results proved in the previous
sections. Finally we would like to discuss some related questions we do not answer in this

paper.

7.1 More general nonlinearities

Unlike the minimization method, we do not use the homogeneous property of the nonlinearity
of Eq. (1.3). Therefore, our argument can be applied to construct infinitely many positive
solutions for a more general problem:

—Au+V@u— fu)=0 in RY,
u>0 in RN, u e H'(RM),

where f : R — R is at least C"V(R) for some v € (0, 1), and satisfies the following
conditions:

(f1) f(w) =0foru <0, f(0) = f'(0) =0;
(f2) The equation

—Au+ Voot — f(u) =0 in RV,
u>0 in RN, ue H'®RY),

has a nondegenerate solution w, in the sense that
Ker (—A + 1 — f'(w)) N L®®R") = Span {3\, w, ..., dyw}.
Remark 7 It is not hard to see that our argument can be used to deal with the homogeneous
Dirichlet boundary condition problem of (1.3) in RN \ @, where Q is a bounded domain in
RV,

7.2 Sign-changing solutions

Suppose that (1.11) holds for some constants
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-1
Voo >0, a <0, and min[l,pT]m>2, o > 2.
If N > 3, we further assume (1.15), using almost the same argument, our method can be
applied to construct infinitely many sign-changing solutions of the problem
—Au+V@u—u”'u=0inR", ue H'®RV). (7.1)

A similar result can be found in [13] when V (x) tends to V from below with a suitable rate.
We emphasize that our method can be applied to a more general non-even nonlinearity.

7.3 Remarks on condition (1.14)

In this subsection we consider the possible ways to improve the condition (1.14). Recall that
the key step in our method is to solve the following equation:

—ang‘”"qu + ®(x,q) = v qy,

where the property of 7' has been described in Lemma 5.4. We pose the condition (1.14) such
that ® («, q) is a smaller term comparing to R~ ~2T q. Hence, to refine the condition (1.14),
the estimate of ® («, q) is the key point. A better estimate on ® («, q) gives a weaker condition
on m and o. For example, for N = 2, if we assume that the following asymptotic behaviour
of V holds in the C' sense:

a ai(0) 1
V(x) = Voo + W + |x|m+] +0 (|x|m+1+m ) » as x| — oo,
where a1 (0) is an 27 periodic smooth function. Here (r, ) is the polar coordinate. Then
“o > 2” in the condition (1.14) can be improved to be “o1 > 0”.
To get a better estimate of ®(«, q), an improvement of approximation is needed. Recall
that
p

K K K
E=2 (V)= Dwg, =1 D wo, | — > wp,
j=1 j=1

j=1

E E;

K
The leading term of E; is given by > (V(Qj) — 1) wo;, which is O(R™™) by (1.11).
j=1

Moreover, it is known that ¢ = —ﬁw — %x - Vw is the explicit solution of

Lolgol = —Ago + 9o — pw” gy = winRY, and /(pOVw dx =0.
RN
Thanks to the polynomial decay of V, we can improve the approximation and write E into
two parts: one is O (R™"™) having explicit form; and the other one is O(R7™~1), which is
enough for a better estimate of the part in ®(«, q) from Ej.
However, for the term E?3, the situation is more difficult. Recall that in the proof of Claim 2

I . _N-1L .
of Lemma 4.4, we show that E» ~ d~ "2 ¢~ ™ML3M Since w(r) ~r="2z 77, subtracting
N-1 . . S ) .
the terms of order d— 7 ¢~ MML5)d  the next term is o "7 e m‘“{l’g}d). It is not

enough for a better estimate of the part in ®(«, q) from Ej.
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Except for getting a better estimate of ®(«, q), another feasible way to improve the
condition (1.14) is to apply min-max theorems to study the reduced energy functional £(U)
and its small perturbations. A useful property is that the matrix 7 has only one zero eigenvalue,
K — 1 negative eigenvalues, and K positive eigenvalues.

7.4 The anisotropic case
Observe that the leading term in (1.11) is radial. Thus it is interesting to consider the fully
anisotropic case of the problem (1.3) for N = 2.

Question 1 Do there still exist infinitely many positive solution of problem (1.3) if there are
constants Voo > 0, m > 1, 0 > 0 and a positive 21 periodic smooth function a(0) such that

|x|m |x|m+a

a(6) ( 1 )
Vix) = Ve + + 0 , as |x| - oo. (V3)

Here (r, 0) is the polar coordinate.

Inspired by the results in [4, 14], the answer is very likely yes. But in this situation, the idea
of uniformly distribution of points on curves does not work. Indeed, let I' = (r(6), 0) be a
closed curve in the polar coordinate system. Denote its length by L and its natural parameter
by s(0). If one puts K points on the stretched curve R I for some positive constant R. After
some computations, we get the balancing condition on I' and R:

[ (3 Jay wdy) R = cw (BE) £,
C {ma@()y(s) —a' @)y} y ™2 +y"(s) =0,

where C > 0 is a constant, L is the length of y and 6(s) is the inverse of s(0). However, it
can be proved that system (7.2) has a solution if and only if a(#) = constant. Therefore, it
is to be expected that the spikes cannot be uniformly distributed on a closed curve if a() is
not a constant function.

A feasible way to answer Question 1 is to develop a theory like [5]. But a more accurate
reduction procedure would be required since the mutual angles between the adjacent rays
connecting spikes and the origin goes to zero as K tends to infinity.

(7.2)

7.5 Optimal condition on the decay

It seems that our argument here can only deal with the case of polynomial decay. Inspired by
[4,14], it is reasonable to believe that there are infinitely many positive solutions when the
potential V satisfies the following decay assumption:

37 € (0,v/Veo) 1 lim (V) = Vo) €l = 400, (V4)

Hence it is natural to ask the following question:

Question 2 Does Sy # W forany potential V satisfying (1.7)? Is the condition (V4) sufficient
and necessary for #Sy = oo, i.e., on the existence of infinitely many positive solution of
problem (1.3)?

7.6 Higher dimensions

For the higher dimension case, i.e., N > 3, as we have seen, our arguments still work under
the weak symmetry condition (1.15). It is natural to ask the following question:
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Question 3 Does the week symmetry condition (1.15) can be dropped when N > 3? Do the
points can be distributed (uniformly) over the surface of a higher dimensional set, such as
sphere in R3?

7.7 Higher dimensional concentration phenomena

Next we turn to the higher dimensional concentration phenomena. Inspired by the results in
[3,21,33,41] and [8,34], it is interesting to ask the following question:

Question 4 Does there exist solution of problem (1.3) concentrating on higher dimensional
sets, e.g., curves? That is, does the Ambrosetti—-Malchiodi-Ni conjecture in [3] still hold
without the small parameter €, even in the radial symmetry case? If the answer is yes, are
the solutions constructed in Theorem 2.1 bifurcations sets?

Under the condition (1.7), Question 4 is not easy even in the radial symmetry case. For
example, assuming that N = 2 and V(x) is radially symmetric, if one try to construct
a positive solution concentrating on a circle with radius R, a simple computation gives
V'(R) ~ 1/R, which is incompatible with limy| 0 V(x) = V.
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Appendix A: Circulant matrices and proof of Lemma 5.4

In this section we will prove Lemma 5.4. To this end, we need some notation. Denote the
K -dimensional complex vector space and the ring of K x K complex matrices by CX and
Mg, respectively. Letb = (b1, b2, ..., bk) € CX, we define a shift operator S : cK > ¢k
by

S(by, by, ..., bg) = (bk,b1,...,bg—1).

Definition 8.1 (cf. [28]) The circulant matrix B = circ {b} associated to the vector b =

(b1,by, ..., bg) € CK is the K x K matrix whose nth row is S"~!b:
by by -+ bg_i bk
bk by -+ bx—2 byx_i
B=1: = : :
by by --- by by
by by --- bk by

We denote by Circ(K) C Mg the set of all K x K complex circulant matrices.

‘With this notation, both A{ and A; in (5.5) are K x K circulant matrices. In fact,

Ay =circ {(-=2,1,0,...,0,1)} and A =circ {(0,1,0,...,0, -1)}.

j2n L .
Let e = ¢' ¥ be a primitive K -th root of unity, we define
1
VK

X; = (1,71, =D eK=DU=INT c K for |=1,...,K,
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and
1 1 o 1 1
1« k-2 k-1
1 . . . .
Pk =—=1|: : : : € Mg.

ﬁ . . . .
1 k2 . k-2 (K-D(K-D)
1 k-1 .. K-D(EK-2) c(K=1)?

For the circulant matrix B = circ {b}, let
M=bi+bye o b ETVED o =1, K. (8.1)

A simple calculation shows that BX; = 1; X;. Hence A; is an eigenvalue of B with normalized
eigenvector X;. Since {X1, ..., Xk} is a linearly independent set of vectors in CX, all of the
eigenvalues of B are givenby A;, [ =1,..., K.

Lemma 8.2 (cf. [28]) All circulant matrices have the same ordered set of orthonormal
eigenvectors {X;}. Moreover, Pk is the diagonalizable matrix.

Using these notation, we study the invertibility of 7.

Lemma 8.3 There is an Ko € N such that for all K > Ko and every b € R?K | there exists
a unique vector q € R*X and a unique constant y € R such that

Tg=b+yqy q-L qo. (8.2)
Moreover, there is a positive constant C which is independent of K such that
gl < Clibll2. llgl> < CAnK)'?[bll2,  and |lglla < CAnK)[bla.  (8.3)

Furthermore, the number of zero (negative, positive) eigenvalues of T is 1 (K — 1, K),
respectively.

Proof Note that (8.3) is the Euclidean norm, hence it suffices to perform the analysis of the
eigenvalues. To this end, first by (8.1), the eigenvalues of A are

(-

My =247 4 EDEED — _gin? =1 K (8.4)
and the eigenvalues of A, are
Aoy =€l — ®&=DU=D — 9jgip @ I=1,...,K. (8.5)
Write diag (cq, . . ., cx) for a diagonal matrix whose diagonal entries starting in the upper
left corner are ¢y, . .., ck. Denote the diagonal matrix of A and A, by

D1 = diag ()»1’1, )\.1’2, ey )LLK) and D2 = diag ()\.2,1, )\2,2, ey )»2’1(), respectively.

Since Py is the diagonalizable matrix for circulant matrices, we have

_ P! 0 Py O c1Dy +c4l Dy
plrp = K T = . 8.6
(0 PKl) (0 PK) ( —cy Dy c3Dq (8.6)
Since the matrix 7 is real and symmetric, all its eigenvalues are real and satisfy the equations
A% —[(c1 4+ e)hig +cea] A+ (c1rry + ea) (e3r1) + C%)»%,, =0, 3.7
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forl=1,..., K. Let
a; = (c1 4+ c3)hi+cs, and By = (crh1y + ca) (c3hiy) +C§X%J, Vi=1,...,K
Then by (5.6), (8.4) and (8.5), we have

(d—l)—sm 2 ¢ _K)n+(c7—m—1)>0,

and
~K? -1 -1
ﬂlz_((dﬁ_(d—l)z)sinz(lT)n‘i‘ _1)d+1]”—sm (IT)T[SO

Denote the solutions of (8.7) by Aj; and Az with Aj; < Ay forl=1,..., K. Then

4 4
Ay =2 - 1—ﬁ+1 <0, Apy= 2 1—ﬂ+1 >0, Vi=1,....K
2 a[ 2 o[l

In particular, for / = 1, we have
A1=0 Ay =d—m—1. (8.8)

Forl =2,..., K, by Lemma 3.3, we have

~p2 _ A 2 ., —
48 ) (d% sin? —(l DL —l—md) ‘%sm2 (Uad}:4 Kl)" 5 C
T2 = N2 = =
aj (czz K2 sin2 (I—Kl)n n %) d
and
dK n2 =bm 1)7r 4K2% . 2 (I-D7
4 (7*2 )Tsm ¥ _C
—ijz i a > > =, VI=2,...K,
o (@53 sin? 27 4 ) d
where C is a positive constant. Therefore, forall/ =2, ..., K,
A>2C>1C dA>>3f tant C > 0
— —. an o or some constant C > 0,
L= =23 2.1 1Z3
from which we get ||qll> < C||b]».
Define f; = fj41 — fj and g; = gj+1 — g;- Then
a(fj = Fi-0) + 2@ +8j-1) = b; —cafj,
—o(fj+ fi-) +e3@g —8j-1) = ¢,
where ¢; = b; and ¢; = bk for j = 1,..., K. By a similar argument in the proof of

llqll2 < Clibll2, we can get
lall2 < Can K)'/?|bll>.
When this is done, let f; = fi+1—2fj+ fij—1andg; = gj4+1 —2g; + gj—1. Then

afj=0j—cafi— 2@ +8i-1),
c38j = @j +alfi+ fi—1).
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Using a similar argument, by the definition of c;’s, we get
ldll2 < Cn K)*/?[b]l2.
]

Now we are going to prove Lemma 5.4. An important observation is that the system
Tq = b can be seen as the discretization of the following continuous system:

—(m+DFO) + (f"+ HO) + (d = D(f +g)0) = ¢6), € 0,2m),
1O —d(f +8"0) = ¢®), 0 €0 2m), (8.9)
f0) = f@2m), f1O0) = f'@2r), g0) =g@2n), g'0) =g 2n),

where f” + f is the Jacobi operator on S!.

Lemma 8.4 For K sufficiently large, given ¢, ¢ satisfying fozﬂ ¢ = 0, the system (8.9) has

a unique solution (f, g) satisfying fozﬂ g = 0. Moreover, there exists a constant C > 0 such
that

I £ llc2qo.271) + Igllc2qo.221) < € (1Dl coqo.27py + 191l coo.277)) - (3.10)
Proof Leth = E(f + g’), then system (8.9) becomes
fr-mf+ =,
f—r=g. @.11)
f, h are 2m periodic.

Since f02 ™ ¢ = 0, from the second equation we get
0

h(9)=f(9)—/(p—0h- (8.12)
0

Here we take ¢, = 12;71‘7 02”f — 5 02” fgq) such that — 02” f+d! fozﬂh = 0. Hence
g can be solved by
0

0
mm=—/&+3”/h+%
0

0

where we take ¢, = 7 02” foe f —3\’1% 02" f(f h such that fozn g=0.
By (8.12) the first equation in (8.11) becomes

-~ 6 2
R NP b
f (m 1+2)f—¢+ 7 /W O/

0

To solve the above equation, we first integrate it over [0, 277] to get f02 Tf= Zﬁ f02 .
Thus

~ 2w —~ 0 2 6
f”—(M—l-l-l)f— ¢_(d_1)21/¢ +E / _L//
‘ da’ E(E—l—m)27r0 d o(p 27100¢ ’
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Note that m — 1 + i > 0, by the boundary condition, f is uniquely given and satisfies
I fllc2qo,221) = (||¢||c0( 0,271 T llellcogo, 2,,])) Therefore,

[ 0
g(@):—/f+3‘1/h+cg,
0 0

satisfies the same inequality, where

2 2

h@) = fO)+ ———— @ /0 1//0
2(d — 1—m) 2 ¢
0 0 0

Remark 8§ Letc = ./m —1+ 73, by the equation of f, we can get

2w t

@-1° 1 d—1 s
f©) /[ —Go(H,S)]¢(S)ds+/T /Go(9,t)— 5 | e(s)ds,
d 2mc
0

dd—m—1) 2mc?

0
where
oo ~ 2C(e27176_1) [eZJTL'eC(97S) + efc(Ofs)] , ifo <y,
0(0,5) = 1 [€C—9) 4 e27¢=<@=9]  ifg > s
2c(e27e—1) ’ :

Moreover, there is a Green’s matrix

G0 G11(0,s) Gpa(0,s)
T G2 (8,s) Gn(,s)

such that
2 2w
f(9)=/Gu(@,S)d)(S)ds+/G12(9,S)<p(S)ds,
0 0
and
2 2
5(0) = / G160, 5)b(s) ds + / G (6. 5)p(s) ds.
0 0
Actually,
d—1)? 1
G1100,5) = —Go(0,s),

dd—m — 1) 2nc?
_~ S
G@.s) = 11 /G(Gt)dt i

.8) = —=— . tdt — ,
12 d 0 27TC2
0
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~ ~
Gz](@,s):&(l 6 )+ d-1) (i_l)

2d-m-1\22 2nc?) " dd-m-1\2r 2
~ 0 27 6
d-1) 1
+ —= Go(t, s)dt — — Go(t, s)dtdo |,
d 21
0 0 0

and

. ) @d-1) [ bs AW 1 s, 52 O Os
,5) = ——— K T 5 = T — = v _ — -
2 i mer 232) T g 2" ax T o

2 s

o~ 6 s 6
d—1 1
—I—( = ) —//Go(t,r)drdt—l——///Go(t,r)drdth
d 2
0 0 0 0

0

Lemma 8.5 Under the assumption of Lemma 8.3, there is a positive constant C which is
independent of K such that
lglls < CnK)*[1B]co- (8.13)

Proof Claim 1: There is a positive constant C (independent of K') such that
lglloc < Clibllso- (8.14)
To prove it, we only need to consider the case b L qq. For j =1, ..., K, we define
q; = (frjo---s JK,j 81,js -+ gk )T,
where

2 2
fij = ?Gu(@z,@j), 8lj= ?GZI(HZ,ej)-

This corresponds to take ¢ = 27”8(9 —0;),¢ =0for j =1,..., K, where § is the delta
function in the distribution theory. For j = K + 2, ..., 2K, we define

T
=1y K> 8Ljs -2 8K
where

2 2 2 2
fij= _?GIZ(GI, 01) + ?G12(9179j)7 8= —?022(91,91) + ?Gzz(é’z, 0;)-

This corresponds to take ¢ = 0, ¢ = —27”8(9 -0+ 27”8(9 —0))forj=K+2,...,2K.
By the property of Green’s matrix, for j = 1, ..., K, we have

Tq; =¢;+71;;
forj =K +2,...,2K, we have
Tq; = —éx+1 +¢; +7j,

where ¢; = ()1, ..., 8/-,2K)T is standard orthonormal basis of R*X and T = O(K™?)
is the local truncation error for the Green’s matrix in the finite difference method. Since
{€1,...,8k, —ex41+Ex42, —ex+1 + é2x ) is abasis of {b € R2X |b L qo} and write b =
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> 1 bié) + X3 k2 bj(—Ek41+€)). Then we get q = G+, where G = 37_, b,q; +

2K ~ =
2j=kt2bjtj and Tq =3 11 b;Tj.

On one hand, by the property of Green’s matrix, we get |[(]loo < C|/b|loo. On the other
hand, by Lemma 8.3, we get

Il < @l < CIl D BTl < CKY2 D" bjTilloo < CK 2| bl|oo.
J#K+1 J#K+1

Combining these two estimates, we get ||(lco < C||bllco-

Claim 2: There is a positive constant C (independent of K') such that

lall« = llgllco + l1dllo + llilloc < C(n K)?[[bl|oo. (8.15)

Proof of Claim 2:
Define f; = fj41 — fjand gj = gj4+1 — g;. Then

c1(fj = im0+ @ + 8- =¢; —cafj.
—o(fj+ fi—) + 3@ —8j—1) = 9.
By using a similar argument, one can get

ldlloc = Clblloc + (In K)Iqllcc = C(In K)|[bl|cc. (8.16)

Let fj = fj+1 —2fj + fi—1and g = gj+1 — 2g; + gj—1. Then
[ afj=¢;— C4fL_ C2/E§j +2i-1),
38 =¢j +a(fj+ fi-1)-
Similarly we obtain
ldllco < Clblloo + (In K)Iqlloo + (In K) [[dfloc < C(In K)?|b]lcc- (8.17)

The above estimate is enough for our application. Actually if one can show that |[ql. <
C|/b||s, then we can get ||q||« < C|/b|ls by Lemma 8.3 since the local truncation error for

the Green’s matrix is O (K ~2). u]
Now we can use Lemma 8.5 to prove Lemma 5.4.

Proof of Lemma 5.4 To prove Lemma 5.4, it suffices to prove the a priori estimate (5.8). let
y =—(b-qq)/(q; - qp). By Lemma 4.2, for q satisfies (2.9), we have

R7'q; = coqo + O(KR™),

which implies that ||[R™'q, ||« < C and |[R™'q, - qo| > CK. Hence ||yq;llco < Cb]lco-
Therefore, by Lemma 8.5, we have
Idll < CAnK)*[b+ yqyllec < C(In K)*[b]l oo

[}
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Appendix B: Energy expansion

In this section, we give the energy expansion of £(U + ¢) and prove Lemma 3.9.

Proof of Lemma 3.9 By (1.4), we get

K
1
Eu) = ZE(wQ_,.) +t3 Z/ (Vwo, Vwg, + V(x)wg,wg,) dx

j=1 iFigh
—_——
Ji b
K K p+1
1
e (3
+ »t 1 A ij ‘ ij dx .
RN Jj=1 Jj=1

J3

Claim 1: By (1.11), there are positive constants Iy and ag such that

K
Ji=Klp+ao(1+0(1) > 1Q;I™. 9.1)
j=1

Indeed, by the definition of the energy functional, (1.11) and Taylor’s expansion,

1 K K
11=K10+52 /(V(x)—1)w2dex:K10+a02(|Qj|—m+0(R—m—a)),

J=l gn j=1
where
1 1
Lh=|-—-—— /w"’Jrl dx, anday = a / w?dx.
2 p+l 2
RN RN
Claim 2: By (1.11) we have
1
_ p —2m
h=> Z/ wp wo, dx + O(KR™™). (9.2)
I#JRN

Indeed, the term J> can be divided into two parts:

1 1
n=5¥ [uwhwodit3 ¥ [ (@ - 1wouo d.

i#ign i#ign

D1 J2
For Jy, by (1.11), we have
|J22| S CR—m Ze—|Q]—QI||QJ _ Ql|—(N—3)/2 S CKR—me—dd—(N—3)/2 S CKR_2m.
i#]
Claim 3: Let Q € Ak, we have

—mi ptl _ N3
J3 =—Z/ngwg,. dx + O(Ke Min2. 570 g="77, 9.3)
i#igy
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Indeed, write

K ptl
1
13 m p+l Zle dx = —/E3 dx.
RN Jj=1 RN
For x € Qg{ e where £ € N chosen later, we have
K P+l K
1 1 +1

|E3(0)] < —— wp w Ly wh

e (g | =i (B ewhe

By choosing ¢ > % (but independent of K), we get

/ |E3|dx < CKPZ / p+]dx < CKPwP(tp/2) < CK™*" 2.

1
Q§(+l = Q§(+1
For x € Qf j=1,2,..., K, by asimilar argument in the proof of Lemma 4.4, we have
2
N—1)(p—1 -1
E; — ng Zin < CceN-bep )ng Zin
i#] i#]
Applying Lemma 3.8, we get
K 2
—2m—2
1Y [uwe| = [ug (Swo| axcx
i#]gN J=lge i#]
J
< CKe—Mini2, il }dd—¥ < CK—min{z,PT“}mH(ln K)I/Z

which implies Claim 3.
Combining our Claim 1, Claim 2 and Claim 3, the desired result follows from Lemma 3.8.
O

At the last, by (1.4), Lemma 4.4 and Proposition 4.1,

EU+¢)=EU) + = /{|v¢| + V@) }dx+/(VUV¢+V(x)U¢) dx

RN

—ﬁ/ (U—l—(i))T_l —Up+1] dx
RN

:5(U)+%/{(U+¢)ﬁ—UP+E}¢dx
RN

1
S [+t —urtt =+ DUre) ax
]RN

=EW) + 0K 912, + OK ¢ lsx | Ell )
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K
1
= Ko+ (ao +0(1) 210,17 = 5 > (0 +o())w(l Qi — ;1)

j=1 i#]

L0 (Kfmin{Z,pTH}nH»l(ln K)1/2) .
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