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1. Introduction

Let H be a Hilbert space and f : H — R U {+o0} be an extended real-valued function. The Moreau
envelope function denoted by ey f (see Section 3 for definition) for some positive real A, plays important
roles in optimization, dynamic systems and differential inclusions. The strong connection in convex analysis
between lower semicontinuous convex functions and their Moreau envelopes as well as the nice properties of
Moreau envelopes of such functions motivated several authors to investigate properties of Moreau envelopes
of functions of some classes of nonconvex functions.

L. Thibault and D. Zagrodny [32] showed how Moreau envelopes can allow us to obtain the subdifferential
determination (or integration) for many classes of nonconvex functions. R.A. Poliquin and R.T. Rockafel-
lar [28] deeply studied the Moreau envelope ey f of a proz-reqular function f in finite-dimensional spaces.
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Later, F. Bernard and L. Thibault [4] adapted the concept of prox-regularity to infinite dimensional Hilbert
spaces and proved in this setting several fundamental results of [28] concerning the Moreau envelope and its
proximal mapping (see also [3]); we refer to [29,6,7] for similar studies concerning the class of proz-regular
sets. More recently and again in the Hilbert context, S. Marcellin and L. Thibault [23] and M. Mazade and
L. Thibault [24] studied the class of primal lower nice functions (pln for short) which has been introduced by
R.A. Poliquin [27] in R™. They showed that suitable versions of the main results of [27] still hold true in the
setting of Hilbert space in proving that ey f is C*! on a neighborhood of each point ug where f is pln and
in giving several properties concerning the proximal mapping Py f (see Section 3 for definition). A. Jourani,
L. Thibault and D. Zagrodny [18] established various subregularity properties of e, f as well as the descrip-
tion of the subdifferential of ey f when the norm || - || of X is Gateaux differentiable.

Our aim in this paper consists in extending in some sense the study of the Moreau envelope and its
proximal mapping to another important new class of functions, namely the s-lower regular functions,
continuing in this way our work [19]. We generalize the results obtained in [28,4,23,24] in more general
spaces as uniformly convex and uniformly smooth Banach spaces, in view of further applications to evolution
problems in LP-spaces. We prove that in this setting, the Moreau envelope ey  f is C1'2 on some neighborhood
U of a point ug € dom f whenever f is s-lower regular near ug and a + 1 is the power type of the modulus
of smoothness of the norm of X (see Section 2.2 for the definition). The C1'% property of the function ey f
means that it is differentiable on U and its derivative is Holder continuous therein with § as Holder power.

In Section 2, we give some definitions and properties which will be used throughout the paper. In Section 3,
we state the definitions of Moreau envelope and proximal mapping ey f and P, ,f, and prove many
properties of these functions as the Lipschitz property when the function f is bounded from below by a
suitable function. The expression of the Fréchet subdifferential of ey s f is also obtained in terms of Pj 4 f
when the norm || - || is Fréchet differentiable off zero.

In the last section, we introduce the notion of (s, r)-hypomonotone operator. In the context of uniformly
convex and uniformly smooth Banach spaces we prove via this operator that the Moreau envelope ey s f of
a lower s-regular function f is of class C1'%, where o + 1 is the power of the modulus of smoothness of the
norm of X.

2. Preliminaries

Throughout the paper, unless otherwise stated, X is a Banach space endowed with the norm || - || and
X* its topological dual equipped with the dual norm || - ||«. The closed unit ball of X centered at zero will
be denoted by Bx or B, and B[z, r] (resp. B(x,r)) is the closed (resp. open) ball of radius » > 0 centered
at the point x € X.

2.1. Subdifferential properties of s-lower reqular functions

First, we need to recall some definitions and properties concerning the concepts of subdifferentials and
s-lower regular functions. In order to define the Clarke subdifferential, let us start with the Clarke tangent
cone of a set. Let S be a set of X and T € S. The Clarke tangent cone of S at T is defined as the Painlevé—
Kuratowski limit inferior of the set-differential quotient

1
T7¢(8,%) := Lim inf = (S — z),
t]0,x —=
S
or equivalently a vector h € T (S, Z) if and only if, for any sequence (t,)nen tending to 0 with ¢, > 0 and
(zn)nen in S converging to T, there exists a sequence (h,)nen converging to h such that

Ty +tph, € S forallm e N.
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The Clarke normal cone N¢(S,T) of S at Z is the negative polar (T (S,7))° of the Clarke tangent cone,
that is,

NY(S,7) == {z* € X*: (z*,h) <0,Yh € TC(S,%)}.

Let f: X — RU {400} be an extended real-valued function and let T € dom f = {x € X : f(x) < +o0}.
The Clarke subdifferential Oc f(Z) of f at T is defined by

dcf(@) = {a* € X : (a%, ~1) € N(epi f, (z, f ()},

where epi f := {(z,r) € H xR : f(x) < r} is the epigraph of f. When T ¢ dom f, one puts d¢c f(T) = 0.
Denoting by Dom T the (effective) domain of a set-valued operator T': X = X*, that is,

DomT = {z € X : T(x) # 0},

whenever f is lower semicontinuous on the Banach space X, then Dom O¢ f is graphically dense in dom f, in
the sense that for each « € dom f there exists a sequence (), with x,, € Dom d¢ f and such that =, =z
as n — oo, that is, x,, — = and f(x,) — f(x).

The Fermat rule 0 € d¢ f(Z) is known to hold true whenever 7 is a local minimizer of f.

When f is finite on some neighborhood of T and Lipschitz continuous therein, one has (see [9,26]) that

dcf(T) = {z* € X*: (x*,h) < f°(z: h), Vh € X}, (2.1)

w. So, under the Lipschitz continuity of f near T, the set d¢ f(T) is

where f°(7; h) = limsup, | , .7
nonempty, weak™ compact and convex in X* since f°(T;-) is continuous, convex and positively homogeneous.

The general sum formula

Oc(f +9)(@) C Ic f(T) + 0cg(T) (2.2)

is also fulfilled whenever the function f is finite and Lipschitz continuous near T.

As usual, we will denote by dg(+) the indicator function of the closed set S, i.e., dg(z) =0 if z € S and
8s5(z) = 400 otherwise. It is easily checked that dcdg(z) = NC(S, ).

An element x* € X* is said to be a Fréchet subgradient of f at T € dom f if for any € > 0, there exists
some 0 > 0 such that

("2 —T) < f(x) — f(T) +ellxr —7| forall z € B(T,J).

The set of all Fréchet subgradients of f at T is called the Fréchet subdifferential of f at T and is denoted by
Or f(T); as above one also sets Op f(T) = 0 if T & dom f.
The Mordukhovich limiting subdifferential Oy, f(T) is defined by
A f(@) = {* lima} : a} € Opflan), xn —; T},

that is, a continuous linear functional z* € 0y, f(T) provided there are a sequence (z,), in X converging

*

to T with f(x,) — f(Z) and a sequence (z7), in X* converging weakly™ to z* with z € 9 f(z,) for all
n € N. One has 9 f(T) C dc f(T) (see [25]), so

O f(T) C OLf(T) C Ic [ (7).
Those three subdifferentials coincide with the usual subdifferential in the sense of convex analysis
of(@) ={z" e X" : (2", u—7) < f(u) — f(T), Yue U}

whenever f is convex on an open convex set U containing . When X is an Asplund space and f is finite
and Lipschitz continuous near 7, it is known (see [25]) that

oLf(@) #0 and Ocf(T)=7co" (9L f(T)), (2.3)
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where co* denotes the weak™ closed convex hull. Recall that a Banach space is an Asplund space whenever
the topological dual of every separable subspace is separable.
If X is an Asplund space and f is lower semicontinuous on X, then Dom O f is graphically dense in dom f.
When f is Lipschitz continuous near T, from (2.1) it is not difficult to see that d¢ f(Z) is a singleton if
and only if f is strictly Gateaux differentiable at T; in such a case the equality d¢ f(Z) = {D¢ f(Z)} holds
true. In particular, if f is a continuous convex function which is Gateaux differentiable at Z, then

9o f(x) = 0f(x) ={Daf(®)}, (2.4)
where Jf(T) denotes as above the subdifferential in the sense of convex analysis.
For a > 0, the function f is said to be C® on an open set O where it is finite, when it is Fréchet

differentiable on O and the Fréchet derivative D f is a-Holderian on O, that is, there is some real constant
L > 0 such that

I1Df(z) = Df()ll < Lz —y[|*  forall z,y € O.

We recall now the concept of s-lower regular functions that we developed in [19]. The class of such
functions is an adaptation of the class of primal lower nice functions introduced in [27] and of similar classes
in [11]; see also [2,5,6,15-17,21,24,31].

Definition 2.1. For a real s > 0, we say that a function f : X — RU {400} is s-lower regular on an open
convex set O of the Banach space X with ONdomf # @), when it is lower semicontinuous (lsc, for short) on O
and there exists some real coefficient ¢ > 0 such that for all z € ONDom d¢ f and for all z* € d¢ f(z) we have

F)z f@)+ @y —a)—cl+llz"|)llz -y, vyeo. (2.5)

When s = 1, one just says that the function f is primal lower regular or primal lower nice (pln, for short)

on O.

Obviously, convex functions and C1* functions are s-lower regular. One of the fundamental other examples
of s-lower regular functions is provided (see [19]) by convexly C!*-composite functions which are qualified.
Let G : X — Y be a mapping which is of class C!** on an open convex set O of X for some real s > 0 and let
g:Y — RU{+00} be a proper lower semicontinuous convex function. The convezly composite function goG
is said to be qualified at T € O NG~ (dom g) whenever the following Robinson qualification condition holds:

R, (domg — G(7)) — DG(@)(X) = Y, (2.6)

where as usual Ry = [0, +o0].
The following theorem from [19] shows that the definition of s-lower regularity can be given with any of
the above subdifferentials. Further, this property can be characterized by some local hypomonotonicity of

Ocf (or O f, OLf).

Theorem 2.1 (See [19]). Let X be an Asplund space, s > 0, O be an open convezx set of X, and f: X —
R U {400} be a function which is lsc on O with O N dom f # (0. Then the following hold:

(a) If f is s-lower regular on O, then for all x € O, one has

Op f(z) = 0L f(x) = Oc f(x).

(b) The function f is s-lower regular on O with coefficient ¢ > 0 if and only if for all x € O N Dom O f
(resp. x € O N Dom O, f) and for all x* € Op f(x) (resp. x* € O f(x)) one has

Fy) = fz) + (2" y — @) — (L + &)z —ylI*F, vy eo.



I. Kecis, L. Thibault / Nonlinear Analysis 127 (2015) 157-181 161

(c) f is s-lower reqular near T if and only if there exist reals € > 0 and ¢ > 0 such that for all x} € Oc f(x;)
with ||z; — || <e, ¢ = 1,2, one has

(@] — 25,21 — @) > —c(1+ ]| + |23 ) |21 — 22
The latter equivalence is still true with O f (resp. Orf) in place of Oc f.
We need also in our study the following lemma from [19] adapted from a result of [32].

Lemma 2.1. Let X be a normed vector space and f: X — R U {+oo} be a function with f(T) < +oo. Let
r be a positive number such that f is bounded from below over B[T,r] by some real . Let s > 0,4 € R and
0 be a non-negative number. For each real ¢ > 0, let

Fpo(2*,2,y) = fy) + Bla*,x —y) + c(L + [lz" )|z — y|I**,
forall z,y € X and x* € X*. Let any real

|5|4s+1 4s+1

Co = m such that co > W(f(f) + 0 — Oé).

Then, for any ¢ > co, for any * € X* and for any x € B[T, 7|, any point u € B[Z,r] such that

Fg.(z*,z,u) < inf Fg.(z",z,y)+0
B.c( ) ot B.e( y)

must belong to B(T, 2L).
2.2. Uniformly convex and uniformly smooth spaces

Let (X,] - ||) be a normed space. We recall that the norm || - || is called strictly convex (or rotund) if for
any x,y € X with  # y and ||z|| = ||y|]| = 1 one has w < 1. This is equivalent to saying that, for any
A €]0,1[ and for any z,y € X with « # y and ||z|| = ||y|]| = 1 one has ||Az + (1 — N)y| < 1.

The modulus of convexity of || - || is the function &).(-) : [0,2] — [0, 1] defined by

. T+y
(o) = int {1= | Z5 ) <ol = ol = 1o -l > ¢
The norm || - || is said to be uniformly convex (or uniformly rotund) whenever

(5H,H(E) >0, Ve 6]072].

One also says that the space (X, || - ||) is a uniformly convex space.
The modulus of convexity is said to be of power type q if there exists some real k > 0 such that

o (e) > ke, Ve €]0,2];

for such a power type ¢ one always has ¢ > 2 (see, e.g., [14]).
One defines the modulus of smoothness pj.;(-) of || - || by

e+ 7yl + 1z =7yl
2

P (7) = sup{ 1zl = |yl = 1} for all 7 > 0.

The norm || - || is said to be uniformly smooth if the following property holds

i AT
710 T
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The modulus of smoothness is of power type p if there exists some real ¢ > 0 such that
P () <er?, V1 >0;

for such a power type p one always has 1 < p < 2 (see, e.g., [22]).

It is known (see [13]) that all Hilbert spaces and the Banach spaces 2, LP, WP 1 < p < co (with their
usual norms) are both uniformly convex and uniformly smooth with modulus of convexity and smoothness
of power type.

Now we recall some properties of the duality mapping. For a real p > 1, the set-valued mapping J, :
X =3 X* defined by J,(z) := 8(%\\ -|P)(z), for all x € X, is called the duality mapping with gauge function
©(t) == t?~1. In particular when p = 2, .J, is generally named the normalized duality mapping and is denoted
by J instead of Jo. Moreover, it is clear that the set Jp(z) is nonempty for all x € X.

The next well-known proposition provides a useful description of J, (see, e.g., [20]).

Proposition 2.1. For any real p > 1 the following hold:

a) For each x € X the set J,(x) is nonempty, convex and weakly™ compact.
P

(b)
Jp(x) ={a* € X*: (", 2) = ||]2"| ||, "] = ||="~"}  for all x € X.
(c) For each x € X one has Jy(tz) = tP~1J,(x) for all t > 0, as well as the equality J,(—x) = —Jp(z).

We also need to recall some characteristic properties of uniformly convex and uniformly smooth Banach
spaces related to the mapping J,. From [30] we have the following properties:

(i) If the norm || - || is uniformly convex, then there exists a constant K; > 0 such that for all z,y € X

=y =) = Ko max el Iy (e ).

In particular, when the modulus of convexity is of power type p, there exists some real L; > 0 such that
(Jpx — Jpy,x —y) > Li|jlz —y||” for all z,y € X. (2.7)
(ii) If the norm || - || is uniformly smooth, then there exists a constant K5 > 0 such that for all 2,y € X

(maX(IIxI,IIyI))p_( [z —yll )

=yl max(|z[[, [ly[l)

[ Jgz — Jgyl| < Ko

In particular, when the modulus of smoothness is of power type a+ 1 with 0 < o < 1, there exists some
real Ly > 0 such that for all z,y € X

17g2 = Jgyll < Lo(max([lzl, [lyID)*=* [lo — [ (2.8)

Recall that one says that the norm ||- || has the sequential Kadec—Klee property if for every sequence (x,, )y,
in X with ||z,| — ||z|| and z, — x weakly, one has x,, — x strongly, that is, ||z, — x| — 0 as n — oc.
The following proposition recalls several classical properties which can be found, e.g., in [12,13].

Proposition 2.2. (a) Every uniformly convex normed space is strictly convez.
(b) Every uniformly convez (resp. uniformly smooth) Banach space is reflexive.
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() If (X,||-1) is a uniformly convexr Banach space, then || - || has the Kadec—Klee property.
(d) If (X, |I]l) s a uniformly smooth space, then J,, is a single-valued mapping and this mapping is uniformly
continuous on any bounded set of X.

(e) If the norm ||-|| is Gateaux differentiable off zero, then J, is single-valued and norm-to-weak™ continuous.

(f) If the norm || -|| is Fréchet differentiable off zero, then J, is single-valued and norm-to-norm continuous.

(g) The norm || - || of the Banach space X is uniformly convex (resp. uniformly smooth) if and only if the
dual norm || - ||« is uniformly smooth (resp. uniformly convez).

(h) If the dual norm || - ||« is Gdteaux differentiable off zero, then the norm || - || is strictly convex.

(i) If (X, || -] s a reflexive Banach space, then (X,| - ||) is smooth if and only if (X*,| - |«) s strictly
convet.

Corollary 2.1 (See [1)). Let (X, || -|) be a reflexive Banach space whose both norm || - || and dual norm || - ||«
are strictly convex. If J, : X — X* and J; : X* — X are the duality mappings with pl4+qt=1and
p,q > 1, then J;l =Jg.

3. Moreau s-envelope

Let X be a normed space and f,g: X — RU {400} be two extended real-valued functions. The infimal
convolution function of f and g is defined by

(fHg)(z) = inf {f(y) +g(z—y)} forallzeX.

When the infimum is attained, one says that (fOg)(x) is ezact.
In particular, when g = 55| - [|?, we obtain the important concepts named the Moreau envelope and

proximal mapping.

Definition 3.1. Let f : X — R U {+o00} be an extended real-valued function and A > 0 be a real positive
number. The Moreau envelope function ey f and the proximal mapping Py f with index A of the function f
are defined by

exT(@) = int (£(y) + g5z — ),

i

yeX

Pyf(@) = argmin () + o=l — y]?).
yGX 2)\

for all x € X. More generally, for any real s > 1, we define the Moreau s-envelope ey s f and the set-valued
s-prozimal mapping Py sf of index X as

1
exsf (@) = it () + e —ll").
Prsf(w) = sagmin () + 51~ ).

Given € > 0, we will also have to consider the Moreau truncated envelope

exscf@) = it (£)+ e —yl) = exslf +0a)(2)

lyli<e
and the truncated proximal mapping
. 1 s
Prof(2) = argmin (£(y) + 1z = ylI") = Pro(f + ) a).
llyll<e §

In the following lemma (see [10]) we state the relationship between the Fréchet subdifferential of the
functions f, g and the Fréchet subdifferential of their infimal convolution.
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Lemma 3.1 (See [10]). Let X be a normed space and f,g : X — R U {+oo} be two extended real-valued
functions. Let T be a point where (fOg)(T) is finite and attained at §. Then

Op(fOg)(T) C Or f(Y) N Org(T — 7).

In particular, for any § € Py s f(T),

Dpersf(T) C Opf(7) N Or (;A” . |s) 7).

The following theorem provides some first general properties of Moreau s-envelopes.

Theorem 3.1. Let (X, || - ||) be a Banach space. Let a real s > 1 and f : X — R U {400} be a proper
function. Assume that there are reals a, 3 > 0,7 € R such that

f(@) 2 —allz]]®* = Bllzl| +~, forall x € X. (3.1)

Then for any A €]0, [, one has:

? s

(a) For any real number r > 0, there exists a real T > 0 (depending on r and \) such that for every
x € B(0,r)

exsf(zr)= inf (f(x/) + iﬂx — x'|5) :

2/ €B(0,7)

b) ex.sf is Lipschitzian on any ball B(0,r) with a Lipschitz constant L > M, where T is as in (a);
. pY

(c) exsf T fas X |0, where f denotes the lower semicontinuous hull of f;

(d) If the norm || - || is Fréchet differentiable off zero and has the sequential Kadec—Klee property, if the
function f is lower semicontinuous, and if (X,| - ||) is reflexive, then for any x € Dom dpey s f, the set
Py s f(z) is nonempty and for every &’ € Py sf(x) one has

Orexsf(z) = {iJs(a::c')} and %Js(xf:c') € Ipf(x');

further one has a better Lipschitz constant L than in (b) for exsf on B(0,r) with L > %

Proof. Fix any \ €]0, L [.

’ s

(a) One has by definition of ey s f

exaf(2) < el + £(0).

Fix a real p > 0 and take 2’ € X such that
! 1 !/ s
Py + Sl = 2l < exof @)+ p,
and hence

1 ! s /s / ]‘ s
— ||z’ - - - < — . .
—lla’ = " = alla’||* = Blla’l| + v < —llall* + £(0) + (3:2)
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Observe that

S S 1 S 1 S 1 S
~al* =l = (55 — ) I'1°+ 55lle’ — a1 = 51

o l=sxa, s 1 (1 < L.,
= 152+ 5 (3l ol - ).

Put A := 1|2/ — z||* — 1||2’||* and consider the function ¢ defined on [0,1] by

Since the norm || - || is convex, the continuous convex function ¢ has a right-hand derivative at every
real ¢, and moreover

Py (t) = lla’ — ta|*TIN' (2" — ta; —),
where N'(y;v) := limg o 0~ (N (y+6v) — N(y)) denotes the directional derivative of the convex function

N = - || at the point y. Note also that N'(a’ — tx; —x) > —|| — || = —||=|| according to the properties
of the norm. It results from this and Proposition 2.1(b) that

1
/ e — ta|| "~ N'(2f — tw; —z) dt
0
1
e / o — ta]* " dt
0
1
e / (2] + 2]y~ d.
0

A= (1) — p(0) = / oy () dt

Vv

v

Further, one knows that for any non-negative numbers u, v, o
(1+0)7 < 27 (7 +v°),
then

1
A> -2 a] / (2]~ + £~ d,
0

or equivalently

1 1 2571
5— ’s— S
Az -2 all o/~ = = le|"
It ensues that
1 1—sA 2s—1 PARE
= lla’ =l = alla’|* = =o' = == llall o/}~ = =5l (3.3)

Using (3.2) we get

1— s)\aH e 25—1
SO s —
SA A

25— 1 1
/|1s—1 _ o s« s — .
lal l2'11°* = Ble/l| = == llol” < —llall* + £(©) + p
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Putting 1 := (1 — sAa)~! > 0, the previous inequality can be written as

l2'[1* = 2 sl "1 = sAnBlla’| < (1 + 22 Hnllz]|* + snA(£(0) + p — 7).

Fix now z € B(0,r) and take any 2’ € X. The latter inequality yields

l'[1* = 2° sl "7 = sAnBlla’|| < (1+ 277y + spA(f(0) + p — ),

so putting

a:=2%"1srn >0, b:=sAnB > 0, ci=(1+2"Hr5n + spA(£(0) + p — ),

we obtain

21" = alla’[I*" = bll2’|| < c.

It is not difficult to see that the set

{t>0:t" —at* ' —bt <c},

is bounded. Indeed, suppose that there exists a sequence (), of positive reals tending to +oo such that
ts —ats~t — bt,, < c, hence
c

b

s—
n

(i) If s > 2 then, since ¢, — oo we obtain that a > +oo, which is a contradiction.
11 < s < en, since t, — 00, there exists ng € N suc at for every n > ng, we nave t, > 1,
ii) If 1 < 2 th i t th ist N such that f > have ¢ 1

then t,, > 57! because s — 1 < 1, hence
c
t5 —(a+b)t, <t5 —ats ™t —bt, <c=t"" Sa+b+—,

n
with s — 1 > 0. Taking the limit we get a + b > 400, which is a contradiction. Consequently, there
exists a real 7 > 0 (depending on r and \) such that ||z|| < 7, which justifies the assertion in (a).

(b) First, we must show that ey s f is finite. Thanks to (3.1) we write

1 1
Nz —ylF > =z —ylI* - aly|* - . 4
F@)+ e =yl = eyl —allyl® ~ Byl + 4 (3.4)
With w = L |lz — y[|* — ally||*, we know by (3.3) in the proof of (a) that
1—sha 2s—1 ;o285
> s __ S— _ S
02 T2 g~ E e
Setting v := 72:\1 |z]|® 4 =, from (3.4) we obtain that for any y € X
(3.5)

1—sha, ., 2571 o
I = =l gl = Bllyll + v

1
e —=yll® >
fly) + S}\Ilfﬂ ylI* > 3
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Take any real r > 0. According to (a), there exists a real 7 > 0 such that for any = € B(0,r)

xed@) = int (1) e l).

y€B(0,7)

It ensues from (3.5) that

. 1 s
xad@) = int (£0)+ 1l -l

yeB(0,7

1— sk r
> . f s 25717 s—1 _
> e (R 2 Ll = sl +o)
,
> inf (_23—17 s—1 _ + )
>t (2 Rl = Bll + v
> —2571£7571 — BT +v.

It results that ey s f is finite.
Now, taking A €]0, [ and = € B(0,7) then by (a)

s

xef(0) = inf (f(x’) + %Hx _ x'||s) .

z’€B(0,7

In view of the Lipschitz property of ey s f, we note by the mean value theorem that for any 0 < ¢; <o,
there exists a real ¢ € [ty,t2] such that

ty—t] =[5 — 15| <sc* it — ta

)

then, for any z,y € B(0,r) and z € B(0,7), there exists ¢ between ||y — z|| and ||z — z|| such that

[Nz = 201" = lly = 211°] < s Hllw = 2]l = lly = 2l

< sr+7) e -yl

Fixing 2’ € B(0,7) and putting g,/ (z) == f(2') + ||z — 2’||*, from the latter inequality we get that for
any x,y € B(0,7)

(r+7)* "z = yll,

> =

9o (2) — gury) = 5z — o' ~ ly — /|1 <

which implies that

s—1
inf g.() < inf gac/(y)wLM

z’'eTB z'eTB A llz = yll,

h - < 07t
then ey f(z) —exsf(y) < %
with the constant L > %

(c) According to (b) above, for every A €]0, [, the function ey . f is finite. Then for any fixed z € X, there
exists yn € X (depending on x) such that

lx — y||. This means that the function ey s f is Lipschitzian on rB

exsf (1) < Flun) + 5o = mall” < exaf ) + A (36
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On the other hand, the net (ey sf)x is decreasing and then limyjg ey of = SUPxejo, L | exsf. We put

9(+) = supygpo, L[ €x,sf(+) and we prove that g(-) = f(). We have by (3.6)

1 S S
oz =l = allgall® = Bllyall +v < g(z) + A, (3.7)

hence by (3.3)

2371
SA

1 — s)\« 2s5-1

s T s—1 o
2 gal* = Sl all* ™ = Bl

1
S < _
l2lI* < g(z) + — =,

which entails as in the proof of (a) that there exists a real r > 0 such that
1
llyal| < v forall A e |0, —|.
sa

It results from (3.7) that
[z = uAll” < sA(g(z) + A+ ar® + 18 —7),

which means that yy converges to x as A | 0. Then, since f(yx) < g(z) + A according to (3.6), we obtain

fla) = liminf f(u) < lip inf f(y») < (),
so f(-) < g(+). On the other hand, by definition f(-) > g(-) and as ey f is locally Lipschitzian so
continuous, the function g is Isc. Since f is the greatest lower semicontinuous function which minorizes
f, it ensues that f > g, which ensures that g(-) = f(-) as desired.

(d) We follow the main ideas in [8]. Let # € Dom dp f and let ¢ € drey sf(z). Fix a sequence (t,) in ]0,1[

with ¢, | 0 and a sequence (y, ), in X such that

1 S
Fwe)+ e =l < exef@) + 2, (3.8)
SO
Ll = vall* = allyall® = Bllgall + 7 < —llz]l* + F(0) + 22
sA T T Ynll = ilYn Ynll 77 = X0 n'

According to the proof of (a), the sequence (y, ), is bounded, then we can extract a subsequence (that
we do not relabel) converging weakly to some § € X and such that ||« — y,|| — n for some real 1. We
show that 1 = ||z — 7||. By the weak lower semicontinuity of the norm we have n > ||z — g||. Put now
Zp = & — tp(z — yn) and note that x,, — = since (yn), is bounded. As ( € dpeysf(z), for any real
€ > 0, there exists a real number r > 0 such that for n sufficiently large

<<7yn - $> S tT_Ll (ek,sf<x - tn(x - yn>) - ek,sf(x)) + EHx - yn”
1 1
< tﬁl(f(yn) + A =t)@ —ya)ll® = flyn) = o = yall® +f3> +ellz = ynll.
Let

1 1 1 1
n — — 1*tn — Yn 5— = - nsi* - n*tn — Yn f— = - nsa
o= 0= 1)@~ g~ S gl = e~ gt = )~ <~ gl
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and
1 S
on(0) = ;”x = Yn — tnb(x — yn)||°.
Then, by (c) and (b) in Proposition 2.1
1
r= ()= a0) = [ o) ap
1
= —t, </ Js (m — Yn — tp0(x — yn)) do, x — yn>
0
1
= —t, </ Jo((1 = tn0)(z — yn)) db, x — yn>
0
1
— —tala =) ) [ (1 1,0)° 0
0

1 S S
= ng_ynH (L =t,)" = 1),

SO

N

1
Gy =) < 651 (Sl = pall (1= t)* = 1) +22) + ez —

1 — s
aHx - ynHStnl((l —tn)® — 1) +tn +ellz — ynl|-
Putting h(t) := (1 —t)® for 0 <t < 1, we have h/(t) = —s(1 — t)*~!, and hence
1 sp—1

(Cyn —x) < aHm = all*t, " (h(tn) — W(0)) + tr +€llz — yal|-
Taking the limit as n — oo, we get that for every € > 0
(- 2) < ' (0) +e

Yy —x) > S/\n m,

which gives (¢,7 — x) < —n°, then

< el e~ 7l (39)
Now for 2’ := x + t,2,2 € X, and for n sufficiently large
(€2 < 87" (ernaf (e +ta2) — eruf(@)) + <z
< 671 (o) + Sz = v+ tul” = o) = lle = vl + ) + el
1

Putting oy, := 1|z —yn+tnz]|*— |z —y,||* and ¥, (0) = 1|z —y,+t,20]*, we have by Proposition 2.1(b)

s

1
0

o = (1) — 1 (0) = /O W (0)do — / (o — o + 012 1 2) 6

1
< tallel [l g+ 012 as,
0
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hence
1 1
(€2 < S0 [l = g+ Bzl d8 -t + el
0

Noting as n — oo that || — y,, + 0t,z|| — n since ¢, | 0 and ||z — y,|| — 7, it follows from the latter
inequality that for every ¢ > 0

1 _
(¢, 2) < Izl +elll)
then (¢, 2) < g[l2lln*~", so

s—1
n
< .
el < 5

According to (3.9), we obtain that n < ||z — 7|, and hence n = ||z — 7||. Consequently
2 = ynl — llz —7lI,

and since (yn), converges weakly to 7 and the norm has the sequential Kadec—Klee property, we find
that (y,)n converges strongly to 3. Passing to the limit in (3.8) and using the lower semicontinuity of
f, we get

F@) + 5l T < exf@),

hence ey s f(z) = f(7) + 2x/lz — ¥|*, which proves that Py s(z) # 0 and § € Py 4(x). Lemma 3.1 gives
that for any 2’ € Py ()

1
Ores.of(0) € 0r(a) 105 (5111 (0 = ),
Since the norm is Fréchet differentiable off zero, then dg (1| - ||)*(-) = J(-) is a singleton, hence

Orexsf(z) = %Js(x —2') and %Js(x —a') € Opf(2)).

We can also obtain a better constant of Lipschitz via (b). Indeed, one has

1

aJs(aﬁ —a'),

(= 3F6>\,sf(90) =

then

1 1 I
< N = = _ o als—1 <X 7
According to Theorem 2.1 of [32], we obtain L > % O

The next proposition establishes the equivalence between the C! property of ey sf and the single-
valuedness and continuity of P ,f.
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Proposition 3.1. Let (X, | -||) be a uniformly convexr Banach space whose norm || || is Fréchet differentiable
off zero and f : X — R U {+o0} be a proper lsc function satisfying the condition (3.1). Let A > 0 be a
positive real number and U be an open subset of X. The following properties are equivalent:

(a) exsf isCl on U,

(b) Pxsf is nonempty, single-valued and continuous on U.

When these properties hold, one has
De/\,sf('r) = A_ljs(x - P)\,sf(x))'

Proof. Suppose that (a) holds. According to the assertion (¢) of Proposition 2.2, the norm || - || has the
Kadec—Klee property, then from Theorem 3.1(d), Py sf(x) is nonempty for any « € U. Let T € U where
exsf(T) is exact and is attained at some @, i.e., ¥ € Py s f(Z). Then from Lemma 3.1

Orencf(@) < 0p @) 10 (1) @ -3,
and hence drey s f(Z) C {\"1Js(T —7)}. The C! property of ey s f on U ensures that
Dexs f(T) = A1 Jo(T ~ 7),
and since J, is bijective, we obtain ¥ = Z — AJ; ! (Dey s f(Z)). Thus for any = € U, it results that
Py sf(z) =2 — M 1 (Dey s f(2)).

Keeping in mind that the norm || - || is Fréchet differentiable off zero and using Corollary 2.1 and assertions
(f) and (g) in Proposition 2.2 we conclude that Py ,f is continuous on U.

Suppose now that (b) holds. This ensures that, for any @ € U, there exists p(z) € X such that Py s f(z) =
p(x), so by Lemma 3.1
Orexsf(x) COpf(p(@) N{N""Js(z —p(z))} forallzeU. (3.10)

We show that ey sf is C! on U. Let z € U and let £ € dpey sf(x). Then by definition £ = @ lim &, with
¢ € Orey s f(zy,) and z,, — 5 . For n large enough, x, € U so by (3.10) we get &, = A" J(zn, — Py s f(20)),
and the continuity of Py f and J, ensures that Js(z, — Prsf(z,)) — Js(x — Prsf(z)) and & =
A g(z — Py sf(z)). It ensues that

drexsf(z) C{N sz — Py sf(x))} for any z € U.

Moreover, for any fixed x € U we know that dpex s f(z) 7& () according to the local Lipschitz continuity of
ex.sf (see (2.3)), hence dpex s f(x) = {A " Js(z — Py, 9f ))}, and then by (2.3)

8Ce>\75f( ) =7co" Orexsf(z {/\ sz — Py of(x ))}

The single-valuedness of dcey s f(z) entails that eA,Sf is Gateaux differentiable on U with Dgey s f(z) =
A" LJs(z — Py s f(x)). The continuity of Js and P ; entails that Dgey s f is continuous on U and hence e s f
isCtonU. O

4. Differentiability of the Moreau envelope

Recall that a set-valued operator T' : X = X* is (r,0)-hypomonotone, for some reals ¢ > 1,r > 0,
whenever

(x5 —a], 20 — 1) > —rllxze —21||” for all z; € DomT and =} € T(x;), i = 1,2.

When o = 2, one says that T is r-hypomonotone.
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Definition 4.1. Let f : X — R U {400} be an extended real-valued function and e,r be two positive real
numbers. The (e, r)-truncation of dcf at T € X is the set-valued operator TEfTE : X =2 X* whose graph is
defined by

gphTf ={(z,2") e X x X" 12" € Oc f(x), ||z —T|| < e, |z < r}.

£,r,T
When there is no risk of ambiguity, Tsf = will be denoted by T ;.

For a function f which is s-lower regular near the origin, the next proposition will establish the connexion
between the truncation of dof and the Moreau truncated proximal mapping of f in view of the Holder
continuity near zero of that truncated proximal mapping. The proof of the proposition requires two lemmas.
The first lemma proves a hypomonotonicity property of the truncation of d¢ f.

Lemma 4.1. Let s > 0 and f: X — RU{+o0} be an extended real-valued function on the Banach space X
which is finite at T € X. Let € > 0 be such that f is lower semicontinuous and s-lower reqular on an open
convex set containing BT, €] with a constant ¢ > 0. Then, given any positive real ¢ > ¢ and ¢y = 1/(4c),
the truncated set-valued operator Ty ., in Definition 4.1 is (r, s + 1)-hypomonotone, for every real r > 4c'.

Proof. Since f is s-lower regular on an open convex set containing B[Z, ] with the constant ¢ > 0, we have
(@3 — a1, 22 — 1) = —c(2+ [|25 ]| + 3] |z — 2]|*F, (4.1)

for all (z;,2}) € gphdc f with ||z; — Z|| < e,i=1,2. Fix any real ¢ > ¢ and ¢g :=
r > 4c. Let (x;,2f) € gph 1% ey, ¢ = 1,2, which means that

ﬁ, and fix also any real
xf € 0o f(xi), |lzi—7T| <eand ||2f] < reo.

Then, if ||| + ||z3]| < 2, putting this in (4.1), we obtain

s+1

(2 —xf, 22 — 1) > =4 w2 — 21 ||*H > —rf|lzy — @ P

Else,

—c(2+ llaill + |23l o2 — @[

—2c(llai ]| + 3D ez — 21"+

(x5 — 27,22 — 71)

AV

hence the inequality ||| < cor ensures
(x3 — x%, 20 — 1) > —decor||zy — 21 ||FT > =1y — 2|5
The (r, s + 1)-hypomonotonicity of the (set-valued) operator T; ,., is then established. O
The second lemma provides, near the origin, a partial connexion between Moreau truncated proximal

mappings and appropriate truncations of d¢ f.

Lemma 4.2. Let (X, ||-]|) be a Banach space with a Gateauz differentiable norm off zero and let f : X — RU
{400} be an extended real-valued function with 0 € dom f. Let g9 > 0 be such that f is lower semicontinuous
on B(0,e0) and bounded from below on B(0,g9) and let s > 0. Then, taking a real &' €]0, 9] such that

e = () < eo, (4.2)

there exists a real rq > 0 such that, for any real r > 1y,
-1
1
P%vs"rl,ff(u) - (I + ;J.;‘,-ll o TEsTEI) (u) fOT‘ all ve B (07 Z) )

where Ty yor == T/

Y ez With T =0, is the truncated operator in Definition 4.1.
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Proof. Let ¢ > 0 be as in the statement, hence in particular, f is bounded from below on B[0,¢]. Let
u € B(0, 7). By definition

£ () + —lu =y, (4.3)

e1 u) = in
i,s—&-l,sf( ) lyll<e S+1

so from Lemma 2.1 with § = 0 = 2* = 0 there exists a real rg > 0 such that for any r > r¢

. T S
Chomef= inf (F@) + =l —yl™), (4.4)

and any point attaining the infimum in (4.3) (whenever such point exists) must belong to B(0, ‘1—5) Conse-
quently, for any y € Py .4 . f(u), we have

3¢
Z7
and the latter inequality combined with (4.4) entails according to the Fermat rule in Section 2

r _ sttt
0c e (f+ =) o),

[yl < (4.5)

and since Js41(z) is the derivative at x of the continuous convex function sil | - [|*T* we obtain by the
subdifferential sum rule (2.2) and by (2.4)

0 € dcf(y) + rds+1(y — u) or equivalently rJs11(u —y) € dc f (y).

On the other hand, using (4.5) and Proposition 2.1(b) we see that

s s e 3\’ s
Irdusata =)l =l =l <l + I)* < (545 ) =rer=re,

hence
. 1
7’Js+1(u - y) € Ts,rs’ (y) or equlvalenﬂy Js+1(u - y) € ;Ts,re’ (y)

This means

1 —1
€ (I + ;Jgjl o T> (u),

which is the inclusion of the lemma. O

Remark 4.1. When s = 1, that is, f is c-pln, we take ¢ = &’.

Proposition 4.1. Let (X, || - ||) be a uniformly convex Banach space whose norm is Fréchet differentiable off
zero and admits a modulus of convexity of power type s + 1 with s > 1. Let f : X — R U {+o0} be a
function on the Banach space X which is finite at 0 and let €9 > 0 be such that f is lower semicontinuous
and s-lower regular on an open convex set containing B[0,g9] with a constant ¢ > 0 and such that f is
bounded from below on B[0,e0]. Let any reals co €]0,1/(4c)[ and € > 0 with

e’ < min{ao, (Eo)s, CQL1},

where Ly is defined in (2.7). Then, there exists Ao > 0 such that, for any positive real A < Ao, one has
-1
Py si1ef(u) = (I +AJ Yo TE}%) (u) forallueB (O, Z) ,

where T s /5 = T/ with T =0, is the truncated operator of Oc f in Definition 4.1.

€,e5/\T’
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Further, both mappings of the latter equality are nonempty, single-valued and ——Holderwn on B(0, %)
with

[P st1.e(uz) — Prsire(un) || < Kellug —wa |57 for all ui,us € B(0,2/4),

1
where K. == (M> T and po= (s + 1)(5)s.

colq—e*®

Proof. Fix any positive real co < - and any positive real ¢ as in the statement, and put &’ := (¢)*®. Consider
the real 79 > 0 (depending on &) prov1ded by Lemma 4.2. Applying that lemma with Ay := % ensures, for

any A €]0, Ag[, that

Prop1of(u) C (I+>\J Lol . )_1 (u) for allueB(O,Z). (4.6)

Since the function f is s-lower regular on an open convex set containing B0, €], it follows from Lemma 4.1
that the (set-valued) operator Ty ,, is (r, s + 1)-hypomonotone for any real r > 1/c¢o, i.e.,

(@3 — 2,22 —@1) > —rlloy — 21 ||"F (4.7)
whenever xf € Oc f(x;), ||zf|| < cor, ||zl <e,i=1,2.

re’

We claim that the operator T ,.. is (C , 8 + 1)-hypomonotone, for all real » > 1/&’. Indeed, taking
xf € 0o f(x;) with [|zf]| < re’ and ||z;|| < e,i=1,2, we have

!
1
lef ] < coE and 1> -,
Co 9
then
/ !
1
e < eo— and >,
€o Co Co

hence applying (4.7) with (re’)/co in place of r we get the desired result. Consequently for Ao := min{e’, %
we find, for any A €]0, Ao[ that T_ s is (Cf)—,)\,s + 1)-hypomonotone. The rest of the proof is developed in
oY

three steps with X fixed in ]0, Aol
-1
Step 1. Holder property of (I + )\J;rll oT. i) on B(0, ) NDom Py 411 f.
oY

-1
Take z; € (I + AL 10T, 5/) (ug) with u; € B(0, ) N Dom Py 541, f, hence

1
XJS+1 (ul — .Z‘l) S TE’%/ (.%‘l) (48)

According to the (= )\,s + 1)-hypomonotonicity of 7 ., we have
)\

/

1 1 €
<)\Js+1(U2 —3) — XJSH(ul — 1), T2 — $1> > _c(T)\HxQ - leSH’

which implies

(Jsp1(u2 — x2) — Jog1(ur — x1),u1 — 1 — (ug — 22))

5./
> (Joq1(ug — x2) — Jog1(ur — 1), 41 — u2) — a”@ — x5t (4.9)
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On the other hand, (4.8) and Proposition 2.1(b) give
lzil <& and |[lu; — 2" < € (4.10)

Further, the norm || - || being uniformly convex with a modulus of convexity of power type s + 1,
we know by (2.7) that

(Jog1(ug — m2) — Jopq(ug — 21),us — w2 — (ug — 1)) > Ly llug — 29 — ug + 21 ||"™!

+1
> Lalley — ol = [lur — usll]™.

Putting
a = ||z — x2|, b= ||luy — uzl, o(t) == la— bt|sT1

and noting by (4.10) that a < 2¢, b < 5, it results that

1
1 = ol = lur — ual| ™ = [lz1 — 22"+ = @(1) — (0) = / o' (t)dt
0
1 5 s
=—(s+ 1)b/ la —bt]* > —(s+ 1)bla+b)* > —(s+1) <2> b.
0
For pu:= (s + 1)(%)*, we obtain
<Js+1(u2 - 2E2) - Js+1(U1 - $1),U2 — T2 — (ul - SCl)) > L (||l’1 - CUQHSH - /1||U1 - U2||) ,
hence using (4.9) and (4.10) it results that

Ly (pllur = ual| = [|o1 — 22]|"T) = (Jog1(uo — 22) — Jop1(ur — 21),u1 — 21 — (up — 22))
/

€
> (Jog1(ug — x2) — Joy1(ur — 1), w1 — ug) — ;\\Iz — x|
0

6./
> = (1 Jst1(ug — z2)|| + ([ Js1(ur — z1) ) [Jur — uall — ;||I2 — x5t
0

6/
= — (fluz — @2f|® + [lur — 21||*) [Jur — ual| — ;||$2 — a5
0
6./
> =26 ||luy — ug|| — —|lz1 — zo|*H,
co
hence
C()L1 —¢

|21 — zo|*F! < (uLy + 2¢")[Juy — ual|.

Since €’ < coLy, we find

= (4.11)

21 — 22| < KL [lur — uz

1

with Ké/ = (CO(MLH-?S/)) S+1.

C0L17€/
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Step 2. Let us show the inclusion B(0, ) C Dom Py 11 f.
Fix any v € B(0,7) and A €]0, A\g[. According to the density of Fréchet subdifferentiability
points of ey si1.cf, for any integer n > 1, there exists some point w, € B(0,%) with u, €
Dom dpex sy1,ef N B(u, +). Theorem 3.1(b) ensures that there exists some @, € Py sy1.cf(un),

then z,, € (I +XJto T, g) (uy,) thanks to (4.6), hence by (4.11), for any n,m > 1,
X

[ = Tl < Kot ||ty — || 757,

which ensures that (z,), is a Cauchy sequence. Denoting by x the limit of ()., we have ||z| < e
because ||z,| < e according to the inclusion z, € P st1,cf(un). Further, the same inclusion
T € Py si1.cf(uy) tells us that ex s41.f(un) = f(xn) + ﬁ”un — ,||**! and thus

1
liminfey 41, f(u,) = lim inf (f(xn) + 3

Observing that w, — wu and recalling that z, — =z, the continuity property of ey syi.f (see
Theorem 3.1(d)) and the lower semicontinuity of f on B[0,&¢] give

1

s+1
R

exstief(u) > flz)+ flu —

which means that x € Py 541, f(u) and proves the desired inclusion B(0, ) C Dom Py s11.f.

Step 3. The inequality (4.11) gives that (I +AJ_}; o Ts,%’)_l is single-valued on B(0,&/4) N Dom P s41.,
and the inclusions Py o1 f(-) C (I +AJ Y4 o TE%)*l(') from (4.6) and B(0, §) C Dom Py 541, f
from Step 2 give that Py sy1.f is nonempty single-valued and H%—Hélderian on B(0, %) with
coefficient K... Consequently

Pysy1ef(u) = <[+ )\J;rll o Ts,%’>_l (u) forallue B (07 Z) ,

and the Holder property of Py s41.f in the proposition holds true in B(0, §) with the constant

co(pLy + 2¢%) ) w1

K. =K., =
c € < C()L1 — &8

This finishes the proof of the proposition. [

In place of the truncated proximal mapping we focus now on the proximal mapping itself of a localization
near zero of f.

Proposition 4.2. Let (X, ||-]|) be a uniformly convex Banach space whose norm admits a modulus of convezity
of power type s + 1 with s > 1 and a modulus of smoothness of power type o + 1 with 0 < o < 1. Let
f: X — RU{+o0} be a function which is finite at 0 and let ¢ > 0 and g9 > 0 be such that f is lower
semicontinuous and s-lower regular with constant ¢ on an open convex set containing B0, eo] and such that
f is bounded from below on B|0,eq]. Let any reals ¢y €]0,1/(4c)[ and € > 0 with

e’ < min{eo, (60)3, CoLl},

where Ly is defined in (2.7).
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Define f(-) = f(-) + (., B[0,€]). Then there exists A\g > 0 such that for any 0 < X\ < \g, one has the
following properties:

(a) Prst1f is nonempty, single valued and T -Holderian on B(0,
(b) The function ex o1 f is CH51 on B(0, $) and for all u € B(0,

).
)

De,\,s+17(u) = A" o (u — PA,S+1?(“))-

LN

Proof. (a) For any u € X we know that Py sy1f(u ) Py 511 f(u). According to Proposition 4.1 we obtain
that P)\’SJ’,I? is nonempty, single-valued and -Hélderian on B(0, §) with the constant K. in the

s+1
statement of that proposition.

(b) Since Py o41f is nonempty, single-valued and continuous on B(0, £), Proposition 3.1 tells us that the
function ey, st1f is Ct on B(0, ) and that

- _ —= 5
Dex g1 f(w) = AWy (u — Prosr f(u)) forallue B (o, Z) .

Now fix any z,y € B(0, §), and observe by (2.8) that

HDeMerlf(x) - De/\,s+1?(y)”
= §||Js+1(l‘ — Py o1 f(2) = Jor1(y — Prssr S ()

L —- 3 —a T F o
< 72 max{[|z — Pxs41.f(@)[ [y = Prssr S W}z =y + Prssr f(y) = Pasa f(2)]|"

Since Py s11f(¢) is ﬁ—Hélderian on B(0, §), it is bounded therein, so

L b —a
K = 72 sup  lu— Py sy f(uw)|** < 4o0.
u€B(0,e/4)

Therefore,
IDexs+1f(x) = Dexsir f()| < K(lle =yl + [ Prss1f(@) = Passrf ()]

This and the Holderian property of P,\7S+1? give

IDexs1f(x) = Dex s fW)ll < K ([lo -yl + K|z —

1 [e3%
w( )
= K (2 =yl 7 llo -yl 71 + Koz =y 77)”
()i
2
e\ ¢ o
OIS

The function Dey s41f is then s17-Holderian over B(0,%) and the proof of the proposition is
finished. O

w1 + K|z —y

Now we establish the C1'#%7 property of exst+1f around a point ug € dom f.
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Theorem 4.1. Let (X,| - ||) be a uniformly convex Banach space whose norm || - || admits a modulus of
convexity of power type s+ 1 with s > 1 and a modulus of smoothness of power type a + 1 with 0 < a < 1.
Let f: X — RU{+o0} be a function and let ¢ > 0 and n > 0 be such that f is lower semicontinuous and s-
lower regular with constant ¢ on an open convex set containing Blug,n] and such that f is bounded from below

on Blug,n]. Let any positive real co < = and any real o €]0, min{n, 2(coLy)*, (2(%) )ﬁ}[, where Ly is

the constant defined in (2.7). Let xg € dom f be such that ||xo—uol| < 1% and let f(-) = f(-)+6(., Blzo, 2]).
Then there exists Ao > 0 such that for any A €]0, Ao, one has

(a) €>\,s+1ZZ’S cl 3T on B(uo, %);
(b) Pxsy1f is nonempty single-valued and —=-Hélderian on B(ug, 1%), with

T ra T
1Prst i F(@) = Prori @)l < K 2=yl for alt 2,y € B (w0, 12).

1/2
L co(L1+7r
where K := (7%%(1:@0?)2)) .

Proof. Let us define for all z € X
F(x) = f(x + o) + 6(x + z0, Blug, r0]) — f(x9) and F(x) = F(z)+ 6(x, B[0,¢]),

with € := % Clearly, F' is proper, lower semicontinuous and F'(0) = 0.

Step 1. Let us show the s-lower regularity of F' on B(0, %)
For any z € B(0, 22¢), we observe that on the one hand

dcF(x) = 0c (f (- + o) + 8(- + zo, Bluo, 0))) (),

and on the other hand ||z + xg — ug|| < (3r9/4) + (r0/16) < 7. The latter inequality implies
37"0
f(z+ o) + d(x + o, Blug, r0]) = f(x + x9) forallz € B (0, - )

hence for all  in the open ball B(0, 222)
Ao (f(- 4 x0) + 6(- + 2o, Bluo, 70])) (x) = d f (- + x0) (2),
which gives
O F(x) = o f(x + 70).

Now fix any z € B(0,22) N DomdcF and any z* € 9cF(z), so z* € Ocf(z + xo) thanks

T0

to the latter equality above. For every y € B(0, ST), according to the s-lower regularity of f on
B(ug,r0) C B(ug,n) and to the inclusions x + x¢ € B(ug,70) and y + z¢ € B(ug, o), we have

Fly+wo) 2 fz +w0) + (2%, y —x) — c(L+ [|l2*|))lly — «[**, (4.12)
or equivalently

Fly+a0) = flzo) = (f(z +20) = f(z0)) = (&*,y — x) — (1 + [la*|)lly — =]**,



Step 2.

Step 3.
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that is,
F(y) = F(z) > (2%, y — x) — c(1+ ||lz*|) [y — =[]

This confirms the s-lower regularity of ' on B(0, 272).

Let us show that infB,[0 sro F is finite.
Ey
Indeed we have
inf  F(z)= inf (f(z+w0)— f(zo) + d(x + z0, Bluo,70]))
zeB[0,250] zeB[0,20]

= inf  (f(2) + d(z, Bluo,70])) — f(z0)

ZEB[zo,S%]
— il f(z) - f(z0) €R,

zEB[zo,S%]

where the latter infimum is finite since Blzg, 2] C Blug, ] and z¢ € dom f.

Take g¢ = 34@ and note that £° < min{eg,ef, coL1} according to the assumption concerning ry.

Then the properties of Step 1 and Step 2, combined with Propositions 4.1 and 4.2 ensure the
existence of a real A\ > 0 such that for any A\ €]0, Ao|

Pyop1F() = <I+ Mo Ta,%)_l on B (0’ Z) ,

with both mappings being nonempty, single-valued and ﬁ—Hélderian on the open ball B(0, §) =

1
B(0, %) with the constant K. = (M) 2, and ey s11F being Chs5 on B(0, %) with

colLq1—e*®

Dex o1 F(u) = Ny 1 (u— Py g1 F(u)) forall ue B (o, Z) . (4.13)

On the other hand, for all x € X and A > 0, we observe that

ex et F) = 1 (F) + 800, BOLED + il ol

= int ((£0-+-20) = Fla0) + 00 + 20, Bao, 1) + 31y + 0. Bloa, ) + —pollo — ol

= oo} + it £2) + 8z, Bluo, ) + 8. Blao.el) + Tzl 4w =14,

_ 1
(s+1)
Since B[z, ¢] C Blug, rol, the latter yields

exo1F() = =f(wo) + inf (f(2)+ (2 Bluo, o] N Blwo,e]) + [+ @ — 2[**1)

1
(s—i—l))\'

= (o) + 1t () + 8(z. Blao.e]) + gz o +a0 = 21+
= (o) + ot () + oyl + 00— 21)

= —f(z0) + ex,s41.f(z + 20),



180 I. Kecis, L. Thibault / Nonlinear Analysis 127 (2015) 157-181

which gives
6)\,3_;,_1?(‘7}) = e,\7s+1f(z — SC()) + f($0) (414)

The C'5#7 property of ey 41 F on B(0, 0) with (4.14) entails that ey o1 f is Ch5 on Bz, 2)

and since B(uo, 13) C B(xo, g) we get

To
s+1 on B (uo7 )

s chet
€, +1f 18 16

Hence by Proposition 3.1, Py s41f is nonempty single-valued and continuous on B(uq, 1%) with

De)\,sﬂf(x) = Ao (r— P)\7S+17(1‘)) for all x € B (uo, 16) (4.15)

For any = € B(ug, %), it results from (4.14) that Dex s41f(x) = Dex 41 F(x — x0), which means
by (4.13) and (4.15) that

A Wi (@ = Prss f(2)) = A o (@ — 20 — P Fz — 20)),
or equivalently x — P)\,S_Hf(x) =2 — 20 — Py s+1F(z — x0). Consequently,
PA75+17($) = PA75+1F(50 —xo)+x¢ forallze B <u0, 16)
so, for all z,y € B(uo, 13),

[Prs+1F (2 = 20) = Prs41F(y — o)l
1
Kellw —yll=T,

[Prss1f(@) = Prsirf(y)ll

IN

which translates the Holder property of Py .1 f on B(uo, 7¢) and finishes the proof of theorem. [0

Remark 4.2. ey o1 f is “%-lower regular on B(uo, %) according to the property (a) of the last theorem.
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