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Abstract – We show that discrete quasiprobability distributions defined via the discrete
Heisenberg-Weyl group can be obtained as discretizations of the continuous SU(N) quasiprob-
ability distributions. This is done by identifying the phase-point operators with the continuous
quantisation kernels evaluated at special points of the phase space. As an application we discuss
the positive-P function and show that its discretization can be used to treat the problem of diverg-
ing trajectories. We study the dissipative long-range transverse-field Ising chain and show that
the long-time dynamics of local observables is well described by a semiclassical approximation of
the interactions.

Copyright c© EPLA, 2015

Introduction. – Phase-space representations of quan-
tum mechanics, usually called quasiprobability distribu-
tions, provide a natural language for the quantum-classical
correspondence of non-relativistic quantum mechanics.
They were first developed in the context of harmonic oscil-
lators [1] and extensively applied in quantum optics [2,3].
It has been realised that the quantum-classical corre-
spondence is intimately related to symmetry properties
of the underlying classical phase-space. This led to an
axiomatic approach to the phase-space formulation of
quantum mechanics known as Stratonovich-Moyal-Weyl
correspondence [4,5]. In order to apply the ideas of
Stratonovich and Berezin to finite-dimensional Hilbert
spaces (e.g., spin systems), two main research directions
are followed. The first is to construct a continuous phase
space with a natural continuous symmetry of the sys-
tem (e.g., SU(2) for spin systems) [6–10], which typically
leads to evolution equations in terms of stochastic differ-
ential equations [11,12] or even ordinary differential equa-
tions [11,13] that can be efficiently simulated. The second
direction is to exploit the discrete nature of the system
and to define phase-space distributions on the basis of the
discrete Heisenberg-Weyl group [14–22]. This formulation
enables a simpler representation of quantum states and has
been applied in quantum information [23,24] and quantum
tomography [25,26].

We show that the two approaches to formulate phase-
space quasiprobability distributions on finite-dimensional
Hilbert spaces are equivalent, in the sense that discrete

distributions can be obtained by evaluating the continuous
ones at special points of the phase space. This identifica-
tion provides a formal justification of Monte Carlo meth-
ods on finite-dimensional phase spaces proposed in [27,28],
their systematic expansion beyond the semiclassical (trun-
cated Wigner) approximation [12,29] and extension to
open quantum systems. Hence, the revealed relation be-
tween continuous and discrete phase spaces should be rele-
vant to further development of contemporary phase-space
methods for simulation of long-range many-body quantum
systems.

A related correspondence between the operators on a
plane and on a torus has been established and studied in
the case of continuous automorphisms of the torus [30,31].
Further, a similar discretisation was obtained in case of the
SU(2) group [32,33] by contracting a continuous SU(2)
kernel to a discrete one. Here we take the opposite route
and extend the discrete kernel to the continuous one for
any dimension of the Hilbert space N .

In order to prove the main result of the paper we first
review the basic properties of the discrete and SU(N)
quasiprobability distributions on N -dimensional Hilbert
space.

Discrete quasiprobability distributions. A one-
parameter family of discrete Weyl symbols for an
operator A acting on a N -dimensional Hilbert space is
usually defined as

W
(s)
A (α, β) = tr AΔ(s)

α,β , (1)
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with the parameter s denoting the ordering of the dis-
tribution; s = 1, 0, −1 for normal, symmetric, and
anti-normal ordering, respectively. The phase-point
operators Δ(s)

α,β , α, β = 0, 1, 2, . . .N − 1 satisfy the fol-
lowing properties [16,19,21,34]:

1a) Hermicity: (Δ(s)
α,β)† = Δ(s)

α,β ;

2a) Normalization: trΔ(s)
α,β = 1;

3a) Covariance: Δ(s)
α−μ,β−ν = Tμ,νΔ(s)

α,βT †
μ,ν , where Tμ,ν

denotes a unitary irrep of the discrete Heisenberg-
Weyl group of order N ;

4a) Traciality: tr Δ(s)
α,βΔ(−s)

α′,β′ = Nδα,α′δβ,β′.

The quasiprobability distribution is given by the Weyl
symbol of the density matrix. For each Δα,β satisfying
the properties 1a)–4a) the Weyl symbol (1) defines a one-
to-one mapping between operators on a finite-dimensional
Hilbert space and functions on a discrete phase space. The
explicit form of the phase-point operators is not relevant
for our purpose and will be omitted; we refer the inter-
ested reader to refs. [14,15,19] —a particular example is
given in the next section (11). The kernel Δ(s)

α,β can be
rewritten in the following useful form [19]:

Δ(s)
α,β = Tα,βΔ(s)

0,0T
†
α,β. (2)

The decomposition (2) is valid for any unitary realisation
Tα,β of the discrete Heisenberg-Weyl group of order N .
The constant matrix Δ(s)

0,0 is determined by demanding
that for s = −1 the quasiprobability distribution repre-
sents the discrete Q function. This gives the boundary
condition

Δ(−1)
α,β = Tα,β|0〉〈0|T †

α,β, (3)

where |0〉 denotes a chosen vacuum state. Other Δ(s)
0,0

can be determined by using the traciality condition [21].
Phase-point operators satisfying the properties 1a)–4a)
can be defined and calculated for any Hilbert space dimen-
sion N . If, in addition, N is a prime number or a power of
a prime number, the quasiprobability distribution is de-
fined on a discrete phase space with a well-defined geome-
try [14,18,35]. For such systems (sometimes called Galois
quantum systems) phase-space methods based on discrete
symplectic transformations were developed that are simi-
lar to the ones used for harmonic-oscillator systems [18].
Phase spaces with non-prime number dimensions N do
not have a well-defined geometry. As a consequence the
standard construction of the mutually unbiased basis does
not work, leaving this fundamental and interesting prob-
lem unsolved in the Hilbert spaces of non-prime number
dimension. In addition, on even-dimensional phase spaces
the discrete kernels are not uniquely determined [16,24].
This, however, does not affect our results.

SU(N) quasiprobability distributions. The SU(N)
quasiprobability distributions on a manifold M are con-
structed in a similar manner as the discrete quasiprobabil-
ity distributions through the quantisation kernel Δ(s)(Ω).
The Weyl symbol is given by

W
(s)
A (Ω) = tr AΔ(s)(Ω), (4)

with the parameter s = −1, 0, 1 denoting the normal, sym-
metric, and anti-normal ordering. The quantisation ker-
nel has to satisfy similar properties as in the discrete case,
namely [4]

1b) Hermicity: (Δ(s)(Ω))† = Δ(s)(Ω);

2b) Normalization: tr Δ(s)(Ω) = 1;

3b) Covariance: Δ(s)
g−1◦Ω = Λ(g)Δ(s)(Ω)Λ†(g), where Λ(g)

denotes a unitary irrep of a coset element g ∈ G =
SU(N)/U(N − 1);

4b) Traciality:
∫

M dμ(Ω)tr
(
Δ(s)(Ω)Δ(−s)(Ω′)

)
f (s)(Ω) =

f (s)(Ω′), where dμ(Ω) is the invariant measure,
f (s)(Ω) denotes a differentiable s-ordered function on
the manifold M being isomorphic to G.

For each quantisation kernel Δ(s)(Ω) satisfying the prop-
erties 1b)–4b) the Weyl symbol (4) represents a one-to-one
mapping between operators on the N -dimensional Hilbert
space and smooth functions on the classical manifold M.
There are several constructions of the quantisation ker-
nel for the SU(N) group [6,9,10]. Here we focus on the
fundamental representation for which the most explicit ex-
pression for the quantisation kernel was given in [10]. The
explicit form of the SU(N) kernel shall be omitted; the
interested reader is referred to [6,9,10] —a particular ex-
ample is given in the next section (12). As in the discrete
case all realisations of the SU(N) group admit the follow-
ing decomposition of the kernel [9]:

Δ(s)(Ω) = Λ(Ω)D(s)Λ(Ω)†, (5)

where D(s) is a constant diagonal matrix containing the
essential information about the quasiprobability distribu-
tion. It can be determined by demanding that for s = −1
the usual Q function should be recovered, namely

Δ(−1)(Ω) = Λ(Ω)|0〉〈0|Λ(Ω)†. (6)

All other D(s) are determined by the traciality condi-
tion [9,10].

Construction of the SU(N) kernel from the
phase-point operators. – In the following we shall
prove that continuous SU(N) quasiprobability distribu-
tions for the fundamental representation of the SU(N)
group can be constructed from the discrete phase-
point operators. We start by realising that the discrete
Heisenberg-Weyl group of order N is a subgroup of
the coset G. Hence, the realisations Tα,β associated to
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the N -dimensional Hilbert space can be seen as funda-
mental realisations of particular group elements Ωα,β ∈ G,
namely Tα,β = Λ(Ωα,β), suggesting that the phase-point
operators can be regarded as the SU(N) kernels evaluated
at phase-space points Ωα,β. This is immediately clear for
the Q function, however, it can be shown for any s without
knowing the precise form of the kernels Δ(s)

α,β and Δ(s)(Ω).
The discrete phase-point operators can be extended to

the SU(N) group by defining

Δ(s)
α,β(Ω) = Λ(Ω)Δ(s)

α,βΛ†(Ω). (7)

The extended Weyl symbol for an operator A is then de-
fined as

W
(s)
A (α, β, Ω) = tr

(
AΔ(s)

α,β(Ω)
)

. (8)

In the following we shall show that for any fixed Ω the
matrix W

(s)
A (α, β, Ω) represents a discrete Weyl symbol

and that for any fixed pair α, β the function W
(s)
A (α, β, Ω)

represents a continuous Weyl symbol. The properties 1a),
2a), and 4a) of the phase-point operators are trivially sat-
isfied. The covariance property 3a) follows by using a
rotated realisation of the discrete Heisenberg-Weyl group,
namely Tα,β(Ω) = Λ(Ω)Tα,βΛ†(Ω). Further, the prop-
erties 1b)–3b) of the continuous quantisation kernel are
evident. Finally, the continuous traciality property 4b)
follows from the invariance of the Haar measure and from
the fact that Δα,β(Ω) are also discrete phase-point oper-
ators for any but fixed Ω ∈ G. By using these two prop-
erties any operator A acting on the Hilbert space can be
decomposed as

A =
∑
α,β

tr (Δ(−s)
α,β (Ω)A)Δ(s)

α,β(Ω)

=
1

ΩN

∫
M

dμ(Ω)
∑
α,β

tr (Δ(−s)
α,β (Ω)A)Δ(s)

α,β(Ω)

=
N2

ΩN

∫
M

dμ(Ω) tr (Δ(−s)
α,β (Ω)A)Δ(s)

α,β(Ω), (9)

where ΩN denotes the invariant volume of the phase
space M. From above equality (9) the continuous tra-
ciality condition follows:

f
(s)
α,β(Ω) = tr (FΔ(−s)

α,β (Ω))

=
N2

ΩN

∫
M

dμ(Ω)f (s)
α,β(Ω′) tr

(
Δ(s)

α,β(Ω′)Δ(−s)
α,β (Ω)

)
. (10)

Hence, the kernel Δα,β(Ω) can be used to generate a dis-
crete or a continuous phase space.

As an example we consider a spin-(1/2) case, where the
phase space is a sphere, which can be useful to gain some
intuition on the mapping between the discrete to the con-
tinuous phase space. We start by choosing the following

phase-point operators:

A0,0 =

⎛
⎜⎝

1
2

(
1 +

√
3
)

0

0
1
2

(
1 −

√
3
)

⎞
⎟⎠, (11)

A0,1 =

⎛
⎜⎜⎝

1
6

(
3 −

√
3
) √

2
3√

2
3

1
6

(
3 +

√
3
)

⎞
⎟⎟⎠,

A1,0 =

⎛
⎜⎜⎝

1
6

(
3 − √

3
)

(−1)2/3

√
2
3

− 3
√−1

√
2
3

1
6

(
3 +

√
3
)

⎞
⎟⎟⎠,

A1,1 =

⎛
⎜⎜⎝

1
6

(
3 −

√
3
)

− 3
√−1

√
2
3

(−1)2/3

√
2
3

1
6

(
3 +

√
3
)

⎞
⎟⎟⎠.

Using the SU(2) kernel for the Wigner function

Δ(0)(z) =

⎛
⎜⎜⎜⎝

√
3(1 − |z|2)

2(|z|2 + 1)
+

1
2

√
3z

|z|2 + 1√
3z̄

|z|2 + 1

√
3(|z|2 − 1)

2(|z|2 + 1)
+

1
2

⎞
⎟⎟⎟⎠ (12)

one can easily check that the phase-point operators (11)
correspond to the continuous kernel (12) evaluated at spe-
cial points of the phase space, namely Ai,j = Δ(0)(zi,j)
with z0,0 = 0, z0,1 =

√
2, z1,0 = (−1)2/3

√
2 and

z1,1 = −(−1)2/3
√

2. Applying the stereographic projec-
tion z = tan(θ/2) exp(iφ) we find that the points corre-
sponding to the phase-point operators form vertices of a
regular tetrahedron embedded in the continuous SU(2)
phase space (see fig. 1).

We have established a connection between discrete
quasiprobability distributions and SU(N) quasiprobabil-
ity distributions on finite-dimensional Hilbert spaces. This
identification enables to combine sampling of the initial
state in the discrete phase-space and continuous simula-
tion in the SU(N) phase space [27]. Further, continu-
ous phase-space methods enable a systematic expansion
in the quantum noise parameter [11,12] and extension to
the dissipative models [11]. However, in order to use the
phase-space methods one needs to find a differential rep-
resentation for the operators on the local Hilbert space.
This is in general a difficult task, which was accomplished
in for any SU(N) group only in the s = 1 (P representa-
tion) case [36], and for any s only in the two-dimensional
case [11] (i.e., for the SU(2) group). Once the equa-
tions of motion in the phase space are obtained the main
obstacles for their efficient simulation are divergence of
stochastic trajectories and negativity of the diffusion ker-
nel. The later can be avoided by using the positive-P
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Fig. 1: (Colour on-line) Embedding of the discrete phase space
into the condinuous phase space: each sphere represents the
continuous SU(2) phase space and the vertices of the tetrahe-
dron correspond to discrete phase-space points (11). The left
and right panels show a different realisation of the discrete
phase space (e.g., on the left the red, green, blue and black
vertex points correspond to z0,0, z0,1, z1,0 and z1,1 defined in
the text, respectively). Each rotation of this tetrahedron is a
valid discrete probability distribution. An example of stochas-
tic trajectory with discrete phase-space projection: the line in
the left panel corresponds to a stochastic evolution before the
projection. When z(t) = zmax = 3 (i.e., when the line in the
left panel reaches the black dashed circle) it is represented by
a discrete probability distribution shown by the vertices of the
tetrahedron in the right panel. In the next step, this discrete
probability distribution is randomly projected onto one of its
phase space points (in the presented case this is the the black
vertex). After that the stochastic evolution continues (shown
by the black line in the right panel).

representation (positive-P function), whereas the former
can be to some extent circumvented by exploiting a par-
ticular gauge freedom [37].

Discrete positive-P distribution, diverging
trajectories and noise reduction. – In the rest of
the paper we discuss the applicability of the positive-P
function on discrete phase spaces and propose a discrete
phase-space method to treat the problem of diverging
trajectories. The normalised positive-P function is usually
defined through the off-diagonal coherent state expansion
of the density matrix [36]

ρ =
∫

M
dμ(Ω)dμ(Ω′)P+(Ω, Ω′)

|Ω〉〈Ω′|
〈Ω′|Ω〉 . (13)

where |Ω〉 := Λ(Ω)|0〉 denotes a normalized coherent state.
We can write the above equation (13) in terms of the quan-
tisation kernel (7) as

ρ =
∫

M
dμ(Ω)dμ(Ω′)P (s)(Ω, Ω′)Δ(−s)(Ω, Ω′), (14)

with the kernel

Δ(s)(Ω, Ω′) =
Λ(Ω)Δ(s)Λ†(Ω′)

tr (Λ(Ω)Δ(s)Λ†(Ω′))
. (15)

By choosing s = 1 in eq. (14) we obtain the density ma-
trix expansion given in (13)1. The positive-P function
P (+1)(Ω, Ω′) always exists and can be expressed in terms
of the discrete phase-space values as

P (+1)(Ω, Ω′) = P (+1)(Ω)δ(Ω−1
α,βΩ)δ(Ω′), (16)

where P (+1)(Ωα,β) = tr (ρΔ(+1)
α,β ) and δ(Ω) is the delta

function for the measure μ(Ω). The above equation (16)
means that the discrete-P distribution can be interpreted
as a continuous positive-P distribution. Hence, the
discrete-P representation can be used to sample the initial
condition in simulations of the positive-P function. The
importance of the initial condition sampling and a com-
parison of continuous and discrete distributions was dis-
cussed in [27]. However, the derivation in [27] is valid
only for Wigner functions of spin-(1/2) systems and is
based on a product-probability assumption, which results
in a truncated Wigner-type approximation not permitting
a systematic expansion or application to open quantum
systems. The approach presented here is valid for any N ,
any s-ordered quasiprobability distribution and the gener-
alised positive-P function, enables a systematic expansion
in the noise terms, and is applicable to open quantum
systems.

Using the phase-space correspondence one can express
the action of the elements of the su(N) algebra on the den-
sity matrix by using only first derivatives with respect to
the phase-space variables [36]. Hence, any evolution equa-
tion for the density matrix which contains at most lin-
ear elements in the su(N) generators can be expressed as
an ordinary differential equation on the extended phase
space. On the other hand, any evolution equation which
contains at most quadratic elements in the su(N) genera-
tors can be expressed as a stochastic differential equation
on the extended phase space. Stochastic terms arise from
the interaction between different sites of a many-body
system or dissipation and make the simulation of evolu-
tion equations inefficient for longer times. One procedure
to reduce the noise is to add a gauge or to experiment
with different decompositions of the diffusion matrix [37].
Another possibility is to enlarge the local Hilbert space
with dimension N by including k nearest neighbours. In-
side the block the evolution in the SU(Nk) generalised
phase space is described by ordinary differential equa-
tions, whereas the interaction between the blocks is still
treated stochastically. The decomposition into larger
blocks is still exact but reduces the number of stochas-
tic terms at the expense of enlarging the local phase
space2.

1In the cases s = 0, −1 the kernel (15) seizes to have appro-
priate analyticity properties with respect to the phase-space vari-
ables, hence, the positive-P distributions cannot be generalised to
the s = 0, −1 cases in a straightforward way.

2A similar method was proposed in [13], where the interaction
between the blocks was treated in the first-order approximation
(TWA). In our case the evolution equation is still exact and the
interaction is treated by inclusion of stochastic terms.
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Reduction of noise does not necessary solve the problem
of diverging stochastic trajectories, which can be avoided
by using discrete distributions as follows. Whenever the
phase-space variable becomes too large we expand the cor-
responding kernel in terms of an equivalent discrete dis-
tribution. Then we randomly choose (according to the
obtained discrete distribution) one of the discrete phase-
point operators (kernels) and continue the simulation with
the chosen kernel. For a large number of simulated tra-
jectories this procedure converges to the exact result. An
example trajectory for the model considered in the next
section is shown in fig. 1.

Example: dissipative long-range transverse Ising
chain. – As an example of the discrete phase space pro-
jection method described in the previous section we con-
sider a long-range dissipative Ising chain in a transverse
field with the Hamiltonian

H =
n∑

j,k=1

J(α, n)
2|j − k|α σx

j σx
k + h

∑
j

σz
j , (17)

boundary Lindblad operators L1 =
√

γ1σ
+
1 , L2 =√

γ2σ
−
1 , L3 =

√
γ3σ

+
n , L4 =

√
γ4σ

+
n , and bulk dephasing

L4+j =
√

γDσz
j , j = 1, 2, . . . n. We are using the Kac nor-

malization J(α, n) = (
∑n

j=1 j−α)−1. The time evolution
of the density matrix is given by the Lindblad equation

d
dt

ρ = −i[H, ρ] +
n+4∑
μ=1

LμρL†
μ − 1

2
{L†

μLμ, ρ} (18)

and can be expressed as a partial differential equation on
the extended phase space [2]. This problem cannot be
solved exactly by any known method to treat open quan-
tum systems [38–42] and it is hard to simulate with ex-
isting numerical methods [43]. Usually we are interested
in the steady state of open quantum systems. In order
to estimate the long-time behaviour we consider the inter-
action semiclassically, whereas the dissipation is treated
fully quantum mechanically. The semiclassical limit is ob-
tained by taking into account only first-order derivatives
in the evolution equation, i.e. omitting nonlinear (in the
gl(N) generators) terms of the Hamiltonian [4]. For small
system sizes (n = 5) we compare the results obtained
by the proposed method with exact results and observe
good agreement for short and long times. It is surprising
that semiclassical approximation of the interaction pro-
vides an accurate estimation of the long-time behaviour
even in the strongly interacting regime (see fig. 2). We
also compute the long-time averages for a larger system
with n = 20. Parameters used in presented simulations are
α = 1.5, h = 1, γ1 = 0.2, γ2 = 0.02, γ3 = 0.1, γ4 = 0.05,
γD = 0.001.

Conclusions and discussion. – We have shown that
the phase-point operators defining discrete quasiprobabil-
ity distributions are equivalent to the continuous quan-
tisation kernel evaluated at spacial points of the phase

Fig. 2: (Colour on-line) The left panels show the average spin
per particle in the x-, y-, z-direction (from top to bottom,
respectively), Sα = 1

2n

∑n
k=1 σα

j , α = x, y, z. The right pan-
els show the two point correlations ΔSα = 〈SαSα〉 − 〈Sα〉2.
The orange dashed line represents the exact result for n = 5,
the black and blue lines show the stochastic simulation result
for n = 5 and n = 20, respectively. The grey/light blue
regions denote the statistical error of the stochastic simula-
tion with 103 trajectories. The initial state is a product state
with all spins pointing in the x-direction. The insets show the
short-time dynamics. The parameters used in the simulation
are α = 1.5, h = 1, γ1 = 0.2, γ2 = 0.02, γ3 = 0.1, γ4 = 0.05,
γD = 0.001.

space. This identification justifies the use the of continu-
ous phase-space methods on discrete phase spaces. Fur-
ther, we demonstrated that discrete phase-space sampling
can be used to treat the problem of diverging trajectories.
We applied the procedure on a dissipative transverse Ising
chain and calculated the long-time expectation values of
local observables up to system size n = 20. We found
that long-time behaviour of local observables is well de-
scribed by a semiclasical approximation of the interaction
even in the strongly interacting regime. It is an inter-
esting question if this generalises to other models. For
example to the integrable XXZ chain, where the steady
state is described by a quasilocal operator [44]. The dis-
crete phase space can be regarded as a special basis in the
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space of operators. Thus, the established connection be-
tween discrete and continuous phase space may enable a
construction of mixed Hilbert-space–phase-space methods
for simulation of many-body quantum systems. From a
more theoretical point of view it would be interesting to
explore its implications on the problem of mutually unbi-
ased bases in non-prime number dimensions.

∗ ∗ ∗
The author thanks Felipe Barra for stimulating

discussions. This work was supported by FONDECYT
project 3130495.
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