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LP-THEORY FOR THE BOUSSINESQ SYSTEM

This thesis is dedicated to the study of the stationary Boussinesq system:

—vAu+ (u-V)u+Vr=060g in(, divu=0 inQ, (0.1a)

—kA0+u-VO=h inQ, (0.1b)

where ) C R3 is an open bounded connected set; u, 7 and 6 are the velocity field, pressure
and temperature of the fluid, respectively, and stand for the unknowns of the system; v > 0
is the kinematic viscosity of the fluid, x > 0 is the thermal diffusivity of the fluid, g is the
gravitational acceleration and h is a heat source applied to the fluid.

The aim of this thesis is the study of the LP-theory for the stationary Boussinesq system
in the context of two different types of boundary conditions for the velocity field. Indeed, in
the first part of the thesis, we will consider a non-homogeneous Dirichlet boundary condition

u=up on I, (0.2)

where I' denotes the boundary of the domain; meanwhile in the second part, the velocity
field will be prescribed through a non-homogeneous Navier boundary condition

u-n=0, 2Dun|_ +au,=a, on T, (0.3)

where D(u) = 3 (Vu + (Vu)?) is the strain tensor associated with the velocity field u, n
is the unit outward normal vector, 7 is the corresponding unit tangent vector, o and a
are a friction scalar function and a tangential vector field defined both on the boundary,
respectively. Further, the boundary condition for the temperature will be, in the first two
parts of the thesis, a non-homogeneous Dirichlet boundary condition

=0, on TI. (0.4)

Then, firstly, we study the existence and uniqueness of the weak solution for the problem
(0.1), (0.2) and (0.4) in the hilbertian case. Also, the existence of generalized solutions for
p > % and strong solutions for 1 < p < oo is showed. Furthermore, the existence and
uniqueness of the very weak solution is studied. It is worth to note that because a non-
homogeneous Dirichlet boundary condition is considered for the velocity field, the fact that
the boundary of the domain could be non-connected plays a fundamental role since it appears
in an explicit way in the assumptions of some of the main results.

In the second part, we study the existence of weak solutions in the Hilbert case, as well as
the existence of generalized solutions for p > 2 and strong solutions for p > g for the problem
(0.1), (0.3) and (0.4). Note that the assumption of a non-connected boundary, which was
mentioned before, will not appear here due to the impermeability restriction on the boundary.

Finally, in the last part of this thesis, we study the LP-theory for the Stokes equations
with Navier boundary condition (0.3). Specifically, we deal with the W1P-regularity for p > 2
and the W%P-regularity for p > g.
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THEORIE L? POUR LE SYSTEME DE BOUSSINESQ

Cette these est consacrée a I’étude du systéme de Boussinesq stationnaire:

—vAu+ (u-V)u+ Vr =0g dans Q, divu =0 dans Q, (0.1a)

—kAf0+u-V0=h dans (), (0.1b)

ot 2 C R? est un ouvert, borné et connexe; les inconnues du systéme sont u, 7 et 0: la vitesse,
la pression et la température du fluide, respectivement; v > 0 est la viscosité cinématique du
fluide, k > 0 est la diffusivité thermique du fluide, g est 'accélération de la pesanteur et h
est une source de chaleur appliquée au fluide.

L’objectif de cette thése est I'étude de la théorie LP pour le systéme de Boussinesq en
considérant deux différents types de conditions aux limites du champ de vitesse. En effet,
dans une premierée partie, nous considérons une condition de Dirichlet non homogéne

u=up sur I, (0.2)

ou I' désigne la frontiere du domaine. Dans une deuxiéme partie, nous considéron une
condition de Navier non homogéne

u-n=0, 2Dun| +au,=a, sur T, (0.3)

ou D(u) = % (Vu + (VU)T) est le tenseur de déformation associé au champ de vitesse u, n
est le vecteur normal unitaire extérieur, T est le correspondant vecteur tangent unitaire, o
et a sont une fonction scalaire de friction et un champ de vecteur tangentiel donnés sur la
frontiére, respectivement. De plus, la condition aux limites pour la température sera, dans
les deux premiéres parties, une condition aux limites de Dirichlet non homogéne

0=0, sur T. (0.4)

Alors, premiérement, nous étudions I'existence et I'unicité d’une solution faible pour le prob-
léme (0.1), (0.2) et (0.4) dans le cas hilbertien. Egalement, I’existence de solutions général-
isées pour p > % et des solutions fortes pour 1 < p < oo est démontrée. De plus, I'existence
et I'unicité de la solution trés faible sont étudiés. Il est intéressant de noter que puisque
une condition de Dirichlet non homogéne est considérée pour le champ de vitesse, le fait
que la frontiére du domaine pourrait étre non-connexe joue un role fondamental puisque cela
apparait de maniére explicite dans les hypothéses des principaux résultats.

D’autre part, dans la deuxiéme partie, nous étudions I’existence de solutions faibles dans
le cas hilbertien, ainsi que 'existence de solutions généralisées pour p > 2 et des solutions
fortes pour p > £ pour le probleme (0.1), (0.3) et (0.4). Notez que 'hypothése d’une frontiére
non-connexe, mentionnée précédemment, ne figurait pas dans cette partie du travail en raison
de la restriction d’imperméabilité de la frontiére.

Enfin, dans la derniére partie de cette thése, nous étudions la théorie LP pour les équations
de Stokes avec la condition de Navier (0.3). Plus précisément, nous examinons la régularité
WP pour p > 2 et la régularité WP pour p > 2.
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TEORIA L? PARA EL SISTEMA DE BOUSSINESQ

Esta tesis esta dedicada al estudio del sistema de Boussinesq estacionario:

—vAu+ (u-V)u+ Vr =60g en (), divu=0 en (2, (0.1a)

—kA)+u-VO=h en(, (0.1b)

donde €2 C R? es un conjunto abierto, acotado y conexo; w, m y 0 representan el campo
de velocidades, la presion y la temperatura del fluido, respectivamente, siendo éstas las
incognitas del sistema; v > 0 es la viscosidad cinemética del fluido, x > 0 es la difusividad
térmica del fluido, g es la aceleracion de la gravedad y h es una fuente de calor aplicada al
fluido.

El objetivo de esta tesis es el estudio de la teoria LP para el sistema de Boussinesq esta-
cionario considerando dos diferentes tipos de condiciones de frontera del campo de veloci-
dades. En efecto, en una primera etapa, se considerara la condiciéon de frontera de Dirichlet
no homogéneo

u =1wup sobre T (0.2)

donde I" denota la frontera del dominio; mientras que en una segunda etapa, el campo de
velocidades tendra prescrito la condiciéon de frontera de Navier no homogéneo

u-n=0, 2Dun|_ +au,=a, sobre T, (0.3)

donde D(u) = 3 (Vu + (Vu)T) es el tensor de deformacion asociado con el campo de ve-
locidades u, n es el vector normal unitario exterior, 7 es el correspondiente vector unitario
tangente, o y a son una funcién de fricciéon y un campo vectorial tangencial definidas ambas
sobre la frontera. Ademaés, la condicién de frontera para la temperatura serd, en las dos
primeras partes, la condicién de frontera de Dirichlet no homogéneo

0 =0, sobre T. (0.4)

Asi, en primer lugar, estudiamos la existencia y unicidad de la soluciéon débil para el problema
(0.1), (0.2) y (0.4) en el caso hilbertiano. Ademas, la existencia de soluciones generalizadas
para p > % y soluciones fuertes para 1 < p < oo es probada. También, se estudiara la
existencia y unicidad de la soluciéon muy débil. Vale la pena senalar que debido a que la
condicién de Dirichlet no homogénea es considerada para la velocidad, el hecho de que la
frontera del dominio pueda ser no conexa juega un papel importante, ya que aparece de
manera explicita en las hipotesis de algunos de los principales resultados.

Por otro lado, en la segunda etapa de la tesis, se estudiaréd la existencia de soluciones
débiles en el caso de Hilbert, asi como la existencia de soluciones generalizadas para p > 2y
soluciones fuertes para p > 2 para el problema (0.1), (0.3) y (0.4). Tenga en cuenta que la
suposicion hecha anteriormente acerca de la no conexidad de la frontera no aparecera aqui
debido a la restriccion de impermeabilidad en la frontera.

Finalmente, en la tltima parte de esta tesis, estudiamos la teoria LP para las ecuaciones de
Stokes con la condicion de Navier (0.3). Mas precisamente, nos ocuparemos de la regularidad
WP para p > 2y la regularidad W2 para p > 2.
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Chapter 1

(zeneral Introduction

1.1 Preliminaries

This thesis is concerned with the study of the following stationary Boussinesq system:

—vAu+ (u-V)u+ Vr =60g in Q, divu =0 in (, (1.1a)

—kA0+u-VO=h inQ, (1.1b)

where 2 C R3 is an open bounded connected set; u, m and 6 are the velocity field, pressure
and temperature of the fluid, respectively, and stand for the unknowns of the system; v > 0
is the kinematic viscosity of the fluid, x > 0 is the thermal diffusivity of the fluid, g is the
gravitational acceleration and h is a heat source applied to the fluid.

The Boussinesq system (1.1) is a system of non linear
partial differential equations which is formed by coupling
the Navier-Stokes equations (1.1a) with the convection-
diffusion equation (1.1b). Basically, this system describes
the behaviour of a viscous incompressible fluid when is heated.

This system was named after the French mathematician
Joseph Valentin Boussinesq (Figure 1.1)* who realized that in
some situations the variations of density in a fluid can be ne-
glected in all the terms of the equations of motion of the fluid,
except when they are multiplied by the acceleration of grav-
ity. This assertion was published in his monograph entitled
“Théorie analytique de la chaleur” in 1903, see [13]%.

It is a good idea to see, at least in a brief way, how to
derive the Boussinesq equations. It will start by describing the
general equations of the hydrodynamical flow of a viscous fluid

Figure 1.1: J. Boussinesq

!Source: https://en.wikipedia.org/wiki/File:Joseph_Boussinesq.jpg. Visited on 07-15-2015.

2This system is also called the “Oberbeck—Boussinesq equations”. According to Yaglom and Frisch [72],
in Joseph’s book [33], the author pointed out that the German physicist Anton Oberbeck used, still earlier,
practically the same equations (and also the same modifications) in his papers [54] and [55]. According
to Joseph, the prevalence of the term “Boussinesq equations” is due to Rayleigh [59] (which became an
extremely popular work), who did not know Oberbeck’s papers. De Boer [22] pointed out that the earlier
result of Oberbeck [54] is nearly the same as the Boussinesq approximation, with the only difference that
Oberbeck preserved density variations in the continuity equation.


https://en.wikipedia.org/wiki/File:Joseph_Boussinesq.jpg

CHAPTER 1. GENERAL INTRODUCTION

in the three dimensional space with density p and velocity field
u. From the law of the conservation of mass, it follows the equation of continuity:

9 | .. N
a5 + div(pu) = 0. (1.2)

The following equations of motion (best known as the Navier-Stokes equations) result from
the conservation of the linear momentum:

Du
pﬁ = —pg + div o, (1.3)

D()
Dt

20 220 cwewi)],

where the differential operator stands for the material derivative

g is the gravitational acceleration and o is the stress tensor given by
2. .
o=—mls+p (QID)(u) - gle u I;;) + Adiv u I3, (1.4)

with 7 the pressure, u the coefficient of dynamic viscosity of the fluid, A the bulk viscosity
(or second viscosity), I3 the identity matrix of order 3 and D(u) = 5 (Vu + (Vu)?) the
deformation tensor (or strain tensor) associated with the velocity field w.

The equation of heat conduction, which is obtained thanks to the law of conservation of

energy, is as follows:
De

"Dt
where e is the internal energy per unit mass of the fluid, k. is the thermal conductivity, 6 is
the temperature and ® is the rate of viscous dissipation per unit volume of fluid defined by

= div(k;V0) — ndiv u + P, (1.5)

® =2, Tr(D(u)?) + ()\ - §u> (div u)?, (1.6)
where Tr(A) stands for the trace of the matrix A. It is known that for a fluid (gas or liquid)
e = ¢ 0, where c is the specific heat of the fluid. It is noteworthy that the quantities p, i, A,
ki, c and e are, in general, functions of the pressure m and the temperature 6.

Until this time we presented the general hydrodynamical equations for compressible heat
conducting and diffusive flow of a viscous, nonhomogeneous fluid. However, as Boussinesq
pointed out in [13], in many real situations, there are fluids for which the influence of pressure
is unimportant and even the variation with temperature may be disregarded, except in so far
as it modifies the action of gravity. For example, according to [33|, in many real situations,
there are fluids for which one needs to change the pressure by roughly five atmospheres to
produce the same change of density as a temperature difference of 1°C. For example, it is
easier to change the density of water inside of a container by heating than by squeezing. This
implies that even vigorous motions of water will not introduce important buoyant forces other
than those from temperature variations. Moreover, if the temperature varies little, therefore
the density varies little too, except in the buoyancy which drives the motion (density gradients
in a fluid means that gravitational potential energy can be converted into motion through the



1.1. PRELIMINARIES

action of buoyant forces). Hence, the variation of density is neglected everywhere except in
the buoyancy. In this way the quantities p, u, A, ki and ¢ will depend just on the temperature
0.
With this in mind, for small temperature difference between the bottom and top of the
layer of fluid, it follows that
p = po[l — (0 — 6p)], (L.7)
where pg is the density of the fluid at the temperature 6y of the bottom of the layer and
« is the constant coefficient of volumetric expansion. It is known from experiments that
for a perfect gas, a ~ 3 x 102K~ (K stands for degrees kelvin), and for a typical liquid
a~5x107*K~1 If6—60, <10 K, then B2 = a0 —0) < 1, but nevertheless the buoyancy
g(p — po) is of the same order of magnitude as the inertia, acceleration or viscous stresses
of the fluid and so is not negligible. For most real fluids, the variations of p, ki and ¢ with
respect to the temperature 6 is approximately less that «, so that, they will be considered as
constants in the Boussinesq approximation. Realize that the coefficient of bulk viscosity A is
neglected because it only arises as a factor of div w which is of order a. Then, the Boussinesq
approximation considers the thermodynamic variables as constants except the pressure and
temperature, and except the density when is multiplied by g.
The density fluctuations in the continuity equation (1.2) are of order «, so this approxi-
mation gives
divu =0, (1.8)

indicating that the fluid is incompressible. It follows from (1.4) that
o= —nl3+2uD(u). (1.9)

Regarding p = py in each term of the equations of motion, except in the buoyancy term
which is given by (1.7), thanks to (1.8) and (1.9), the Navier-Stokes equations (1.3) become

Du 1

where v = pﬂ is the kinematic viscosity, A is the Laplacian operator, and it is used the fact

that the gravitational field is a conservative one, so there exists a scalar potential field ¢ such
that g = V.

Now, as ¢ and k;. are constants, it is possible to take them outside the differentiation
signs of the equation of heat conduction (1.5), and remembering that p = py and by using

(1.8), it follows that

D6 v
Ty = A0+ 0, (1.11)

where kK = % is the thermal diffusivity and
d = Tr(D(u)?).

Note that if U is a representative velocity scale of the flow, L a length scale and 6y — 6; a
scale of temperature difference, then the ratio of the rate of production of heat by internal
friction to the rate of transfer of heat is

o ug—; B vU
ng:t@) poc(eo — 81)% C(@Q — 91)[/7

3



CHAPTER 1. GENERAL INTRODUCTION

where 6, stands for the temperature of the top of the layer of thickness L. From the experi-
ments, it is known that % ~ 107K (s stands for seconds) for a typical gas and % ~ 107K
for a typical liquid, which shows that the ratio is very small for both, gases and liquids.
Therefore, under these situations, it is possible to neglect . Finally, the heat equation

(1.11) reduces to

Do
o = FA. (1.12)

Thus, the Boussinesq equations (1.10), (1.8) and (1.12) have been derived from the gene-
ral hydrodynamical system. In summary, the Boussinesq approximation takes account the
following simplified features which characterize the motion:

i. the motion is as if the fluid were incompressible, except that density changes are not
ignored in the body-force terms of the momentum equations (the motion is driven by
buoyancy);

ii. the density changes are induced by changes of temperature (and concentration), but not
by pressure;

iii. the velocity gradients are sufficiently small so that the effect on the temperature of
conversion of work to heat can be ignored;

iv. the dynamic viscosity u, the thermal conductivity k;. and the specific heat ¢ are constants;
v. the equation of state p = p(6) is given by (1.7).

There are many situations in which all the as-
sumptions from above strongly characterize the flow.
For instance, the emblematic natural convection phe-
nomenon (see Figure 1.2)%, known as Rayleigh — Bé-
nard convection, satisfies all the conditions from (i) to
(v). The mathematical explanation for this interesting
physical phenomenon was given by the English physi-
cist Lord Rayleigh (Figure 1.3)*. In fact, Rayleigh’s
paper [59] represents the starting point of many ar-
ticles on thermal convection. According to Rayleigh,
this phenomenon might have been first described by Figure 1.2: Pot filled with water.
James Thomson in 1882°, but the first quantitative The bottom plate is heated, the top
experiments were made by the French physicist Henri ig cooled
Bénard in 1900 (Figure 1.4)°. In this way, Rayleigh
wrote that Bénard worked with very thin layers of a
liquid (several liquids were employed in the experiments), only about 1 mm deep, standing
on a levelled metallic plate which was maintained at a uniform temperature.

The upper surface was usually free, and it was at a lower temperature because of its
contact with the air. After a moment, a number of cells appeared in the liquid. Two phases

3Source: http://www.mis.mpg.de/applan/research/rayleigh.html. Visited on 07-15-2015.

4Source: http://www.potto.org/gasDynamics/node56.html. Visited on 07-15-2015.

®According to Wesfreid’s paper [71], E.H. Weber had described polygonal structures in drop dissolutions
in 1855. So, Weber could be the first one who described this type of geometries.

6Source: [71].
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Figure 1.3: L. Rayleigh Figure 1.4: H. Bénard

are distinguished, of different duration, the first being relatively very short. The limit of the
first phase is described as the “semi-regular cellular regime”; in this state all the cells have
already acquired surfaces nearly identical, their forms being nearly regular convex polygons
of, in general, 4 to 7 sides (see Figure 1.5)".

The boundaries are vertical, and the circulation in each
cell occurs with an ascension of the liquid in the middle of a
cell and then the liquid descends at the common boundary
between a cell and its neighbours. This phase is brief (1
or 2 seconds) for the less viscous liquids such as alcohol,
benzine, etc., at ordinary temperatures. But in the case of
very viscous liquids such as oils, if the flux of heat is small,
the deformations are extremely slow and the first phase may
last several minutes or more. The second phase has for its
limit a permanent regime of regular hexagons. During this
period the cells become equal, regular and align themselves.

Encouraged by Bénard’s experiments (see [71] to know
about the scientific life of Henri Bénard), Rayleigh formu-
lated the mathematical theory of convective instability of
a layer of fluid between horizontal planes by using of the
Boussinesq equations (see [25], [74], [15]). Then, he showed
that instability would occur only when the temperature gra-
dient was so large such that the dimensionless number %
(nowadays called the Rayleigh number) exceeded a certain
critical value. Here g is the value of the acceleration due to gravity, a the coefficient of ther-
mal expansion of the fluid, S the magnitude of the vertical temperature gradient of the basic
state of rest, d the depth of the layer of the fluid, x its thermal diffusivity and v its kinematic
viscosity. Physically speaking, Rayleigh number measures the ratio of the destabilizing effect
of buoyancy to the stabilizing effects of diffusion and dissipation.

It is worth to note that although Pearson [57] proved that most of the motions observed by
Bénard were driven by the variation of surface tension with temperature and not by thermal
instability of light fluid below heavy fluid, the convection in a horizontal layer of fluid heated
from below is still called Bénard convection. However, Rayleigh’s model is in accord with
experiments on layers of fluid with rigid boundaries and on thicker layers with a free surface,
because the variation of surface tension diminishes as the thickness of the layer increases.

In conclusion, the assumption (1.7) for the density requires that the maximum value of

Figure 1.5: Bénard cells under
an air surface

"Source: [25]
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a(0—6y) is small compared to 1, that means, a(6 —6y)* < 1, where (0 —6p)* is the maximum
value of (6 — 6y), see [31]. When this is true, it can be demonstrated that density variations
due to changing temperature are negligible in both the continuity (1.2) and heat flow (1.5)
equations, but dominant in the equation of motion (1.3). It is important to mention that the
Boussinesq approximation is more appropriate for shallow layers of liquid (as in laboratory
experiments) where hydrostatic compression is not important. However, for deep layers or
for compressible fluids, equation (1.7) is not suitable. Thus, in addition to the requirement
of small values of «(6 — 6), the Boussinesq approximation is only valid when the depth d of
the convecting layer is small compared to the scale height H over which significant density
variations occur, see [64], [24, p. 6] and [37, p. 135]. Further, more typically, assumptions (iv)
and (v) do not hold. For example, the condition (v) is not fulfilled when treating convection
near the critical point (4°C) at which the density of water has a relative maximum, see [33],
because a nonlinear equation of state p = p(f) arises. In very large scale systems (typical
in geo-astrophysical applications) the variations of material properties cannot be neglected,
then the condition (iv) is not fulfilled. Moreover, for flows in which the Mach number is
sensibly different from zero (for example, in propagation of sound or shock waves), the fact
that the velocity field is solenoidal and the independence of density on pressure are lost, and
then conditions (i) and (ii) are not suitable for this kind of problems. Also, the Boussinesq
approximation cannot be applied to high-speed gas flows where density variations induced
by velocity divergence cannot be neglected. It is interesting to note that the Boussinesq
equations are obtained as an asymptotic limit of the complete Navier-Stokes equations, see
[46] for details.

Besides to model the thermal instabil-
ity of fluids in hydrodynamics (formation
of some patterns in the fluid when this is
heated), there are other very important ap-
plications of the Boussinesq system such
as in geophysics, modeling the convection
in the earth’s mantle (see [24] and Figure
1.6)%, in magnetohydrodynamic flows (see
[21]). It is commonly useful for analyzing Figure 1.6: Convection currents in the earth’s
oceanic and atmospheric flows (see [45], [61, mantle move the tectonic plates and generate

Chapter 3], [53]). Also, some applications the earth’s magnetic field
of the Boussinesq equations are the analysis

of wave propagation in a density-stratified
medium and turbulence in a stratified medium; for details of these applications review [37].
In the description of a physical phenomenon happening in a region of the space by means
of differential equations, it is necessary to set boundary conditions in order to have proper
solutions. Basically, in fluid mechanics boundary conditions can be regarded as coupling con-
ditions between adjacent physical systems (for example, fluid-fluid or solid-fluid interactions).
These interactions are fixed in order to satisfy some specific requirement or a specific situa-
tion of the phenomenon. These a priori known conditions are usually referred as “prescribed
boundary conditions”.
On a solid boundary or at the interface between two immiscible fluids, one boundary

Mid-Ocean Ridge

8Source: http://mrrudgegeography.weebly.com/plate-tectonic-theory.html. Visited on 07-15-
2015


http://mrrudgegeography.weebly.com/plate-tectonic-theory.html

1.1. PRELIMINARIES

solid

Figure 1.7: Interface between two
mediums. Medium 1 is a fluid, and
medium 2 is a solid or a second fluid
that is immiscible with the first fluid

Figure 1.8: Liquid molecules tend to
order near a solid-liquid interface

condition for the velocity may be deduced from the mass conservation law. Indeed, regarding
a small cylindrical control volume through the interface which separates the two mediums, the
velocity boundary condition can be determined by applying the equation of continuity in the
small cylindrical control volume and then letting [ (height of the cylindrical control volume)
go to zero until the volume becomes the interface (see Figure 1.7)%. Then, considering this
interface at rest, conservation of mass produces that p;u; - n = pous - 1 at each point on the
interface. Here p; and w,; are the density and the velocity of the medium ¢, respectively; and
n the normal unit vector. If medium 2 is a solid, then u, = 0. If medium 1 and medium
2 are immiscible liquids, no mass flows across the boundary surface. Then, in either case,
u1 - = 0 on the boundary (that means, the boundary is impermeable).

One additional condition is needed to !:l— s
completely specify the problem and this is Sold suface [ Soldeiace
not consequence of any conservation law. > —
This condition is the no-slip condition of a 4’“ y — :Z y
viscous fluid which is applicable at a solid . Flowdiecton
boundary (see Figure 1.8)°, and says that 7 :
the tangential component of the velocity is —— D_I_T;o”d prndl
null, i.e., u; -7 =0 (or u; x n =0). Here >
T is a unit vector tangent to the boundary. Velocity profile without slip Velocity profile with slip

Both conditions w1 -n =0 and u; -7 =0
(or w3 x n = 0) imply that u; = 0 on
the boundary. This condition is usually
called homogeneous Dirichlet boundary con-
dition or also, no-slip condition, and was
suggested by the Irish mathematician and
physicist George G. Stokes in 1843, see [65].
For many years, this boundary condition have been used in a lot of works, and sometimes it
was chosen as a boundary condition just for routine. It was a difficult task to precise if the
no-slip boundary condition is suitable for modeling certain phenomena. Nevertheless, in the
following years, experimental evidence was in favor of the no-slip boundary condition for a

Figure 1.9: Velocity profiles of fluid flow with-
out and with boundary slip. The degree of
boundary slip at the solid-liquid interface is
characterized by b (the slip length)

9Source: [37]
0Source:  http://www.utwente.nl/tnw/pcf/education/masterprojects/ordering_of_molecules/.
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large class of flows, and it became widely accepted for most liquid flows.

Relatively recent, it was showed in a rigourously way why a viscous fluid cannot slip on a
wall covered by microscopic asperities (rugose wall), see [14], allowing the acceptance of the
no-slip boundary condition. While this assumption has proved to be highly successful for a
great variety of flow conditions, it has been found to be inadequate in certain situations such
as in the mechanics of thin films, problems involving multiple interfaces, the flow of rarefied
fluids, the flow of a liquid in a domain which has air as part of its boundary, the flow of a
fluid in perforated domains, flow of blood through blood vessels (see [70]), the flow of a fluid
regarding free boundary, etc. In this situation, the French engineering Claude Navier (see
[51])!, in 1823, proposed that the tangential velocity should be proportional to the tangential
stress on the boundary, i.e., 2[D(u)n]_ + o u, = 0, where D(u) = 1 (Vu + (Vu)T) is the
deformation tensor (or linearized strain tensor) associated with the velocity field w and «
is a friction function. The condition of impermeability of the boundary together with this
last condition is known as the Nawvier boundary condition (see Figure 1.9)'?. When « is
a positive function, this condition is called a slip boundary condition with linear friction.
Lately, the Navier boundary condition has raised its interest to the scientific community due
to the interesting applications in modeling of physical phenomena such as in the examples
mentioned before.

1.2 Thesis Description and Main Results

The work carried out in this thesis covers the research done along three years under a joint

supervised doctoral thesis between the University of Chile and the Unwversité de Pau et des
Pays de I’Adour.

This work will be focusing in the LP-theory for the stationary Boussinesq system (1.1)
regarding two different types of boundary conditions for the velocity field: in the first chapter,
we consider the Dirichlet boundary condition

u=up on I, (1.13)

where I denotes the boundary of the domain; meanwhile in the second one, the velocity field
will have attached the Navier boundary condition

u-n=0, 2Dun| +au,=a, on T. (1.14)

Further, the boundary condition for the temperature will be, in both chapters, the Dirichlet
boundary condition

=0, on TI. (1.15)

Next sections are dedicated to describe the main results of this work, leaving all the details
for the subsequent chapters.

H After almost half of a century, Maxwell [44] derived this condition from the kinetic theory of gases
12Source: http://www.beilstein- journals.org/bjnano/single/articleFullText.htm?publicId=
2190-4286-2-9. Visited 07-17-2015
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1.2. THESIS DESCRIPTION AND MAIN RESULTS

1.2.1 Boussinesq system with Dirichlet boundary conditions for the
velocity field

In chapter 2, the stationary Boussinesq system (1.1) is studied with the boundary con-
ditions (1.13) and (1.15). The aim is to develop the LP-theory for this problem, meaning
with LP-theory, the study of the existence of generalized solutions in W1?, strong solutions
in W?2? and very weak solutions in L.

This chapter has seven sections. In the first section we describe the problems under
consideration and related literature. The second section is dedicated to summarize the main
results of this chapter. The third section will be focusing on standardizing the notation
to be used along the chapter and it will be given some useful statements which will play
an important role in the proof of the main results. The fourth section will deal with the
existence of weak solutions for (1.1)-(1.13)-(1.15) in the Hilbert case. This result, whose
proof is based on applying the Leray-Schauder fixed point theorem, is established as follows.

Let 2 C R? be an open, bounded and connected set with Lipschitz boundary I' and let

ge L), he H'Q), wu,cH:T), 6, H:T) (1.16)

such that [, up-m ds = 0. There exists d; = 6;(2) > 0 such that if

/ub-nds
r;

then problem (1.1)-(1.13)-(1.15) has at least one weak solution (u,7,60) € H'(Q)x L*(Q2) /R x
H'(Q). Further, if up, = 0 and 6, = 0, then the weak solution (u, ) satisfies the following
estimates:

1 m
52

=1

S 617

C
VO] L2 < ;HhHH*I(Q)v

with C' = C(Q2) > 0.

The fifth section is concerned with the LP-regularity results for the Hilbertian weak
solution. They are proved by using the regularity of the Poisson and the Stokes equations,
and a suitable bootstrap argument. In this way, let Q C R3 be more regular than before (of
class Ch'). Tt is supposed that

geL'(Q), heW'?(Q) and (up,0,) € Wl—%vl’(m % Wl—%,p@)

Withp>2,r:max{%,%pp} if p+# 3 and r:%%—&t if p = 3 for any fixed

0 < & < 1. Then the weak solution in H'((2) for the Boussinesq system satisfies
(u,m,0) € WH(Q) x LP()/R x WHP(Q).
Moreover, if
geL'(Q), hel’(Q) and (up, )€ W2 #P(T) x W> »P(T)

with p > g,r:max{%,p} if p%% and r:%Jre if p:%foranyﬁxed0<5< %
Then the weak solution in H'(f2) for the Boussinesq system satisfies

(u,m,0) € WH(Q) x W'P(Q)/R x WP(Q).

9
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It is observed that the choice of the space for g is optimal to study WP(Q)-regularity with
p > 2 and W2P(Q)-regularity with p > 2.

The sixth section deals with the existence and uniqueness of the very weak solution for
the Boussinesq system (the definition is given in Section 2.6). So, if Q C R? is of class C,
and letting 3 < p,r < o0,

up € WP(I) with <up-m,1>p=0, geLY(Q),

heW b5 (Q), 6, W "(T),

where ¢ = max {s, % + 5} for any fixed 0 < e < % and s given by

3rp 1 1 2
>7r if p=3 d s= if >3 d — <242
s>r 1 p , an S 27’p—|—3(r—p) I p an T_p+3’

where, in the case p > 3, s is chosen such that
1 1 1 1 1 2
- t+-+ /**:1 with /**:_/__'
ros () @y v 3

Then, there exists da = 02(€2) > 0 such that if

m

1
;Z’(ubn71>rl| S(SQ:

=1

then there exists at least one very weak solution (u,m,0) € LP(2) x W1P(Q)/R x L"(Q2) of
(1.1)-(1.13)-(1.15). Further, if g € L*(2), where ¢t = max {s, 2}, and if

(5 3) (ol (54 %) o (1 + 1)) <

for some d3 = d3(p, r,t,2) > 0, then this solution is unique.

This last result tells that it is possible to show the existence of very weak solutions for the
Boussinesq system, if we just consider smallness of the fluxes of u; through each connected
component I'; of the boundary I', as in the case of Navier-Stokes equations, see Amrouche -
Rodriguez [6] or in the linear Stokes case, see Conca [19].

Unlike the result showed in Kim [35], two important facts are taken into account. First
a more general type of domain regarding a possible disconnected boundary is considered
allowing in this way other kind of domains to analyze this system of equations. And second,
the space where g lies is enlarged and hence the hypothesis L>*(Q2) can be weakened and
results for very weak solutions for the Boussinesq system can still be obtained.

Furthermore, it is possible to extend the regularity of the solution of (1.1)-(1.13)-(1.15)
for 2 <p<2in W(Q) and for 1 < p < £ in W??(Q), by means of using some uniqueness
and regularity results for the Oseen problem. Finally, seventh section is devoted to show
some H'(Q)-estimates for the weak solution, and this serves as a tool to show the uniqueness
of this solution.

10
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1.2.2 Boussinesq system with Navier boundary conditions for the
velocity field
Chapter 3 is concerned with the study of the stationary Boussinesq system (1.1) with the
boundary conditions (1.14) and (1.15). The idea is to study the existence of weak solutions
in the Hilbert case H'(), generalized solutions in W!?(Q) and strong solutions in W?%?().
Before starting the description of the structure of the next two chapters, we consider the

following hypothesis for the friction function a which will be used along the next sections:
there exists a real number «a, such that

a>a, >0 with

a, >0 if 2 is not axisymmetric, or (H)

a, >0 (or even, a(z) > 0 a.e. x € I') otherwise.
This chapter is composed by five sections. Similarly as in Chapter 1, first, second and
third sections are concerned with the introduction of the Boussinesq problem, a review of
some literature related to this problem, the main results of this chapter, the standardization
of the notation to be used along this chapter and the presentation of some useful assertions
which will play an important role in the proof of the main results. It is noteworthy that one
of this important assertions is a Korn-type inequality. This type of inequality is very useful
in problems where the deformation tensor appears. The fourth section is dedicated to the

existence of weak solutions for (1.1)-(1.14)-(1.15) in the Hilbert case. Indeed, let Q C R? be
a bounded domain of class C*! and let

gec L%(Q), he HYQ), a € L*"*(TI) satisfying (H) for any £ > 0 sufficiently small,

aeH_%(F) such thata-n=0on 1T, 0, € H%(F).

Then, problem (1.1)-(1.14)-(1.15) has a weak solution (u,7,0) € H'(Q) x L2(2)/R x H ().
Further, if 6, = 0 on I', u and @ satisfy the following estimates:

M, 1
HMMmﬁ97(ﬂ®@;m+EMMNMMM%Q,

M,
VOl < —=[1Alla-1 @),
with M; = M;(€Q2) > 0 independent of cr. Moreover, if there exists v = v(€2) > 0 such that
VK 2 ’YHQHL%(Q)HQbHH%(F)?
then "
2
lullm < =2 (Vlal,-y g + 10lm@llgl g )
1 1
6oy < Mo | (14~ llall oy oy ) W0l 0y + i |

with My = My(Q,7) > 0 independent of . The proof of this result is based on applying the
Leray-Schauder fixed point theorem.

Finally, in the fifth section, a study of the W? and W?2? regularity of the weak
solutions for the problem (1.1)-(1.14)-(1.15) will be carried out. The proof is done by taking

11
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advantage of the regularity results for the Poisson equation with Dirichlet boundary condition
and Stokes problem with Navier boundary condition. Indeed, supposing that

geL'(Q), heW(Q), aecL'PT) satisfying (H)

with t*(p) defined by (4.14) and (a,0,) € W‘%VP(F) X Wl—%vp(f‘)
with
3p

3 3
p> 2, T:max{é,m} it p#3 and r:§—|—€ it p=3

for any € > 0 sufficiently small. Then the weak solution for (1.1)-(1.14)-(1.15) satisfies
(u,m,0) € WH(Q) x LP(Q)/R x WP(Q).

Moreover, if g € L"(§2), h € LP(Q),

acHIT) if - <p<2 aecH™) if 2<p<3 acW #/T) if p>3

ot O

satisfying (H) and
(a,8) € W'™5P(T) x W?»(T)
with
p=

ot O

3 3 3 3
, r:max{ﬁ,p} if p%g and r:§+€ if p=-—
for any € > 0 sufficiently small. Then the solution for (1.1)-(1.14)-(1.15) satisfies

(u,m,0) € WH(Q) x WHP(Q)/R x W?P(Q).

1.2.3 Stokes equations with Navier boundary condition

In Chapter 4, we deal with the study of the stationary Stokes equations

—Au+Vr=Ff in €,
divu = yx in €,
u-n=4g on I,

2[D(u)n]_+au,=h onl,

where 0 C R3 is a bounded domain of class C'!, T' is the boundary of Q, w and 7 are
the velocity and pressure of the fluid, respectively, D(u) = % (Vu + (Vu)T) is the strain
tensor associated with the velocity field w, n is the unit outward normal vector, 7 is the
corresponding unit tangent vector, f is an external force acting on the fluid, y and ¢ stand
for the compressibility and permeability conditions, respectively, « is a friction scalar function
and h is a tangential vector field on the boundary. In the case a > 0, the Navier boundary
condition is said to be a boundary condition with linear friction. In this chapter « will satisfy

We are interested in the study of the existence of a unique weak solution H'(£2), a unique
generalized solution in W1?(Q) and a unique strong solution in W2?(Q).

In order to attain these results, we organize the chapter as follows: in the first section
we introduce the problem to be considered. Second section provides a summary of the

12
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main results of this chapter. The notation to be used along this chapter and the presentation
of some useful results will be treated in the third section. The fourth section is dedicated
to prove the existence of a unique weak solution for the Stokes problem in H'(Q). Indeed,
let © be a bounded domain of class C''' and let us suppose x = 0 and g = 0. Also, let

feL:(Q), heH (I suchthat h-n=0onTl, ac L3I
with « verifying the hypothesis (H). Then the Stokes problem has a unique solution (u,7) €
H'(Q) x L*(2)/R which satisfies the estimate

el + Imllzzym < C@ o) (I1£1l8 g, + 1l gy )

where

() under the hypothesis (H)
C(Q, o) = @ __ under the hypothesis (Hs) with v > v, > 0

min{1,o}

() under the hypothesis (Hs) with a(z) > 0 a.e. x € T

We use the very useful Lax-Milgram theorem to prove the previous assertion.
Finally, in the fifth section, a study of the W'?(Q) for p > 2 and W??(Q) for p > £ is
carried out. In support of this, let us suppose y =0, g =0,

£ € L"(Q) with r(p) is defined by (4.1), h € W #*(T') such that h-n=0onT,
and o € L' P)(T) satisfying (H) with

. 24¢ if 2<p<3,
() =19, .
spte it p>3,

where € > 0 is an arbitrary number sufficiently small. Then the Stokes problem has a unique
solution (u,7) € WP(Q) x LP(Q2)/R. Furthermore, let us suppose

fel’Q), he Wl_%’p(F) such that h-n=0onT,
and

ac€HIT) if -<p<2 aecHI) if 2<p<3 acW #/I) if p>3

[ )

where £ > 0 is an arbitrary number sufficiently small and « satisfies (H). Then the weak
solution for the Stokes problem satisfies that (u,7) € WP(Q) x W?(Q)/R.

The key of the proof of this result is to take advantage of the regularity results for the
Stokes problem with Navier boundary condition when a = 0.

13



Chapter 2

Boussinesq system with Dirichlet
boundary conditions

Abstract
In this chapter we consider the stationary Boussinesq system with non-homogeneous
Dirichlet boundary conditions in a bounded domain Q C R3? of class Cb! with a possibly
disconnected boundary. Assuming that the fluxes of the velocity across each connected
component of the boundary are sufficiently small, we prove the existence of weak, strong and
very weak solutions of the stationary Boussinesq system in LP-theory. As it is expected, we
obtain the uniqueness of the solution by considering small data.

Keywords: Boussinesq system, natural convection, non-homogeneous Dirichlet boundary
conditions, existence, uniqueness, LP-regularity, weak solution, strong solution, very weak
solution

2.1 Introduction

The work developed in this chapter is concerned with the existence, uniqueness and regu-
larity of the solution for the stationary Boussinesq system with Dirichlet non-homogeneous
boundary conditions. Let Q C R3 be a bounded domain of class C''. Consider the stationary
Boussinesq system as follows:

—vAu+ (u-V)u+Vr=0g inQ,
divu =0 in €,
—kAO+u-VO=h in (),
u:ub,€:0b onF,

(BS)

where I' is the boundary of €2 which is not necessarily connected, i.e., it could be the disjoint
union of its connected components I';, with ¢ = 0,1, ..., m. In this context, I'y will represent
the exterior boundary which contains {2 and all the boundaries I';, j = 1,...,m. The
unknowns are u, m and # which represent the velocity field, the pressure and the temperature
of the fluid, respectively. The data are v > 0 the kinematic viscosity of the fluid, x > 0 the
thermal diffusivity of the fluid, g the gravitational acceleration, h a heat source applied on
the fluid, u the velocity at the boundary and 6, the temperature at the boundary. As we
can see, this system of partial differential equations is formed by coupling the stationary
Navier-Stokes equations and the stationary convection-diffusion equation for heat transfer.

14
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Keep in mind the following facts concerning g. Along this chapter, we will consider
a non-zero gravitational acceleration g. This assumption is not a strong or an unusual
constraint over g, on the contrary, in all the physical phenomena which are carried out into
a gravitational field (like the Earth’s gravitational field), gravity plays an important role in
the development of such phenomena. In particular, in the Boussinesq approximation, the
gravitational acceleration is the keystone of this formulation. Mathematically, if we consider
g = 0, then the Navier-Stokes equations and the convection-diffusion equation are decoupled,
hence we loose the essential aspect of the Boussinesq system and we end by analyzing a
different physical problem. Further, it is noteworthy that in practical cases, the gravitational
acceleration g, in fact, belongs to L*°(€2), but we consider important to relax this assumption
for mathematical purposes. This means we can enlarge the space where g lies and we can
still get solutions for our problem.

The Boussinesq system is considered as a good approximation to model the natural (or
free) convection phenomenon. This physical phenomenon is a way of heat transfer which is
carried out by the motion of the fluid without using external devices to produce that motion
(forced convection), but only by the density differences resulting from temperature gradients
within the fluid. We have an emblematic example of this phenomenon when we heat a pot
of water. Indeed, when we start heating the pot, the water at the bottom of the pot begins
to be heated firstly. This produces a reduction in the density of this part of the water and
consequently, it rises to the surface. On the other hand, the water at the top of the pot is
colder than the one at the bottom, consequently, its density is higher and hence, it descends
to the bottom of the pot. This process is repeated again and again, generating circular
currents in the water, known as convection currents, causing all the water moves inside the
pot and with this, the water is completely heated.

The Boussinesq approximation was proposed by the French mathematician and physi-
cist Joseph Boussinesq at the beginning of the twentieth century (1903) on his monograph
[13|. From that time until our days, there have been many works related with this system,
showing us the importance that it has had in theoretical and applied mathematics, physics,
oceanography and many other sciences. Apart from Joseph Boussinesq’s monograph, we have
some references which address the mathematical deduction of the Boussinesq system, see, for
example, [15, 10]. Also, there is an interesting work concerning the life of Joseph Boussinesq,
the idea that led him to deduce this system and the applicability of his approximation in
various physical problems; see [73].

What do we know about the solvability of the Boussinesq system when our domain has a
non-connected boundary? Let us see some details. From the continuity equation we obtain
the following necessary compatibility condition for the boundary data wu,, in order to solve
the Boussinesq system:

/ub-nds:Z/ub-nds:O, (2.1)
r i=0 YT

where n denotes the outward unit normal vector to I'. It is important to mention that the
existence of solutions for the Navier-Stokes equations and, consequently, for the Boussinesq
system, considering merely the condition (2.1), is an open problem yet. In fact, during a
long time the existence of weak solutions for the Navier-Stokes equations was proven under
the following condition:

/ub-nds:O forall i=0,...,m, (2.2)
r;
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see, for example, [40, 39, 20]. Clearly, condition (2.2) is stronger than (2.1) and, further,
(2.2) does not allow the presence of sinks and sources along the boundary.

Afterwards, it was possible to prove existence of weak solutions for the Navier-Stokes
equations weakening the condition (2.2) by assuming only smallness of these fluxes, see
[12, 36, 27]. However, there are some special cases where the existence of weak solutions
for the Navier-Stokes equations is known just considering the condition (2.1) without any
information about the size of the fluxes across each connected component of the boundary.
These special cases consider some symmetry hypothesis on the domain Q C R%, d = 2 or 3,
and on the velocity boundary data wus, see [3, 49, 58, 26].

In connection with the stationary Boussinesq system, Morimoto [50] recently proved the
existence of weak solutions considering the condition (2.2) and also proved the existence of
weak solutions in the case of a symmetric planar domain and symmetric boundary data w,
considering just the condition (2.1).

There are other related works concerning the stationary Boussinesq system as for example
some contributions done by Morimoto. Morimoto [47] studied the existence of weak solutions
and their interior regularity (C* regularity), in the case of a bounded domain 2 in R?
with C? connected boundary I" which is divided in two disjoint subsets I'; and I';. The
boundary conditions considered were Dirichlet homogeneous on the velocity and mixed on
the temperature (Dirichlet non-homogeneous condition on I'; and Neumann homogeneous
condition on I'y). In a next work, assuming now that € is a bounded domain in R?, d > 2,
with C' connected boundary I' whose structure is the same as it was considered in [47],
Morimoto extended his previous result on existence of weak solutions considering, this time,
Neumann non-homogeneous condition on I';. This time, he gave a result of uniqueness
by imposing smallness condition on the norm of the solution, see [48]. In both articles,
Morimoto took the gravitational acceleration g in L*°(€2) and did not consider a heat source
in the convection-diffusion equation.

Assuming that € is a bounded domain in R? d = 2 or 3, with Lipschitz connected
boundary I', and considering the same structure of the boundary as in the articles of Morimoto
[47, 48], Bernardi, Métivet and Pernaud-Thomas [10] proved existence and uniqueness of the
weak solution for the Boussinesq system, considering Dirichlet non-homogeneous boundary
condition for the velocity field, extending, in this manner, the results given by Morimoto.
They considered, on the right hand side of the Navier-Stokes equations, a function which
depends on the temperature and is continuously differentiable with bounded derivative and,
also, they included a heat source in the convection-diffusion equation. It is interesting to note
that for proving the existence of weak solutions, they used an important tool from nonlinear
analysis: the topological degree theory. As in the work [48], they showed uniqueness if the
norm of the solution is sufficiently small.

Let us see that there are other works about weak solutions for the stationary Boussinesq
system which address other types of interesting problems. For instance, Gil’ [28] studied the
existence of weak solutions for a stationary Boussinesq system which appears in heat-mass
transfer theory, in which, apart from consider the velocity and the temperature of the fluid,
it takes account the concentration of material in a liquid. Kuraev [38] studied the existence
of weak solutions considering a nonlinear boundary condition for the temperature in one part
of the boundary. Also, we can find some works concerning the study of weak solutions for
this system in exterior domains, see, for example, [56, 52].

As in the case of Stokes equations and Navier-Stokes equations, see [19, 6|, concerning
the work with very weak solutions for the Boussinesq system we refer two articles. Santos da
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Rocha, Rojas-Medar M. A. and Rojas-Medar M. D. [60] studied the existence and uniqueness
of the very weak solution (u,,0) € L3(2) x W=13(Q) x L?() for the stationary Boussinesq
system with Dirichlet non-homogeneous boundary conditions in L*(T") in a bounded domain
of R? with smooth enough connected boundary. Further, they considered the gravitational
acceleration g € L3(2) and did not consider a heat source in the convection-diffusion equa-
tion. The proof of the existence was based on the Leray-Schauder fixed point theorem and
the uniqueness was showed for sufficiently large viscosity. Recently, Kim [35] studied the
existence and uniqueness of the very weak solution (u,7,6) € L4(2) x W~14(Q) x L"(2) of
the stationary Boussinesq system with Dirichlet non-homogeneous boundary conditions in
W_é’q(F) x W~=+"(I) in a bounded domain © € R%, d = 2 or 3, with connected boundary T
of class C?. He considered the gravitational acceleration g € L>*(Q) and did not consider a
heat source in the convection-diffusion equation. This article is taken as a base for this work.

In our work we are focused in showing existence, uniqueness and L regularity of the weak
solution for the stationary Boussinesq system with Dirichlet non-homogeneous boundary
conditions in a bounded domain 2 C R3 with boundary I of class C'! which is not necessarily
connected, and also, we consider the gravitational acceleration g in a weaker space than
L>(Q2) and the presence of a heat source in the convection-diffusion equation. We prove
existence of weak solutions in H'({2) just considering smallness of the fluxes of wu; across
each connected component I'; of the boundary I' by applying a Leray-Schauder fixed point
argument, and to prove uniqueness, we consider smallness condition on the norm of the data.
In order to prove the regularity of the weak solution in W'*(Q) with p > 2, and W??(Q)
with p > g, we use the regularity results for the Stokes and Poisson equations combining
them with a bootstrap argument. For the regularity in W1?(Q) and W?2?(Q)) with % <p<?2
and 1 < p < g, respectively, first we need to study the existence of very weak solutions for
this system. With this result and using the existence and uniqueness of solutions for the
Oseen problem, we can establish the desired regularity of the solution.

The work is organized as follows: in section 2, we describe the main results of this work.
Section 3 is devoted to introduce some notations and to precise some useful results. In
section 4, we study the existence of weak solutions of the stationary Boussinesq system. The
regularity of the weak solution in W'?(Q) for p > 2 and in W??(Q) for p > ¢ is dealt in
section 5. Later, in section 6 we deal with the study of very weak solutions and then, we can
prove the regularity of the solution in WP(Q) for % <p<2andin W??P(Q) for 1 <p < g.
Finally, thanks to the study done in section 6, we can derive estimates for the weak solution
in H'(Q) and consequently, we obtain the uniqueness of such solution. This is derived in
section 7.

2.2 Main results

In this section, we summarize the main results of this chapter. The first theorem is concerned
with the existence of weak solutions for the Boussinesq system. As you will realize, we just
consider smallness of the fluxes of u; across each connected component I'; of the boundary
I' to obtain the existence.

Theorem 2.2.1 (weak solutions of the Boussinesq system in H'(f2)). Let © C R3 be a
bounded domain with Lipschitz boundary I' and let

geL2(Q), he H'YQ), wu,cH(), 6, € H:I)
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such that fr up - n ds = 0. There exists 6y = 61(2) > 0 such that if

/ub-nds
r;

then the problem (BS) has at least one weak solution (u,m,0) € H'(Q) x L?(Q) x H'(Q).
Further, if up = 0 and 0, = 0, then the weak solution (u,0) satisfies the following estimates:

1 m
52

i=1

S 517

C
||VUHL2(Q) < EHQHII%(Q)HZZHH*WQ)’

C
IVOllza) < —lIPlla-2@),
with C' = C(Q2) > 0.

After the study of weak solutions in the case of Hilbert spaces, we are interested in study
generalized and strong solutions in LP-theory. In fact, the next two theorems deal with the L”
regularity of the weak solution of the Boussinesq system. In order to get these results, we use
a classical bootstrap argument using regularity results of the Poisson and Stokes equations.
Notice that for regularity in W?(2), we begin by considering p > 2, and for regularity in

W22(Q), we begin by considering p > 2. For the cases 2 <p < 2in W(Q) and 1 <p < §
in W2P(Q), we will precise them later.

Theorem 2.2.2 (generalized solutions in W?(Q) with p > 2). Let
he W™2(Q) and (up,0,) € W' sP(T) x W'»?(I).

Let us suppose that

ge L (Q) with T:max{g,%} if p#3, and T:g—l—e if p=3

for any fired 0 < e < % Then the weak solution for the Boussinesq system given by Theorem
2.2.1 satisfies
(u,m,0) € WH(Q) x LP(Q) x WHP(Q).

Theorem 2.2.3 (strong solutions in W*P(Q) with p > ). Let
helP(Q) and (up,6,) € W 5P(T) x W2 2?(T).

Let us suppose that

3 3 3 3
ge L' (Q) with r:max{é,p} if p7é§, and 7’25—1—5 if P=3

for any fixred 0 < € < % Then the solution for the Boussinesq system given by Theorem 2.2.1

satisfies

(u,m,0) € WH(Q) x WHP(Q) x W2P(Q).

18



2.2. MAIN RESULTS

The next theorem is concerned with very weak solutions of the Boussinesq system. As in
the case of weak solutions, in order to show existence of very weak solutions, we just consider
smallness of the fluxes of u, through each connected component I'; of the boundary I'. For
proving uniqueness, we impose smallness condition on the norm of the data.

Theorem 2.2.4 (very weak solutions of the Boussinesq system). Let 3 < p,r < oo,
1 :
up € W »P(T) with <wup-m,1>r=0, ge L),

heW b (Q), 6, W (D),

where ¢ = max {s, % + 5} for any fired 0 < € < % and s given by

. 3rp ) 1 1 2
! =3 d s= 3 d —<-—+-.
s>r" af p , and s 30 —p) if p> an r_p+3
There exists 0y = 02(§2) > 0 such that if
1 m
3 Jfuym | <6 (2.3)
i=1

then there exists at least one very weak solution (u,m,0) € LP(Q) x W=1P(Q) x L™(Q) of
(BS). Further, if g € L*(Y), where t = max {s,2}, and if

(; + E) <||’U/b||W—},m(F) + (; + E) HgHLt(Q)(EHhHW—L%(Q) + Heb“W—}wr(r)>) < 45

for some 63 = d3(p,r,t,) > 0, then this solution is unique.

The following two theorems deal with the regularity of the solution of the Boussinesq
system in WP(Q) with 2 < p < 2 and in W2P(Q) with 1 <p < 2.

Theorem 2.2.5 (regularity W'?(Q) with £ < p < 2). Let us suppose that

up € Wl_%’p(F) satisfies (2.3), 0y € Wl_%’p(F), he WP (Q) and g € L%+€(Q)

for any fived 0 < ¢ < L. Then the very weak solution for the Boussinesq system given by

Theorem 2.2.} satisﬁesﬁ‘
(u,m,0) € WH(Q) x LP() x WHP(Q).
Theorem 2.2.6 (regularity W??(Q) with 1 < p < £). Let us suppose that
uy, € W2 p?(T) satisfies (2.3), 6, € W> #?(T), he LP(Q) and g € LiT(Q)

for any fized 0 < € < % Then the very weak solution for the Boussinesq system given by
Theorem 2.2.) satisfies

(w,m,0) € WP(Q) x WP(Q) x W?P(Q).
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Finally, the next result shows the estimates for the weak solution in H'(Q) and the
uniqueness of such solution.

Theorem 2.2.7 (H'-estimates for the weak solution and uniqueness). Let
geL2(Q), he H'Q), wu,cH2I), 6,€H:(I)
such that fr up -n ds = 0. There exists 04 = 04(2) > 0 such that if

1 1 1
(345 ) (Bl + 3ol gy (oWl + Wl 1) ) <

then the weak solution (u,7,0) € H*(Q) x L*(Q) x HY(Q) of (BS) satisfies the following
estimates:

1 1
lellsmie < C (||ub||H%(F) + = lgll 3.y (N300 + 108l 3 )) ,

1
¥hiiey < € (Sllla-sey + 16,5 )
with C'= C () > 0. Moreover, if the data satisfy that

1 1 1 1 1
(5 %) (eslhaiy = (5 ) Vol (oo + 1)) <5

for some 65 = 05(2) > 0 such that 05 < 04, then the weak solution of (BS) is unique.

2.3 Notations and some useful results

Throughout this work, we consider 2 C R? a bounded domain with boundary I' of class C!!.
The term domain will be reserved for a nonempty open and connected set. In the case that
Q2 be another kind of set, we will point it out. Bold font for spaces means vector (or matrix)
valued spaces, and their elements will be denoted with bold font also. We will denote by n
the unit outward normal vector to I'. Unless otherwise stated or unless the context otherwise
requires, we will write with the same positive constant all the constants which depend on the
same arguments in the estimations that will appear along this work.

We will denote as D(Q2) the set of smooth functions with compact support in Q. Let us
define the following spaces:

D, () ={u € D(Q);divu =0 in Q},
H; ,(Q) = {u € Hy(Q);divu =0 in Q}.
Recall that D,(Q) is dense in Hj,(Q), see [66, Theorem 1.6, p. 18]. Depending on the
context, we use the following notation for the dual pairing:
(froda = (fro)ur@m@ or (fiva:=I(f @)W_l,p(mywol,p'm).

Observe that this notation depends on which spaces the functions belong and keep in mind
that it is also valid for vector valued functions.

Throughout this work, we use the following Sobolev inequality, see |39, Lemma 3, p. 10],
and Poincaré inequality, which are valid for scalar and vector valued functions.
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Lemma 2.3.1. (i) Let Q C R3 be a domain. There exists a positive constant Ay, independent
of Q, such that for all p € H(Q)

lellzs) < AVl L2 @)

(i) Let Q C R? be a domain which is bounded at least in one direction. There exists a positive
constant Ay, depending on Q, such that for all ¢ € H}(Q)

lellm@) < A2l|VellLz o).
Let B and b be the following trilinear forms:

B (u,v,w) = /Q(U-V)'v-'w dz for all (u,v,w)e€ (HI(Q))3,

b(u,0,7) = /(u -VO)rdz forall we H'(Q),(0,7)e (Hl(Q))Q.
Q
Note, by using Hélder inequality, that
1B (u, v, w)| < [luflzs)||[Vollrzo)llwlr: g (2.4)

and
b (u, 8, 7)| < [lullzow)l VOl L2072 () (2.5)

The following lemmas deal with some of the main properties of the trilinear forms B and b.
Both lemmas are easily proven by applying (2.4), (2.5) and Sobolev embedding theorem to
show the first claim and integration by parts to show the rest.

Lemma 2.3.2. Let Q C R3 be an open set with Lipschitz boundary.
(i) The trilinear form B is continuous in (H'(2))®.

(ii) B (u,v,w) = —B (u,w,v) for all (u,v,w) € (HYQ))* with div w = 0 in Q, and
u-n=0o0rv=0o0rw=0o0nl.

(i) B (u,v,v) =0 for all (u,v) € (H'(Q))* with divu =0 in Q, andu-n =0 orv =0
on I

Lemma 2.3.3. Let Q C R3 be an open set with Lipschitz boundary.

(i) The trilinear form b is continuous in HY(Q) x (H'())?.

(i) b (u,0,7) = —b (u, 7,0) for all (u,0,7) € HY(Q) x (H(Q))* with divw = 0 in Q, and
u-n=0o00=0o0r7=0o0nT.

iii) b (u,0,0) = 0 for all (u,0) € H(Q) x H'(Q) with divu =0 1in Q, andu-n =0 or
0=0onl.

When we address problems which involve Dirichlet non-homogeneous boundary conditions
and we want to study the existence of weak solutions for such kind of problems, we usually use
lift functions for these boundary conditions. In our case, we are interested in the existence of
suitable lift functions for the Dirichlet non-homogeneous boundary conditions on the velocity
field and the temperature.

The next lemma deals with the existence of a specific lift function for the boundary
condition on the velocity, which satisfies a convenient estimate. The complete proof of this
lemma is given in |27, Lemma 1X.4.2, p. 610].
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Lemma 2.3.4. Let Q C R3? be a bounded domain with Lipschitz boundary T’ and let uy €

Hz(T) such that
/ub -nds=0.
r

Then, for all € > 0 there exists u, € H'(Q) such that
divuy =0, mQ; u,=up, onl

and satisfies

'u,b-nds

|B (w, ug, w |<{5+ZK

for allw € Hy (), where each K; = K;(€2) > 0.

} ||V'w||2L2(Q) (2.6)

The following lemma is about the existence of a lift function for the boundary condition
on the temperature that satisfies a suitable estimate.

Lemma 2.3.5. Let Q C R? be a bounded open set with Lipschitz boundary I' and let 0), €
Hz2(T). Then, for alln > 0 there exists 0] € H'() such that 0] = 0, on T and satisfies

105 |32y < nllBsll 3 (2.7)

Proof. To proof this lemma, we will use the idea given in [10, Lemma 2.8], but we introduce

slight changes on it. Let us see some details. Since 0, € H %(T), we know that there exists
0 € H'(Q) such that § = 6, on T and

61l < Cullal 5,
with C; = C1(Q) > 0. Also, as 2 is bounded with Lipschitz boundary I', then the distance
function d from x € Q up to the boundary I' (d(z) = dist(z, ")) belongs to WH(Q). Let
e > 0 be an arbitrary number. We can define the function x. : @ — [0, 1] as

1 0<d(z) <2,
xe() = ¢ 2(1-hdla >) if 20 < d(x) <)
0 if d(z) > ~(e),

where 7(e) := exp(—1). Clearly, x. € W"*(Q). Defining 0; = x.0, we have that

1
165115y < Cal T 164l
where Cy = C5(Q) > 0 and Qf = {z € Q; 0 < d(z) < v(¢)}. Since Q5 is an annular region,
it follows that
Q1] < Cs7(e)

with C3 = C3(2) > 0. Further, due to the definition of v(¢), it is possible to deduce that for
allt >0
Q5" < Cue
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with Cy = C4(t,Q) > 0. In particular, \Qﬂ% < Cye. Then
16515 < Coclbl a0
with C5 = C5(€2) > 0. Finally, for any n > 0, we can choose ¢ = & and the estimate (2.7) is

verified. O

In part of our work, specifically, when we study the existence of very weak solutions for the
Boussinesq system, we will use the following results concerning the existence and uniqueness
of very weak solutions to the Poisson and Stokes equations.

First, let us consider the following Poisson problem:

—kAO = f in Q,
{ =46, onl. (P)
Proposition 2.3.6. Let Q C R? be an open, bounded set of class C'. Let f € W=14(Q) and
HbEW’%”’(F) witht =1+ ¢, for any fited 0 < e < 1if 1 <r < %, andt-; zfr> s
Then, the Poisson equation (P) has a unique very weak solution 6 € L"(2), which satzsﬁes

the estimate .
1012 < € (Slwrecw 10l 1))

where C' > 0 is a constant dependmg only on g, r and 2 when 1 < r < = , and depending
only on r and €2 when r > 5.

Proof. Since the Poisson equation is linear, it is possible to split the problem in two parts:
—kAf, = f in Q, —kAf, =0 in €,
{ p =0 onT, (F1) { 0o =06, onT. (F2)

Let us note that § = 0; + 05 is the unique very weak solution for (P). Then, let us focus
in the solutions of (P;) and (F).

First of all, thanks to [6, Theorem 7|, (P,) has a unique solution 0, € L"(Q) for all
1 < r < oo, which satisfies

HQQHLT(Q) < 02"(95”14/7%71—\)
with Cy = Cy(r,2) > 0. Now, let us solve the problem (F;).

Case 1<r< % : Since f € WH+e(Q), by classical results of generalized solutions to the

Poisson equation, we have that (P;) has a unique solution 6; € Wi () — L2+'(Q) for
e =¢'(e) > 0. Since 1 <r < 2, then 6, € L"(Q), and satisfies

C
101z < —IHfHW Lite(Q)

with Cl = Cl<€,7’, Q) > 0.

Case r > % : Since f € Wﬁl’%(ﬁ), by classical results of generalized solutions to the
3r
Poisson equation, we have that (P;) has a unique solution ¢, € T/VO1 () — L7(Q2), and

satisfies

1611l < —HfH 1,73
with Cy = Cy(r,2) > 0. Finally, taking C' = max{C}, Cs}, we have the desired estimate. [J
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Let us consider the following Stokes problem:

—vAu+Vr=Ff inQ,
divu=0 in, (S)
u=wup onl,

and let us introduce the following space:
X,p(Q) = {p € Wy"(Q); divp € WiP(Q)}, 1<r,p< o0,

whose dual space can be characterized as follows:

F € (X,,(Q)) if and only if there exist Fy = (fi;)1<i <3 such that Fy € L™ (Q), fi €
W=7 (Q) and these satisfy that

f=V -Fo+ V.

Moreover,
106, e = max { sl oy 1 <005 < 35l -

This characterization is proven in |6, Lemma 9|. Then, the following proposition is concerned
with the existence and uniqueness of the very weak solution of problem (S), see [6, Theorem
11], for details of the proof.

Proposition 2.3.7. For any f € (X,v ()" and up € W W s? P(T") which satisfies

ﬁl}—l

1
<up-n,1> _1 , =0 with < g and r < p,

1
WP P(r),Wr (D)

’UH—‘

the Stokes problem (S) has a unique very weak solution w € LP(Q)) and 71 € W~1P(Q)/R,
which satisfies the estimate

vl + Iellw-soym < C (If g ey + vlusly, o)

with C = C(p,r,Q) > 0.

The following lemma will be used to estimate some terms which will appear later in our
work. This lemma is easily proven by using regularization, Holder inequality and Sobolev
embedding arguments.

Lemma 2.3.8. Let u € L*(Q) and v € W'P(Q) with 1 < p < 3. Then uwv € LP(Q) and for
all € > 0 there ezists C. = C (e, ||lul|r3(0)) > 0 such that

[uv|[ ey < ellvflwrr@) + Cellvll @
Proof. Using Holder inequality and Sobolev embedding, we immediately have
luvllzn@ < Cllulls@lolwise)
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with C' = C(p, ) > 0. Denoting by @ the extension of u to R? by zero outside of 2, we have
the following decomposition using the mollifier function p,:

u= ﬂ*pe‘ﬂ + (u—ﬂ*ps‘ﬂ) :
Using this decomposition, Young inequality and again Holder inequality and Sobolev embed-
ding, we get that

[uvl|Lee) < H (ﬂ* pg’ﬂ) U”LP(Q) + H (u — U pg’ﬂ) v”LP(Q)

< Celvll ey + llvllwrr@)-
O

Remark 2.3.9. As a classical method in the study of the Stokes and Navier-Stokes equations,
the pressure 7 is obtained thanks to a variant of De Rham’s theorem. Indeed, if f € W~1¢(Q)
for 1 < p < o0, satisfies that

Vo € Dy(Q), (f,¢) =0,

then there exists 7 € LP(Q) such that f = Vx. For more details see [4, Theorem 2.8].
So, when we say that (u,0) € H'(Q) x H'(Q) is a weak solution of (BS), we mean that
(u,m,0) € HY(Q) x L*(Q) x H(Q) is a weak solution of (BS).

2.4 Weak solutions

In this section we are going to establish the existence of weak solutions for the Boussinesq
system in the Hilbert space H'(Q). It is important to note that when we consider a domain
whose boundary could be non-connected, in order to prove the existence of weak solutions we
only need to assume smallness of the fluxes of the velocity across each connected component
of the boundary.

Theorem 2.4.1. Let Q C R3 be a bounded domain with Lipschitz boundary T’ and let
geL:(Q), he H'(Q), wu,c H2T), 6, H:()

such that fr up -n ds = 0. There exists 6, = 61(2) > 0 such that if

/ub-nds
r;

then the problem (BS) has at least one weak solution (u,7,0) € H'(Q) x L?(Q) x H'(Q).
Further, if up = 0 and 0, = 0 on I', then the weak solution (u,0) satisfies the following
estimates:

1 m
52

=1

S 517 (28>

C
[Vl 20 < %HQC”Lg(Q)HhHHI(Q), (2.9)
IVOllz2) < IR0, (2.10)

with C' = C(Q) > 0.
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Proof. Let us define H := H*(Q2) x H*(2) as the Hilbert space equipped with the norm

1(w, 0) | e = llwll ) + 110]l a1 0)-

Let (u,0) € H given. Note that (u - V)u = div(u ® u), u - V8 = div(fu) and thanks to
the Sobolev embeddings, we have that u ® u and fu are in L*(Q2) — L*(Q2). Then, by the
existence and uniqueness of weak solutions to the Stokes and Poisson equations, there exists
a unique (@, 0,7) € H x L2(2)/R weak solution of the following uncoupled system:

—vAG+ Vi =0g— (u-V)u inQ,
diva =0 in (,
—kAO=h—wu-V0 in,
ub,0:0b onl.

(2.11)

~

Let 7 : H — H be the operator such that (@, 0) = T (u, ) is the unique weak solution to
(2.11). Let us realize that a fixed point of the operator T is a weak solution of (BS). So, in
order to apply the Leray-Schauder fixed point theorem, see [29, Theorem 11.3, p. 280], we
must prove that 7 is a compact operator on H and

3C, > 0 such that ||(uv,0)||g < C1,V(u,8) € H and Va € [0, 1] such that (2.12)
(u,0) =aT(u,0).

(i) Let us prove that T is a compact operator. Suppose (u,0) € H, (un,0,) € H, n € N and
(U, 0,) — (u,0), in H-weak. Let us define (i,,0,) := T (un,0,) for all n € N. We obtain
that (@, — @, 0, — 0) satisfies the following system:

—vA(Gy, — @)+ V(7 — 7) = (0, — 0)g — [(tn - V)ty — (w - V)u] in €,
div(@t, — @) =0 in (2,
—(uy, - VO, —u-V0O) in Q,

ﬁn—'&:O,én—é 0 onlI.

~ ~

—kA(b, — 6)

Note that 4, — @ € H}(Q) and 0, — 0 € H}(€2), then by applying usual estimates for weak
solutions to the Poisson equation, we have

K|0n — 0]l 10y < Clltn - VO, —w - V0| 5100
= C||div(bru, — 0u)||g-1(0)
< Cf|nwn — OulL2(q)
<C [H(@n — O)unll2(0) + [|(wn — U’)GHLQ(Q)}
< O {16 = Ol s llwall e + llun — wll s 10l )]

with C' = C(Q2) > 0. Since u,, — u, in H*(Q)-weak and 6,, — 6, in H'(Q)-weak, therefore,
u, — u, in L*(2) and 6,, — 6, in L*(Q2), for 1 < s < 6. Then

~

0, — 6, in H(Q). (2.13)

n—oo
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On the other hand, by using usual estimates for weak solutions to the Stokes equations, it
follows that

V)@ — @l o) < C{10n = 0)gllm-1@) + 1 (wn - V), — (u- V)UHH—l(Q)]
= C [0~ B)gllzr 110 + v (2 @ = 1 ) 110

< C {6, = B)gll 5 g + 1t @ v — w0 @ w2

< C (10 = Blls@llgl g ) + (200 = ) & wnllzzgey + | (2 — ) & ull 20

<C _H9n - GHLG(Q)HQHLg(Q) +llwn = ulls@l|wallzoe) + [l — UI\L3(9)|\U\|L6<Q>]

< C 100 = Ollllgll 3 ) + (lwnllm@) + lwla@)llun. = U||L3(Q)] -

Then
@, — 4, in H*(Q). (2.14)

n—oo

By (2.13) and (2.14), we deduce that (d,,0,) — (@,0), in H. Therefore, T is a completely
continuous operator, and since H is a reflexive space, then T is a compact operator in H.

(ii) Let us show the condition (2.12). Let (u,0) = oT (u,0) with (u,0) € H and « € [0, 1].

As (u,0) = a(@,0) = (adr,af), then (@,0) = T(u,0) = T (o, ab) satisfies the following
system:

—vAG+ Vi =0g —o2(a- V)i inQ,

diva = in €,

—kAO=h—a’a- V0 inQ,

ﬁ:ub,éng on I'.

o§>

(2.15)

We shall consider two cases depending on the values of the boundary data.

(a) Case up = 0 and 6, = 0. In this case, note that @ € H{ () and € H}(Q), then

multiplying by @ and by 0 the first and third equations of (2.15), respectively, and integrating
by parts!, we have

y/]Vﬁ\de:/ég-'&dx and /s/|vé|2 dz = (h,0)q.
Q Q Q

We have immediately that

A D
VOl 2@) < —llla— (2.16)

K
with D = D(§2) > 0, and
A
IVallz @ < —~IVOllz2@ gl 3 q

where A; is the constant given in Lemma 2.3.1. Then, by using (2.16), we have that
DA%

IVa|r2@) < ||g||L2 )HhHH*l(Q)' (2.17)

'Because of the low regularity of the functions (H'(2)) we can not use integration by parts in a direct
way. Actually, we consider the definition of derivatives in the sense of the distributions and then we use a
density argument to obtain the desired integral equations for functions in H!(Q).
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It follows from (2.17) and (2.16) that
(. O)llr = (@, 6) |1 < Cr,

where C; = C} <Q, v, K, HgHL%(Q), HhHH—l(Q)) is a positive constant independent of (u, §) and
a.

(b) Case up # 0 and 6, # 0. Let us define 4. = @ — uj and én =0 6;, where uj and 6
are the lift functions of the boundary conditions given by Lemma 2.3.4 and Lemma 2.3.5,

respectively. X
Using the definitions of @. and 6, in (2.15), we get the following system:

—vAG, + (1, - V)b + o?(uf - V)i + Vi = 0,9 — o2(a. - V)uj + F in €,
diva, =0 in €,

kA, + *a. - Vb, + oPu5 - VO, = h — o*a, - VO + G inQ,
@.=0,60,=0 onT,

(2.18)

where
F = F(e,n) = vAu + 0]g — o*(uj, - V)u; € H1(Q)

and
G = G(e,n) = KAY) — o*uj - VO] € HH(Q).

Noting that 4. € Hj,(Q) and én € H}(Q), we can choose them as test functions in the
variational formulation of (2.18)2, and therefore

u/ |V'&,€|2dx:/éng~ﬁg dz — o?B (e, uf, ) + (F,4.)q, (2.19)
Q Q

~ ~

m/ IV6,|> dz = (h,0,)q + b (e, 6,,07) + (G, 0,)q. (2.20)
Q
Then, by using (2.5) and Lemma 2.3.1, we have from (2.20) that
KIVO 12200 < Ihlla-—@l10nlla @) + el no @) | VOl L2163 || s @)
G- @10y 110
< Aol 1@ IV O || L2() + ALl V]| L2 @)l VO | L2010 | 23 )
+ Aol |Gl -1 VO, || L2(0)
VO llL2) < C ([[hllg-1@) + Vel L2100y + |Glla-1@)) (2.21)
with C'= C(2) > 0, and from (2.19) we have
V|| Vil||Z2q) < 10ngll ¢ o 1Tellzo) + 1B (G, ug, de )| + || Fll -1 ([l e | 1)
< Aullfyllze@llgll 3 o [Vl L2() + B (Ge, up, de)|
+ Aol | F || 1) Ve || 2 ()
< A%HV%HL?(Q)Hg||L%(Q)HVﬂsHL2(Q) + | B (e, ug, G|
+ Aol | F || 1)l Ve || 2(0)-

’In a similar way as the previous case, we simply use the definition of derivatives in the sense of the
distributions combined with a density argument to obtain the desired integral equations.
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Choosing w = 4, in (2.6) and defining K = K(Q2) := max K;, we obtain

0<i<m

. AR
IVt ||Z2() < 7IHV‘977”L2(Q)HQH

—i—%{a—l—[(;

Lol Vaelzz o)

/ub-nds
r;

and by the hypothesis (2.8), we get

. Ay .
} IV |72 + — IF -1 @IVl 2,

N A2 ~ £ N AQ
IVl < SV lIallgl g g + (5 +2K0) 1Vl o + 21 F . (2:22)

Let us find estimates for F and G. Let v € H} (), it follows that

/Hgg-vdx
Q

110591 g o 10l zo@) + U]l o Vgl 2o 0]l s @)

[(F, v)al < [(rAug, v)al + + | B (uf, ug, )

<v

/ Vug : Vo do

Q

< VlIVug 2@ Vol + Adll6)lowllgll 3 o VYl 2@
+ A CoCs | up | (ol V0 L2,

where Cy > 0 is the constant involved in the embedding H'(Q2) — L%(Q) and C3 > 0 is the
constant involved in the embedding H'(Q) < L3(2). Then, we have that

|Fllg-—1q = sup |[(F,v)q

HvHHl(Q):l

< v|[Vugllrzo) + 4165 o) llgll
S D17

Lioy T Ay CoCs || ug |3 o

where

Dy = Di(e,n) i= C (vl oy + il @) + 10 mllgl 3 0)

with C = C(Q) > 0, is a constant independent of (u, ) and .
In a similar way, it is showed that

|Gl -1 < Do,

where Dy = Dy(e,n) = C (k107 1) + 1w e @ 167 ]| 23()) is a constant independent of
(u,d) and .
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Using (2.7), (2.21) and the estimates for F' and G in (2.22), it follows that

. A3C
Padn < 7 (W + 198l + 2 ol
A
1 AC A2
s;(Azzm Dallal gy + “L Il lal 5
A2C £ N
+ (gl )H9£7||L3<n>+—+2K51) V] e
1 A2 | i
<3 (40 + 2 Dulgl 5 0, + 2 Wl gl
A2Cn R
+ (3 03+ +2K61) IVt e
Taking n = SA2CTg] 3”“ T €= ¢and 6 = 8K, we have
L2 () 2
Cy 1 1
Valze < S (Dt 2Dulal s, + lilioolalysg ) (22)

with C; = C4(Q) = 2max{A3C, Ay}. Now, by using (2.7), the value of 1 and (2.23), we
deduce from (2.21) that

A C K
V0, 20y < == | IR/l 1) + D2 + 7————Ds (2.24)
K lgll ;3

with C5 = C5(Q) > 0. It follows from (2.23) and (2.24) that

[(w, )| e = (@, 0)||
< el ) + 100l 51 0) + lupll ez @) + 1050 @)
S Cla

where €y = C) (Q, v, K, HgHLg(Q), 17l -1 () lugll m (0, HQQHHI(Q)) Is a positive constant in-
dependent of (u, #) and a.

Finally, by Leray-Schauder fixed point theorem and Remark 2.3.9, there exists at least
one (u,0,7) € H x L*(Q) such that (BS) is satisfied.

(iii) Proof of estimates (2.9) and (2.10). From the Leray-Schauder fixed point theorem, we
have that @ = w and § = A, and hence if up, = 0 and 6, = 0, we have directly the desired
estimates from (2.17) and (2.16).

Therefore, the theorem is totally proven. O

Remark 2.4.2. (i) If the boundary is connected (m = 0), then the condition (2.8) is always
satisfied because, by hypothesis, the flux of u; through the boundary I' is zero. Then, in this
case, we have at least one solution for (BS) just considering the compatibility condition for
up, Le., [pup-nds=0.
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(i) We know that I' = |J;-,T; with I, N T'; = 0, i # j. Note, however, that it is sufficient
to have smallness condition for > 7", ‘fr Up -1 ds) instead of > ", ‘fr Up - M ds‘. This is

because as fr up - n ds = 0, then

m
/ub-nds:—g /ub-nds.
To — Jr

So, with the condition (2.8), we have immediately that

/ub~nds
F.

3

1 m
S

=0

< 26;.

(iii) The estimates for w and 6 when the boundary data are non-zero, we will prove them
later by using estimates of the very weak solutions of the Boussinesq system.

2.5 Regularity of the weak solution

We can rewrite the Boussinesq system (BS) in order to have the structure of the Stokes and
Poisson equations as follows

—vAu+Vr=60g — (u-V)u in Q,
divu=0 1in €,

u=up onl

—kAf0=h—u-V0 in Q,

=0, onl,

and then we are going to take advantage of well-known regularity results for the Stokes and
Poisson equations. Realize that if we want to show the regularity W1?(Q) and W*P(Q) of
the solution of the Boussinesq system, then we need more regularity for the domain 2. This
is the reason why we consider € of class C''.

Theorem 2.5.1 (regularity W1P(Q) with p > 2). Let us suppose that
geL'(Q), heW'"(Q) and (uy,6)e W' »"(I)x W' »(I)

with
3 3 3
P> 2, r:max{é,%} if p#3 and 7’25—1—5 if p=3
for any fixred 0 < € < % Then the weak solution for the Boussinesq system given by Theorem
2.4.1 satisfies

(u,m,0) € WH(Q) x LP(Q) x WHP(Q).

Proof. Let (u,0) € H(Q2) x H'(Q2) be a weak solution for the Boussinesq system. We know
that HY(Q) < LS(Q). Then (u - V)u € L2(Q) — W13(Q). Also, div(fu) € W3(Q)
because 6 € L5(Q) and w € L%(Q). We must note that W~13(Q) — W~1#(Q) if p < 3.
Then, we have three cases:
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(i) Case 2 < p < 3: As h € W=HP(Q), by the regularity of the Poisson equation we have
6 € WhP(Q) — LP"(Q) with # = % — 3. Since 2 < p < 3, we have that ¢ < %pp < 2 and

then g € L2(Q). Hence, g € L*(Q) with = %—i—%, but L*(Q2) — W~12(Q). Consequently,
thanks to the regularity of the Stokes equations, we have w € W1?(Q) and 7 € LP(Q).

(i) Case p = 3: In view of div(fu) € W13(Q) and h € W~13(Q), by regularity of the
Poisson equation, we have that § € Wh3(Q) — L(Q) for all 1 < ¢ < oo. Then, since
g € L2(Q), we have g € L2(Q) — W~13(Q) and thanks to the regularity of the Stokes
equations we get w € W?(Q) and 7 € L3(Q).

(iii) Case p > 3: From the previous case, we have that (u, #) € W13(Q) x W13(Q). Therefore,
(u,0) € LY Q) x LYQ), for any t > 1, and then v ® uw € LYQ), fu € L'(Q) for any
t > 1. Consequently, div(fu) € W=1?(Q) and as h € W=1P(Q), by regularity of the Poisson

equation, we have § € W'P(Q) — L>(Q). Further, as p > 3, ;Tpp > g, and g € L%(Q),

consequently fg € L‘o‘%(Q) — WLP(Q). We have that (u-V)u = diviu®@u) € W12(Q),
and by regularity of the Stokes equations, we get that w € W1?(Q) and m € LP(). n

Remark 2.5.2. We must note that the choice of the space, where g lies, is optimal in order
to study the regularity W1?(Q) with p > 2. Indeed, for the case 2 < p < 3, we know that
0 € WhP(Q) — L (Q) with &= = 1 — £ and then fg € L*(Q) with 2 = L 4 1, where r is the
number that we need to determine. If we want to use the regularity of the Stokes equations,
we need to have g € W~1?(Q), what means that L*(Q) — W~1(Q). This is equivalent
to say that Wol’p/(Q) < L*(Q), where £ = 2 — 1 We have that

p 3
L1111 112
r s p 3 s p 3 3
and hence r = 2 = max{%,i,i—pp} because 2 < p < 3.

The other cases for p are analyzed in a similar way, and this proves that r is optimal to
obtain the regularity W1?(Q) with p > 2.

Theorem 2.5.3 (regularity W*?(Q) with p > ). Let us suppose that
geL(Q), hel!(Q) and (up0)€ W 5(I) x W 2"(I)

with
3

3 3 3
P> =, r:max{—,p} if p;éﬁ and 7“25-1-8 if p=-=

ot O

2 2

for any fixred 0 < € < % Then the solution for the Boussinesq system given by Theorem 2.4.1
satisfies
(u,7,0) € WH(Q) x WHP(Q) x WP(Q).

Proof. Let (u,0) € H'(Q) x H'(Q) be a weak solution for the Boussinesq system. By the
embedding H(Q) < L5(Q), we have (u- V)u € L2(Q) and w- V6 € L2(Q). Then, we have
three cases:
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(i) Case ¢ < p < 3: As h € LP(Q), by the regularity of the Poisson equation we have
0 € W2P(Q) < L™ (Q) with L = L —

1
P p

fg € L*() and (u - V)u € L2(Q) — LP(RQ), consequently, thanks to the regularity of the
Stokes equations, we have u € W*P(Q) and 7 € WP(Q).

(ii) Case p = 3: Since u - VO € L3(Q) and h € L2(Q), by the regularity of the Poisson
equation, we have 0 € WQ%(Q) — L2(Q) for all 1 < ¢ < oo. Since g € L%“(Q), then Ag €

L=(9), and finally, by the regularity of the Stokes equations u € W22 () and = € W2 ().

(iii) Case p > 2: From the previous case, we have that (u,) € W22 (Q) x W22(Q). Note
that w € W22(Q) < L"(Q) for all r > 1. Further, as § € W%2(Q) < W3(Q), this implies
that V6 € L3(2), which results that u - V0 € L¥(Q) for all 1 < s < 3.

(a) If 3 < p < 3, we have h —u - VO € LP(Q), and thanks to the regularity of the Poisson
equation § € WP(Q).

In the same way, since p > %, then W?2?(Q) — L>*(), and as g € LP(Q), then g € L?(Q).
Since Vu € Wh2(Q) < L3(Q), by Holder inequality we have (u - V)u € L*(Q) for all
1 < s < 3. It follows that g — (u - V)u € LP(R2), and by regularity of the Stokes equations
u € W2P(Q) and m € W1P(Q).

(b) Suppose now that 3 < p < co. From the above result, we have that (u, ) € W2379(Q) x
W230(Q) for any 0 < § < 3. Then, we get that w € L>®(Q2) and VI € W379(Q) — L'(Q),
for any 3 < t < oo. This implies that w - VO € LP(Q2) and as h € LP(Q2), thanks to the
regularity of the Poisson equation we have that § € W?2?(Q). Finally, g € L?(2) and, by
the same process as was made before for V6, we conclude that (uw - V)u € LP(Q2), and by
regularity of the Stokes equations u € W2P(Q)) and m € W»(Q). O

2. In view of p < 3, we have that g € L2(9). Hence,

Remark 2.5.4. (i) As in Remark 2.5.2, the choice of the space for g is optimal in order to
study the regularity W2#(2) with p > £. Indeed, for the case ¢ < p < 2, we already know
that 0 € W?P(Q) — LP" () with pl* = %—% and hence fg € L*(Q) with 1 = pi* + 1, where
r is the number to determine. In order to use the regularity of the Stokes equations, we need

to have 6g € LP(Q2), and this happens if s is at least equal to p. Then,

1 1 1

1 2
r S p**_p

Ly
p 3

and hence r = % = max{%,p} because g <p< %

In the same way, we can analyze the other cases of p, and therefore we conclude that r is
optimal to obtain the regularity W2?(Q) with p > g.
(ii)) With the help of the existence of very weak solutions of (BS), we will try later the
regularity of the solution in W'P(Q) with < p < 2 and the regularity W??(Q) with

1<p<§.

2.6 Very weak solutions

In the article [35], Kim carried out a study of very weak solutions of the stationary Boussinesq
system, considering the boundary of the domain connected, the gravitational acceleration g
belonging to L>(£2) and did not consider a heat source in the convection-diffusion equation.
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In our work, we are interested in finding (u,7,0) € LP(2) x W=1P(Q) x L"() very weak
solution of (BS) over a domain in R*® which does not necessarily have a connected boundary,
and we also consider the gravitational acceleration g belongs to a weaker space and the
presence of a heat source in the convection-diffusion equation. With these considerations, it
is still possible to get the existence and uniqueness of the very weak solution of (BS), as we
will see it later.

Let us define the following space:

Wolf(Q) ={u e Wol’p(Q); divu =01in Q}.

Remind that D,(f2) is dense in WO{f(Q), see |4, Theorem 2.9]. We also use the following
notations:

Assuming that . .
geL*Q), heW ' (Q), 6,eW (),

up € W_%’p(F) such that < wup-n,1 >p=0,

where
3J<p<oo, pP<r<oo
and
3rp 1 1 2
>¢ if p=3 and s= if p>3 and - <-4, 2.5
s>r it p and s 2rp 30— p) it p an r_p+3 (2.25)
where, in this last case (p > 3), s is chosen such that
1 1 1 1 1 2
Sy —1 with = — - (2.26)
r s (p/)** <p/)** p/ 3

we call a very weak solution of (BS) the pair (u, ) € LP(Q2) x L"(€2) such that satisfies the
following equalities:

/ u- (—vAx — (u-V)x) de = / 0g - x de —v <ub, 8—X> Vx € W27 (Q) n Wit (Q),
Q Q 671 r ’

(2.27)
/ u-Vodr = (up-n, o). VpeW(Q),
Q
/ 0 (—kAY —u- V) dz = (h,))g — & <eb, a_¢> Y € W2 (Q) N WL ().
Q on /[

Remark 2.6.1. In the case when p > 3, the restriction % < 117 + % is given to avoid that
s takes negative values. Note also that s — oo when p — oo; justifying why the data g is
supposed to lie in L>*(Q) in the work [35]. But as we will see later, this hypothesis is too
strong and is not required to prove existence, uniqueness and regularity of the solution to
the Boussinesq system.
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Remark 2.6.2. In order to see that the definition of very weak solution of the Boussinesq
system is well-defined, we need to show that the following integrals have sense:

I ::/u-(u-V)xdx, [2::/¢9g-xda:, [3::/9(u-vw)dx.
Q Q Q

Indeed, we have two cases:
(i) If p = 3, then we have the following embeddings:
Whi(Q) = L¥(Q) and W22(Q) — LI(Q) forall 1<q< oc.

It follows that integrals I; and I, are finite. On the other hand, the embedding W' (Q) —
LU (Q) with L1

= = — 3 since r > % by hypothesis, guarantees that I3 is finite.
(ii) If p > 3, we have that W' (Q) < L®)(Q) with - L — 1 and then I, is finite.

(r)y* = r! 3
[COR
Thanks to (2.26), it is immediately that I is finite. Finally, since p > 3 then r’ < p, and
we must consider the three cases ' < 3, ' = 3 and ' > 3 in order to show that I3 is finite.
When ' < 3, WI(Q) — L) (Q) with ﬁ = L — 1, and together with p > 3 ensure
that I3 is finite. When ' = 3, W' (Q) «— L9(Q) for all 1 < ¢ < oo, and this tell us that
I is finite. And in the last case when ' > 3, then W' (Q) < L>(Q) and p' < r < 00
guarantees that I3 is finite.
We must also note that (h,1)q is well-defined. In fact, because p > 3 we have that

W2 (Q) < Wlﬁ(ﬁ) with -2 ;, the conjugate exponent of -2=. Consequently, it is sensible

to define a very weak solution as we did it above.

Remark 2.6.3. From (2.27), we have that for all x € W2* (Q) with div x = 0:

(=vAu+ (u-V)u —fg,x) =0,

W-22(Q), W2 (Q)

and using a variant of De Rham’s theorem, see [4, Lemma 2.7], it follows that there exists a
unique 7 € W?(Q)/R such that

—vAu+ (u-V)u+ Vr =6g, in W P(Q).
Hence, when we say that (u,0) € LP(Q) x L"(Q2) is a very weak solution of (BS), we mean
that (u,m,0) € LP(Q) x W~12(Q) x L"(Q) is a very weak solution of (BS).

Before to establish the existence of very weak solutions of the Boussinesq system, we
need a result about very weak solutions of the convection-diffusion equation for heat transfer
which will be useful later.

Proposition 2.6.4. Let 3 < p < oo and p' < r < oo. Let us consider the following closed
ball:

1
B = {’U, € LP(Q)’ ;H'U/HLP(Q) S ,0()} y

for some py = po(p,r,Q2) > 0. Then, for all h € Wﬁl’p%(ﬁ), 0, € W’%”(F) and u € B,
there exists a unique very weak solution 6 = Pu € L"(QY) of the following linear problem:

{—/{AQ—}—U-V@:h i €, (CD)

0=6, onl.
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Further, for any w,w;,us € B, we have the following estimates:

1
IPullirer < Co (1l -v gy + Iyt ) 229
Co
Pus — Pl € 2 (Ll e o Dyt ) = sl (229)

with CO Cg(p, r, Q) > 0.

Proof. The proof is fairly similar to the given in [35, Lemma 3.1], but in our case h # 0.

Let w € LP(Q) be fixed and 6 € L7(Q). As u -Vl = div(du) € W s (Q), h €
W_l’ﬁ((l) and taking into account that }% > 3% since p > 3, by Proposition 2.3.6 there
exists a unique very weak solution § = £ € L"(2) of

—kAN0=h—wu-V0 inQ,
=06, onl,

and satisfies the following estimate:

p-H"

1
160010y < € (110 = 0 Dbl g+ Wl )

for all 0 € L™(2) with C' = C(p,r, Q) > 0. Then,

C C
1600 < Ll 1ty + (Sl ) Bl + UMl oy 230
with Cy = Cy(p,r,Q) > 0. Furthermore, for any 0,6, € L"(2) we have that

C
L0y — LOs||Lr) < EH’UJ -V (01 — 05)]|

J R L
Wb ()

..
= —[ldiv((0r = Go)u) || 1.2

P (Q)
< —H(91 —Oa)ul| 2 o
and then
1261 — L0yl < (Cl - ) 161 = O lr o, (2.31)
Suppose that u € B with py = 5=. Then, by (2.31), we have that £ is a contraction mapping

on the Banach space L"(). Then by the Banach fixed point theorem, £ has a unique fixed
point 6 € L"(2) and by (2.30) we have that

2C
1012r @) < ——lIPlly -

p+T (Q

2000y 1y

Until here, we have that for any w € B, there exists a unique § = Pu € L"(2) solution of
(CD) such that

[Pl < —HhH + 2016,

(@) W)’
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Suppose now u, us € B and let us define 6; = Pu; and 05 = Pusy. Then,

C
H91 — 02||LT(Q) S —H’U;l . VQl — U9 - V02|| _1,2r
K w

p+r(Q)
C, ..
Cy
< —||91U1 - 92U2||L%(Q)
01
< — (||91||LT s — sl Loi) + 161 — 02l Lro w2l Lo (o)

C
<¢(4w

+ §H91 — Osl (@),

rT (Q) + 2O||Qb||w—$,r(l—‘)> ||u1 - ’U,QHLP(Q)

and so,

4CCy

[Pur — Puz|rro) < <E” [ T 1661l 1. r)) w1 — || Lo (q)

and taking Cy = max{2C,4CC}}, the proof is finished. ]

The next proposition is devoted to show the existence of at least one very weak solution
(u,,0) € LP(Q) x W=LP(Q) x L"(2) of (BS) under smallness considerations of the data.

Proposition 2.6.5. For 3 < p < oo and p' < r < oo, there exists p1 = p1(p,r,Q) > 0 such
that if

ge L), heW & (Q), 6,eWw (),
up € W_%’p(l“) such that < wup-n,1 >p=0,
where s satisfies (2.25) and

1 1 1 1
(342 (ol gy + Sl (G100 - g + Wl 1) ) S v (232)

then there exists at least one very weak solution (u,m,0) € LP(Q) x W=1P(Q) x L"(Q) of
(BS) satisfying the following estimates:

1 1
fulzre) < € (1ol gy + 3 Malzre (5 Ibly o g Wl ) ) (239

)

1
180y < © (Do gy + 1yt ) (2.34)
with C = C(p,r,Q) > 0.

Proof. The proof is similar to the given in [35, Theorem 1.5|, but we consider h # 0 and g
lies in a weaker space than L ().

37



CHAPTER 2. BOUSSINESQ SYSTEM WITH DIRICHLET BOUNDARY CONDITIONS

Let pg,Cy, B and P be the constants, closed ball and solution operator established in
Proposition 2.6.4. Given u € B, there exists a unique very weak solution u = Tu € LP()
of the following Stokes problem:

—vAu+ V1T =gPu— (u-V)u inQ,
diva =0 inQ, (2.35)
u=up onl.

Indeed, since the Stokes equations are linear, it is possible to split the problem in two parts:

—vAu; + V7, = gPu  in (),
diva; =0 in Q, (S1)
u; =0 onl,
_]/Aﬁ2 + V’ﬁ'g = —(’U, . V)’U, in Q,
divas =0 in €, (S2)
Uy =up onl.
Let us note that w = w; + uy and T = 7; 4 7 is the unique very weak solution for (2.35). So,
let us focus in the solutions of (S7) and (S3). Then, since s satisfies (2.25), we must consider
two cases:
(i) If p =3 and r > %, then s > 7/, and so gPu € L#(Q) with -2 > 1, which implies
that (S;) has a unique solution @, € W75 (Q) — L3(Q). As u ® u € L2(Q), then
(u-V)u =diviu @ u) € (X3%(Q))’ and using Proposition 2.3.7, we have that (S3) has a
unique solution u, € L3(12).

(ii)) If p > 3 and r > p/, then s = Mf+5‘—za)’ and so gPu € L?’%Z’(Q) which implies that

(S1) has a unique solution u; € WQ%(Q) < LP(Q). In view of u ® w € L%(f), then

u-Viu = diviu @ u) € (X 2 ,(Q)) and using Proposition 2.3.7 again, we have that
S25p 8 g

S9) has a unique solution u, € LP(€2). Note that the hypothesis about the exponents in

( q yp p

Proposition 2.3.7 are satisfied because % < % + % and g <np.

Thanks to estimates for the Stokes problem, this solution satisfies that

1 1
ITulloie < s (Sl + 3 lPul s )+ ol o

1 1
< G (1l + Sl Pl + ol

with C = Cy(p,r,2) > 0, and by (2.28), we have

1
pe@ Pl -1z o) + S llgllz-@l0lly, -1 (2:36)

pt+r (

1 1
< Oy [ =l + —
ITullzo < G Hultoe + -l

sl 2o,)

for some Cy = Cy(p,r, Q) > 1.
On the other hand, taking account that (u; - V)u; — (ug- V)us = div(u; ® up — us @ us),
we have for all u;,us € B

1 1
| Tu, — TU2||LP(Q) <G l;||g| LS(Q)HPUI — PuQHL’“(Q) + ;H’U:l QXU — U X U2||Lg(Q

) )
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and by using (2.29), we have

1
7w~ sl < o |15l T

1
s h — T —
p@lblly g+ ol

P-H“( )

1
;(”ulHLP )+ [uallzr@) | lur — wsllLeo)
< C 1 ! h 1 0
<O |~ %HQ\LS(Q)H 1 L E @ )+HubHW_%,p(F)+;||Q‘LS(Q)H oll -2y

1
; (HUqHLp + ||U2||LP(Q)) w1 — us| Lo (o)
and then

1
| Tur — Tzl Lro) < Co { (Jluil e + l|u2llLe@) + ;R(Q h, ub79b)] w1 — ws||Lr (o)
(2.37)

where

R(Q? h7 Up, eb) = ||ubHW_1

1
L[ 1t L Iy Y U

1
+ —Ilg|
1%

Let us define
» 3
By =Jwe LP(Q) : [|[w]|pr) < §C2R(g,h,ub,9b) :

Consequently, if u € By and using (2.32), we have that

1 1 3 1 3
(—+ )Hul\m <2, (— )mg,h,ub,eb)g-@pl,
K v K 2

14

and choosing p; such that p; < %, it follows that w € B. Then, returning to (2.36) and

using this last inequality, we have for each u € By

P+T (Q)

Cy 1
ITulloie < () lulle + Co |- lalle ], -

-+l

1
Sl ol

W)
3 2
< CQR(ga ha Up, eb) + 502p1||u||Lp(ﬂ)

9
S (chpl + 02) R(g’ ha Up, eb)
Taking p; = min {%, %}, we deduce that

T u| e < C’gR(g,h,ub,Hb);
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hence 7T is an operator defined from the complete metric space By into B;. Further, using
(2.37) and again (2.32) and remembering that Cy > 1, we have that for all u;,us € By

| Tur — Tl Lr) < Ca(1 4+ 3Cs)pr||ur — us|| e,
8
< §||U1 — Uz Lr(0)-

Then, thanks to the Banach fixed point theorem, 7 has a unique fixed point w € B;. Defining
6 = Pu and using Remark 2.6.3, we have that (w,m,6) € LP(Q2) x W1P(Q) x L™(Q) is a
very weak solution of (BS). The estimates for u and 6 follow from the definition of By and
the estimate (2.28), respectively. O

Remark 2.6.6. (i) For the proof of Proposition 2.6.5, we do not use the fact that the
boundary I' could be non-connected. This means that this proof is valid for connected or
non-connected boundary.

(ii) In the proofs of Proposition 2.6.4 and Proposition 2.6.5, we use the existence of very weak
solutions of the Poisson equation (Proposition 2.3.6) and the Stokes equations (Proposition
2.3.7), and note that the spaces, where the right hand sides lie in these propositions, are
different from the ones used in [35, Theorem 2.2 and Theorem 2.1].

The following two auxiliary results (Proposition 2.6.7 and Proposition 2.6.8) will help
us to show Theorem 2.6.10. The first auxiliary result is concerning weak solutions of a
perturbed Boussinesq system and the second one is about the existence and uniqueness of
strong solutions to a linear problem. Proposition 2.6.7 will allow us to show the existence of
a very weak solution of the Boussinesq system and Proposition 2.6.8 will help us to show the
uniqueness of such solution.

Proposition 2.6.7. Let Q C R? be a bounded domain with Lipschitz boundary I' and let
ge L2(Q), u, € L3(Q), 0, € L3(Q) given vectors and scalar fields, where div u, = 0 in €.
There exists py = p2(Q2) > 0 such that if

(i [ s

i=1
where wy, € H2(T) satisfies Joup-mds =0, then for each h € H () and 0, € H= (D),
there exists at least one weak solution (u,m,0) € H'(Q) x L*(Q) x H(Q) of the following
problem:

R I

1
+ [[tall L2 (o) + EHQHLg(Q)H@aHm(m) < p2, (2.38)

—vAu+ (u-V)u+ (u, - V)u+ (u-Viu, + Vr =0g in Q,
divu =0 1in (),

—kA+u-VO0+u-V0,+u,-VO=h in(Q,
u=u,,0=0, onl.

(BSp)

Proof. This result can be proven by adapting Kim’s proof to our case, see |35, Proposition
4.1].

Let us define H := H'(Q) x H'(Q) as the Hilbert space equipped with the usual norm.
Let (u,0) € H given. Since u, € L*(Q) and 0, € L3(Q), we have that (u-V)u+ (u,-V)u+
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(u-Vu, =diviu@u+u, @u+u®u,) € H'(Q) and w - VO + u - VO, + u, - VO =
div(0u + O,u + Ou,) € H1(Q). Then, there exists a unique (4,60, 7) € H x L*(2)/R weak
solution of the following system:

—vAG+ Vi =0g — [(u-V)u+ (uy - V)u+ (u-V)u,] inQ,
diva =0 in €,

—kA)=h—(u-VO0+u-V0, +u, V0 inQ
a:ub,ézeb on I

(2.39)

~

Let S : H — H be the operator such that (@&,0) = S(u, 0) is the unique weak solution to
(2.39). We are interested in finding a fixed point of the operator S. In such a way, we are
going to use the Leray-Schauder fixed point theorem.

(i) Let us show that the operator S is compact. Suppose (u,0) € H, (u,,0,) € H,n € N

~

and (un,0,) — (u,0), in H-weak. Defining (a,,0,) := S(u,,0,) for all n € N, by applying
Lemma 2.3.8 for all ¢ > 0 and by the identities v- Vo = div(¢v) and (v-V)w = div(v @ w),
we obtain that (@, — 4,0, — 6) satisfies the following inequalities:
'%Hén - éHHl(Q) < Cl (Henun — Ou + ea(un - ’LL) + (Qn - e)uaHLQ(Q))
< Cy ([16n = 0l s () 1wnll o) + 101l zo @) | tn — wllLs@) + lltn — vl g
+ae|wn — ullp2) + ll0n — Ol ) + BellOn — Oll o)
< Cillunllz @10 = Olls @) + Crll0llmr @) l[wn — wllLs@) + el (un — w, 6, = 0)|| &
+ Ccl[(wp — w, 0, — 0)||L2(0)x22(02)

i, — ey < Co (10— D)l + 1t 910, — S 0
e ® (wn = w)l|z2) + [(wn — u) ® allz20))
< G (Hén - éHHl(n)llgHLg(Q) + [[unllmr o) lun — ullzs o)
Hlwll @)l wn — wllps @) + 28]t — wl @) + 2D:fun — ull20)
< Collln — Ol gl 13 g + Collnllzr @ + Nl o), — wllzsw)
+ 2¢e|lun, — ul| i) + 2D ||u, — ul| L2
with C. = C. (e, |0al 239): |tallzs@) > 0, D. = D: (2,9, ||ta]|23)) > 0, C1 = C1(Q) >
0 and Cy = C5(92) > 0.
Since u,, — u, in H'(Q)-weak and 6, — 0, in H'(Q)-weak, therefore, u,, — wu, in L'(Q)

and 6, — 0, in L*(Q), for 1 <t < 6. Also, ||u,| 1) and ||0, |51 () are bounded sequences,
so, letting n — oo, we have that

% limsup |6, — éHHl(Q) < Ce+ Cclimsup [[(wn, — u, 0, — 0)|| L2()x22()

n—oo n—oo
= (e
for all € > 0. This implies that
0, — 6, in H(Q). (2.40)
n—oo
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In the same way, we have that

v limsup ||@, — 4| g1y < 2Ce + 2D, limsup ||u, — u|/L2q)
n—oo n—o0

= 2C¢

for all € > 0, and then
@, — @, in H'(Q). (2.41)
n—oo
By (2.40) and (2.41), we deduce that (d@,,0,) — (@,6), in H and therefore, S is a compact
operator in H.

(i) Let us show that all the fized points of the operator aS are bounded by the same constant C'

~

foralla € [0,1]. Let (u,0) = aS(u, ) with (u,0) € H and « € [0,1]. Then (@, 0) = S(u,0)
satisfies the following system:

—VAG+ Vi =0g — o [(ci - V)i + (ug - V)i + (G- V)u,] in Q,
diva =0 in (2,

—kA)=h—alat-VO+a-V,+u,- VI inQ,
ﬁ:ub,ézéb on I

(2.42)

We shall consider two cases depending on the values of the boundary data.

(a) Case up = 0 and 0, = 0. In this case, note that @ € Hj () and 0 € H}(Q). Then

multiplying by @ and by 0 the first and third equations of (2.42), respectively, and integrating
by parts, we have

u/|va|2dx:/ég-adx+aB(a,a,ua),
Q Q
/{/ V| dz = (h,0)q + a b (@, 0,0,).
Q

We have immediately that

V0| L2 <

D .
E (HhHH*1(9) + ”VUHLQ(Q)HeaHLs(Q)) s (243)

<D
—

IVl < 2 (190l 5 g + V8220 5o
with D = D(2) > 0. Then, by using (2.43) and (2.38), we have that

D

A 1
IVl < 2 | Mgl o1l

1 -
(ol + 2lall g Il ) 19220
1 N
< (lal g Il + 2 Vil )

Taking ps = it follows that

1

2D
R D

198|210 < ——llgll 3 g Il (2.44)
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By applying (2.44), from (2.43) we obtain

A D 1
98l < 2 (1+ -l 0l ) Wil

Finally,

I, 6) 15 = a8, 0)z < D (I V@l z2g@) + [Vl ) < C.

where C' = C (Q, v, K, ||g||L%(Q), 12l -1 () ||9a||L3(Q)> is a positive constant independent of
(u,0) and a.

(b) Case up # 0 and 0, # 0. Defining 4. = 4@ — uj and én =0 - 6;, where uj and 0]
are the lift functions of the boundary conditions given by Lemma 2.3.4 and Lemma 2.3.5,
respectively, and using them in (2.42), we get

(—VvAG, + o?(h. - V). + o?(h. - V)ug + o*(uf, - V).
+a(t, - V)i, + ot - V)u, + Vi =6,g + F  in Q,
diva., =0 in €,

—kAb,) + o*a, - VO, + oPuf - Vi, + au, - VO, = h
—a?@. - VO — ot - VO, + G in Q,
L ﬁezO,én:O on I

(2.45)

where
F = F(g,n) = vAu + 0)g — o*(u - V)uy — a(u, - V)uj — a(u; - V)u, € H Q)

and

G = G(e,n) = KAY)] — o*uf - VO] — aus, - VO, — au, - VO] € HH(Q).

Using 4. € H{ () and 6, € H}(Q) as test functions of the variational formulation of (2.45)
and since div u, = 0 in €2, we have

V/Q Vi ] de = /Qéng it dr — 02B (e, U, 612) + B (fhe, 6o, wa) + (F, )0, (2.46)
K/Q VO, de = (h,0,)a + (G 0,)0 + ab (e, by, ad +6,). (2.47)

Then, from (2.47), and using (2.5), Lemma 2.3.1 and 0 < a < 1, it follows that
£IVO, ) < Co (1hll-1@) + Gl + (167 3@ + 0alls@) [ Vaicllz2)  (2:48)

with C; = C1(2) > 0. From (2.46), (2.48), (2.6), Lemma 2.3.1 and defining K = K(Q) :=
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max K, it follows that
0<i<m

R s T11oa
IVate|| 2 < == [||V9n||L2(Q)||g||Lg(Q) | Flla-10) + {e + [[wallzso)

+iKi .'u,b.'n,ds } Ve | 220y
= % {_”g“w(m(”h”’f )+ Gl + I1F N0 + {& + [tallzse)
ub n ds| + & HQHL%(Q) (HHZHL3(Q) + H(%HL?»(Q))} HV&EHLQ(Q)]
- CZI/OS [ lg HL?(9)<HhHH71(Q) * HGHH”(Q)> + | Flle-100) + {& + [[wallz3(0)

'u,b n ds| +

—IIQIILg(Q) (||92||L3<9> + ||9a||L3(ﬂ>>} IIVﬁeIIL2(Q>]

with Cy = CQ(Q) > 0 and Cg Cg(Q) max{l Cl, K}
With a simple calculation, it is possible to see that || F'||g-1) < di(e,n) and ||G|g-1(0) <

ds(e,m), where d;i(e,n) and dg([‘: n) are two positive constants independent of (u,#) and «,
defined by

di(z,m) = Ci (Vg e oy + 107 o gl ) + 1 ey + Ntall oo sl oy )

da(e,m) = Cy (5|67 () + 107 i@ 1wl m2 ) + 10all 2o l|wg | 20
107 o) Jwall 3@))

with Cy = C4(Q) > 0. By using (2.7) and (2.38), we get
Ale, n)

A € Ui .
V.|| L2 o) < C2C3 + 0203 (; +2p2 + %HgHLg(Q)H@bHH%(F)) V|| 2o

1 bl

HZ(T)

with A(e,n) = ngHL% Q)(”]I”Hfl(g) + dg(&,ﬁ)) +di(e,n). Taking 7 = g "5
L2

€= it follows that

i P2 = w6
[, 6)llzr < (@ 0)lzz < C,
where
¢=C (Q v gl g ) 12l -1y [Ball sy [1tallps@), 1651 ) ||UZ||H1(Q))
is a positive constant independent of (u, ) and «.

Then, by the Leray-Schauder fixed point theorem together with the De Rham’s theorem,
there exists at least one (u,0,7) € H x L*(Q) such that (BSp) is satisfied. O
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Proposition 2.6.8. Let g € L*(), ui,us € L3(Q), 6, € L3(Q) given vectors and scalar
fields where div w; = 0 in Q. There exists ps = p3(2) > 0 such that if

1 1
> (HUZHLS(Q) + E||QHL2(Q)||92||L3(Q)> < p3, (2.49)

then for every f, € L%(Q) and fy € L%(Q), there exists a unique strong solution
(y,7,2) € W22(Q) x Wh3(Q)/R x W>3(Q)
of the following linear problem:

—vAy — (u1 - V)y — (Vy)Tus + Vr =,V = fi inQ,
divy=0 1w,

—kAz—u-Vz—g-y=fo inQ,

y=0,2=0 onl.

(2.50)

Proof. This result can be proven in a fairly similar way as in the proof given in [35, Lemma
5.1]. We want to emphasize that the main changes in the proof are concentrated in the terms
related with the gravitational acceleration g.

Let W = W22(Q) x W22(Q) be the reflexive Banach space equipped with the usual
norm. Let (y,z) € W. Since Wh2(Q) — L3(), we have that (u; - V)y, (Vy)Tuy, 6,Vz
are in L2(Q), and w, - Vz € L2(Q), g-y € L™(Q) for any 1 < m < 2. Hence, it follows that
there exists a unique (§,7,2) € W22(Q) x Wh2(Q)/R x W25(Q) solution of the Stokes-
Poisson system

—VA’g—l—V’ﬁ': f1+(u1 V)y—i—(Vy)TuQ—l—Gsz n Q,
divy =0 in (,

—kAZ=fo+u;-Vz+g-y in

y=0,z2=0 onl.

(SP)

Let us define S the solution operator of (SP), i.e., for each (y,z) € W, (y,2) = S(y,2) € W.
Let us note that a fixed point of S is a solution of (2.50). So, we are going to apply the
Leray-Schauder fixed point theorem to find a fixed point of S.

(i) Let us prove that S is a compact operator. Suppose (y,z), (Yn,2,) € W, n € N and
(Yn, 2n) — (y,2), in W—weak. Let us define (gy, z,) := S(yn, 2,) for all n € N. Then, we
obtain that (g, — ¥, z, — 2) satisfies the following system:

VA~ )+ V(T —7) = (w1 - V) (g — y) + (Vg — y))Tus
+0:V (2, —2) in €,
div(g, —g) =0 in Q,
_KA(ER - 2) = Uy V(Zn - Z) +g- (yn - y) in Qv
Yo—yY=0,2z,—2=0 onl.

By using usual estimates for strong solutions to the Stokes equations and Lemma 2.3.8, it
follows that

_ _ T
AT~ T30y < Ol F) i — ) + (Vg — ) + 029 (20— )5

< E||(yn —Y,Zn — Z)HW + CE“(yn —Y,Zn — Z)HWl%(Q)le%(Q)
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for any e > 0 with C. = C (¢, Q, |l w1 z30), [zl 3@, |02]l23(0)) > 0. As W25 () is embed-
ded compactly in W2 (Q) and ||(y, — ¥, 2, — 2)||w is bounded, we let n — oo and it follows
that

v limsup ||y, — ngWl%( < Ce+ C.limsup ||(yn — Y, 2n — 2

n—o0 n—oo

=(Ce

M3 @3 o)

for all € > 0. Then, we deduce that

Fn — §, in W22(Q).

n—oo

On the other hand, by applying usual estimates for strong solutions to the Poisson equation
and again Lemma 2.3.8, we have

S é\||Z7L - ZHWQ,%(Q) + D5||zn - z”Wl,%(Q) + CHgHLZ(Q)Hyn - y||L6(Q)
for any £ > 0 with D. = D (&, Q, ||u1||z3@)) > 0. Since W23 () is embedded compactly in

the spaces W12 (Q) and L8(Q), and ||z, — 2|, . is bounded, we let n — oo and then

w22 (Q)
K liinﬁsolip |Zn — EHWQ%(Q <Ce+ D, h?—?ogp |2n — z||W1%(Q)
+ Cllgllz2o limsup [y, — yllLe(q)

n—oo

=Ce
for all € > 0. Then, we deduce that

%, — Z, in W23 (Q).

n—0o0

Therefore, S is a compact operator in W.

(ii) Let us show that all the fized points of aS with o € [0,1], are bounded by a constant
independent of (y, z) and a. Let (y, z) = aS(y, z) with (y,z) € W. Then (g, 2) = S(ay, az)
satisfies the following system:

VA + V7T = fi+a(u; - V)§+ a(Vy)Tuy + abVz  in Q,
divy =0 1in €,

—kAZ=fo+au -VZ+ag-y inQ,

y=0,z2=0 onl.

(2.51)

Thanks to strong estimates for the Stokes and Poisson equations, and Lemma 2.3.8, we can
get the following estimates:

VGl et o) < ClALs o) T a1llFlly3 ) +e2ll2] (2.52)

+C (||g||Wl,g(m + ||5||W1,g(m> ,

w23 Q)
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fllzl 23 ) < CllFllL g +e2l2 , T Collz]l y T Clgllez@)1glles)  (2:53)

@) w23 (@ wh3(Q

for all 1,65 > 0, and some positive constants C' = C(Q2), Cy = Cq (9,52, HU1HL3(Q)) and
=04 (Q €1, €2, HU1HL3 )s HU2HL3(Q)7 H92HL3(Q)>-

Thanks to a well-known compactness lemma, see [43, Lemma 5.1, p. 58|, we have that
1915y < 1850y + ol 2,
2l gy < 2l gy + Collzlioee

for all n1, 12 > 0, where C3 = C3(n;) and Cy = Cy(n) are positive constants. Taking n; = 511

and 17, = —F— In the last inequalities, and returning to (2.52) and (2.53), it follows that

V||g||w2,%(ﬂ) S CHleL%(Q) + 2€1||g||W2’%(Q) + 262”2””/2,%(9) + Cng“@H]_ﬂ(Q)
+ C1C4||2]| 120,

RllZl s o) < ClElls o) + 22202108 ) + C2CullZllizi) + Cllglliz@ 19l o) (2:54)

Since H'(Q) — L%(Q), and taking e; = ¥ and €5 = %, we have that

v, _ K _ _ _
Nl a3 0y < Ol ) + 52l g oy + CrColllmea + CrCallElmy,  (2:55)

Slzlly2g o) < Clfll g ) + CoCullzllme) + Csllgllzz@ |9l o) (2.56)
with C5 = C5(Q2) > 0. From (2.55) and (2.56), it follows that

1@ 2llw < D (Ifill 3 ) + 1oll 3 0 + 180y + 2l oy (2:57)

With D = D (Q, V, R, ||g||L2(Q), ||u1||L3(Q), ||u2||L3(Q), ||02||L3(Q)) > 0.
Then, we need to find some estimates for § and z in the space H'({2). Since

3
g € WHH(Q) N Wy (9) <= W (9),
3
Ze WHEH(Q) N W2 (Q) < We(9),
we can take (g, z) as the test functions of the weak formulation of (2.51), and then because

div u; = 0, we have

y/ Vg dz = /(f1 + (VG uy + by V7) - g du, (2.58)
Q Q

H/Q Vz|? do = /Q(fz +ag-yg)z du. (2.59)
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From (2.59), we have that

el < 22 (12l 30) + Nl Gl (2.60)

with Dy = D1(€2) > 0, and from (2.58), we have that

Dy _ _
e (A N [ P A P AP sy (2.61)

with Dy = Dy(€2) > 0. Using (2.60) in (2.61), we get

_ 1
19l e ) < — il 3 ) + =lOlls@llf2ll 3 g ) +
L K L2(Q)

Ds 1 _
—;@wm@+ﬂmmm%m@)mm@

with Dy = D3(Q) > 0. Taking p3 = 55 in (2.49), we have that

_ Ds 1
Gl o) <27 <Hf1HLg(Q) + ;"92|’L3(Q)||f2||L§(Q)) ,

and

D, Dg 1
[eler < 2 (Wl 3.0, + 22Ul (1l + 2l el 3 ) )
Thus,
9@ + 2@ < D (1Al 5,0, + 1ol 30 )

with Dy = Dy (Q,v, 5, ||gllz2@), 02| 23@)) > 0. Returning to (2.57), we have that

1Sy 2w = 1@ Dllw < € (IFill g, + 15l 20,) (2.62)

and consequently,

(. 2)lw = all(7. 2)llw
< C (11l 30+ 172ll,3,0)

where C' = C (Q,v, &, |19 r2@), w1l 22 ), |u2llz3@), 02 23@)) > 0 is a constant independent
of (y,z) and a.

Then, by applying the Leray-Schauder fixed point theorem and the De Rham’s theorem,
we have that there exists a solution (y,7,z) € W22(Q) x Wh2(Q)/R x W22(Q) of (2.50).
The uniqueness of the solution follows directly from the estimate (2.62), because the solution
of the linear problem (2.50) depends continuously on the data f; and f. O
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Remark 2.6.9. Why do we use g € L%(Q) instead of either g € L%(Q) or g € L2%(1) for
any fixed 0 < e < % as we did in some results before?

Firstly, g cannot belong to L%(Q) because for obtaining z € WQ’%(Q), from the system
(2.50) we observe that g -y must lie in L: (Q) in order to apply the regularity of the Poisson
equation, but this is not possible because y € W2%(Q) which is not embedded in L*>(€2).
Then, this option is discarded.

Finally, the case g € L%JFE(Q) for any fixed 0 < € < % works very well in the proof until
we arrive to an estimate similar to (2.54). Indeed, we would have

Wl12ly23 ) < ClEol 3 g + 222017l ey g + CoCallZlzz@ + Clgl e g 1o

with ¢(e) = ?’(34—J;25). Notice that for our purposes we must find an estimate for g in H'(Q),
but the value of g(¢) > 6 for all 0 < e < % Then, it is not possible to pass from the norm in
L9®)(Q) to the norm in H'(£2). So, this option is also discarded.

Then, the weakest space that g could belong for our purposes is L*(f2).

The next theorem tell us that it is possible to show the existence of very weak solutions for
the Boussinesq system, if we just consider smallness of the fluxes of u; through each connected
component I'; of the boundary I'. However, to show this, it is necessary to consider other
hypothesis for  and g, as we will point out later.

Theorem 2.6.10. Let 3 < p,r < oo,
u, € W (D) with <wup-n,1>=0, ge L),

he Wi (Q), 6, W (),

where q = max{s, % +€} for any fived 0 < ¢ < % and s given by condition (2.25). There

2
exists 0o = 92(2) > 0 such that if

m

1
; Z ‘(ub N, 1>Fz| S 52, (263)

i=1

then there exists at least one very weak solution (u,m,0) € LP(Q) x W=1P(Q) x L"(Q) of
(BS). Further, if g € L*(QY), where t = max {s, 2}, and if

11 11 1
(; i E) (HubHW’l”p(U i (; i E) ”gHU(”’(EHhHW”’ppﬁ @ Heb”wif(r))) =%
(2.64)

for some 63 = d3(p,r,t,82) > 0, then this solution is unique.

Proof. Ezistence. Since uy € Wﬁi’p(lﬁ) with < up - m,1 >p= 0, then for any § > 0 there
exists u) € C(T') such that [ u)-n ds=0,

|ug — u,,HW,%,,,(F) <, (2.65)

and . .
Z/ui~nds §2Z|(ub-n,1>ri}, (2.66)

i=0 1/ T i=0
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see [6, Lemma 15]. Also, as h € W54 (Q) and 6, € W—+7(T), it is possible to show that
for all § > 0 there exist h° € D(2) and 0 € C°°(T) such that

1
[ 1 o S0 (2.67)

and

165 = Ob] -1 gy < O (2.68)

Let us define
v = up—ul € WrP(D), fi=h—h0 e Wi (Q), of i=0,—0 € W (D).

Note that < vj - n,1 >r= 0. Let us set

)= G ; %) {1 + G n %) 91l zecon (é " 1)} | (2.69)

Realize that in order to study the existence of very weak solutions of (BS) considering only
the smallness Condition (2.63), we can split the problem in two parts. Indeed, firstly we want
to find (u$, 79, 09) solution of the problem:

—vAuS + (ud - V)ud + Vrd = 6g in Q,
divul =0 in Q,

_RAG 4wl VO = 5 i Q, (BS1)
u(f—vb,ﬁ‘s—al‘f on T,
and then to find (u$, 79, 63) solution of the problem:
—vAud + (uf - V)ud + (uf - V)ud + (ud - V)ui + Vad = 603g in Q,
divuy =0 in Q, (BS,)

—kAO +ud - VO +ud - VO +ul -V =h— f0 inQ,

uy = up — vb,Q‘s—Hb—ag on I

Note that (u,m,0) = (ud + ud, 7 + 73,602 + 63) is solution of the original problem. Let us
focus in solving each problem.

(i) Solution for (BS:): For solving (BS;), we are going to apply Proposition 2.6.5. Since
g =max {s,2 + ¢}, from (2.65), (2.67), (2.68) and (2.69), it follows that

1 1

| [y T I e T |

1 1 1
( + ){1+—H9Hm (—+1)}

14 K K

~ (1 1 1
<05 (2 +2) [+ Dgloe (2 +1)]

1% K 1% K

< Cér,

| /\

where C' = C(€,5,¢) > 0 is the constant related with the continuous embedding L4(2) <

L5(Q). Since 3 < p,r < oo and taking § < gl , where p; is the number defined in Proposition
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2.6. VERY WEAK SOLUTIONS

2.6.5, we have that vj, of, f° and g satisfy the hypothesis of Proposition 2.6.5, hence there
exists (ul, 70, 09) € LP(Q) x W=EP(Q) /R x L"(Q) very weak solution of (BS;), and by (2.33)
and (2.34), satisfies the inequality:

1
Lo + EHQHLQ(Q)

1 )
(L1 Ny gy 18y 1))

with C' = C(p,r,Q2) > 0. As 3 < p,r < o0 and ¢ = max{s, % +5}, in particular, we have
that

1 1
fullie + gl 16w < € (ol 4, + (5l

1 1 1
) 1)
fullsie + gl 68150 < G (Wbl gy + (5 + 2 ) ol 270

d
(L1 108 ))

with C; = Cy(p,1,s,6,Q) > 0.

(ii) Solution for (BS,): For solving (BS,), we are going to use Proposition 2.6.7. Using
successively (2.66), (2.70), (2.63), (2.69) and considering in particular that h’ = h — f° €
HY(Q), ud = up —vf € H2(I) and 07 = 0, — of € Hz(T'), it follows that

1

2

/F(ub—vg)-nds
i=1 /T

1 1
<5l m e+ S (Wil o+ (5 1) ol

é
} (L0 o + Tr)))
< 205 + C107.

m

1/, 1 s
v (nulnm(m # 2ol |6l ) <

Taking d; = 2 and § = min { £ 257} where p, is the number defined in Proposition 2.6.7,

we have that there exists (u2,7r2, 03) € H'(Q) x L*(Q) x H'(Q) weak solution of (BS5).
If p and r belong to the closed interval [3, 6], it is clear that

(u,m,0) = (u +ul, 70 + 75,05 +03) € LP(Q) x WP(Q) x L(Q)

is a very weak solution of (BS). Now, we must show the existence of very weak solutions for
all 3 <p,r < oc.

Notice that we can consider more regularity for the following functions appearing in
(BSy): h— f5 € W=13(Q), up — v} € W33(T) and 0, — of € W33('). Then by applying
regularity results of the Poisson and Stokes equations, we can deduce that u € LP(Q),
7 e W P(Q)/R and 6 € L"(Q) for all p > 3 and r > 3. Indeed, by the previous step, we
have that (u$,05) € L5(Q) x L5(Q) and (u,0) € LP(Q) x L"(Q) for all 3 < p,r < oo, in
particular (u$,89) € L5(Q) x L°(Q). Then, since

ul - VO + ud - VO +ul - VO = div(B5ud + 0ud + B5ul) € W13(Q) (2.71)
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and h — f° € W=13(Q), by applying regularity results of the Poisson equation in (BS,), we
have that 65 € W13(Q) — LY(Q) for all 1 <t < co. Hence, 65g € L™(Q) with 1 < m < ¢,
but since ¢ = max{s, % +5}, we have that ¢ > % + ¢, for any fixed 0 < € < %, and this
implies that 03g € L2(Q) — W13(Q). Further, in a similar way like in (2.71), we have
that (ud - V)ud + (uf - V)ud + (ud - V)ud € W=13(Q) and by applying regularity results of
the Stokes equations in (BS,), it follows that uj € W13(Q) — LY(Q) for all 1 <t < oo and
T € L3(Q) — WH¥(Q) for all 3 < k < oo.
Finally,

(u,7,0) = (ud +ud, 70 + 75,00 + 65) € LP(Q) x WIP(Q) x L"(Q)

is a very weak solution of (BS) for all p > 3 and r > 3.

Uniqueness. Let (uy,m,0;) € LP(Q) x W1P(Q) x L"(2) be a very weak solution of (BS).
Since t = max{s, 2} and by the hypothesis (2.64), we have that

1 1 1 1 1
(4 0) (1l (53 o (L1 g 1002,
§02537

where Cy = Cy(s,9Q) > 0 is the constant related with the continuous embedding L'(Q) —
L(Q). If 05 < g—lz, where p; is the number defined in Proposition 2.6.5, then by Proposition
2.6.5, there exists (ug, m2,02) € LP(Q) x W1P(Q) x L™(Q2) very weak solution of (BS) such
that satisfies the following estimate:

1 1 1
e + gl e < C (Tl g + (S lolw + 1 laloe) @72

1
(Ll 2 Wl 1))

for C' = C(p,r,Q) > 0. Hence, let us define u = u; —uy, 6 = 0; — 0 and 7 = m — m. We
can see that (u,m,0) € LP(Q) x W=HP(Q) x L"(Q) — L3(Q) x W=13(Q) x L3(Q) is a very
weak solution to the following system:

—vAu+ (u; - V)u+ (u-V)uy +Vr =6g in ),

divu=0 in (,
—KA9+U1VQ+UV02:0 il’lQ,
=0,0=0 onl.

This means that (u,6) € L3(Q) x L3(Q) satisfies

/ w-(—vAX— (u1-V)x — (Vx) uy+ Vi —0,V1)) das—l—/ O(—kAYp—u-Vip—g-x)dz =0
Q Q
(2.73)
. 3 3

for all x € W22(Q) N Wolcf (Q), p € Wh2(Q), ¥ € W22(Q) N Wol’2(§2), where we use the
identity (u - V)x - w2 = w - [(Vx) usl. |

From Proposition 2.6.8, we know that for every f; € L2(Q) and fy € L2(S2), there exists
a unique strong solution

(y,7,2) € W23(Q) x Wh3(Q)/R x W22(Q)
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2.6. VERY WEAK SOLUTIONS

of (2.50) provided we have (2.49). Let us verify that (2.49) holds. Indeed, since 3 < p,r < oo
and ¢ = max{s, 2}, from (2.72), we have that

! [[us | +1|| 220 (102 <G | e gl
y 2(|L3(Q) . gliLz P21l | = y b Wf%,p(r) L gliLt(o)

1
(20l 2 Wl 2,) )

with C3 = Cs(p,r,t,Q2) > 0. Then, taking 3 = min {g—;, T
Lo, 0) =

with ps as in Proposition 2.6.8,

we get immediately (2.49). Therefore, if we take (x (y,m, 2), it follows from (2.73)

that
/fl-udx+/f29dx:0
Q Q

for all f; € L3(Q) and fo, € L3(Q). Hence, w = 0 and § = 0, and the uniqueness is
proven. ]

Remark 2.6.11. (i) Note that when the boundary I' is connected, the condition (2.63) is
always satisfied because, by hypothesis, the flux of u, across the boundary is equal to zero.
(ii)) When h = 0, up = 0 and 6, = 0, the sufficient condition for uniqueness (2.64) is always
satisfied. Then, in this case the unique very weak solution is the trivial one, u = 0, 7 = ¢
and 0 = 0, where c is any real number.

(iii) Notice that if we only want to show the existence of very weak solutions of (BS) for
3 < p,r <6, it is sufficient to consider g € L?(2) with ¢ = max{s, 2}. But if we want to
extend the existence of very weak solutions for p,r > 6, we need to assume a little more
regularity for g, i.e., g € L(2) with ¢ = max{s, % + ¢} for any fixed 0 < e < %

The next two theorems tell us that it is possible to extend the regularity of the solution
of (BS) for 3 < p < 2in W'(Q) and for 1 < p < £ in W2P(Q).

Theorem 2.6.12 (regularity W1?(Q) with % < p < 2). Let us suppose that

up € W' (T) satisfies (2.63), 6, € W' "5P(T), h € W(Q) and g € L3(Q)

for any fired 0 < € < % Then the solution for the Boussinesq system given by Theorem
2.6.10 satisfies
(u, 7, 0) € WH(Q) x LP(Q) x WHP(Q).

Proof. We observe that W=1?(Q) < W12(Q) and Wl_%’p(F) < W33(T"). Then, all the
hypothesis of Theorem 2.6.10 are verified, i.e.,

h e W_l’%(Q), up € W_%’?’(F) satisfies (2.63), 0, € W_%’?’(F) and ¢ = g +e,

therefore there exists (u,m,0) € L3(Q2) x W=13(Q) x L3(Q2) very weak solution of (BS).
We have that u - VO = div(6u) € W’l’%(Q) and if h € W~12(Q), by using regularity of
the Poisson equation, we deduce that 8 € W2 (). Further, g € L'(Q), where =14 %ﬁ,
2
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then it is easy to see that fg € W=1275(Q). Since (u - V)u = div(u ® u) € W2(Q), by
applying regularity of the Stokes equations, we conclude that u € ng(Q) At this point,
we have showed the theorem for p = 3.

Suppose now that % < p < 2. We will use a recurrence argument to show the regularity
in this case. Indeed, from the previous step, we know that

3
Bg € W IPE(Q) with py(e) = 2 +e.

As u € L3(Q) with div u = 0, by using the existence of generalized solutions of the Oseen
problem, see [6, Theorem 15|, we know that there exists (w,#) € WP (Q) x LPE)(Q)
solution of the problem

—vAw+ (u-V)w + Vi =0g inQ,
divw =0 1in Q, (O1)
w=1u onl.

Defining y := u — w € L™ (Q) and x := 7 — & € W' (Q), we have that (y,x) €
L@ (Q) x W—tm(E)(Q) is a very weak solution of the problem

—vAy+ (u-V)y+Vx=0 in{,
divy=0 inQ, (O9)
y=0 onl.

Then, by using the uniqueness of very weak solutions of the Oseen problem, see [6, Theorem
17], we deduce that y = 0 and V = 0, and hence u € W) (Q) and 7 € L) (Q)3. Since
0 € L3(Q) and u € W7 (Q) — LPi(Q) with p% = 1.1 we observe that fu € L™ (Q)

- po(e) 3

and consequently

div(ou) € WOQ) with ro(e) = 5 + =

Then, by applying the regularity of the Poisson equation, it follows that 6 € W1r0()(Q)).
Now, as W10E)(Q) «— L'0(Q) with % = #5) — 4, then it is possible to see, by using the

Sobolev embedding theorem, that

1 2 2
0g €¢ W rE(Q)  with — -z,

Note that p;(g) > po(e) because 0 < € < % and therefore, by applying the Oseen argument,
we conclude that u € W'P1E)(Q) and 7 € LP1E)(Q). Further, since § € L0(Q) and u €

WriE)(Q) < LP1(Q) with 1% = pll(e) — 1, it follows that fu € L) (Q) and consequently
1

1 4
div(fuw) € WOQ) with —— =5 2
™ (5) 3 +e¢€ 3

Therefore, by applying the regularity of the Poisson equation, it follows that § € W 1(€)(Q)
which is more regular than before because ry(g) > ro(e).

3This process of applying successively the existence of generalized solutions and the uniqueness of very
weak solutions for the Oseen problem in order to conclude that w and 7 are more regular, we use it several
times. So, we will refer to this process as the Oseen argument.
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2.6. VERY WEAK SOLUTIONS

By using, consecutively, the Sobolev embedding theorem, the Oseen argument and the
Poisson regularity, we can deduce that (u, 7, 0) € WP (Q) x LPrE) (Q) x W) (), where

1 2 1 2 2 1
== a2 = —a (2" 1 == - >0 2.74
mE 3 % e s o R (2.74)
with £ € N. Further, it is possible to show that (px)r and (rg)x are strictly increasing
n(lp 1l
sequences of positive numbers for all 0 < k < S, with 5, = 1(21% > 0.

To finish the proof, we must show that there exists kg = ko(¢) € N such that kg < 3.,
and pg, and g, reach the value of 2. Indeed, by using the definitions of the sequences (py )
and (74)g, we have that

%z}ﬂgﬁ-u, (2.75)

where |a| denotes the greatest integer less than or equal to a, is the desired natural number
which allow us to conclude that (u,7,6) € WHP(Q) x LP(Q) x W'P(Q). O

Theorem 2.6.13 (regularity W??(Q) with 1 < p < £). Let us suppose that

up € WQ_%”’(F) satisfies (2.63), 0, € WZ_%”’(F), h e LP(Q) and g € L%“(Q)

1

Jor any fired 0 < & < 3.

2.6.10 satisfies

Then the solution for the Boussinesq system given by Theorem
(u,m,0) € WP(Q) x WP (Q) x WP(Q).

Proof. We observe that LP(€2) < W~12() and WQ_%’p(F) < W35(T'). Then, by Theorem
2.6.12 there exists (u, 7, 0) € Wh2(Q) x L2(Q) x Wb2(Q) weak solution of (BS).

As in Theorem 2.6.12, we will use a recurrence argument to show the regularity for
1<p<?$. Since § e L*(Q)and g € L2%(Q2), we have that

1 1 1
0g ¢ L©)(Q) with —— = + =,

Therefore, as u € L3(Q) with div w = 0, we can use the existence of strong solutions to the
Oseen problem, see [6, Theorem 16], and consequently there exists (w,#) € W27 () (Q) x
WtrolE)(Q) solution of (O).

Defining y := u — w € W'E)(Q) and y := 7 — & € LPE)(Q), we have that (y,x) €
W) () x LPoE)(Q) is a weak solution of (O). Then, thanks to the uniqueness of gen-
eralized solutions of the Oseen problem, see |6, Theorem 15|, we deduce that y = 0 and
Vx = 0, what means that w € W2»©(Q) and 7 € WL»E)(Q)*. Since VO € L2(Q) and

u € W2mE) (Q) — LF"(Q) with p%* — pol(s) — %7 we have that

1 1 1
. VH € L™E(Q ith = + .
v () wi roe) 34¢e 3

4As in the Theorem 2.6.12, the process of applying successively the existence of strong solutions and the
uniqueness of generalized solutions for the Oseen problem in order to conclude that w and 7 are more regular,
we will call it again the Oseen argument for simplicity.
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Then, by applying the regularity of the Poisson equation, it follows that 6 € W?270)(Q).

Now, since W?270E)(Q) «— L76"(Q) with - = 1~ — 2 we have that
re ro(e) 3

1 2 1
0g € L") (Q) with = - .

AsO<e< %, note that p1(g) > po(e) and by applying the Oseen argument, it follows that

0
u € W2nE)(Q) and 7 € WHrE)(Q). Furthermore, as V6 € L' () with L = TO%E) — 5 and
0

u € W2nE)(Q) — LF"(Q) with p’}* = pf(g) — 2, it follows that
1
u-V0e L"9(Q) with -3

r(e) 3+e

Therefore, by applying the regularity of the Poisson equation, it follows that § € W2()(Q)
which is more regular than before because r(g) > ro(e).

By applying the Sobolev embedding theorem, the Oseen argument and the Poisson reg-
ularity, we can deduce that (u,,6) € W2Pn(&)(Q) x WhrnE)(Q) x W2rm(&)(Q), where

=1—a.2™, =1—a (2" —1)

Pm(€) Tm(€)

with a. the number given in (2.74) and m € N. Furthermore, we can show that (p,,)m
and (r,,)m are strictly increasing sequences of positive numbers for all m < 4. with 7. =

Finally, we must show that there exists my = mg(¢) € N such that mg < 7., and p,,,, and
T'm, Teach the value of 2. Indeed, by using the definitions of the sequences (pp,)m and (7 )m,
we deduce that my = ko with kg the natural number given in (2.75). Therefore, we conclude
that (u,m,0) € W2P(Q) x WLP(Q) x W2P(Q). O

Remark 2.6.14. The two previous results are valid if p > 2 for the regularity W?(£2) and
if p> ¢ for the regularity W??(Q), by considering g as in Theorem 2.5.1 and Theorem 2.5.3,
respectively.

2.7 Estimates and uniqueness of the weak solution

This section deals with the estimates for weak solutions in H'(€) of the Boussinesq system
and with the uniqueness of this solution. We address these issues at the end of our work
because when we want to find H'-estimates of the solutions, we realize that it is very helpful
to use the estimates for very weak solutions given in Proposition 2.6.5 to obtain suitable
estimates for the velocity and the temperature of the fluid which agree with the estimates for
the solutions to the Navier-Stokes and the convection-diffusion equations. Further, in order
to prove uniqueness of the weak solution, we will make use of the estimates obtained for the
weak solution and will assume that the data are sufficiently small.
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Theorem 2.7.1. Let
geL:(Q), he H'(Q), wu,c H2I), 6, HzI)

such that fF up - n ds = 0. There exists 04 = 04(2) > 0 such that if

1 1 1 1
(Z * E) (”“””H%cm + ;||9||L%<Q)<;||h“H*1<m + H9b||H%(F))> < b, (2.76)

then the weak solution (u,m,0) € H'(Q) x L*() x HY(Q) of (BS) satisfies the following
estimates:

1
b < € (luolys g, + Sl )l + 160l 3) ) 277

Wme<c(4wm m+wmm@) (2.73)
with C = C(Q) > 0

Proof. Since Hz(T') < W~&5(I"), we deduce that u, € W65(I') and 6, € W~s5(I'), and
from (2.76) we have

1 1 1 1
(543 ) (ool sy + S50, (00 5 160y} ) < ot

with C; = C1(2) > 0. Taking 6, = —1, where p; = p1(2) > 0 is the constant given in
Proposition 2.6.5 and noting that the exponent s given by (2.25) is equal to %, it follows,
thanks precisely to Proposition 2.6.5, that there exists a very weak solution (u, ) € L°(2) x
L5(Q) of (BS) satisfying the following estimates:

1 1
ko < Co (Tl o + 51913, (S0 + 1601 3) ).

615 < Co (bl + Wl o )

with Cy = C5(Q) > 0, and a fortiori

1 1
v < s (ol )+ 2l ) (G0l 4 165) ) 279

1
sy < o (Hblla-roy + 1l 5 ) (2.80)

with C3 = C3<Q) >0

Moreover, since u € L°(Q) and 0 € L°(Q), we have that (u - V)u = div(u @ u) €
W-13(Q) — H Q) and g € L3(Q) — H (), then by applying regularity of the
Stokes equations, we deduce that w € H'(Q2). Also, we have that w - V8 = div(fu) €
W=13(Q) — H~1(Q), and by applying regularity of the Poisson equation, it follows that
6e H'(Q).
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As uy, € H3(T) such that [ up-n ds = 0, there exists v € H'(Q) such that
divv=0 in Q wv=u, on T

and

lollee) < Callusll 4y (2.81)

)

with Cy = C4(Q) > 0. In the same way, since 6, € Hz(T') there exists £ € H'(2) such that
E=0,on I and

€l 1y < Csllboll 3 1y (2.82)

with C5 = C5(Q2) > 0. Defining @4 = u — v € H{ () and § = 6 — £ € H}(2), and replacing
them in (BS), we obtain the following system

—vAG+ (@-V)a+ (v-V)a+ (- V)vo+Vr=(0+&g+vAv—(v-V)v inQ,
diva =0 in ),
—kAO+0-VO+v-Vl=h+krAE — (@ +v)-VE inQ,
0,0=0 onl.
(2.83)
We can choose @& and 6 as test functions in the variational formulation of (2.83), and it
follows that

1//\Vﬂ\zdx:/(é%—f)g-ﬁdx—B(ﬁ,,v,ﬁ)—I//V’U-Vﬁdx—B(U,v,ﬁ), (2.84)
0 Q 0

n/ IVO|? dz = <h,é>9—ﬁ;/vg-vé dz +b (@ + v, 0,¢). (2.85)
Q Q

By using Lemma 2.3.1, Holder inequality and taking into account that we want to take
advantage of the estimates (2.79) and (2.80), from (2.84) we have

_ Co
IVallzae < = [18]s@lgl 3 0+ (llzs + [0llzs ) ol

+ vl len + [0l o)
with Cg = Cs(2) > 0. From (2.79), we have that

") fullgeey < O (5 4+ ) (ol
2 o) = &3 2 o H3(T)

1 1
2l (R0l + 1,3 )

and then using (2.76), we obtain

1 1
(_ + E) ||u||L6(Q) S 0354. (286)

v
By applying (2.80), (2.81) and (2.86), it follows that

. Cs 1
IVl < 5 |l ) (2100 + 1l 5 )

+(V * Hub”H%(F)) ol gy + 21l gy + 1l ]
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2.7. ESTIMATES AND UNIQUENESS OF THE WEAK SOLUTION

where Cg = Cs max{Cs, Cy, C?, C2Cy7,C3C,46,} and C; > 0 is the constant of the embedding
H'(Q) = L%(Q). From (2.76), we have that Hub”H%(r) < vy, then

Hub“iﬁl%(r) < ’/54HUb||HQ(F

and we obtain immediately that

1 1
IVl < Co |Fuall s g, + Sl (Wil + 16003, ) |

where Cy = 2C5(1 4 d04). Finally, as u = @ + v, it follows that

1 1
ez o <Om[l|ub|\m<r ;“gHL%m)(;“h“Hl +“9b”m<r>}’

where Cg = AyCy + Cy and A, is the constant given in Lemma 2.3.1.
On the other hand, from (2.85) it follows that

Cll
V0112 < == (0l -+@) + Kl€llr ) + llullzo €]l @)

with C1; = C11(Q2) > 0. By using (2.86) and (2.82), we have
A 1
IVOllza) < Cra { —lPll-20) + 10sll,3 1) )
where C1o = C13 max{1,C5(1 + C3d4)}. Finally, as § = 0+ &, it follows that

1
[¥1aney < Cia (Al + 16,5 )

where C13 = AyCho + Cs. By taking C' = max{Cg, C13}, the theorem is proven. O

Remark 2.7.2. (i) It is noteworthy that the H'-estimates of the weak solution is obtained
if we consider smallness of the data, because in that case it is possible to use the estimates
given in Proposition 2.6.5.

(ii) When up, = 0 and 6, = 0, the estimates (2.77) and (2.78) coincide with the estimates
(2.9) and (2.10), respectively.

(iii) Thanks to Theorem 2.7.1 is possible to derive the corresponding estimate for the pressure
7 € L*(Q). Indeed, from the equations V1 = vAu — (u - V)u + fg we have

17| 2200 < Cil| V7| m-110)

with C] > 0 depends on Q. By using (2.76) and (2.77), we have that
|w]l i) < vCéy, (2.87)
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CHAPTER 2. BOUSSINESQ SYSTEM WITH DIRICHLET BOUNDARY CONDITIONS

where C' and § are the numbers given in Theorem 2.7.1. Finally, by applying (2.87), (2.77)
and (2.78), it follows that

%] 22(a m<Q<WM1+WmWM1+WMmMMg>

< v (Il 3, + 51903y (S0 4 1603 )

with Cy = max{C}, CC1d4}.
In a similar way, thanks to Proposition 2.6.5 we have that

e (F 1Bl g+ 00l 1))

1
[#lhw-sotoym < Cov (Lol + 3l

_,p(F
with Cg = Cg(Q,p, T) > 0.

With the help of Theorem 2.7.1, we can derive the uniqueness of the weak solution in
H'(2) of the Boussinesq system.

Theorem 2.7.3. If the data satisfy that

1 1 1 1 1
(4 2) (hunlys g+ (54 1) Mol (Slbllsoy + 1l 5 ,) ) <5 (289

for some 65 = 05(2) > 0, then the weak solution of (BS) is unique.

Proof. Let (uy,601), (us,0;) be two solutions in H'(Q2) x H*(Q) of (BS). Then, we obtain
the following system:

—vAu+ (u-V)u; + (uy- V)u+ Vr =6g in
divu =0 in (,

—kAO+u -V +uy-VO=0 in €,
u=0,0=0 onT,

(2.89)

where u = u; —uy € Hj,(Q), 0 = 01 —0, € Hj(Q) and 7 = m — 7, € L*(Q)/R. Multiplying
by ¢ € H;,(Q) the first equation and by ¢ € Hj(Q2) the third equation of (2.89), and
integrating by parts, we have:

(V’U; vLP)L2 +B(’U, Uy, (P> +B(’U,27’u, (P) (egvcp)LQ(Q)? VS" € H&,U(Q)7

R (V@, vw>L2(Q) + b ('LL, 617 ¢) + b (u27 97 ¢> = O? V¢ S H&(Q>
Taking ¢ = u and ¢ = 0, it follows that

VHVU’HL2 + B (u U, u ) + B (u27u7u> = (QQ,U)L2(Q),

K V0|72 + b (w,61,0) + b (uz,6,6) = 0.
By applying Lemmas 2.3.2 and 2.3.3, it follows that

VHVU’H%P(Q) = (997U)L2(Q) + B (u7u>u1)7
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2.7. ESTIMATES AND UNIQUENESS OF THE WEAK SOLUTION

“HVHHQH(Q) =b(u,0,0).
Therefore, by using (2.4), (2.5) and Sobolev embedding theorem, we have

vIVullzz9) < CilllVOllez@llgll 3 o) + Il IVullzg), (2.90)

EIVO r20) < Col[Vul L2961l mi(0), (2.91)
where C] and Cy are positive constants depending on ). Replacing (2.91) into (2.90), we get

Cy
V[Vl L2 < Cy (?||9||Lg(mH91”H1(Q)||VU||L2(Q) + IIU1||H1<Q>||VUHL2(Q>)
Cy
<01 (Zlls g 0l + lrllane ) I9ulloe
1
< €4 (ol 30 00+ sl ) [Vl

with C3 = Cymax{1,Cy}. Considering d5 < d4, Theorem 2.7.1 guarantees that the pair
(u1, 01) satisfies the inequalities (2.77) and (2.78), and it follows that

CCy 1 1 1
I9ullzy < S (s gy + (5 + 7 ) Bl (L + 16003, )

X HV'U/HLQ(Q).
Choosing 5 = min{dy, ﬁ}, we can use the assumption (2.88) to conclude that w = 0 and,

a fortiori, # = 0; therefore, the solution is unique. O

Remark 2.7.4. In the case that h = 0, up = 0 and 6, = 0, the condition (2.88) is always
satisfied. Then # = 0, uw = 0 and ® = ¢, where ¢ is any real number. So, the unique weak
solution is the trivial one.
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Chapter 3

Boussinesq system with Navier boundary
conditions

Abstract
In this chapter we are concerned with the stationary Boussinesq system with non-ho-
mogeneous Navier boundary conditions for the velocity field in a bounded domain 2 C R3
of class C*'. We prove the existence of generalized and strong solutions of the stationary
Boussinesq system in LP-theory.

Keywords: Boussinesq system, non-homogeneous Navier boundary conditions, existence,
regularity, generalized solution, strong solution

3.1 Introduction

The work developed in this chapter is concerned with the existence and regularity of the
solution for the stationary Boussinesq system with Navier boundary condition for the velocity
and Dirichlet boundary condition for the temperature. Let Q C R3 be a bounded domain of
class C%!. Consider the following stationary Boussinesq system:

—vAu+ (u-V)u+Vr=6g inQ,
divu =0 in , (BS)
—kAO0+u-VO=~h in Q,

attached with the following boundary conditions:

u-n =0, (3.1a) 2D(u)n]_+aou, =a (3.1b)
6 = 0, (3.2)

where I' is the boundary of €2, u, m and 6 are the velocity, pressure and temperature of the
fluid, respectively, D(u) = 3 (Vu + (Vu)?) is the deformation tensor (or linearized strain
tensor) associated with the velocity field w, m is the unit outward normal vector, 7 is the
corresponding unit tangent vector, ¥ > 0 is the kinematic viscosity of the fluid, x > 0 is
the thermal diffusivity of the fluid, g is the gravitational acceleration and h is a heat source
applied on the fluid. Furthermore, we prescribe the following scalar and vector fields on
the boundary: « is a friction scalar function, a is a tangential vector field and 6, is the
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3.1. INTRODUCTION

temperature. In the case @ > 0, the boundary condition (3.1) is called Navier boundary
condition with linear friction.

Along this chapter, we will consider a non-zero gravitational acceleration g. This as-
sumption is done to avoid the decoupling of the Navier-Stokes equations and the convection-
diffusion equation. Further, it is noteworthy that in fact g belongs to L>(£2), but we consider
important to relax this assumption because, in mathematical sense, we can enlarge the space
in which g lies and we realize that it is still possible to get the solution for the Boussinesq
system.

Many of the problems that are studied in Fluid Mechanics consider no-slip boundary
condition, that is, the famous Dirichlet boundary condition. This condition is suitable when
we study phenomena in which the boundary of the domain is solid, for example a wall. In
this case, the velocity of the fluid at the wall is equal to the velocity of the wall. In most
situations, the walls are not moving, so the velocity of the fluid is zero. In the case when
the wall is in motion (for example drag flows), the velocity of the fluid is equal to the wall’s
velocity. An interesting explanation about the adherence of a fluid on a wall with microscopic
asperities is found in [14]. There are other very interesting problems in which this boundary
condition is not appropriate or is difficult to apply, for example, when a fluid forms part of
the boundary of the domain (case of perforated boundary in which air or other fluid is in
contact with the fluid contained inside the domain), or when we want to model flows with
free boundary, see 63|, or when the fluid is in presence of a boundary layer, see |14, Remark
6]. In these cases we have to use the Navier boundary condition, so-called slip boundary
condition. This boundary condition was proposed by Claude Navier in 1823, see [51]. It is
worth to say that (3.1a) means that the boundary is impermeable, and (3.1b) means that the
friction forces on the boundary are proportional to the tangential component of the velocity.

In the literature we can find many works concerning the study of Stokes, Navier-Stokes
and related systems attached with the Navier boundary condition. Among them we can cite
the article written by Solonnikov and Scadilov in 1973, see [63], who were the first to study
the existence of weak solutions and strong solutions in the Hilbert case for the stationary
Stokes problem. In [34] was shown the existence, uniqueness and regularity of the solution
for the evolutionary Navier-Stokes equations by expressing the Navier boundary conditions
in a suitable way depending on the vorticity of the velocity field. Previously, it was studied
the Stokes and Navier-Stokes equations with three types of boundary conditions, i.e., the
velocity is given on a portion of the boundary, the pressure and the tangential component
of the velocity is given on a second portion of the boundary, and the normal component
of the velocity and the tangential component of the vorticity is given on the rest of the
boundary, see [8]. A study of the LP-theory of the Stokes equations and the Hilbert theory
for Navier-Stokes equations is found in [5]. In the field of numerical analysis, we can find
the articles [41] and [42] which studied a numerical approximation of the solution to the
Navier-Stokes equations by using Multilevel Methods. Also, in [67] and [68] we can find
a numerical approximation of the solution to the Navier-Stokes equations but using Finite
Element Method. All the articles mentioned above consider Navier boundary condition with
a = 0. On the other hand, in the case a > 0, we can cite [9] in which we can find a study
of weak and strong solutions for a generalized Stokes system with non-homogeneous Navier
boundary condition in the Hilbert case, [18] and [17] deal with the homogenization theory to
the Stokes and Navier-Stokes equations and [32] shows a Finite Elements approximation for
the Navier-Stokes equations.
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CHAPTER 3. BOUSSINESQ SYSTEM WITH NAVIER BOUNDARY CONDITIONS

It is noteworthy that in the literature, to the best of my knowledge, LP-theory for the
Boussinesq system with Navier boundary condition has never been studied. And precisely,
in our work we are focused in studying the existence of weak solutions in the Hilbertian
case, and later, the LP regularity of these weak solutions in a bounded domain Q C R3
with boundary I'. Further, we regard a general acceleration of gravity instead of the usual
one (constant acceleration of gravity g) because we are concerned in showing existence of
solutions in a larger space for the gravitational acceleration g.

We prove existence of weak solutions in H'(€2) for any data in suitable spaces by applying
a Leray-Schauder fixed point argument. In order to prove the regularity of the weak solution
in W?(Q) with p > 2, and W?P(Q) with p > g, we use a bootstrap argument by using the
regularity results for the Stokes equations with Navier boundary condition (with o = 0) and
Poisson equation with Dirichlet boundary condition.

This chapter is organized as follows: in section 2, we describe our main results. Section
3 is devoted to introduce some notations and to precise some results which will be useful for
the proofs of the main results. In section 4, we study the existence of weak solutions for the
problem (BS)-(3.1)-(3.2). Finally, the regularity of the weak solution in W*(Q) for p > 2
and in W2P(Q) for p > £ is dealt in section 5.

3.2 Main results

This section is devoted to present the main results of this chapter. The first theorem is con-
cerned with the existence of weak solutions for the Boussinesq system with Navier boundary
conditions for any data in suitable spaces.

Theorem 3.2.1 (weak solutions of the Boussinesq system in H'(2)). Let Q@ C R3 be a
bounded domain of class C*' and let

gc L%(Q), he H ), a € L**(T) satisfying (H) for any € > 0 sufficiently small,

ac H_%(F) such thata-n=0o0nT, 6, € H%(F).

Then, problem (BS)-(3.1)-(3.2) has a weak solution (u,7,0) € H'(Q) x L*(Q)/R x H(Q).
Further, if 6, =0 on I, w and 0 satisfy the following estimates:

My 1
b < 5 (Vlal, 3+ 2 lillali g ).

M,y
IVOllz2@) < —=1hll-1 (@),
with My = My(Q2) > 0 independent of «. Moreover, if there exists v = ~(2) > 0 such that

then M
2
fullrey < 22 (vlal g g, + [0 olall 5 )
1 1
I6hniey < M | (14 2l s ) ) 163, + 2l

with My = M5(£2,y) > 0 independent of c.
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Next two theorems deal with the LP regularity of the weak solution of the Boussinesq
system with Navier boundary conditions. In order to get these results, we use a classical
bootstrap argument by using regularity results of the Poisson equation with Dirichlet bound-
ary condition and Stokes equations with Navier boundary condition with o > 0. We consider
p > 2 for regularity in WP(Q) and p > g for regularity in W2P(Q).

Theorem 3.2.2 (generalized solutions in W'P(Q) with p > 2). Let us suppose that

geL'(), heW'Q), acL'PT) satisfying (H)

with t*(p) is defined by (4.14) and (a,8,) € W_%’p(F) X Wl_%’p(F)

with
3 3 3
p> 2, r:max{iﬁ} if p#3 and r:§+5 if p=3
for any e > 0 sufficiently small. Then the weak solution for (BS)-(3.1)-(3.2) given by Theorem
3.2.1 satisfies

(u,m,0) € WH(Q) x LP(Q)/R x W'P(Q).

Theorem 3.2.3 (strong solutions in W%?(Q) with p > g) Let us suppose that g € L"(£2),
h e LP(Q),

acH:T) if ~<p<2 acHT) if 2<p<3 acW'»’T) if p>3

ol o

satisfying (H) and
(a,0,) € W' #P(T) x W (T

with

6 3 3 3 3

> —_ — —_ ) —_ _— — ) _ —

p_5, r maX{Q,p} if p7é2 and r 2+€ if p 5

for any € > 0 sufficiently small. Then the solution for (BS)-(3.1)-(3.2) given by Theorem
3.2.1 satisfies

(u,m,0) € WP(Q) x WIP(Q)/R x W2P(Q).

3.3 Notations and some useful results

Throughout this work, we consider Q C R? a bounded domain with boundary I" of class C%1.
We use domain to stand for a nonempty open and connected set. Later, we will use the term
axisymmetric to stand for a nonempty set which is generated by rotation around an axis.
In the case that €2 is another kind of set, we will point it out. Bold font for spaces means
vector (or matrix) valued spaces, and their elements will be denoted with bold font also. We
will denote by n and 7 the unit outward normal vector and the unit tangent vector on I,
respectively. Unless otherwise stated or unless the context otherwise requires, we will write
with the same positive constant all the constants which depend on the same arguments in
the estimations that will appear along this work.
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If 1 < p < oo, then p’ will denote the conjugate exponent of p, i.e., }D + 1% =1 Ifuis

a vector field in R?, i.e., u = (u;) with i € {1,2,3}, Vu stands for a second order tensor in
R3*3 defined by

a’u]’
(Vu)y; = oz,

with 4,7 € {1,2,3}. Further, if T is a second order tensor in R**? ie., T = (¢;) with
i,j € {1,2,3}, div T stands for a vector field in R? defined by

3
(div T); = Z Ot

ox
=1 "k

with i € {1,2,3}. With this notation, the Laplace operator of a vector field u can be written
in divergence form as

Au = div(Vu).

Nevertheless, in mathematical models for which the strain tensor takes part as a boundary
condition (e.g., as a surface traction in elasticity theory, as a slip condition in fluid mechanics,
etc), the previous representation of the Laplace operator is not suitable when we are trying
to find the variational formulation of the problem in order to well-define a weak solution. In
these cases, we are very encouraged to use the following identity:

Ay = 2div D(u) — V(div u).

Let us define the operator E from W'P(Q) into (WP(Q))3*% as E(v) = D(v). Then, the
kernel of the operator E (ker E) is the space of rigid motions in R3, i.e.,

ker E = {v € W'?(Q);3b € R and 3 ¢ € R® such that v(z) =b x = + ¢, a.e. z € Q}.
(3.3)
The proof follows easily from [16, Theorem 6.15-2,p. 406] by adapting it to the L? case.
We will denote by D(€2) the set of smooth functions (infinitely differentiable functions)
with compact support in 2 and by D, (£2) the subspace of D(Q2) formed by divergence-free
vector functions in . Further, we will work with the closed subspace V7.(2) of W?(0)
formed by divergence-free vector functions with null normal trace, that is,

V:fT(Q) = {'v cWH(Q); divv=0 inQandv-n=0 on F},

for 1 < p < o0.

In order to study the LP-regularity of the solutions for the problem (BS)-(3.1)-(3.2), we
need definitions of some Banach spaces and linked results. Let us define for all 1 < p < oo
the following space:

H?(div,Q) = {v € L?(Q); divv € LP(Q)}

which is a Banach space for the norm
1
. p
lollsaive) = (1910, + ldiv ol q)) "

Also, we define HJ(div,Q) as the closure of D(f2) in the norm of HP(div,(), that is,
H{(div,Q)) = D(Q) HMiarava — Ag in the Hilbertian case (see |30, Theorem 2.4, p. 27
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and Theorem 2.6, p. 29]), it is possible to show that D({2) is dense in HP(div, ) (see [62,
Proposition 1.0.2, p. 17]) and H{(div, ) is characterized by
H{(div,Q) = {v € H(div,Q); v-n=0onT}.
Furthermore, we have the following characterization for the dual space of H{ (div, §2)
(EI(div, Q)) = (s + V: € L7(Q) and € L¥ ()},

see [62, Proposition 1.0.4, p. 20].

The following results are concerned with the existence of solutions in W'?(Q) and
W2P(Q), for 1 < p < oo, of the following Stokes problem:

—Au+Vr=Ff inQ,
divu =y in(, (SNb)
u-n=g,2[Dwun|l_ =h onl.
These results will play an important role in the study of the LP-regularity of the solutions to
(BS)-(3.1)-(3.2), see |5, Corollary 3.8, Theorem 3.9, Theorem 4.1| for their proofs.
Proposition 3.3.1. Let Q C R? be a bounded domain of class C*'. For 1 < p < oo, let
/ 1 1
f € (HY (div,Q)), x € LP(Q), g € W' »P(I') and h € W »?(T) satisfying the following

compatibility conditions:

h-n=0, onT, (3.4)
/Qx dz = /Fg ds, (3.5)
(f,B)a+ (h,B)r =0, (3.6)

where B := B(x) = b x x, with x € Q, appears if Q is axisymmetric with respect to the axis
with vector direction b € R3; (-,-)q means duality between (Hgl (div, Q)" and I—Ig/ (div, ),
and (-, -)r means duality between W_%’p(F) and W' (T"). Then, the Stokes problem (SNb)

has a unique solution (u,m) € WHP(Q)/IC(Q) x LP(Q)/R. Further, we have the following
estimate:

Jallwrayian + Ielarioz < C (1l agganmany + IXlin + lallspa, + 1l o)
with C = C(p,Q) > 0, and where
KQ) ={veW'(Q); Dv)=0inQ, divv=0inQandv-n=0onT}.

Remark 3.3.2. The space IC(2) stands for the kernel of the Stokes operator associated with
the system (SNb), in the case x = 0 and g = 0. This kernel is equal to span{3} (a particular
case of the space of rigid motions, see (3.3)) if 2 is axisymmetric or, otherwise, this is reduced
to the zero vectorial function. Further, this shows that /C(€2) does not depend on p.

Proposition 3.3.3. Let Q C R? be a bounded domain of class C*'. For 1 < p < oo, let
feLr), xe wr(Q), g e W2_%’p(F) and h € Wl_%’p(F) satisfying the compatibility
conditions (3.4), (3.5) and (3.6). Then, the Stokes problem (SNb) has a unique solution
(u,m) € W2P(Q)/KC(Q) x WIP(Q)/R which satisfies the following estimate:

1
pap(r

[wllw2e @)@ + ITllwre@m < C (HfHLP(Q) +Ixlwre@) + llgll - Wl_%’p(F)> :

with C' = C(p,Q2) > 0.

Rl
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It is worthwhile to note that the assumption on f in Proposition 3.3.1 can be relaxed by
considering the space defined for all 1 < r,p < 0o

H;?(div,Q) ={v e L"(Q); divv € L’(Q) andv-n=00onT}

which is a Banach space for the norm

]| &7 aiv) = [V]lLr@) + |div vl zr(o).-

Note that if » = p, then Hy"(div,Q) = Hg(div,(?) and, the norms || - |[gre(giv,q) and
|+ [z (iv,0) are equivalent. Furthermore, it is possible to show that D(Q) is dense in
H;” (dlv Q).

Let us denote by (Hy?(div,2))" the dual space of H;”(div,2). The following lemma
gives us a characterization of functionals in (Hy?(div,))".

Lemma 3.3.4 (characterization of (Hy?(div,Q))). Let Q@ C R? be a Lipschitz bounded
domain. A distribution f lies in (H{P(div,Q))" if and only if there exist 9p € L™ (Q) and
@ € LP(Q) such that

f=v%+Vop.

Moreover, we have that

||f||(H6’p(div7Q))’: iﬂ,f max{||¢||L7"(Q)7HQOHLP’(Q)}‘
PeL™ ()

peLP (Q)

Proof. Suppose that there exist ¥ € L™ (Q) and ¢ € L (Q) such that f = 1) + V. Then,
for all v € D(2) we have

(¥ +Vo,v)p9) D0 /¢ v — pdiv o dr.

Then, it is clear that T : v — fQ Y - v — p div v dx is a linear and continuous functional
on H)"(div,Q), and as D(Q) is dense in Hj"(div,), by density, we conclude that T =
Y + Vo e (H)"(div,Q))".

Conversely, assume that f € (Hy"(div,))". Let us define the space X = L"(Q) x LP(Q)
endowed with the norm

I(x1, x2)lx = Ixallzr@ + lIxellze@)-
Let us set S as the operator given by

S:Hy"(div,Q) — X
v = Swv=(v,div ).

This operator is linear and an isometry, then S is an isometric isomorphism from H”(div, )
onto its range R(S). Its adjoint operator S* : (R(S)) — (Hy"(div,))" is also an isometric

isomorphism, and then, for all g € (Hj"(div,Q))’, there exists a unique g* € (R(S))" such
that

(g%, S v)r(s)yr(s) = (S7G", V) (HIP (iv.0)), HY? (div,2) = (G5 V) (HIP (div,Q)) HIP (div,Q)»
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for any v € Hy"(div, ). Moreover, since S is an isometry, it is clear that ||g|| HIP (div,Q)) =
g™ Il s))

In particular, taking g = f and by using the Hahn-Banach theorem, we have that f*
defined on R(S) can be extended to the whole space X, to an element denoted by (1, —p) €
X' and thanks to the fact that X' is isomorphic to L™ () x L' (), we have the following
identification

(P, =) : (p1,p2) = /MP - p1+ (—¢)p2 dz,

for any (p1,p2) € X, and || f*||(r(s)y = ||(%, —¢)||x/. Then, it follows that

(F0) g7 @ivo)y, B @v,) = (F5 S 0)(R(8)),R(S)
- <(’¢)a _(20)7 (’U, le ’U)>X/,X

—/¢-v—<pdivvdx
Q

for all v € H)"(div, ). This implies that f = 1 + V¢ and, since the representation of f is
not unique, it is clear that

||f|| H{P(div,Q)) = ; in,f maX{||¢||Lr’(Q)7 ||90||LP'(Q)}‘

L (

peLr (9)

]

Next proposition is about the existence and uniqueness of the solution for the problem
(SNb) in WP(Q) x LP(Q2) with the right hand side f weakened.

Proposition 3.3.5. Let Q C R3? be a bounded domain of class C*'. For 1 < r,p <
such that £ <14 3 let f € (Hy ¥ (div,Q))', x € L(Q), g € W' »"(T') and h € W »?(T)
satisfying the compatibility conditions (3.4), (3.5) and (3.6). Then, the Stokes problem (SNb)
has a unique solution (w,n) € WHP(Q)/IC(Q) x LP(Q)/R. Further, we have the following
estimate:

sl + Iellzvnse < C (IFll o' sy + Il + Nl 1o

IRl )

with C' = C(r,p, Q) > 0, and where we replace the duality pairing on S by the duality between
(H.'"P(div,Q)) and H. " (div, Q).

Proof. Thanks to Lemma 3.3.4, there exist ¥ € L"(2) and ¢ € LP(Q) such that f =
1 + V. Then, by using Proposition 3.3.1, we have that there exists a unique solution
(uy,m) € WHP(Q)/IC(2) x LP(Q2)/R of the problem

—Auy; +Vm; =V in €,
divu; =y in ,
u-n=g,2[Du)n|.=h onl.
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This solution satisfies the estimate

[ lwro ) @) + 1Tl e < € (HV@II(Hg/(diV,Q)), +Ixlze) +llall 20

+|h| (3.7)

W‘%”’(r)) '

On the other hand, by using Proposition 3.3.3, there exists a unique solution (ug,m) €
W2r(Q)/IC(Q2) x WET(Q)/R of the problem

_AUQ + Vﬂ'g = ‘l,[) in Q,
divus =0 in €,
uy-n=0,2D(u)n]_ =0 onT,

which satisfies
|wallw2r )@ + Im2llwir@r < CllY|Lr@- (3.8)

But since 1 < %4— 3, we have that W27(Q) — W(Q) and W' (Q) — L?(Q). Hence,
(ug, ™) € WHP(Q)/IC(2) x LP(Q)/R. Finally, (u, 7) = (w1 +us, m +m2) € WHP(Q)/IC(Q) x
LP(€2)/R is the unique solution of the problem (SNb), and the estimate is obtained by using

(3.7), (3.8) and Lemma 3.3.4. 0

Remark 3.3.6. It is not necessary to assume f € (Hg/’p/(div, )" in order to have the
existence of a solution for (SNb). In fact, it is enough to assume f in a proper subspace of
(H?'"(div,Q)). This is because if f belongs to (H * (div,))’, thanks to Lemma 3.3.4, we
can always write f = 1 + Vo for some ¥ € L"(Q) and ¢ € LP(Q). Then, it is possible to
rewrite the first equation of (SNb) to have the following problem: find (u,p) € WP(Q) x
LP(£2) solution of
—Au+Vp=1 in ),
divu =yx in €, (3.9)
u-n=g,2[Dwun|_=h onl,

with p := m — ¢. This suggest the idea of finding a solution of (3.9), taking into account
that the right hand side ) just lies in L"(€2). In fact, this solution already exists and is
unique, thanks to Proposition 3.3.5. Indeed, if ¥ € L"(Q2), then v € (Hgl’p/(div, Q)Y
and if we assume that r satisfies % < % + %, then by Proposition 3.3.5, there exists a unique
(u, p) € WHP(Q)/IC(Q2) x LP(2) /R solution of (3.9). In conclusion, the Stokes problem (SNb)
has a unique solution (u,7) € WP(Q)/K(Q) x LP(Q)/R, if we just consider f belongs to
L7(Q) with r satisfying * < % + 5. Moreover, since L"(Q2) — (H."" (div,Q))’, this solution
satisfies the estimate

wr@ + Il + 19 go gy + 1l
(3.10)

wllwre@yc@) + I17llr@mr < C (Hfl

Remark 3.3.7. (i) If we consider the following Stokes problem

—Au+Vr=jFf inQ,
divu=0 inQ, (3.11)
u-n=0,2Dun|_ +au,=h onl,
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with « satisfying (H), it is easy to see that the kernel associated with the Stokes operator
under this system is

Z(Q)={veW"(Q); D(v)=0inQ, divv=0inQandv=00onT}.
From (3.3), it follows that

Z(Q) ={ve W'(Q);3bc R*and 3 ¢ € R®such that v(x) =b x ¢ + ¢, a.e. z € Q and
v=0onTI}.

But thanks to [16, Problem 6.15-2,p. 411], this kernel is reduced to the zero vector function,
ie., Z(2) = {0} independent if € is axisymmetric or not.

(ii) Thanks to [,,(v-V)v v dz = 0 for all v € H'(Q) such that div v = 0 in Q and
v-n =0 on I', the kernel of the Navier-Stokes operator with Navier boundary conditions is
equal to the kernel of its respective associated Stokes operator (review Remark 3.3.2 and the
previous point (i)).

The following result plays an important role in the existence of weak solutions for the
problem (BS)-(3.1)-(3.2). The reason is that we need an equivalence of norms between
|w|| g1 (o) and [[D(w)||2(q) in order to have coerciveness of the bilinear form associated with
the problem (BS)-(3.1)-(3.2).

Proposition 3.3.8. Let Q be a bounded domain of class C''. Then |D(u)||r2q) s a norm
which is equivalent to the norm ||u||gi(q), for all w € H'(Q) solution of the Stokes or
Navier-Stokes equations with Navier boundary condition (3.1) as long as « satisfies (H).

Proof. As u-n =0 on I', thanks to [5, Lemma 3.3|, it follows that

. 2 2
vég(fm v+ v|72(0) < Cil|D(w)||z20),

for all u € H'(Q)), where C; = C1(2) > 0. On the other hand, we have that

. 2 2
velg(fQ) IV (u+v)[z20) < ColD(w)]| 720

with Cy = C2(£2) > 0, see [23]|. Then, thanks to Remark 3.3.7, we have that Z(2) = {0} and
from the last two inequalities, we conclude that

[ullm () < C3lID(w)||L2(0)
where C3 = (C} + 02)%. Clearly, we have that

ID(w)([z20) < Cullulla @
for some positive constant Cy. This completes the proof. O]

Remark 3.3.9. (i) In the case of Dirichlet boundary conditions, thanks to the well-known
Poincaré inequality, we know that the seminorm ||Vl g2 is a norm which is equivalent
to the norm ||u|| g1 (q) for all w € Hg(Q). This fact is used to get a priori estimates of the
velocity w in H'(Q). In a similar way, Proposition 3.3.8 gives to us the equivalence of the
norms ||D(w)| z20) and ||| g1 (). This property is known as Korn’s inequality.

(ii) The result given in Proposition 3.3.8 is based on the fact that the kernel for the Stokes
operator in this case is reduced to zero.
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It is worthwhile to give the following remark concerning the existence of the pressure,
which is always present in the study of Stokes, Navier-Stokes and related systems.

Remark 3.3.10. As a classical method in the study of the Stokes and Navier-Stokes equa-
tions, the pressure 7 is obtained thanks to a variant of De Rham’s theorem. Indeed, let
Q C R? be a bounded Lipschitz domain. If f € W~17(Q) for 1 < p < oo, satisfies that

Ve € Do(Q), (f. @) =0,

then there exists m € LP(Q) such that f = V, see [4, Theorem 2.8] for details.

3.4 Weak solutions

The goal of this section is to establish the existence of a weak solution in the Hilbertian case
for the Boussinesq system (BS) with (3.1) and (3.2) as boundary conditions.

Theorem 3.4.1. Let Q C R3 be a bounded domain of class C*' and let
gc L%(Q), he H(Q), a € L**(T) satisfying (H) for any € > 0 sufficiently small,

ac H_%(F) such thata-n=0onT, 6, € H%(F).

Then, problem (BS)-(3.1)-(3.2) has a weak solution (u,,0) € H(Q) x L*(2)/R x HY(Q).
Further, if 6, =0 on I, w and 0 satisfy the following estimates:

M, 1
o < 5 (vlal,y 3+ 2lblolals ). (3.12)
M,

VOl < —= Al -1, (3.13)
with My = My(2) > 0 independent of «. Moreover, if there exists v = ~y(2) > 0 such that
then M

2
full < 2 (vl g+ Bllllal s g ) (3.15)
0 ! 6 !
ol < 342 | (14 Slally o) ) 160l + Sl | . (336)

with My = M5(£2,y) > 0 independent of c.

Proof. Let us define H := H'(Q) x H'() as the Hilbert space equipped with the norm

|(w,0)|| e = [|w|l mr ) + 10| 5 @)-

Let (u,0) € H given. Thanks to the Sobolev embedding H'(Q) — L%(Q), we have that
(w-V)u € L2(Q) < L3(Q) and u - VO = div(du) € W3(Q) — H(Q). Also, due
to the embedding Hz(I") — L4(T), it follows that au,L3(I') < H~2(I'). Then, by using
Remark 3.3.6, the classical existence and uniqueness result for Poisson equation with Dirichlet
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boundary condition and the existence and uniqueness result for Stokes equations with Navier
boundary condition, there exists a unique (u*,6*,7*) € H x L*(Q)/R weak solution of the
following uncoupled system:

—vAu*+ V1t =60*g — (u-V)u in Q,
divu* =0 in

—kAO* = h —div(fu) in Q, (3.17)
u*-n=0,2Dw*)n] . =a—-—au, onl,
0*=6, onl.

Let R : H — H be the operator such that (u*,0*) = R(u,#) is the unique weak solution
to (3.17). Let us realize that a fixed point of the operator R is a weak solution of (BS)-(3.1)-
(3.2). In order to find a fixed point of the operator R, we will apply the Leray-Schauder
fixed point theorem.

(i) Let us prove that R is a compact operator. Suppose (u,0) € H, (u,,0,) € H, with
n € N and (uwp,0,) — (u,0), in H-weak. Let us define (u},0") := R(u,,0,), for all n € N.

n»’n

We obtain that (u) — u*, 0 — 0*) satisfies the following system:

—vA(uy —u*) + V(m, — %) = (0, = 07)g — [(wn - V)uy, — (u-V)u] in €,
div(u —u*) =0 in Q,

—kA(0: — 0%) = —div(6,u, — Ou) in Q,

(up —u*) - n=0,2Dwu;—u*)n]_=-a(u,—u), onl,

0y —0*=0 onlI.

Note that 67 —6* € H}(Q2), then by multiplying both sides of the Poisson equation by 6} — 6*
and integrating by parts, we have

{905 = 0|2 < Calldiv(Butn — 00) -0
< Ci|0puy, — Ou| 2o
< O [16n — O)wn z2() + || (wn — w)0| L2 ]
< Oy 100 — Ol o el @) + 1w — wl| Lo 0] a1 ()]

with C; = C1(Q2) > 0. Since u,, — u, in H*(Q)-weak and 6,, — 0, in H'()-weak, therefore,
u, — u, in L*(Q) and 0,, — 60, in L*(Q2), for 1 < s < 6. Then

0F — 0%, in H'(Q). (3.18)
n—oo
On the other hand, note that we can write the term (u,, - V)u,, — (u - V)u of the right hand
side of the Stokes equations as

(U - V)u, — (u-Vu=((u, —u)-V)u, + (u-V)(u, —u),

and since the Stokes operator is linear, it is possible to split the Stokes equations in three
parts:
—vAw, + Vp, = (0 —0*)g in Q,
divw, =0 in Q, (S1)

v, -n=0,2[Dv,)n|_=-a(u,—u); onl,

T
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—vAw, + Vg, = —((u, —u) - V)u, inQ,
divw, =0 in Q, (S2)

w, - n=0,2[Dw,n]_ =0 onl,

—vAY, +Vx,=—(u-V)(u, —u) inQ,
divy,=0 inQ, (Ss)

Yy, -n=0,2D(y,)n]_=0 onl.
Note that u} — u* = v, + w, +y, and 7, — 7 = p,, + ¢, + x»n. Then, we must study the
convergence of u} —u* and 7} —7* through the convergence of their respective representations.
Since (67 —0*)g € L3 (), from Remark 3.3.6 there exists (v,, p,) € H(Q) x L%(Q) solution

of (51) which satisfies the estimate

ol + Il < C (167 = 07)gl g g + s (a0 =)l )
Because of L3(I') < H~2(I') and a € L**¢(I), we have that

ol + Ipallzym < € (10 = 0 s gl 3 ) + o (un — w1l 3,1

< € (10 = ) es@llgl g + ldllzoseoy (= w)e o))

forany 0 < 90 < 1and ¢ = 83—‘;5. Further, for some 0 < ¢* < 1, we have that H2 (') —
L*79(T"), then

10y + I1palzzeysm < € (18 = 0% s gl 3 ) + Norlzoseqoy 1 = )l e )

Since (u,)r — ur, in H2(T')-weak, and Hz(T') is compactly embedded in H2<"(I), we
have that (w,), — wr, in Hz=(T), and thanks to (3.18), v, — 0 in H'(Q2) and p, —>
n—oo n—oo
in L?(Q)/R. t ‘
On the other hand, we have that ((u, —u)-V)u, € L2(Q) < L5(£). Then, from Remark
3.3.6 there exists (w,, q,) € H'(Q) x L*(2) solution of (S,) which satisfies the estimate

lwallrs @) + llgall 2@z < Cll((wn —w) - V)wnall g g

Since u,, — u, in H'(Q)-weak, it follows that ||V, | g2 < M, for all n € N, with M > 0

independent of n, and w,, — w, in L3(Q). Then, by using Holder inequality we have that

((wp, —u)-V)u, — 0, in L5(2), and hence, w, — 0 in HY(Q) and ¢, —> 0 in L2(Q)/R.
n—00 n—00 n—r00

Finally, since (u-V)(u, —u) € L2(9), thanks to Proposition 3.3.3, there exists (Y, Yn) €
W22 (Q) x W2 (Q) solution of (S5). But (w-V)(u, —u) — 0 in L?()-weak, which implies
that ¢, — 0 in W22 (Q)-weak. As W22(Q) is compactly embedded in H'(€2), we have that
Yy, — 0in H(Q) and x,, — 0 in L*(Q)/R.

Tﬁlogrefore, we conclude tﬁg‘go

u* — u* in H'(Q) and 7% — 7%, in L*(Q)/R. (3.19)

n—o0 n—oo

By (3.18) and (3.19), we deduce that (w},0) — (u*,0*), in H. Therefore, R is a compact
operator in H.
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(ii) Let us show that the set of fixed points of the operator AR is bounded for all X € [0, 1].
Let (u,0) = AR(u,0), with (u,0) € H and A € [0,1]. As (u,0) = ANu*,0%) = (A\u*, \0%),
then (u*,0*) = R(u,0) = R(Au*, \0*) satisfies the following system:

—vAu* + Vr* = 0*g — N2 (u* - V)u* in Q,
divu* =0 in ,

—kAO* = h — \N2u* - VO* in Q, (3.20)
u*-n=0,2Dw*)n|_=a— A aul onl,
0*=46, onl.

We will consider two cases depending on the values of the boundary data 6.

(a) Case 6, = 0. Multiplying by u* € V21(Q) and by 6* € Hj(Q2) the first and third
equations of (3.20), respectively, and integrating by parts, we have

21//Q|]D>(u*)|2 dz = 2v([D(u*)n|,, ul)r = /QQ*g-'u,* dz (3.21)
ﬁ/yve*ﬁ de = (h,6%0, (3.22)

where (-, -)q denotes the duality between H1(Q2) and HJ (), and (-, -)r denotes the duality
between H~2(I") and Hz(T'). From (3.22), we have immediately that

) C
VO || 20y < thHH—l(Q) (3.23)

with Cy = C5(Q2) > 0. By using the Navier boundary condition, from (3.21) it follows that

21// ID(u*)|? do + )\1// aur-urds=v(a,ul)r+ / 6*g - u* dz,
Q r Q

that is, if « satisfies (H), it follows that

1 1
/Q|]D(u*)|2dx§ 5|<a,,u:>r|+5/Q|e*g.u*| da.

By using Proposition 3.3.8, Holder inequality and Sobolev embedding H'(Q) — L°%(Q), we
obtain that

* * 1 * *
I < o (ol 3103l gy + 3 1 ] 3 g 0" )
* 1 * *
< € (laly s g 0oy + 5 196"zl ")
with C3 = C3(€2) > 0. Hence, by using (3.23), we have that
* C’4 1
'l < & (vlall -y, + 2lblolal, g ) (3.24)

with Cy = C3max{1,Cs}. Finally, it follows from (3.24) and (3.23) that

(e, O)l| e = All(w*, 67) [ < C,
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where G5 = Cs (20,5 llgll 3 - I8l 10, llal
of (u,0) and .

(b) Case 0, # 0. Let us define 0y = 6* — ¢, where ¢ is the lift function of the boundary
condition 6, such that for all n > 0

) is a positive constant independent

L3’ H3(T)

161l 2(2) < nllOll 1 (3.25)

see [1, Lemma 3.5|. Then, we get the following system:

—vAu* + Vr* = 60*g — N} (u* - V)u* in Q,
divu* =0 in ),

—KAO; — KAG) = h — XNu* - VO; — Nu*- V] in Q, (3.26)
u* n—O,Q[ID)( In|_=a—Xaul onl,
6:=0 onT.

If we multiply by w* € V2(Q) and by 0; € Hg(f2) the first and third equations of (3.26),
respectively, and by integrating by parts, it follows that

QV/ ID(uw*))? do — 2v{[D(u*)n],, u)r = / 0*g - u* dz, (3.27)

Q Q

/{/ V67| dar + I{/ VO - VO do = (h,0)o + AZ/(u* L V02)6) da (3.28)
0 Q Q

Then, by using Holder inequality, Sobolev embedding H'(2) — L5(2) and (3.25), we have
from (3.28) that

* Cﬁ *
IV6;)1 200 < =2 (16710 + Il a0+l Lo l6sll 3 ) (3:29)

with Cg = Cg(€2) > 0. In a similar way as we did for the case 6, = 0, by using the Navier
boundary condition, from (3.27) it follows that

2V/ ID(u*)]* dz + )\V/ aur-urds=v(a,ul)r+ / 0*g - u* dz,
Q r Q

and since « is a non negative function satisfying (H), it follows that

1 1
/Q ID(u*)]? dz < 3 {a,ul)r| + 5/99*9 cu* dz

Therefore, by using Proposition 3.3.8, Hélder inequality and Sobolev embedding H*(2) —
L5(9), it follows that

* 07 * * *
o By < S (vl g 10 0+ 10 sl 5 s s

Cr « *
< =T (vl ey gy 10" Ll ) N 1o

with C7 = C7(2) > 0, which implies the following estimate

(3.30)

Cr :
[ sy < = (YNl 3, + 16710 gl 3 ) -
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NOW, from (3.29), it follows that
CeCY,
+

. Cs
107 |z < (Co + D10 ]| 1102y + ?||h||H71 Q 77||9b||H§ )Ha“H-%(F)

C(6617 *
T BT O N P
Taking 7 = s arer w0 We have
L2 H2(T)
. 1 v -
10°)| 1) < 2(C + 1) EHhHHfl(Q) + mHaHH—%(F) + 10 | - (3.31)

By using (3.31), we deduce from (3.30) that
(2Cs + 3)Cr {
v

|u* || 1) <

1
fally sy + (S0l + 10 )l |- 32
Finally, it follows from (3.32) and (3.31) that
I(aa,6) 1 = Ml(us®, )]l < C,

where Cy = Cy <Q v, Ky |19l 3

dependent of (u, ) and A.

By using Leray-Schauder fixed point theorem and Remark 3.3.10, there exists at least
one (u,0,7) € H x L*(Q) such that problem (BS)-(3.1)-(3.2) is satisfied.
(iii) Proof of estimates (3.12) and (3.13). From the Leray-Schauder fixed point theorem, we

have that w* = w and #* = 6, and hence if 6, = 0, we have directly the desired estimates
from (3.24) and (3.23).

(iv) Proof of estimates (3.15) and (3.16). Let us define = 6 — o, where o € H'(Q) such
that c =0, on I' and

L) o)l 10, HaHH,%(F), HGZHHl(Q)) is a positive constant in-

ol < Callnl 3,0, (3.33)
with C} = C1(Q) > 0. Then, we have

—vAu+ (u-V)u+Vr=0g inQ,
divu =0 in €,

—kAN0+u-VO=h+kAoc—u-Vo inQ, (3.34)
u-n=0,2Dun|_+aur=a onl,
=0 onl.

Multiplying by u € VUQ,T(Q) the first equation of (3.34), integrating by parts and using Holder
inequality, it is easy to see that

&
[l < 52 (Vally-s g+ 10lm@ gl 3 ) (3.35)

with Cy = C5(Q) > 0. In the same way, multiplying by 6 € H(Q) the third equation of
(3.34), integrating by parts, by using (3.33) and Hélder inequality, it follows that

Cs
[V8]z2() < = (w1180l i, + WAllsie0 + el o l6sll 1 )
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with Cy = C3(Q) > 0. Then, as § = 0 + o, it follows that

Cy
181110y < = (1Al + <00l 3 ) + etllzn e 661,13, ) (3.36)

with Cy = C4(2) > 0. By using (3.35) in (3.36), and taking v = CyC}y in (3.14), it follows
that

1
ey < Ca | (14 2l 3, ) 183+ 2Bl |
with C5 = C5(Q,7) > 0. Then, the theorem is totally proved. O

Remark 3.4.2. (i) Thanks to (3.12) and (3.13), or (3.15) and (3.16), it follows that the
estimate for m does not depend on « because

Iellzz@ym < € (101m gl 3 g + Il @ + il )

(ii) As Proposition 3.3.1 and Remark 3.3.2 tell us, in the case when a = 0 and (2 is axisym-
metric, it is the unique case when the kernel KC(2) # {0}, and then the solution velocity u
given by Theorem 3.4.1 belongs to H*(Q2)/1C(Q).

3.5 Regularity of the weak solution

In order to study the regularity of the weak solution for the problem (BS)-(3.1)-(3.2), we are
going to take advantage of the regularity results for the Poisson equation and Stokes problem
(3.11). Then, we can rewrite (BS)-(3.1)-(3.2), in the following way:

—vAu+ V1 =0g — (u-V)u in{,
divu =0 in €,

—kAO=h—u-V0 in (),
u-n=0,2Dwumn|_ +au,=a onl,
=6, onT.

Theorem 3.5.1 (regularity W'?(Q) with p > 2). Let us suppose that
geL'(Q), heW'Q), acL'®T) satisfying (H)

with t*(p) is defined by (4.14) and (a,8,) € W »?(T') x W' »?(T)

with

3 3p
2'3+p
for any e > 0 sufficiently small. Then the weak solution for (BS)-(3.1)-(3.2) given by Theorem
3.4.1 satisfies

D> 2, r—max{ } if p#3 and rzg—l—a if p=3
(u,7,0) € WH(Q) x LP(Q)/R x WP(Q).

Proof. Since p > 2, we have that L'(Q) — L3(Q), W-(Q) — H-1(Q), W "I —
H~2(T) and Wk%’p(f‘) < H32(I'). Thanks to Theorem 3.4.1, there exists (u,m,6) €
H'(Q) x L*(Q)/R x H*(Q) weak solution for (BS)-(3.1)-(3.2). By using the embedding
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HY(Q) — L5(1), it follows that (u-V)u € L2(Q) and w- V6 = div(6u) € W=13(Q). Realize
that W=13(Q) — W=1r(Q) if p < 3, then we have three cases:

(i) Case 2 < p < 3: Note that h —u - VO € W=1P(Q), then by regularity of the Poisson

equation we have § € WHP(Q) — LP"(Q) with z% = % — 3. Since g € L3 (%), it follows that

Og € L;)TPP(Q), by which g — (u - V)u € L%(Q) Consequently, thanks to the regularity
of the Stokes equations with Navier boundary conditions, see Theorem 4.5.1, we have that
u e WH(Q) and m € LP(Q)/R.

(i) Case p = 3: In view of div(6u) € W13(Q) and h € W~13(Q), by regularity of the
Poisson equation, we have that § € W3(Q) < L4(Q) for all 1 < ¢ < co. Since g € L37(Q),
we have fg € L%(Q) and then 0g — (u - V)u € L%(Q) Thus, by regularity of the Stokes

equations with Navier boundary conditions (Theorem 4.5.1) we have that u € W13(Q) and
e L3(Q)/R.

(iii) Case p > 3: From the previous case, we have that (u, ) € W13(Q)x W13(Q). Therefore,
(u,0) € L) x LI(Q), for any 1 < ¢ < oo, and then fu € LI(Q) for any 1 < ¢ < oo.
Consequently, div(fu) € W=17(Q) and by regularity of the Poisson equation, we have 6 €
WhP(Q) — L*®(Q). Further, (u-V)u € L'(Q) for all 1 < ¢ < 3. In particular, taking

1= %—l—% with 3 < ¢ < 3, we have that (u-V)u € L?’%(Q) As g € L%(Q), it follows that

fg € L%(Q) Then, by regularity of the Stokes equations with Navier boundary conditions
(Theorem 4.5.1) we have that uw € W'?(Q) and m € LP(Q)/R.
O

Theorem 3.5.2 (regularity W>P(Q) with p > ). Let us suppose that g € L"(2), h € LP(2),

1 6 1
ae€ H2(T') if g§p§2; a€ H2™(T) if 2<p<3; aer_%’p(F) if p>3
satisfying (H) and

(a,6y) € W' P(I) x W?oP(T)
with 5 5 5 5
, T:max{é,p} if p7£§ and T’:§+€ if P=3
for any € > 0 sufficiently small. Then the solution for (BS)-(3.1)-(3.2) given by Theorem
3.4.1 satisfies

D>

ot O

(u,7,0) € WH(Q) x WHP(Q)/R x WP(Q).
Proof. By hypothesis p > 2, then we have that L"(Q) — L2(Q), LP(Q) — HYQ),
a € L¥T), W"»?(T) — H-3(T") and W>»”(T') — H3(T). Thanks to Theorem 3.4.1,
there exists (u,,0) € HY(Q) x L*(Q)/R x H'(Q) weak solution for (BS)-(3.1)-(3.2). Since
HY(Q) — L8(Q), it follows that (u - V)u € L2(Q) and w - VO € L2(Q). Note that
L3(Q) = LP(Q) if p < 3, then we have three cases:

(i) Case g <p< %: Since h —u - VO € LP(Q)), by regularity of the Poisson equation we have
0 € W2r(Q) = L (Q) with 1. = 1 — 2. We have that g € L3(1), therefore, fg € L?(Q)
by which g — (u - V)u € L?(Q2). Consequently, thanks to the existence of strong solutions
for the Stokes equations with Navier boundary conditions (see Theorem 4.5.3), we have that

u € W2P(Q) and m € WP(Q)/R.
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(ii) Case p = 2: We have that u - V@ € L3(Q) and h € L2(RQ), then by regularity of
the Poisson equation, it follows that § € W22(Q) — LI(Q) for all 1 < ¢ < oo. Since
g € L:7(Q), we deduce that g € L3(2) and then g — (u - V)u € L2(Q). Thanks to

Theorem 4.5.3, we have that uw € W22(Q) and 7 € W2 (Q)/R.

(iii) Case p > 3: From the previous case, we have that (u,0) € W23(Q) x W22(Q).
Therefore, (u,d) € L) x L), for any 1 < g < oo, then (v - V)u € L' (Q) and u - V6 €
LY(Q) for all 1 <t < 3. Thus, we must regard the following cases:

(a) If 3 < p < 3, we have that h — u - V# € LP(Q), and by regularity of the Poisson
equation, it follows that € W*P(Q) — L>®(Q). As g € L?(Q)), we have that 0g € LP(),
hence, g — (u - V)u € LP(Q2). Then, by Theorem 4.5.3, we have that u € W?P(Q) and
T e Wh(Q)/R.

(b) Suppose now that p > 3. From the above result, we have that (u,f) € W2379(Q) x
W2329(Q) for all 0 < § < 3. This implies that w € L>(2) and since V8 € W37°(Q), it
follows that w - VO € LP(Q)). By using the regularity of the Poisson equation, we conclude
that 6 € W2P(Q). As Vu € W37°(Q), we deduce (u - V)u € LP(Q) and since g € L?(Q),
we have that 0g — (u - V)u € LP(Q2). Finally, by applying Theorem 4.5.3, we have that
u € W2P(Q) and m € WP(Q)/R. O
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Chapter 4

Stokes equations with Navier boundary
condition

Abstract
This chapter deals with the stationary Stokes equations with non-homogeneous Navier
boundary condition in a bounded domain  C R3 of class C1''. We prove the existence and
uniqueness of a weak solution in the Hilbert case. Moreover, we analyze the LP-regularity
for this solution.

Keywords: Stokes equations, non-homogeneous Navier boundary condition, weak solution,
LP-regularity

4.1 Introduction

We are interested in studying the existence, uniqueness and regularity of the solution for the
following stationary Stokes equations with Navier boundary condition:

—Au+Vr=Ff in (2,
divu =y in Q,
uU-n=4g on I, (8)

2[D(u)n]_+aou,=h onl,

where  C R3 is a bounded domain of class C'!, T" is the boundary of Q, u and 7 are
the velocity and pressure of the fluid, respectively, D(u) = % (Vu + (Vu)T) is the strain
tensor associated with the velocity field w, n is the unit outward normal vector, 7T is the
corresponding unit tangent vector, f is an external force acting on the fluid, y and ¢ stand
for the compressibility and permeability conditions, respectively, « is a friction scalar function
and h is a tangential vector field on the boundary. In the case @ > 0, the Navier boundary
condition is said to be a boundary condition with linear friction.

4.2 Main results

The main results of this chapter are presented in this section. The first theorem is concerned
with the existence and uniqueness of a weak solution for the Stokes equations with Navier
boundary condition in the Hilbert case.
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Theorem 4.2.1 (weak solution in H'(Q)). Let us suppose x =0 and g = 0. Let
FeL:(Q), heH () suchthat h-n=00nT, ac L*I)

with o verifying the hypothesis (4.3), (Hy) and (Hy). Then the Stokes problem (S) has a
unique solution (w,m) belonging to H'(Q) x L?(Q)/R which satisfies the estimate

lellars o + 7l < O an) (118 ) + 1Pl et )
where

C(Q) under the hypothesis (H)
C(Qa,) = =B under the hypothesis (Hy) with o > v, > 0

min{1,a}

C(Q) under the hypothesis (Hs) with a(x) >0 a.e. x € T.

The following theorems deal with the L” regularity of the weak solution for the Stokes
equations with Navier boundary condition. We consider p > 2 for regularity in W?(Q2) and
p > ¢ for regularity in W?P(Q).

Theorem 4.2.2 (generalized solutions in WP(Q) with p > 2). Let us suppose x =0, g = 0,

f € L'P(Q) with r(p) is defined by (4.1), h € W_%’p(F) such that h-m =0 on T,

and o € LV"WP/(T) satisfying (4.3), (H,) and (Hy) with

(p) = 24¢ if 2<p<3,
2p+e if p>3,

where € > 0 is an arbitrary number sufficiently small. Then the Stokes problem (S) has a
unique solution (u,m) € WHP(Q) x LP(Q)/R.

Theorem 4.2.3 (strong solutions in W2P(Q) with p > &). Let us suppose x =0, g =0,
feLP(Q), heW' »(T) such that h-n=0onT,
and

acH:T) if ~<p<2 acHT) if 2<p<3 acW' »?T) if p>3

ol o

where € > 0 is an arbitrary number sufficiently small and « satisfies (4.3), (Hy) and (Hs).
Then the solution given by Theorem 4.2.1 satisfies that (u, ) € W2P(Q) x WhP(Q)/R.

4.3 Notations and some useful results

Before studying the problem (S), we start with some preliminaries. Throughout this work,
up to mention the contrary, we suppose 2 C R? a bounded domain with boundary I" of class
Chl. We use domain to stand for a nonempty open and connected set. Later, we will use
the term azisymmetric to stand for a nonempty set which is generated by rotation around
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an axis. Bold font for spaces means vector (or matrix) valued spaces, and their elements
will be denoted with bold font also. We will denote by m and 7 the unit outward normal
vector and the unit tangent vector on I, respectively. Unless otherwise stated or unless the
context otherwise requires, we will write with the same positive constant all the constants
which depend on the same arguments in the estimations that will appear along this work.

We will denote by D(€2) the set of smooth functions (infinitely differentiable functions)
with compact support in 2 and by D, (2) the subspace of D(Q2) formed by divergence-free
vector functions in Q. If 1 < p < oo, then p’ will denote the conjugate exponent of p, i.e.,
713 + }% = 1. For this p, we introduce the spaces

‘/fT(Q) = {v cWH(Q); divv=0 inQandv-n =0 on F} ,
EP(Q) = {ve W'(Q); Ave L'P(Q)},
with
3p

3 3
r(p):m if p>§7 or r(p)>1 if 1<p§§. (4.1)

Lemma 4.3.1. (i) Let Q C R3 be a Lipschitz bounded open set. We have that

D(Q) s dense in  EP(Q).

(ii) The linear mapping v — [D(u)n]_ defined on D(Y) can be extended to a linear and

continuous mapping from EP(Q) to W_%’p(F). Moreover, the following Green formula is
satisfied: for allv € EP(Q) and ¢ € V(',p/T(Q)

_ /Q Av-pdr = 2/9]1))(1;) : D(p) dz — 2([D(u)n], , @)r

where (-, )p denotes the duality pairing between W_%’p(f‘) and W%’p,(F).

Proof. We will simply prove (i) because the Green formula follows immediately from the one
established for smooth functions. Let P : W'?(Q) — W?(R?) be the extension mapping
such that Pu‘Q = u. Then, for all £ € [EP(Q)], there exists (¢, 1) € W1 (R?) x L™ (Q)
such that

(£, v)q = (@, PU)rs + /Q Y - Av duz,

for all v € EP(Q)), with (-, )q the duality pairing between [E?(Q2)]" and EP(2) and (-, -)gs
the duality pairing between W1 (R?) and WP(R?).

Let us suppose that £ = 0 in D(Q) and let v € L"(R?) the extension by zero of ).
Then, for all £ € D(R?), we have

<907€>R3 + 17’/; : AS dr = 07
R3
since (@, &)rs = (¢, Pv)rs with v = S‘Q. It follows that

90+A1Z:0, in R?.

In this way, ¢ € L”(R%) and A € W17 (R3). Because At is a compact support, it

follows that Aep € WH(R?) for all 1 < ¢ < p/. Here + = % + 3, then & = z% -1

SRl
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Consequently, 1 € L” (R3) and therefore 1 € W'# (R?). As J‘Q = € WH'(Q), we
deduce that 9 € Wi ” () and then there exists (1) C D() such that 1y, " 1 in
—00
W' (Q).
Finally, for all v € E?(Q)

(£, v)g = JEJ(—A@, Pv)gs + /quk - Awv dz] = 0.

O

Since we are interested in generalized weak solutions (u,7) € WP(Q) x LP(Q) for (S),
we consider the following assumptions for the data.
Let us suppose that

FeL'V(Q), xe L(Q), ge W v(I), he W +"(T)

with h-n =0 on I, 7(p) defined by (4.1) and a € L!*P)(T") with

/

P if p<%,
03
S <p<3,
if p>3,
2+¢ if p=3 or p=3,

tp) = (4.2)

Wi DN win
—
—~

where € > 0 is an arbitrary number sufficiently small. Also, we can suppose that there exists
a real number «, such that

a>a, >0 (4.3)
with
a, >0 if © is not axisymmetric (Hy)
or
a, >0 (oreven, a(z) > 0 a.e. x €I') otherwise. (Hs)

Remark 4.3.2. With the above hypotheses (4.3), (H;) and (H2) over «, we have that the
kernel of the Stokes operator with Navier boundary condition is always zero, see Remark
3.3.2 and Remark 3.3.7.

Remark 4.3.3. The relation h-n = 0 on I' has sense in W_%’p(F). Indeed, since €2 is of
class C™!', then n € W°°(T') and for all p € Wlfg’p/(f‘), we have that

<h’ "M, S0> = <h7 gpn>l—‘7
where pn € W%’p/(l“).

Lemma 4.3.4. Let a € L!'P(T) with t(p) defined by (4.2) and u € WHP(1Q).
(i) If p # 2 and p # 3, then au, € L1P(T) with q(p) = max{1,  p}. Moreover, L9?” (') —
W () and
ot || Loy < Clle| e oyl vl wie )
with C' = C(2,p) > 0.
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(i) If p = 3, then au, € L2() = W53(I) and we have
lowr || z2ry < Clledlzzve oyl wrs),
with C = C(22) > 0. ‘
(iii) If p = 2, then au, € L' (') — W32(I) for some & > 0 depending on e, and we
have

lottrllgsery < Cllallzzseolell g g
with C' = C(Q) > 0.

Proof. We know that if u € W'P?(Q), then u, € Wl_%’p(f‘) and WI_%”’(F) — L*(I") with

1 1-3
= _ P 1
1 5 5 if p <3,
S jany positive real number if p=3,
0 if p> 3.
(i) By applying Holder inequality, we deduce that
1 1 1
au, € LYT), with - = — + —|
q tp) s
that is,
3 3 1 . 3
1 o + % 2 lfp < 55
—=q3+t3 3 if 2 <p<3,
q : .
2_p lfp > 3,
hence,

{1 ifp <3,
7= 92 : 3
3D if p> 3 and p # 3.

Therefore, the conclusion follows immediately.
(i) We know that if w € W'3(Q), then u, € W33T) and W33(T) — L"(I) for all
1 < r < oo. Then, the complete result is clearly obtained.
(iii) We know that if w € W2(Q), then u, € W2 (I') and W3 2(I') < L*(T'). Then, the
result follows.

0

Next proposition shows that the generalized solution for the Stokes problem (S) is in fact
a solution of a corresponding variational problem, and vice-versa.

Proposition 4.3.5. Let us suppose x =0 and g = 0. Let
feL'®Q), he W_%’p(F) such that h-n=0onT and o€ L'P(I)

with r(p) defined by (4.1) and t(p) defined by (4.2). Then, the following problems:
(i) find (u,7) € WHP(Q) x LP(Q) satisfying (S) in the sense of distributions, and
(ii) find w € V1.(Q) such that for all ¢ € V(',p/T(Q)

2 [ Dw): D) o+ [aurprds= [ fpdot (b, (1.4)

are equivalents.
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Proof. Tt is enough to show that the integral over the boundary, in the variational formulation
(4.4), is well-defined because the result follows from Lemma 4.3.1. Then, realize that ¢, €

W' 7 (T) — L™(T) with

31 : 3
1 2 2 1fp > 2
= any positive real number ifp=3,

0 if p < %

Then, by using Lemma 4.3.4 we have the following four cases:
()1<p<i H++t=1+==1

a(p)
ii 3 .1 1 _ 3 3 1 _
(ii) p > 5 and p # 3: @4_%_%_,_2_1)/_5_1‘
(iii) p = 2 lis, + £ =1 if m is big enough.
(iv)p=3: 1 +3=1 -

The following remark deals with the recovery of the pressure under a suitable condition.
This result is known as De Rham’s theorem.

Remark 4.3.6. Let Q C R? be a bounded Lipschitz domain. If f € W=1P(Q) for 1 < p < oo,
satisfies that

Vo € D, (), (f,p) =0,
then there exists m € LP(Q)) such that f = Vr, see [4, Theorem 2.8|.

4.4 Weak solution in the Hilbert case

Before proving the existence and uniqueness of a weak solution for (S), we have to show the
following proposition which shows a useful result about equivalence of norms for the velocity
field u.

Proposition 4.4.1. Let Q C R? be a bounded domain with Lipschitz boundary T and o €
L*(T) satisfying (Hy). Then, we have for all w € H*(Q) with w-n =0 on T the following
equivalence of norms:

1
[l ) = [[D(w)|[2(0) + [[a2wr| L2, (4.5)
if a(z) >0 a.e. x €T, or
[l @) = ID(w)|[z2) + [lwrlz2m), (4.6)
if a > ay > 0.

Proof. First of all, it is enough to prove (4.5) because (4.6) is proved analogously. And
second, we only prove that there exists C'= C(€2) > 0 such that

1
lullae < C (D@20 + ladur o)
because the other inequality is clearly obtained.
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To prove our aim, we will do it by contradiction. Indeed, let us suppose that for all n € N,
there exists u,, € H'(2) such that u, -7 =0 on I' and

1
el > 1 (ID(un) 220y + o ()l ) (4.7)
Since ||w, || g1 @) > 0, we can define v, := —=——. Then, ||v,||g1Q) = 1 for all n € N and
||unHH1(Q)

from (4.7), we have that

1 1
(D@l + o @) l1om) < -

This inequality implies that

D(v,) — 0 in L*(Q) (4.8)
a%(vn)fao in LA(T). (4.9)

As v, -n =0onT, then (4.9) implies that

azv, — 0 in L*(D). (4.10)

n—oo

On the other hand, since (v,,), is bounded in H'(€), there exist a subsequence (v,,); C (vy),
and v € H'(Q) such that v,, — v in H'(Q2)-weak. Then, thanks to (4.8), (4.10) and o > 0,
we conclude that D(v) = 0 in Q and v = 0 on I. By using Korn’s inequality (see [16,
Theorem 6.15-4, p. 409]), it follows that v = 0 in © which is a contradiction with the fact
that |lvy,,||g1 =1 for all j € N. O

Now, we are ready to establish the existence and uniqueness for the weak solution in the
Hilbert case for the Stokes problem (S).

Theorem 4.4.2. Let us suppose x =0 and g = 0. Let
fe Lg(Q), h € H_%(F) such that h-n=0onT, a¢c L*T)

with o verifying the hypothesis (4.3), (Hy) and (Hy). Then the Stokes problem (S) has a
unique solution (w, ) belonging to H'(Q) x L*(2)/R which satisfies the estimate

el ey + el 2o < €@, 0) (118 ) + IRl ) (4.11)
where

C(Q) under the hypothesis (Hy)
C(Q, o) = o) under the hypothesis (Hs) with o > o, > 0

min{1,a}

C () under the hypothesis (Hs) with a(z) > 0 a.e. x € T.

Proof. Note that under the hypothesis (H;) we can choose a,, = 0 and then it clearly follows
that

vz @) =~ [[D(v)] L2(0), (4.12)

for all v € V?;(€2). On the other hand, under the hypothesis (Hs), we have for all v € V()
the equivalence of norms given in Proposition 4.4.1.
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It follows that the existence of the unique solution (u,7) € HY(Q) x L*(Q)/R is a
consequence of the Lax-Milgram theorem (because from above we can prove the coercivity
of the bilinear form associated to the variational formulation (4.4)) besides the De Rham’s
theorem (to recover the pressure), see Remark 4.3.6.

The estimate follows from the fact that the solution u verifies

2 [ D) ot [ afurl ds < 1l s g sy + 1Bl 0l

that is, if a satisfies (H;) or (Hs) with a > «, > 0, then
D) 320y + et ey < 171 Il + [l s
and if « satisfies (Hy) with a(z) > 0 a.e. x € T, then

1
D)0 + Nordaer aqey < 11l g Ietlasion + 1Pl g o 1l 3

In this way, if « satisfies (H;), we can choose o, = 0, and from (4.12) we obtain that
lullzrey < ) (IF1 ) + 1Bl gty )
if o satisfies (Hy) with a > . > 0, from (4.6), we have

()
merial (1F1 g gy + WPl -t )

and if « satisfies (Hs) with a(z) > 0 a.e. x € T, from (4.5), it follows that

ul ) <

lullarsco < Cs() (IF1s ) + 1Pl gt ey ) -
On the other hand,
||7T||L2(Q)/R < ||V7T||H*1(Q)
< @) (£ ) + 180l 1))
< (@) (1710 + Illenen) -

Hence,
Illzznsm < Cal) (1715 g + 1l o ) - (413)

The estimate (4.11) follows immediately from the estimates for w in each case and (4.13). O

Remark 4.4.3. (i) In the case a(z) > 0 a.e. € I', we have another equivalence of norms
for the velocity field thanks to Proposition 3.3.8: for all u € V()

w| zr ) = ID(w)|L2()-

(ii) The case a = 0 and 2 axisymmetric is analyzed in [5].
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4.5 Regularity of the weak solution

The regularity W1P(Q) of the weak solution for (S) is given in the following result. We begin
for the case p > 2.

Theorem 4.5.1 (regularity W1P(Q) with p > 2). Let us suppose x =0, g =0,
f € L"(Q) with r(p) is defined by (4.1), h € W_%’p(f‘) such that h-mn =0 on T,

and o € L' P/(T) satisfying (4.3), (H,) and (Hy) with

t*():{2+5 if 2<p<3, @10

Zp+e if p>3,

where € > 0 is an arbitrary number sufficiently small. Then the Stokes problem (S) has a
unique solution (u,7) € WHP(Q) x LP(Q2)/R.

Proof. Since p > 2, we have that L™®(Q) — L% (Q), W™ #"(T') — H~3(T') and L* ®(T') —
L*(T'), and thanks to Theorem 4.4.2, there exists (u,7) € H'(Q) x L*(Q)/R weak solution
for (S).

(i) Case 2 < p < 3: Since u, € L*(T) and o € L*™(T"), we have au, € L?(T") where
+ = 1+ 5. But, L%(T) — W »"(T) with ¢ = Zp;. It follows that

q1

I 2/1 n 1

pr 3\4 24¢)°
If py > p, then thanks to the regularity of the Stokes equations (see Remark 3.3.6), we
have that w € W'P(Q) and # € LP(Q)/R. Otherwise, w € W'P1(Q) which implies that

1
u, € L**(I') where i = pil -t = % — £ (since p; < p < 3). Then au, € L=(T") where

Lo Ly L By, Le(T) — W5 (T) with gy = 2ps. Tt follows that

q2 2+4¢”
1 2 1+ 1 1+ 1\ 2/ 2 1+1
pr 3\4 24+e 2 2+4¢) 3\24e 2 4)°

If po > p, then as before w € W'?(Q) and 7 € LP(Q2)/R. Otherwise, u € W'2(Q) which
1

1—-L
implies that w, € L*(I") where é = p% -2 = % — 5 (since p, < p < 3). Then
1 B
au, € L®(T) where - = & + 5. But, L®(T") — W ™™ (') with g3 = §ps. It follows
that

1 2/ 3 2+1
ps 3\2+4e 2 4)°

If p3 > p, then as before u € WP(Q) and m € LP(Q)/R. Otherwise, proceeding in a similar
way, we can show that au, € L%+ (T) < W 1" (T') with

1 2 (k+1 k:+1
Pir1 3 \2+e 2 4
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(in order to get this, we use the fact that py < 3). Then, u € W'Px1(Q) and choosing
k=|%2—3]+1 (where |a] stands for the greatest integer less than or equal to a) we have
that pgy1 > 3 > p. Finally u € W'?(Q) and © € LP(Q)/R.

(i) Case p > 3: From the previous case, we have that (u,7) € W13(Q) x L3(Q). This
implies that uw, € LY(I) for all 1 < ¢ < oo, and since a € L27P+E(F), we obtain that

au, € LY (') — WP (I"). Finally, by using the regularity of the Stokes equations (Remark
3.3.6), we have that u € WP(Q) and 7 € LP(Q). O

Remark 4.5.2. (i) The regularity W?(Q) when a = 0 is given in [5].
(ii) Note that for p > 3, we can not consider a € L*(I") with s < 2 + . Indeed, let us
suppose that a € L?*T¢(T") and since u, € L%(T) for 1 < ¢ < oo, we have that au, € L*(T).

Then, we have L?(T") < W_%’p(f‘) if and only if p < 3, which is not the case.
(iii) We will study later the case of generalized solutions in W1P(Q) x LP(Q2) for p < 2.

Now, we study the case of strong solutions for the Stokes problem (S).
Theorem 4.5.3 (regularity W2?(Q) with p > g) Let us suppose x =0, g =0,
feLP(Q), heW' »(T) such that h-n=0onT,
and

acH:T) if ~<p<2 acHT) if 2<p<3 acW' »?T) if p>3

ot O

where € > 0 is an arbitrary number sufficiently small and « satisfies (4.3), (Hy) and (Hs).
Then the solution given by Theorem 4.4.2 satisfies that (u,7) € W2P(Q) x WHP(Q)/R.

Proof. Due to p > £, it follows that LP(Q) — L3(Q), Wlﬁ’p(f‘) < H 2(I') and a € L*(T),
then thanks to Theorem 4.4.2; there exists (u,7) € H'(Q) x L*(Q2)/R weak solution for (S).

(i) Case & < p < 2: Since o € H?=(I), we can extend « to the inside of the domain €, hence
we can consider a € H'(Q). Then, for all i,j = 1,2,3 we have that 2%y, € L?(Q) and

. ) 3 . . .
0427“; € L7(Q) where qil =1+ ¢ =2 Then, a%j(aui) = %ui + Ong“; € Lz(2) which implies

that au € WL2(Q) and therefore, au, € W'=32(I'). By using Proposition 3.3.3, we have
that w € W22(Q) and 7 € Wh2(Q)/R.
From above we have that w € W22(Q) < L%(Q) for all 1 < s < oo and Vu €

WL2(Q) < L3(). Then, for all i,j = 1,2,3 we have that g—gui € L%(Q) where qu =141

and agT“; € L95(Q) where qig =141 =1 Clearly, ¢ < g3 and then ;> (au;) € L%(2) which

implies that au € W1H%(Q) and therefore, au, € Wl_ém(F). By using Proposition 3.3.3,
we have that w € W?%2(Q) and 7 € W (Q)/R with 2 < ¢ < 2.

Finally, since u € W249(Q) < L>(Q) and Vu € W% (Q) — L%(Q) with qi* = q% — 3
2
we have for all 7, j = 1,2, 3 that %ui € L*(Q) and agT“; € L%(Q) where qi4 = %+% = q%—%.

Clearly, 2 < ¢4 and then %(aui) € L*(Q) which implies that au € H'(Q) and therefore,

au, € H2(T'). By using Proposition 3.3.3, we have that uw € H2(Q) and 7 € H'(Q)/R.
Then, we have showed that (u, ) € W2?(Q) x WP(Q)/R for & <p < 2.
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4.5. REGULARITY OF THE WEAK SOLUTION

(i) Case 2 < p < 3: From the previous case, we have that (u,7) € H?*(Q) x HY(Q),
hence, u € L>*(Q) and Vu € H'(Q) — L%Q). Since o € H2™(I'), we can regard
a€ H1+5( ) < L*(Q) where 1 = ; — 1= assuming that e < 5. Also, Va € H*(Q) — L'(Q2)

For all 7,5 = 1,2,3 we have that a—auz € Lt(Q) and 046;‘; € L7(Q2) where

= +— z—£. Clearly, t < r and then —(auz) € Lt(Q) which implies that au € W1(Q)
and therefore, au, € Wit *(T") where 2 < ¢t < 3. By using Proposition 3.3.3, we have that
u € W2H(Q) and 7 € WH(Q)/R. Then, (u,7) € WP(Q) x WIP(Q)/R for 2 < p < 3.

(i) Case p > 3: From above we have that w € W2!(Q) for 2 < t < 3, hence, u € L™(Q)
and Vu € WH(Q) — L"(Q) where £ = 1 — 1. Since a € W' 5P(T), we can regard
a € WH(Q) — L*(Q) where 1 < s < oo for p = 3 and s = oo for p > 3. Further,

£
3°
E

Va € LP(Q).
If p = 3, then for all ,5 = 1,2,3 we have that ‘9—auZ € L*(Q) and a% € L™ (Q) where
1=141 forany1<s<oo then——§+%—§—— Iyi-c Choosmgssuﬁﬁ(:lently

big such that s — £ < 0, we have that r* > 6. Clearly, 3 < r* and then T(Ozuz) e L3(Q)

which implies that au € WH3(Q) and therefore, au, € W'~33('). By using Proposition
3.3.3, we have that u € W?3(Q) and m € W3(Q)/R.

On the other hand, if p > 3, we have u € W?3(Q) — L>*(Q) and Vu € W13(Q) —
L (Q) for any 1 < s* < o0. Further, a € L*(Q2) and Va € LP(Q2). Then, for all i,j =1,2,3
we have that —u, € L*(Q) and 0427“; € L*(Q). For s* sufficiently large, we have that p < s*.

It follows that 2]- (au;) € LP(Q2) which implies that au € W'P(Q) and therefore, au, €
W'~ #?(I'). By using Proposition 3.3.3, we have that w € W2P(Q) and 7 € W'»(Q)/R. O

Remark 4.5.4. (i) The regularity W*?(Q) when a = 0 is given in [5].
(ii) We will study later the case of strong solutions in W2?(Q) x Whr(Q) for 1 < p < 2.
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