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Abstract

We study economies where all commodities are indivisible at the individual level, but per-
fectly divisible at the aggregate level of the economy. Under the survival assumption, we show
that a competitive outcome in the discrete economy, called rationing equilibrium, converges to
a Walras equilibrium of the limit economy when the level of indivisibility becomes small. If
the survival assumption does not hold at the limit economy, then the rationing equilibrium

converges to a hierarchic equilibrium.
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1 Introduction

In this paper we investigate the asymptotic behaviour of competitive equilibria existing in economies
when discrete consumption and production sets converge to convex sets, where all goods are per-
fectly divisible. Since a Walras equilibrium may fail to exist in the case of discrete consumption
sets, we base our analysis on the framework proposed in Florig and Rivera [9], using a continuum of
agents and discrete consumption and production sets, so that goods are indivisible at the individual
level, but perfectly divisible at the aggregate level of the entire economy.! Using a parameter called

“fiat money” —whose solely role is to facilitate the exchange among individuals— and considering a

*This work was supported by FONDECYT - Chile, Project N°. 1000766-2000, and ICM Sistemas Complejos de
Ingenieria.
We thank Yves Blalasko and Carlos Herves-Beloso for helpful comments.
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!See Bobzin [4] for a survey on indivisible goods.



regularized notion of demand, existence of a competitive equilibrium notion, called rationing equi-
librium, can be established for these discrete economies. The set of rationing equilibria contains

the set of Walras equilibria.

The nature of the limit of the equilibrium sequence will depend on the assumptions imposed on
the limit economy. When the strong survival condition holds, then the limit of rationing equilibria
will be a Walras equilibrium,? and therefore the indivisibility of goods becomes indeed irrelevant
when it is small. The situation might be quite different when the initial endowment of resources
of each consumer does not belong to the interior of the respective consumption set. In such case,
the indivisibility of goods might matter, independently of how small it is. It may occur that not
all consumers have access to all goods, i.e. a good may be so expensive that some consumers who
do not own the expensive goods cannot buy a single unit by selling their entire initial endowment.
When the goods become “more divisible”, i.e. if the minimal unit per good decreases, then the

equilibrium price may react such that the situation persists.

Following Gay [10], based on a generalized concept of price, several authors have proposed
generalizations of the Walras equilibrium existing in the convex case even when the Walras equi-
librium does not exist due to a failure of the strong survival assumption (Danilov and Sotskow
[5], Marakulin [13], Mertens [14], Florig [6]).> Supported by several examples, Florig [6] proposes
an interpretation of those generalized prices in terms of small indivisibilities. In the case of linear
preferences, Florig [7] shows that a hierarchic equilibrium as proposed in [6] is the limit of stan-
dard competitive equilibria of economies with discrete consumption sets converging to the positive
orthant.*

We will show that rationing equilibria converge to a hierarchic equilibrium when the strong
survival does not hold in the limit economy. This result formalises the interpretation of hierarchic
equilibria in terms of small indivisibilities given in Florig [6]. In the absence of the strong survival
assumption we may thus be in a situation where indivisibilities matter, independently how small
the minimal tradable units of goods are. Note that a rationing equilibrium (with a positive price
of fiat money) is a Walras equilibrium, provided that the initial endowment in fiat money is dis-
persed (Florig and Rivera [9]). Therefore our result does not depend on the concept of rationing
equilibrium.

This work is organized as follows. In Section 2 we introduce some mathematical concepts
that we use throughout this paper. In Section 3 we describe the model of discrete economies
that approximate a standard economy, hence introducing a convergence concept for economies. In
Section 4 we present conditions ensuring that the limit of a sequence of rationing equilibria is a

Walras equilibrium (Proposition 4.1). In Section 5 we consider a more general framework, without

2If local non-satiation of preferences does not hold the price of fiat money may however be positive at the limit.

3When the consumption set is the positive orthant, the set of goods L is partitioned into several classes L1, ..., Lx
according to their value, with any quantity of L, goods buying infinite amounts of less valuable L,41,..., Lr goods,
buying other goods in L, at standard prices, and finally any quantity of L, goods cannot buy any positive quantity
of more valuable Li,..., L,_1 goods.

4As local satiation cannot hold in the case of discrete consumption, dividend equilibria are employed.



a strong survival condition on the limit economy. In that case the limit of a sequence of rationing

equilibrium is shown to be a hierarchic equilibrium.

2 Basic notation and preliminary concepts

In the following, 0,, is the origin of R™ and z' is the transpose of x € R™, whose Euclidean norm
is ||z||. The inner product between x, y € R™ is x -y = z'y, and the open ball with center x
and radius € > 0 is B(x,¢). For a couple of sets K1, Ko C R™ £ € R and p € R™, we denote
(K ={éx, v € K1}, p- K1 ={p-z,z € K;} and K1 £ Ko = {x1t 22,21 € K3, x2 € K3}, while the
set-difference between them is denoted Kj \ Ko. Additionally, ¢l K7, int K; and conv K denote,

respectively, the closure, interior and the convex hull of K;.

By denoting
Noo = {N CN|N\ N is finite} and N ={N C N|N is infinite},
we recall the outer limit of a sequence of subsets { K, } ey of R™ is the subset

limsupK,, = {z€R™|3INe N, 3z, € K,,, n € N, with z,, -n x}, (1)

n—o0

while the inner limit is the set

liminf K;, = {x €R™|3N € Ny, Jz, € K,,n € N, with z,, -n z}.

n—oo

We say that the sequence converges in the sense of Kuratowski — Painlevé to K C R™ if

limsup K,, = liminf K,, = K,

n—00 n—00

and we denote lim K, = K.
n—oo

Finally, given N € N¥_ and {z,}nen a sequence of elements in R™, we denote by
acc {zn}nexy = {z €R™AN' CN, N € Ni, 20— 2}

the accumulation points of {z, }nen-

3 Economic model

By abuse of notation, we denote by L = {1,..., L}, I ={1,...,1} and J = {1,...,J} the finite
sets of types of consumption goods, consumers and firms, respectively. We assume that each type

of agent ¢ € I and j € J corresponds to a continuum of identical individuals indexed by compacts



subsets T; C R and T; C R, pairwise disjoint. The set of consumers and firms is denoted by
I:UTi and J = UTJ’
icl jeJ
respectively, and the type of producer t € J is j(t) € J, while the type of consumer ¢t € Z is i(t) € I.

In the following, each firm of type j € J is characterized by a production set Y; C R%, and the
aggregate production set for firms of type j € J is the convex hull of A\(T})Y;, where A(:) is the
standard Lebesgue measure in R. A production plan for a firm ¢ € J is denoted y(t) € Y}, and

the set of admissible production plans is
Y = {yeL'(J . UjesY))|ylt) € Vjpaete T},

Each consumer of type i € I is characterized by a consumption set X; C R, an endowment of
resources e; € R and a strict preference correspondence P; : X; = X;. A consumption plan of an

individual ¢ € Z is denoted z(t) € Xi(t), and the set of admissible consumption plans is
X = {2e€LMT,Uie;Xy)|a(t) € X;pyaetecl}.

The total initial resources of the economy is e = >,; AN(T3)e; € RE, and for (i,5) € I x J,
0;; € [0,1] is the share of type i consumer’s in type j firms. As usual, we assume for every j € J,
Y ici MT;)b;; = 1. In addition, each consumer ¢ € Z is initially endowed with an amount m(t) € Ry
of fiat money, with m € L'(Z,Ry).

An economy €& is a collection

& = ((Xi, Pieier, (Yy)jer, 0i5) i jerxs ms {TiYier, {Tj }ier) (2)

and the feasible consumption-production plans of £ are the elements of

AE) = {(x,y)eXxY|/I:U(t)dt:/Jy(t)dt—l—e}.

We will now define supply, demand and the equilibrium concepts. Let p € R, ¢ € R and K is
a pointed cone® of R, whose family is denoted Cy,. Using them,

mj(p) = AM(Tj) sup p-z, Sj(p) = argmax p - z,
2€Yj z€Yj

and
oj(p, K) ={2€S;(p) |p #0L = (Y; —{z}) N K = {01} },

®We recall a cone K C R” is said to be “pointed” when —K N K = {0}




are, respectively, the profit, the Walras supply and the rationing supply of type j € J firms.%

The income of consumer t € Z is denoted by
wi(p,q) =P € + am(t) + > Oi;m5(p),
Jje€J
and the budget set is
Bi(p.q) = {¢ € Xiylp - € < wi(p, Q)},

and for which we also denote by
di(p,q) = {€ € Bi(p, )| Be(p,q) N Pyyy(€) =0}, Di(p,q) = limsup di(p',q'),
("q')— (p.2)

and

o(p,q, K) = {5 € Dyi(p,q)| (Pz'(t)(f) - {f}) - K}

the Walras, weak and rationing demand, respectively.”

Definition 3.1. Given (z,y,p,q) € A() x Rl x Ry and K € Cr, we call

(a) (x,y,p,q) a Walras equilibrium with money of € if for a.e. t € Z, x(t) € di(p,q) and for a.e.

(c) (x,y,p,q) a weak equilibrium of & if for a.e. t € I, x(t) € D(p,q) and for a.e. t € J,
y(t) € Sj)(p),

(c) (x,y,p,q,K) a rationing equilibrium of € if for a.e. t € I, x(t) € 01(p,q, K) and for a.e.
te J, y(t) € oup, K).

In order to define a sequence of discrete economies that approximates some economy &, in the
sequel we will use given sequences v, : N = N, h = 1,..., L, such that lim,,_, . v4(n) = oo, for all
h. The family of subsets {M"},en with

M = {¢=(&,....&) eRE[(ni(n)&, ... ,vp(n)ér) € ZF} , n €N, (3)

then converges in the sense of Kuratowski-Painlevé to R”.

Definition 3.2. We say that the sequence of economies {E"}pen, with

gn - ((Xinr[jin7ei)i617 (}/jn)jejv(aij)(i,j)EIXJ7m7 {E}iela{zjj}jGJ) , S N7 (4)

5The definition of the rationing supply we use here is less restrictive than in Florig and Rivera [8]. However, in
the proofs of [8] it is only the requirement as imposed here which is used.

"Using definition in (1), for t € Z, we have Di(p,q) = U lim sup d¢(pn, gn). As we will ensure that
{(pn,qn)—(p,q)} n—°

di(+) is closed valued and locally bounded, by Theorem 5.19 in Rockafellar and Wets [15], D¢(-) will be upper hemi-
continuous while d;(-) may fail to be upper hemi-continuous. See Florig and Rivera [9] for more details.




approximates the economy & if for allm e N, i € I and j € J:
(i) Y =Y, M7 £,
(i) X =X;nM"#£0,

(11i) Pl is the restriction of P; to X'

Remark 3.1. The supply, demand and equilibrium concepts above defined for economy &£ can be
readily adapted for economies £, n € N. For that it is enough to replace Y, X; and P; by Y, Xy

and P* in the corresponding definitions.
The following assumptions will be used depending on the result to be established.

Assumption C. For all (i,j) € I x J, X; and Y} are convex and compact polyhedral

sets.®

Assumption P. For alli € I, P; is irreflexive and transitive, and has an open graph

Assumption M. m : Z — R is bounded and for a.e. t € Z, m(t) > 0.

Assumption S. Foralli €1, e; € (coani — ZjeJ 0i;\(T5) coanj> )

Assumption SA. For alli € I e; € int (COHVXi — 2 jes 0iiA(T)) coanj> .
Assumption A. For alln €N, i€ [ and all j € J, X; = convX]" and Y; = convY;".

Assumption F. For all i € I and each face F of X; such that’

{ei +)_0,MT)Y; | N X, C F,
jeJ

the sequence {F N X[} nen converges in the sense of Kuratowski-Painlevé to F.

Assumption F requires that X" restricted to the affine subspace for which the interiority as-
sumption holds converges to X; restricted to that affine subspace. This will be important to ensure
that the budget set for a sequence of equilibria of the economies £" converges to a budget set of

the economy & for some limit of the price sequence considered.

The following proposition is an immediate consequence of Florig and Rivera [9]. For the proof
it is enough to check that Assumption C on the economy & implies that the consumption and
production sets of any economy of sequence {£"},cn that approximates £ are finite (i.e., the
number of its elements is finite). The proposition ensures that the sequence of equilibria for which

we study convergence do actually exist.

8That is, the convex hull of a finite number of vectors.
9For a convex compact polyhedron P C R™, a face is a set F' C P such that there exists ¢y € R™ with F =
argmax ) - P.



Proposition 3.1. Suppose £ satisfies Assumptions C, P, M and S, and let {E"}nen be a se-
quence of economies approximating £. For each n € N, there exists a rationing equilibrium

(xmyn,pnanKn), with qn > 0.

4 Convergence under the Survival Assumption

In the next proposition, the survival assumption SA plays an important role in establishing the
convergence to a Walras equilibrium. While this hypothesis is widely used, it is unrealistic, because
it states that every consumer is initially endowed with a strictly positive quantity of every existing
commodity. Typically, most consumers have a single commodity to sell (usually, their labor). In
fact, it implies that all agents have the same level of income at equilibrium in the sense that they

have all access to the same commodities.

Proposition 4.1. Suppose £ satisfies Assumptions C, P, M and SA, and let {E™}nen be a se-
quence of economies approzimating £ satisfying Assumption A. For each n € N, let (T, Yn, P, dn)
be a weak equilibrium of E™, with ¢, > 0 and || (pn,qn) ||[= 1. Then, there exists N € N, such that
the following hold:

(a) (Pn,qn) =N (P, q%),

(b) there is (z*,y*) € A(E), such that for a.e. t € I, x*(t) € acc{xy(t)}nen, and for a.e. t' € J,
y*(t') € acc{yn(t') bnen, with (z*,y*,p*,q¢*) a Walras equilibrium with fiat money for &.

Moreover, if for a.e. t € I, 2*(t) € cl Pyy)(z*(t)), then (x*,y*,p*) is a Walras equilibrium for &

Proof. First note that {£" },en approximating € implies that for all ¢ € I, X' converges to X;. By

Assumption SA, the smallest face of X; containing

{eid + ) 0,MT)Y; | N X,
Jj€J
is X;, which implies that Assumption F is satisfied. Therefore, all the assumptions of Theorem
5.1 below are satisfied. Assumption SA implies that for a hierarchic equilibrium (x,y, P, Q) with
P=1[p,....px)" € R¥L and Q = (qu,...,qu)" € Rﬁ (see definition in next section), such that
(x*,y*,p1,q1) is a Walras equilibrium with fiat money (cf Florig [6]). Moreover, if for a.e. t € Z,
x*(t) € cl Pyy)(z*(t)), then standard arguments imply that q; = 0. O

5 The general case

We now replace assumption SA by a more realistic one, i.e. we will assume that every consumer

could decide not to exchange anything. We will not assume however that he could survive for very



long without exchanging anything. In such a case the limit of a sequence of rationing equilibria will
not necessarily be a Walras equilibrium, it will be a hierarchic equilibrium, which is a competitive
equilibrium with a segmentation of individuals according to their level of wealth. When this

segmentation consists of just one group, the hierarchic equilibrium reduces to a Walras equilibrium.

In the following, vectors of RY are supposed to be columns, and for k € N, the matrix whose
columns are py,...,prx € R is denoted [p1,...,px] € REXF. Given that, a hierarchic price for
consumption goods is P = [py, ... ,pk]t € R¥*L and the hierarchic value of ¢ € R is

pg:(p1§7apk§)t€Rk

Denoting by sup,,, the supremum with respect to <., the lexicographic order'® on R”, the

hierarchic supply and the hierarchic profit of a firm of type j € J at P are
Sj(P) ={z € Y;|VZ €Y}, P2’ <iee Pz} and  m;(P) = M(T) supy, {Pz|z € Y},

respectively, and given Q € RX | the hierarchic budget set of consumer t € Z is the set

By(P,Q) = cl{ &€ Xy | PE Siea Pejiay +m(t) Q+ > Oipy;m;(P)
jeJ

Definition 5.1. A collection (z,y,P, Q) € A(E) x R**L x R¥ is a “hierarchic equilibrium” of the

economy & if:
(a) for a.e. t € T, y(t) € Sju)(P),
(b) for a.e. t € T, x(t) € By(P, Q) and Pyy(x(t)) N By(P, Q) = 0.

The number k£ in above expressions will be determined at the equilibrium. When k£ = 1 then
the hierarchic equilibrium becomes a Walras equilibrium with money. The next theorem, a gener-

alization of Proposition 4.1, is the main result of this paper. The proof is given in the Appendix.

Theorem 5.1. Suppose & satisfies Assumptions C, P, M and S, and let {E"}nen be a sequence
of economies that approrimates £ and satisfying Assumptions A and F. For each n € N, let
(Tns Yn, Py Gn) be a weak equilibrium of E", with ¢, > 0 and || (pn,qn) ||= 1. Then, there exists
a hierarchic equilibrium (z*,y*, P, Q) for economy &, with P = [p1,...,px]", @ = (q1,-..,q)",
ke {l1,...,L}, such that for some N € N the following hold:

(i) for eachn € N, p,, = Zle er(n) pr, with e,41(n)/er(n) =N 0,

(i1) for a.e. t € T, x*(t) € acc{xn(t) tnen, and for a.e. t' € T, y*(t') € acc{yn(t') }nen.

YFor (s,t) € R™ x R™, we recall s <jeq t, if s, > t,, r € {1,...,m} implies that Ip € {1,...,r — 1} such that
Sp < tp. We write s <jep t if s <jes t, but not t <jeq s.




Remark 5.1. As a rationing equilibrium is a weak equilibrium (see Definition 3.1), Theorem 5.1
remains valid when using a sequence of rationing equilibria instead of a sequence of weak equilibria

as stated.

6 Appendix

For the proof of Theorem 5.1 we need some additional definitions and technical lemmata. The

following lemma is proven in Florig and Rivera [9].
Lemma 6.1. For every sequence v : N — R™ \ {0,,} there are an integer k € {1,...,m}, N €

N, a set of two-by-two orthonormal vectors {i1,...,v¥r} € R™ and sequences e, : N — R,

re€{l,...,k}, such that the following hold:
(a) forallr € {1,...,k—1}, e,41(n)/er(n) —n 0,
(b) for alin € N, (n) = SF_ e.(n)¢,.

In the following, we say the collection {{t,e,},=1,._ %, N} is a lexicographic decomposition of
{(n)}nen , and for r € {0, ..., k} we denote

t .
\IJ(T) _ [@fl""?ﬁ‘pT] lf r> 07 (5)
(U it r=0.

Furthermore, for 2 € R™ and r > 0, we also denote WU(r)z = (¢ - 2,...,9 - 2)' € R", and for
Z CR™ weset U(r)Z ={¥(r)z|z € Z}.

The following lemmata refer to a sequence and lexicographic decomposition as in above lemma.
Parts (i) and (i) of Lemma 6.2 were proven in Florig and Rivera [9], while part (iii) is a direct

corollary of part (ii) coupled with the observation that for any ¢ € R™ and finite set of points

Z C R™, convargmax - Z = argmax ) - conv Z.

Lemma 6.2.

(i) For all z € R™ there exists n € N such that for all n > n with n € N:
U(k)z <iez O <=  ¥(n)-2z2<0.
(i) If Z CR™ is a finite set, then there exists n € N such that for all n > i with n € N:
argmax;,, V(k)Z = argmax ¢(n)-Z.

(i) If Z C R™ is a convex and compact polyhedron, then there exists n € N such that for all
n > n with n € N:

argmax;., V(k)Z = argmax ¢(n)- Z.



Both parts (i7) and (7i7) in Lemma 6.2 remain valid when replacing argmax;,, by argmin;,,,.

Lemma 6.3. Let Z C R™ be a convex and compact polyhedron, for which we define
p=max {r €{0,...,k} minge, ¥(r)Z = Opaxf1,3} and F = argmin, ¥(p)Z.

The following hold true.
(i) limsup{z € Z|¢(n) -2 <0} Ccl{z € Z|¥(k)z <iex Ox}.
n—oo
(i) Suppose that ming, V(k)Z <jex Ok, and let {Z,}nen C R™ such that

lim Z, =2 and lim (Z,NF)=ZNF.

n—oo n—o0

Then

c{z € Z|VU(k)z <jer 0} C lirr_1>inf{z € Zy,NF|p(n)-z<0}.

Proof. In the following, for any N € NX_ and n’ € N, we will use the notation N, = {n € N|n > n'}.
Part (i). Let z € argmin,,, ¥(k)Z and assume that lim sup{z € Z|¢(n)-z < 0} # (), since otherwise
n— oo

the result is trivial. Hence, for 2* in that subset, there is N € N’ and {#n}nex € Z such that
2z, —x #* and for all n € N, ¢)(n) - z, < 0. By Lemma 6.2, part (iii), there exists ny € N such that

for all n € N,,,, we have
argmin,,, V(k) Z = argminy(n) - Z.

As for all n € N, ,

P(n) 2 = ming(n) - Z < Y(n) - 2n <0,
we have by part (i) of Lemma 6.2 that U(k) z <., Of.

Let 0 = max{r €{0,...,k}|U(r)z* = OmaX{Lr}}. If U(k)z* <jer Ok, then the conclusion is
trivial. Therefore, we assume W(k)z* >, O, which implies that o < k and 9y41 - 2" = > 0.
Case 1. p < 0.

As p < 0, we have p < k, ¥(p+ 1)Z <jez 0p41 and ¥(p + 1) 2* = 0,41. Therefore, for all
€ [0, 1],

U(p+1) (nz+ (1 = p)z") <iex Opt1-
Hence ¥ (k) (uz + (1 — p)2*) <iex Ok, implying that z* € cl{z € Z | U(k)z <jer Ox}.
Case 2. p> 0.
Asp>o,forall r € {1,...,0}, ¥ - 2 =4, - 2* = 0. Then {z,z*} C argmin;,, ¥(o)Z. For

n € N we set

Y*(n) = Z er(n)tr,
r=1

10



with ¢*(n) = 0 when ¢ = 0. By part (i) in Lemma 6.2 there exists ny > ny such that for all
n € Np,,

For n € N, we set

oo, (n)

50+2(n)

an =D er(m)yr-zn and bZ:TEg

r—1 r=o+2

¢T * Zn,

with b, = 0 if ¢ + 1 = k. By the fact that {z,}, .5 remains in a compact set, there exists nz > ns
such that for all n € N,,,, on the one hand

an > Eo—l—l(n) wa—‘rl ©Zn > 50—&-1(”)57

and, on the other hand, since b,, converges to zero,
1
by € Z[_é’ J].

Therefore, for all n € Nng,

)
0> @ZJ(’I’L) ©Zp = Qp + 50’+1(n)bn > 50’+1(n)1a

contradicting § > 0, hence concluding the proof of part (7).

Part (ii). Let z € argmin;,, ¥(k)Z. By the fact that min, ¥(k)Z <jer O, we have p < k and
Vo1 -2 <0. Let ¢ € cl{z € Z|¥(k)z <ieg Or}. Then, for ¢ €]0, 1] there exists (. € B((,e/2) N Z
such that U (k)(; <jer Og. By the convexity of Z, for p €]0,e/2] it follows that

ze = (1 —p) +pz € ZNB((,e),

and then
\Ij(k)z Slex \I}(k)za Slex ‘Il(k)CE Slez Ok

The definition of p implies ¥(p)2z = Opaxf1,p) and therefore we have also

\I/(p)za = \I](p)gé = Omax{l,p}'

This coupled with the fact that p < k implies

¢p+1-2§wp+1'zséwp+1(s§0

and ¢,41-Z < 0. Since 9,41 -¢ < 0, we also have 6 = 41 - 2. < 0. Therefore V(p+1)2z. <jez 0py1.
Now, we have established that W(k)z: <jer 0, 2. € F and z. € B((, ¢).

11



Let us now consider {z, }neny € F N Z,, with z, —n z.. We observe that

k
Y(n) -z =Y er(n)thy - 20 = £p11(n) (om + Bn),
r=1

where
1 p+1 1 k
Oy = ——— er(n - zp and = — er(N)Wy - 2p,
n £p+1(n) Tzl 7’( )wr n Bn 5p+1 T;Q 7"( W n

with 8, = 0 if p+ 1 = k. Given that, for all n € N, ¥(p)2;, = Opax(1,p}, and as 3, converges to
0 and § < 0, there exists 7 such that for all n € N with n > 7, o, < §/2 and 3, < —§/4 and
therefore o, + 3, < 6/4 < 0. All of this implies that for all n € N with n > n,

P(n) - zn = €pr1(n) (an + Bn) < €pg1(n)6/4 < 0.
Therefore, for ( € cl{z € Z|¥(k)z <je; O} and € €]0, 1], we have that
ze € B((,¢) ﬂlinrr_ligf{z € Z,NF|Y(n) 2z <0},
and then, since the liminf above is a closed set,!! ¢ € linn_1>ioréf{z € Z,NF|p(n)-z<0}. O

6.1 Proof of Theorem 5.1

In the following, we use a sequence (Zy,, Yn, Pn, Gn )nen Of weak equilibria with ¢, > 0 of the economy
E™ (which exists by Proposition 3.1, considering that a rationing equilibrium is a weak equilibrium).
For economy £, the supply correspondence of type j € J firms is denoted 5’;‘(-), while By(-) and
D?(-) denote the budget and weak demand correspondences for consumer ¢ € Z.'2 We can assume
without loss of generality that for all t € Z, z,,(t) € D} (pn,qn) and all t € T, y,(t) € Sj’?(pn).l?’

The following proposition has been proven in Florig and Rivera [9].

Proposition 6.1. Let n € N, (p,q) € Rl x Ry and assume m(t) > 0, then
Di(pg) = {¢€Blp.a)|inf{p- Piy(©)} > w}(p,q), & & conv Py (€) }.

In the remaining of this paper we split the proof of theorem into six steps.

"Gee, for example, Proposition 4.4 in Rockafellar and Wets [15].
2That is, for n € N, S7(p) = argmax,cyn p-z, and denoting wyi' (p,q) =p - e;¢) + qm(t) + ZjEJ 0;(r); maxp - Y
J

and Bf(p,q) = {¢ € Xiiplp-& < wi(p, q)}, then di(p,q) = {& € B'(p,q)| Bi(p,q) N P, (&) = 0} and therefore
Di(p,q) = limsup di(p'.q).
(p"5q") = (p,a)
13Since a countable union of negligible sets is negligible, we could restrict the sequel to an appropriate subset of
full Lebesgue measure. Here, as the consumption and production sets are finite for each n € N, we could also adjust
the sequence (2n,yn) such that for all t € Z, xn(t) € Dy (pn,qn) and all t € T, yn(t) € S} (pn) while maintaining
(Tn,yn) € A(E").
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Step 1 . Hierarchic price.

Since || (pn,qn)|| = 1, n € N, from Lemma 6.1 there exist

{{(pT‘a qT‘)7 5r}r:1,_.7k, N}

a lexicographic decomposition of the sequence {¥)(n) = (pn, qn) }nen. In the sequel, without loss of

generality, we identify that subset N with N, and we denote

P:[pla"'apk]t and Q:(qlv"'aqk)ta

and for r € {1,...,k}, we set P(r) = [p1,...,p-)" and Q(r) = (qu,...,q)".
Step 2. Supply: For allt € J, limsup S;?(t) (Pn) C S (P).
n—oo

As for all j € J, by Lemma 6.2 there exists n; € N such that for all n > n;,
Sj(pn) = Sj(P) = argmax;,, PY;.

For all n € N and all j € J, convY]" =Y}, S;-’(pn) C Sj(pn) = convS;-l(pn). This implies that
for all n > n; =max{n;, j=1,...,J},and all t € J,

S¥ey(Pn) € Sjt)(P) = conviSTy) (pn),

hence concluding the proof of this Step.

Step 3. Income.
For the sequel, for all j € J, let (; € argmax;,,PY;, and for all ¢ € I, we set

Zi =¢€; + ZQU)‘(T])CJ

jeJ
By Step 2, for all t € T and all n > n, wi(pn, gn) = Pn - Zir) + @m(?)-

Step 4. Budget: For allt € Z,

lim sup Bt(pnv Qn) - Bt(P7 Q)

n—oo

Furthermore, if m(t) > 0 then
Bi(P,Q) C h,{iio%f {x € Xiylpn-z < wt(pn,qn)} .

Using z; from Step 3, the first inclusion is a straightforward consequence of part (i) of Lemma
6.3 applied to Z = (Xi(t) —zi) x {—m(t)}. Indeed, note that for all n € N, n > ny, and all
2y, (t) € Bi(pn, qn) we have ¢y, - z, < 0 with 2, = (27,(t) — 2i1), —m(t)) and Y (n) = (pn, ¢n)-

13



For the second inclusion, for ¢t € Z and n € N, we set
p=max{r € {0,...,k} | mine,P(r)X;) = Opaxf1,,1} and F = minge,P(p) X;q).-
Assumption S coupled with the observation m(t)Q >, 0 implies
minge, P((Xi) = ziry)) — m(t)Q <iez O and  m(t)Q(p) = Omax(1,p}-
Therefore, producers profit maximization and assumption S implies
{eiw } + Z Os0)3AT) Yy | 0 Xy C© F.
jed

By part (iii) of Lemma 6.2 we observe that F is a face of Xj(, and then, by Assumption F it
follows that
lim X;Et) NF = Xz(t) nF.

n—o0

By part (ii) of Lemma 6.3
By(P,Q) C hnnliogf {x € X{Et) NF|pn-(x— Zi(t)) < Qnm(t)} )

and since

lim inf {a; € XiipyNF|pn- (= zip)) < qnm(t)} C liminf {:1; € Xily|pn-z < fwt(pn,qn)}

n—00 n—0o0
the second inclusion holds true.

Step 5. Demand: For allt € T with m(t) > 0 and all *(t) € acc{z,(t)}nen we have
Py (x*(t)) N B(P, Q) = 0.

Let ¢ € T such that m(t) > 0 and choose N(t) € Ni, such that () —n) 2*(t) and for all
n € N(t), n > n;y. By contraposition, assume that there is £ € Py (2*(t)) N By(P, Q).

By Step 5, there exists n; > ny and &, —n & such that for all n > n; with n € N,
Pn - (§n — ziw) — @um(t) <0 and &, € X{Et).
As the graph of P is open, there exists 7ia > 71 such that for all n > ny with n € N,
P (&n = 2iry)) — gnm(t) <0 and & € Xy N Py (z7(¢)),
and again as the graph of P is open, we can choose ng > 72 such that for all n > ng with
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n € N(t),

Pn - (fn - Zi(t)) - Qnm(t) <0 and gn € Pz?zt) (xn(t))

As g,m(t) > 0, the last fact contradicts x,(t) € D (pn,q,) for all n > ng with n € N(t) (see

Proposition 6.1).

Step 6. Equilibrium allocation.

Using Fatou’s lemma in Artstein [2], there exists (z*,y*) € A(E) such that for a.e. ¢t € Z and
a.e. t' € J, 2*(t) € acc{x,(t) }nen and y*(t') € acc{yn(t')}nen. By Step 2, for a.e. t € T, y*(t) €

S (P), and by Steps 4 and 5, for a.e. t € Z, z*(t) € By(P, Q) and Py (z*(t)) N By(P, Q) = 0.
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