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Resumen

En esta tesis doctoral se estudian algoritmos para resolver problemas de optimización con-
vexa con estructura separable, y problemas de equilibrio económico de Walras. Así, la tesis
se divide en dos partes. La primera parte corresponde al estudio teórico y numérico de un
método de direcciones alternantes de multiplicadores el cual usa un término proximal interior.
La segunda parte está dedicada al estudio numérico de algoritmos de segundo orden para
resolver problemas de maximización de utilidades que aparecen en problemas de equilibrio
en economía.

En el primer capítulo se hace una revisión de algunos métodos de descomposición basados
en el Lagrangeano aumentado. Luego, se hace una revisión de la definición y propiedades de
las distancias proximales generalizadas.

En el segundo capítulo, se prueba la convergencia global del método propuesto bajo
supuestos estándares. Este método es llamado Método de Direcciones Alternantes con Reg-
ularización Proximal Interior (RIPADM).

En el tercer capítulo, se establece la convergencia global de una variante del método RI-
PADM la cual añade un factor de relajación a la regla de actualización del multiplicador de
Lagrange.

En el cuarto capítulo, se implementa computacionalmente en Matlab, el método RI-
PADM, el ADM original y el método proximal de multiplicadores (PMM) para resolver el
problema LASSO restringido y un problema de máquinas de soporte vectorial. En la imple-
mentación computacional del método RIPADM se usa la distancia proximal Log-quad, y la
distancia Kullback-Leibler.

En el quinto capítulo, se describe el modelo de intercambio puro de Arrow-Debreau, y se
hace una revisión de un método recientemente propuesto para resolver problemas de equilib-
rio económico de Walras.

En el sexto capítulo, se implementa computacionalmente el método punto-interior primal-
dual (PDIPM) y el método gradiente proyectado con aceleración (AGPM) para resolver prob-
lemas de maximización de utilidades que aparecen en problemas de equilibrio en economía.
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Abstract

This thesis deals with algorithms for solving convex optimization problems with separable
structure, and Walras economic equilibrium problems. So the thesis is divided into two parts.
The first part corresponds to a theoretical and numerical study of an alternating direction
method of multipliers which uses an inner proximal term. The second one is focused on
numerical study of algorithms for solving utility maximization problems that arise in equi-
librium problems in economic.

The first chapter includes a review of some decomposition methods based on the aug-
mented Lagrangian. Then, the definition and properties of generalized proximal distances
are given.

In the second chapter, the global convergence of the proposed method is proved. This
method is called Alternating Direction Method with Interior Proximal Regularization (RI-
PADM).

The third chapter contains the proof of the global convergence of a variant of the RI-
PADM method which adds a relaxation factor in the update rule of Lagrange multiplier.

The fourth chapter corresponds to the computational implementation in Matlab of the
RIPADM method, the original ADM and proximal method of multipliers (PMM), to solve
the LASSO problem and a support vector machine problem. In the computational imple-
mentation of the RIPADM method it is used the Log-quad distance, and also is used the
Kullback-Leibler distance which is a Bregman distance.

The fifth chapter includes a description of the pure exchange model of Arrow-Debreau,
and a review of a recently proposed method to solve Walras economic equilibrium problems.

The sixth chapter corresponds to the computational implementation of primal-dual interior-
point method (PDIPM) and the projected gradient method with acceleration (AGPM) for
solving utility maximization problems that appear in Walras economic equilibrium problems.
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Introduction

This thesis contains a study of some algorithms and computational techniques for solving

certain convex optimization and economic equilibrium problems. With each of these classes

of problems, both in optimization and economy, it is possible to associate a bivariate function,

or briefly bifunction, which allows to characterize the solutions and provides a general frame-

work to develop numerical methods. In fact, a Lagrangian function can be associated with

a given convex optimization problem, whose saddle points are primal-dual solutions of the

problem. On the other hand, a Walrasian function can be associated with a Walras economic

equilibrium problem whose maxinf-points provide the equilibrium prices. These bifunctions

can be used to build approaches that consist of steps or phases where an augmented bi-

function is minimized (primal step) and, then this augmented bifunction is maximized (dual

step). Such generic schemes are the base on which some numerical approximation algorithms

can be developed and implemented computationally.

To get effective as well as efficient methods, it is key to exploit the underlying structure of

the specific problems one is dealing with, but also to consider the properties of the data with

a special focus on function regularity (differentiability). Indeed, some problems requiere to

develop non-smooth techniques as the so-called proximal methods, while for other problems

the more suitable choice is a variant of a second-order method as Newton’s. In any case, the

best computational performance that one can expect depends on the class of problems the

corresponding algorithms have been developed for.
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2 Introduction

This thesis is divided into two parts. The first part is devoted to a theoretical and numer-

ical study of a special class of algorithms for solving non-smooth convex optimization prob-

lems with separable structure. Specifically, in this part a variant of the alternating direction

method of multipliers (ADM) is proposed, which adds (generalized) proximal regularization

terms to an augmented Lagrangian function in order to deal with the primal subproblems of

the ADM. The proposed algorithm is called regularized interior proximal alternating direc-

tion method (RIPADM). The analysis is focused on general conditions ensuring the global

convergence of the method for non-smooth objective functions. Some accelerating techniques

are also discussed, as the introduction of a relaxation parameter. This is supplemented with

a complete computational implementation and numerical performance study, with some ap-

plications in statistics and machine learning that can be formulated as (non-smooth) convex

optimization problems.

The second part of this thesis is devoted to a numerical study of algorithms and tech-

niques for solving a particular class of subproblems that appear in a pure exchange model or,

equivalently, a Walras barter problem. Each agent involved in the economy seeks to maximize

its profits, which leads to solving a concave constrained optimization problem which is called

the agent’s problem. In this part, we conduct a study of different computational algorithms

that solve the problem of utility of the agents who participate in a pure exchange economy,

with the aim of contributing to the computational implementation of efficient algorithms for

finding max-inf points of a Walrasian function, and thus to find the equilibrium price of the

corresponding economy. We explore some second- order alternatives, all of them effective to

solve the problem.

More precisely, the first part of the thesis consists of four chapters whose common thread is

the RIPADM method which combines the ADM method with generalized proximal distances.

Because of the latter, the first part of the thesis begins with a review of some decomposition

methods and proximal distances. After this, the convergence analysis of RIPADM method

is presented which is to demonstrate that primal-dual sequence generated by this method
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converges to a saddle point of the Lagrangian function associated with the problem under

study. Subsequently, a relaxation factor is added to the RIPADM method and convergence

of this relaxed method is demonstrated. To end the first, three problems in statistical and

machine learning are presented, and computational results of some methods based on the

augmented Lagrangian are compared.

In Chapter 1, two important subjects for the development of our study is presented:

decomposition methods for convex optimization problems with separable structure, and gen-

eralized proximal distances. In the first issue, we explain the origin of the alternating direc-

tion method, and show some variants of this method. Moreover, we show a decomposition

method proposed by Chen and Teboulle which uses a separation strategy of the augmented

Lagrangian that is different from the strategy of ADM, and we refer to some recent studies

based on this proposal. The second issue deals with generalized proximal distances which

play the role of interior penalty functions.

In Chapter 2, the RIPADM method is presented in detail. This method solves a separable

convex minimization problem where the feasible set is composed of linear constraints and one

of the primal variables belonging to a closed nonempty convex set. The proposed decom-

position method takes care of the last constraint adding a non-quadratic proximal term to

the augmented Lagrangian of the problem under study. The RIPADM method works with

different proximal distances, such as Bregman distances, homogeneous second order kernels

and double regularization. Furthermore, in this chapter we prove the global convergence of

the proposed method under standard assumptions.

In Chapter 3, the RIPADM method is modified slightly modify by adding a relaxation

factor in the update rule of Lagrange multiplier. The relaxation factor plays a key role be-

cause numerical experiments show that this factor can accelerate the convergence of ADM

methods. So, in this chapter we prove the global convergence of RIPADM when the relax-

ation factor takes values within a restricted range.



4 Introduction

In Chapter 4, three new applications arising in statistics and machine learning are studied.

The first application is the constrained LASSO problem, the second one is the constrained

LASSO with a cost function and the third ones is the twin support vector machine problem

(TWSVM). This chapter consists of four sections. The firt section is the introduction of

the chapter. In the second section, each application is solved via three methods which are

based on augmented Lagrangian: the RIPADM method, the original ADM and the proximal

method of multipliers (PMM). Note that the ADM and RIPADM methods are decomposition

methods, but PMM it is not. In the third section, the constrained LASSO and TWSVM

problems are considered. Here, RIPADM and ADM methods with relaxation factor are ap-

plied to these two problems. In the second and third section of this chapter, the RIPADM

method uses a Log-quad proximal distance. However, in the fourth section, the RIPADM

method using a Bregman distance is analyzed, and the algorithm associated with this method

is applied to the three problems discussed in this chapter.

The second part of the thesis consists of two chapters.

Chapter 5 begins with an introduction where some work on existence and calculation

of economic equilibrium prices are mentioned. Continues with a description of the pure

exchange model, ending with a review of a recently proposed method to solve equilibrium

problems which is based on an augmented Walrasian technique and a lopsided convergence

approximation procedure.

Chapter 6 begins with a description of two methods to solve the agent’s problem: prima-

dual interior-point method and projected gradient method with acceleration. Note that the

primal-dual interior-point method and the projected gradient method with acceleration are

methods exist in the literature. To conclude this chapter, the two methods mentioned above

are applied to two utility functions frequently used in economics: Constant Elasticity of Sub-

titution (CES) function and Cobb-Douglas function.
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Chapter 1

Preliminaries on proximal algorithms

and generalized distances

1.1 Introduction

Consider the equality-constrained convex optimization problem:

minimize f(x) (1.1)

subject to Ax = b

where f : Rn → R ∪ {+∞} is a proper closed convex function, and A ∈ Rm×n and b ∈ Rm

are problem data. The augmented Lagrangian for (1.1) is

Lλ(x, y) = f(x) + 〈y, Ax− b〉+ (λ/2)‖Ax− b‖2, (1.2)

where λ > 0 is given and it is called the penalty parameter.

An important method to solve the problem (1.1) is the the method of multipliers or

augmented Lagrangian method. Augmented Lagrangians and the method of multipliers for

constrained optimization were first proposed in the late 1960s by Hestenes [53, 84] and Powell

7



8 Chapter 1. Preliminaries on proximal algorithms and generalized distances

[42]. In [68], Rockafellar showed that the method of multipliers is obtained by applying the

proximal point algorithm to the dual of (1.1).

Given yk ∈ Rm and λ > 0, the method of multipliers consists of the following steps:

xk+1 = argmin
x

Lλ(x, y
k) (1.3)

yk+1 = yk + λ(Axk+1 − b).

Below we give a general description that justifies the steps of the method of multipliers.

The augmented Lagrangian (1.2) can be viewed as the (unaugmented) Lagrangian associated

with the problem

minimize f(x) + (λ/2)‖Ax− b‖2 (1.4)

subject to Ax = b.

This problem is clearly equivalent to the original problem (1.1), since the term added to the

function f is zero for any feasible point x ∈ Rn . The dual function for (1.4) is

gλ(y) = inf
x
Lλ(x, y) = −h∗(−ATy)− bTy,

where

h(x) = f(x) +
λ

2
‖Ax− b‖2,

and y ∈ Rm is the dual variable or Lagrange multiplier. Then the dual problem of (1.4) is

maximizey gλ(y). (1.5)

Suppose that gλ is a differentiable function, we solve the dual problem (1.5) using the gradient

method, that is, given λ > 0 and yk ∈ Rm the next iteration is obtained by the formula:

yk+1 = yk + λ∇gλ(yk).
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Assuming that f is closed, the gradient ∇gλ(y) can be evaluated as follows:

∇gλ(y) = Ax+ − b,

where

x+ = ∇h∗(−ATy) = argmin
x

Lλ(x, y).

This gave rise to the method of multipliers (1.3). One benefit of including the penalty

term (λ/2)‖Ax−b‖2 in the problem (1.4) is that the method of multipliers converges without

assumptions like strict convexity or finiteness of f (see [13]).

Another method to solve the problem (1.1) is the proximal method of multipliers (PMM)

which is similar to the method multipliers (1.3) but it adds a quadratic proximal term to the

minimization problem for x, that is, given (xk, yk) ∈ Rn × Rm and λ > 0, the next iteration

(xk+1, yk+1) is generated by the steps:

xk+1 = argmin
x

Lλ(x, y
k) +

1

2λ
‖x− xk‖2 (1.6)

yk+1 = yk + λ(Axk+1 − b).

The proximal method of multipliers is globally convergent under convexity of the objec-

tive function and existence of saddle points (see [68]). Moreover, Rockafellar [68] proved that

the proximal method of multipliers is obtained by applying the proximal point algorithm to

the primal-dual formulation of (1.1).

On the other hand, the primal variable in the problem (1.1) may be subject to other

constraints such as belonging to the nonnegative orthant in Rn. This results in a convex

optimization problem of the form:

min
x

{
f(x) | x ∈ C

}
, (1.7)
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where C denotes the closure of C ⊂ Rn, an open nonempty convex set, and f : Rn →

R ∪ {+∞} is a proper closed convex function.

There are several works in which methods to solve the problem (1.7) are proposed. These

methods combine the proximal point algorithm [69] and non-quadratic proximal distances.

For example, proximal methods using Bregman distances (see, e.g.,[20], [32]) or based on

second order homogeneous kernels (see, e.g., [10], [9]). In [8], Auslender and Teboulle pro-

posed a general scheme called interior proximal algorithm (IPA) which unifies several interior

proximal methods, and they proved the convergence of this method.

Some problems that appear in several applied areas can be posed in the framework of

convex optimization but are more structured than (1.1) and (1.7). In particular, we are in-

terested in the case that the objective function is separable with respect to a splitting of the

primal variable into subvectors, that is, the variable of the above problems, called x, has been

split into two parts, called x and z, with the objective function separable across this splitting.

In this thesis, we are interested in developing methods of decomposition, alternating and

proximal, to solve a convex optimization problem with the following generic structure:

(P ) min
x,z

{
f(x) + g(z) | Ax+Bz = b, x ∈ C

}
,

with variables x ∈ Rn and z ∈ Rm, where A ∈ Rp×n, B ∈ Rp×m and b ∈ Rp are problem data.

Here C denotes the closure of C ⊂ Rn, an open nonempty convex set. We will assume that

f and g are proper closed convex functions. For solving the separable convex problem (P ),

we will propose decomposition methods based on the method of multipliers, and the interior

proximal algorithm (approaches described above).

To achieve the aim previously indicated, it is required to introduce some basic terminology,

give some definitions and recall certain fundamental properties, which will be presented



1.2. Decomposition methods 11

in the following sections. In Section 1.2, we will review the alternating direction method

of multipliers and other decomposition methods that solve convex optimization problems

with separable structure. In Section 1.3, we will give the definition of generalized proximal

distances, recall some properties of these functions and give some examples. In addition, we

will give the definition of induced proximal distances which is key to analyze the convergence

of proximal methods.

1.2 Decomposition methods

1.2.1 Alternating direction method of multipliers

Consider the following convex minimization problem with separable structure:

minimize f(x) + g(z) (1.8)

subject to Ax+Bz = b

where f : Rn → R ∪ {+∞} and g : Rm → R ∪ {+∞} are closed convex proper functions,

A ∈ Rp×n and B ∈ Rp×m are real matrices, and b ∈ Rp is a given vector. The classical

Lagrangian function of the problem (1.8) is:

L(x, z, y) = f(x) + g(z) + 〈y, Ax+Bz − b〉, (1.9)

and then its augmented Lagrangian function is:

Lλ(x, z, y) = L(x, z, y) + (λ/2)‖Ax+Bz − b‖2. (1.10)

The method of multipliers (1.3) applied to the problem (1.8) has the form

(xk+1, zk+1) = argmin
x,z

Lλ(x, z, y
k) (1.11)

yk+1 = yk + λ(Axk+1 +Bzk+1 − b). (1.12)
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In the step (1.11), the augmented Lagrangian Lλ is minimized jointly with respect to the

two primal variables x and z. We can realize that these variables are coupled in the quadratic

term ‖Ax+Bz− b‖2 of the augmented Lagrangian Lλ which prevents that the minimization

subproblem (1.11) is divided into two separate problems. This means that basic method of

multipliers cannot be used for decomposition. We will see how to address this issue next.

The alternating direction method of multipliers (ADM) consists in alternating the mini-

mization of the augmented Lagrangian Lλ (1.10) with respect to x and z, and then updating

the multiplier y, which accounts for the term alternating direction. That is, given a couple

(zk, yk) ∈ Rm × Rp and a positive scalar λ > 0, the ADM consits of the following iterations:

xk+1 = argmin
x

Lλ(x, z
k, yk),

zk+1 = argmin
z

Lλ(x
k+1, z, yk), (1.13)

yk+1 = yk + λ(Axk+1 +Bzk+1 − b),

An important feature of ADM is that functions f and g are treated individually; thus the

decomposed subproblems in (1.13) might be significantly easier than the original problem

(1.8). Recently, the ADM has received wide attention from a broad spectrum of areas be-

cause of its easy implementation and impressive efficiency. We refer to [16, 48] for excellent

review papers for the history and applications of ADM.

Assuming that the Lagrangian function L (1.9) has a saddle point (x∗, z∗, y∗), the sequence

{(xk, zk, yk)} ⊂ Rn × Rm × Rp generated by the ADM satisfies the following convergence

properties:

• Residual convergence. Axk + Bzk − b → 0 as k → ∞, i.e., the iterates approach

feasibility.

• Objective convergence. f(xk) + g(zk) → f(x∗) + g(z∗) as k → ∞, i.e., the objective

function of the iterates approaches the optimal value.
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• Dual variable convergence. yk → y∗ as k →∞, where y∗ is a dual optimal point.

Note that xk and zk need not converge to optimal values, although such results can be

shown under additional assumptions on the data.

The alternating direction method was originally proposed in the mid-1970s by Glowinski

and Marroco [49], and Gabay and Mercier [46]. Gabay [43] showed that the alternating direc-

tion method of multipliers (ADM) is a special case of the Douglas-Rachford splitting method

for finding a zero of the sum of two monotone operators. Later, Eckstein and Bertsekas [35]

showed that the Douglas-Rachford splitting method is a special case of the proximal point

algorithm (PPA). Therefore, applications of Douglas-Rachford splitting, such as the ADM

for convex programming decomposition, are also special cases of the proximal point algorithm.

Proximal Alternating Direction Method of Multipliers

The proximal alternating direction method of multipliers is a decomposition method which

consists in regularizing the ADM subproblems with proximal terms. The current literature

is dominated by the utilization of quadratic proximal regularization to ensure a more stable

and attractive numerical performance (see, e.g.,[51], [34]). For solving the separable convex

optimization problem (1.8), the alternating direction method of multipliers with quadratic

proximal regularization needs to solve the following subproblems to generate a new iteration:

xk+1 = argmin
x

Lλ(x, z
k, yk) +

1

2λ
‖x− xk‖2,

zk+1 = argmin
z

Lλ(x
k+1, z, yk) +

1

2λ
‖z − zk‖2,

yk+1 = yk + λ(Axk+1 +Bzk+1 − b).

On the other hand, Yuan and Li [83] applied the logarithmic-quadratic proximal (LQP)

terms to regularize the ADM subproblems, so they developed an LQP-based decomposition
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method for solving a class of variational inequalities and proved the global convergence of

the method under standard assumptions. In [65], Li et al. study the inexact version of

the ADM with the logarithmic-quadratic proximal regularization, and they prove the global

convergence and establish worst-case convergence rates for the derived inexact algorithms.

1.2.2 Predictor corrector proximal multiplier method and some its

variants

In [23], Chen and Teboulle proposed a decomposition method for solving convex programming

problems with separable structure which is called predictor corrector proximal multiplier

method (PCPM). They studied the problem (1.8) with B = −I and b = 0 (I is the m ×m

identity matrix), that is,

minimize f(x) + g(z) (1.14)

subject to Ax = z

Given a starting point (x0, y0, z0) ∈ Rn × Rm × Rm, the PCPM method applied to the

problem (1.14) consists of the following steps:

Step 1. Compute

pk+1 = yk + λk(Ax
k − zk).

Step 2. Solve

xk+1 = Argmin
x∈Rn

f(x) + 〈pk+1, Ax〉+
1

2λk
‖x− xk‖2,

zk+1 = Argmin
z∈Rm

g(z)− 〈pk+1, z〉+
1

2λk
‖z − zk‖2.
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Step 3. Compute

yk+1 = yk + λk(Ax
k+1 − zk+1).

Here, {λk} is a sequence of positive scalars.

ADM and PCPM are different decomposition methods. On one hand, the ADM method

is based on method of multipliers, and the PCPM in the proximal method of multipliers.

On the other hand, the ADM achieves separation of augmented Lagrangian of the problem

under study via alternating the primal variables, whereas the PCPM method linearizes the

coupling quadratic term of the augmented Lagrangian at the current k-iterate.

The augmented Lagrangian associated with the problem (1.14) is:

Lλ(x, z, y) = f(x) + g(z) + 〈y, Ax− z〉+
λ

2
‖Ax− z‖2. (1.15)

The proximal method of multipliers (1.6) for solving the problem (1.14) reads as

(xk+1, zk+1) = argmin
x,z

Lλk(x, z, y
k) +

1

2λk
(‖x− xk‖2 + ‖z − zk‖2), (1.16)

yk+1 = yk + λk(Ax
k+1 − zk+1). (1.17)

A main disadvantage of this method when used in the context of separable problems like

(1.14) is the presence of the coupling quadratic term ‖Ax−z‖2 in the augmented Lagrangian

Lλk(x, z, y
k), which destroys the given separability and thus prevents to minimize separately

the augmented Lagrangian Lλk(x, z, y
k) in x and z. To overcome this difficulty, Chen and

Teboulle proposed a linearization of the coupling quadratic term in Lλk(x, z, yk) at the iterate

(xk, zk).

Set u(x, z) = λk
2
‖Ax−z‖2. Chen and Teboulle applied to (1.16) the following linearization

strategy:
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(xk+1, zk+1) ≈ argmin
x,z

f(x)+g(z)+〈yk, Ax−z〉+∇u(xk, zk)T (x, z)+
1

2λk
(‖x−xk‖2+‖z−zk‖2),

(1.18)

where

∇u(xk, zk)T = (λkA
T (Axk − zk),−λk(Axk − zk)).

Rearranging the equation (1.18), we get:

(xk+1, zk+1) ≈ argmin
x,z

f(x)+g(z)+ 〈yk+λk(Ax
k−zk), Ax−z〉+ 1

2λk
(‖x−xk‖2 +‖z−zk‖2),

(1.19)

Defining

pk+1 = yk + λk(Ax
k − zk),

we can see that (1.19) is equivalent to the step 2 of the PCPM method. Moreover, Chen

and Teboulle prove that the PCPM method is globally convergent and at a linear rate. The

assumptions used by them to obtain the linear rate were suggested by the work of Rochafellar

[68] to derive the rate of convergence of the proximal method of multipliers.

Other decomposition methods are based on the PCPM method but its subproblems are

regularized with generalized proximal terms (see sections 1.2 and 1.3). For example, Kyono

and Fukushima [62] proposed a decomposition method which blends the PCPM method and

the proximal point algorithm using Bregman distances. Other example, in [6] Auslender and

Teboulle proposed a decomposition method for solving variational inequalities and convex

optimization problems. The scheme combines the logarithmic-quadratic proximal theory,

introduced by them in [10], with the Chen-Teboulle method, and so the method is called en-

tropic proximal decomposition method (EPDM). The following convex optimization problem
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was considered in [6]:

min {f(x) + g(z) | Ax+Bz = b, x ∈ Rn
+, z ∈ Rm},

and, in this special case, the EPDM algorithm reduces to:

EPDM Algorithm. Start with an initial arbitrary triple (x0, z0, y0) ∈ Rn
++ ×Rm ×Rp,

and given a positive parameter λk, the EPDM generates the sequence {(xk, zk, yk)} ⊂

Rn
++ × Rm × Rp by the following steps:

Step 1. Compute

pk+1 = yk + (2θ)−1λk(Ax
k +Bzk − b).

Step 2. Solve

xk+1 = Argmin
x≥0

f(x) + 〈pk+1, Ax〉+ λ−1
k dϕ(x, xk),

zk+1 = Argmin
z∈Rm

g(z) + 〈pk+1, Bz〉+ θλ−1
k ‖z − z

k‖2.

Step 3. Compute

yk+1 = yk + (2θ)−1λk(Ax
k+1 +Bzk+1 − b).

Here, the function dϕ is the logarithmic-quadratic proximal distance (1.38). Under the

only assumption that the primal-dual problem have nonempty solution set, global conver-

gence of the primal-dual sequences produced by the EPDM method is established.

It is important to note that the linearization strategy of the augmented Lagrangian seeks

to obtain decomposition methods with simplified subproblems, that is, subproblems that

have closed-form solutions or are easier to solve. The combination of decomposition methods

based on the augmented Lagrangian method with linearization has resulted in some work

such as the split inexact Uzawa method [38], some methods for image reconstruction problems

[85] and for Dantzing Selector model [81].
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Remark 1.1. Another interesting algorithm for convex problems was proposed by Chambolle

and Pock [21]. They studied a first-order primal-dual algorithm for convex optimization

problems with known saddle-point structure and proved convergence to a saddle-point in

finite dimensions. They further showed accelerations of the proposed algorithm to yield

optimal rates on easier problems.

1.3 Generalized proximal distances

1.3.1 Definition and main properties

Remember the convex optimization problem (1.7) (see [17]) given in the introduction of this

chapter:

min
x

{
f(x) | x ∈ C

}
,

where C denotes the closure of C ⊂ Rn, an open nonempty convex set.

Definition 1.2. [8, Definition 2.1] A function d : Rn×Rn → R+∪{+∞} is called a proximal

distance with respect to an open nonempty convex set C ⊂ Rn if for each v ∈ C we have the

following properties:

(d1) d(·, v) is proper, closed, convex and continuously differentiable on C;

(d2) dom d(·, v) ⊂ C and dom ∂1d(·, v) = C, where ∂1d(·, v) denotes the subgradient map of

the function d(·, v) with respect to the first variable;

(d3) d(·, v) is level bounded on Rn, i.e., lim‖u‖→∞ d(u, v) = +∞;

(d4) d(v, v) = 0.

We denote by D(C) the family of functions d satisfying Definition 1.2.
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An proximal iterative scheme given by Auslender and Teboulle [8] to solve the problem

(1.7) is as follows:

xk+1 ∈ argmin
x∈C

λkf(x) + d(x, xk), (1.20)

where d is a proximal distance with respect to C, and λk > 0 is a positive scalar.

Proposition 1.3. [8, Proposition 2.1] Let F : Rn → R ∪ {+∞} be a proper, closed and

convex function. Suppose that F∗ = infu∈C F (u) > −∞ and domF ∩ C 6= ∅. Let d ∈ D(C),

and for all v ∈ C consider the optimization problem

(P (v)) F∗(v) = inf
u∈C

F (u) + d(u, v).

Then the optimal set S(v) of P (v) is nonempty and compact, and for each ε ≥ 0 there exist

u(v) ∈ C, g ∈ ∂εF (u(v)) such that

g +∇1d(u(v), v) = 0,

where ∂εF (u(v)) denotes the ε-subdifferential of F at u(v). For such a u(v) ∈ C we have

F (u(v)) + d(u(v), v) ≤ F∗(v) + ε.

Thanks to the above proposition, the following algorithm proposed in [8] is well defined.

Interior Proximal Algorithm (IPA)

Given d ∈ D(C), start with a point x0 ∈ C, and for k = 1, 2, ... with λk > 0, εk ≥ 0, generate

a sequence

{xk} ∈ C with gk ∈ ∂εkf(xk) (1.21)

such that

λkg
k +∇1d(xk, xk−1) = 0. (1.22)
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1.3.2 Compatible proximal pairs and convergence of proximal meth-

ods

We associate with d ∈ D(C) a corresponding induced proximal distance H satisfying some

desirable properties needed to analyze proximal-type methods. Next, we present a variant

of the definition of induced proximal distance introduced by Auslender and Teboulle [8,

Definition 2.2].

Definition 1.4. Given an open nonempty convex set C ⊂ Rn and d ∈ D(C), we say that

(d,H) is a compatible proximal pair associated with C if H : Rn×Rn → R+∪{∞} is a finite

valued function on C × C and for each a, b ∈ C satisfies:

(i) H(a, a) = 0;

(ii) 〈c− b,∇1d(b, a)〉 ≤ H(c, a)−H(c, b)− κH(b, a), ∀c ∈ C, and some fixed κ > 0;

(iii) For all c ∈ C, H(c, ·) is level bounded on C.

We write (d,H) ∈ F(C) when a triple [C, d,H] satisfies the premises of Definition 1.4.

We also denote (d,H) ∈ F(C) if there exists H which is finite valued on C ×C satisfying (i)

and (ii) with κ = 0, for each c ∈ C.

The motivation behind the construction of compatible proximal pair (d,H) is not as

misterious as it might look at first sight. Indeed, notice that the classical proximal algorithm

(PA), which corresponds to the special case C = C = Rn, d = 2−1‖x− y‖2 and the induced

proximal distance H being exactly d, clearly satisfies (ii) of the Definition 1.4, thanks to the

well-known identity:

‖z − x‖2 = ‖z − y‖2 + ‖y − x‖2 + 2〈z − y, y − x〉.

The requested properties for the function H emerge naturally from the analysis of the clas-

sical PA and later extended for various specific classes of IPA.
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Next, we present the theorem of convergence in limit points of the produced sequence by

IPA given in [8], and we include the proof for completeness. To derive the global convergence

of the sequence to an optimal solution of the problem (1.7), Auslender and Teboulle needed

additional assumptions on the induced proximal distance H, akin to the properties of norms.

These additional properties and the global convergence theorem will be presented later.

Lemma 1.5. [67] Let {νk}, {γk} and {βk} be nonnegative sequences of real numbers satisfying

νk+1 ≤ (1 + γk)νk + βk and such that
∑∞

k=1 βk <∞,
∑∞

k=1 γk <∞. Then, the sequence {νk}

converges.

Lemma 1.6. [67] Let {λk} be a sequence of positive numbers, {ak} a sequence of real num-

bers, and bn = σ−1
n

∑n
k=1 λkak, where

∑n
k=1 λk. If σn →∞,

(i) lim inf an ≤ lim inf bn ≤ lim sup bn ≤ lim sup an,

(ii) lim bn = a whenever lim an = a.

Theorem 1.7. [8, Theorem 2.1] Let (d,H) ∈ F(C) and let {xk} the sequence generated by

IPA. Set σn =
∑n

k=1 λk. Then the following hold:

(i) f(xn)− f(x) ≤ σ−1
n H(x, x0) + σ−1

n

∑n
k=1 σkεk, ∀x ∈ C.

(ii) If limσn = +∞ and εk → 0 then lim inf f(xn) = f∗, and the sequence {f(xk)} converges

to f∗ whenever
∑∞

k=1 εk <∞.

(iii) Furthermore, suppose the optimal set X∗ of the problem (1.7) is nonempty, and consider

the following cases:

(a) X∗ is bounded,

(b)
∑∞

k=1 λkεk <∞ and (d,H) ∈ F(C).

Then, under either (a) or (b), the sequence {xk} is bounded with all its limit points in

X∗.
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Proof. (i) From (1.22), since gk ∈ ∂εkf(xk) we have:

λk(f(xk)− f(x)) ≤ 〈x− xk,∇1d(xk, xk−1)〉+ λkεk, ∀x ∈ C. (1.23)

Using (ii) of the definition 1.4 at the points c = x, a = xk−1, b = xk and with κ = 0,

the above inequality implies that

λk(f(xk)− f(x)) ≤ H(x, xk−1)−H(x, xk) + λkεk, ∀x ∈ C. (1.24)

Summing over k = 1, ..., n we obtain:

− σnf(x) +
n∑
k=1

λkf(xk) ≤ H(x, x0)−H(x, xn) +
n∑
k=1

λkεk. (1.25)

Now setting x = xk−1 in (1.24), we obtain

f(xk)− f(xk−1) ≤ εk. (1.26)

Multiplying the latter inequality by σk−1 (with σ0 ≡ 0) and summing over k = 1, ..., n,

we obtain, after some algebra,

σnf(xn)−
n∑
k=1

λkf(xk) ≤
n∑
k=1

σk−1εk. (1.27)

Adding this inequality to (1.25) and recalling that λk + σk−1 = σk, it follows that

f(xn)− f(x) ≤ σ−1
n [H(x, x0)−H(x, xn)] + σ−1

n

n∑
k=1

σkεk ∀x ∈ C, (1.28)

proving (i), since H(·, ·) ≥ 0.

(ii) If σn → +∞ and εk → 0, then dividing (1.25) by σn and invoking Lemma 1.6 (i), we
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obtain from (1.25) that

lim inf f(xn) ≤ inf{f(x)|x ∈ C},

which together with

inf{f(x)|x ∈ C} ≤ f(xn)

implies that

lim inf f(xn) = inf{f(x)|x ∈ C} = f∗.

From (1.26) we have

0 ≤ f(xk)− f∗ ≤ f(xk−1)− f∗ + εk.

Then using Lemma 1.5 it follows that the sequence {f(xk)} converges to f∗ whenever∑∞
k=1 εk <∞.

(iii) Case (a): If X∗ is bounded, then f is level bounded over C, and since the sequence

{f(xk)} converges to f∗, it follows that the sequence {xk} is bounded. Since f is closed,

passing to the limit, and recalling that {xk} ⊂ C, it follows that each limit point is an

optimal solution.

Case (b): Here, we suppose that
∑∞

k=1 λkεk <∞ and that (d,H) ∈ F(C). Then (1.24)

holds for each x ∈ C, and in particular for x ∈ X∗, so that

H(x, xk) ≤ H(x, xk−1) + λkεk ∀x ∈ X∗. (1.29)

Summing over k = 1, ..., n, we obtain

H(x, xn) ≤ H(x, x0) +
∞∑
k=1

λkεk.

But, since in this case H(x, ·) is level bounded, the last inequality implies that the

sequence {xk} is bounded, and thus as in Case (a) it follows that all its limit points are
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in X∗.

To establish the global convergence of the sequence {xk} to an optimal solution of problem

(1.7), we need to make further assumptions on the induced proximal distance H, mimicking

the behavior of norms.

Let (d,H) ∈ F+(C) ⊂ F(C) be such that the function H satisfies the following two

additional properties:

(a1) ∀y ∈ C and ∀{yk} ⊂ C bounded with limH(y, yk) = 0, we have lim yk = y;

(a2) ∀y ∈ C and ∀{yk} ⊂ C converging to y, we have limH(y, yk) = 0.

With these aditional hypotheses on H we inmediately obtain the global convergence of

the interior proximal algorithm IPA.

Theorem 1.8. [8, Theorem 2.2] Let (d,H) ∈ F+(C) and let {xk} be the sequence gener-

ated by IPA. Suppose that the optimal set X∗ of (1.4) is nonempty, σn =
∑n

k=1 λk → ∞,∑∞
k=1 λkεk <∞, and

∑∞
k=1 εk <∞. Then the sequence {xk} converges to an optimal solution

of (1.4).

Proof. Let x ∈ X∗. Then, since (d,H) ∈ F+(C), from (1.29) with
∑n

k=1 λkεk < +∞ and

Lemma 1.5 we obtain that the sequence {H(x, xk)} converges to some a(x) ∈ R ∀x ∈ X∗.

Let x∞ be the limit of a subsequence {xkl}. Obviously, from Theorem 1.7, x∞ ∈ X∗. Then

by assumption (a2) limH(x∞, x
kl) = 0, so that limH(x∞, x

k) = 0, and by assumption (a1)

it follows that the sequence {xk} converges to x∞.

1.3.3 Examples of compatible proximal pairs

In the literature one can find various proximal distances which are obtained as compatible

proximal pairs (d,H). For example, Bregman distances, second order homogeneous proximal

distances and double regularizations.
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Bregman distances

A classical example of proximal distance with respect to C is the Bregman distance Dh :

Rn × Rn → (−∞,+∞] defined by:

Dh(u, v) = h(u)− h(v)− 〈u− v,∇h(v)〉, ∀(u, v) ∈ C × C,

where h is a strictly convex and continuous function on C, it is continuously differentiable

on C and dom∇h = C. The function h is called a Bregman function with zone C. Every

Bregman distance Dh satisfies the following property, called three point identity (see [22]):

Dh(c, a) = Dh(c, b)−Dh(b, a) + 〈∇h(b)−∇h(a), c− b〉, ∀a, b ∈ C, ∀c ∈ C. (1.30)

If (d,H) = (Dh, Dh), the three point identity says that this pair satisfies (ii) of the Definition

1.4. The properties (i) and (iii) of the Definition 1.4 come from the definition of Bregman

distance. Therefore, (d,H) = (Dh, Dh) ∈ F(C). Some standard examples of Bregman

distances are:

1. For C = Rn and h(u) = 1
2
‖u‖2 one obtains Dh(u, v) = 1

2
‖u− v‖2.

2. Let C = Rn
++ = {u ∈ Rn| ui > 0, i = 1, ..., n}. For h(u) =

∑n
i=1 ui ln(ui) extended

with continuity to the boundary of Rn
++ with the convention that 0 ln 0 = 0, for all

(u, v) ∈ Rn
+ × Rn

++ we obtain:

Dh(u, v) =
n∑
i=1

ui ln

(
ui
vi

)
+ vi − ui, (1.31)

which is the Kullback-Leibler distance.

3. Let C = Rn
++. For α ∈ (0, 1), consider the family of functions hα(u) =

∑n
i=1

αui−uαi
1−α .

Then

Dhα(u, v) =
n∑
i=1

vα−1
i

(
vi +

α

1− α
ui

)
− 1

1− α
uαi .
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An interesting particular case is for α = 1/2, which gives h(u) =
∑n

i=1 ui − 2
√
ui and

the distance:

Dh(u, v) =
n∑
i=1

(
√
ui −

√
vi)

2

√
vi

, ∀(u, v) ∈ Rn
+ × Rn

++.

Remark 1.9. We denote by Sn the linear space of symmetric real matrices equipped with

the trace inner product 〈x, y〉 = tr(xy) and ‖x‖ =
√

tr(x2), for all x, y ∈ Sn. The cone

of n × n symetric positive semidefinite (positive definite) matrices is denoted by Sn+ (Sn++).

Let C = Sn++ and C̄ = Sn+. Let h1 : Sn+ →, h1(x) = tr(x log x) and h2 : Sn++ →, h2(x) =

−tr(log x) = − log det(x) (det(x) is the determinant of the matrix x). For any y ∈ Sn++, let

d1(x, y) = tr(x log x− x log y + y − x) with dom d1(·, y) = Sn+, (1.32)

d2(x, y) = tr(− log x+ log y + xy−1)− n (1.33)

= − log det(xy−1) + tr(xy−1)− n with dom d2(·, y) = Sn++. (1.34)

The proximal distances d1 and d2 are Bregman type corresponding to h1 and h2, respectively,

and were proposed by Doljansky and Teboulle in [30], who derived convergence results for

the associated IPA. From the results of [30] it is easy to see that di ∈ D(C), i = 1, 2,

and with H(x, y) = di(x, y) it follows that (d1, H) ∈ F(Sn+) and (d2, H) ∈ F(Sn++) so that

the convergence results of [30] are recovered through Theorem 1.7. However, as noticed in

a counterexample [30, Example 4.1], property (a2) does not hold even for d1 and therefore

(di, H) /∈ F+(C̄), i = 1, 2. Consequently, Theorem 1.8 does not apply, i.e., global convergence

to an optimal solution cannot be guaranted.

Second order homogeneous proximal distances

Other proximal distances are the second order homogeneous proximal distances. Let ϕ : R→

R ∪ {+∞} be a closed, convex, proper function such that domϕ ⊆ R+ and dom ∂ϕ = R++.

We suppose that ϕ is strictly convex on its domain, and ϕ is C2 on R++ with ϕ(1) = ϕ′(1) = 0.

We denote by Φ the class of such kernels. The class Φ2 (subclass of Φ) consists of kernels
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p ∈ Φ which satisfy

p′′(1)

(
1− 1

t

)
≤ p′(t) ≤ p′′(1)(t− 1),∀t > 0. (1.35)

Given ϕ ∈ Φ, the ϕ-divergence proximal distance is defined by

dϕ(u, v) =
n∑
j=1

v2
j ϕ

(
uj
vj

)
, (1.36)

and it follows that dϕ ∈ D(C) with C = Rn
++ since ϕ is coercive. The second order homoge-

neous proximal distances are defined by (1.36) where

ϕ(t) = µp(t) +
ν

2
(t− 1)2, (1.37)

with ν ≥ µp′′(1) > 0 and p ∈ Φ2. Therefore the second order homogeneous proximal distances

have the form:

dϕ(u, v) = µdp(u, v) +
ν

2
‖u− v‖2,

and due to (1.37) and (1.35) it has been showed the following key inequality [9, Lemma 3.4

and formula 3.1 there]

〈c− b,∇1dϕ(b, a)〉 ≤
(
ν + µp′′(1)

2

)
(‖c− a‖2 − ‖c− b‖2)−

(
ν − µp′′(1)

2

)
‖b− a‖2,

for all a, b ∈ Rn
++ and c ∈ Rn

+. Therefore with H(u, v) =
(
ν+µp′′(1)

2

)
‖u − v‖2 it follows that

(dϕ, H) is a compatible proximal pair associated with C = Rn
+, that is, (dϕ, H) ∈ F(Rn

+).

In particular, p(t) = − log(t) + t− 1 gives the so-called Logarithmic-Quadratic Proximal

distance (see [10]) and then

dϕ(u, v) =
n∑
i=1

µ

(
v2
i log

(
vi
ui

)
+ uivi − v2

i

)
+
ν

2
(ui − vi)2,∀u, v ∈ R++. (1.38)
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Double regularizations

Let B be a box set of the form

B = {x ∈ Rn| ai ≤ xi ≤ bi, i = 1, ..., n},

where ai ∈ [−∞,+∞) and b ∈ (∞,+∞], a ≤ b. A double regularitazion for the box B is a

separable function D̃ : B × intB → R of the form:

D̃(u, v) =
n∑
i=1

d̃i(ui, vi) =
n∑
i=1

di(ui, vi) +
ν

2
(ui − vi)2, (1.39)

where ν ≥ 1 is a scalar and the individual d̃i, i = 1, ..., n, conform to the following assumptions

[71, Assumptions 2.1.1-2.1.3]:

• For all vi ∈ (ai, bi), d̃i(·, vi) is closed and strictly convex, with its minimum at vi.

Moreover, int dom d̃i(·, vi) = (ai, bi).

• d̃i is differentiable with respect to its first argument on (ai, bi)× (ai, bi), and this partial

derivative is continuous at all points of the form (ui, ui) ∈ (ai, bi)× (ai, bi).

• For all vi ∈ (ai, bi), d̃i(·, vi) is essentially smooth.

Assume that the first term of D̃, that is,
∑n

i=1 di(ui, vi) is coercive, meaning that its gradient

with respect to u becomes infinite as u approaches the boundary of B. We can see that D̃

is a proximal distance with respect to intB. Moreover, we assume that the individual terms

di satisfy the following assumption given in [71]:

For i = 1, . . . , n, let di : R× (ai, bi)→ (−∞,∞] and ui, vi ∈ (ai, bi). Then,

• If ai and bi are both finite,

(ui − vi)(vi − ai)
ui − ai

≤ d′i(ui, vi) ≤
(ui − vi)(bi − vi)

bi − ui
.

• Otherwise, we take the respective limits as ai → −∞ or bi →∞ in the above relation.
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– If only ai is finite:

(ui − vi)(vi − ai)
ui − ai

≤ d′i(ui, vi) ≤ ui − vi.

– If only bi is finite:

ui − bi ≤ d′i(ui, vi) ≤
(ui − vi)(bi − vi)

bi − ui
.

– (ai, bi) = R

d′i(ui, vi) = ui − vi.

This assumption on di generalizes the assumption (1.35) on p ∈ Φ2.

Lemma 1.10. [37, Lemma 1] Suposse D̃ is a double regularization for the box B with regu-

larization factor ν ≥ 1. Under the last assumption we have

〈c− b,∇1D̃(b, a)〉 ≤ ν + 1

2

(
‖c− a‖2 − ‖c− b‖2

)
− ν − 1

2
‖a− b‖2, (1.40)

for any c ∈ B and a, b ∈ intB.

We see that if ν > 1 and H(u, v) = ν+1
2
‖u − v‖2 it follows that (D̃,H) ∈ F(B). For

examples of double regularization see [71].





Chapter 2

Alternanting direction method with

interior proximal regularization

2.1 Introduction

In this chapter, we develop a special alternating direction method (ADM) for solving itera-

tively a convex optimization problem with separable structure as follows:

(P ) min
x,z

{
f(x) + g(z) | Ax+Bz = b, x ∈ C

}
,

where f : Rn → R ∪ {+∞} and g : Rm → R ∪ {+∞} are closed convex proper functions, A

and B are p× n and p×m real matrices, respectively, and b ∈ Rp is a given vector. Here C

denotes the closure of C ⊂ Rn, an open nonempty convex set; a typical example being the

strictly positive orthant C = Rn
++ so that x ∈ C = Rn

+ corresponds to x ≥ 0.

Under the following natural condition:

dom f ∩ C 6= ∅,

we are interested in designing a method which exploits the separable structure of (P ). With

31
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such a motivation, we propose the following iterative algorithm for (P ): given (xk, zk, yk) ∈

C × Rm × Rp, compute consecutively

xk+1 ≈ argmin
x∈C

f(x) + 〈yk, Ax〉+
λ

2
‖Ax+Bzk − b‖2 +

1

2λ
d(x, xk), (2.1)

zk+1 ≈ argmin
z∈Rm

g(z) + 〈yk, Bz〉+
λ

2
‖Axk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2, (2.2)

yk+1 = yk + λ(Axk+1 +Bzk+1 − b). (2.3)

Here λ > 0 is a positive scalar and d(·, xk) is a given proximal distance with respect to

C (see chapter 1, definition 1.2). The latter enforces that xk+1 ∈ C, that is, the x-iterate

lies in the interior of the additional constraints set C. Two popular choices for d include

either a Bregman distance (see, e.g., [19], [72]) or a proximal distance based on second order

homogeneous kernels (see, e.g., [10], [9]). Another possible choice is the double regularization

technique introduced by [71], which extends the notion of second order homogeneous kernels.

Any of these choices will be covered by our analysis.

In order to explain the ideas behind the iterative scheme given by (2.1)-(2.3), let us

introduce the restricted Lagrangian function ` : C × Rm × Rp → R ∪ {+∞} given by

`(x, z, y) = f(x) + g(z) + 〈y, Ax+Bz − b〉, (2.4)

where 〈·, ·〉 is the Euclidean scalar product in Rp. Throughout this paper, we assume the

following: There exists a saddle point (x∗, z∗, y∗) ∈ C ×Rm ×Rp of ` on C ×Rm ×Rp, that

is,

`(x∗, z∗, y) ≤ `(x∗, z∗, y∗) ≤ `(x, z, y∗), ∀(x, z, y) ∈ C × Rm × Rp. (2.5)

In this setting, if we introduce the augmented Lagrangian `λ : C×Rm×Rp → R∪{+∞} by

`λ(x, z, y) = `(x, z, y) +
λ

2
‖Ax+Bz − b‖2, (2.6)
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then, from a given (xk, zk, yk) ∈ C × Rm × Rp, the classical ADM produces iterates via the

following consecutive steps:

xk+1 = argmin
x∈C

`λ(x, z
k, yk) = argmin

x∈C
f(x) + 〈yk, Ax〉+

λ

2
‖Ax+Bzk − b‖2, (2.7)

zk+1 = argmin
z∈Rm

`λ(x
k+1, z, yk) = argmin

z∈Rm
g(z) + 〈yk, Bz〉+

λ

2
‖Axk+1 +Bz − b‖2, (2.8)

yk+1 = argmax
y∈Rp

`λ(x
k+1, zk+1, y)− 1

2λ
‖y − yk‖2 = yk + λ(Axk+1 +Bzk+1 − b). (2.9)

ADM was originally proposed by [46], and since then, it has received intensive attention

for others researchers; see, e.g., [76]. This method is closely related to the Douglas-Rachford

operator splitting algorithm which solves monotone inclusion problems; see, e.g., [31], [25],

[74], [15] (see [24, 77, 18, 44] for others important operator splitting algorithms).

On the other hand, the conceptual primal iterations given by (2.1) and (2.2) can be

equivalently written as follows:

xk+1 ≈ argmin
x∈C

`λ(x, z
k, yk) +

1

2λ
d(x, xk),

zk+1 ≈ argmin
z∈Rm

`λ(x
k+1, z, yk) +

1

2λ
‖z − zk‖2.

In this alternate proximal procedure, minimization steps are performed consecutively on the

primal variables, first with respect to x by using a regularized interior proximal term so that

all the iteration points lie in the interior of the feasible set (see, e.g., [8]), and then with

respect to z using a standard quadratic proximal metric. Therefore, we call the iterative

scheme given by (2.1), (2.2) and (2.3) the regularized interior proximal alternating direction

method (RIPADM).

The main theoretical result in this chapter is a general convergence result for a special

approximate version of RIPADM (cf. Theorem 2.2), bridging two different areas of proximal

algorithm theory: ADM on the one hand, and generalized nonquadratic proximal distance on
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the other. To the best of our knowledge, the only partial positive result in this direction is the

recent work by [83] (see [65] for a version with inexact computations), where these authors

investigate a particular PADM for variational inequalities under non-negativity constraints in

which the regularizing proximal term in the ADM subproblems is induced by the logarithmic-

quadratic proximal (LQP) kernel, previously developed in [10]. In the case of optimization

problems, the LQP approach can be viewed as a particular instance of our general setting.

Along a complementary line of research, an entropic proximal decomposition method

(EPDM) has been introduced by [6] for solving general variational inequality problems with

particular separable structure. The EPDM combines the LQP theory for non-negativity

constraints with a predictor-corrector proximal multiplier method developed previously by

[23]. EPDM differs from RIPADM as the predicted multiplier estimate is used to compute

proximal steps in parallel for both primal variables, thanks to the fact that the decoupling

is obtained by a sort of linearization of the squared Euclidean norm in the augmented La-

grangian at the current iterate, following the strategy proposed by [73]. Thus, EPDM is a

parallel method in the primal variables, which is different from the ADM approach (the latter

is closer to a Gauss-Seidel scheme).

This chapter is organized as follows. In section 2, we give an approximate version of the

RIPADM scheme (2.1)-(2.2), in which the stopping criteria for the inner inexact computations

are fairly practical to check. In section 3, we prove our main full convergence result for the

inexact version of RIPADM.

2.2 The inexact RIPADM algorithm

Consider problem (P ) and assume that dom f ∩ C 6= ∅. Let d ∈ D(C) and λ be a pos-

itive scalar. Starting from a point (x0, z0, y0) ∈ C × Rm × Rp, we generate the sequence

{(xk, zk, yk)} ⊂ C ×Rm ×Rp, and sequences of errors {ak} and {bk} via the following steps:
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Step 1. Find (xk+1, ak+1) ∈ C × Rn with rk+1 ∈ ∂f(xk+1) solving:

ak+1 = rk+1 + At[yk + λ(Axk+1 +Bzk − b)] +
1

2λ
∇1d(xk+1, xk), (2.10)

where the error ak+1 satisfies the conditions

‖ak+1‖ ≤ εk+1, ‖ak+1‖‖xk+1‖ ≤ ηk+1. (2.11)

Step 2. Find (zk+1, bk+1) ∈ Rm × Rm with rk+1 ∈ ∂g(zk+1) solving:

bk+1 = rk+1 +Bt[yk + λ(Axk+1 +Bzk+1 − b)] +
1

λ
(zk+1 − zk), (2.12)

where the error bk+1 satisfies the conditions

‖bk+1‖ ≤ εk+1, ‖bk+1‖‖zk+1‖ ≤ ηk+1. (2.13)

Step 3. Compute

yk+1 = yk + λ(Axk+1 +Bzk+1 − b). (2.14)

The positive scalars εk, ηk, εk, ηk > 0 satisfy the following conditions:

∞∑
k=1

εk <∞,
∞∑
k=1

ηk <∞,
∞∑
k=1

εk <∞, and
∞∑
k=1

ηk <∞. (2.15)

Remark 2.1. In the exact case where ak = 0 ∈ Rn and bk = 0 ∈ Rm for all k, steps 1 and 2

in the previous scheme amount to find exact solutions to the minimization problems in (2.1)

and (2.2), respectively. Due to Proposition 1.3, such an exact RIPADM is well defined.
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2.3 Global convergence of the inexact RIPADM

Let us return to problem (P ). Consider the Lagrangian function ` defined by (2.4). We

suppose:

Assumption A

(A1) dom f ∩ C 6= ∅.

(A2) There exists a saddle point (x∗, z∗, y∗) ∈ C ×Rm×Rp of ` on C ×Rm×Rp (see (2.5)).

Assumption B

There exists a compatible proximal pair (d,H) associated with C which verifies:

(B1) If {uk} ⊂ C and {vk} ⊂ C are sequences such that

lim
k
H(uk, vk) = 0,

and one of the sequences ({uk} or {vk}) converges, then the other one also converges

to the same limit.

(B2) The function H : C × C → R extends by continuity to C × C.

(B3) ∀u ∈ C and ∀{uk} ⊂ C converging u, we have limk→∞H(u, uk) = 0.

If d = D̃ is a double regularization, it is possible to take H = ν+1
2
‖u − v‖2 with ν > 1

(see lemma 1.10), then the pair (d,H) satisfies the assumption B. On the other hand, [72]

proved that the Bregman distances satisfy the condition (B1) (see Theorem 2.4 of [72]). More-

over, the Bregman distances satisfy the condition (B3) but not necessarily the condition (B2).

We will prove some results related to a primal-dual sequence generated by the RIPADM

method:
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1. Under Assumption A, the primal-dual sequence (xk, zk, yk) is bounded.

2. Additionally, if the proximal pair (d,H) verify (B1), all limit points of {(xk, zk)} are

solutions of the problem (P), for example this is the case of Bregman distances.

3. Moreover, if the proximal pair (d,H) satisfy the Assumption B (for example double

regularization), the sequence globally converges to a saddle point of the Lagrangian

function ` of the problem (P).

Below we state our principal result:

Theorem 2.2. Let {(xk, zk, yk)} ⊂ C ×Rm×Rp be a primal-dual sequence generated by the

RIPADM method (2.10)-(2.14).

(i) Under Assumptions A and (B1), all limit points of the primal sequence {(xk, zk)} are

solutions of the problem (P ).

(ii) If moreover the Assumptions (B2) and (B3) are satisfied, the primal-dual sequence

{(xk, zk, yk)} globally converges to a saddle point (x∞, z∞, y∞) of the Lagrangian ` of

the problem (P ).

We have divided the proof of Theorem 2.2 into a sequence of lemmas and propositions.

We begin stating two lemmas, the first one is a classical result on scalar sequences, and

the second one gives us two saddle point type inequalities. These inequalities are used in the

proof of the Proposition 2.5 below which asserts that the sequence {(xk, zk, yk)} generated

by RIPADM is bounded if at least one saddle point (x∗, z∗, y∗) of ` exists.

Finally, under Assumptions A and B, we prove that there exists a unique limit point

(x∞, z∞, y∞) of the primal-dual sequence {(xk, zk, yk)} and so we get the global convergence

of our algorithm.
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Lemma 2.3. [67, Section 2.2] Suppose {wk}, {βk} ⊂ R are sequences such that {wk} is

bounded below,
∑∞

k=0 βk exists and is finite, and the recursion wk+1 ≤ wk + βk holds for all

k. Then {wk} is convergent.

Lemma 2.4. Let (d,H) ∈ F(C). Consider the sequence {(xk, zk, yk)} ⊂ C × Rm × Rp, and

errors sequences {ak} ⊂ Rn and {bk} ⊂ Rm being generated by the RIPADM algorithm given

by (2.10)-(2.14). Under Assumption (A1), for all x ∈ dom(f), z ∈ dom(g), y ∈ Rp, we have:

`(xk+1, zk+1, yk)− `(x, z, yk) ≤ λ

2
(‖Ax+Bzk − b‖2 − ‖Axk+1 +Bzk − b‖2 (2.16)

−‖Axk+1 − Ax‖2) +
λ

2
(‖Axk+1 +Bz − b‖2

−‖Axk+1 +Bzk+1 − b‖2 − ‖Bzk+1 −Bz‖2)

+
1

2λ

(
H(x, xk)−H(x, xk+1)− κH(xk+1, xk)

)
+

1

2λ

(
‖z − zk‖2 − ‖z − zk+1‖2 − ‖zk+1 − zk‖2

)
+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉.

and

`(xk+1, zk+1, y)− `(xk+1, zk+1, yk) =
1

2λ

(
‖y − yk‖2 − ‖y − yk+1‖2 + ‖yk+1 − yk‖2

)
.(2.17)

Proof. Lemma 2.4. From steps (2.10) and (2.12) of our algorithm, since rk+1 ∈ ∂f(xk+1) and

rk+1 ∈ ∂g(zk+1) we have:

f(xk+1) +

〈
−1

2λ
∇1d(xk+1, xk)− At[yk + λ(Axk+1 +Bzk − b)] + ak+1, x− xk+1

〉
≤ f(x),

(2.18)

and

g(zk+1) +

〈
−1

λ
(zk+1 − zk)−Bt[yk + λ(Axk+1 +Bzk+1 − b)] + bk+1, z − zk+1

〉
≤ g(z),

(2.19)
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for all x ∈ dom(f) and z ∈ dom(g).

Adding and rearranging these inequalities, we obtain

f(xk+1) + g(zk+1) + 〈yk, Axk+1 +Bzk+1〉

−
(
f(x) + g(z) + 〈yk, Ax+Bz〉

)
≤ λ〈Axk+1 +Bzk − b, Ax− Axk+1〉

+λ〈Axk+1 +Bzk+1 − b, Bz −Bzk+1〉

+
1

2λ
〈∇1d(xk+1, xk), x− xk+1〉

+
1

λ
〈zk+1 − zk, z − zk+1〉

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉.

Considering the definition of the Lagrangian function ` and using the relation ‖m − n‖2 =

‖m‖2 + ‖n‖2 − 2〈m,n〉 in the last inequality, we obtain

`(xk+1, zk+1, yk)− `(x, z, yk) ≤ λ

2
(‖Ax+Bzk − b‖2 − ‖Axk+1 +Bzk − b‖2 (2.20)

−‖Axk+1 − Ax‖2) +
λ

2
(‖Axk+1 +Bz − b‖2

−‖Axk+1 +Bzk+1 − b‖2 − ‖Bzk+1 −Bz‖2)

+
1

2λ
〈∇1d(xk+1, xk), x− xk+1〉

+
1

2λ

(
‖z − zk‖2 − ‖zk+1 − zk‖2 − ‖z − zk+1‖2

)
+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉.

Using (ii) of Definition 1.4 with a = xk, b = xk+1 and c = x, we have

〈∇1d(xk+1, xk), x− xk+1〉 ≤ H(x, xk)−H(x, xk+1)− κH(xk+1, xk). (2.21)

From (2.20) and (2.21), we obtain the inequality (2.16).
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Finally we prove the equality (2.17). We have

`(xk+1, zk+1, y)− `(xk+1, zk+1, yk) = 〈y − yk, Axk+1 +Bzk+1 − b〉, (2.22)

but from (2.14) we have Axk+1 +Bzk+1 − b = 1
λ
(yk+1 − yk), then

`(xk+1, zk+1, y)− `(xk+1, zk+1, yk) =
1

λ
〈y − yk, yk+1 − yk〉

=
1

2λ

(
‖y − yk‖2 − ‖y − yk+1‖2 + ‖yk+1 − yk‖2

)
.

Proposition 2.5. Suppose that the hypothesis of Lemma 2.4 holds. Then:

(i) For any saddle point (x, z, y) of `, the sequence {Ek(x, z, y)} is convergent where

Ek(x, z, y) =
1

2λ

(
H(x, xk) + ‖zk − z‖2 + ‖yk − y‖2

)
+
λ

2
‖B(zk − z)‖2. (2.23)

(ii) If at least one saddle point (x, z, y) of ` exists then the sequence
{

(xk, zk, yk)
}
is bounded

in C ×Rm ×Rp, the quantities H(xk+1, xk), ‖zk+1 − zk‖2 and ‖Axk+1 +Bzk − b‖2 are

summable, hence they vanish as k goes to +∞.

Proof. Proposition 2.5. Let (x, z, y) ∈ C ×Rm ×Rp be a saddle point of ` on C ×Rm ×Rp,

that is,

`(x, z, y) ≤ `(x, z, y) ≤ `(x, z, y),∀x ∈ C, ∀z ∈ Rm, ∀y ∈ Rp.

Then we have:

`(x, z, yk)− `(xk+1, zk+1, y) ≤ 0. (2.24)

Adding the inequality (2.16) with x = x and z = z, and (2.24) we get
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`(xk+1, zk+1, yk)− `(xk+1, zk+1, y) ≤ λ

2
(‖Ax+Bzk − b‖2 − ‖Axk+1 +Bzk − b‖2)

+
λ

2
(−‖Axk+1 − Ax‖2 + ‖Axk+1 +Bz − b‖2) (2.25)

+
λ

2
(−‖Axk+1 +Bzk+1 − b‖2 − ‖Bzk+1 −Bz‖2)

+
1

2λ

(
H(x, xk)−H(x, xk+1)− κH(xk+1, xk)

)
+

1

2λ
(‖z − zk‖2 − ‖zk+1 − zk‖2 − ‖z − zk+1‖2)

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉.

From the equality (2.17) of the Lemma 2.4 with y = y we have

`(xk+1, zk+1, yk)− `(xk+1, zk+1, y) =
1

2λ

(
‖y − yk+1‖2 − ‖y − yk‖2 − ‖yk+1 − yk‖2

)
.

(2.26)

Replacing the left side of (2.25) with (2.26), and since Ax+Bz = b we obtain:

1

2λ
(‖y − yk+1‖2 − ‖y − yk‖2

−‖yk+1 − yk‖2) ≤ λ

2

(
‖Bzk −Bz‖2 − ‖Axk+1 +Bzk − b‖2

)
+
λ

2

(
−‖Axk+1 +Bzk+1 − b‖2 − ‖Bzk+1 −Bz‖2

)
+

1

2λ

(
H(x, xk)−H(x, xk+1)− κH(xk+1, xk)

)
+

1

2λ

(
‖z − zk‖2 − ‖zk+1 − zk‖2 − ‖z − zk+1‖2

)
+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉,
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and using the equation (2.14), i.e., yk+1 − yk = λ(Axk+1 +Bzk+1 − b), results:

1

2λ
(‖y − yk+1‖2 − ‖y − yk‖2) ≤ λ

2

(
‖Bzk −Bz‖2 − ‖Axk+1 +Bzk − b‖2

)
(2.27)

−λ
2
‖Bzk+1 −Bz‖2

+
1

2λ

(
H(x, xk)−H(x, xk+1)− κH(xk+1, xk)

)
+

1

2λ

(
‖z − zk‖2 − ‖zk+1 − zk‖2 − ‖z − zk+1‖2

)
+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉,

Set

Ek(x, z, y) =
1

2λ

(
H(x, xk) + ‖zk − z‖2 + ‖yk − y‖2

)
+
λ

2
‖Bzk −Bz‖2.

Rearranging the last inequality we obtain:

Ek+1(x, z, y) +
κ

2λ
H(xk+1, xk) +

1

2λ
‖zk+1 − zk‖2

+
λ

2
‖Axk+1 +Bzk − b‖2 ≤ Ek(x, z, y) + 〈ak+1, xk+1 − x〉(2.28)

+〈bk+1, zk+1 − z〉.

The sum
∑∞

k=0 〈ak+1, xk+1− x〉 exists and is finite. In effect, we have that 〈ak+1, xk+1− x〉 =

〈ak+1, xk+1〉 − 〈ak+1, x〉 and

0 ≤
∞∑
k=0

|〈ak+1, xk+1〉| ≤
∞∑
k=0

‖ak+1‖‖xk+1‖ =
∞∑
k=1

‖ak‖‖xk‖ ≤
∞∑
k=1

ηk,

0 ≤
∞∑
k=0

|〈ak+1, x〉| ≤
∞∑
k=0

‖ak+1‖‖x‖ = ‖x‖
∞∑
k=1

‖ak‖ ≤ ‖x‖
∞∑
k=1

εk. (2.29)

Because of
∑∞

k=1 εk <∞ and
∑∞

k=1 ηk <∞, we get
∑∞

k=0 |〈ak+1, xk+1〉| and
∑∞

k=0 |〈ak+1, x〉|

are finite. Then
∑∞

k=0 〈ak+1, xk+1〉 and
∑∞

k=0 〈ak+1, x〉 exist and are finite. In similar way, we

can prove that
∑∞

k=0 〈bk+1, zk+1 − z〉 is convergent.
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Now, we apply Lemma 2.3 to (2.28) with wk = Ek(x, y, z) and βk = 〈ak+1, xk+1 − x〉 +

〈bk+1, zk+1 − z〉 establishing that {Ek(x, y, z)} is convergent (with that we have proved (i))

and then {Ek(x, y, z)} is bounded.

Moreover, from Definition 1.4 (iii) we have that H(x, ·) is level bounded on C and there-

fore {(xk, zk, yk)} is bounded.

From (2.28) we have that the squares of the quantities ‖zk+1−zk‖ and ‖Axk+1 +Bzk−b‖,

and H(xk+1, xk) are summable, hence vanish as k goes to +∞. The proof is complete.

Now, we are ready to give the proof of our main result.

Proof. Theorem 2.2.

(i) By Assumption (A2) we know that there exists a saddle point (x∗, z∗, y∗) of ` on C ×

Rm × Rn.

From Proposition 2.5 (ii) it follows that {(xk, zk, yk)} is bounded and then this sequence

has a subsequence {(xkj , zkj , ykj)} which converges to some (x∞, z∞, y∞) ∈ C×Rm×Rp

(as xkj ∈ C in the limit we get x∞ ∈ C).

We will demostrate that (x∞, z∞) is a feasible point for (P ) and then we will prove

that f(x∞) + g(z∞) ≤ f(x∗) + g(z∗).

From Proposition 2.5 (ii) we have that the quantities H(xk+1, xk) and ‖Axk+1+Bzk−b‖

vanish as k goes to +∞. Then H(xkj+1, xkj)→ 0, and due to (B1) we have xkj+1 → x∞.

The quantity ‖Axkj + Bzkj − b‖ converge to zero because ‖xkj+1 − xkj‖ → 0 and

‖Axkj+1 +Bzkj − b‖ → 0. Then, 0 = limj→+∞ ‖Axkj +Bzkj − b‖ = ‖Ax∞ +Bz∞ − b‖

and so Ax∞ +Bz∞ = b. Therefore, (x∞, z∞) is a feasible point for (P ).

Considering the inequality (2.16) of the Lemma 3 on the sequence {(xkj , zkj , ykj)}, and

with x = x∗ and z = z∗ we have:



44 Chapter 2. Alternanting direction method with interior proximal regularization

`(xkj+1, zkj+1, ykj)− `(x∗, z∗, ykj) ≤ λ

2
(‖Ax∗ +Bzkj − b‖2 − ‖Axkj+1 +Bzkj − b‖2

−‖Axkj+1 − Ax∗‖2) +
λ

2
(‖Axkj+1 +Bz∗ − b‖2

−‖Axkj+1 +Bzkj+1 − b‖2 − ‖Bzkj+1 −Bz∗‖2)

+
1

2λ

(
H(x∗, xkj)−H(x∗, xkj+1)− κH(xkj+1, xkj)

)
+

1

2λ

(
‖z∗ − zkj‖2 − ‖z∗ − zkj+1‖2 − ‖zkj+1 − zkj‖2

)
+〈akj+1, xkj+1 − x∗〉+ 〈bkj+1, zkj+1 − z∗〉.

From the definition of Ek(x∗, z∗, y∗) (cf. (2.23)) and since Ax∗ + Bz∗ = b, the last

inequality is equivalent to:

`(xkj+1, zkj+1, ykj)− `(x∗, z∗, ykj) ≤ Ekj(x
∗, z∗, y∗)− Ekj+1(x∗, z∗, y∗) (2.30)

− 1

2λ

(
‖ykj − y∗‖2 − ‖ykj+1 − y∗‖2

)
−λ

2
‖Axkj+1 +Bzkj − b‖2

+
λ

2
‖Axkj+1 +Bzkj+1 − b‖2

− κ

2λ
H(xkj+1, xkj)− 1

2λ
‖zkj+1 − zkj‖2

+〈akj+1, xkj+1 − x∗〉+ 〈bkj+1, zkj+1 − z∗〉.

The right side of inequality (2.30) goes to zero as j tends to +∞. Indeed, from the

Proposition 2 (ii) we have that ‖zk+1 − zk‖ → 0, and zkj → z∞, then zkj+1 → z∞ as j

goes to +∞.

Moreover, since ykj+1 = ykj + λ(Axkj+1 +Bzkj+1 − b), ykj → y∞ and Ax∞ +Bz∞ = b,

we have ykj+1 → y∞.

Therefore, the subsequence {(xkj+1, zkj+1, ykj+1)} converges to (x∞, z∞, y∞) as j goes
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to +∞.

On the other hand, from the Proposition 2(ii) we have Ekj(x∗, z∗, y∗)−Ekj+1(x∗, z∗, y∗)→

0.

Also, the quantities ‖Axkj+1 + Bzkj − b‖2 and ‖Axkj+1 + Bzkj+1 − b‖2 converge to

‖Ax∞ + Bz∞ − b‖2 and since Ax∞ + Bz∞ − b = 0, they vanish as j goes to +∞.

Moreover, by the Cauchy-Schawrz we have:

|〈akj+1, xkj+1 − x∗〉| ≤ ‖akj+1‖‖xkj+1 − x∗‖.

From (2.11), (2.13) and (2.15) we have that ‖ak+1‖ → 0. Then

|〈akj+1, xkj+1 − x∗〉| → 0,

as j goes to +∞. In the similar way, we can prove that: |〈bkj+1, zkj+1 − z∗〉| → 0.

Taking limit as j goes to +∞ in the inequality (2.30) we have that the right side goes

to zero, and due to f and g are closed functions we obtain:

f(x∞) + g(z∞) ≤ f(x∗) + g(z∗).

(ii) We will demonstrate that (x∞, z∞, y∞) is a saddle point of ` on C × Rm × Rp, that is,

`(x∞, z∞, y) ≤ `(x∞, z∞, y∞) ≤ `(x, z, y∞),∀x ∈ C, ∀z ∈ Rm, ∀y ∈ Rp. (2.31)

From part (i), we know (x∞, z∞) is a feasible point of (P ), then

`(x∞, z∞, y) = `(x∞, z∞, y∞), ∀y ∈ Rp. (2.32)

Now we’ll prove the rigth inequality of (2.31). Consider the inequality (2.16) in Lemma

2.4 where (xk, zk, yk) and (xk+1, zk+1) are replaced by (xkj , zkj , ykj) and (xkj+1, zkj+1)
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respectively. Moreover, applying the Cauchy-Schwarz inequality we get

`(xkj+1, zkj+1, ykj)− `(x, z, ykj) ≤ λ

2
(‖Ax+Bzkj − b‖2 − ‖Axkj+1 +Bzkj − b‖2

−‖Axkj+1 − Ax‖2) +
λ

2
(‖Axkj+1 +Bz − b‖2

−‖Axkj+1 +Bzkj+1 − b‖2 − ‖Bzkj+1 −Bz‖2)

+
1

2λ

(
H(x, xkj)−H(x, xkj+1)− κH(xkj+1, xkj)

)
+

1

2λ

(
‖z − zkj‖2 − ‖zkj+1 − zkj‖2 − ‖z − zkj+1‖2

)
+‖akj+1‖‖xkj+1 − x‖+ ‖bkj+1‖‖zkj+1 − z‖. (2.33)

Taking lim inf as j → ∞ on both sides of (2.33), and since Ax∞ + Bz∞ − b = 0 we

obtain

lim inf
{
`(xkj+1, zkj+1, ykj)− `(x, z, ykj)

}
≤ lim inf

{
1

2λ

(
H(x, xkj)−H(x, xkj+1)

)}
.

From the assumption (B2) we have that limH(x, xkj) = H(x, x∞) = limH(x, xkj+1),

and since f and g are closed functions we obtain:

`(x∞, z∞, y∞) ≤ `(x, z, y∞), ∀x ∈ dom(f), ∀z ∈ dom(g). (2.34)

From (2.32) and (2.34) we have (x∞, z∞, y∞) is a saddle point of `.

Now we prove that the sequence {(xk, zk, yk)} globally converges to the saddle point

(x∞, z∞, y∞). From Proposition 2.5.(i) the following limit exists:

E = lim
k→∞

Ek(x
∞, z∞, y∞)

. But for the subsequence {kj} we have that (xkj , zkj , ykj) → (x∞, z∞, y∞) and by

Assumption (B3) we have limk→∞H(x∞, xkj) = 0. Hence limj→∞ Ekj(x
∞, z∞, y∞) = 0.

Then E = limj→∞ Ekj(x
∞, z∞, y∞) = 0, and so H(x∞, xk)→ 0. Moreover, due to (B1)
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we obtain xk → x∞, consequently, we get (xk, zk, yk)→ (x∞, z∞, y∞), and the proof is

complete.





Chapter 3

Relaxation factor

3.1 Introduction

In this chapter, we consider the convex optimization problem with separable structure (P )

presented in the chapter 2.

In the literature on ADMs, the update ruler for the Lagrange multiplier (2.9) has been

generalized to:

yk+1 = yk + ρλ(Axk+1 +Bzk+1 − b), (3.1)

where ρ is a relaxation factor and λ > 0 is a given penalty parameter for the linearly con-

strained equation Ax+Bz− b = 0. Most ADM papers use ρ = 1, however numerical experi-

ments show that the relaxation factor ρ can accelerate the convergence of the ADM methods.

In [47], Glowinski (1984) proposed the original ADM with relaxation factor, and he proved

that if the relaxation factor belongs to the region
(

0,
√

5+1
2

)
then this more general ADM

converges. The original ADM with relaxation factor ρ applied to the problem (P ) consists

49
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of the following steps:

xk+1 = argmin
x∈C

f(x) + 〈yk, Ax〉+
λ

2
‖Ax+Bzk − b‖2, (3.2)

zk+1 = argmin
z∈Rm

g(z) + 〈yk, Bz〉+
λ

2
‖Axk+1 +Bz − b‖2, (3.3)

yk+1 = yk + ρλ(Axk+1 +Bzk+1 − b). (3.4)

In [82], Xu (2007) studied the convergence of the alternating direction method with

quadratic proximal regularization (QPADM) when a relaxation factor is incorporated into

the QPADM in the same way as the original ADM, and the restriction region for the relax-

ation factor is the same as the original ADM.

Inspired by the studies mentioned above, we propose a more general version of the RI-

PADM method for solving the problem (P ) which we call RIPADM method with relaxation

factor (or relaxed RIPADM ), and consists of the following iterations:

xk+1 ≈ argmin
x∈C

f(x) + 〈yk, Ax〉+
λ

2
‖Ax+Bzk − b‖2 +

1

2λ
d(x, xk), (3.5)

zk+1 ≈ argmin
z∈Rm

g(z) + 〈yk, Bz〉+
λ

2
‖Axk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2, (3.6)

yk+1 = yk + ρλ(Axk+1 +Bzk+1 − b). (3.7)

We demonstrate that the proposed method converges to a saddle point of the Lagrangian

of the problem (P ) under standard assumptions.

3.2 Convergence results

We remember the Assumptions A and B of the Chapter 2.

Assumption A

(A1) dom f ∩ C 6= ∅.
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(A2) There exists a saddle point (x∗, z∗, y∗) ∈ C ×Rm×Rp of ` on C ×Rm×Rp (see (2.5)).

Assumption B

There exists a compatible proximal pair (d,H) associated with C which verifies:

(B1) If {uk} ⊂ C and {vk} ⊂ C are sequences such that

lim
k
H(uk, vk) = 0,

and one of the sequences ({uk} or {vk}) converges, then the other one also converges

to the same limit.

(B2) The function H : C × C → R extends by continuity to C × C.

(B3) ∀u ∈ C and ∀{uk} ⊂ C converging u, we have limk→∞H(u, uk) = 0.

Theorem 3.1. Let us consider the inexact RIPADM method with relaxation factor given by

(2.10)-(2.13) and (3.1). Under Assumptions A and B, if

ρ ∈

(
0,

√
5 + 1

2

)

and moreover
∞∑
k=1

|〈bk+1 − bk, zk+1 − zk〉| <∞

then each sequence {(xk, zk, yk)} ⊂ C×Rm×Rp generated by the proposed algorithm converges

to a saddle point (x∞, z∞, y∞) of the Lagrangian ` on C × Rm × Rp.

Remark 3.2. It may appear somewhat unnatural that the summability condition
∑∞

k=1 |〈bk+1−

bk, zk+1−zk〉| <∞ involves not only the error sequence {bk}, but also the iterates {zk}, which

are unknown a priori. Still, this condition might not be too difficult to enforce in practice:

for example, if one shows that {zk} is bounded then this condition is a direct consequence of

‖bk+1‖ ≤ εk+1.
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We begin the proof of Theorem 3.1 with the Lemma 3.3 which give us two saddle point

type inequalities. Then, inspired by Xu [82, Theorem 3.1] we state the Proposition 3.4 that

gives a fundamental inequality from which we can deduce the boundedness of the sequence

{(xk, zk, yk)} generated by the relaxed RIPADM. Then we end this chapter with the proof

of Theorem 3.1.

Lemma 3.3. Let (d,H) ∈ F(C). Consider the sequence {(xk, zk, yk)} ⊂ C × Rm × Rp,

and errors sequences {ak} ⊂ Rn and {bk} ⊂ Rm being generated by the RIPADM algorithm

with relaxation factor given by (2.10)-(2.13) and (3.1). Under Assumption (A1), for all

x ∈ dom(f), z ∈ dom(g), y ∈ Rp, the following are satisfied:

`(xk+1, zk+1, yk)− `(x, z, yk) ≤ λ〈Axk+1 +Bzk+1 − b, Ax+Bz − b〉 (3.8)

+λ〈Bzk −Bzk+1, Ax− Axk+1〉

−λ‖Axk+1 +Bzk+1 − b‖2

+
1

2λ

(
H(x, xk)−H(x, xk+1)− αH(xk+1, xk)

)
+

1

2λ

(
‖z − zk‖2 − ‖z − zk+1‖2 − ‖zk+1 − zk‖2

)
+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉.

and

`(xk+1, zk+1, y)− `(xk+1, zk+1, yk) =
1

2ρλ

(
‖y − yk‖2 − ‖y − yk+1‖2 + ‖yk+1 − yk‖2

)
.(3.9)

Proof. Lemma 3.3. Consider the inequalities (2.18), (2.19) and (2.21) of the Proof of the

Lemma 2.4. We can rewrite (2.18) as:

f(x) ≥ f(xk+1) +

〈
−1

2λ
∇1d(xk+1, xk), x− xk+1

〉
(3.10)

+
〈
−At[yk + λ(Axk+1 +Bzk+1 − b) + λ(Bzk −Bzk+1)], x− xk+1

〉
+ 〈ak+1, x− xk+1〉.

Adding (3.10) and (2.19), and rearranging these inequalities we obtain:
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f(xk+1) + g(zk+1) + 〈yk, Axk+1 +Bzk+1〉

−
(
f(x) + g(z) + 〈yk, Ax+Bz〉

)
≤ λ〈Axk+1 +Bzk+1 − b, Ax+Bz〉

−λ〈Axk+1 +Bzk+1 − b, Axk+1 +Bzk+1〉

+λ〈Bzk −Bzk+1, Ax− Axk+1〉

+
1

2λ
〈∇1d(xk+1, xk), x− xk+1〉

+
1

λ
〈zk+1 − zk, z − zk+1〉

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉,

that is,

f(xk+1) + g(zk+1) + 〈yk, Axk+1 +Bzk+1〉

−
(
f(x) + g(z) + 〈yk, Ax+Bz〉

)
≤ λ〈Axk+1 +Bzk+1 − b, Ax+Bz − b〉

−λ||Axk+1 +Bzk+1 − b||2

+λ〈Bzk −Bzk+1, Ax− Axk+1〉

+
1

2λ
〈∇1d(xk+1, xk), x− xk+1〉

+
1

λ
〈zk+1 − zk, z − zk+1〉

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉.

Considering the definition of the Lagrangian function `, using the inequality (2.21) and

the relation ‖m− n‖2 = ‖m‖2 + ‖n‖2 − 2〈m,n〉 in the last inequality, we obtain (3.8).

For the equality (3.9) we can proceed analogously to the Proof of the Lemma 2.4 for the

equality (2.17).

The next result is inspired from Theorem 3.1 by Xu [82].
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Proposition 3.4. Under the same hypotheses of the Lemma 3.3, for any saddle point (x, z, y)

of ` on C × Rm × Rp, the sequence {(xk, zk, yk)} satisfies the following inequality:

Ek(x, z, y)

+〈bk+1 − bk, zk+1 − zk〉

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉 ≥ Ek+1(x, z, y) (3.11)

+
α

2λ
H(xk+1, xk) +

1

2λ
‖zk+1 − zk‖2

+
λ

2

(
1− (1− ρ)2

τ 2

)
‖Bzk −Bzk+1‖2

+λ

(
1− ρ

2
− τ 2

2

)
‖Axk+1 +Bzk+1 − b‖2,

where

Ek(x, z, y) =
1

2λ
H(x, xk) +

1

2λ
‖zk − z‖2 +

1

2λρ
‖yk − y‖2 +

λ

2
‖Bzk −Bz‖2

+
λτ 2

2
‖Axk +Bzk − b‖2 +

1

2λ
‖zk − zk−1‖2.

With some adaptive values of the parameter τ , the factors
(

1− (1−ρ)2

τ2

)
and

(
1− ρ

2
− τ2

2

)
are

non-negative when ρ ∈
(

0,
√

5+1
2

)
.

Proof. Proposition 3.4. Following the same steps of the proof of the Proposition 2.5, but

considering the inequality (3.8) and the equality (3.9) instead of (2.16) and (2.17), we obtain

the following inequality:

1

2λρ
(‖y − yk+1‖2 − ‖y − yk‖2) ≤ λ〈Ax− Axk+1, Bzk −Bzk+1〉

+λ
(ρ

2
− 1
)
‖Axk+1 +Bzk+1 − b‖2

+
1

2λ

(
H(x, xk)−H(x, xk+1)− αH(xk+1, xk)

)
+

1

2λ

(
‖z − zk‖2 − ‖z − zk+1‖2 − ‖zk+1 − zk‖2

)
+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉.
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Rearranging the last inequality and using that

〈Ax− Axk+1, Bzk+1 −Bzk〉 = 〈Axk+1 +Bzk+1 − b, Bzk −Bzk+1〉

+
1

2

[
‖Bzk+1 −Bz‖2 − ‖Bzk −Bz‖2

]
+

1

2
‖Bzk −Bzk+1‖2,

we get:

1

2λ
H(x, xk) +

1

2λ
‖z − zk‖2

+
1

2λρ
‖y − yk‖2 +

λ

2
‖Bzk −Bz‖2

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉 ≥ 1

2λ
H(x, xk+1) +

1

2λ
‖z − zk+1‖2

+
1

2λρ
‖y − yk+1‖2 +

λ

2
‖Bzk+1 −Bz‖2

+λ
(

1− ρ

2

)
‖Axk+1 +Bzk+1 − b‖2

+λ〈Axk+1 +Bzk+1 − b, Bzk −Bzk+1〉
α

2λ
H(xk+1, xk) +

1

2λ
‖zk+1 − zk‖2 +

λ

2
‖Bzk −Bzk+1‖2

Set

Ẽk(x, z, y) =
1

2λ
H(x, xk) +

1

2λ
‖zk − z‖2 +

1

2λρ
‖yk − y‖2 +

λ

2
‖Bzk −Bz‖2.

Then

Ẽk(x, z, y)

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉 ≥ Ẽk+1(x, z, y) (3.12)

+
α

2λ
H(xk+1, xk) +

1

2λ
‖zk+1 − zk‖2

+
λ

2
‖Bzk −Bzk+1‖2

+λ(1− ρ

2
)‖Axk+1 +Bzk+1 − b‖2

+λ〈Axk+1 +Bzk+1 − b, Bzk −Bzk+1〉.
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Let us treat the last term on the right-hand side of (3.12). From Step 2 formula (2.12)

we have

g(zk) ≥ g(zk+1) +
〈
−Bt[yk + λ(Axk+1 +Bzk+1 − b)] + bk+1, zk − zk+1

〉
+

〈
−1

λ
(zk+1 − zk), zk − zk+1

〉
.

Due to the same reason in the (k − 1)th iteration, it follows that

g(zk+1) ≥ g(zk) +
〈
−Bt[yk−1 + λ(Axk +Bzk − b)] + bk, zk+1 − zk

〉
+

〈
−1

λ
(zk − zk−1), zk+1 − zk

〉
.

Adding and rearranging the above two inequalities, and since yk− yk−1 = λρ(Axk +Bzk− b)

we obtain

λ〈Axk+1 +Bzk+1 − b, Bzk −Bzk+1〉 ≥ λ(1− ρ)〈Axk +Bzk − b, Bzk −Bzk+1〉 (3.13)

+
1

λ
‖zk − zk+1‖2 +

1

λ
〈zk − zk−1, zk − zk+1〉

−〈bk+1 − bk, zk+1 − zk〉.

Using the relation ‖m+ n‖2 = ‖m‖2 + 2〈m,n〉+ ‖n‖2 we have:

‖zk+1 − zk−1‖2 = ‖zk+1 − zk‖2 + 2〈zk+1 − zk, zk − zk−1〉+ ‖zk − zk−1‖2,

that is,

−〈zk+1 − zk, zk − zk−1〉 =
1

2
‖zk+1 − zk‖2 +

1

2
‖zk − zk−1‖2 − 1

2
‖zk+1 − zk−1‖2.

Then

‖zk − zk+1‖2 + 〈zk − zk−1, zk − zk+1〉 = ‖zk − zk+1‖2 +
1

2
‖zk+1 − zk‖2 (3.14)

+
1

2
‖zk − zk−1‖2 − 1

2
‖zk+1 − zk−1‖2.



3.2. Convergence results 57

Using the identity of the parallelogram 2‖m‖+ 2‖n‖ = ‖m+ n‖2 + ‖m− n‖2 we have:

‖(zk − zk+1) + (zk − zk−1)‖2 = 2‖zk − zk+1‖2 + 2‖zk − zk−1‖2 − ‖zk−1 − zk+1‖2,

Multiplying 1/2 the last equality and rearranging this we have

‖zk−zk+1‖2+
1

2
‖zk−zk−1‖2−1

2
‖zk+1−zk−1‖2 =

1

2
‖2zk−zk+1−zk−1‖2−1

2
‖zk−zk−1‖2. (3.15)

From (3.14) and (3.15), we obtain:

‖zk − zk+1‖2 + 〈zk − zk+1, zk − zk−1〉 =
1

2
‖2zk − zk+1 − zk−1‖2 (3.16)

+
1

2
‖zk − zk+1‖2 − 1

2
‖zk−1 − zk‖2.

From (3.13) and (3.16) we have

λ〈Axk+1 +Bzk+1 − b, Bzk −Bzk+1〉 ≥ λ(1− ρ)〈Axk +Bzk − b, Bzk −Bzk+1〉

+
1

2λ
‖zk − zk+1‖2 − 1

2λ
‖zk−1 − zk‖2

−〈bk+1 − bk, zk+1 − zk〉.

Due to the last inequality and (3.12) we get

Ẽk(x, z, y) +
1

2λ
‖zk−1 − zk‖2

+〈bk+1 − bk, zk+1 − zk〉

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉 ≥ Ẽk+1(x, z, y) +
1

2λ
‖zk − zk+1‖2 (3.17)

+
α

2λ
H(xk+1, xk) +

1

2λ
‖zk+1 − zk‖2

+
λ

2
‖Bzk −Bzk+1‖2

+λ
(

1− ρ

2

)
‖Axk+1 +Bzk+1 − b‖2

+λ(1− ρ)〈Axk +Bzk − b, Bzk −Bzk+1〉.
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Let us bound the last term on the right-hand of (3.17). Choosing τ > 0 and using

the identity ‖m + n‖2 = ‖m‖2 + 2〈m,n〉 + ‖n‖2 with m = τ(Axk + Bzk − b) and n =

1−ρ
τ

(Bzk −Bzk+1), we have

‖τ(Axk +Bzk − b) +
1− ρ
τ

(Bzk −Bzk+1)‖2 = τ 2‖Axk +Bzk − b‖2

+2(1− ρ)〈Axk +Bzk − b, Bzk −Bzk+1〉

+
(1− ρ)2

τ 2
‖Bzk −Bzk+1‖2.

Then

λ(1− ρ)〈Axk +Bzk − b, Bzk −Bzk+1〉 ≥ −λτ 2

2
‖Axk +Bzk − b‖2 (3.18)

−λ(1− ρ)2

2τ 2
‖Bzk −Bzk+1‖2.

From (3.17) and (3.18), we obtain the inequality:

Ẽk(x, z, y) +
1

2λ
‖zk−1 − zk‖2

+〈bk+1 − bk, zk+1 − zk〉

+〈ak+1, xk+1 − x〉+ 〈bk+1, zk+1 − z〉 ≥ Ẽk+1(x, z, y) +
1

2λ
‖zk − zk+1‖2

+
α

2λ
H(xk+1, xk) +

1

2λ
‖zk+1 − zk‖2

+
λ

2

(
1− (1− ρ)2

τ 2

)
‖Bzk −Bzk+1‖2

+λ
(

1− ρ

2

)
‖Axk+1 +Bzk+1 − b‖2

−λτ
2

2
‖Axk +Bzk − b‖2.

Set Ek(x, z, y) = Ẽk(x, z, y) + 1
2λ
‖zk − zk−1‖2 + λτ2

2
‖Axk + Bzk − b‖2. Then the last

inequality is equivalent to (3.11).

Through simply inspection, we have that if τ =
√

5−1
2

, ρ ∈
[

3−
√

5
2
,
√

5+1
2

)
or τ = 1,
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ρ ∈ (0, 1), then
(

1− (1−γ)2

τ2

)
≥ 0 and (2− ρ− τ 2) > 0.

Corollary 3.5. Assume that ρ ∈
(

0,
√

5+1
2

)
and

∑∞
k=1 |〈bk+1 − bk, zk+1 − zk〉| <∞.

(i) For any saddle point (x, z, y) of `, the sequence {Ek(x, z, y)} is convergent.

(ii) If at least one saddle point (x, z, y) of ` exists then the sequence
{

(xk, zk, yk)
}
is bounded

in C × Rm × Rp, the quantities H(xk+1, xk), ‖zk+1 − zk‖2 and ‖Axk+1 + Bzk+1 − b‖2

are summable, hence they vanish as k goes to +∞.

Proof. For (i).If ρ ∈
(

0,
√

5+1
2

)
, from the inequiality (3.11) of the Proposition 2.4 we have

that

Ek+1(x, z, y) ≤ Ek(x, z, y) + βk,

for all k ≥ 0, where βk = 〈bk+1 − bk, zk+1 − zk〉 + 〈ak+1, xk+1 − x〉 + 〈bk+1, zk+1 − z〉. More-

over,
∑∞

k=0 βk is convergent because it is the sum of three convergent series. Therefore the

sequence {Ek(x, z, y)} is convergent due to Lemma 2.3.

For (ii). From (i) we know that {Ek(x, z, y)} is convergent. On one hand, this implies that

the sequence {Ek(x, z, y)} is bounded and so the sequence {(xk, zk, yk)} is bounded too. On

the other hand, considering the inequality (3.11) we obtain that the squares of the quantities

‖zk+1− zk‖ and ‖Axk+1 +Bzk+1− b‖, and H(xk+1, xk) are summable, hence vanish as k goes

to +∞.

Now, we are ready to give the proof of our main result of this chapter.

Proof. Theorem 3.1. By Assumption (A2) we know that there exists a saddle point (x∗, z∗, y∗)

of ` on C × Rm × Rn. From Corollary 3.5 (ii) it follows that {(xk, zk, yk)} is bounded and

then this sequence has a subsequence {(xkj , zkj , ykj)} which converges to some (x∞, z∞, y∞) ∈

C × Rm × Rp.

We will prove that (x∞, z∞, y∞) is a saddle point of ` on C × Rm × Rp. We have that

‖Axk + Bzk − b‖ → 0 because ‖Axk+1 + Bzk+1 − b‖ → 0 (Corollary 3.5 ), then ‖Axkj +
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Bzkj − b‖ → 0. Also, ‖Axkj +Bzkj − b‖ → ‖Ax∞+Bz∞− b‖. Thus, ‖Ax∞+Bz∞− b‖ = 0.

On the other hand, we have that `(x∞, z∞, y)− `(x∞, z∞, y∞) = 〈y− y∞, Ax∞+Bz∞− b〉

for all y ∈ Rp. Therefore,

`(x∞, z∞, y) = `(x∞, z∞, y∞), ∀y ∈ Rp. (3.19)

In addition, we have that

`(x∞, z∞, y∞) ≤ `(x, z, y∞), ∀x ∈ dom(f), ∀z ∈ dom(g), (3.20)

This is obtained taking lim inf over the appropriate subsequence on both sides of the

inequality (2.16). From (3.19) and (3.20) we conclude that (x∞, z∞, y∞) is a saddle point of

`.

From Corollary 3.5 (i) the following limit exists: L = limk→∞ Ek(x
∞, z∞, y∞). But

for the subsequence {kj} we have that (xkj , zkj , ykj) → (x∞, z∞, y∞) and by Assumption

(B3) we have limk→∞H(x∞, xkj) = 0. Hence limj→∞ Ekj(x
∞, z∞, y∞) = 0. Then L =

limj→∞ Ekj(x
∞, z∞, y∞) = 0, and so by Assumption (B1) we obtain xk → x∞ , consequently,

we get (xk, zk, yk)→ (x∞, z∞, y∞), and the proof is complete.



Chapter 4

Numerical Experiences

4.1 Introduction

In this chapter, we study three types of problems in the form (P ) with C = Rn
++, that is, of

the form:

(P ) min
x,z
{f(x) + g(z) | Ax+Bz = b, x ∈ Rn

+}.

The first problem is the constrained LASSO problem, the second one is a modification of the

constrained LASSO problem, and the third one is a learning machine problem.

In the section 4.2, we solve each of these applications using three different methods:

our approach RIPADM which was introduced in chapter 2 (see (2.1)-(2.3)), the proximal

method of multipliers (PMM), and the classical ADM (see (2.7)-(2.9)). Recall that the

PMM (proposed by Rockafellar [68]) is obtained by applying the proximal algorithm to the

primal-dual system of the problem under study. The PMM applied to the problem (P )

generates a sequence {(xk, yk, zk)} via the following iterates

(xk+1, zk+1) = arg min
x≥0, z

`λ(x, z, y
k) +

1

2λ
(‖x− xk‖2 + ‖z − zk‖2) (4.1)

yk+1 = yk + λ(Axk+1 +Bzk+1 − b), (4.2)

61
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where `λ denotes the augmented Lagrangian of the problem (P) (cf. (2.6)). These three

methods are based on the augmented Lagrangian, but methods ADM and RIPADM are

decomposition methods which separate the primal variables x and z via alternating. The

difference between the ADM and RIPADM is that in the latter an interior proximal distance

is used to treat positivity constraint x ≥ 0. In this section, we use the Log-quad distance

(1.38) (with µ = 1 and ν = 2) to regularize the x-subproblem of the RIPADM method.

For each of the applications: contrained LASSO problem, constrained LASSO problem

with a cost function, and norm-mixed twin support vector machine (TWSVM) problem, we

present the computational results obtained of the three methods mentioned above, and give

some conclusions from these results.

In the section 4.3, we present the computational results obtained from the application of

RIPADM method with relaxation factor (3.5)-(3.7), which was introduced in the chapter 3,

to the constrained LASSO problem and norm-mixed TWSVM problem.

The relaxation factor ρ can assume different values in the region of convergence
(

0,
√

5+1
2

)
,

specifically, we study the relaxed RIPADM method with ρ = 1.62, 1.6 and 0.7. Note that

in section 4.2, we consider ρ = 1. Interesting results are obtained from these numerical ex-

periments. Moreover, we show the numerical results obtained of applying the relaxed ADM

(3.2)- (3.4) with ρ = 1.62, 1.6 and 0.7 to the two problems under study in this section. Then

we can compare the computational results of relaxed RIPADM and relaxed ADM for each of

the problems.

In the section 4.4, we propose an algorithm which is a variant of the RIPADM method,

and solves the problem (P ) with f being a quadratic function. This variant uses the Bregman

kernel h(x) =
∑n

i=1 xi log(xi)− xi. Due to the work of Eckstein [32] on proximal algorithms

using Bregman functions, solve the x-subproblem of the RIPADM method is equivalent to

solving a problem without restrictions and then calculate xk+1 using a formula. This gives
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rise to a variant of RIPADM which we call ADM-type algorithm with Bregman regularization.

We give the computational results obtained of applying the proposed algorithm to the three

applications.

The numerical experiments were done on a laptop with Intel Core i3 processor, 1.80 GHz,

4 GB RAM. The operating system of the laptop is Windows 8, and the program used is

MATLAB version 8.2.0.701 (R2013b).

In our experiments, the following stopping rule was taken: |valk−val∗| < 10−5, where valk

denotes the value of the objective function at the iteration k of the appropriate algorithm,

and val∗ denotes the optimal value obtained by CVX solver, which is available in http:

//cvxr.com/cvx. This solver also was used for solving the inner problems that appear in

the three methods: RIPADM, PMM and ADM.

4.2 Applications

4.2.1 Constrained LASSO problem

Consider the standard linear regression model:

d = Dz + ε,

where D ∈ Rr×m is a matrix of predictors, d ∈ Rr is a response vector, z ∈ Rm is a vector of

regression coefficients, and ε ∈ Rr is a vector of random noises. In high-dimensional setting

where the number of responses is much smaller than the number of regression coefficients,

r � m, the traditional least-squares method does not perform well. To overcome this

difficulty, certain sparsity conditions are assumed on the vector of regression coefficients,

that is, one consider the following problem

min
z

{
1

2
‖Dz − d‖2

2 + γ‖z‖1

}
,

http://cvxr.com/cvx
http://cvxr.com/cvx
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where γ > 0 is a running parameter, and ‖ · ‖1 denotes the 1-norm in Rm. This problem is

known as LASSO problem (see [75]) and it can be interpreted as finding a sparse solution to

a least squares or linear regression problem, that is, the LASSO problem is L1-regularized

linear regression ([?]).

Inspired by significant applications such as portfolio selection ([?]) and monotone regres-

sion ([55]), the following problem was proposed recently in [55]:

min
z

{
1

2
‖Dz − d‖2 + γ‖z‖1 | Bz ≤ b

}
, (4.3)

where D ∈ Rr×m, d ∈ Rr, B ∈ Rn×m, b ∈ Rn, and γ > 0 are problem data. This problem is

known as constrained LASSO problem.

By introducing a slack variable x ∈ Rn, we can rewrite the problem (4.3) like (P ) with

f(x) = 0, g(z) = 1
2
‖Dz − d‖2 + γ‖z‖1, and A = I. That is, the problem (4.3) is equivalent

to:

min
z

{
1

2
‖Dz − d‖2 + γ‖z‖1 | x+Bz = b, x ≥ 0

}
. (4.4)

Thus, the RIPADM, PMM, and ADM are applicable.

RIPADM: This iterative scheme consists of the following steps:

xk+1 ≈ argmin
x

〈yk, x〉+
λ

2
‖x+Bzk − b‖2 +

1

2λ
d(x, xk), (4.5)

zk+1 ≈ argmin
z

1

2
‖Dz − d‖2 + γ‖z‖1 + 〈yk, Bz〉+

λ

2
‖xk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2,

(4.6)

yk+1 = yk + λ(xk+1 +Bzk+1 − b). (4.7)

Remark 4.1. If we replace the distance d by the Log-quad distance (1.38), the x-problem
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(4.5) is rewrite as:

xk+1 = argmin
x

〈yk, x〉+
λ

2
‖x+ qk‖2

+
1

2λ

n∑
i=1

[
µ

(
(xki )

2 log

(
xki
xi

)
+ xix

k
i − (xki )

2

)
+
ν

2
(xi − xki )2

]
,

where qk = Bzk − b. The optimality condition of this problem give us the following

equations:

yki + λ(xk+1
i + qki ) +

1

2λ

(
−µ(xki )

2

xk+1
i

+ µxki + νxk+1
i − νxki

)
= 0, i = 1, . . . , n.

Then, from this, we can obtain the following closed-form solution

xk+1
i =

−b̃i +
√
b̃2
i − 4aci

2a
, i = 1, . . . , n, (4.8)

where a = λ+ ν
2λ
, b̃i = yki + λqki + ((µ− ν)/2λ)xki , and ci = (−µ/2λ)(xki )

2.

PMM: Here, we compute the sequences {(xk, zk, yk)} via (4.1)-(4.2) with augmented La-

grangian

`λ(x, y, z) =
1

2
‖Dz − d‖2 + γ‖z‖1 + 〈y, x+Bz − b〉+

λ

2
‖x+Bz − b‖2. (4.9)

ADM: This method computes the sequences {(xk, zk, yk)} via (2.7)-(2.9) with augmented

Lagrangian given by (4.9).

In Table 4.1 we present the numerical results obtained when we apply the RIPADM,

PMM, and ADM methods for solving the problem (4.3). For each algorithm, we take the

same starting point (x0, z0, y0) = (1,1,3) ∈ Rn × Rm × Rn, γ = 1, and set m = n. The

problem data were randomly generated from the uniform distribution and with a single stream

fixed, that is, s=RandStream(’mt19937ar’,’Seed’,1), D=rand(s,r,m), B=rand(s,n,m),

d=rand(s,r,1), and b=rand(s,n,1).
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r n RIPADM PMM ADM
10 30 CPU time(s) 192.29 291.33 225.80

Objective Value 1.309512 1.309514 1.309513
Iterations 231 299 178

30 50 CPU time(s) 79.21 113.56 149.75
Objective Value 3.343769 3.343757 3.343770

Iterations 93 88 90
50 100 CPU time(s) 140.17 90.47 162.56

Objective Value 4.103247 4.103251 4.103239
Iterations 123 51 72

70 200 CPU time(s) 337.70 388.60 648.58
Objective Value 6.354824 6.354806 6.354807

Iterations 158 102 128
100 300 CPU time(s) 765.18 725.76 1081.92

Objective Value 7.855478 7.855494 7.855478
Iterations 151 73 100

Table 4.1: Numerical results for the constrained LASSO problem.

Table 4.1 shows the average of runtime in seconds (run five times), the objective values

and the number of iterations of the RIPADM, PMM, and ADM methods apply to Problem

(4.3) for different values of r and n. The best results in terms of CPU time and number of

iterations is highlighted in bold type. From Table 4.1, we observe that the PMM method uses

fewer iterations (four out of five experiments) in comparison with the other two methods,

however our approach uses less CPU time in three out of five experiments.

4.2.2 Constrained LASSO problem with a cost function

In this section, we consider a cost function associated to the problem (4.3), specifically, we

consider the following problem:

min
x,z

{
1

2
‖Dz − d‖2 + γ‖z‖1 +

β

2
‖x‖2 | x+Bz = b, x ≥ 0

}
, (4.10)

with β > 0. Clearly, this problem has the form of (P ) with f(x) = β
2
‖x‖2, g(z) =

1
2
‖Dz − d‖2 + γ‖z‖1, A = I and C = Rn

+. Thus the RIPADM, PMM, and ADM are

again applicable.
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RIPADM: This iterative scheme consists of the following steps:

xk+1 ≈ argmin
x

β

2
‖x‖2 + 〈yk, x〉+

λ

2
‖x+Bzk − b‖2 +

1

2λ
d(x, xk),

zk+1 ≈ argmin
z

1

2
‖Dz − d‖2 + γ‖z‖1 + 〈yk, Bz〉+

λ

2
‖xk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2,

yk+1 = yk + λ(xk+1 +Bzk+1 − b).

Remark 4.2. In a way similar to Remark 4.1, if we replace the distance d by the

Log-quad distance (1.38), we can obtain the following closed-form solution for the x-

subproblem

xk+1
i =

−b̃i +
√
b̃2
i − 4aci

2a
, i = 1, . . . , n, (4.11)

where a = β + λ+ ν
2λ
, b̃i = yki + λqki + ((µ− ν)/2λ)xki , and ci = (−µ/2λ)(xki )

2.

PMM: Here, we compute the sequences {(xk, zk, yk)} via (4.1)-(4.2) with augmented La-

grangian

`λ(x, y, z) =
1

2
‖Dz− d‖2 + γ‖z‖1 +

β

2
‖x‖2 + 〈y, x+Bz− b〉+ λ

2
‖x+Bz− b‖2. (4.12)

ADM: This method computes the sequences {(xk, zk, yk)} via (2.7)-(2.9) with augmented

Lagrangian given by (4.12).

In Table 4.2 we summarize the numerical results obtained when we apply the RIPADM,

PMM, and ADM methods for solving the problem (4.10). For each method, we take the

same starting point (x0, z0, y0) = (1,1,3) ∈ Rn × Rm × Rn, γ = β = 1, and set m = n. The

problem data were randomly generated in similar way to the above case.

It can be seen in Table 4.2 that the RIPADM method is much faster than the other two

methods (see highlighted in bold type) for the different values of r and n. For instance, for
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r n RIPADM PMM ADM
10 30 CPU time(s) 232.71 355.69 479.47

Objective Value 3.715823 3.715823 3.715823
Iterations 324 326 315

30 50 CPU time(s) 41.10 133.51 111.32
Objective Value 6.855128 6.855116 6.855122

Iterations 51 104 67
50 100 CPU time(s) 140.34 249.80 286.16

Objective Value 10.501275 10.501275 10.501275
Iterations 131 141 143

70 200 CPU time(s) 220.39 427.66 505.65
Objective Value 14.609375 14.609376 14.609376

Iterations 100 112 114
100 300 CPU time(s) 658.07 1152.91 1560.74

Objective Value 23.198968 23.198968 23.198968
Iterations 137 139 146

Table 4.2: Numerical results for the constrained LASSO problem with cost function.

r = 70, n = 200 the PMM method needs almost twice the CPU time of the RIPADM one,

while the ADM scheme requires more than twice of CPU time of our approach.

4.2.3 Twin support vector machine classifier

Support vector machines (SVM) is a new machine learning method which is developed on

the basic of statistical learning theory and structural risk minimization [26, 78]. One of

the most popular SVM in classification is the “maximum margin" one that attempts to find

the optimal separating hyperplane maximizing the margin between two disjoint half planes

(associated to positive and negative samples). The resulting optimization task involves the

minimization of a convex quadratic function subject to linear inequality constraints.

In order to reduce the computational cost of SVM, [59] proposed a nonparallel hyperplane

classifier, called Twin support vector machines (TWSVM) for binary classification. TWSVMs

construct two nonparallel hyperplanes such that each one is closer to one of the two training

dataset and is as far as possible from the other. The above hyperplanes are obtained by

solving two small quadratic programming problems.
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On the other hand, an important task in classification is to identify a subset of features

which contribute most to classification. The benefit of feature selection is crucial for achiev-

ing good classification accuracy in the presence of redundant features. To select important

groups of features automatically and simultaneously, [86] proposed to consider the F∞-norm

SVM.

Motivated from the works on TWSVM, and F∞-norm SVMs, for linearly separable case,

we propose to consider the norm-mixed TWSVM given by the following problems

min
w1,t1

‖D1w1 + e1t1‖∞ +
c1

2
(‖w1‖2 + t21)

s.t. − (D2w1 + e2t1) ≥ e2,

(4.13)

and

min
w2,t2

‖D2w2 + e2t2‖∞ +
c2

2
(‖w2‖2 + t22)

s.t. (D1w2 + e1t2) ≥ e1,

(4.14)

where ‖ · ‖∞ denotes the infinity-norm in Euclidean space, D1 ∈ Rm1×n and D2 ∈ Rm2×n are

matrices containing the training dataset of positive and negative class, respectively, c1, and

c2 are positive parameters, and e1 ∈ Rm1 and e2 ∈ Rm2 are vectors of ones.

We will focus on solving the problem (4.13). Set z = [w>1 , t1]> ∈ Rn+1. Then the problem

(4.13) can be written in the form:

min
z

{
‖[D1 e1]z‖∞ +

c1

2
‖z‖2| − [D2 e2]z ≥ e2

}
. (4.15)

By introducing a slack variable x ∈ Rm2 to the inequality constraints of the above problem,

we can reformulate it in the form of (P ) with f(x) = 0, g(z) = ‖[D1 e1]z‖∞+ c1
2
‖z‖2, A = I,



70 Chapter 4. Numerical Experiences

B = [D2 e2] ∈ Rm2×n+1 and b = −e2. That is, the problem (4.15) is equivalent to:

min
z

{
‖[D1 e1]z‖∞ +

c1

2
‖z‖2| x+Bz = −e2, x ≥ 0

}
. (4.16)

Then, the RIPADM, PMM, and ADM are applicable.

RIPADM: This iterative scheme consists of the following steps:

xk+1 ≈ argmin
x

〈yk, x〉+
λ

2
‖x+Bzk − b‖2 +

1

2λ
d(x, xk),

zk+1 ≈ argmin
z

‖[D1 e1]z‖∞ +
c1

2
‖z‖2 + 〈yk, Bz〉+

λ

2
‖xk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2,

yk+1 = yk + λ(xk+1 +Bzk+1 − b). (4.17)

PMM: Here, the sequences {(xk, zk, yk)} are compute via (4.1)-(4.2) with

`λ(x, y, z) = ‖[D1 e1]z‖∞ +
c1

2
‖z‖2 + 〈y, x+Bz − b〉+

λ

2
‖x+Bz − b‖2. (4.18)

ADM: This method computes the sequences {(xk, zk, yk)} via (2.7)-(2.9) with augmented

Lagrangian given by (4.18).

In order to solve numerically the norm-mixed TWSVM problem (4.15) with the RIPADM,

PMM, and ADM methods, we use four real data sets taken from the UCI Repository ([2]):

Liver Disorders (BUPA), Australian Credit (AUS), Wisconsin Breast Cancer (WBC), and

Pima Indians Diabetes (DIA). A brief information regarding each of the data sets is given

below:

• BUPA: It contains m = 345 samples of patients, divided into m1 = 145 and m2 = 200,

with n = 6 attributes.

• AUS: It concerns credit card applications and contains m = 690 samples, divided into

m1 = 145 and m2 = 200, with n = 14 features.
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• WBC: It contains m = 569 observations of tissue samples (m1 = 212 diagnosed as

malignant and m2 = 357 as benign tumors) described by n = 30 features.

• DIA: It contains m = 768 samples of patients, divided into m1 = 268 (tested positive)

and m2 = 500 (tested negative), with n = 8 attributes.

For each scheme and data set, we take the same starting point (x0, z0, y0) = 1
10

(1,0,0) ∈

Rm2 × Rn+1 × Rm1 and c1 = 1. In Table 4.3, we present the results that have been obtained

in the numerical tests. The best method in terms of CPU time and number of iterations is

highlighted in bold type.

Data set RIPADM PMM ADM
BUPA CPU time(s) 922.73 1342.85 684.79

Objective Value 1.350705 1.350714 1.350709
Iterations 306 192 192

AUS CPU time(s) 508.39 1815.14 724.12
Objective Value 1.260135 1.260127 1.260134

Iterations 101 148 99
WBC CPU time(s) 5434.05 18213.59 7826.76

Objective Value 1.496976 1.496976 1.496976
Iterations 1407 1469 1406

DIA CPU time(s) 67.08 318.25 82.04
Objective Value 1.500000 1.500002 1.499990

Iterations 13 24 9

Table 4.3: Numerical results for the norm-mixed TWSVM problem.

From this Table we observe that the best results (in number of iterations) were achieved

using the ADM scheme in all data sets, however, the RIPADM one has better CPU time in

three data sets (AUS, WBC and DIA).

4.3 Relaxated Decompositon Methods

In this section, we apply the RIPADM method with relaxation factor given by (3.5)-(3.7) to

solves two examples of the previous section: constrained LASSO problem and norm-mixed
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TWSVM problem. We want to show that for the relaxed RIPADM method, the general case

with ρ ∈
(

1, 1+
√

5
2

)
could lead to better numerical result than the special case with ρ = 1.

4.3.1 Constrained LASSO problem

The Constrained LASSO problem (4.3) can be reformulated introducing a slack variable as:

min
z

{
1

2
‖Dz − d‖2 + γ‖z‖1 | x+Bz = b, x ≥ 0

}
,

where D ∈ Rr×m, d ∈ Rr, B ∈ Rn×m, b ∈ Rn, and γ > 0 are problem data, and m = n. The

problem data are randomly generated in the same way as in the subsection 4.2.1 and we take

γ = 1. Here we only consider three different dimensions of the problem data (r, n).

In the relaxed RIPADM method, the primal variable xk+1 is computed by the closed

formula (4.8), the primal variable zk+1 is obtained by solving the problem (4.6) via CVX

solver and the dual multiplier is calculated by the update ruler (3.7).

In Table 4.4, we list the averaged computing time in seconds, the objective function values

and iterations number for relaxed RIPADM with ρ = 1.62, 1.6, 0.7 and 1. In this table, the

computational results show that the RIPADMmethod with ρ = 1.62 is faster than with ρ = 1.

In Table 4.5, we show the computational results obtained from the application of the

relaxed ADM method (see (3.2)-(3.4)) to the contrained LASSO problem. The relaxation

factor ρ takes the values 1.62, 1.6, 0.7 and 1. The ADM subproblems are solved by CVX

solver. The results of this table show that the ADM with relaxation factor ρ = 1.6 is faster

than with other values. Moreover, the relaxed RIPADM method with ρ = 1 or ρ = 1.62 is

faster than the relaxed ADM method.
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r n RIPADM RIPADM RIPADM RIPADM
ρ = 1.62 ρ = 1.6 ρ = 0.7 ρ = 1

70 200 CPU time(s) 265.39 295.09 289.35 337.70
Objective Value 6.354818 6.354821 6.354808 6.354824

Iterations 135 148 142 158
100 300 CPU time(s) 545.97 774.39 792.64 765.18

Objective Value 7.855478 7.855489 7.855478 7.855478
Iterations 139 157 161 151

150 400 CPU time(s) 1594.23 1534.48 1674 2213.95
Objective Value 10.084388 10.084380 10.084391 10.084378

Iterations 145 144 158 203

Table 4.4: Numerical results of the relaxed RIPADM applied to the constrained LASSO problem.

ADM ADM ADM ADM
ρ = 1.62 ρ = 1.6 ρ = 0.7 ρ = 1

70 200 CPU time(s) 444.22 291.88 882.46 648.58
Objective Value 6.354824 6.354808 6.354805 6.354808

Iterations 125 66 196 128
100 300 CPU time(s) 1322.09 1162.04 1220.48 1081.92

Objective Value 7.855489 7.855492 7.855491 7.855478
Iterations 126 108 117 100

150 400 CPU time(s) 2358.68 2166.24 2541.93 2758.52
Objective Value 10.084378 10.084397 10.084395 10.084378

Iterations 93 87 108 111

Table 4.5: Numerical results of the relaxed ADM applied to the constrained LASSO problem.

4.3.2 Twin support vector machine classiffier

The norm-mixed Twin Support Vector Machine problem (4.15) can be reformulated intro-

ducing a slack variable as:

min
z

{
‖[D1 e1]z‖∞ +

c1

2
‖z‖2| x+ [D2 e2]z = −e2

}
.

where D1 ∈ Rm1×n and D2 ∈ Rm2×n are real matrices, c1 = 1 ∈ R, and e1 ∈ Rm1 and

e2 ∈ Rm2 are vectors of ones. The problem data are real data sets taken from the UCI

repository in the same way as in the subsection 4.2.3.
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In the relaxed RIPADM method, the primal variable xk+1 is computed by the closed

formula (4.8), the z-problem of (4.17) is solved by CVX solver and the dual multiplier is

calculated by the update ruler (3.7).

In Table 4.6, we list the averaged computing time in seconds, the objective function value

and iterations number of relaxed RIPADM with ρ = 1.62, 1.6, 0.7 and 1. In this table, the

computational results show that the RIPADM method with relaxation factor ρ = 1.62 is

faster than with ρ = 1 in most cases.

In Table 4.7, we show the computational results obtained from the application of the

relaxed ADM method (see (3.2)-(3.4)) to the norm-mixed TWSVM problem. The relaxation

factor ρ takes the values 1.62, 1.6, 0.7 and 1. The ADM subproblems are solved by CVX

solver. For data sets BUPA and WBC, the results of this table show that the ADM with

relaxation factor ρ = 1.6 is faster than with other values.

If we compare Tables 4.6 and 4.7, we can see that the CPU times of relaxed RIPADM

method are lower than those of relaxed ADM method for data sets AUS, WBC and DIA.

RIPADM RIPADM RIPADM RIPADM
ρ = 1.62 ρ = 1.6 ρ = 0.7 ρ = 1

BUPA CPU time(s) 846.42 888.94 925.93 922.73
Objective Value 1.350717 1.350717 1.350716 1.350705

Iterations 290 293 317 306
AUS CPU time(s) 495.20 824.43 765.65 508.39

Objective Value 1.260125 1.260130 1.260133 1.260135
Iterations 96 148 158 101

WBC CPU time(s) 3369.13 4102.60 9169.87 5434.05
Objective Value 1.496976 1.496976 1.496976 1.496976

Iterations 869 880 2009 1407
DIA CPU time(s) 201.41 91.76 80.50 67.08

Objective Value 1.500005 1.500010 1.500010 1.500000
Iterations 18 16 14 13

Table 4.6: Numerical results of relaxed RIPADM for the norm-mixed TWSVM problem.
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ADM ADM ADM ADM
ρ = 1.62 ρ = 1.6 ρ = 0.7 ρ = 1

BUPA CPU time(s) 450.37 284.96 957.37 684.79
Objective Value 1.350715 1.350718 1.350704 1.350709

Iterations 114 69 245 192
AUS CPU time(s) 673.28 1168.85 1553.64 724.12

Objective Value 1.260128 1.260139 1.260126 1.260134
Iterations 94 151 219 99

WBC CPU time(s) 6511.15 5037.53 15938.98 7826.76
Objective Value 1.496976 1.496976 1.496976 1.496976

Iterations 868 879 2000 1406
DIA CPU time(s) 119.24 119.93 97.29 82.04

Objective Value 1.500007 1.500004 1.499990 1.499990
Iterations 16 16 13 9

Table 4.7: Numerical results of relaxed ADM for the norm-mixed TWSVM problem.
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4.4 RIPADM with Bregman Regularization

4.4.1 Prelimaries

Consider the following convex minimization problem:

u+ = argmin
u∈C

F (u) +
1

2λ
Dh(u, u

0),

where F : Rn → R ∪ {+∞} is a closed proper convex function, and h is a Bregman function

with zone C ⊂ Rn (C is an open nonempty convex set). As a byproduct of the analysis given

in [32, Theorem 6], one gets the following dual characterization of u+:

Lemma 4.3. Suppose that F (u) = (φ∗)(−u) + 〈c, u〉, where φ∗ is the conjugate of a closed

proper convex function φ and c ∈ Rn is a given vector.

If the pair (w+, u+) satisfies

w+ ∈ argmin
q∈Rn

φ(w) +
1

2λ
h∗(∇h(u0) + 2λ(w − c)), (4.19)

u+ = ∇h∗(∇h(u0) + 2λ(w+ − c)). (4.20)

Then

u+ = argmin
u∈C

F (u) +
1

2λ
Dh(u, u

0). (4.21)

Proof. From (4.19) we have that:

0 ∈ ∂
[
φ(w) +

1

2λ
h∗(∇h(u0) + 2λ(w − c))

]
q=q+

.

Note that h∗ is differentiable by the strict convexity of h. Since dom∇(h∗) = im(∇h) = Rn,

h∗ is defined and differentiable everywhere, whence:

d

dq

[
h∗(∇h(u0) + 2λ(w − c))

]
= 2λ∇h∗(∇h(u0) + 2λ(w − c)).
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Because h∗(∇h(u0) + 2λ(· − c)) is defined and differentiable for all w ∈ Rn, [70, Theorem

23.8] gives that the definition of w+ is equivalent to:

0 ∈ ∂φ(w+) +∇h∗(∇h(u0) + 2λ(w+ − c))

⇔ 0 ∈ ∂φ(w+) + u+

⇔ −u+ ∈ ∂φ(w+)

⇔ w+ ∈ ∂φ∗(−u+)

Then −w+ ∈ −∂φ∗(−u+). From [70, Theorem 23.9] we have

− w+ ∈ ∂u[φ∗(−u)]u=u+ . (4.22)

Since F (u) = φ∗(−u) + 〈c, u〉, [70, Theorems 23.8 and 23.9] give

∂u[φ
∗(−u)]u=u+ + c ⊆ ∂F (u+). (4.23)

Thus, ∇h and ∇h∗ being functional inverses, and by (4.20)

1

2λ
(∇h(u0)−∇h(u+)) =

1

2λ
(∇h(u0)−∇h(u0)− 2λ(w+ − c))

= −w+ + c.

By (4.22) we have −w+ + c ∈ ∂u[φ∗(−u)]u=u+ + c, and then by (4.23) we get

−w+ + c ∈ ∂F (u+).

Therefore
1

2α
(∇h(u0)−∇h(u+)) ∈ ∂F (u+),

which is equivalent to (4.21).

The interest of this result is that u+ is obtained explicitly in terms of w+, which in turn is
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obtained by solving an auxiliary penalized problem with penalty term given by the conjugate

of the Bregman kernel.

4.4.2 Algorithm

We write the problem (P) under study:

(P ) min
x,z
{f(x) + g(z) | Ax+Bz = b, x ∈ Rn

+}.

Recall that the RIPADM method consists of the following steps:

xk+1 ≈ argmin
x∈Rn+

`λ(x, z
k, yk) +

1

2λ
d(x, xk),

zk+1 ≈ argmin
z∈Rm

`λ(x
k+1, z, yk) +

1

2λ
‖z − zk‖2,

yk+1 = yk + λ(Axk+1 +Bzk+1 − b).

Suppose that f is a quadratic function and d is a Bregman distance. Then the Lemma

4.3 can be applied to the step 1 of the RIPADM method which produces a new strategy to

obtain xk+1. With this in mind, one may suggest a variant of our method.

Suppose that the function f is a quadratic function of the form:

f(x) =
1

2
〈Mx, x〉+ 〈n, x〉. (4.24)

Then

`λ(x, z
k, yk) =

1

2
〈Qx, x〉+ 〈ck, x〉+ δk, (4.25)
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with

Q = M + λATA, (4.26)

ck = n+ AT (yk + λ(Bzk − b)), (4.27)

δk =
λ

2
‖Bzk − b‖2.

Suppose that the matrix A is full rank. Then

`λ(x, z
k, yk) = φ∗(−x) + 〈ck, x〉+ δk

with φ(x) = 1
2
〈Q−1x, x〉.

Moreover, if we consider the Bregman kernel h(x) =
∑n

i=1 xi log(xi)− xi, then h∗(x) =∑n
i=1 exp(xi), and the Bregman distance Dh is given by:

Dh(x, x
k) =

n∑
i=1

xi log

(
xi
xki

)
− xi + xki , ∀x ∈ Rn

++. (4.28)

Therefore, if f is a quadratic function (4.24) and d is the Bregman distance (4.28), the

x-problem of the RIPADM method is equivalent to:

xk+1 ≈ argmin
x∈C

1

2
〈Qx, x〉+ 〈ck, x〉+

n∑
i=1

xi log

(
xi
xki

)
− xi + xki ,

where Q and ck are given by (4.26) and (4.27), respectively.

Then the hypothesis of the Lemma 4.3 are satisfied with F (x) = `λ(x, z
k, yk), and the

Bregman kernel h(x) =
∑n

i=1 xi log(xi) − xi. Hence, the iteration xk+1 is obtained by the

formula:

xk+1
i = xki exp(2λ(qki − cki )), i = 1, 2, . . . , n,
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where qk is the solution of the smooth unconstrained minimization problem:

qk = argmin
q∈Rn

Φk(q),

with

Φk(q) =
1

2
〈Q−1q, q〉+

1

2λ

n∑
i=1

xki exp(2λ(qi − cki )).

Consider problem (P ) where f is a quadratic function given by (4.24), and assume that

dom f ∩C 6= ∅. Let d ∈ D(C) and λ be a positive scalar. Starting from a point (x0, z0, y0) ∈

C×Rm×Rp, we generate the sequence {(xk, zk, yk)} ⊂ C×Rm×Rp via the following steps:

Step 1. Compute:

Q = M + λATA and ck = n+ AT (yk + λ(Bzk − b)). (4.29)

Find the auxiliar variable qk solving:

qk ≈ argmin
q∈Rn

1

2
〈Q−1q, q〉+

1

2λ

n∑
i=1

xki exp(2λ(qi − cki )). (4.30)

Compute:

xk+1
i = xki exp(2λ(qki − cki )), ∀i = 1.2, . . . , n, (4.31)

Step 2. Find zk+1 solving:

zk+1 ≈ argmin
z∈Rm

g(z) + 〈yk, Bz〉+
λ

2
‖Axk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2. (4.32)

Step 3. Compute

yk+1 = yk + λ(Axk+1 +Bzk+1 − b). (4.33)
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4.4.3 Applications

Constrained LASSO problem

Recall the constrined LASSO problem (4.4) again:

min
z

{
1

2
‖Dz − d‖2 + γ‖z‖1 | x+Bz = b, x ≥ 0

}
.

This problem has the form of the problem (P) with f(x) = 0, g(z) = 1
2
‖Dz − d‖2 + γ‖z‖1,

A = I and C = Rn
+. Then the RIPADM method with Bregman regularization (4.29)-(4.33)

applied to this problem consists of the following steps:

Step 1. Compute:

Q = λI and ck = yk + λ(Bzk − b).

Find the auxiliar variable qk solving:

qk ≈ argmin
q∈Rn

1

2λ
‖q‖2 +

1

2λ

n∑
i=1

xki exp(2λ(qi − cki )).

Compute:

xk+1
i = xki exp(2λ(qki − cki )), ∀i = 1.2, . . . , n,

Step 2. Find zk+1 solving:

zk+1 ≈ argmin
z∈Rm

1

2
‖Dz − d‖2 + γ‖z‖1 + 〈yk, Bz〉+

λ

2
‖xk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2.

Step 3. Compute

yk+1 = yk + λ(xk+1 +Bzk+1 − b).

In Table 4.8 we present the computational results obtained when we apply the RIPADM

method with Bregman regularization for solving the problem (4.4). We consider five schemes

are characterized by different dimensions of the data (r, n). For each scheme, we take the

same starting point (x0, z0, y0) = (1,1,3) ∈ Rn × Rm × Rn, γ = 1, and set m = n. The



82 Chapter 4. Numerical Experiences

problem data were randomly generated from the uniform distribution and with a single stream

fixed, that is, s=RandStream(’mt19937ar’,’Seed’,1), D=rand(s,r,m), B=rand(s,n,m),

d=rand(s,r,1), and b=rand(s,n,1).

r = 10 r = 30 r = 50 r = 70 r = 100
n = 30 n = 50 n = 100 n = 200 n = 300

CPU time(s) 757.21 1014.12 6304.09 ∞ ∞
Objective Value 1.309526 3.343757 4.103253 – –

Iterations 565 646 2121 – –

Table 4.8: Numerical results for the constrained LASSO problem.

The Table 4.8 shows the solution times in seconds, each averaged over five instances with

the same values of r and n. If a method could not solve any of the five instances within

the time limit (12 hours) for given r and n, we denote this by an average solution time of

∞. Moreover, this Table shows the objective values and number of iterations for each scheme.

If we compare the Table 4.8 to Table 4.1, we can realize that both CPU times as the

iterations of the Bregman method are much higher than RIPADM, PMM and ADM. For

example, when r = 50 and n = 100 the CPU time of Bregman method is at least 38 times

larger than the other methods.

Contrained LASSO problem with a cost function

We remember the constrained LASSO problem with a cost function (4.10) studied in sub-

section 4.2.2:

min
x,z

{
1

2
‖Dz − d‖2 + γ‖z‖1 +

β

2
‖x‖2 | x+Bz = b, x ≥ 0

}
,

with β > 0. Clearly, this problem has the form of (P ) with f(x) = β
2
‖x‖2, g(z) = 1

2
‖Dz −

d‖2 +γ‖z‖1, A = I and C = Rn
+. The problem data are randomly generated in the same way

as in the subsection 4.2.2, and we take γ = 1 = β. Then RIPADM method with Bregman

regularization (4.29)-(4.33) applied to this problem consists of the following steps:
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Step 1. Compute:

Q = (β + λ)I and ck = yk + λ(Bzk − b).

Find the auxiliar variable qk solving:

qk ≈ argmin
q∈Rn

1

2(β + λ)
‖q‖2 +

1

2λ

n∑
i=1

xki exp(2λ(qi − cki )).

Compute:

xk+1
i = xki exp(2λ(qki − cki )), ∀i = 1.2, . . . , n,

Step 2. Find zk+1 solving:

zk+1 ≈ argmin
z∈Rm

1

2
‖Dz − d‖2 + γ‖z‖1 + 〈yk, Bz〉+

λ

2
‖xk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2.

Step 3. Compute

yk+1 = yk + λ(xk+1 +Bzk+1 − b).

In Table (4.9) we present the computational results obtained when we apply the RIPADM

method with Bregman regularization for solving the problem (4.10). We consider five schemes

that differ in the size of the problem data. For each scheme, we take the same starting point

(x0, z0, y0) = (1,1,3) ∈ Rn × Rm × Rn, and set m = n.

r = 10 r = 30 r = 50 r = 70 r = 100
n = 30 n = 50 n = 100 n = 200 n = 300

CPU time(s) 392.71 895.10 5893.81 ∞ ∞
Objective Value 3.715827 6.855118 10.501293 – –

Iterations 280 442 1693 – –

Table 4.9: Computational results for the constrained LASSO problem with a cost function.

If we compare the Table 4.9 to Table 4.2, we can see that both CPU times as the iterations

of the RIPADM method with Bregman regularization are much higher than RIPADM, PMM

and ADM for all the schemes.



84 Chapter 4. Numerical Experiences

Twin support vector machine classiffier

Recall the norm-mixed Twin Support Vector Machine problem (4.16) again:

min
z

{
‖[D1 e1]z‖∞ +

c1

2
‖z‖2| x+Bz = −e2, x ≥ 0

}
.

This problem has the form of the problem (P) with f(x) = 0, g(z) = ‖[D1 e1]z‖∞ + c1
2
‖z‖2,

A = I, B = [D2 e2], and C = Rn
+. The problem data are real data sets taken from the

UCI repository in the same way as in the subsection 4.2.3, and we take c1 = 1. Then the

RIPADM method with Bregman regularization (4.29)-(4.33) applied to this problem consists

of the following steps:

Step 1. Compute:

Q = λI and ck = yk + λ(Bzk − b).

Find the auxiliar variable qk solving:

qk ≈ argmin
q∈Rn

1

2λ
‖q‖2 +

1

2λ

n∑
i=1

xki exp(2λ(qi − cki )).

Compute:

xk+1
i = xki exp(2λ(qki − cki )), ∀i = 1.2, . . . , n,

Step 2. Find zk+1 solving:

zk+1 ≈ argmin
z

‖[D1 e1]z‖∞ +
c1

2
‖z‖2 + 〈yk, Bz〉+

λ

2
‖xk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2.

Step 3. Compute

yk+1 = yk + λ(xk+1 +Bzk+1 − b).

In Table 4.10, we present the computational results obtained when we apply the RIPADM

algorithm with Bregman regularization for solving the problem (4.16). We use four real data

sets taken from the UCI Repository ([2]): Liver Disorders (BUPA), Australian Credit (AUS),
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Wisconsin Breast Cancer (WBC), and Pima Indians Diabetes (DIA) (see subsection 4.2.3 for

more details). For each data set, we take the same starting point (x0, z0, y0) = 1
10

(1,0,0) ∈

Rm2 × Rn+1 × Rm1 and c1 = 1.

BUPA AUS WBC DIA
CPU time(s) 8010.57 1997.49 1511.35 9454.13

Objective Value 1.350715 1.260124 1.496984 1.500009
Iterations 978 163 131 769

Table 4.10: Computational results for the norm-mixed TWSVM problem.

The Table 4.10 shows the solution times in seconds, each averaged over five instances with

the same data set. Moreover, this Table shows the objective values and number of iterations

for each scheme.

If we compare the Table 4.10 to Table 4.3, we can see that both CPU times as the

iterations of the algorithm with Bregman regularization are much higher than RIPADM,

PMM and ADM for data sets BUPA, AUS and DIA. However, for the data set WBC the

CPU time of algorithm with Bregman regularization is much less than the RIPADM method

with Log-quad regularization and relaxation factor 1.62.
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Chapter 5

Preliminaries on economic equilibrium

model

5.1 Introduction

It is important to have computational methods that provide approximate solutions to the

economic problem of finding equilibrium prices in a market economics, and to have compu-

tational procedures for the study of the potential effects of variations in the parameters and

specifications that determine an economic model, since such methods will allow us to perform

quantitative analysis on policies to be implemented.

Generally speaking, most of the algorithms developed to find and analyze equilibria in

economic models have been based on the available existence proofs. The equilibrium exis-

tence proofs have as a central argument the existence of fixed points for a function based

on the conditions of supply and aggregate demand (see, e.g., [1], [28], [66]). Thus, standard

algorithms for the approximate computation of economic equilibria are based on variations

to the successive approximation of fixed points, by exploiting the special characteristics of

this problem. These algorithms have good results in small and particular instances, but have

important deficiencies and drawbacks in medium and large problems, and have unstable be-

89



90 Chapter 5. Preliminaries on economic equilibrium model

haviors with respect to changes in the parameters of the problem.

More recently, algorithms have been developed to calculate equilibrium prices as max-inf

points of underlying bifunction problems. This is due to new equilibrium existence proofs

through the application of variational analysis (see, e.g., [5], [57]). Thus the focus has changed

from the use of fixed-point algorithms to construct algorithms that can find the max-inf points

of a bifunction that is characteristic of the economy in study, and which collects all parame-

ters that determine it, which is known as the Walrasian function in this case.

5.2 Walrasian function

We consider a pure exchange model (economy without production) or equivalently a Walras

barter problem, of Arrow-Debreau [28]. In this economy, there are I agents (consumers)

i ∈ I = {1, ..., I}, and L commodities j ∈ L = {1, ..., L}. Each agent i has an initial

endowment ei ∈ RL (a bundle of goods to be traded), a survival set Xi ⊂ RL
+ and an utility

function ui : Xi → R. These endowments, survival sets and utilities are the primitives of the

pure exchange model, so the economy is described by

E = {(ui, Xi, ei)| i ∈ I}.

Trading takes place at a per-unit market price pj for good j, j = 1, ..., L. The bundle of

goods agent i could acquire is limited by the budgetary contraint pTx ≤ pT ei. It is assumed

that agents act as utility maximizers. Thus, given p ∈ RL
+, each agent i ∈ I will end up with

its (consumption) demand:

ci(p) = argmax
x∈Xi

{
ui(x) | pTx ≤ pT ei

}
. (5.1)

which we assume to be well (uniquely) defined. Note that ci(p) = ci(αp) for any positive
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scalar α, i.e., the agents demand functions are homogeneous of degree 0 with respect to

prices. So, we may as well restrict the choice of p to ∆ = {p ∈ RL
+ |
∑L

j=1 pj = 1}.

Definition 5.1. The excess supply function of the economy E is defined as:

s(p) =
I∑
i=1

si(p), (5.2)

where si(p) = ei − ci(p).

Following Walras [80], a price vector p̄ ∈ ∆ such that s(p̄) ≥ 0 is called an equilibrium

price. On the other hand, Jofré and Wets [57] introduced the Walrasian function which allows

to give a new characterization of equilibrium price.

Definition 5.2. For a pure exchange economy E , the Walrasian function is defined as

W (p, q) = qT s(p),

where (p, q) ∈ ∆×∆, and s is the excess supply function defined by (5.2).

Definition 5.3. Given X ⊂ Rn, Y ⊂ Rm, and a bifunction F : X × Y → R, a point x̄ is a

maxinf-point of F if:

x̄ ∈ argmaxinf
(x,y)∈X×Y

F = argmax
x∈X

(
inf
y∈Y

F (x, y)

)
.

Lemma 5.4. [58, Proposition 2.4] Every maxinf-point x̄ ∈ ∆ of the Walrasian function W

such that W (p̄, ·) ≥ 0 on ∆ is an equilibrium price.

Jofré et al. [56] proposed a method to solve Walras equilibrium models that is based

on finding a maxinf-point of the Walrasian function W by an approximating squeme. The

numerical procedure relies on an augmentation of this function. The proposed method gen-

erates a sequence of approximate maxinf-point {pν} of a sequence of augmented Walrasian

function {W ν}, and, under some assumptions, the sequence {pν} converges to p̄ a maxinf-

point of W .
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Given the augmenting function σ and a scalar r > 0, the augmented Walrasian, by

definition, is

W̃r(p, q) = sup
u∈Rn
{qTu− V (p, u)− rσ(u)},

where

V (p, u) = sup
z∈∆

[uT z −W (p, z)].

One can re-write the definition of W̃r as (see [56] for more details):

W̃r(p, q) = inf
z
{W (p, q − z) + rσ∗(r−1z)},

where σ∗ is the conjugate of σ. For example, one can consider σ = 1
2
| · |22, the augmented

Walrasian takes the form:

W̃r(p, q) = min
z∈∆

[
W (p, z) +

1

2rν
|z − q|22

]
.

The proposed method in [56] consists of the followings steps:

• At iteration ν + 1, given pν ∈ ∆ with r = rν+1 (≥ rν), the Phase I (or primal) consists

in solving

qν+1 ∈ argmin
q∈∆

W̃ ν+1(pν , q).

• How to carry out the next step will depend on the shape and the properties of the

demand functions. For example, this turns out to be rather simple when the utility

functions are the Cobb-Douglas type, defining the Phase II (or dual) as finding

pν+1 ∈ argmax
p∈∆

W̃ ν+1(p, qν+1).

We can see that in the augmented Walrasian W̃r appears the Walrasian function W , and

therefore the excess supply function s (5.2). Then in the computational implementation of
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this method one needs to solve the utility problem for each agent participating in the eco-

nomic.





Chapter 6

Computational experiences on utility

maximization problems

6.1 Methods for solving the agent problem

In the previous chapter we saw that the proposed method in [56] for solving economic equilib-

rium problems requires solving utility maximization problems of the agents. In this chapter

we study two methods to solve the agent problem: primal-dual interior-point method and

gradient projection with acceleration. Note that these methods exist in the literature (see

[41], bertsekasnonlinear), but we are interested in the computational implementation of them.

Below we give the assumptions for the agent problem, and then give a detailed description

of the algorithms under study.

Each agent i is associated with a survival set Xi ⊂ RL
+, an utility function ui : Xi → R

and initial endowment ei ∈ RL
+. The main assumptions are, for all agent i ∈ I,

• Xi = RL
+,

• ui is continuous,
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• ui is strictly concave,

• ui is nondecresing in each argument, and

• ei ∈ RL
++.

Each agent markets its products in order to maximize profits. Then, given a price p ∈ RL
+,

for each agent i we have to solve the following maximization problem:

max ui(x) (6.1)

subject to pTx ≤ pT ei

x ∈ RL
+

Due to the assumption that ui is nondecreasing in each argument, we have that the

optimal solution satisfies the condition pTx = pT ei. The problem (6.1) is equivalent to the

following convex minimization problem:

− min −ui(x)

subject to pTx = pT ei

x ∈ RL
+

We rewrite the last problem as:

min f(x) (6.2)

subject to pTx = pT e

x ≥ 0

where f = −ui(x) is a convex function, and the vectors p ∈ RL
+ and e ∈ RL

++ are data

problem. Below, we study two methods for solving the convex minimization problem (6.2).
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6.1.1 Primal-dual interior-point method

When f is C2, the problem (6.2) can probably be solved easily with a primal-dual interior-

point method (PDIPM). Moreover, when f is separable, the interior-point solver can easily

exploit this structure. We sketch the method below.

We introduce a dual slack variable s ∈ RL, along with the notation 1 = (1, 1, . . . , 1)T ∈

RL, and a vector-valued function F : RL × R× RL → RL × R× RL defined as follows:

F (x, µ, s) :=


∇f(x) + µp− s

pT (x− e)

XS1

 , (6.3)

where

X = diag(x1, x2, ..., xL), S = diag(s1, s2, ..., sL).

Using this notation, we can state the optimality conditions for the problem (6.2) as follows:

F (x, µ, s) = 0, (x, s) ≥ 0. (6.4)

At each iterate of a basic primal-dual interior-point method, we calculate a modified Newton

step for the nonlinear equations F (x, µ, s) = 0, and take a step along this direction, choosing

the steplength so as to continue to satisfy strictly the inequalities (x, s) ≥ 0. Specifically,

given the current iterate (x, µ, s) with (x, s) > 0, we obtain the new iterate (x+, µ+, s+) by

taking the step:

(x+, µ+, s+) = (x, µ, s) + α(∆x,∆µ,∆s), (6.5)

where α is chosen to ensure that (x+, s+) > 0. Moreover, the step (∆x,∆µ,∆s) is obtained
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by solving the system:
∇2f(x) p −I

pT 0 0

S 0 X




∆x

∆µ

∆s

 = −


∇f(x) + µp− s

pT (x− e)

XS1− γ(xT s/L)1

 , (6.6)

where γ ∈ (0, 1) is the centering parameter, usually chosen adaptively according to a formula

of Mehrotra. (See Wright [41] for details on the choice of this parameter in the case of linear

programming algorithms, which generalizes in a straightforward way to the nonlinear case).

A common formula for α is

α = .95×min

(
1, min

∆xi<0

xi
∆xi

, min
∆si<0

si
∆si

)
. (6.7)

A second-order correction strategy may also be applied; again see Wright [41] for details.

6.1.2 Gradient projection with acceleration

We next describe a gradient projection approach for (6.2) with simple Newton acceleration

(AGP). The key operation is projection onto the feasible set for that is

{x ≥ 0 : pTx = b}, (6.8)

where b := pT e. We actually work with a slightly more general version of this set, since for

some utility functions we need to keep the values of x away from zero. Hence, our generalized

feasible set is

Ω := {x ≥ ε1 : pTx = b}, (6.9)

where ε is a user-supplied nonnegative parameter and 1 is the vector whose elements are all

1. Of course, we must assume that this set is nonempty, that is, εpT1 ≤ b. Note that Ω is
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convex. In this notation, we can state (6.2) as follows:

min
x∈Ω

f(x). (6.10)

We denote by PΩ the operation of projecting onto the set Ω, that is,

PΩ(z) := arg min
t

1

2
‖t− z‖2

2 s.to pT t = b, t ≥ ε1. (6.11)

Gradient Projection

A standard gradient projection method for (6.10) (see for example Bertsekas [12]) can be

stated as follows.

Algorithm 1 Gradient Projection with Backtracking
Given f : RL → R, p ∈ RL with p ≥ 0, b > 0;
Choose x0 ∈ Ω, ᾱ0 > 0, c1 ∈ (0, 1), and τ > 1;
for k = 0, 1, 2, . . . do

Set αk ← ᾱk; {Assign initial guess for step length}
while f(PΩ(xk − αk∇f(xk))) > f(xk) + c1∇f(xk)T [PΩ(xk − αk∇f(xk))− xk] do
αk ← αk/τ ; {Decrease step length}

end while
xk+1 ← PΩ(xk − αk∇f(xk)); {Take the step}
ᾱk+1 ← ταk; {Assign starting value for next iteration}

end for

Projection

The most complicated operation in this algorithm is computation of the projection PΩ (6.11),

but this can be performed efficiently, as pointed out by Dai and Fletcher [27]. We outline

the basic approach here.

First note that the KKT conditions for the solution t of (6.11) are as follows:

0 ≤ t− z + µp ⊥ t− ε1 ≥ 0, pT t = b. (6.12)
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where µ is the Lagrange multiplier for the constraint pT t = b. For a given µ, the vector t(µ)

that satisfies the conditions 0 ≤ t− z − µp ⊥ t ≥ 0 can be written in closed form, as follows:

t(µ) = max(ε1, z − µp). (6.13)

We seek a value of µ for which pT t(µ) = b. This will yield a solution of the projection problem

(6.11). Essentially this task reduces to solving the scalar but nonsmooth equation φ(µ) = 0,

where

φ(µ) := pT t(µ)− b. (6.14)

We note the following facts about φ(µ), all proved easily.

• φ(µ) is a decreasing function of µ. Proof: Since p ≥ 0, each ti(µ) is a decreasing

function of µ. Thus pT t(µ) is also decreasing in µ, and the claim follows.

• φ(µ) is piecewise linear, with breakpoints at (zi − ε)/pi for those indices i with pi > 0.

• limµ→∞ φ(µ) = −b+εpT1. As proof we note that φ(µ) =
∑L

i=1 piti(µ)−b. When pi > 0,

we have ti(µ) = ε for all µ sufficiently large, so that piti(µ) = εpi for all such i. When

pi = 0, we have piti(µ) = 0 for all values of µ. We conclude that
∑L

i=1 piti(µ) = εpT1

for all µ sufficiently large.

• limµ→−∞ φ(µ) = ∞. As proof, we note that pi > 0 for at least one index i. For this

index, we have ti(µ) ↑ ∞ as µ ↓ −∞. Thus, for this i, we have pT t(µ) ≥ piti(µ) ↑ ∞,

proving the claim.

These observations suggest an efficient approach for finding the optimal µ and thus solv-

ing the projection subproblem (6.11). First, we calculate all the breakpoints and order them:

an O(L logL) operation in general. We can then work through them in decreasing order,

calculating the function value at each, and stopping when φ increases above zero. (The re-

calculation of φ at each breakpoint requires just a few operations.) The optimal µ can thus

be identified by interpolating between the last two values of µ.
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The procedure for finding µ has been implemented in Matlab. We give a few additional

details of the procedure here. First, we define the breakpoints as follows:

µ′i :=

(zi − ε)/pi if pi > 0

−∞ otherwise.

It makes use of the following form of φ(µ):

φ(µ) =
∑
µ≤µ′i

pizi +
∑
µ>µ′i

piε− µ
∑
µ≤µ′i

p2
i − b,

We initialize partial sums Sp =
∑L

i=1 p
2
i and Sz =

∑L
i=1 pizi and note that for all µ sufficiently

negative, we have φ(µ) = Sz − µSp − b. We sort the breakpoints µ′i, in increasing order and

work through them one at a time, performing the following operations at each index.

• For the current values of Sz and Sp, calculate µ = (Sz − b)/Sp, and choose this value

as the optimal µ if it is smaller than the next breakpoint.

• Otherwise, if j is the index for the next breakpoint, decrement the partial sums as

follows: Sz ← Sz − pjzj + pjε, Sp ← Sp − p2
j .

This procedure is guaranteed to terminate before the final breakpoint is reached, because φ

takes on the nonpositive value −b+ εpT1 at and above this breakpoint.

The cost of this procedure is O(L logL). Calculation of the breakpoints is O(L), the

operations at each iteration require O(1) (and there are a maximum of L iterations), and the

sort requires O(L logL).
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Accelerated Gradient Projection

At each iteration xk of Algorithm 1, we denote the set of nonzero components by Ak, that

is,

Ak := {i : xki > 0}. (6.15)

(We denote Ack := {1, 2, . . . , L} \ Ak.) We can accelerate the algorithm by calculating a

reduced Newton step, in which the zero components of xk are fixed at zero. If this step yields

a reduction in the objective f and also maintains nonnegativity of the nonzero components of

xk, we accept it. Otherwise, we discard the step and move to the next iteration of Algorithm 1.

The reduced Newton step from a point x ∈ Ω whose nonzero set is A := {i : xi > 0} is

defined as follows:

min
d
∇f(x)Td+

1

2
dT∇2f(x)d s.t. di = 0 for i /∈ A, pTd = 0. (6.16)

Denoting by pA the subvector of p that corresponds to the indices i ∈ A (similarly for dA

and [∇f(x)]A) and by [∇2f(x)]AA the submatrix of ∇2f(x) whose row and column indices

are both in A, we can obtain the solution of (6.16) by solving the following linear system:

[∇2f(x)]AA pTA

pA 0

dA
ν

 =

−[∇f(x)]A

0

 . (6.17)

We obtain the solution d of (6.16) by filling out dA with zeros.

To test whether d is a suitable step, we test two criteria.

• We must have xi + di ≥ 0 for all i ∈ A;

• We must have f(x + d) ≤ f(x) + c1∇f(x)Td, for some small positive constant c1

(sufficient decrease condition).

If either of these conditions does not hold, we reject the step and return to the standard

gradient projection iteration of Algorithm 1.
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We need only calculate these reduced Newton steps when the active set A has “settled

down,” that is, did not change on the last iteration.

We now an describe enhanced version of Algorithm 1 that incorporates Newton acceler-

ation.

Algorithm 2 Gradient Projection with Backtracking and Acceleration
Given f : RL → R, p ∈ RL with p ≥ 0, b > 0;
Choose x0 ∈ Ω, ᾱ > 0, c1 ∈ (0, 1), and τ > 1;
Set accel← false and A0 ← {i : x0

i > 0};
for k = 0, 1, 2, . . . do
if accel == true then

Compute dkAk and νk by solving (6.17) with x = xk and A = Ak, and set dkAck ← 0;
if xkAk + dkAk > 0 and f(xk + dk) ≤ f(xk) + c1∇f(xk)Tdk then

Set xk+1 ← xk + dk, Ak+1 ← Ak; {Successful reduced Newton step}
else

Set xk+1 ← xk;
accel← false; {Do a gradient projection step instead}

end if
else

Set αk ← ᾱ; {Initial choice of αk based on last projected gradient steplength}
while f(PΩ(xk − αk∇f(xk))) > f(xk) + c1∇f(xk)T [PΩ(xk − αk∇f(xk))− xk] do
αk ← αk/τ ; {Decrease step length}

end while
xk+1 ← PΩ(xk − αk∇f(xk)); {Take the step}
Ak+1 := {i = 1, 2, . . . , n : xk+1

i > 0};
if Ak+1 = Ak then

Set accel← true; {Try acceleration on next iteration}
else

Set accel← false;
end if
ᾱ← ταk; {Assign starting value for next iteration}

end if
end for
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6.2 Numerical experiments

This section shows the numerical results of the PDIPM and AGP which were applied to the

problem of agent using two types of utility functions: Constant elasticity of subtitution and

Cobb-Douglas.

In the computational implementation of the proposed method in [56], the problem of

agent is solved using the interior point method, Ipopt, implemented by [79].

The numerical experiments were done on a laptop with Intel Core i3 processor, 1.80 GHz,

4 GB RAM. The operating system of the laptop is Windows 8, and the program used is

MATLAB version 8.2.0.701 (R2013b).

6.2.1 Constant elasticity of subtitution utility function

The Constant Elasticity of Subtitution (CES) utility function is defined as:

u(x) =

(
L∑
j=1

(aj)
1
b (xj)

b−1
b

) b
b−1

,

where the paremeters aj and b are positive scalars. We consider b = 1
2
, and aj = 1 for all j.

The utility maximization problem has the form:

max u(x)

s. t. pTx = pT e

x ≥ 0
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For practical purposes, this problem can be stated as:

max ln(u(x))

s. t. pTx = pT e

x ≥ 0

This problem is equivalent to:

−min − ln(u(x)) (6.18)

s. t. pTx = pT e

x ≥ 0

In the particular case of the CES function, the above problem is:

−min
b

1− b
ln

(
L∑
j=1

(aj)
1
b (xj)

b−1
b

)
(6.19)

s. t. pTx = pT e

x ≥ 0

In this section we show the computational results obtained applying the primal-dual

interior-point method (PDIPM) and the accelerated gradient projection method (AGPM)

to the problem (6.19). The problem data were randomly generated from the uniform dis-

tribution and with a single stream fixed, that is, s=RandStream(’mt19937ar’,’Seed’,1),

p=rand(s,L,1) and e=rand(s,L,1).

In primal-dual interior-point method, we take the starting point (x0, µ0, s0) = (100, 0,100)

where 100 = (100, 100, ..., 100)T , γ = 0.2 and α is given by the formula (6.7). We define the

primal residual rp = pT (x − e) and the dual residual rd = ∇f(x) + µp − s. The stopping
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criteria of this method is given by:

max

(
‖rp‖, ‖rd‖,

xT s

L

)
≤ tol,

where tol = 10−5.

In accelerated gradient projection method, we take the starting point x0 = PΩ(x) where

x = rand(s, n, 1), ᾱ = 1, c1 = 10−3 and τ = 0.5. The stopping criteria of this method is

given by:

f(xk−1)− f(xk) ≤ tol,

where tol = 10−5.

In Table 6.1 we present the numerical results obtained when we apply the PDIPM and

AGPM methods for solving the CES minimization problem (6.19).

L PDIPM AGPM
10 CPU time(s) 0.03316 0.02984

Objective Value 3.00148214 3.00148214
Iterations 120 14

50 CPU time(s) 0.10359 0.04066
Objective Value 4.79846905 4.79846904
Iterations 127 14

75 CPU time(s) 0.18475 0.05654
Objective Value 5.12140176 5.12140174
Iterations 128 14

100 CPU time(s) 0.24772 0.08387
Objective Value 5.32303457 5.32303457
Iterations 117 16

Table 6.1: Numerical results for the CES utility problem.

Table 6.1 shows the average of runtime in seconds (run five times), the objective values

and the number of iterations of the PDIPM and AGPM methods apply to Problem (6.19)

for different values of L. From Table 6.1, we observe that the AGPM method uses fewer
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iterations and less CPU time than PDIPM method in all experiments.

6.2.2 Cobb-Douglas utility function

The Cobb-Douglas utility function is defined by:

u(x) =
L∏
j=1

x
αj
j ,

where
∑L

j=1 αj = 1, αj > 0 for all j. In this particular case, the utility maximization problem

(6.18) take the form:

−min −
L∑
j=1

αj ln(xj) (6.20)

s. t. pTx = pT e

x ≥ 0

In this section we show the computational results obtained applying the primal-dual

interior-point method (PDIPM) and the accelerated gradient projection method (AGPM)

to the problem (6.20). The problem data were randomly generated from the uniform dis-

tribution and with a single stream fixed, that is, s=RandStream(’mt19937ar’,’Seed’,1),

p=rand(s,L,1) and e=rand(s,L,1).

In Table 6.2 we present the numerical results obtained when we apply the PDIPM and

AGPM methods for solving the Cobb Douglas utility maximization problem (6.20).

Table 6.2 shows the average of runtime in seconds (run five times), the objective values

and the number of iterations of PDIPM and AGPM methods apply to Problem (??) for dif-

ferent values of L. From Table 6.2, we observe that the AGPM method uses fewer iterations

in comparison with the PDIPM method, moreover AGPM uses less CPU time in three out
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of four experiments.

L PDIPM AGPM
10 CPU time(s) 0.02414 0.02740

Objective Value 0.53427517 0.53427517
Iterations 120 12

50 CPU time(s) 0.08959 0.02941
Objective Value 0.72716729 0.72716729
Iterations 127 11

75 CPU time(s) 0.14313 0.04110
Objective Value 0.64766544 0.64766544
Iterations 128 12

100 CPU time(s) 0.22231 0.05502
Objective Value 0.53881219 0.53881225
Iterations 117 14

Table 6.2: Numerical results for the Cobb Douglas utility problem.
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Conclusions and future works

Conclusions

In the first part of the thesis, it is demonstrated the global convergence of a special alter-

nating direction method which uses a generalized proximal distance to penalize one of its

subproblems, and also its iterations are calculated approximately. The proposed method is

called RIPADM. Note that there are several works on convergence of proximal algorithms

with nonquadratic penalty terms, but these generalizations do not appear to carry over in a

straightforward manner from non-decomposition augmented Lagrangian methods to ADM-

type methods. The conditions for the convergence of the RIPADM method are of two types,

some assumptions are related to the separable convex optimization problem under study, and

the other cases are related to generalized proximal distances. The assumptions for the prob-

lem under study are standar assumptions of ADM-type methods with nonquadratic proximal

distances. On the other hand, the second order homogeneous proximal distances and dou-

ble regularizations satisfy all the assumptions (B1-B2-B3) associated with proximal distances

that arise in the analysis of convergence of RIPADM method. Instead, Bregman distances do

not necessarily satisfy the assumption B2, for example the Kullback-Leibler distance (1.31)

does not satisfy this condition. The assumption B2 is key to prove that every limit point

of the sequence generated by RIPADM method is a saddle point of the Lagrangian function

associated with the problem under study, and then with the assumptions B1 and B3 the

global convergence of the sequence is obtained. Therefore, when a proximal distance does

not satisfy B2, but if all the other assumptions, the Theorem 2.2 states that every limit point
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of the sequence generated via RIPADM is primal solution of the problem under study.

Furthermore, it is demonstrated the global convergence of the RIPADM method when a

relaxation parameter is added to the update ruler for the Lagrange multiplier that in most

literature is set to 1. In the computational implementation of the RIPADM method using

the Log-quad distance, numerical results show that the relaxation factor equal to 1.62 tends

to make the algorithm faster than when this factor is equal to 1.

In the numerical experiments of the first part of the thesis, two algorithms based on

RIPADM method are proposed, one using the Log-quad distance and the other using the

Kullback-Liebler Bregman distance. Both algorithms are applied to three problems that

appear in statistics and machine learning. In the algorithm using Log-quad distance, the

x-subproblem has a closed-form solution. Instead, the algorithm using Bregman distance

gives an approximate solution for the x-subproblem. In both algorithms, the z-subproblem

is solved using CVX solver. Almost all numerical results show that the algorithm using

Log-quad distance have less CPU time and number of iterations than the algorithm using

Bregman distance. There was only one instance where the algorithm using Bregman dis-

tance had less time and number of iterations, the twin support vector machine problem with

WBC data set. Moreover, the ADM and PMM were implemented computationally. Note

that the PMM is not a decomposition method but can be applied to convex optimization

problems with or without separable structure. These methods were applied to the problems

of statistics and machine learning seen in the thesis. The numerical results show that the

RIPADM method had less CPU time (thirteen out of fourteen experiments) and number of

iterations (nine out of fourteen experiments) in comparasion with the ADM. Moreover, the

numerical results show that the RIPADM method had less CPU time (twelve out of fourteen

experiments) and number of iterations (nine out of fourteen experiments) in comparasion

with the PMM.

In the second part of the thesis, the numerical results of two algorithms to solve the
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agent’s problem are shown. These methods are primal-dual interior-point method (PDIPM)

and gradient projection with acceleration (AGPM), both methods use a modified newton

step. Then, they can be applied to twice continuously differentiable functions as CES utility

function but can not be applied to non-differentiable utility functions. The numerical results

for the problem of agent with CES and Cobb-Douglas function show that the AGPM method

has better results in time and number of iterations than the PDIPM method.

Future works

We propose two decomposition methods based on the ADM that could be studied in the

future, and are inspired by recent work on generalized alternating direction methods of mul-

tipliers (see [29], [40]). The first method uses a linearization strategy for both primal sub-

problems of ADM whose purpose is to obtain simplified subproblems, i.e., subproblems that

are easier to solve or have closed-form solutions. The second method proposes the addition

of a relaxation factor to accelerate convergence in a different way than proposed in Chapter

3 of this thesis.

Proposal 1: Linearized RIPADM Method

Let us consider the following problem:

(P ′) min
x,z

{
f(x) + g(z) | Ax+Bz = b, x ∈ C̄, z ∈ K̄

}
,

where C ⊂ Rn and K ⊂ Rm are nonempty open convex sets, C̄ and K̄ denote the closure

of C and K, respectively, f : Rn → R ∪ {+∞} and g : Rm → R ∪ {+∞} are closed convex

proper functions, and A ∈ Rp×n, B ∈ Rp×m, b ∈ Rp.

In this section, we propose a method for solving the problem (P ′). Given (x0, z0, y0), the
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proposed method consists of the following steps:

xk+1 ≈ argmin
x∈C

`λ(x, z
k, yk) +

1

2
(x− xk)TP (x− xk) +

1

2λ
d1(x, xk), (6.21)

zk+1 ≈ argmin
z∈Rm

`λ(x
k+1, z, yk) +

1

2
(z − zk)TQ(z − zk) +

1

2λ
d2(z, zk), (6.22)

yk+1 = yk + ρλ(Axk+1 +Bzk+1 − b), (6.23)

where P ∈ Rn×n and Q ∈ Rm×m are real matrix, and ρ > 0 is a relaxation factor. We

call Linearized RIPADM to the proposed method given by (6.21)- (6.23). Compared to

RIPADM method, linearized RIPADM adds 1
2
(x − xk)TP (x − xk) to the x-subproblem,

(z − zk)TQ(z − zk) to the z-subproblem and ρ to the update ruler for Lagrange multiplier.

The term (z−zk)TQ(z−zk) makes the z-subproblem much easier to solve or have closed-form

solution, and the relaxation factor ρ accelerates the convergence of the method. The same is

true for x.

Like a motivation, we analize the constrained Lasso problem. We recall this problem:

min
z

{
1

2
‖Dz − d‖2 + γ‖z‖1 | x+Bz = b, x ≥ 0

}
,

where D ∈ Rr×m, d ∈ Rr, B ∈ Rn×m, b ∈ Rn, and γ > 0 are problem data, and m = n.

The RIPADM method applied to constrained Lasso consists of the following steps:

xk+1 ≈ argmin
x

〈yk, x〉+
λ

2
‖x+Bzk − b‖2 +

1

2λ
d(x, xk),

zk+1 ≈ argmin
z

1

2
‖Dz − d‖2 + γ‖z‖1 + 〈yk, Bz〉+

λ

2
‖xk+1 +Bz − b‖2 +

1

2λ
‖z − zk‖2,

yk+1 = yk + λ(xk+1 +Bzk+1 − b).

We remember that when the proximal distance d(·, xk) is the Log-quad distance, we obtain
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a closed-form solution for the x-subproblem given by (4.11). However, in the z-subproblem,

we can not to obtain a closed-form solution. So to overcome this difficulty, we can linearize

the smooth terms of the augmented Lagrangean `λ(xk+1, z, yk) resulting:

zk+1 ≈ argmin
z

γ‖z‖1 + 〈vk, z − zk〉+
1

2λ
‖z − zk‖2, (6.24)

where

vk := DT (Dzk − d) +BTyk + λBT (xk+1 +Bzk − b), (6.25)

and this vector is the gradient of the terms 1
2
‖Dz − d‖2 + 〈yk, Bz〉 + λ

2
‖xk+1 + Bz − b‖2 at

z = zk.

The subproblem (6.24) is equivalent to (subject to a constant difference in the objective)

zk+1 ≈ argmin
z

γ‖z‖1 +
1

2λ
‖z − (zk − λvk)‖2, (6.26)

whose closed-form solution is given by:

zk+1 = shrinkage(zk − λvk, λ). (6.27)

Proposal 2: Generalized RIPADM Method

Let us consider the following problem:

(P ′) min
x,z

{
f(x) + g(z) | Ax+Bz = b, x ∈ C̄, z ∈ K̄

}
,

where A ∈ Rp×n, B ∈ Rp×m, b ∈ Rp, C ⊂ Rn and K ⊂ Rm are nonempty open convex

sets, C̄ and K̄ denote the closure of C and K, respectively, f : Rn → R ∪ {+∞} and

g : Rm → R ∪ {+∞} are closed convex proper functions.

In [45] the ADM was explained as an application of the well-known Douglas-Rachford

splitting method (DRSM); and in [35] , the DRSM was further explained as an application

of the proximal point algorithm (PPA). Therefore, it was suggested in [35] to apply the
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acceleration scheme for the PPA to accelerate the original ADM, and this idea gave rise to a

variation on the ADM called generalized alternating direction method of multipliers (GADM).

The GADM applied to the problem (P ′) consists of the following steps:

xk+1 ≈ Argmin
x∈C̄

f(x) + 〈yk, Ax〉+
λ

2
‖Ax+Bzk − b‖2, (6.28)

zk+1 ≈ Argmin
z∈K̄

g(z) + 〈yk, Bz〉+
λ

2
‖βAxk+1 + (1− β)(b−Bzk) +Bz − b‖2, (6.29)

yk+1 = yk + λ(βAxk+1 + (1− β)(b−Bzk) +Bzk+1 − b), (6.30)

where the parameter β ∈ (0, 2) is a relaxation factor; when β > 1, this technique is called

over-relaxation, and when β < 1, it is called under-relaxation. The difference between ADM

and GADM is that the quantity Axk+1 is replaced with βAxk+1 + (1 − β)(b − Bzk) in the

z-problem (2.8) and the update ruler (2.9) for y of the ADM. We can see that the generalized

ADM reduces to the original ADM when β = 1. Preserving the main advantage of the

original ADM in treating the objective functions f and g individually, the GADM enjoys the

same easiness in implementation while experiments in [33, 36] suggest that over-relaxation

with β ∈ [1.5, 1.8] can numerically accelerate the ADM.

Recently, Min Li et. al. [64] proposed a exact method which combines the GADM with

the logarithmic-quadratic proximal regularization for solving a variational inequality with

separable structure. They proved the global convergence and established the worst case

convergence rate measured by the iteration complexity in both the ergodic and nonergodic

senses for the resulting algorithm.

We propose a method for solving (P ′) which is based on GADM but we regularize the

x-problem (6.28) and z-problem (6.29) with generalized proximal distances, that is, the

proposed method consists of the following steps:
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xk+1 ≈ Argmin
x∈X

f(x) + 〈yk, Ax〉+
λ

2
‖Ax+Bzk − b‖2 + d1(x, xk), (6.31)

zk+1 ≈ Argmin
z∈Z

g(z) + 〈yk, Bz〉+
λ

2
‖βAxk+1 + (1− β)(b−Bzk) +Bz − b‖2

+d2(z, zk), (6.32)

yk+1 = yk + λ(βAxk+1 + (1− β)(b−Bzk) +Bzk+1 − b), (6.33)

where d1(·, xk) and d2(·, zk) are proximal distances with respect to C̄ and K̄, respectively.

This approach covers the method given in [64] because the GADM subproblems are regular-

ized by generalized proximal distances.
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