Computers and Fluids 132 (2016) 76-93

journal homepage: www.elsevier.com/locate/compfluid

Contents lists available at ScienceDireet | &

Computers and Fluids

An ADER-type scheme for a class of equations arising from the

water-wave theory

@ CrossMark

G.I. Montecinos®*, ].C. Lopez-Rios®, R. Lecaros?, J.H. Ortega? E.F. Toro®

a Center for Matematical Modeling, CMM, Universidad de Chile, Santiago, Chile
b Basque Center for Applied Mathematics, BCAM, Basque country, Spain
¢ Laboratory of Applied Mathematics, DICAM, University of Trento, Trento, Italy

ARTICLE INFO

Article history:

Received 5 January 2016
Revised 31 March 2016
Accepted 8 April 2016
Available online 9 April 2016

Keywords:

Finite volume schemes

ADER schemes

Generalized Riemann problems
Water waves equations

ABSTRACT

In this work we propose a numerical strategy to solve a family of partial differential equations arising
from the water-wave theory. These problems may contain four terms; a source which is an algebraic
function of the solution, a convective part involving first order spatial derivatives of the solution, a dif-
fusive part involving second order spatial derivatives and the transient part. Unlike partial differential
equations of hyperbolic or parabolic type, where the transient part is the time derivative of the solution,
here the transient part can contain mixed time and space derivatives.

In [Zambra et al. International Journal for Numerical Methods in Engineering 89(2):227-240, 2012],
the authors proposed a globally implicit strategy to solve the Richards equation. In that case, transient
terms consisted of algebraic expressions of the solution. Motivated by this work, we propose a one-step
finite volume method to deal with problems in which transient terms are differential operators. Here, a
locally implicit formulation is investigated, which is based on the ADER philosophy. The scheme is di-
vided in three steps: i) a polynomial reconstruction of the data; ii) solutions to Generalized Riemann
Problems (GRP); iii) the solution of differential problems. Note that steps i) and ii), are those of conven-
tional ADER schemes for conservation laws. Advantages of the present approach include the possibility
to construct high-order approximations in both space and time, for which existing methodologies for
hyperbolic problems can be applied. The differential problems associated to the transient term can be
non-linear and numerical strategies can be adopted to deal wit it. Convergence of the scheme is proved
rigorously and an empirical convergence rates assessment is carried out in order to illustrate the high
space and time accuracy of the present scheme.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

[34] is derived. Similarly for small topography variations see [6],
for medium amplitude topography variations see model in [53].

The water-wave theory describes the motion of the free surface
and the velocity field of an ideal, incompressible and irrotational
fluid under the influence of gravity. The force acting on the free
surface is expressed in terms of the Bernoulli equation for irro-
tational flows, in this form the pressure is included in terms of
dynamical boundary conditions, [42,43]. The phenomena are gov-
erned by a strongly non-linear system of partial differential equa-
tions in a time dependent domain formed by a parametrized free
surface profile and a bottom surface or topography. However, im-
portant simplifications can be achieved by neglecting some am-
plitude scales associated with the depth, topography and free sur-
face. So, for example for large amplitude, the Green-Naghdi model
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These problems may contain four terms; a source which is an al-
gebraic function of the solution, a convective part involving first
order spatial derivatives of the solution, a diffusive part involving
second order spatial derivatives and the transient part. Unlike par-
tial differential equations of hyperbolic or parabolic type, where
the transient part is the time derivative of the solution, here the
transient part can contain mixed time and space derivatives.
Numerical methods to solve equations derived from the wa-
ter waves theory, include the splitting methods of Chazel et al.
[20] and Bonneton et al. [14], where the Green-Naghdi equations
have been solved. Due to the splitting nature these methods are
at most second order of accuracy and the stability is governed by
a condition on Courant-Friedrich-Levy (CFL) coefficient. The accu-
racy has been improved by using standard Galerkin-finite element
method for spatial discretization and fourth-order explicit Runge-
Kutta schemes for marching in time, in [1-3], Boussinesq equations
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have been solved with that strategy. Some variants are proposed in
[32,52,56], where KdV equations have been solved through finite
difference schemes, whose stability is also governed by a CFL type
constraint, these schemes are of second-order of accuracy in space.
Spline functions for spatial discretization and implicit Runge-Kutta
methods for marching in time have been proposed in [10-13]. Re-
garding accuracy, it is well known that the finite volume method
provides accurate, efficient and robust schemes to approximate
conservation laws. Due to that, of special interest for us is the work
in [30], where the finite volume framework for conservation laws
has been extended to approximate solutions of dispersive wave
equations, in particular for the classical Boussinesq system. Numer-
ical fluxes are employed to discretize the convective part, whereas
dispersive terms are discretized by using centred finite differences,
for marching in time a TVD Runge-Kutta method is used; the
method is reported to be of third-order of accuracy. To our knowl-
edge, recent contributions for solving this type of problems are
[30,31,41,44,54]. A different strategy for the Green-Naghdi model is
proposed in [45] and [47], the authors have introduced a new vari-
able, which accounts for terms containing mixed time and spatial
derivatives. It allows to reformulate the problem as a coupled sys-
tem between a parabolic conservation law and an elliptic equation.
In [45] a Godunov type scheme is employed to solve the parabolic
conservation law, whereas, an ordinary differential equation is con-
structed to get sought solutions from the elliptic equation. In [47] a
central discontinuous Galerkin method is used to solve the conser-
vation laws, whereas, a continuous finite element method solves
the parabolic equation. As wee will see later, this strategy can be
extended and formulated in a high order finite volume framework.

In this paper we propose a one-step finite volume evolution of
differential operators as those in [30], here based on Zambra et al.
[70]. Here, a unified framework to discretize convective and dis-
persive terms will be presented. In [70], a numerical scheme to
solve the Richards equation was proposed. An ADER type method
was used to evolve the water content as function of the hydraulic
pressure in a porous media. The ADER (arbitrary Accuracy DERiva-
tive Riemann problems) method was first put forward by Toro
et al. [64], in the finite volume framework, for solving linear hyper-
bolic equations in one and multiple space dimensions on Cartesian
meshes; see also Schwartzkopff, Munz and Toro [55]. The exten-
sion of ADER finite volume (ADER-FV) to non-linear equations, due
to Titarev and Toro [58], is based on a semi-analytical, explicit so-
lution of the generalized Riemann problem put forward by Toro
and Titarev [62]. Since then, ADER has also been extended to the
discontinuous Galerkin finite element framework by Dumbser [22],
giving rise to ADER-DG schemes. For an elementary introduction to
ADER schemes and the generalised Riemann problem, the reader
is referred to chapters 19 and 20 of the textbook by Toro [65].
Further generalisations were put forward by Dumbser et al. [22],
setting ADER-FV and ADER-DG in a generalised framework. The
ADER approach has undergone numerous extensions and applica-
tions, examples include [4,5,15-17,19,21-24,26-29,38-40,48-51,57-
60,62,63].

In general ADER are high-order finite volume methods, which
contain two building blocks, a) a reconstruction procedure which
is non-linear, and b) the solution of generalized Riemann prob-
lems. The ADER finite volume scheme in [70] required a predic-
tor, which was obtained through a globally implicit space-time DG
scheme proposed by van der Vegt and van der Ven [66,67]. In [70],
the finite volume scheme evolved an algebraic equation of the un-
known, hydraulic pressure. Therefore, motivated by this approach
we propose a finite volume formulation for the time evolution of
differential terms. In the present paper, an extension of the ADER-
type scheme of Dumbser et al. [25], is used; predictors are ob-
tained by solving a local weak formulation within cells. The dis-
continuous Galerkin approach is also used to compute the weak

solutions. Then the (Harten-Engquist-Osher-Chakravarthy) HEOC
approach, (see [18] for an extension to high order approach of the
original Harten et al. method [37]), allows us to interact the pre-
dictors, evaluated at both sides of cell interfaces. To solve classical
Riemann problems, required for the HEOC approach, a HLL type
solver has been developed. This provides a high order approxima-
tions to the numerical flux, and a similar procedure is carried out
for numerical source terms. Notice that this is a locally implicit
method to obtain a prediction, which is distinct to the globally im-
plicit strategy in [70]. Advantages of the present method include;
the use of a CFL type condition, which ensures the high-order of
accuracy in both space and time; the use of the Dumbser et al.
[25] strategy, provides a suitable treatment of balance laws with
stiff source terms, reconciling accuracy and stability. Furthermore,
in this paper we prove analytically that the present algorithm con-
verges and we carried out a systematic convergence rate assess-
ment in order to illustrate that the present methodology reaches
high-order of accuracy.

The paper is organized as follows. In Section 2 the governing
equation and the numerical scheme are presented. In Section 3 a
theoretical result regarding the convergence of the numerical
scheme for the scalar and linear case is presented. In Section 4,
suitable tests are solved. Finally, in Section 5 the conclusions are
drawn.

2. The model system and the numerical scheme

In this work we are interested in systems of time-dependent
partial differential equations in the form

9 L(Qx. 1)) + 0 F(Qx. 1)) =S(Qx. 1)) .x € [x1. xe] .t € [0, T], (1)

where Q e R™ is the vector of unknown, F(Q) is the physical flux,
S(Q) is the source term, £(Q) is a differential operator which only
contains spatial-derivatives, so we can assume

L(Q =: 6(Q) + B(Q). (2)

with

BQ) = Z 40°Q. (3)
k=1

where G(Q) may be a non-linear algebraic function, a;s are con-
stant values and r is the maximum order of the spatial derivatives,
which in this work is assumed to be r = 2. Additionally, we assume
that given a regular enough function W, the problem

LQ) =W(x) .

(4)
Q(xr) = W(xr) ,Q(xg) = W(xg) ,

has an exact solution Q(x), where boundary conditions are given in
terms of some prescribed functions W(x;) and W(xg).

In this work, to solve (1) we propose a numerical scheme based
on the finite volume method. So we divide [x;, xg] into N uni-
form cells [; = [xif%,xw%]. Then, we integrate (1) on the space-

time control volume I = [xl._l,xi+l] x [t", t"*1], which provides
2 2
the following one-step finite volume formula:

wyet = wp - &R -y ]+ s, (5)

with
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Xi+1
Wi = 35 ) L@ ),

g+l

Fii= 2 fom F(Q(x;, ;. 0)dt (6)
Xii1 n+1
Si= 1L o £ S(Q(x, t))dtdx .
2

l>‘_.

These integrals are exact if Q(x, t) is available inside I}. However,

due to cell average evolution we are only able to provide approx-

imations to F 1 and S;. In this paper an ADER type discretization
2

is proposed to approximate these terms.
Once, {(WIHTN - is available, {Q!"'}Y | is obtained from the
equation

W(x, ") = £Q(x. t™1)) . x € [x1, Xg] . (7)

Here the solution is obtained numerically, so the discretization of
Eq. (7) involves the discrete values W?“ and Q,',”]. Therefore, an

algebraic equation for {Q?“}f’:1 has to be solved.
In the following section we provide a succinct review of ADER
schemes and GRP solvers.

2.1. ADER finite volume schemes and GRP solvers

The ADER finite volume approach computes high-order approx-
imations to the integral averages (6), to obtain an ADER numerical
flux and an ADER numerical source, if present. The ADER method-
ology is an extension of the second-order method of Ben-Artzi
and Falcoviz [7]. The extension concerns the Generalised Riemann
Problem (GRP) to evaluate the numerical flux, and is two-fold:
(a) the initial condition for the GRP is piece-wise polynomials of
any degree, and (b) the equations preserve their source terms, if
present originally.

The ADER approach was first put forward by Toro et al. [64], for
linear problems on Cartesian meshes, see also [55]. These methods
are one-step schemes, fully discrete, containing two main ingre-
dients to determine the numerical flux, namely (i) a high-order,
non-linear spatial reconstruction procedure and (ii) solution of a
generalised, or high order, Riemann problem (GRP) at each cell in-
terface. If source terms are present, an additional, analogous step is
required. Reconstructions should be non-linear, to circumvent Go-
dunov’s theorem [33,65].

The first practical solver for the GRP is due to Toro and Titarev
[62]. Here, the authors computed numerical fluxes by evaluating
the solution of GRP at fixed interface positions. In this solver, the
solution is proposed as a Taylor series in time, where the leading
term is computed as the solution to a possible non-linear classical
Riemann problem and time derivatives are expressed in terms of
spatial derivatives by using the well-known Cauchy-Kowalewkaya
procedure. A sequence of linearized classical Riemann problems,
provides the spatial derivatives. Later, Castro and Toro [18] have re-
interpreted the Harten et al. solver [37] in terms of GRP’s, which
they have called the HEOC solver. Extrapolated solution at the
interface position were interacted through a classical, and possi-
ble non-linear Riemann problem. Here, Taylor series expansions
in time were proposed to obtain these extrapolated values. The
Cauchy-Kowalewskaya procedure was again used to obtain extrap-
olations, and spatial derivatives were obtained from the derivatives
of the reconstruction polynomials. Subsequently, Dumbser, Enaux
and Toro [25] proposed to use the discontinuous Galerkin method
to obtain a local polynomial predictor of the solution within cells.
So extrapolation at the interface were computed by evaluating
these predictors at both sides of the interface. Notice that this
method is an alternative to the Harten et al. re-interpretation pro-
vided by Castro and Toro, which avoid the use of the Cauchy-
Kowalewskaya procedure. A more recent GRP solver due to Toro
and Montecinos, [61], regards an implicit re-interpretations of the

existing solvers of Toro-Titarev and the HEOC solver of Castro and
Toro.

In particular in this paper, the HEOC solver provided by Cas-
tro and Toro [18] is adopted. Therefore, the numerical flux and the
source term are computed as

F/’!(QJ'(XH,% ’ t)v QH»] (Xi+%1 t))dt ’
b §(Qy(x, £))dxdt |

) 1 th+1
i = AtAx Jen fxi_%

1 g+l
At Jen

i+3

(8)

with F,(Q;, Qg) a function of two arguments Q; and Qg, which
stands for a numerical flux (classical Riemann solver), as we will
see in Section 2.3, it is a HLL type solver. Here, Q;(x, t) is a
prediction of the solution within [!. Therefore, Q;(x; o .t) and

Qi1 (x;,1,0) are the boundary extrapolated solutions on the left
2

and right side of the cell interface x = x,, ; at a given time t. The
2

"
strategy to compute Q;(x, t) in I!' is presented in the next section.
This is motivated by the approach due to Dumbser, Enaux and Toro
(DET), see [25].

2.2. The Dumbser-Enaux-Toro (DET) solver to compute the predictor

In this section we present the strategy to solve Qi(x, t) in I}'.
This is found by solving

9 L(Qx. 1)) + 0:F(Q(x.1)) =S(Q(x.1))
Qx,0) =P;(x) (9)

here P;(x) is the polynomial resulting from the reconstruction pro-
cedure. For the sake of simplicity, we may consider problem (9) in
terms of variables 0 < £ <1 and 0 < t < 1, which are related with
xand t by x(§) = xif% +&Axand t(t) =t" + TAt. So, (9) takes the

form
3:£4(QE. 7)) + 0:F(Q(§. 7)) =S*(Q(x. 1)),
Q(£.0) =P;(x(§)) . (10)

with F*(Q) = £LF(Q). $*(Q) = AtS(Q) and
£(Q = 2(Q Ax19:Q. ... AxTB"Q) .
It will be convenient to introduce the differential operator

.

- a ) &

B*(Q) :=Zr,k(k3§”‘1- (11)
k=1

Problem (10) is solved in a weak sense. To this end we set a La-
grangian polynomial basis in [0, 1] x [0, 1], which is denoted by

V =span{$1(§.7). ... oup(§. 1)} .

where MD = M? are the degrees of freedom of this polynomial
space. Here M + 1 is the order of accuracy of the approximation.
Additionally, let us assume that reconstruction procedure, is sup-
ported by a polynomial space spanned by the Legendre polynomi-
als in [0, 1] denoted by ¥r{(§), ..., ¥'m(&), hence,

M
P;(§) :=Pi(x(€)) =) Y (E)W, .

k=1

Therefore, multiplying by a test function, we have
1,1 1,1
| [ o mragar+ [ [ ok oasde
1 1
:/0 /0 3:S1p; (£, T)dE . (12)
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L TSy,

z=0

TSr Tr =

Fig. 1. Sketch of the wave model for HLL type flux.

Now, we propose a solution in V, given by

- MD A
QE D =Y (£

=1
As the basis is nodal we consider the following approximations:

MD N
GQ =) (. 15Q),

=1

MD N
BY(Q) = ) B (& )Y

=1

MD MD
FQ =) ¢i6, OF@Q).SQ =) ¢ 0s(@Q). (13)

=1 =1
For a friendly notation, let us define the operators

1 1
{fgh = fo fE. T)gE)dE . [f.gle = /0 fE. D)gE T)dE (f.8)

1,1
= [ [ f& mee. vdsdr. (14)
o Jo
Then the weak formulation for this problem provides
(@ £7(Q)]1 = (3 Pr. £7(Q)) + (. IF*(Q))
= (b1 §7(Q)) + (¢ L7 (P))}o - (15)

We propose an iterative process, which converges linearly to ap-
proximations of (15). It is based on a decomposition of the govern-
ing equations in two sub-problems

Problem A : 3:(Q(&. 1) + B*(Q(£. 7)) + 0:F*(Q(§. 7))
=8(Q¢.1)).

Problem B : 9 (¢(Q(§.7)) —Q(§.7)) =0. (16)

In order to introduce the strategy let us define the following ma-
trices:

Ki =l dhi— <0y > K =<y 0:B°(¢p) >,

Ki,l =< Pr. 0y > . My =< .1 >,

Kg,l = [¢kl¢l]0 ’ FE,; ={. K[fi}o , (17)
A=0q, G(Q)=6@Q)).
FQu=F@Q), S(Q=5(Q) .
W =W, GOW) = G(W) .

So weak formulations of sub-problems are used to compute the
degrees of freedom of the sought solution to (15). It is carried out
in terms of the following iterative process:

Step 1: Provide a starting guess QY. In this work it is given by
Q‘()kf])MH =W, with Lk=1,...M.

Step 2: Solve the weak formulation associated to the Problem A:
(K + K)ok L KEF+ () = MS*(Q*+1)) + FOW (18)

Step 3 : Solve the weak formulation associated to Problem B, which
in matrix form reads

K'(G(QKkHD) — QD) = KO(G(Qk+1)) — Qk+d)) . (19)

Step 4 : Stop if [|Q¥+1 — Q||, < Tol, otherwise return to Step 2.
Here, we set Tol = 1e~5.

At this point we remark that standard fixed point iteration pro-
cedures may be applied to solve (15). Notice that the source term
is included in this formulation and solved implicitly through a
fixed point iteration procedure. This feature makes this solver able
to solve problems in which the source terms are stiff.

2.3. Derivation of an HLL type numerical flux

Let us consider the Riemann problem given by

3:L(Q) + F(Q =0,

Q .x<0,

Q(x,0)={QR,x>0, (20)

where Q; and Qy are constant states.

In this section we derive a numerical flux of HLL type for the
Riemann problem (20). Then let us construct a wave model as de-
picted in the Fig. 1. Here x; < TS; and xg > TSg, where S; and Sg
are the faster waves speeds and T is a given time. Here, we are
interested in the subsonic case, S; < 0 < Si. As we will see later,
the influence of T disappears. Let us start by approximating the cell
average of the operator £*, that means

£ = sy st LQx T))dx 1)

Notice that this can be achieved by integrating Eq. (20) on [TS,,
TSg] x [0, T] and by applying some algebraic manipulations, it
yields

[F — SRLR*;Lfil:;L’FL*FR , (22)
where we have introduced the following notation:
Lr:=L L =L ,
R (Qr) . L1 Q) (23)

Fr :=F(Qr) .F, :=F(Q) .

On the other hand, if we integrate the governing equation on [0,
TSg] x [0, T] and after some algebraic manipulations, we obtain

FJo ™ £QX. T))dx — SeLg + Fr —F =0, (24)
where
F =1 Jy F(QO,0)dr . (25)
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Similarly, by integrating the governing equation on [TS;, 0] x [0, T]
and after some algebraic manipulations, we obtain

L JR, LQ(. T))dx+S,.L,+F —F =0, (26)
then by substituting the integrand in (24) and (26) by £* in
(22) and manipulating, we obtain

Si(Lp—£L)+F —-F =0,

L(LL ) L 27)
SR(E* —Lr)+Fr—F =0,

from both equations we can remove £* and solve for F*, provid-
ing

_ SgFy — S Fr 4+ S Sp(Lr — L1)

F 5.5, (28)
So, in virtue of (2), it provides
F_ SgFp — S Fr 4 Sy Sr((Gr — G1) + (Br — BL)) (29)

SrR—S1 '

with G(Qp) =: G1, G(Qr) =: Gg, B(Qy) =: B, and B(Qg) =: By.

Notice that, 3(Q) has only a jump discontinuity in x = 0, whose
contribution is contained in £*. However, £* does not influence the
numerical flux. Furthermore, because Q(x, 0) takes constant values
at both sides of the interface x = 0, we have 8,?")Q= 0forx <O
and x > 0. Therefore, due to (3), B; = Bg = 0. So the HLL flux has
a similar form than for the hyperbolic case

_ SgFL — S.Fr + S51Sr(Gr — G1)
B Sk —S1 '

We remark that for —S; :=Sg = Amax = max{|Am|}, where |[An|
plays the role of eigenvalues in hyperbolic systems, we obtain an
equivalent Rusanov flux

F' = J(F, +Fp) — 222(Gr— G1) . (31)

However, in this case Amgx contains the eigenvalues of F with re-
spect to Q but also a measurement of the variation of £(Q) with
respect to the variation of Q. Further, simplifications may be car-
ried out, if G(Q) is a differentiable function, in such a case

(Gr=G1) =G"(O)( QR -Q),

with 0; e [min(Qg j, Q, ;). max(Qg j, Q, )], j=1, ..., m. So we pro-
pose

Fr = § (F + Fp) — Cregfm) (Qr - Q) (32)
where Glox = max{|¢'(Q)], 1" (Qr) |} -

F (30)

2.4. A strategy to provide Amax

In this section we deal the issue of computing Apngx to deter-
mine the HLL flux and for computing a stable time step. Let us
consider a discretization in space of the governing Eq. (1) as fol-
lows:

L(QQ=B(QQ. (33)

w /)

where Q is the vector of N discretized values, the symbol rep-
resents the derivative in time, L(Q) is the discretization matrix of
the diffusive operator £(Q) and B(Q) the discretization matrix for
the advective part which also includes the source term, if present.
For the sake of simplicity, let us denote a matrix norm as well as
a vector norm, by the symbol || - ||. Additionally, let us assume the
following:

o [|Q(t)|| > 0forall t > 0or ||Q(t)|| =0 for all t > 0. That means,
if the vector solution is a constant for some time, then it is a
constant vector for all times.

e Bounded operators. We assume that there exist constant values
K; and Kg such that, |[|[L(Q)|| < K; and ||B(Q)|| < K3.

On the other hand, we note that a forward Euler integration
provides

Q! =Q'+ AL (QHB(Q)HQ".

so by taking norm

HQH] < 11Q1+ At|IL1(@D]] - [BQHQ]] - (34)
From (33), we have

IIB@QI| < ILQII-[1Q]] - (35)
Thus, we obtain

Q™| < [1Q] + At| L1 (@) - |IL@Q| - [1Ql] - (36)
After some manipulations

eI < At @)1 - L@ (37)
so by consistency of the Euler method we can assume that [[L~!|| -
|IL|| < co, moreover, we may assume the quantity At||L~1||-||L||
to be small, thus we impose that

AL - L] < (1 = Cep) Ax, (38)
where Cy is the Courant-Friedrich-Levy coefficient and
maxj|q||=1 ”L‘TQ(;‘D” <||L-'||. On the other hand, from convec-

tion terms we have associated wave speeds, which correspond to

the eigenvalues of the Jacobian matrix A(Q) = 85% denoted here

by A1 < .. < An. In addition, for hyperbolic problems we know
that the stability constraint corresponds to

Ath =CopAX . (39)
Thus we have

At [ILT] (L)) < Ax, (40)

where 1 = max{|A;|j =1....m}. Therefore, the time step is com-
puted as

Ax
Amax '
with Amax = A + [[L71[] - [|L]| . In the following section we are go-
ing to deal the problem of convergence of the algorithm.

At =Cepy (41)

3. The L}oc convergence of the numerical scheme

In this section the convergence of the presented numerical
scheme is studied. The main result is presented in this sec-
tion, whereas, auxiliary lemmas and propositions are available in
Appendix A. Here, we consider the scalar case

0:L(q(x, 1)) + 0xf(q(x. 1)) =s(q(x.1)) (42)

and we will prove that the numerical scheme converges under reg-
ular conditions on £(q), f(q) and s(q). Let us assume that w(x, t) :=
L(q(x,t)) =q(x,t) +b(q(x,t)), with b a linear operator.

Proposition 3.1. Let £(q) be a linear operator, f(q) and s(q) contin-
uously differentiable functions of q. Then, the numerical scheme with

At chosen via CFL condition, converges in L}OC (R) for t € [0, T].

Proof. Let us consider

At = h BX (43)

max

with h a proportionality constant between the wave speed and
mesh velocity. It is associated with the CFL coefficient. On the
other hand, we define the function wy(x, t) as wy(x,t) =w} if
Xe [xif%,xw%] and t € [t",t" + At] . Hence

[lwa (Ol = =) [wilAx, (44)
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Table 1

Convergence rates for the linear model equation. We have used a Gy =0.3, A =2 and tor = 1.

Theoretical order : 2

Mesh Ly -err  Ly-ord Ly - err Ly - ord L, -err Ly -ord
64 0.00 6.69e — 01 0.00 4.13e - 01 0.00 4.64e — 01
71 2.53 5.28e — 01 2.70 3.21e-01 2.67 3.61e - 01
78 2.65 4.20e-01 279 2.52e-01 277 2.84e - 01
85 2.66 3.40e — 01 2.81 2.02e — 01 2.79 2.28¢ — 01
92 2.69 2.79e — 01 2.82 1.64e — 01 2.80 1.86e — 01
Theoretical order : 3
Mesh L, -err  L.- ord Ly -err Ly - ord L, -err L -ord
64 0.00 8.81e — 02 0.00 5.61e — 02 0.00 6.23e — 02
71 3.15 6.55e — 02 3.16 4.17e — 02 3.16 4.63e — 02
78 3.15 5.00e — 02 3.15 3.18e — 02 3.16 3.53e - 02
85 3.15 3.89e — 02 3.16 2.48e — 02 315 2.75e — 02
92 3.15 3.09e — 02 3.14 1.97e — 02 3.14 2.19e — 02
Theoretical order : 4
Mesh L, -err  Ly- ord Ly - err Ly - ord L, -err L -ord
64 0.00 1.90e — 03 0.00 1.13e—-03 0.00 1.26e — 03
71 4.76 1.21e - 03 4.73 7.26e — 04 4.75 8.09e — 04
78 4.39 8.32e — 04 4.32 5.01e — 04 4.34 5.57e — 04
85 3.83 6.15e — 04 3.76 3.72e — 04 3.77 4.13e — 04
92 293 4.96e — 04 2.90 3.01e — 04 2.90 3.34e - 04
Theoretical order : 5
Mesh Ly -err  Ly- ord Ly -err Ly - ord L, -err L -ord
64 0.00 1.70e — 03 0.00 1.08e — 03 0.00 1.20e — 03
71 9.33 7.07e —04 933 4.50e —04 933 5.00e — 04
78 10.27 2.93e—-04 10.27 1.86e — 04 10.27 2.07e — 04
85 5.78 1.85e — 04 5.78 1.18e — 04 5.78 1.31e - 04
92 7.88 1.04e — 04 7.88 6.62e — 05 7.88 7.35e — 05
TV(wy(t)) : = Z [wh —wi | (44) Remark 1. In the proposition a qualitative analysis more than a

i
From Lemma A.10 and Proposition A.15
[lwp (O[] + TV (wp(t)) < Ca , (45)

with C = max{C + ||wP°]||, (TV (w®) + DAS||wP°||)} .

On the other hand, given t" and tP, there exist integers n and
p, such that pAt <tP < (p+1)At and nAt < t" < (n+ 1)At. Then
from Lemma A.16

[lwp (") = wy (EP)[| < C(t" —tP) . (46)
Therefore, from Helly’s selection theorem, [8,46], given a set
{te}p° € [0, T], which is dense in [0, T], we can extract a sequence
of h; — 0 such that {Wh,- (x, Ty)}2°, converges for all x in L}OC(R), to
the limiting function w(x, 7).

Let [-X,X] Cc R be an arbitrary interval. Then, given ¢ > 0,

there exists an index I =I(¢) such that |t — 7| <& for k > I. So,
fori,j > 1

X
/x |Wh, (%, t) — wp, (x, t)|dx

X
< [ (w5, = G, ) -+ 1y €)= w (5,0
+wh, (%, T) — Wi (X, Ti) [ }dx . (47)

Therefore fi(x |Wh1_ (x,t) — Wh; (x,t)|dx < (2C; +1)e and thus
{Whi (x,6)}2°, is a Cauchy sequence in [-X,X]. Therefore it must
converge to a limiting function w(x, t) in L}OC(R). On the other
hand

fx [w(x, t) —w(x, 7)) |dx
X

X
< [ (1wt t) = wi (e 0]+ wix, 7) = w (5,70

+lwy, (x, £) — wy, (x, 7| }dx < (2 + C)e. (48)

Hence, w(x, t) = limg,.tw(x, 7)) . Therefore, the scheme converges
in Ll (R) forall t e [0, T]. O

quantitative study, is carried out. Therefore, the range of values
for CFL coefficients cannot be set. Indeed, the proposition pro-
vides a theoretical justification of the convergence of the proposed
scheme, specially when h goes to zero. It ensures that a time-step
and a mesh space related through a CFL coefficient (the role of pa-
rameter h), must converge to the exact solution as expected. For
simulations presented in this paper, values for the CFL coefficient,
are heuristically chosen.

On the other hand, notice that, the influence of the source term
s(q) is included in the coefficient C,. So, stiff source terms must
modify such a constant and so the range of values of h has to be
accordingly updated. Therefore, the proposition remains valid also
for equations with stiff source terms.

4. Numerical results

In this section three tests are solved, the first two, are scalar
problems with exact solutions, whereas, the third test corresponds
to a Boussinesq type system. Exact solutions are not available for
the system, however a numerical solution of reference is used to
compare the results of the present scheme.

4.1. A linear model equation

In this section we deal with the simple model equation
0 L(q)+10xq=0,

q(x,0) =sin(2mwx) , (49)
with A a constant value, £(q) = q—aa,ﬁz)q and o = ﬁn;;, which
has the exact solution

qx,t) =sin2wr (x—t)) . (50)

Table 1, shows the result of the empirical convergence rate as-
sessment for A =2, toy =1 and Cz; = 0.3. We note that the con-
vergence rates are attained up to fifth-order of accuracy, even on
coarse meshes. Fig. 2 depicts a comparison between the exact so-
lution (full line) and numerical solutions of fifth (circles), fourth
(squares) and third (stars) orders of accuracy computed on a mesh
of 64 cells.
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Exact solution
5th order
4th order
3rd order

*00 |

L | L J
0 0.5 1
X (space)

Fig. 2. Linear problem. Exact solution (full line), fifth order solution (circles), fourth order solution (squares) and third order solution (stars). Numerical solutions with 64

cells, Ccpr = 0.3, A =2 and to = 1.

Table 2

Convergence rates for the scalar model equation. We have used a C.5; = 0.01 and to, = 0.1.

Theoretical order : 2

Mesh L, -err L..- ord Ly - err Ly - ord L, - err L, - ord
80 0.00 4.83e - 01 0.00 2.66e — 01 0.00 3.06e — 01
85 2.26 4.25e - 01 1.70 2.41e - 01 2.08 2.72e — 01
90 2.72 3.67e — 01 1.99 2.17e — 01 2.32 2.40e — 01
95 2.67 3.20e - 01 2.18 1.94e - 01 2.45 2.11e - 01
100 2.88 2.78e — 01 2.35 1.73e - 01 2.58 1.86e — 01
Theoretical order : 3
Mesh Ly -err Lo~ ord Ly - err Ly - ord L, - err L, - ord
70 0.00 5.78e — 02 0.00 5.26e — 02 0.00 5.27e — 02
75 3.20 4.70e — 02 2.96 4.34e — 02 297 4.35e — 02
80 3.23 3.87e — 02 3.02 3.62e — 02 3.03 3.62e — 02
85 319 3.22e - 02 3.02 3.04e — 02 3.02 3.05e — 02
90 3.20 2.71e — 02 3.05 2.58e — 02 3.06 2.58e — 02
Theoretical order : 4
Mesh Ly -err L~ ord Ly -err Ly - ord L, - err L, - ord
70 0.00 4.70e — 03 0.00 3.59¢ — 03 0.00 3.64e — 03
75 4.61 3.49 - 03 4.81 2.63e — 03 4.80 2.67e — 03
80 4.72 2.62e — 03 4.87 1.96e — 03 4.86 1.99¢ - 03
85 4.54 2.02e — 03 4.92 1.48e — 03 4.89 1.50e — 03
90 4.73 1.57e — 03 5.02 1.13e - 03 4.98 1.15e — 03
Theoretical order : 5
Mesh L, -err L.~ ord Ly - err Ly - ord L, - err L, - ord
22 0.00 1.39e - 01 0.00 1.14e — 01 0.00 1.15e — 01
27 5.83 5.16e — 02 5.21 4.69e — 02 5.28 4.70e — 02
32 5.83 2.21e - 02 5.60 2.08e — 02 5.61 2.08e — 02
37 5.74 1.07e — 02 5.78 9.99 — 03 5.77 1.00e — 02
42 5.74 5.60e — 03 5.98 5.10e — 03 5.97 5.11e — 03
47 5.64 3.17e - 03 6.19 2.73e - 03 6.15 2.74e — 03

4.2. A non-linear scalar model equation

Periodic boundary conditions are considered. This problem has the
exact solution

Let us consider the equation

qx,t) =sin(2mw (x —t))cos(2m (x —t)) . (53)

0:L(q(x, 1)) + 0 f(q(x. 1)) =0, 51)

q(x,0) = sin(2mx)cos(2mx) ,

with

E(q) = q2 - 16]712 ax(Z)
f(@=q(@+1).

q.

Due to the non-linearity of £(q), in this test we use only a 1% of
the theoretical CFL condition, so we take C.; = 0.01. Table 2 shows
the results of the convergence rate assessment, up to the output
time ty = 0.1 for schemes of 2nd, 3rd, 4th and 5th orders of ac-

(52) curacy. We observe that the orders of accuracy are attained even if
the differential operator is non-linear.
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((z,1)

0 __________________________________________
-- {x0
— bXx)
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X
Fig. 4. Initial configuration.
0.04 i — Reference solution
{ 0 ADER, 3rd order
o ADER, 4th order
¢ ADER, 5th order
%  Globally implicit, 100 cells
=
N
004 L | L | L J
-100 0 100 200
X

Fig. 5. Profile of the free surface ¢(x, tou) for b = b(x) and ty: = 37. Comparison of schemes of 3rd (circles), 4th (squares) and 5th (diamonds) orders of accuracy with 100
cells against a reference solution and the solution of the globally implicit method with 100 cells (stars).
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0.04 —

— Reference solution
o ADER, 4th order
¢ ADER, 5th order

0
=
il
-0.04
. | . | . | . | . | . J
— Reference solution
o ADER, 3rd order
o ADER, 4th order
< ADER, 5th order
i — bottom surface
= 05+
it
-1 \/\
. | . | . | . | . | . J
-100 -50 0 50 100 150 200

Fig. 6. Profile of the free surface ¢(x, t,u) and bottom surface b = b(x, t) for t,,: = 30. Top: zoom of free surface. Bottom: general profile. Comparison of schemes of 3rd
(circles), 4th (squares) and 5th (diamonds) orders of accuracy with 100 cells against a reference solution.

4.3. An asymptotic model in water-waves equations

Here, we are interested in the simulation of the motion of a
layer of water in a domain delimited below by a solid moving bot-
tom and above by a free surface, more precisely, we are consid-
ering an approximation model within the shallow water regime,
in which only the length and depth are relevant. Fig. 3 shows
a representation of the phenomenon. The length and depth are
parametrized by the variables x and y, respectively. Model vari-
ables are; ¢(x, t) the free surface, b(x, t) the bottom surface and
u(x, t) the velocity of a column of water in x at a given time t.
On the other hand, model parameters are; Hy > 0 a constant ref-
erence depth (note that y = 0 corresponds to the still water level),
L the characteristic horizontal scale in the longitudinal direction,
a the order of the free surface amplitude, B the order of bottom
topography variation. The following dimensionless parameters are
formed from these four scales; u := Hg /L2 the shallowness param-

eter, € = Hio the wave amplitude parameter and f := H% the to-
pography parameter. The behaviour of water is governed by a di-
mensionless Boussinesq type model, [53], which has the form

0L (x,t) + 0x(h(x, u(x,t)) = gatb(x, t),

Oru(X, t) + 0xC (X, t) + eu(x, t)ogu(x, t) — %&xxu(x, t)

_ —%amb(x, 0 ) (54)

with h(x,t) = e¢(x,t) + 1 — Bb(x, t). We define the differential op-
erator

L(u):=u-— %axxu . (55)
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Fig. 7. Initial configuration for the dam break type problem.

So, we observe that (54) can be written as

(%, 0) + dx(h(x, u(x, t)) = Ldb(x, 1),

OrL(U(X, b)) + 0xC (X, t) + eu(x, t)oxu(x, t) (56)
= L83 (x,t) .
So, in a matrix form (56) takes the form (5) with
Qux.t) = [ Lo |
— ;(X’ t)
£Qx.0) = |: u(x,t) — Sowux, t) i| ’
_ h(x,t)¢ (x, t)
F(Q(x,r»—[ Clut) 4 et |-
B Baub(x,t)
S(Q(x,t),x,t) = |: —%%xb(& 0 | (57)

The model requires © <« 1 and O(e) = O(n) = O(B). In order to
assess the performance of the present method, we compute refer-
ence solutions through a globally implicit finite difference scheme,
which is reported in Appendix B. A fine mesh of 500 cells has been
used.

4.3.1. Bottom surface varying in space
Here, we simulate the case in which b(x, t) = b(x) on the com-
putational domain [—-100, 200]. In particular we take

-1, x<0,
b(x) = { —1 +0.65e3375%/100-57 = (g <x <100, (58)
-1, x> 100 .

We consider the parameters u =¢ = =0.1, initial condition
£(x,0) =0 and u(x,0) = 1.2, which are shown in Fig. 4. Addition-
ally, we apply transmissive boundary conditions. Fig. 5, shows a
comparison of the reference solution against the solution obtained
with the present scheme for 3rd, 4th and 5th orders of accuracy
and the scheme presented in Appendix B. The numerical solutions
are compared at the output time ty = 37 and using 100 cells. We

observe a very good agreement of the high-order schemes with re-
spect to a conventional globally implicit method. The linearity of
L£(Q) allows the use of Cepp =0.1.

4.4. Bottom surface varying in space and time

Now, we simulate the case in which the bottom surface is given
by

b(x, t)
-1, x<0,
= { —140.1sin(47 (x/100 — t))e3375x/100-5°  0<x<100,
1, x> 100.

(59)

An important feature of this test, is that a variation in time, could
cause stiffness in the source term. However, the ability of the
present scheme to solve problems with stiff source term, should
overcome this difficulty. Here, we use the same parameters seen
in the previous test. Fig. 6 shows the results up to a time tq,; = 30.
We observe a very good agreement of the high-order schemes with
respect to a conventional globally implicit method.

4.5. A dam-break type problem with a discontinuous bottom surface

In this test we explore the phenomenon consisting of a dam-
break in a horizontal channel. The water is assumed to contain two
different water contents at both sides of the breakpoint. The evo-
lution of the free surface and velocity profile can be modelled by
system (56). These problems are well known for hyperbolic prob-
lems, where the ADER schemes have proved to provide very good
results, see [9,19,68,69] to mention but a few.

As we will see below, the present methodology allows to solve
this problem with discontinuous bottom profiles. So, in this sub-
section, we solve the system (56) on a channel parametrized in
the computational domain [-100, 200], the breakpoint originally
is assumed to be at x = % and the bottom surface is given by
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— Reference solution
S — o ADER, 3rd order
* g o  ADER, 4th order
** *  Reference solution, 100 cells
: -
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| | | | | J
-100 0 100 200
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— Reference solution
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* Reference solution, 100 cells
:\ -
)
05—
| | | | | J
-100 0 100 200

X

Fig. 8. Dam-break type problem. Profile of the free surface ¢(x, tou) for tou =40, Copp = 0.1. Comparison of novel ADER schemes with 100 cells against reference solution
(continuous line). Top: ADER of 3rd (circles) and 4th (squares) orders of accuracy against the reference solution with 100 cells (stars). Bottom: ADER of 5th (diamond) order

of accuracy against the reference solution with 100 cells (stars).

-1, x<0,
b(x)={-1., 0<x=<100, (60)
-1, x > 100 .

As we have assumed that the break point is located at x = % the
initial condition is given by

1, X<%,
£ 0) =1, : (61)
7, X223,

additionally, the fluid is assumed to be at rest so the initial ve-
locity is given by u(x, 0) = 0. Fig. 7 shows the initial configuration.
Fig. 8 shows the result for the free surface (X, tour), at tour = 40,
parameters in this test are Cc;p = 0.1 and u = = =0.1.

In Fig. 8 is shown a comparison of the reference solution, pre-
sented in Appendix B, against the solutions obtained with the

present scheme for 3rd, 4th and 5th orders of accuracy, all of the-
ses solutions have been computed using 100 cells. We note that
fifth order of accuracy shows small oscillations (see Fig. 8, bottom).
We observe in general a very good agreement between the com-
puted solutions and the reference solution with a very fine mesh.
Similarly, we observe that there is an improvement in the degree
of resolution by using high order schemes, which is evident when
compared with the reference solution with the same number of
cells.

5. Conclusions

Here we have extended the well known ADER finite volume
schemes for solving a class of partial differential equations aris-
ing from the water wave equations. These equations are character-
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ized by transient terms, which may contain mixed space and time
derivatives. The present numerical scheme is based on the HEOC
solution strategy of generalized Riemann problems at the inter-
faces of computational cells, similar to ADER methods for hyper-
bolic problems. To this end, we have derived an HLL type Riemann
solver, which is used in the solution of the GRP and we have pro-
vided a strategy to estimate the maximum wave speeds in order
to reconcile stability and accuracy. Stability constraint depends on
the wave speeds associated to convective parts and the discretiza-
tion of differential transient terms. We have proved for a linear and
scalar case that the present scheme converge in Llloc as usual for
Godunov-type schemes applied to hyperbolic problems. We have
solved four tests and empirical convergence rate assessment has
been carried out for two of them, illustrating in this form that
the expected theoretical order of accuracy is attained. Addition-
ally, when an exact solution was not available we have compared
the numerical solution of the present schemes with reference solu-
tions obtained with a globally implicit scheme on a fine mesh. We
have observed that the degree of resolution with respect to the
reference solution is very satisfactory, specially because high order
computations were carried out on coarse meshes. Weakness of the
present scheme are; i) the differential problems have been solved
by using centred finite differences in a context of fixed-point itera-
tion procedures, ii) the influence of the differential operator on the
stability constraint is not well understood. Improvements regarding
the solution of the differential part and how it affects the stability,
will be the aim of future works.
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Appendix A. Auxiliary results

In this appendix we deal with the proof of Proposition 3.1.
The aim is to provide technical results to ensure the applicabil-
ity of the Helly selection theorem [8]. In order to prove the con-
vergence of the present scheme, the results will be presented in
the following order; Lemma A.1 and Proposition A.2 will ensure
the convergence of the discontinuous Galerkin method, which al-
lows to compute local predictors at each cell of the computational
domain. Lemma A.4 will relate the degrees of freedom of polyno-
mials obtained through the discontinuous Galerkin method with
the approximate solutions at time level t", {q'}. Lemma A5 to
Lemma A.7 will provide the relationship between the discrete so-
lution of the differential operator {w}} and the approximate so-
lutions at time level ", {q}}, it will prove the continuity of w
with respect to g. Lemma A.9 to Lemma A.11 will provide inequal-
ities which take into account numerical approximations of the
differential operator for successive time steps, {W?H} and {w}'}.
Lemma A.12 to Lemma A.16 will provide the inequalities for the
Total-Variation-Diminishing (TVD) operator and L; norm of {w}}.
It is required for Helly’s selection theorem, see (44) for a defini-
tion of TVD and L; norm.

For the sake of simplicity we are going to assume that the re-
construction polynomial p; can be defined as

M
Pi(x) = p(x;_y +EAX) = D Ym(E)Vim . (A1)

m=1

where {{/17(£)} is a reconstruction polynomial basis. From the con-
servation property of reconstruction polynomials, [35], we have

i+j+1

M
qi,; = Z/ ,
m=1"!

+J]

Ym(E)ym (A.2)

with j= -k, ..., kg. Therefore, coefficients y,, can be found by
solving the linear system

q =BI", (A.3)
where
i+j+1 » ~. .
Bin= [ Um®).8 =, T =i (A4)
i+j
We define the matrices
K11<J = [9109!]7 - <9ks 3r91> s
My = (6. 01) .
K, = (0:6.6,) .
Kp, = (3:b(6). 6) .
1
(Folm = [ 65, 0)ym(£)d
F(Q = f(g)) .
S(Q) = s(qp) - (A5)

Additionally, in this section we consider the L!'-norm, which for
simplicity is denoted by || - ||.

Lemma A.. If f{q) and s(q) are differentiable functions of q. The op-
erator

T(Q) :==FI' -R(Q) . (AB)
with
R(Q) := At(K! +KP)~! (&KE}‘(Q) - MS(Q)) , (A7)

is Lipschitz, with constant
1
K o= ALK+ KO (I LAl + MDAl ) - (A8)

where Ag is the Jacobian of F(Q) with respect to Q and Ag is the
Jacobian of S(Q) with respect to Q.

Proof.

T(Q1) —T(Q2) = (K' +KP)~! (it

X

K (700 - 7(2))

—AtM(S(Q1) —5(92))) . (A9)

We note that Qi =[(q1)1.... (@)mp]" and Q=
[(@2)1, ... (@2)mp]". As flq) and s(q) are differentiable functions of
g. Then, there exist constants 6, and 7, such that

F(@)r) — FU@2)1) =20 (@) — (@2)1)

$((@1)) —5((a2)) = BB (@) — (@201 (A10)
with A = df(q)/dq and B = ds(q)/dq. Therefore,
F(Q1) — F(Q2) = Ap(0) (21 — 2) , (A1)

S5(Q1) = 8(22) = As(n)(Q1 — Q2) ,

where Ap(f) and As(B) are diagonal matrices defined by
Ap(@)x = A(0) and As(n), = B(ny). respectively. Taking the
norm of (A.9) and after some simple manipulations, the sought re-
sult is obtained. O

Proposition A.2. If £(q) is a linear operator, f(q) and s(q) continu-
ously differentiable functions. Then the problem (15) contains a local
solution.
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Proof. We note that a solution of (15), Q*, satisfies
o =T(Q") .

From the Lemma A.1 T(Q) is a Lipschitzian operator, now given r
> 0 and By = {Q : ||[FoI'" — Q|| < r} . Then there exists a § > 0 such
that At < 6 and T : B; — Br. Indeed, given a Q € B

sup||T(Q) — Fol'|| =K .
Therefore, if we take At < §
[IT(Q) — Fol|| < 6M ,

with M = (K +K?) 7 (L KEF(Q) - MS(Q)). Hence, § can be

chosen in order to obtain § M < r. Finally, if we take Q1, O, € By,
then

[IT(Q1) —T(D) ] < K(Q1 — Q) < SM(Q1 — D2),

so, § can be chosen in order to obtain § <min(r, 1). Therefore, T is
a contraction in B; and thus T has a unique fixed point. Therefore,
the result holds. O

(A12)

Definition A.3. A scheme is said to be of Total-Variation-
Diminishing (TVD) if

TV(q"*') <TV(q") ,Vn, (A13)
where
V(@) = Y laf — a4l - (A14)

i=—o00

On the other hand, the finite volume schemes have the form

Wit = wl — —[fH, ffi_%] + Ats;, (A15)
where f; 1 is the flux defined by
2
1
firr = Aty f(q(X,+, t))dt,
At
Si = AtAx/ / 2 s(q(x, t))dxdt . (A16)

We use a quadrature rule in [0, 1], which is defined by ng pairs
(n1, ;) and thus

fiey Zf(cz(x,+ MAD);

ng  Ng

= ZZS(C](XF% + mAX, nkAt))a)la)k .
=0 k=0

We will adopt here the Harten philosophy, see [18,36,37] and ref-
erences therein for further details. So the numerical flux (A.17) is
computed, without loss of generality, using the Rusanov flux

fai . tAD) = 3(f(qi(1-.T) + f(q31 (04, 7))

M1
——5%(qi11 (04, 7) —qi(1-, 7)) ,
where 2, ; is the maximum wave speed inside the interval
2

(A17)

(A18)

[Xi—%’XiJr%]U[Xi ’ 1+ 1]

where

However, we can choose these values as A, 1 = A cAt,
2

c is the Courant number. Therefore, we have
At &
AL~ 5 (F@a ) = @ Yo

S 2 (F@ 0w - @O ) Yoo
k=0

At & Ao
+E Z 2 <Qi+1 (04, M) — qi (0, T)k)>a)k
At & Ao
~Ax g 7(%‘(17, M) — Gi-1 (1-, nk)>a)k
ne ng
+At Z Zs(qi(nl’ M) W wy . (A19)
10 k=0

On the other hand, q,(§, ), with k=i—1,i,i+ 1 are polynomi-

als defined in terms of local variables (£, t) corresponding to in-

tervals [x; s.%; 1] [x_1.X,1]and [x, 1.x;, 3] respectively. From
2 2 2 2 2 2

Section 2.2, these polynomials have the form

MD
€. 1) =Y (5. D)

k=0

(A.20)

As seen in previous sections, coefficients gj, are obtained from the
solution to the algebraic problem
K' + KO + — AtMS(Q") = FoI™" .

At
3 r
—XK F(Q") (A.21)

Here, K!, K¢ and F, are finite element matrices and; Q; = cjg and
Fr yr With these observations we note that

MD
qi1(04,7) —qi(04, 7) = Z¢k(0+7 (@ - g .
k=0
MD ) )
q(1-. 1) =g (1. 7) =Y (1. )G, - G ") .

k=0

(A22)

Lemma A4. If £(q) is a linear operator, flq) and s(q) are continu-
ously differentiable functions of q. Then

(a) there exist constant vectors A =[A;,...A",]" and B =
(B, ... ,3[(42]T such that B}, AF € [min{q, q;™'}. max{q. q;;""}].

F(Q*1) = F(QN) = Ar (W) (@1 - Q)
S(Q*) —8(Q") = As(B")(Q - Q)
with Ar and As the jacobians of F(Q) and S(Q) with respect to

Q, respectively.
(b) The following identity is satisfied:

(A23)

Qr+1 -9 = Cr(qr+l _ qr) , (A.24)
with
C'=(K! +1<b+%1<¥AF (A)—AtMAs(B") ' (FoB™").  (A25)

Proof. Point a) is a consequence of the mean value theorem ap-
plied to f(q) and s(q). To prove point b), we note that, from
(A.3) we have

K'(Q! - Q") + KE(F(Q™) — F(Q)) — AtM(S(Q™)
-5(QM) =FB (@' -7 (A.26)
So, from point a) we obtain
(K + K 4 2OKEA (L) — AMAL(BT) (@71 - @)
=FoB (@' - @) (A27)

After some algebraic manipulation, the result holds. O

Let us assume that the problem (4) is solved numerically. As £
is assumed to be linear, then there exists a matrix A; such that

w =Aq . (A.28)
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Lemma A.5. If £(q) is a linear operator. Then, the following is satis-

fied:

TV(w") < Dillq"|] . (A29)

Proof.

wi —wi, = Z((AL)i.j — (AD)i1.1)q] - (A.30)
j

Then, we have

Wl —wi | <o ) [qhAx (A31)

i

[(AD; j— (AL), il

with max; = «;. Therefore the result holds with
=) . (A32)
i
|

Lemma A.6. If £(q) is a linear operator, f{q) and s(q) are continu-
ously differentiable functions of q. The following identity is satisfied:

kg

qi(é’ T) - qi—] (Sv T) = Z I//JI(SV T)(q;1+j - q?+j7]) ) (A'33)
Jj=kt

with

. MD .

Vi, T =) duE MG ;. (A34)

Proof. Note that
Mp

G(€. 1)~ qia(E. 1) =) (&M@ —q ") . (A35)

k=0
So, by using the point b) of Lemma A.4, the result holds. O
Lemma A.7. If £(q) is a linear operator, flq) and s(q) are continu-

ously differentiable functions of q. Then, the numerical scheme can be
written as

Wit = wl
k
At i
Z ( D1+1 +)q1+1+1
jffkl.
Z (Dl Dl]+l+)q;1+]
]*’kL
Z( Dl )q1+j 1
]—_kL
ng ng
+AEY S s(qi(m, m)) @@y (A36)
=0 k=0
with
; Aoo +A(A'+‘) .
Dt = Z( W04 m)wy
and
Ao +)»()J

o= S

where w}(é, T) is defined in Lemma A.6.

Wi nwy

Proof. The numerical scheme has the form

Wt = wp = 865 (@1 m0) — @i () o
+45 i 2(f<ql+1 (0. 11) = F(@i (01 1) )
+Ax Zk 0 2 (‘LH (04, M) — qi (04, 77k)>wk

— & (q,(l_, M) — i1 (1=, m))wk
+Af leo > ko 8(@i(n, m)) ey .

(A37)

Then, if flg) is a continuously differentiable function, from
Lemma A4 there exist values A} such that

ng  Ng

+AEY Y s(qi(n mi)) oy

1=0 k=0

Aoo )» )»
AL )(qi(lfvnk)_Qi—l(‘lﬂnk)>wk

)(Qi+l (04, M) — i (04, Ylk))w

(A38)
Additionally, from Lemma A.6

kg
qi(s’ ‘C) — Qi1 (Ev T) = Z w;(gv .E)(q'rl+] - q,{;jf]) (A39)

J=—k;
and thus, we obtain

W:_H—l — W?

Aoo +A()J) ke

Z( D DRGLREAI TRy
J==ki

At J h +)\()\‘z+1) kg
AXZ ) Z IﬂH']

k=0 Jj=—k;
(O+: 77’() (q?+j+1 - q?Jr])a)k

ng Ng

FAEY Y s(qi(n m)) oy

1=0 k=0

(A.40)

Manipulating the last expression, we obtain

At &
1 -
Wit =wj - Ax Z D} (CI?H' —CI?+j—1)
j=—ki

K,

Z DH— +<q1+]+1 qH—])
]__kL

ng ng

FAEY Y s(qi(n i)y

1=0 k=0

(A41)

and so the result follows. O

Lemma A.8. If £(q) is a linear operator, f(q) and s(q) are continu-
ously differentiable functions of q. The following identity is obtained:
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n+1 N+l _ o qah
Wi m Wi =W = Wi

1
k
At &K i
“Ax > D (q?+j_q?+j—l)
Jj=—k;

kg

At i1,—
T Ax >, Dyt <q?+j—1 _q?+j—2)

Jj==k;
At kg )
+ﬂ Z DljJrL+ <q?+j+] - Q?+j)
Jj=—kt
At &
a2 (an )
Jj=—kt
ke
+AL Y Dyl — ) - (A42)
Jj=—kt
with
. ng ng - )
Dlj = Z Zﬂ(ﬂi)lﬁ}(ﬁl, M)Wy (A.43)
1=0 k=0

where yi(§, 7) is given in Lemma A.6. D;:* and D;.“'* are given in
Lemma A.7.
Proof. From Lemma A.6, we have
n+1 n+1 __ ..n n
e VA Vi

i i-1

At &

“Ax Z D3f7 (q?ﬂ _q?Jrj—l)
J=—ki
ki
At S
+A7X Z Dlj B (q?ﬂ—l _q?ﬂ—z)
J=ki
At &
Ay 2 O (q?+j+l - q?+j)
j=ki
ki
At &
_B Z D;"Jr(q?ﬂ - q?+j—1)
j==kt
ng ng
HAEY S (s(qi (. i)
1=0 k=0

=s(qi—1 (1, M) ) Wy @y, - (A44)

From Lemma A.4 there exist coefficients
Bl € [min(q;(m. me). gio1 (p. i), max (q; (. ). Giz1 (1. M) -
such that
s(qi(m, M) — 5(qi1 (1, 1))
= ﬂ(ﬁf,k)(ql'(ﬂh M) = qi1 (M M)

where B(q) = %;’). Thus the result holds. O

(A.45)

Lemma A.9. If £(q) is a linear operator, f(q) and s(q) are continu-
ously differentiable functions of q. Then, there exist matrices of size N
x N; &, M and Ay such that

wl = (I — At(E — M)A,)W" , (A.46)
where

W= [w], .., wy], (A47)
with N the number of cells.
Proof. From Lemma A.7, we have

wtl = wh — AtEQT + Ats™, (A.48)

with
1‘,7
Eil—1 = Ak; ,
(=DY) + (DY = D) + (=D
&j= Ax Jj=—ki, .. kg,
Dyt
Eiker1 = ﬁ (A.49)

and s" = [s, ..., sh]", where s? = /') 371 s(qi (. i) )y -

As s(q) is continuously differentiable, there exist constant val-
ues 0,y such that s(q;(n;, 7)) = B(6,,)q;(n;. ng) . Therefore, after
some manipulations we obtain

kg
Si = Z Mi,jq?ﬂ , (A.50)
j=-K
with
ne ne .
Mij=Y "> BOY 0 m)ww - (A.51)

=0 k=0

Therefore, if we take A, =A;!

-1, with A1 in (A.28) the result
holds. O

Remark 2. The matrices £, M and A, are square matrices. It is as-
sumed that boundary conditions modify the entries of these matri-
ces, but the structure of a kg + k; + 1-diagonal matrix is assumed
to be held.

Lemma A.10. If £(q) is a linear operator, f(q) and s(q) are continu-
ously differentiable functions of q. Then

w1 < [[w"| |« (AL) (A52)
with k (At) = |[I — At(E — M)Ap]| .
Proof. It is a consequence of Lemma A.9. O

We note that there exists a range of values of At such that
k(At) < 1. It is proved in the next.

Lemma A11. If £(q) = apq + a;b(q), with ag > 0 and a; constant
values, b(q) a linear operator containing only spatial derivatives, f
and s are continuously differentiable functions with '%;7) =pB(q) <0.
Then, there exists a range of values of At such that

K(AL) <1.

Proof. As the result is independent of the initial condition, let us
consider an initial condition given by q(x,0) = kg a constant. On
the other hand, by the mean value theorem, there exists a constant
6o such that s*(q) = Boq , with AtB(6y) = By . Additionally, let us

Po
consider that the solution at time " is given by wi' = kge v
Thus, the weak formulation yields
< Ok, 0:L(Q) > + < O, 0 f*(@) >=< Ok, 5" (@) >,
which results into
< ka 81—91 > aowl'f’d, =< 9/{7 9[ > ,BOW?QI .
Note that the solution of this problem is q;(¢,7) = g—gw? . The ex-
act solution of the generalized Riemann problem provides

o g
qi(t) =wjew " . (A.53)

Therefore, the numerical flux and the numerical source are
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nGP wy 07 At
= e“ - Doy,
fiey = ac il (A54)
S; = nGP wi (e*TkAf Doy

So, the numerical scheme produces the result

W;H'l _ Wln ZZGF eao katwk , (A.55)
which finally gives

W] < [[W°] [k (At) (A.56)

with |[w0|| = ko and K (At) = (1) AD

sult holds. O

Z"G‘aeuo wy . Thus, the re-

Lemma A.12. If £(q) is a linear operator. Then, there exists a con-
stant A such that

TV(q") < Allw"[| .
Proof. By taking A = ||A[1 ||, with A; in (A.28) the result holds. O

(A.57)

Lemma A.13. If £(q) is a linear operator, f(q) and s(q) are continu-
ously differentiable functions of q. Then the following identity is satis-
fied:

TV (W™ < TV(W") + AtDTV(q") , (A.58)
with
G 0 B N 2
D= J J J J i )
Xi:j;( At A T A T A +|Di| £ (A59)
=—KL

Proof. The result follows directly from Lemma A.8. After applying
the absolute value and summation on index i. O

Lemma A.14. There exists a constant A such that
TV (W™ < TV(W") + AtDA||W"|| . (A.60)
Proof. The proof follows directly from Lemmas A.12 and A.13. O

Proposition A15. If £(q) is a linear operator, f(q) and s(q) are con-
tinuously differentiable functions of q. There exists a constant C such
that

TV(w™!) <C, (A.61)
with
C=TV(W®) + AtDAS||W°|| (A.62)
and
8= L (A.63)
T 1—k(At) ’
Proof. A successive application of Lemma A.14, provides
n
TV (W) < TV (W) + AtDAY " [|w']| . (A.64)
r=0
From Lemma A.10, we have
n n
D olw] < [[w]] Y k(A" (A65)

r=0 r=0
From Lemma A.11, there exists a range of values At such that
k(At) < 1 and thus the result holds. O

Lemma A.16. Let £(q) be a linear operator, f(q) and s(q) continu-
ously differentiable functions of q. Then, given n and p two integers,

the following identity is satisfied:
(Wi —wP| <G t" —tP|, (A.66)

with C; = (TV.(W®) + DAS||WO||), t" = nAt and tP = pAt.

Proof. From Lemmas A.6 and A.10,

W Wl < A,
with
0| ot
Co= 2% { A |}A5”WO” (A.67)
< AtDA8||w°|| .

On the other hand, without loss of generality, if we assume n > p,
then

[ —wP| < [ — w4 (Wi — w2 g WP -l

Thus, multiplying by Ax and taking summation on i, we obtain
|[lw" —wP|| < AtCy(n — p) < (TV(W°) + DAS||W°|[) (t" — £P) .
O

Appendix B. A globally implicit method. A numerical solution
of reference

In order to assess the proposed methodology, we compare its
numerical solutions against numerical solutions obtained through
a conventional method on a very fine mesh. In this appendix we
present the conventional scheme, which corresponds to a globally
implicit finite difference scheme, given by

n+l_»#n
§i Atfi +D(1)(hn+1un+1) _ ﬁa b(x;, t’”%)

u?“—u{' o D(z)(u"“) D(Z)(un) n+1 (1) 1
IiY; 3 AT D; (™) (B.1)

attxb(xl t”“) ,
+Di(1)(§n+]) +8u}1“Dl.<l)(u”+1)

where

Di(Z) (un-H) W 7

Di(l)(Ll”H) _ % , (B2)
Dz'(]) (h+1yntly = W

System (B.2) is an algebraic system for variables {;i”‘“}f’:l and
{ur N
1 1=
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