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1. Introduction

In 1979, Kazdhan and Lusztig [16] introduced a family of polynomials, indexed by 
pairs of elements in a Coxeter group W , which plays an important role in various areas
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of mathematics, including the algebraic geometry and topology of Schubert varieties and 
representation theory (see, e.g., [1] p. 171 and the references cited there). These cele-
brated polynomials are now known as the Kazhdan–Lusztig polynomials of W (see, e.g., 
[1] or [14]). In 1987, Deodhar [7] developed an analogous theory for the parabolic setup. 
Given any parabolic subgroup WJ in a Coxeter system (W, S), Deodhar introduced 
two Hecke algebra modules (one for each of the two roots q and −1 of the polynomial 
x2−(q−1)x −q) and two families of polynomials {P J,q

u,v (q)}u,v∈WJ and {P J,−1
u,v (q)}u,v∈WJ

indexed by pairs of elements of the set of minimal coset representatives W J . These poly-
nomials are the parabolic analogues of the Kazhdan–Lusztig polynomials: while they 
are related to their ordinary counterparts in several ways (see, e.g., §2 and [7], Propo-
sition 3.5), they also play a direct role in several areas such as the geometry of partial 
flag manifolds [15], the theory of Macdonald polynomials [12,13], tilting modules [24,25], 
generalized Verma modules [5], canonical bases [10,28], the representation theory of the 
Lie algebra gln [20], quantized Schur algebras [29], quantum groups [8], and physics (see, 
e.g., [11], and the references cited there). The computation of these polynomials is a 
very difficult task. Although a geometric interpretation for the (ordinary and parabolic) 
polynomials exists (see [17] and [15]) in the case of Weyl groups and an algebraic in-
terpretation exists for the ordinary ones [9] for all Coxeter systems, there are very few 
explicit formulas for them (see, e.g., [1], p. 172, and the references cited there).

The purpose of this work is to study the parabolic Kazhdan–Lusztig polynomials 
for the quasi-minuscule quotients of Weyl groups. These quotients possess noteworthy 
combinatorial and geometric properties (see, e.g., [18] and [27]). The parabolic Kazhdan–
Lusztig polynomials for the minuscule quotients have been computed in [19,2–4]. In this 
work we turn our attention to the quasi-minuscule quotients that are not minuscule (also 
known as (co-)adjoint quotients). More precisely, we obtain closed combinatorial formu-
las for the parabolic Kazhdan–Lusztig polynomials of type q of these quotients for the 
classical Weyl groups. Our results imply that these are always either zero or a monic 
power of q for all quasi-minuscule quotients, and that they are not combinatorial invari-
ants. For the parabolic Kazhdan–Lusztig polynomials of type −1 we conjecture explicit 
combinatorial interpretations.

The organization of the paper is as follows. In Section 2 we recall some definitions, 
notation and results that are used in the sequel. In Section 3 we give combinatorial 
descriptions of the quasi-minuscule quotients of classical Weyl groups. In Section 4 we 
give combinatorial formulas for the parabolic Kazhdan–Lusztig polynomials of type q of 
(co-)adjoint quotients of classical Weyl groups. Our results imply that these polynomials 
are always either zero or a monic power of q for all quasi-minuscule quotients, and 
that they are not combinatorial invariants. In Section 5 we derive some consequences 
of our results for the classical Kazhdan–Lusztig polynomials. Finally, in Section 6 we 
present our conjectured combinatorial interpretations for the parabolic Kazhdan–Lusztig 
polynomials of type −1 of the (co-)adjoint quotients of classical Weyl groups, and the 
evidence that we have in their favor.
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2. Preliminaries

In this section we collect some definitions, notation and results that are used in the 
rest of this work. We let P := {1, 2, 3, . . .} and N := P ∪ {0}. The cardinality of a set 
A will be denoted by |A|. For n ∈ P we let [n] def= {1, 2, . . . , n} and [±n] def= {−n, . . . ,
−2, −1, 1, 2, . . . , n}.

We follow [26], Chapter 3, for poset notation and terminology. In particular, given 
a poset (P, ≤) and u, v ∈ P we let [u, v] := {w ∈ P |u ≤ w ≤ v} and call this an 
interval of P . We say that v covers u, denoted u � v (or, equivalently, that u is covered
by v) if |[u, v]| = 2. The Hasse diagram of P is the graph having P as vertex set and 
{{u, v} ⊆ P |u � v or v � u} as edge set. Usually, when drawing Hasse diagrams, if u ≤ v

then u is depicted below v, however in this work we find it convenient to rotate our 
diagrams clockwise by π4 . We say that u, v ∈ P are comparable if either u ≤ v or v ≤ u. 
Given two posets P and Q, we write P � Q to mean that they are isomorphic as posets.

We follow [1] and [14] for general Coxeter groups notation and terminology. Given a 
Coxeter system (W, S) and u ∈ W we denote by �(u) the length of u in W , with respect 
to S, and we define �(u, v) def= �(v) −�(u). If s1, . . . , sr ∈ S are such that u = s1 · · · sr and 
r = �(u) then we call s1 · · · sr a reduced word for u. We let D(u) := {s ∈ S : �(us) < �(u)}
be the set of (right) descents of u and we denote by e the identity of W . Given J ⊆ S

we let WJ be the parabolic subgroup generated by J and

W J def= {u ∈ W : �(su) > �(u) for all s ∈ J}.

Note that W ∅ = W . If WJ is finite, then we denote by w0(J) its longest element. We 
always assume that W J is partially ordered by Bruhat order. Recall (see e.g. [14], §5.9 
and 5.10) that this means that x ≤ y if and only if for one reduced word of y (equivalently 
for all) there exists a subword that is a reduced word for x. Given u, v ∈ W J , u ≤ v we 
let

[u, v]J := {w ∈ W J : u ≤ w ≤ v},

and [u, v] def= [u, v]∅.
The following two results are due to Deodhar, and we refer the reader to [7, §§2–3]

for their proofs.

Theorem 1. Let (W, S) be a Coxeter system, and J ⊆ S. Then, for each x ∈ {−1, q}, there 
is a unique family of polynomials {RJ,x

u,v(q)}u,v∈WJ ⊆ Z[q] such that, for all u, v ∈ W J :

i) RJ,x
u,v(q) = 0 if u � v;

ii) RJ,x
u,u(q) = 1;

iii) if u < v and s ∈ D(v) then
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RJ,x
u,v(q) =

⎧⎪⎨⎪⎩
RJ,x

us,vs(q), if us < u,
(q − 1)RJ,x

u,vs(q) + qRJ,x
us,vs(q), if u < us ∈ W J ,

(q − 1 − x)RJ,x
u,vs(q), if u < us /∈ W J .

Theorem 2. Let (W, S) be a Coxeter system, and J ⊆ S. Then, for each x ∈ {−1, q}, there 
is a unique family of polynomials {P J,x

u,v (q)}u,v∈WJ ⊆ Z[q], such that, for all u, v ∈ W J :

i) P J,x
u,v (q) = 0 if u � v;

ii) P J,x
u,u (q) = 1;

iii) deg(P J,x
u,v (q)) < 1

2�(u, v) if u < v;
iv)

q�(u,v) P J,x
u,v

(
1
q

)
=

∑
z∈[u,v]J

RJ,x
u,z(q)P J,x

z,v (q)

if u ≤ v.

The polynomials RJ,x
u,v(q) and P J,x

u,v (q), whose existence is guaranteed by the two pre-
vious theorems, are called the parabolic R-polynomials and parabolic Kazhdan–Lusztig 
polynomials (respectively) of W J of type x. It follows immediately from Theorems 1
and 2 and from well known facts (see, e.g., [14, §7.5] and [14, §§7.9–11]) that R∅,−1

u,v (q)
(= R∅,q

u,v(q)) and P ∅,−1
u,v (q) (= P ∅,q

u,v(q)) are the (ordinary) R-polynomials and Kazhdan–
Lusztig polynomials of W which we will denote simply by Ru,v(q) and Pu,v(q), as 
customary.

The parabolic Kazhdan–Lusztig and R-polynomials are related to their ordinary coun-
terparts in several ways, including the following one.

Proposition 1. Let (W, S) be a Coxeter system, J ⊆ S, and u, v ∈ W J . Then we have 
that

RJ,x
u,v(q) =

∑
w∈WJ

(−x)�(w)Rwu,v(q),

for all x ∈ {−1, q}, and

P J,q
u,v (q) =

∑
w∈WJ

(−1)�(w)Pwu,v(q).

Furthermore, if WJ is finite then

P J,−1
u,v (q) = Pw0(J)u,w0(J)v(q).

A proof of this result can be found in [7] (see Propositions 2.12 and 3.4, and Re-
mark 3.8).
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Note that it follows easily from Theorem 2, Proposition 1, and well known facts (see, 
e.g., [1, Proposition 2.4.4]), that for all J ⊆ S and all u, v ∈ W J we have that

[q 1
2 (�(u,v)−1)](P J,q

u,v ) = [q 1
2 (�(u,v)−1)](Pu,v). (1)

We denote this coefficient by μ(u, v), as customary. The following result is due to Deod-
har, and we refer the reader to [7] for its proof.

Proposition 2. Let (W, S) be a Coxeter system, J ⊆ S, and u, v ∈ W J , u ≤ v. Then for 
each s ∈ D(v) we have that

P J,q
u,v (q) = P̃u,v − M̃u,v (2)

where

P̃u,v =

⎧⎪⎨⎪⎩
P J,q
us,vs + qP J,q

u,vs if us < u,

qP J,q
us,vs + P J,q

u,vs if u < us ∈ W J ,

0 if u < us /∈ W J ,

and

M̃u,v =
∑

{u≤w<vs:ws<w}
μ(w, vs)q

�(w,v)
2 P J,q

u,w(q).

The following properties of the parabolic Kazhdan–Lusztig polynomials are certainly 
known, however, for lack of an adequate reference, and for completeness, we include their 
proof.

Proposition 3. Let (W, S) a Coxeter system and J ⊆ S. Let u, v ∈ W J and s ∈ D(v). 
Then

a) if us /∈ W J then P J,q
u,v (q) = 0;

b) if us ∈ W J then P J,q
us,v(q) = P J,q

u,v (q);
c) if μ(u, v) �= 0 and �(u, v) > 1 then D(v) ⊆ D(u).

Proof. If us /∈ W J then by Proposition 2 we have that

P J,q
u,v (q) = −

∑
{u≤w<vs:ws<w}

μ(w, vs)q
�(w,v)

2 P J,q
u,w(q).

The sum may be empty or we can apply induction on �(u, v) and have P J,q
u,w(q) = 0. In 

both cases P J,q
u,v (q) = 0. For b) use the same arguments as in the proof of Proposition 5.1.8 

of [1]. For c) use a) and b) together and the fact that P J,q
u,v (q) has maximal degree. �
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The purpose of this work is to study the parabolic Kazhdan–Lusztig polynomials for 
the quasi-minuscule quotients of Weyl groups. The parabolic Kazhdan–Lusztig polyno-
mials for the minuscule quotients have been computed in [19,2–4], (see also [23] and 
[21]). In this work we study the quasi-minuscule quotients that are not minuscule. These 
quotients (also known as (co-)adjoint quotients) have been classified (see, e.g., [6]) and 
there are three infinite families and four exceptional ones. Using the standard notation 
for the classification of the finite Coxeter systems, the non-trivial (co-)adjoint quotients 
are: (An, S \ {s1, sn}), (Bn, S \ {sn−2}), (Dn, S \ {sn−2}), (E6, S \ {s0}), (E7, S \ {s1}), 
(E8, S \ {s7}), and (F4, S \ {s4}), where we number the generators as in [1] (see Ap-
pendix A1 and Exercises 20, 21, 22, 23 in Chapter 8, and also below). The following 
result is probably known. Its verification follows from the above classification and stan-
dard facts. Given a Weyl group W we denote by Φ(W ) its root system and by Φ�(W )
its set of long roots (see, e.g., [14, §2.10]) where, if W is of type Bn, we mean the root 
system of type Bn.

Proposition 4. Let (W, S) be a Weyl group and J ⊆ S be such that (W, J) is a (co-)adjoint
quotient. Then |W J | = |Φ�(W )|.

It is well known (see, e.g., [1, Chap. 1]) that the symmetric group Sn is a Coxeter 
group with respect to the generating set S = {sA1 , . . . , sAn−1} where sAi = (i, i + 1) for all 
i ∈ [n − 1]. The following result is also well known (see, e.g., [1, §1.5]).

Proposition 5. Let v ∈ Sn. Then �(v) = |{(i, j) ∈ [n]2 : i < j, v(i) > v(j)}| and 
D(v) = {(i, i + 1) ∈ S : v(i) > v(i + 1)}.

For k ∈ [n] and U, T ⊆ [n] such that |U | = |T | = k let U � T if and only if ui ≤ ti

for all i ∈ [k] where {u1, . . . , uk}< def= U and {t1, . . . , tk}< def= T . Note that U � T if and 
only if

|{j ∈ U : j ≥ r}| ≤ |{j ∈ T : j ≥ r}| (3)

for all r ∈ [n]. In particular, U � T if and only if [n] \ T � [n] \ U . The following result 
is well known (see, e.g., [1, Theorem 2.6.3]).

Theorem 3. Let u, v ∈ Sn. Then the following are equivalent:

i) u ≤ v;
ii) u([j]) � v([j]) for all j ∈ [n − 1];
iii) u([j]) � v([j]) for all j such that sAj ∈ D(u).

We follow [1, Chap. 8] for combinatorial descriptions of the Coxeter systems of type 
Bn and Dn as permutation groups. In particular, we let SB

n be the group of all bijec-
tions w of {−n, . . . , −1, 1, . . . , n} to itself such that w(−i) = −w(i) for all i ∈ [n], sj

def=
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(j, j + 1)(−j, −j − 1) for j = 1, . . . , n − 1, s0
def= (1, −1), and SB

def= {s0, . . . , sn−1}. If 
v ∈ SB

n then we write v = [a1, . . . , an] to mean that v(i) = ai, for i = 1, . . . , n. It is well 
known that (SB

n , SB) is a Coxeter system of type Bn and that the following holds. Given 
v ∈ SB

n we let

inv(v) def= |{(i, j) ∈ [n]2 : i < j, v(i) > v(j)}|,

N1(v) 
def= |{i ∈ [n] : v(i) < 0}| and

N2(v)
def= |{(i, j) ∈ [n]2 : i < j, v(i) + v(j) < 0}|.

Proposition 6. Let v ∈ SB
n . Then �(v) = inv(v) −

∑
{j∈[n]: v(j)<0}

v(j), and D(v) =

{si ∈ SB : v(i) > v(i + 1)}, where v(0) def= 0.

We let SD
n be the subgroup of SB

n defined by

SD
n

def= {w ∈ SB
n : N1(w) ≡ 0 (mod 2)}, (4)

s̃0
def= (1, −2)(2, −1), and SD

def= {s̃0, s1, . . . , sn−1}. It is then well known that (SD
n , SD)

is a Coxeter system of type Dn, and that the following holds (see, e.g., [1, §8.2]).

Proposition 7. Let v ∈ SD
n . Then �(v) = inv(v) + N2(v), and D(v) = {si ∈ SD : v(i) >

v(i + 1)}, where v(0) def= −v(2).

Given w ∈ SB
n and i ∈ [n], define an array A(w)i := (A(w)i,1, . . . , A(w)i,n+1−i) by 

letting

{A(w)i,1, . . . , A(w)i,n+1−i}< def= {k ∈ [±n] : w(k) ≥ i}<.

For the following criterion see Exercise 6.8 in [1].

Proposition 8. For u, v ∈ SB
n the following are equivalent:

(1) u ≤ v.
(2) A(u)i,j ≥ A(v)i,j, for all i ∈ [n], j ∈ [n + 1 − i].

Say that two vectors (a1, . . . , ak), (b1, . . . , bk) ∈ Zk are D-compatible if the following 
condition is satisfied:

if {|ai|, . . . , |aj |} = {|bi|, . . . , |bj |} = [j − i + 1] for some 1 ≤ i ≤ j ≤ k, then

N1(ai, . . . , aj) ≡ N1(bi, . . . , bj) mod 2.

For the following criterion see Exercise 11.8 in [1].
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Proposition 9. For u, v ∈ SD
n the following are equivalent:

(1) u ≤ v.
(2) A(u)i,j ≥ A(v)i,j, for all i ∈ [n], j ∈ [n +1 − i], and the two vectors A(u)i and A(v)i

are D-compatible for all i ∈ [n].

3. Co-adjoint quotients

In this section we describe combinatorially the (co-)adjoint quotients of types A, B, 
and D. More precisely, we describe combinatorially their elements, length, descent sets, 
and Bruhat order.

Let v ∈ S
[2,n−2]
n . Then by Proposition 5 we have that

S[2,n−2]
n = {v ∈ Sn : v−1(2) < · · · < v−1(n− 1)}.

Hence the map v �→ (v−1(1), v−1(n)) is a bijection between S[2,n−2]
n and {(i, j) ∈ [n]2 :

i �= j}. For this reason we will freely identify these two sets and write v = (i, j) if 
v ∈ S

[2,n−2]
n and i = v−1(1), j = v−1(n).

Proposition 10. Let (a, b), (i, j) ∈ S
[2,n−2]
n . Then (a, b) ≤ (i, j) if and only if a ≤ i and 

b ≥ j. Furthermore �((a, b)) = a − b + n − 1 − χ(a > b).

Proof. It is well known (see, e.g., [1, Cor. 2.2.5]) that u ≤ v if and only if u−1 ≤ v−1. 
Therefore we conclude from (3) and Theorem 3 that u ≤ v if and only if u−1([1]) �
v−1([1]) and u−1([n − 1]) � v−1([n − 1]). The result follows. �

Let v ∈ B
(n−2)
n . Then, by Proposition 6, we have that

B(n−2)
n = {v ∈ Bn : 0 < v−1(1) < · · · < v−1(n− 2), v−1(n− 1) < v−1(n)}.

Hence the map v �→ (v−1(n − 1), v−1(n)) is a bijection between B(n−2)
n and {(i, j) ∈

[±n]2 : i < j, i �= −j}. For this reason we will freely identify these two sets and write 
v = (i, j) if v ∈ B

(n−2)
n and i = v−1(n − 1), j = v−1(n).

Lemma 1. Let u ∈ B
(n−2)
n , u = (a, b), and i ∈ [0, n − 1]. Then si ∈ D(u) if and only if

i ∈ {a, b,−a− 1,−b− 1} \ {b− 1,−b}.

Proof. Let si ∈ D(u). Suppose i > 0. Then, since u ∈ B
(n−2)
n , either u(i) ≥ n − 1 or 

u(i + 1) ≤ −(n − 1). Therefore, either i ∈ {a, b} or i + 1 ∈ {−a, −b}. Furthermore, 
i �= b − 1 (else u(i) < n = u(b) = u(i + 1), which is a contradiction) and i �= −b (else 
u(i) = u(−b) = −n < u(i + 1)).
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If i = 0 then u(−1) > 0 > u(1) so, since u ∈ B
(n−2)
n , either u(1) = −n or u(1) =

−(n − 1). If u(1) = −n then −b = 1 so 0 ∈ {a, b, −a − 1, −b − 1} \ {b − 1, −b}. If 
u(1) = −(n − 1) then a = −1 and we conclude as above.

Conversely, let i ∈ {a, b, −a −1, −b −1} \{b −1, −b}. Suppose i = a. Then u(i) = n −1
and u(i + 1) �= n (else i + 1 = b), so si ∈ D(v). If i = b then u(i) = n > u(i + 1) so 
si ∈ D(v). If i = −a −1 then u(i +1) = −(n −1) but i �= −b so u(i) > −n and si ∈ D(v). 
If i = −b − 1 then u(i + 1) = −n so si ∈ D(v).

If i = 0 then either a = −1 or b = −1. In both cases u(1) < 0 so s0 ∈ D(u). �
Proposition 11. Let (a, b), (i, j) ∈ B

(n−2)
n . Then (a, b) ≤ (i, j) if and only if a ≥ i and 

b ≥ j. Furthermore, �((a, b)) = 2n − 1 − a − b −N1(a, b, a + b).

Proof. Let u = (a, b) and v = (i, j). It is well known (see, e.g., [1, Cor. 8.1.9]) that 
u ≤ v in SB

n if and only if u ≤ v in S([±n]). This, in turn, happens if and only if 
u−1 ≤ v−1 in S([±n]) (see, e.g., [1]). Hence, by Theorem 3, we conclude that u ≤ v in 
SB
n if and only if u−1({−n, −(n − 1)}) � v−1({−n, −(n − 1)}) and u−1({n − 1, n}) 


v−1({n − 1, n}) and the result follows. The second statement is a routine verification 
using Proposition 6. �

Let v ∈ (Dn)(n−2). Then, by Proposition 7, we have that

(Dn)(n−2) = {v ∈ Dn : v−1(−2) < v−1(1) < . . . < v−1(n− 2), v−1(n− 1) < v−1(n)}.

Hence, if v ∈ D
(n−2)
n , then v−1(−1) < v−1(2) and v−1(−2) < v−1(2) so 0 < v−1(2) <

v−1(3) < . . . < v−1(n − 2) and v−1(−2) < v−1(1), v−1(−1) < v−1(2). Since N1(v) ≡ 0
(mod 2) for all v ∈ SD

n we conclude that the map v �→ (v−1(n −1), v−1(n)) is a bijection 
between (Dn)(n−2) and {(i, j) ∈ [±n]2 : i < j, i �= −j}.

Lemma 2. Let u ∈ D
(n−2)
n , u = (a, b), and i ∈ [n − 1]. Then si ∈ D(u) if and only if

i ∈ {a, b,−a− 1,−b− 1} \ {b− 1,−b}.

Furthermore, s̃0 ∈ D(u) if and only if

0 ∈ {−a− 2,−b− 2,−a− 1,−b− 1} \ {a− 1, b− 1, a− 2, b− 2}.

Proof. The first formula follows exactly as in the proof of Lemma 1.
Suppose now that s̃0 ∈ D(u). Then, by Proposition 7, u(1) + u(2) < 0. There-

fore, since u ∈ D
(n−2)
n , either u(1) ∈ {−n, −n + 1} or u(2) ∈ {−n, −n + 1}. So 

1 ∈ {−b, −a, −b − 1, −a − 1}. On the other hand 1 /∈ {b, a, b − 1, a − 1}. In fact, if 
a = 1 then u(1) = n − 1 and b > 1 so −b < −1 hence u(2) > −n so u(1) + u(2) > 0, 
which contradicts our assumption. Similarly, if 1 = a − 1 then u(2) = n − 1 so b > 2 and 
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we conclude as above. Furthermore, if b ∈ {1, 2} then necessarily u(1) + u(2) > 0 which 
is a contradiction.

Conversely, suppose that 1 ∈ {−a −1, −b −1, −a, −b} \{a, b, a −1, b −1}. If b ∈ {−1, −2}
then −n ∈ {u(1), u(2)} so u(1) + u(2) < 0 and the result follows from Proposition 7. If 
1 = −a then b �= 2 so u(1) = −(n − 1) and u(2) < n hence s̃0 ∈ D(u) by Proposition 7, 
as desired. Similarly if 1 = −a − 1. �
Proposition 12. Let u, v ∈ D

(n−2)
n , u = (a, b), v = (i, j). Then (a, b) ≤ (i, j) if and 

only if a ≥ i, b ≥ j, a = 1 implies i �= −1, b = 1 implies j �= −1, (a, b) = (1, 2)
implies (i, j) �= (−2, 1), and (a, b) = (−1, 2) implies (i, j) �= (−2, −1). Furthermore, 
�((a, b)) = 2n − 1 − a − b − 2N1(a, b) −N1(a + b).

Proof. Let A(u)k and A(v)k as in Proposition 9. Then A(u)n−1 = (a, b), A(u)n = (b), 
A(v)n−1 = (i, j) and A(v)n = (j).

Suppose first that u ≤ v. This, by Proposition 9, implies that a ≥ i, b ≥ j and the 
two vectors (a, b) and (i, j) are D-compatible, as are the vectors (b) and (j). But the 
pairs {(1, b), (−1, j)}, {(a, 1), (i, −1)}, {(1, 2), (−2, 1)} and {(−1, 2), (−2, −1)} are not 
D-compatible, which proves one direction of our statement.

We now prove the other implication. Let u, v ∈ D
(n−2)
n , u = (a, b), v = (i, j), be such 

that a ≥ i, b ≥ j, a = 1 implies i �= −1, b = 1 implies j �= −1, (a, b) = (1, 2) implies 
(i, j) �= (−2, 1), and (a, b) = (−1, 2) implies (i, j) �= (−2, −1). We prove that u ≤ v by 
induction on �(v).

If �(v) = 0 then there is nothing to prove, since then v = (n − 1, n). So suppose that 
�(v) > 0. In D(v), let sk be the element with the greatest index k. If sk ∈ D(u) then 
one can check, using Lemma 2, that usk and vsk still satisfy our hypotheses. Then by 
induction usk ≤ vsk and so u ≤ v.

We may therefore assume that sk /∈ D(u). We claim that a = 1 implies 
(vsk)−1(n− 1) �= −1, that b = 1 implies (vsk)−1(n) �= −1, that u = (1, 2) implies 
vsk �= (−2, 1), and that u = (−1, 2) implies vsk �= (−2, −1).

Note first that if k > 2 then vsk(1) = v(1) and vsk(2) = v(2) so our claim coincides 
with our hypotheses.

Suppose first that k = 0. Then, by Proposition 7, v(1) + v(2) < 0, 0 > v(1) <
v(2) < · · · < v(n) and u(1) + u(2) > 0. Suppose first that a = 1 and, by contradiction, 
that (vs̃0)−1(n − 1) = −1. Then i = 2 which is a contradiction. Similarly, if b = 1
and (vs̃0)−1(n) = −1 then j = 2 which is also impossible. If (a, b) = (1, 2) and, by 
contradiction, vs̃0 = (−2, 1) then v−1(n) = −2 < 1 = v−1(n − 1) which contradicts the 
fact that v ∈ D

(n−2)
n . Finally, if u = (−1, 2) and, by contradiction, vs̃0 = (−2, −1) then 

i = 1 and −1 = a which is again a contradiction.
Suppose now that k = 1. Then, by Proposition 7, v(1) > v(2) < v(3) < · · · < v(n)

and u(1) < u(2). Note that this implies that u−1(n) �= 1. If a = 1 and, by contradiction 
(vs1)−1(n − 1) = −1 then i = −2 and u(2) = n so u = (1, 2). Hence −2 < j ≤ 2 and 
this, since v(1) > v(2), implies that j = 1. So v = (−2, 1) which is a contradiction. If 
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u = (1, 2) and, by contradiction, vs1 = (−2, 1), then v = (−1, 2) which is a contradiction 
because v(1) > v(2). Finally, if u = (−1, 2) and vs1 = (−2, −1) then v−1(n) = −2 <
−1 = v−1(n − 1) which again contradicts the fact that v ∈ D

(n−2)
n .

Finally, assume that k = 2. Note that this implies that u−1(n) �= 2, so u �= (1, 2) and 
u �= (−1, 2). Also, if a = 1 and (vs2)−1(n −1) = −1 then i = −1 which is a contradiction, 
and similarly if b = 1.

This proves our claim. Therefore we conclude by induction that u ≤ vsk and hence 
that u ≤ v, as desired.

The second statement is a routine verification using Proposition 7. �
By Propositions 10 and 11 the map (i, j) �→ (−i, j) from S[2,n−2]

n to {(i, j) ∈ B
(n−2)
n :

i < 0 < j} is a poset isomorphism, so S[2,n−2]
n

∼= [(−1, n), (−n, 1)](n−2). In fact, this map 
also preserves the corresponding parabolic Kazhdan–Lusztig and R-polynomials, as we 

now show. For w = (i, j) ∈ S
[2,n−2]
n let w̃ def= (−i, j) ∈ B

(n−2)
n .

Proposition 13. Let u, v ∈ S
[2,n−2]
n . Then

R[2,n−2],x
u,v = R

(n−2),x
ũ,ṽ

and

P [2,n−2],x
u,v = P

(n−2),x
ũ,ṽ ,

for all x ∈ {−1, q}.

Proof. The first equation follows immediately from Theorem 1, by induction on �(v) ≥ 0, 
using the fact that, if w ∈ S

[2,n−2]
n and k ∈ [n − 1], then wsAk < w if and only if w̃sk < w̃

and w < wsAk ∈ S
[2,n−2]
n if and only if w̃ < w̃sk ∈ B

(n−2)
n , and that, in these cases, 

w̃sAk = w̃sk.
The second statement follows immediately from the first one, by induction on �(u, v), 

using Theorem 2 and the fact that the map w �→ w̃ is a poset isomorphism from S[2,n−2]
n

to [(−1, n), (−n, 1)](n−2). �
The result of the previous Proposition for the parabolic Kazhdan–Lusztig polynomials 

also follows from Corollary 5.15 in [22].

4. Parabolic Kazhdan–Lusztig polynomials

In this section we prove the main result of this work. Namely that the parabolic 
Kazhdan–Lusztig polynomials of type q are always either zero or a monic power of q for 
all quasi-minuscule quotients of all Weyl groups.

We begin with the following preliminary result which follows easily from Proposition 2, 
and whose verification is therefore omitted.
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Lemma 3. Let u, v ∈ B
(n−2)
n , u ≤ v, u = (a, b), v = (i, j). Suppose that either a = i or 

b = j. Then

P (n−2),q
u,v =

{
1, if �(u, v) ≤ 1,
0, otherwise.

Let v ∈ B
(n−2)
n , v = (i, j). Suppose that j − i > 1. We let

Q[v] def=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

{(i, j), (i, j + 2), (i + 1, j + 1), (i + 1, j + 2),
(i + 2, j), (i + 2, j + 1)}, if i + j = −1,

{−1, 1} × {j, j + 1}, if i = −1,
{i, i + 1} × {−1, 1}, if j = −1,
{i, i + 1} × {j, j + 1}, otherwise.

Suppose now that j − i = 1. We then let

CR[v] def=
{

{(−2,−1), (−2, 1)}, if j = −1,
{(i, j), (i, j + 1)}, otherwise,

and

CL[v] def=

⎧⎪⎨⎪⎩
{(−1, 3), (1, 3)}, if j = −1,
{(−2, 1), (−1, 2)}, if j = −2,
{(i + 1, j + 2), (i + 2, j + 2)}, otherwise.

Note that Q[v], CL[v], CR[v] ⊆ [−n, n + 1] × [−n + 1, n + 2].
We further define Q∗(v) def= {v∗ : v ∈ Q[v]} and similarly for C∗

L(v), and C∗
R(v) (recall 

that u∗ = (−b, −a) if u = (a, b)). Note that, if u ∈ Q∗[v] (resp. C∗
L(v), C∗

R(v)) and u < v, 
then �(v) > 2(n − 1) (respectively, 2n − 1, 2(n − 1)).

We can now state and prove the first main result of this section.

Theorem 4. Let u, v ∈ B
(n−2)
n , u ≤ v, v = (i, j). Then

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ Q[v],
q, if u ∈ {(1, 3), (2, 3)},
0, otherwise,

(5)

if v = (−2, 1),

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ CR[v],
q, if u ∈ CL[v],
0, otherwise,

(6)
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if v = (−2, −1),

P (n−2),q
u,v =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1, if u ∈ CR[v],
q, if u ∈ CL[v],
qdv−1, if u ∈ C∗

R[v],
qdv−2, if u ∈ C∗

L[v],
0, otherwise,

(7)

if j − i = 1 and j �= −1, while

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ Q[v],
qdv−1, if u ∈ Q∗[v],
0, otherwise,

(8)

if j − i > 1 and v �= (−2, 1), where dv
def= �(v) − 2(n − 1).

Proof. Let, for simplicity, Px,y
def= P

(n−2),q
x,y for all x, y ∈ B

(n−2)
n , and, for convenience 

P̃u,v be the polynomial defined, for all u, v ∈ B
(n−2)
n , by the right hand sides of equations 

(8) through (5). So we have to prove that Pu,v = P̃u,v for all u, v ∈ B
(n−2)
n .

Note first that it is a routine verification to check that for all u, v ∈ B
(n−2)
n and all 

s ∈ D(v) we have that

P̃u,v =
{

0, if us /∈ B
(n−2)
n ,

P̃us,v, otherwise.
(9)

(Indeed, it suffices to check that if s ∈ D(v) then u is in any one of the sets on the right 
hand sides of equations (8) through (5) if and only if us is in the same set.)

We proceed by induction on �(v). The result being clear if v = e. Fix v ∈ B
(n−2)
n such 

that �(v) > 1. Let u ∈ B
(n−2)
n . We may clearly assume that u ≤ v. We prove the claim 

by induction on �(u, v), the result being clear if �(u, v) = 0 (i.e., if u = v). So assume 
that u < v.

Assume first that D(v) � D(u). Let s ∈ D(v) \ D(u). If us ∈ B
(n−2)
n then, by 

Proposition 3, (9), and our induction hypothesis, we have that Pu,v = Pus,v = P̃us,v =
P̃u,v, as desired. If us /∈ B

(n−2)
n then by (9) and Proposition 3 we have similarly that 

Pu,v = 0 = P̃u,v, and the result again follows.
We may therefore assume that D(v) ⊆ D(u).
Note that, by Lemma 1, |D(v)| = 2 if and only if j − i > 1, j < n, and i + j �= −1. 

Let v be such that |D(v)| = 2. Then j − i > 1, j < n, and i + j �= −1. Let u ∈ B
(n−2)
n , 

u < v be such that D(v) ⊆ D(u) (note that then necessarily D(v) = D(u)). Then, by 
Proposition 6 and Lemma 1, i < −1 and i +j �= −2 and u ∈ {(−i −1, j)} if i +j > 0 while 
u ∈ {(−j − 1, −i − 1), (j, −i − 1), (i, −j − 1)} if i + j ≤ −3. We distinguish these cases.

1) u = (−i − 1, j), i + j > 0.
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Then, since i ≤ −2, by Lemma 3 and our definitions, we have that Pu,v = 0 = P̃u,v, as 
desired.

2) u = (−j − 1, −i − 1), i + j ≤ −3.

Then j �= −1. Let s def= (j, j +1)(−j− 1, −j). Then vs = (i, j +1) and us = (−j, −i − 1). 
Hence, by what was remarked above, |D(vs)| = 2. Therefore if w ∈ B

(n−2)
n is such that 

u ≤ w < vs, �(w, vs) > 1, and ws < w then μ(w, vs) = 0. In fact, if μ(w, vs) �= 0 then 
D(vs) ⊆ D(w), but s /∈ D(vs), so |D(w)| = 3, which is a contradiction. Moreover, if 
�(w, vs) = 1 then either w ∈ {(i +1, j+1), (i, j+2)}, if j �= −2, or w ∈ {(i +1, −1), (i, 1)}, 
if j = −2, so, since s ∈ D(w), w = (i, 1) and j = −2 in which case Pu,w = 0 by our induc-
tion hypotheses (8). By our induction hypotheses (8) we have that Pus,vs = 0 and Pu,vs =
qdvs−1. Hence by Proposition 2 we have that Pu,v = qdvs = qdv−1 = P̃u,v as claimed.

3) u = (j, −i − 1), i + j ≤ −3.

Assume first that j �= −1. Let s = (j, j + 1)(−j − 1, −j). Then vs = (i, j + 1) and 
us = (j + 1,−i− 1). Hence, by what was remarked above, |D(vs)| = 2. Reasoning as in 
the previous case we conclude that if w ∈ B

(n−2)
n is such that u ≤ w < vs, �(w, vs) > 1

and ws < w then μ(w, vs) = 0 and that if �(w, vs) = 1 then w = (i, 1) and j = −2, 
so Pu,w = 0 by our induction hypotheses (8). By our induction hypotheses (8) we have 
that Pus,vs = Pu,vs = 0. Hence by Proposition 2 and our definitions we have that 
Pu,v = 0 = P̃u,v as claimed.

Assume now that j = −1. Then i ≤ −3. Let s = s0. Then vs = (i, 1) and us =
(1, −i − 1). Hence, by what was remarked above, |D(vs)| = 2, so if w ∈ B

(n−2)
n is such 

that u ≤ w < vs and ws < w then �(w, vs) > 1 and μ(w, vs) = 0. By our induction 
hypotheses (8) we have that Pus,vs = 0 and Pu,vs = qdvs−1. Hence by Proposition 2 and
our definitions we have that Pu,v = qdvs = qdv−1 = P̃u,v as claimed.

4) u = (i, −j − 1), i + j ≤ −3.

Then, since u < v, j < 0, so j ≤ −2. By Lemma 3, Proposition 11, and our definitions, 
we then have that Pu,v = 0 = P̃u,v, as desired.

Suppose now that |D(v)| = 1. Then, by what was remarked above, either j − i = 1, 
or j = n, or i + j = −1. Let u ∈ B

(n−2)
n , u < v be such that D(v) ⊆ D(u). Then, 

by Proposition 6 and Lemma 1, u ∈ {(i + 1, b) : b > i + 2} if j − i = 1 and i ≥ 1, 
u ∈ {(i + 1, b) : b > i + 2} ∪ {(−i − 2, b) : b ≥ −i} ∪ {(a, −i − 2) : a ≥ i} if j − i = 1 and 
i < −2, u ∈ {(−1, b) : b > 1} if v = (−2, −1), u ∈ {(−i − 1, n)} if j = n and i < −1 (if 
j = n and i ≥ −1 then there are no such u), and u ∈ {(−i − 1, b) : b ≥ −i + 1} ∪ {(i, b) :
b ≥ −i + 1} ∪ {(a, −i − 1) : a ≥ i + 2} if i + j = −1. We distinguish these cases.

1) u = (i + 1, b), b > i + 2, j − i = 1, i �= −2.
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Then i < n −2. Let s = (i +1, i +2)(−i −2, −i −1). Then vs = (i, i +2) and us = (i +2, b). 
Hence, by what was remarked above, |D(vs)| = 2. Therefore if w ∈ B

(n−2)
n is such that 

u ≤ w < vs and ws < w then μ(w, vs) = 0. Moreover there are no w for which 
�(w, vs) = 1 and ws < w. By our induction hypotheses (8) we have that Pus,vs = 0, 
Pu,vs = 1 if b = i + 3 while Pu,vs = 0 if b > i + 3. Hence by Proposition 2 we have that 
Pu,v = q if b = i +3, while Pu,v = 0 if b > i +3 and the result follows from our definition 
(7) of P̃u,v.

2) u = (−i − 2, b), b ≥ −i, j − i = 1, i < −2.

Let s = s−i−2 and suppose first that i < −3. Then vs = (i, i + 2) and us = (−i − 1, b). 
|D(vs)| = 2 and there are no w such that �(w, vs) = 1 and ws < s so we conclude from 
Proposition 2 that Pu,v = Pus,vs +q Pu,vs. By our induction hypotheses (8) we have that 
Pus,vs = 0 for all b ≥ −i, Pu,vs = 0 if b > −i and Pu,vs = qdvs−1 = qdv−2 if b = −i. 
Hence by Proposition 2 we have that Pu,v = 0 if b > −i and Pu,v = qdv−1 if b = −i, and 
the result follows from our definition (7) of P̃u,v.

Suppose now that i = −3. Then everything follows as above except that w = (−3, 1) is 
such that u < ws < w < vs, �(w, vs) = 1 but, by our induction hypotheses (8), Pu,w = 0. 
So, since by our induction hypotheses (8) Pu,vs = 0 if b > 3 and Pu,vs = qdv−2 if b = 3, 
while Pus,vs = 0, by Proposition 2 we have that Pu,v = 0 if b > 3 and Pu,v = qdv−1 if 
b = 3 and the result follows as in the previous case.

3) u = (a, −i − 2), a ≥ i, j − i = 1, i < −2.

Suppose first that i < −3. Let s = s−i−2. Then vs = (i, i + 2) and us = (a, −i − 1)
if a �= i + 1 while us = (i + 2, −i − 1) if a = i + 1. Hence, by what was remarked 
above, |D(vs)| = 2, so we conclude again that μ(w, vs) = 0 for all w ∈ B

(n−2)
n such 

that u ≤ w < vs and ws < w except possibly if w � vs. But {w ∈ B
(n−2)
n : w � vs} =

{(i, i + 3), (i + 1, i + 2)} so {w ∈ B
(n−2)
n : w � vs, ws < w} = ∅. By our induction 

hypotheses (8) we have that Pu,vs = 0, Pus,vs = qdvs−1 if a = −i − 3 while Pus,vs = 0
if a < −i − 3. Hence by Proposition 2 we have that Pu,v = qdvs−1 = qdv−2 if a =
−i − 3, while Pu,v = 0 if a < −i − 3 and the result follows from our definition (7) of 
P̃u,v.

Suppose now that i = −3. Then −3 ≤ a ≤ −2 and everything works exactly as above 
except that now {w ∈ B

(n−2)
n : w � vs, ws < w} = {(−3, 1)} and by our induction 

hypotheses (8) we have that Pu,vs = 1, Pus,vs = 0 if a = −3, Pus,vs = qdvs−1 = q if 
a = −2, and Pu,(−3,1) = 1. Hence by Proposition 2 we have that Pu,v = q − q = 0 if 
a = −3 while Pu,v = 2q − q = q if a = −2 and the result follows from our definition (7)
of P̃u,v (note that if a = −2 then u ∈ CL[v] ∩ C∗

L[v], but dv = 3 so the two definitions 
are consistent).

4) u = (−1, b), b > 1, j − i = 1, i = −2.
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Let s = s0. Then vs = (−2, 1) and us = (1, b); moreover {w ∈ B
(n−2)
n : u ≤ w <

vs, ws < w} = {(−1, a) : 1 < a ≤ b}. Then, by our induction hypotheses (5) we have 
that Pus,vs = 0 if b �= 3 and Pus,vs = q if b = 3, Pu,vs = 0 if b > 3 and Pu,vs = 1
if 1 < b < 4. By Proposition 3 we have that μ(w, vs) = 0 if a > 2 (since in this case 
D(vs) = {s1} � D(w)) and μ(w, vs) = 1 if a = 2; by our induction hypotheses (8)
Pu,(−1,2) = 1 if 2 ≤ b ≤ 3 and Pu,(−1,2) = 0 if b > 3. Hence by Proposition 2 we have 
that Pu,v = 0 if b > 3, Pu,v = q + q− μ((−1, 3), vs)q3/2 − qP(−1,3),(−1,2) = q if b = 3 and 
Pu,v = q − q = 0 if b = 2, and the result follows from our definition (6) of P̃u,v.

5) u = (−i − 1, n), j = n, i < −1.

Then, by Lemma 3, Pu,v = 0 so the result follows from our definition (8) of P̃u,v.

6) u = (−i − 1, b), b ≥ −i + 1, i + j = −1.

Let s = sj . Then vs = v∗, us = (−i, b) and −n < i < −1. In this case, since |D(vs)| = 2
and there are no w ∈ B

(n−2)
n such that �(w, vs) = 1 and s ∈ D(w), we conclude from 

Proposition 2 that Pu,v = Pus,vs +q Pu,vs. By our induction hypotheses (8) we have that 
Pus,vs = 0 for all b ≥ −i +1, Pu,vs = 0 if −i > 2, Pu,vs = 1 if −i = 2 and b = 3, Pu,vs = 0
if −i = 2 and b > 3. Hence we have that Pu,v = q if i = −2 and b = 3, and Pu,v = 0
otherwise, and the result follows from our definitions (8) and (5) of P̃u,v.

7) u = (i, b), b > −i, i + j = −1.

Then, by Lemma 3, Pu,v = 1 if b = −i + 1 and Pu,v = 0 if b > −i + 1, and the result 
follows from our definitions (8) and (5) of P̃u,v.

8) u = (a, −i − 1), a > i + 1, i + j = −1.

This case is analogous to the previous one. Namely, Pu,v = 1 if a = i + 2 and Pu,v = 0
if a > i + 2, and the result follows from our definition (8) of P̃u,v (note that i < −2 in 
this case).

This concludes the induction step and hence the proof. �
For lower intervals the preceding theorem takes a particularly simple form.

Corollary 1. Let v ∈ B
(n−2)
n , n ≥ 4. Then

P (n−2),q
e,v =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
q, if v = (n− 3, n− 2),
1, if v ∈ {(n− 2, n), (n− 1, n)},
q2n−4, if v = (−n,−n + 1),
0, otherwise.
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•
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Fig. 1. Hasse diagram of the intervals [(1, 3), (−2, 1)](n−2) and [(2, 4), (−1, 3)](n−2).

One of the most celebrated conjectures about the Kazhdan–Lusztig polynomials is 
the so-called “combinatorial invariance conjecture” (see e.g. [1] p. 161 and the references 
cited there). This conjecture states that the Kazhdan–Lusztig polynomial Pu,v(q) de-
pends only on the isomorphism class of [u, v] as a poset. It is natural to wonder about 
the corresponding statement for the parabolic Kazhdan–Lusztig polynomials. Namely 
if P J,q

u,v (q) (equivalently, P J,−1
u,v (q), RJ,q

u,v(q), RJ,−1
u,v (q)) depends only on the isomorphism 

class of [u, v]J as a poset. For the minuscule quotients this is known to be true (see 
[4, Corollary 4.8]). For the quasi-minuscule quotients, however, this is not the case. For 
example, by Theorem 4, one has that P (n−2),q

(1,3),(−2,1) = q, and P (n−2),q
(2,4),(−1,3) = 0, but from 

Proposition 11 we have that [(1, 3), (−2, 1)](n−2) ∼= [(2, 4), (−1, 3)](n−2) (this interval is 
shown in Fig. 1).

Using Proposition 13 we deduce from Theorem 4 the following result which computes 
explicitly the parabolic Kazhdan–Lusztig polynomials of type q of the co-adjoint quo-
tients of the symmetric groups. Recall that if v ∈ S

[2,n−2]
n we write v = (i, j) to mean 

that i = v−1(1) and j = v−1(n), and we let ṽ = (−i, j).

Corollary 2. Let u, v ∈ S
[2,n−2]
n , u ≤ v, v = (i, j). Then

P [2,n−2],q
u,v =

{
1, if ũ ∈ Q[ṽ],
0, otherwise,

if v = (2, 1) while

P [2,n−2],q
u,v =

⎧⎪⎨⎪⎩
1, if ũ ∈ Q[ṽ],
q�(v)−n+1, if ũ ∈ Q∗[ṽ],
0, otherwise,

if v �= (2, 1).

Proof. This follows immediately from Proposition 13 and Theorem 4 noting that if 
v ∈ S

[2,n−2]
n then �(ṽ) = �(v) + n − 1 by Propositions 10 and 11 where the first length is 

computed in B(n−2)
n while the second one in S[2,n−2]

n . �
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We now compute the parabolic Kazhdan–Lusztig polynomials of the co-adjoint quo-
tients in type D.

Let u = (i, j) ∈ Z2; we define v̂ = (i, −j), and 1 = (1, 1). For a set A ⊆ Z2 we 
define Ã = {ũ : u ∈ A} and analogously Â and A∗. Note that u ∈ D

(n−2)
n if and only if 

u∗ ∈ D
(n−2)
n .

For u = (i, j) ∈ D
(n−2)
n we define

Q[(i, j)] def=

⎧⎪⎨⎪⎩
{−1, 2} × {j, j + 1}, if i = −1,
{i, i + 1} × {−1, 2}, if j = −1,
{i, i + 1} × {j, j + 1}, otherwise,

E[(i, j)] def= {(i, j), (i, j + 1), (i + 1, j), (i− 1, j + 1), (i + 1, j − 1), (i− 1, j − 1)},

CU [(i, j)] def= {i− 1} × {j − 1, j},

CD[(i, j)] def= {i, i + 1} × {j + 1}.

Note that Q[u], E[u], CU [u], CD[u] ⊆ Z2. We can now state and prove the second main 
result of this section.

Theorem 5. Let u, v ∈ D
(n−2)
n , u ≤ v, v = (i, j). Then

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ [(−1, 3), (−1, 2)],
q, if u ∈ [(3, 4), (2, 4)],
0, otherwise,

(10)

if v = (−1, 2),

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ [(∓1, 3), (−2,±1)],
q, if u ∈ [(2, 4), (±1, 4)],
0, otherwise,

(11)

if v = (−2, ±1),

P (n−2),q
u,v =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
qj−1, if u ∈ CD[(j,−i)],
qj−2, if u ∈ CU [(j,−i)],
1, if u ∈ E[(−j,−i)],
0, otherwise,

(12)

if i + j = −1 and j �= 1,

P (n−2),q
u,v =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if u ∈ CU [(j, j + 1)],
q, if u ∈ CD[(j, j + 1)],
q|j|−2, if u ∈ E∗[(j + 1,−j)],
0, otherwise,

(13)
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if j − i = 1 and j ∈ [−n + 1, −3] ∪ [2, n],

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ Q[v],
q|j|−2, if u ∈ Q̂[v],
0, otherwise,

(14)

if j − i > 1 and j < −2,

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ [(i + 1, 2), v] ∪ [(2, j + 1), v] ∪ [v̂, v] ∪ [ṽ, v],
qδv,(−3,−2), if u ∈ [v̂, v]∗,
0, otherwise,

(15)

if i = −2 and j ∈ [3, n], or j = −2,

P (n−2),q
u,v =

⎧⎪⎨⎪⎩
1, if u ∈ Q[v],
q|i|−N1(i+j)|j|−2, if u ∈ Q∗[v] ∪ Q̃[v],
0, otherwise,

(16)

otherwise, where, if x or y don’t lie in D(n−2)
n , then [x, y] def= ∅.

Proof. Let, for simplicity, Px,y
def= P

(n−2),q
x,y for all x, y ∈ D

(n−2)
n , and, for convenience, 

P̃u,v be the polynomial defined, for all u, v ∈ D
(n−2)
n , by the right hand sides of equations 

(10) through (16). So we have to prove that Pu,v = P̃u,v for all u, v ∈ D
(n−2)
n . We proceed 

by induction on �(v) ≥ 0.
By reasoning as in the proof of Theorem 4 it is enough to show that Pu,v = P̃u,v for 

all u, v ∈ D
(n−2)
n such that D(v) ⊆ D(u). Note that, by Lemma 2, |D(v)| ≤ 3 for all 

v ∈ D
(n−2)
n . Let v ∈ D

(n−2)
n , v = (i, j), be such that �(v) ≥ 1 and u ∈ D

(n−2)
n , u < v, be 

such that D(v) ⊆ D(u).
Suppose first that |D(v)| = 3. Note first that, by Lemma 2, |D(v)| = 3 if and only 

if j = −2 and i < −3 or i = −2 and 2 < j < n. In particular, {s̃0, s1} ⊆ D(v). 
Since u < v and D(u) ⊇ D(v) we conclude that |D(u)| = 3 so either u = (a, −2)
with a < −3 or u = (−2, b) with 2 < b < n. But u < v and D(u) = D(v)
so j = −2, i < −3, and u = (−2,−i− 1). Let s ∈ D(v) \ {s̃0, s1}. Then, by 
Lemma 2, |D(vs)| = 3 except if v = (−4, −2) (if v = (−2, n − 1) then there are 
no u < v such that D(v) ⊆ D(u)). If |D(vs)| = 3 then Pu,vs = Pus,vs = 0 by our 
induction hypotheses (15). Furthermore, if w ∈ D

(n−2)
n is such that u < w ≤ vs, 

ws < w, and μ(w, vs) �= 0 then by Proposition 3 we have that either D(w) ⊇
D(vs) or w � vs. The first case implies that D(w) = {s} ∪ D(vs) so |D(w)| = 4
which is impossible. The second case implies that w ∈ {(i + 2, −2), (i + 1, −1),
(i +1, 1)} and hence that ws > w, which is again a contradiction. Hence we conclude that 
all summands on the right hand side of (2) are zero, so Pu,v = 0. If v = (−4, −2) then 
u = (−2, 3) so us = (−2, 4) and from Proposition 2 one concludes that Pu,v = q2−q2 = 0. 
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On the other hand, it is easy to check from our definition (15) that P̃u,v = 0 so 
Pu,v = P̃u,v, as desired.

Suppose now that |D(v)| = 2 and D(v) �= {s̃0, s1}. Note first that, if z ∈ D
(n−2)
n , z =

(x, y), then |D(z)| = 1 if and only if either x +y = −1 or y−x = 1 and x �= −3, or y = n

and x /∈ {−2, n − 1} or z = (−1, 2). Therefore, since |D(v)| = 2 and D(v) �= {s̃0, s1}, 
i �= −2 and j �= −2. Hence either i < j < −2 or i < −2 < j or −2 < i < j. Assume 
first that i < j < −2. Then, since |D(v)| = 2, j − i > 1. Hence D(v) = {s−i−1, s−j−1}
so D(u) ⊇ {s−i−1, s−j−1}. From Lemma 2 (or directly) we therefore deduce that ei-
ther −i − 1 ∈ {a, b} or i ∈ {a, b} and that either −j − 1 ∈ {a, b} or j ∈ {a, b}. So since 
j−i > 1, we conclude that (a, b) ∈ {(−i −1, −j−1), (−i −1, j), (−j−1, −i −1), (j, −i −1),
(i, j), (i, −j − 1), (−j − 1, i)(j, i)}. But a < b so, since i + 1 < j < −2, (a, b) ∈ {(−j − 1,
−i − 1), (j, −i − 1), (i, j)(i, −j − 1)}. Furthermore, u < v so we conclude from Proposi-
tion 12 that u ∈ {(−j − 1, −i − 1), (j, −i − 1), (i, −j − 1)}. We treat only one of these 
three cases, the others being analogous, and simpler.

Let u = (j, −i − 1). Let s def= s−i−1. Then vs = (i + 1, j), us = (j, −i) and {w ∈
D

(n−2)
n : u ≤ w < vs, ws < w} = {(a, −i − 1) : i + 2 ≤ a ≤ j} (for if w ∈ D

(n−2)
n , 

w = (x, y), u ≤ w < vs, and ws < w then, by Proposition 12 and Lemma 2 we have 
that j ≥ x ≥ i + 1, −i − 1 ≥ y ≥ j, and either −i − 1 ∈ {x, y} or i ∈ {x, y}). From our 
induction hypotheses (14) we have that, if j− i �= 2, then Pus,vs = 0 and P(a,−i−1),vs = 0
for all i + 2 ≤ a ≤ j, so Pu,v = 0 and the result follows from our definition (14) of P̃u,v. 
If instead j − i = 2 then from our induction hypothesis (13) we have that Pus,vs = 0
and Pu,vs = 0. Therefore Pu,v = 0 and the result again follows from our definition (14)
of P̃u,v.

Assume now that −2 < i < j. Then, since |D(v)| = 2, j − i > 1 and j < n. Assume 
first that i > 0. Then D(v) = {si, sj} so D(u) ⊇ {si, sj} and this, by reasoning as in the 
case i < j < −2, implies that i ∈ {a, b, −a −1, −b −1} and j ∈ {a, b, −a −1, −b −1}. Hence 
(a, b) ∈ {(i, j), (j, i), (−i − 1, j), (j, −i − 1), (−i − 1, −j − 1), (−j − 1, −i − 1), (−j − 1, i),
(i, −j−1)}. But a < b so (a, b) ∈ {(i, j), (−i −1, j), (−j−1, −i −1), (−j−1, i)}. Finally, 
u < v, so by Proposition 12 we have that a ≥ i, b ≥ j, and (a, b) �= (i, j) so we conclude 
that there are no u < v such that D(u) ⊇ D(v). If i = −1 then, since |D(v)| = 2, j ≥ 3. 
Also, D(v) = {s̃0, sj} so {s̃0, sj} ⊆ D(u) and this, by reasoning as above and using 
Lemma 2, implies that j ∈ {a, b, −a − 1, −b − 1} and 0 ∈ {−a − 2, −b − 2, −a − 1,
−b − 1}. Hence (a, b) ∈ {(j, −1), (j, −2)(−1, j), (−2, j), (−j − 1, −1), (−j − 1, −2),
(−1, −j − 1), (−2, −j − 1)}. But a < b and u < v so a ≥ −1, b ≥ j and (a, b) �= (−1, j)
so we conclude again that there are no u < v such that D(u) ⊇ D(v).

Finally, assume that i < −2 < j. Then, since |D(v)| = 2, j < n and i +j �= −1. Assume 
first that i + j > −1. Then j > 2, D(v) = {s−i−1, sj}, and reasoning exactly as above 
we conclude that the only u < v such that D(u) ⊇ D(v) is u = (−i − 1, j). If i + j < −1
and j ≥ 2 then D(v) = {s−i−1, sj} and we conclude as above that the only u < v such 
that D(u) ⊇ D(v) are u = (j, −i − 1) and u = (−j − 1, −i − 1). If i + j < −1 and j = 1
then the conclusion is exactly the same (namely that u ∈ {(1, −i − 1), (−2, −i − 1)}) 
if i < −3 and is that there are no such u if i = −3 (because D((1, 2)) � {s1, s2}). 
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Finally, if i + j < −1 and j = −1 then D(v) = {s̃0, s−i−1} so D(u) ⊇ {s̃0, s−i−1}. Hence 
we conclude that i ∈ {a, b, −a − 1, −b − 1} and 0 ∈ {−a − 2, −b − 2, −a − 1, −b − 1} so 
(a, b) ∈ {(−i −1, −1), (−i −1, −2), (−1, −i −1), (−2, −i −1), (i, −1), (i, −2)(−1, i)(−2, i)}. 
But a < b and u < v so from Proposition 12 we deduce that there are no such u if i = −3
and that u ∈ {(−1, −i − 1), (−2, −i − 1)} if i < −3.

We treat one of these cases, the others being analogous and simpler.
Let i + j < −1 and u = (j, −i − 1). Assume first that i + j < −2. Let s = s−i−1. Then 

us = (j, −i), vs = (i + 1, j), and {w ∈ D
(n−2)
n : u ≤ w < vs, ws < w} = {(x, −i − 1) :

i +2 ≤ x ≤ j} (for if w = (x, y), u ≤ w < vs, and ws < w then i ∈ {x, y, −x − 1, −y− 1}
and j ≥ x ≥ i + 1, −i − 1 ≥ y ≥ j). From our induction hypothesis (16) we have that 
Pu,vs = Pus,vs = 0 and P(a,−i−1),vs = q−i−j−3 if a ∈ {−j, −j − 1} while P(a,−i−1),vs = 0
otherwise. But from Proposition 12 we have that �((−j, −i − 1), vs) = −2i − 2j − 3 =
�((−j − 1, −i − 1), vs) + 1 so μ((x, −i − 1), vs) = 0 for all i + 2 ≤ x ≤ j. Hence we 
conclude from (2) that Pu,v = 0 and the result follows from our definition (16) of P̃u,v.

If i + j = −2 and j ≥ 2 then the reasoning is exactly the same except that now from 
our induction hypothesis (12) we have that P(x,−i−1),vs = 1 if x = −j+1, P(x,−i−1),vs =
qj−2 if x = j − 1, and P(x,−i−1),vs = 0 otherwise. From Proposition 12 we have that 
�((−j + 1, j + 1), vs) = 2 and �((j − 1, j + 1), vs) = 2j − 2 so μ((x, −i − 1), vs) = 0 for 
all −j ≤ x ≤ j and we conclude that Pu,v = 0 = P̃u,v exactly as above.

Finally, if v = (−3, 1), then let s def= s2. Then us = (1, 3), vs = (−2, 1), and it 
follows immediately from Proposition 12 that u � vs so we have from Proposition 2 that 
Pu,v = Pus,vs. But from our induction hypothesis (11) we have that Pus,vs = 0 and the 
result again follows from our definition (16) of P̃u,v.

Suppose now that D(v) = {s̃0, s1}. Then from Lemma 2 we have that 1 ∈ {i, j, −i −1,
−j − 1} and 0 ∈ {−i − 1, −j − 1, −i − 2, −j − 2}. So we conclude that v ∈ {(−2, x) :
−1 ≤ x ≤ n} ∪ {(x, −2) : −n ≤ x ≤ −3}. But |D(v)| < 3, so by what was remarked at 
the beginning of this proof (or directly) we have that v ∈ {(−2, n), (−3, −2)}. Assume 
first that v = (−2, n). Then D(u) ⊇ {s̃0, s1} so by what we have just remarked either 
a = −2 and b ≥ −1 or b = −2 and a ≤ −3. But u < v so, by Proposition 12, a ≥ −2
and b ≥ n which shows that there are no u < v such that D(u) ⊇ D(v). If v = (−3, −2)
then reasoning in exactly the same way one sees that if u < v is such that D(u) ⊇ D(v)
then u ∈ {(−2, b) : b ≥ 3} (for D((−2, −1)) = {s̃0}, D((−2, 1)) = {s1}). So let 
u = (−2, b), b ≥ 3. Let s def= s1. Then vs = (−3, −1), us = (−1, b) and {w ∈ D

(n−2)
n :

u ≤ w < vs, ws < w} = {(−2, y) : 3 ≤ y ≤ b} (for if w ∈ D
(n−2)
n , w = (x, y), is 

such that u ≤ w < vs and ws < w then 1 ∈ {x, y, −x − 1, −y − 1} and −2 ≥ x ≥ −3, 
b ≥ y ≥ −1 so w ∈ {(−2, y) : b ≥ y ≥ −1} ∪ {(−3, 1)} but, again by Proposition 12, 
(−3, 1) � vs, (−2, 1) � vs and, by Lemma 2, or directly, s /∈ D((−2, −1))). By our 
induction hypothesis (16) we have that Pus,vs = 0, Pu,vs = 1 if b = 3 while Pu,vs = 0
otherwise, and P(−2,y),vs = 1 if y = 3, P(−2,y),vs = 0 otherwise. But from Proposition 12
we have that �((−2, 3), vs) = 2 so μ((−2, y), vs) = 0 for all 3 ≤ y ≤ b. Hence from 
Proposition 2 we have that Pu,v = q if b = 3 and Pu,v = 0 if b ≥ 4 and the result follows 
from our definition (15) of P̃u,v.
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Finally, suppose that |D(v)| = 1. Then either i + j = −1 (so j ∈ [n − 1]), or j − i = 1
and i �= −3, or j = n and i /∈ {−2, n − 1}. We distinguish these cases.

Assume first that i + j = −1. Then D(v) = {sj} so D(u) ⊇ {sj} and u < v. Since 
u ∈ D

(n−2)
n and sj ∈ D(u) (and 1 ≤ j ≤ n − 1) we have that either u(j) ≥ n − 1 or 

u(j + 1) ≤ −n + 1. So we conclude from Proposition 12 that u ∈ {(j, b) : j + 1 < b ≤
n} ∪ {(a, j) : −j − 1 ≤ a < j} ∪ {(i, b) : j < b}. We do one of these cases, the others 
being similar, but easier.

Let u = (j, b), b > j + 1. Assume first that i = −2, so v = (−2, 1). Let s def= sj . 
Then vs = (−1, 2), us = (2, b), and, by Proposition 12, u � vs so {w ∈ D

(n−2)
n : u ≤

w < vs, ws < w} = ∅. Hence from (2) and our induction hypotheses (16) we have that 
Pu,v = Pus,vs = q, if b = 4, while Pu,v = Pus,vs = 0 if b �= 4, and the result follows from 
our definition (11) of P̃u,v.

Assume now that i = −3. Then v = (−3, 2). Let s def= s2. Then vs = (−2, 3), us = (3, b)
and {w ∈ D

(n−2)
n : u ≤ w < vs, ws < w} = {(2, a) : 4 ≤ a ≤ b}.

From our induction hypotheses (15) we have that Pu,vs = 1 if b = 4 while Pu,vs = 0
otherwise, Pus,vs = 0, while from (16) we have that Pu,(2,a) = 1 if b − 1 ≤ a ≤ b

while Pu,(2,a) = 0 otherwise. But from our induction hypotheses (15) we have that 
deg(P(2,a),vs) = 0 so μ((2, b), vs) = μ((2, b − 1), vs) = 0 since �((2, b − 1), vs) ≥ 3 because 
b ≥ 4. Hence we conclude from Proposition 2 that Pu,v = q if b = 4 while Pu,v = 0
otherwise and the result follows from our definition (12) of P̃u,v.

Assume now that i < −2. Let s def= sj . Then vs = (−j, j + 1), us = (j + 1, b), 
and {w ∈ D

(n−2)
n : u ≤ w < vs, ws < w} = {(j, a) : j + 2 ≤ a ≤ b}. From our 

induction hypotheses (16) we have that Pus,vs = 0, Pu,vs = 0 if b > j + 2, while 
Pu,vs = qj−2 if b = j + 2, P(j,a),vs = 0 if j + 2 < a while P(j,a),vs = qj−2 if a = j + 2. 
But �((j, j + 2), vs) = 2j + 1 so μ((j, j + 2), vs) = 0, so we have from (2) that Pu,v = 0, 
if b > j + 2 while Pu,v = qj−1 if b = j + 2, and the result follows from our definition (12)
of P̃u,v.

Assume now that j−i = 1 and i �= −3. By reasoning as in the previous case (i +j = −1) 
we then conclude that u ∈ {(−i − 2, b) : −i ≤ b} ∪ {(a, −i − 2) : i ≤ a} ∪ {(i + 1, b) :
i + 2 < b} if i < −2, u ∈ {(−2, b) : 3 ≤ b} ∪ {(−1, b) : 2 < b}, if i = −2, while 
u ∈ {(i + 1, b) : i + 2 < b} if i > 0. We treat one of these cases, the others being similar, 
but easier.

Let u = (−i − 2, b), −i ≤ b, i < −2. Then, i < −3.
Assume first that i < −4. Let s def= s−i−2. Then vs = (i, i + 2), us = (−i − 1, b), and 

{w ∈ D
(n−2)
n : u ≤ w < vs, ws < w} = {(−i − 2, a) : −i ≤ a ≤ b} ∪{(a, −i − 2) : i ≤ a} ∪

{(i + 1, a) : i + 3 ≤ a ≤ b} (for if ws < w then w(−i − 2) > w(−i − 1) which implies 
that either w(−i − 2) ≥ n − 1 or w(−i − 1) ≤ −(n − 1)). By Proposition 3 we have 
that if μ(w, vs) �= 0 then either D(w) ⊇ D(vs) or w � vs. But D(vs) = {s−i−1, s−i−3}
so if w ∈ D

(n−2)
n is such that u ≤ w ≤ vs, w � vs, μ(w, vs) �= 0, and ws < w

then necessarily w(−i) < w(−i − 1) < w(−i − 2) < w(−i − 3), which is impossible. 
Hence {w ∈ D

(n−2)
n : u ≤ w ≤ vs, ws < w, μ(w, vs) �= 0} = {w ∈ D

(n−2)
n : u ≤
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w � vs, ws < w}. But {w ∈ D
(n−2)
n : w � vs} = {(i + 1, i + 2), (i, i + 3)} and none 

of these have a descent at s = s−i−2. From our induction hypotheses (14) we have that 
Pus,vs = Pu,vs = 0. Therefore we conclude from (2) that Pu,v = 0, and the result follows 
from our definition (13) of P̃u,v.

Assume now that i = −4. Let s def= s2. Then vs = (−4, −2), us = (3, b), and everything 
goes exactly as above except that now D(vs) = {s̃0, s1, s3} so {w ∈ D

(n−2)
n : u ≤ w < vs,

μ(w, vs) �= 0, ws < w} = {w ∈ D
(n−2)
n : u ≤ w � vs, ws < w} = ∅ since {w ∈ D

(n−2)
n :

w � vs} = {(−3, −2), (−4, −1), (−4, 1)} and none of these have s as a descent. So we 
conclude as above that Pu,v = 0 = P̃u,v, as desired.

Assume now that j = n and i /∈ {−2, n − 1}. Then reasoning as in the two previous 
cases we conclude that u = (−i − 1, n) and −n < i < −2 (if i > −2 then there are no 
u < v such that D(v) ⊆ D(u)).

Let s def= s−i−1. Then vs = (i + 1, n), us = (−i, n), and {w ∈ D
(n−2)
n : u ≤ w < vs,

ws < w} = {u}. By our induction hypotheses (16) (and (15) if i = −3) we have that 
Pus,vs = 0, and Pu,vs = q−i−3. But, by Proposition 12 we have that �(u, vs) = −2i − 4
so μ(u, vs) = 0. Hence by (2) we have that Pu,v = q−i−2 and the result follows from our 
definition (16) of P̃u,v.

This concludes the induction step and hence the proof. �
For lower intervals the preceding result takes a particularly simple form.

Corollary 3. Let v ∈ D
(n−2)
n , n ≥ 5. Then

P (n−2),q
e,v =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
qn−3, if v ∈ {(−n + 1, n), (n + 1, n− 2)},
q, if v = (n− 3, n− 2),
1, if v ∈ {(n− 2, n), (n− 1, n)},
0, otherwise.

Proof. This is a straightforward consequence of Theorem 5. �
As a consequence of the last two theorems we obtain the main result of this work.

Corollary 4. Let (W, S) be a Weyl group and J ⊆ S be such that W J is a quasi-minuscule 
quotient. Then P J,q

u,v (q) is either zero or a monic power of q for all u, v ∈ W J , u ≤ v.

Proof. If W J is a minuscule quotient (also known as a Hermitian symmetric pair) the 
result follows from Corollary 4.4 of [4]. If W J is a quasi-minuscule quotient that is not 
minuscule (i.e., a (co-)adjoint quotient) then the result follows from Proposition 13, 
Theorems 4 and 5, and from computer calculations. �

The parabolic Kazhdan–Lusztig polynomials for the exceptional (co-)adjoint quotients 
have been computed by implementing in Maple 9 the recursions given by Theorems 1
and 2 and by Proposition 2.
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5. Applications

In this section we derive some consequences of our main result for the ordinary 
Kazhdan–Lusztig polynomials.

Corollary 5. Let (W, S) be a Weyl group and J ⊆ S be such that W J is a quasi-minuscule 
quotient. Then ∑

w∈WJ

(−1)�(w)Pwu,v(q)

is either zero or a monic power of q, for all u, v ∈ W J , u ≤ v.

Proof. This follows immediately from Corollary 4 and Proposition 1. �
Note that the exact power of q in Corollary 5 is explicitly determined in Theorems 4

and 5, in Theorems 4.1, 4.2 and 4.3 of [4] and in Theorem 5.1 of [3].
From (1) and Theorems 4 and 5 we obtain the following explicit expressions for the 

coefficient of maximum possible degree of the ordinary Kazhdan–Lusztig polynomials 
indexed by elements of Bn and Dn that lie in the respective quasi-minuscule quotients.

Corollary 6. Let u, v ∈ B
(n−2)
n , u ≤ v, v = (i, j), �(u, v) > 1. Then μ(u, v) equals either 

0 or 1. Furthermore μ(u, v) = 1 if and only if either u = (1, 3) and v = (−2, 1), or 
u = (−1, 3) and v = (−2, −1), or u = (−2, 1) and v = (−3, −2), or u ∈ {(i + 1, j + 2),
(−j−2, −i −2)} and j− i = 1, j �= {−1, −2}, or u = (−1, −i −1) and j− i > 1, j = −1, 
or u = (−j − 1, −i − 1) and j − i > 1, i + j < −1, i �= −1, j �= −1.

Proof. This is a routine, though somewhat long, check using Proposition 11 and The-
orem 4. One distinguishes the cases according to the statement of Theorem 4 (so, 
since �(u, v) > 1, we have six cases to consider). We treat one of these cases, the 
others being similar, and simpler. Assume j − i = 1, i �= −2, and u ∈ C∗

R[v]. Then 
u ∈ {(−i − 1, −i), (−i − 2, −i)}. From Proposition 11 we have that �((i, i + 1)) =
2n − 1 − 2i − 1 − N1(i, i + 1, 2i + 1) and similarly that �((−i − 1, −i)) = 2n − 1 +
2i + 1 − N1(−i, −i − 1, −2i − 1) and �((−i − 2, −i)) = 2n − 1 + 2i + 2 − N1(−i − 2,
−i, −2i − 2). Therefore we have that �((−i − 1, −i), (i, i + 1)) = −4i − 2 + 3sgn(i) and 
�((−i −2, −i), (i, i +1)) = �((−i −1, −i), (i, i +1)) −1. Hence μ((−i −2, −i), (i, i +1)) = 0
and μ((−i −1, −i), (i, i +1)) = 0 if i ≥ 1. But d(i,i+1)−1 = �((i, i +1)) −2n +1 = −2i −4
so μ((−i − 1, −i), (i, i + 1)) = 0 also if i ≤ −3. �
Corollary 7. Let u, v ∈ D

(n−2)
n , u ≤ v, v = (i, j), �(u, v) > 1. Then μ(u, v) is either 

0 or 1. Furthermore, μ(u, v) = 1 if and only if either v = (−1, 2) and u = (2, 4), or 
v = (−2, ±1) and u = (±1, 4), or i +j = −1, j �= {1, −2} and u = (j−1, j), or j− i = 1, 
j /∈ {−n, −2, −1} and u ∈ {(j − 1, −j − 1), (j, −j − 2), (j, j + 2)}, or j − i > 1, j < −2



F. Brenti et al. / Advances in Applied Mathematics 78 (2016) 27–55 51
and u = (i, −j − 1), or v = (−3, −2) and u = (−2, 3), or i + j < −1, j − i > 1, j > −1
and u = (−j − 1, −i − 1), or i ≤ −3, j = −1 and u = (−2, −i − 1), or i + j > −1, 
j − i > 1, i ≤ −1, and u = (−i − 1, j).

Proof. The proof is similar to that of Corollary 6 using Theorem 5 and Proposition 12. 
One again distinguishes the cases according to the statement of Theorem 5 (so, since 
�(u, v) > 1, there are 9 cases to consider). We treat one of these cases, the others being 
similar, and simpler.

Suppose that j − i = 1, j ∈ [−n + 1, −3] ∪ [2, n] and u ∈ E∗[(j + 1, −j)]. Then u ∈
{(j, −j−1), (j−1, −j−1), (j, −j−2), (j−1, −j)(j+1, −j−2), (j+1, −j)} and, since u < v, 
j ≤ −3 by Proposition 12. By Proposition 12 we have that �((j, −j−1)) = �((j−1, −j)) =
�((j+1, −j−2)) = 2n −3, �((j−1, −j−1)) = �((j, −j−2)) = 2n −2, �((j+1, −j)) = 2n −4, 
and �((j−1, j)) = 2n −2j−5. Hence we conclude that �((j, −j−1), v) = �((j−1, −j), v) =
�((j + 1, −j − 2), v) ≡ 0 (mod 2), �((j − 1, −j − 1), v) = �(j, −j − 2), v) = −2j − 3, and 
�((j + 1, −j), v) = −2j − 1 so we have from Theorem 5 that μ(u, v) = 1 if and only if 
u = (j − 1, −j − 1) or u = (j, −j − 2). �
6. Open problems

In this section we present some conjectures that have arisen from the present work, 
together with the evidence that we have for them.

This paper completes the computation of the parabolic Kazhdan–Lusztig polynomials 
of type q for the quasi-minuscule quotients of Weyl groups. The parabolic Kazhdan–
Lusztig polynomials of type −1 have been computed for the minuscule quotients (see 
[2] and [19]), but not for the (co-)adjoint quotients. We have been unable to compute 
these polynomials for the co-adjoint quotients of types B and D. However, we have a 
conjectural combinatorial interpretation for these polynomials, which we now explain. 
Throughout this section we assume, for simplicity, n ≥ 4.

Let v ∈ B
(n−2)
n , v = (i, j). We define M̃(v) by

M̃(v) def=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

{(−2, 1), (1, 3), (3, 4)}, if v = (−2, 1),
{(i, 1), (j, j + 1), (−i + 1,−i + 2), (1,−i + 1)}, if i < −2 = −j − 1,
{(i, j), (−i + 1,−i + 2)}, if j − i = 1,
{(i, j), (j, j + 1)}, if 1 < j − i < 2j,
{(i,−1), (−1, 2), (−i + 1,−i + 2), (−j + 1,−i + 1)}, if i < −2 = j − 1,
{(i, j), (j, j + 1), (−i + 1,−i + 2), (−j + 1,−i + 1)}, otherwise,

M(v) def= M̃(v) ∩B
(n−2)
n , and wv : M(v) → N by wv(v) 

def= 0,

wv((1, 3)) def= 1, wv((3, 4)) def= 2,

if v = (−2, 1), and
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wv((j, j + 1)) def= wv((−1, 2)) def= 1,

wv((−j + 1,−i + 1)) def= wv((1,−i + 1)) def= �(v) − 2n + 3,

and

wv((−i + 1,−i + 2)) def= �(v) − 2n + 4,

otherwise. Thus, for example, M((2, 3)) = {(2, 3)}, M((3, 4)) = {(3, 4), (−2, −1)}, 
M((i, n)) = {(i, n)} if i < n − 1, and M((n − 1, n)) = {(n − 1, n), (−n + 2, −n + 3)}. We 
can now state our first conjecture.

Conjecture 1. Let u, v ∈ B
(n−2)
n , u ≤ v. Then

P (n−2),−1
u,v (q) =

∑
x∈M(v)∩[u,v]

qwv(x).

For example, if u = [1, 2, 3, 8, 4, 9, 5, 6, 7] and v = [1, 2, 9, −8, 3, 4, 5, 6, 7] then u, v ∈
B

(7)
9 , u = (4, 6), v = (−4, 3), �(v) = 16, M̃(v) = M(v) = {(−4, 3), (3, 4), (5, 6), (−2, 5)}, 

M(v) ∩ [u, v] = {(−4, 3), (3, 4), (−2, 5)}, wv((−4, 3)) = 0, wv((3, 4)) = 1, and 
wv((−2, 5)) = 16 − 18 + 3 so Pu,v(q) = 1 + 2q. This conjecture has been verified for 
n ≤ 11.

By Proposition 13 we obtain the following special case of Conjecture 1. Let u, v ∈
S

[2,n−2]
n , u ≤ v. Then, if u = (a, b) and v = (i, j),

P [2,n−2],−1
u,v (q) =

{
1 + qi−j , if a < j < i < b,
1, otherwise.

(17)

In fact, by the combinatorial description of the quotient S[2,n−2]
n we have that a, b, i, j > 0

and, by Proposition 10, a ≤ i and j ≤ b. From Conjecture 1 and Proposition 13 it follows 
that P [2,n−2],−1

u,v (q) =
∑

x∈M(ṽ)∩[ũ,ṽ]
qwṽ(x). Since in this case

M(ṽ) ∩ [ũ, ṽ] =
{
{ṽ, (−j + 1, i + 1)}, if a < j < i < b,
{ṽ}, otherwise,

and, by Proposition 11, wṽ((−j + 1, i + 1)) = �(ṽ) − 2n + 3 = i − j, we find (17).
Our conjecture for the coadjoint quotients of Dn is similar, but we find it convenient 

to embed D(n−2)
n , as a poset, into a slightly larger poset. More precisely, we let

D̂(n−2)
n

def= D(n−2)
n ∪ {(i, i) : 2 ≤ |i| ≤ n− 1}

(recall that we identify D(n−2)
n with {(i, j) ∈ [±n]2 : i < j, i �= −j}), and we partially 

order D̂(n−2)
n by taking Proposition 12 as a definition (it is easy to see that this indeed 

defines a partial order on D̂(n−2)
n ).
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For v = (k, �) ∈ D
(n−2)
n we let

M̃(v) def=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{(k, �), (−k + 1,−k + 2)}, if |�| = 1, k = −2,
{(k, �), (−k + 1,−k + 2), (�,−k + 1)}, if |�| = 1, k = −3,
{(k, �), (−k + 1,−k + 2), (�,−k + 1), (�, 2)}, if |�| = 1, k < −3,
{(k, �), (�, � + 1)}, if � > 2, � > k + 1 ≥ 0,
{(k, �), (−k + 1, �), (�, �), (�, � + 1)}, if k < −1, 1 − k < �,
{(k, �), (�, � + 1), (�, �)}, if k < −1, 1 − k = �,

{(k, �), (�, � + 1), (−k + 1,−k + 2), (−� + 1,−k + 1),
(−k + 1,−k + 1), (�,−k + 1)}, if 2 < � < −k,
{(k, �), (�, � + 1), (−k + 1,−k + 2), (−� + 1,−k + 1),
(−k + 1,−k + 1), (�− 1,−k + 1)}, if 2 = � < −k,
{(k, �), (k,−� + 1), (−� + 1,−� + 2), (�, �),
(−� + 1,−k + 1), (−k + 1,−k + 1),
(−k + 1,−k + 2), (�,−k + 1)}, if k + 1 < � < −1,
{(k, �), (k,−k + 1), (−k + 1,−k + 1),
(−k + 1,−k + 2)}, if k + 1 = � < −1,
{(k, �)}, otherwise.

M(v) def= M̃(v) ∩ D̂
(n−2)
n and wv : M(v) → N be defined by wv(v) 

def= 0 and

wv((−k + 1,−k + 2)) def= −k − 1, wv((�,−k + 1)) def= −k − 2,

wv((�, 2)) def= 1,

if |�| = 1,

wv((�, � + 1)) def= 1,

if k ≥ −1,

wv((−k + 1, �)) def= −k − 1, wv((�, �))
def= 1,

wv((�, � + 1)) def= −k,

if k < −1, 1 − k < �,

wv((�, � + 1)) def= 1, wv((�, �))
def= �− 2,

if k < −1 and 1 − k = �,

wv((�, � + 1)) def= 1, wv((−k + 1,−k + 2)) def= −�− k + 1,

wv((−� + 1,−k + 1)) def= −�− k, wv((−k + 1,−k + 1)) def= −k − 1,
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wv((�,−k + 1)) def= wv((�− 1,−k + 1)) def= −k − 2,

if 1 < � < −k

wv((k,−� + 1)) def= −�− 1, wv((−� + 1,−� + 2)) def= −�,

wv((−� + 1,−k + 1)) def= −�− k − 3, wv((−k + 1,−k + 1)) def= −k − 1,

wv((−k + 1,−k + 2)) def= −�− k − 2, wv((�,−k + 1)) def= −k − 2;

wv((�, �))
def= 1,

if k + 1 < � < −1, and

wv((k,−k + 1)) def= −k − 2, wv((−k + 1,−k + 1)) def= −k − 1,

wv((−k + 1,−k + 2)) def= −2k − 3,

if k + 1 = � < −1.
We can now state the second conjecture of this section.

Conjecture 2. Let u, v ∈ D
(n−2)
n , u ≤ v. Then

P (n−2),−1
u,v (q) =

∑
x∈M(v)∩[u,v]

qwv(x).

Note that the interval [u, v] above is to be taken in D̂(n−2)
n , so [u, v] def= {x ∈

D̂
(n−2)
n : u ≤ x ≤ v}. For example, [(−3, −2), (−4, −3)] = {(−3, −2), (−4, −2), (−3, −3),

(−4, −3)}. The preceding conjecture has been verified for n ≤ 11.

Acknowledgments

The first author would like to thank J. Stembridge for suggesting the study of the 
parabolic Kazhdan–Lusztig polynomials of the quasi-minuscule quotients, and F. Caselli 
for an interesting remark.

References

[1] A. Björner, F. Brenti, Combinatorics of Coxeter Groups, Graduates Texts in Mathematics, vol. 231, 
Springer-Verlag, New York, 2005.

[2] B. Boe, Kazhdan–Lusztig polynomials for Hermitian symmetric spaces, Trans. Amer. Math. Soc. 
309 (1988) 279–294.

[3] F. Brenti, Kazhdan–Lusztig and R-polynomials, Young’s lattice, and Dyck partitions, Pacific J. 
Math. 207 (2) (2002) 257–286.

[4] F. Brenti, Parabolic Kazhdan–Lusztig polynomials for Hermitian symmetric pairs, Trans. Amer. 
Math. Soc. 361 (2009) 1703–1729.

http://refhub.elsevier.com/S0196-8858(16)00006-3/bib426A6F726E657232303035s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib426A6F726E657232303035s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib426F65s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib426F65s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4272656E746932303032s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4272656E746932303032s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4272656E746932303039s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4272656E746932303039s1


F. Brenti et al. / Advances in Applied Mathematics 78 (2016) 27–55 55
[5] L. Casian, D. Collingwood, The Kazhdan–Lusztig conjecture for generalized Verma modules, 
Math. Z. 195 (1987) 581–600.

[6] P. Chaput, N. Perrin, On the quantum cohomology of adjoint varieties, Proc. Lond. Math. Soc. 103 
(2011) 294–330.

[7] V. Deodhar, On some geometric aspects of Bruhat orderings. II. The parabolic analogue of Kazhdan–
Lusztig polynomials, J. Algebra 111 (1987) 483–506.

[8] C. Drupieski, D. Nakano, B. Parshall, Differentiating the Weyl generic dimension formula with 
applications to support varieties, Adv. Math. 229 (2012) 2656–2668.

[9] B. Elias, G. Williamson, The Hodge theory of Soergel bimodules, Ann. of Math. 180 (2014) 
1089–1136.

[10] I. Frenkel, M. Khovanov, A. Kirillov, Kazhdan–Lusztig polynomials and canonical basis, Transform. 
Groups 3 (1998) 321–336.

[11] J. de Gier, A. Lascoux, M. Sorrell, Deformed Kazhdan–Lusztig elements and Macdonald polynomi-
als, J. Combin. Theory Ser. A 119 (2012) 183–211.

[12] J. Haglund, M. Haiman, N. Loehr, A combinatorial formula for Macdonald polynomials, J. Amer. 
Math. Soc. 18 (2005) 735–761.

[13] J. Haglund, M. Haiman, N. Loehr, J. Remmel, A. Ulyanov, A combinatorial formula for the character 
of the diagonal coinvariants, Duke Math. J. 126 (2005) 195–232.

[14] J.E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge Studies in Advanced Mathe-
matics, vol. 29, Cambridge Univ. Press, Cambridge, 1990.

[15] M. Kashiwara, T. Tanisaki, Parabolic Kazhdan–Lusztig polynomials and Schubert varieties, J. Al-
gebra 249 (2002) 306–325.

[16] D. Kazhdan, G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53 
(1979) 165–184.

[17] D. Kazhdan, G. Lusztig, Schubert varieties and Poincaré duality, in: Geometry of the Laplace Oper-
ator, in: Proc. Sympos. Pure Math., vol. 34, Amer. Math. Soc., Providence, RI, 1980, pp. 185–203.

[18] V. Lakshmibai, C. Musili, C. Seshadri, Geometry of G/P . III. Standard monomial theory for a 
quasi-minuscule P , Proc. Indian Acad. Sci. Sect. A Math. Sci. 88 (1979) 93–177.

[19] A. Lascoux, M.-P. Schützenberger, Polinômes de Kazhdan & Lusztig pour le grassmannienes, 
Astérisque 87–88 (1981) 249–266.

[20] B. Leclerc, J.-Y. Thibon, Littlewood–Richardson coefficients and Kazhdan–Lusztig polynomials, 
Adv. Stud. Pure Math. 28 (2000) 155–220.

[21] T. Lejczyk, C. Stroppel, A graphical description of (Dn, An−1) Kazhdan–Lusztig polynomials, 
Glasg. Math. J. 55 (2013) 313–340.

[22] P. Sentinelli, Isomorphisms of Hecke modules and parabolic Kazhdan–Lusztig polynomial, J. Algebra 
403 (2014) 1–18.

[23] K. Shigechi, P. Zinn-Justin, Path representation of maximal parabolic Kazhdan–Lusztig polynomi-
als, J. Pure Appl. Algebra 216 (2012) 2533–2548.

[24] W. Soergel, Kazhdan–Lusztig polynomials and a combinatoric for tilting modules, Represent. The-
ory 1 (1997) 83–114.

[25] W. Soergel, Character formulas for tilting modules over Kac–Moody algebras, Represent. Theory 1 
(1997) 115–132.

[26] R.P. Stanley, Enumerative Combinatorics, vol. 1, Wadsworth and Brooks/Cole, Monterey, CA, 1986.
[27] J. Stembridge, Quasi-minuscule quotients and reduced words for reflections, J. Algebraic Combin. 

13 (2001) 275–293.
[28] D. Uglov, Canonical bases of higher level q-deformed Fock spaces and Kazhdan–Lusztig polyno-

mials, in: Physical Combinatorics, in: Progress in Math., vol. 191, Birkhäuser, Boston, MA, 2000, 
pp. 249–299.

[29] M. Varagnolo, E. Vasserot, On the decomposition matrices of the quantized Schur algebra, Duke 
Math. J. 100 (1999) 267–297.

http://refhub.elsevier.com/S0196-8858(16)00006-3/bib43617369616E31393837s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib43617369616E31393837s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4350s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4350s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib44656F6468617231393837s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib44656F6468617231393837s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib444E50s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib444E50s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4557s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4557s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4672656E6B656C31393938s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4672656E6B656C31393938s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib474Cs1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib474Cs1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4861676C756E6432303035s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4861676C756E6432303035s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib484832303035s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib484832303035s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib48756D70687265797331393930s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib48756D70687265797331393930s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4B6173686932303032s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4B6173686932303032s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4B4C31393739s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4B4C31393739s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4B4C32s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4B4C32s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C4D53s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C4D53s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C2D53s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C2D53s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C65636C65726332303030s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C65636C65726332303030s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C53s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib4C53s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib53656E74696E656C6C6932303134s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib53656E74696E656C6C6932303134s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib535As1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib535As1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib536F657267656C393761s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib536F657267656C393761s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib536F657267656C393762s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib536F657267656C393762s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib5374616E6C657931393836s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib53746532303031s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib53746532303031s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib55676C6F7632303030s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib55676C6F7632303030s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib55676C6F7632303030s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib56617261676E6F6C6F31393939s1
http://refhub.elsevier.com/S0196-8858(16)00006-3/bib56617261676E6F6C6F31393939s1

	Parabolic Kazhdan-Lusztig polynomials for quasi-minuscule quotients
	1 Introduction
	2 Preliminaries
	3 Co-adjoint quotients
	4 Parabolic Kazhdan-Lusztig polynomials
	5 Applications
	6 Open problems
	Acknowledgments
	References


