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1. Introduction

In 1979, Kazdhan and Lusztig [16] introduced a family of polynomials, indexed by
pairs of elements in a Coxeter group W, which plays an important role in various areas
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of mathematics, including the algebraic geometry and topology of Schubert varieties and
representation theory (see, e.g., [1] p. 171 and the references cited there). These cele-
brated polynomials are now known as the Kazhdan—Lusztig polynomials of W (see, e.g.,
[1] or [14]). In 1987, Deodhar [7] developed an analogous theory for the parabolic setup.
Given any parabolic subgroup W; in a Coxeter system (W,S), Deodhar introduced
two Hecke algebra modules (one for each of the two roots ¢ and —1 of the polynomial
2?—(q—1)z —q) and two families of polynomials {P;"(q)}, vew s and {P; ;1 (q) by vew
indexed by pairs of elements of the set of minimal coset representatives W+. These poly-
nomials are the parabolic analogues of the Kazhdan-Lusztig polynomials: while they
are related to their ordinary counterparts in several ways (see, e.g., §2 and [7], Propo-
sition 3.5), they also play a direct role in several areas such as the geometry of partial
flag manifolds [15], the theory of Macdonald polynomials [12,13], tilting modules [24,25],
generalized Verma modules [5], canonical bases [10,28], the representation theory of the
Lie algebra gl,, [20], quantized Schur algebras [29], quantum groups [8], and physics (see,
e.g., [11], and the references cited there). The computation of these polynomials is a
very difficult task. Although a geometric interpretation for the (ordinary and parabolic)
polynomials exists (see [17] and [15]) in the case of Weyl groups and an algebraic in-
terpretation exists for the ordinary ones [9] for all Coxeter systems, there are very few
explicit formulas for them (see, e.g., [1], p. 172, and the references cited there).

The purpose of this work is to study the parabolic Kazhdan-Lusztig polynomials
for the quasi-minuscule quotients of Weyl groups. These quotients possess noteworthy
combinatorial and geometric properties (see, e.g., [18] and [27]). The parabolic Kazhdan—
Lusztig polynomials for the minuscule quotients have been computed in [19,2-4]. In this
work we turn our attention to the quasi-minuscule quotients that are not minuscule (also
known as (co-)adjoint quotients). More precisely, we obtain closed combinatorial formu-
las for the parabolic Kazhdan—Lusztig polynomials of type ¢ of these quotients for the
classical Weyl groups. Our results imply that these are always either zero or a monic
power of ¢ for all quasi-minuscule quotients, and that they are not combinatorial invari-
ants. For the parabolic Kazhdan—Lusztig polynomials of type —1 we conjecture explicit
combinatorial interpretations.

The organization of the paper is as follows. In Section 2 we recall some definitions,
notation and results that are used in the sequel. In Section 3 we give combinatorial
descriptions of the quasi-minuscule quotients of classical Weyl groups. In Section 4 we
give combinatorial formulas for the parabolic Kazhdan—Lusztig polynomials of type ¢ of
(co-)adjoint quotients of classical Weyl groups. Our results imply that these polynomials
are always either zero or a monic power of g for all quasi-minuscule quotients, and
that they are not combinatorial invariants. In Section 5 we derive some consequences
of our results for the classical Kazhdan—Lusztig polynomials. Finally, in Section 6 we
present our conjectured combinatorial interpretations for the parabolic Kazhdan—Lusztig
polynomials of type —1 of the (co-)adjoint quotients of classical Weyl groups, and the
evidence that we have in their favor.
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2. Preliminaries

In this section we collect some definitions, notation and results that are used in the

rest of this work. We let P := {1,2,3,...} and N := P U {0}. The cardinality of a set

A will be denoted by |A|. For n € P we let [n] ef {1,2,...,n} and [+n] e {-n,...,

—2,-1,1,2,...,n}.

We follow [26], Chapter 3, for poset notation and terminology. In particular, given
a poset (P, <) and u,v € P we let [u,v] := {w € Plu < w < v} and call this an
interval of P. We say that v covers u, denoted u < v (or, equivalently, that u is covered
by v) if |[u,v]| = 2. The Hasse diagram of P is the graph having P as vertex set and
{{u,v} C Plu<v or v<u} as edge set. Usually, when drawing Hasse diagrams, if u < v
then wu is depicted below v, however in this work we find it convenient to rotate our
diagrams clockwise by 7. We say that u,v € P are comparable if either u < v or v < u.
Given two posets P and @, we write P ~ () to mean that they are isomorphic as posets.

We follow [1] and [14] for general Coxeter groups notation and terminology. Given a

Coxeter system (W, S) and u € W we denote by ¢(u) the length of w in W, with respect
def

to S, and we define £(u,v) = £(v) —€(u). If 51,...,s, € S are such that u = $1 - - - 5, and
r = {(u) then we call s1 - - - 5, a reduced word for u. We let D(u) :={s € S : £(us) < £(u)}
be the set of (right) descents of u and we denote by e the identity of W. Given J C S

we let W; be the parabolic subgroup generated by J and

w4 {u e W :{4(su) > £(u) for all s € J}.

Note that W% = W. If W is finite, then we denote by wo(J) its longest element. We
always assume that W is partially ordered by Bruhat order. Recall (see e.g. [14], §5.9
and 5.10) that this means that « < y if and only if for one reduced word of y (equivalently
for all) there exists a subword that is a reduced word for z. Given u,v € W7, u < v we
let

[u,v]” := {w e W’ :u<w< v},

def 0
and [u,v] = [u,v]’.
The following two results are due to Deodhar, and we refer the reader to [7, §§2-3]
for their proofs.

Theorem 1. Let (W, S) be a Cozeter system, and J C S. Then, for each x € {—1, q}, there
is a unique family of polynomials {R;{ﬁ;(Q)}u,UEWJ C Z|q| such that, for all u,v € W

i) Ryi(a) =0 dfugv;
i) Ryu(e) =1
ili) if u < v and s € D(v) then
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Rz{’sI,vs (Q)a Zf us < u,
Ryi(a) = (¢ = DRI(0) + qRiE . (q), if u<use W,
(¢q—1—2)R)E.(q), ifu<usg¢ W,

Theorem 2. Let (W, S) be a Coxeter system, and J C S. Then, for each x € {—1, q}, there
is a unique family of polynomials {Pd’g(q)}u’vewJ C Zlq|, such that, for all u,v € W

i) Pli(q) =0 ifufv;

i) Pli(g) =1;
iii) deg(P;v(q)) < 50(u,v) if u < v;
iv)

1
g pla (5) = > RI%q) Pliq)

z€[u,v]’

ifu<w.

The polynomials R;{ﬁj(q) and P{iff(q), whose existence is guaranteed by the two pre-
vious theorems, are called the parabolic R-polynomials and parabolic Kazhdan—Lusztig
polynomials (respectively) of W+ of type z. It follows immediately from Theorems 1
and 2 and from well known facts (see, e.g., [14, §7.5] and [14, §§7.9-11]) that Rg’;l(q)
(= Rg;‘{) (¢)) and Pg;v_l(q) (= P}j’;g (¢)) are the (ordinary) R-polynomials and Kazhdan—
Lusztig polynomials of W which we will denote simply by R, .(q) and P, ,(g), as
customary.

The parabolic Kazhdan-Lusztig and R-polynomials are related to their ordinary coun-
terparts in several ways, including the following one.

Proposition 1. Let (W, S) be a Coxeter system, J C S, and u,v € W”7. Then we have
that

Riﬁ;(‘]) = Z (7x)e(w)Rwu,v(Q)a

weW;

for allx € {—1,q}, and

Pli(g) = Y (=1 Pyy(q).

weW,

Furthermore, if Wy is finite then

Pﬁ],;l(Q) = ng(J)u,wo(J)'u(q)-

A proof of this result can be found in [7] (see Propositions 2.12 and 3.4, and Re-
mark 3.8).
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Note that it follows easily from Theorem 2, Proposition 1, and well known facts (see,
e.g., [1, Proposition 2.4.4]), that for all J C S and all u,v € W we have that

[q2Ew0)=D)(Pla) = [ =DY(R, ). (1)

We denote this coefficient by p(u,v), as customary. The following result is due to Deod-
har, and we refer the reader to [7] for its proof.

Proposition 2. Let (W, S) be a Coxeter system, J C S, and u,v € W7, u < v. Then for
each s € D(v) we have that

P{Z,’g(Q) = ﬁum - Mu,v (2)
where
Pl +aPli if us <u,
ﬁu,v = qpﬁ];?vs + Pi{”gs ’qu <us e WJ,
0 ifu<usg¢ W,
and
—~ 2(w,v)
M= >, plwoes)g 2 Plhi(a).

{uw<vs:ws<w}

The following properties of the parabolic Kazhdan-Lusztig polynomials are certainly
known, however, for lack of an adequate reference, and for completeness, we include their
proof.

Proposition 3. Let (W, S) a Cozeter system and J C S. Let u,v € W’ and s € D(v).
Then

a) if us ¢ WY then Pl3(q) = 0;
b) if us € W then PJ%,(q) = P;1i(q);

c) if u(u,v) # 0 and £(u,v) > 1 then D(v) C D(u).

Proof. If us ¢ W then by Proposition 2 we have that

£(w,v)
Plig=— > uwuws)g T Pli(g).
{uw<vsiws<w}

The sum may be empty or we can apply induction on £(u,v) and have P{L]”g)(q) =0.1In
both cases P;(q) = 0. For b) use the same arguments as in the proof of Proposition 5.1.8
of [1]. For ¢) use a) and b) together and the fact that P;"?(¢) has maximal degree. O
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The purpose of this work is to study the parabolic Kazhdan—Lusztig polynomials for
the quasi-minuscule quotients of Weyl groups. The parabolic Kazhdan—Lusztig polyno-
mials for the minuscule quotients have been computed in [19,2-4], (see also [23] and
[21]). In this work we study the quasi-minuscule quotients that are not minuscule. These
quotients (also known as (co-)adjoint quotients) have been classified (see, e.g., [6]) and
there are three infinite families and four exceptional ones. Using the standard notation
for the classification of the finite Coxeter systems, the non-trivial (co-)adjoint quotients
are: (An’ S \ {317 Sn})a (Bn’ S \ {Sn—Q})’ (Dm S\ {Sn—Q})) (E67 S \ {50})7 (E7a S\ {31})7
(Es, S\ {s7}), and (Fy, S\ {s4}), where we number the generators as in [1] (see Ap-
pendix Al and Exercises 20, 21, 22, 23 in Chapter 8, and also below). The following
result is probably known. Its verification follows from the above classification and stan-
dard facts. Given a Weyl group W we denote by ®(W) its root system and by ®,(W)
its set of long roots (see, e.g., [14, §2.10]) where, if W is of type B, we mean the root
system of type B,,.

Proposition 4. Let (W, S) be a Weyl group and J C S be such that (W, J) is a (co-)adjoint
quotient. Then |W7| = |®,(W)].

It is well known (see, e.g., [1, Chap. 1]) that the symmetric group S,, is a Coxeter
group with respect to the generating set S = {sf},...,s2_,} where s = (4,74 1) for all

9

i € [n — 1]. The following result is also well known (see, e.g., [1, §1.5]).

Proposition 5. Let v € S,. Then £(v) = |{(i,j) € [n]* : i < j,v(i) > v(j)}| and
D(v) ={(i,i+1) € S:v(i) >v(i+1)}.

For k € [n] and U, T C [n] such that |U| = |T| = k let U < T if and only if u; < ¢;
for all i € [k] where {uy,...,ux}< ' and {t1,.. ., tr}< 4 7. Note that U =< T if and
only if

HieU:jzrif[<{ieT:j=r} (3)

for all r € [n]. In particular, U < T if and only if [n] \ T < [n] \ U. The following result
is well known (see, e.g., [1, Theorem 2.6.3]).

Theorem 3. Let u,v € S,,. Then the following are equivalent:

i) u<w;
i) u([j]) = v([j]) for all j € [n—1];
iii) w([y]) <X v([4]) for all j such that 83-4 € D(u).

We follow [1, Chap. 8] for combinatorial descriptions of the Coxeter systems of type

B,, and D,, as permutation groups. In particular, we let SZ be the group of all bijec-

tions w of {—n,...,—1,1,...,n} to itself such that w(—i) = —w(i) for all i € [n], s, &f
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(Goj+ (g, —j— 1) for j=1,...,n—1, s0 = (1,~1), and S = {s0,..., 801} If

v € SB then we write v = [a1,...,a,] to mean that v(i) = a;, for i = 1,...,n. It is well
known that (SZ, Sp) is a Coxeter system of type B,, and that the following holds. Given
v € S5 we let
. def .. . . . .
inv(v) = [{(i,5) € []* : i < j, v(i) > v(i)},
Ny(v) = {i €n]: v(i) <0} and
Na(v) = [{(G5) € [n]” i < j, v(i) +0(5) < O}.
Proposition 6. Let v € SB. Then {(v) = inv(v) — > v(j), and D(v) =
{€ln]: v(5)<0}

{si € Sp: v(i) > v(i+ 1)}, where v(0) 0.

We let SP be the subgroup of SZ defined by

P e 8B Ny(w) =0 (mod 2)}, (4)

30 . (1,-2)(2,-1), and Sp et {30,581, -++,8n_1}. It is then well known that (S2,Sp)

is a Coxeter system of type D,,, and that the following holds (see, e.g., [1, §8.2]).

Proposition 7. Let v € SP. Then {(v) = inv(v) + Na(v), and D(v) = {s; € Sp : v(i) >
v(i + 1)}, where v(0) def —v(2).

Given w € S8 and i € [n], define an array A(w); := (A(w)i1,..., A(W)int1-:) by
letting

{AW)i1s - AW)ing1—ite 2 {k € [Fn] t w(k) > i}e.

For the following criterion see Exercise 6.8 in [1].

Proposition 8. For u,v € SZ the following are equivalent:

(1) u<w.
(2) A(w)i; > A(v);j, forallie[n], j€n+1—1.

Say that two vectors (ay,...,ax), (b1,...,bx) € ZF are D-compatible if the following
condition is satisfied:

if {|asl,....laj|} ={|bil,..., b} =[j — i+ 1] for some 1 <1 < j <k, then
Nl(ai7...,aj) = Nl(bi,...,bj) mod 2.

For the following criterion see Exercise 11.8 in [1].
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Proposition 9. For u,v € SP the following are equivalent:

(1) u<w.
(2) A(u)i; > A(v);j, for alli € [n], j € [n+1—1], and the two vectors A(u); and A(v);
are D-compatible for all i € [n].

3. Co-adjoint quotients

In this section we describe combinatorially the (co-)adjoint quotients of types A, B,
and D. More precisely, we describe combinatorially their elements, length, descent sets,
and Bruhat order.

Let v € .5’7[12’”72]. Then by Proposition 5 we have that
Ser=2l —fye S, vTH2) < <o (n—1)}.

n

Hence the map v — (v=2(1),v71(n)) is a bijection between S~ and {(i, ) € [n]? :
i # j}. For this reason we will freely identify these two sets and write v = (4,7) if

ve s and i = v=(1), 5 =v"(n).

Proposition 10. Let (a,b), (i,7) € S22 Then (a,b) < (i,7) if and only if a < i and
b > j. Furthermore {((a,b)) =a—b+n—1— x(a >b).

Proof. It is well known (see, e.g., [1, Cor. 2.2.5]) that v < v if and only if u=! < v~1L.
Therefore we conclude from (3) and Theorem 3 that u < v if and only if u=1([1]) <
v=1([1]) and u=([n — 1]) < v~ ([n — 1]). The result follows. O

Let v € B,(L"_Q). Then, by Proposition 6, we have that
Bl =weB,: 0<v (1)< ---<v Y {n-2),v" (n-1) <v  (n)}

Hence the map v — (v™(n — 1),v7!(n)) is a bijection between B and {(,7) €
[+n]? : i < j, i # —j}. For this reason we will freely identify these two sets and write
v=_(i,7) ifv € B and i = v=i(n—1), 5 =v"Y(n).

Lemma 1. Let u € B{" ¥, u = (a,b), and i € [0,n — 1]. Then s; € D(u) if and only if

ie{a,b,—a—1,-b—1}\{b—1,-b}.
Proof. Let s; € D(u). Suppose ¢ > 0. Then, since u € B | either u(@i) >n—1or
u(i + 1) < —(n — 1). Therefore, either ¢ € {a,b} or i + 1 € {—a,—b}. Furthermore,
i #b—1 (else u(i) < n = u(b) = u(i + 1), which is a contradiction) and 7 # —b (else
u(i) = u(—b) = —n < u(i +1)).
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If i = 0 then u(—1) > 0 > wu(1) so, since u € B | either u(l) = —n or u(l) =

—(n —1). If u(l) = —n then —b = 1s0 0 € {a,b,—a — 1,—b — 1} \ {b — 1,-b}. If
u(l) = —(n — 1) then a = —1 and we conclude as above.

Conversely, let i € {a,b,—a—1,—-b—1}\{b—1, —b}. Suppose i = a. Then u(i) =n—1
and u(i +1) #n (else i +1 =b), so s; € D(v). If i = b then u(i) =n > u(i + 1) so
si € D(v). Ifi = —a—1then u(i+1) = —(n—1) but i # —bso u(i) > —n and s; € D(v).
If i = —b—1 then u(i + 1) = —n so s; € D(v).

If i = 0 then either a = —1 or b = —1. In both cases u(1) < 0 so sg € D(u). O

Proposition 11. Let (a,b), (i,5) € B Then (a,b) < (i,7) if and only if a > i and
b > j. Furthermore, {((a,b)) =2n—1—a —b— Ni(a,b,a +b).

Proof. Let u = (a,b) and v = (i,7). It is well known (see, e.g., [1, Cor. 8.1.9]) that
u < v in SB if and only if u < v in S([£n]). This, in turn, happens if and only if
u~! < o7l in S([+n]) (see, e.g., [1]). Hence, by Theorem 3, we conclude that u < v in
S5 if and only if u=*({-n,—(n — 1)}) 2 v *({-n,—(n —1)}) and v~ ({n — 1,n}) =
v™r({n — 1,n}) and the result follows. The second statement is a routine verification
using Proposition 6. 0O

Let v € (Dn)("_z). Then, by Proposition 7, we have that
(Dp)" 2 ={veD,: v H(=2)<v (1) <...<v {(n—-2), v (n—-1) <v ' (n)}.
Hence, if v € D{"~?, then v7H(=1) < v71(2) and v™1(=2) < v71(2) s0 0 < vT1(2) <
v7I3) < ... < v i(n—2) and v 1(=2) < v71(1), v I(~1) < v1(2). Since Ny(v) =0
(mod 2) for all v € SP we conclude that the map v — (v=1(n— 1)7 v~1(n)) is a bijection
between (D,,)"=2) and {(i,j) € [+n]?: i<j, i# —j}.
Lemma 2. Let u € D", u = (a,b), and i € [n —1]. Then s; € D(u) if and only if

ic{a,b,—a—1,-b—1}\{b—1,-b}.
Furthermore, 59 € D(u) if and only if
0e{-a-2-b-2-a—1,-b—1}\{a—1,b—1,a—2b—2).

Proof. The first formula follows exactly as in the proof of Lemma 1.

Suppose now that 3y € D(u). Then, by Proposition 7, u(1) + u(2) < 0. There-
fore, since u € DY either u(l) € {-n,—n + 1} or u(2) € {-n,—n + 1}. So
1 e {-b—a,—b—1,—a — 1}. On the other hand 1 ¢ {b,a,b — 1,a — 1}. In fact, if

a =1 then u(l) =n—1and b > 1 so —b < —1 hence u(2) > —n so u(1l) + u(2) > 0,
which contradicts our assumption. Similarly, if 1 = a — 1 then u(2) =n—1so b > 2 and
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we conclude as above. Furthermore, if b € {1, 2} then necessarily u(1) + u(2) > 0 which
is a contradiction.

Conversely, suppose that 1 € {—a—1,—-b—1,—a, —b}\{a,b,a—1,b—1}.1fb € {-1, -2}
then —n € {u(1),u(2)} so u(1) + u(2) < 0 and the result follows from Proposition 7. If
1= —athen b# 2sou(l) = —(n—1) and u(2) < n hence 35 € D(u) by Proposition 7,
as desired. Similarly if 1 = —a—1. O

Proposition 12. Let u,v € D(n_z), u = (a,b), v = (i,7). Then (a,b) < (i,7) if and
-1 (a,0) = (1,2)

only if a > i, b > j, a =1 impliesi # —1, b = 1 implies j # s
2,—1). Furthermore,

implies (i,7) # (=2,1), and (a,b) = (—1,2) implies (i,5) # (—
{((a,b))=2n—1—a—b—2Ny(a,b) — N1(a+1).

Proof. Let A(u); and A(v); as in Proposition 9. Then A(u),—1 = (a,b), A(u), = (b),
A@)r = (i,7) and A(v), = (j).

Suppose first that u < v. This, by Proposition 9, implies that a > i, b > j and the
two vectors (a,b) and (i,7) are D-compatible, as are the vectors (b) and (j). But the
pairs {(1,b), (=1,5)}, {(a,1),(¢,—1)}, {(1,2),(—=2,1)} and {(-1,2),(—2,—1)} are not
D-compatible, which proves one direction of our statement.

We now prove the other implication. Let u,v € Dy(ln_z), u = (a,b), v = (4,5), be such
that @ > 4, b > j, a = 1 implies ¢ # —1, b = 1 implies j # —1, (a,b) = (1,2) implies
(i,7) # (=2,1), and (a,b) = (—1,2) implies (4,5) # (—2,—1). We prove that u < v by
induction on £(v).

If £(v) = 0 then there is nothing to prove, since then v = (n — 1,n). So suppose that
¢(v) > 0. In D(v), let s be the element with the greatest index k. If s, € D(u) then
one can check, using Lemma 2, that usy and wvsy still satisfy our hypotheses. Then by
induction usg < vsg and so u < v.

We may therefore assume that s, ¢ D(u). We claim that ¢ = 1 implies
(vsi)"t(n—1) # —1, that b = 1 implies (vsy)~*(n) # —1, that v = (1,2) implies
vsg # (—2,1), and that u = (—1,2) implies vsy # (=2, —1).

Note first that if k& > 2 then vsi(1) = v(1) and vsg(2) = v(2) so our claim coincides
with our hypotheses.

Suppose first that & = 0. Then, by Proposition 7, v(1) + v(2) < 0, 0 > v(1) <
v(2) < -+ < wv(n) and u(1) + u(2) > 0. Suppose first that a = 1 and, by contradiction,

that (v39)~!'(n — 1) = —1. Then i = 2 which is a contradiction. Similarly, if b = 1
and (v39)~'(n) = —1 then j = 2 which is also impossible. If (a,b) = (1,2) and, by
contradiction, vy = (—2,1) then v=}(n) = =2 < 1 = v~!(n — 1) which contradicts the

fact that v € D", Finally, if u = (—1,2) and, by contradiction, v§y = (—2,—1) then
i =1 and —1 = a which is again a contradiction.

Suppose now that k& = 1. Then, by Proposition 7, v(1) > v(2) < v(3) < -+ < v(n)
and u(1) < u(2). Note that this implies that u=!(n) # 1. If a = 1 and, by contradiction
(vs1) ™ '(n —1) = —1 then i = —2 and u(2) = n so u = (1,2). Hence —2 < j < 2 and
this, since v(1) > v(2), implies that j = 1. So v = (—2,1) which is a contradiction. If
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u = (1,2) and, by contradiction, vs; = (—2, 1), then v = (—1,2) which is a contradiction
because v(1) > v(2). Finally, if v = (—1,2) and vs; = (=2, —1) then v~ 1(n) = -2 <
—1 =v~"!(n — 1) which again contradicts the fact that v € DS~

Finally, assume that k = 2. Note that this implies that u=!(n) # 2, so u # (1,2) and
u# (—1,2). Also, if a = 1 and (vs2) "' (n—1) = —1 then i = —1 which is a contradiction,
and similarly if b = 1.

This proves our claim. Therefore we conclude by induction that v < vs; and hence
that u < v, as desired.

The second statement is a routine verification using Proposition 7. O

By Propositions 10 and 11 the map (i, ) — (—i,5) from Sizn=2 ¢ {(i,7) € B2 .
i < 0 < j}is a poset isomorphism, so gizn=2 ~ [(=1,7n), (=n,1)]*=2), In fact, this map
also preserves the corresponding parabolic Kazhdan—Lusztig and R-polynomials, as we
now show. For w = (i,j) € S22 jep g 1 (—i,7) € B2,

Proposition 13. Let u,v € Sr[f’nfm. Then
R[Z,n72],a: — R(~n~_2)7x
and

PIE?’Z}n_2] T P{Ej’%—?)m’

for allz € {—1,q}.

Proof. The first equation follows immediately from Theorem 1, by induction on ¢(v) > 0,
using the fact that, if w € S and k € [n— 1], then wsf! < w if and only if Wwsy, < W

and w < wsi € S2m=2 if and only if @ < sy € B{"? and that, in these cases,

ws? = WSy.
The second statement follows immediately from the first one, by induction on ¢(u, v),
using Theorem 2 and the fact that the map w — @ is a poset isomorphism from 57[12’71_2]

to [(—=1,n), (-n,1)]""2. O

The result of the previous Proposition for the parabolic Kazhdan—Lusztig polynomials
also follows from Corollary 5.15 in [22].

4. Parabolic Kazhdan—Lusztig polynomials

In this section we prove the main result of this work. Namely that the parabolic
Kazhdan—Lusztig polynomials of type g are always either zero or a monic power of ¢ for
all quasi-minuscule quotients of all Weyl groups.

We begin with the following preliminary result which follows easily from Proposition 2,
and whose verification is therefore omitted.
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Lemma 3. Let u,v € B,(JFQ), u<wv, u=(ab), v=_17). Suppose that either a =i or
b=j. Then

P(”*Q)’q _ ]., ifﬁ(u,v) < 1,
0, otherwise.

Let v € B,(ALTFQ), v = (4,7). Suppose that j —i > 1. We let

{(4,7), (4, +2),(6+1,j+1),(i+ 1,5+ 2),

(1+2,5),(E+2,j+1)}, ifi+j=-1,
Q] € { (=11} x {4, + 1}, if =1,
{i,i+1} x {~1,1}, if j=—1,
{i,i+1} x {5, + 1}, otherwise.

Suppose now that j —i = 1. We then let

Cnlo) 4 {221, (22 1), ifg = -1,
{(ivj)a (Za] + 1)}7 Otherwise,

and
{(_173)7(173)}7 iij—l,
def e -
Crlv] = < {(-2,1),(-1,2)}, if j =-2,
{(i+1,j+2),(i+2,5+2)}, otherwise.

Note that Q[v], Cp[v],Cg[v] C [-n,n+ 1] x [-n+ 1,n + 2].

We further define Q*(v) o {v* : v € Q[v]} and similarly for Cj (v), and Cj;(v) (recall
that u* = (—b, —a) if u = (a,b)). Note that, if u € Q*[v] (resp. C} (v), Cf(v)) and u < v,
then £(v) > 2(n — 1) (respectively, 2n — 1, 2(n — 1)).

We can now state and prove the first main result of this section.

Theorem 4. Let u,v € Bfln_m, u<v,v=_i,7). Then

L, ifueQ,
Pnm2 = £ g ifue {(1,3),(2,3)}, (5)
0, otherwise,

ifv=(-2,1),

—_

, ifue Cgrlv],
P&rz}f%q = q, qu S CL[”L (6)
0, otherwise,
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if v=(-2,-1),
1, if u € Cglv],
q, qu S CL [U]7
Py = 4 gl ifue Chlul, (7)
g2, ifueCil,
0, otherwise,
ifj—i=1and j# —1, while
1, if u € Q[v],
Pt = gt ifue Qo). (8)
0, otherwise,

ifj—i>1andv # (=2,1), where d, E()—2(n—1).

Proof. Let, for simplicity, Py, def ngz—2)7q for all #,y € B, and, for convenience
]5“,1, be the polynomial defined, for all u,v € BT(Ln_z), by the right hand sides of equations
(8) through (5). So we have to prove that P, , = Pu,v for all u,v € By(lnfz).

Note first that it is a routine verification to check that for all u,v € ngz) and all

s € D(v) we have that

Pu v = ~ . ’ (9)
' Pys, otherwise.

~ { 0, if us ¢ B
(Indeed, it suffices to check that if s € D(v) then u is in any one of the sets on the right
hand sides of equations (8) through (5) if and only if us is in the same set.)

We proceed by induction on ¢(v). The result being clear if v = e. Fix v € B such
that ¢(v) > 1. Let u € Br(:%Z). We may clearly assume that v < v. We prove the claim
by induction on £(u,v), the result being clear if ¢(u,v) = 0 (i.e., if v = v). So assume
that u < v.

Assume first that D(v) € D(u). Let s € D(v) \ D(u). If us € B2 then, by
Proposition 3, (9), and our induction hypothesis, we have that P, , = Pys,» = Pus,v =
Pu v, as desired. If us ¢ B 2 then by (9) and Proposition 3 we have similarly that
P,,=0= Pu,U7 and the result again follows.

We may therefore assume that D(v) C D(u).

Note that, by Lemma 1, |[D(v)| =2 if and only if j —¢ > 1, j < mn, and i + j # —1.
Let v be such that |[D(v)] =2. Then j —i > 1, j <n,and i +j # —1. Let u € BS™2),
u < v be such that D(v) C D(u) (note that then necessarily D(v) = D(u)). Then, by
Proposition 6 and Lemma 1,4 < —1 and i+j # —2 and v € {(—i—1,4)} if i+j > 0 while
ve{(—j—1,—-i—1),(4,—t —1),(i,—j — 1)} if i + j < —3. We distinguish these cases.

1) u=(—i—1,4), i+ >0.
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Then, since ¢ < —2, by Lemma 3 and our definitions, we have that P, , =0 = P, ,, as
desired.

2) u=(—j—1,—i—1),i+j<-3.

Then j # —1. Let s 2 (j,5+1)(—j — 1, —5). Then vs = (i, j +1) and us = (—j, —i — 1).
Hence, by what was remarked above, |D(vs)| = 2. Therefore if w € B is such that
u < w < s, l(w,vs) > 1, and ws < w then p(w,vs) = 0. In fact, if pu(w,vs) # 0 then
D(vs) € D(w), but s ¢ D(vs), so |D(w)| = 3, which is a contradiction. Moreover, if
l(w,vs) = 1 then either w € {(i+1,j+1), (i,7+2)},if j # —2,or w € {(i+1,-1), (i,1)},
if j = =2, so, since s € D(w), w = (4,1) and j = —2 in which case P, ,, = 0 by our induc-
tion hypotheses (8). By our induction hypotheses (8) we have that P, s = 0 and P, ,s =

g 4=l = p,, as claimed.

~1. Hence by Proposition 2 we have that P, , = gt =¢q
N u=(,-i—1),i+j<-3.

Assume first that j # —1. Let s = (5,7 + 1)(—j — 1,—7). Then vs = (4,5 + 1) and
us = (j +1,—i — 1). Hence, by what was remarked above, |D(vs)| = 2. Reasoning as in
the previous case we conclude that if w € B,S"”) is such that u < w < vs, L(w,vs) > 1
and ws < w then p(w,vs) = 0 and that if ¢(w,vs) = 1 then w = (¢,1) and j = —2,
so P, = 0 by our induction hypotheses (8). By our induction hypotheses (8) we have
that Pysus = Puvs = 0. Hence by Proposition 2 and our definitions we have that
P,,=0= Pu,v as claimed.

Assume now that j = —1. Then ¢ < —3. Let s = sg9. Then vs = (i,1) and us =
(1, —i — 1). Hence, by what was remarked above, |D(vs)| = 2, so if w € B s such
that u < w < vs and ws < w then ¢(w,vs) > 1 and p(w,vs) = 0. By our induction
hypotheses (8) we have that Py ,s = 0 and P, ,s = ¢%»*~!. Hence by Proposition 2 and

our definitions we have that P, , = ¢%= = ¢®~! = P, , as claimed.

4) u=(,-j—1),i+j< -3

Then, since u < v, j < 0, so 7 < —2. By Lemma 3, Proposition 11, and our definitions,
we then have that P, , =0 = Pu,v, as desired.

Suppose now that |D(v)| = 1. Then, by what was remarked above, either j —i = 1,
orj=mn,ori+j=—1 Let u € B w < v be such that D(v) € D(u). Then,
by Proposition 6 and Lemma 1, v € {(i +1,b) : b > i+2}if j—¢ =1and i > 1,
ve{(i+1,0):b>i+2}U{(-i—2,0):b>—i}U{(a,—i—2):a>i}if j—i=1and
i< =2 ue{(-1,b):b>1}ifv=(-2,-1),ue{(—i—1,n)}ifj=nand i< —1 (if
j=mnand ¢ > —1 then there are no such u), and u € {(—=i —1,b) : b > —i + 1} U {(4,b) :
b>—-i+1}U{(a,—i—1):a>i+2}if i +j= —1. We distinguish these cases.

Du=(>G4+1b),b>i+2,j—i=1i%#—2



F. Brenti et al. / Advances in Applied Mathematics 78 (2016) 27-55 41

Theni <n—2.Let s = (i+1,i4+2)(—i—2,—i—1). Then vs = (i,i+2) and us = (i+2,b).
Hence, by what was remarked above, |D(vs)| = 2. Therefore if w € B s such that
u < w < vs and ws < w then p(w,vs) = 0. Moreover there are no w for which
l(w,vs) = 1 and ws < w. By our induction hypotheses (8) we have that P,s.s = 0,

wws = 1 if b =1+ 3 while P, ,s = 0if b > i+ 3. Hence by Proposition 2 we have that
P, =qif b=14+3, while P, , = 0if b > i+ 3 and the result follows from our definition
(7) of Py .

2) u=(—i—2b),b>—i,j—i=1,i<—2.

Let s = s_;_2 and suppose first that ¢« < —3. Then vs = (i,% + 2) and us = (—i — 1, b).
|D(vs)| = 2 and there are no w such that £(w,vs) = 1 and ws < s so we conclude from
Proposition 2 that P, , = Pys.us + ¢ Pu,vs- By our induction hypotheses (8) we have that
Pusws = 0 for all b > —i, Py ,s = 0if b > —i and P, s = ¢%=71 = ¢@72if b = —i.
Hence by Proposition 2 we have that P, , =0if b > —i and P, , = g®~1if b= —i, and
the result follows from our definition (7) of P,.,,.

Suppose now that ¢ = —3. Then everything follows as above except that w = (—3,1) is
such that u < ws < w < s, £(w,vs) = 1 but, by our induction hypotheses (8), P, ,, = 0.
So, since by our induction hypotheses (8) Py, s = 0if b > 3 and P, s = g2 if b =3,
while P, s = 0, by Proposition 2 we have that P, , =0if b > 3 and P, , = gl if
b = 3 and the result follows as in the previous case.

3) u=(a,—i—2),a>i,j—i=11<—2.

Suppose first that ¢ < —3. Let s = s_;_2. Then vs = (i,7 + 2) and us = (a,—i — 1)
if a # i+ 1 while us = (¢ +2,—i — 1) if @ = i + 1. Hence, by what was remarked

,(Lnfz) such

above, |D(vs)| = 2, so we conclude again that p(w,vs) = 0 for all w € B
that u < w < vs and ws < w except possibly if w < vs. But {w € Bfln_Q) cw<Qust =
{({,i+3),(i +1,i+ 2)} so {w € B w < vs,ws < w} = 0. By our induction
hypotheses (8) we have that P, s = 0, Pys s = g%~ if a = —i — 3 while Pysws =0
1

if @ < —i — 3. Hence by Proposition 2 we have that P,, = ¢%~1 = ¢%2 if a =

—i — 3, while P,, = 0 if a < —i — 3 and the result follows from our definition (7) of
P

Suppose now that i = —3. Then —3 < a < —2 and everything works exactly as above
except that now {w € BIY L w <« vs,ws < w} = {(—=3,1)} and by our induction
hypotheses (8) we have that P, s = 1, Pysws = 0 if a = =3, Pysps = ¢! = ¢ if
a = —2, and P, _3;) = 1. Hence by Proposition 2 we have that P,, = ¢—q = 0 if
a = —3 while P, , = 2¢ — ¢ = ¢q if a = —2 and the result follows from our definition (7)
of P, (note that if a = —2 then u € Cp[v] N CE[v], but d, = 3 so the two definitions

are consistent).

4) u=(=1,b),b>1,j—i=1i=—2.
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Let s = so. Then vs = (~2,1) and us = (1,b); moreover {w € By :

u
vs,ws < w} = {(—=1,a) : 1 < a < b}. Then, by our induction hypotheses (5) we have
that Pysys = 0if b # 3 and Pysys = qif b =3, Pyys = 0if b > 3 and P, s =1
if 1 < b < 4. By Proposition 3 we have that p(w,vs) = 0 if a > 2 (since in this case
D(vs) = {s1} € D(w)) and p(w,vs) = 1 if a = 2; by our induction hypotheses (8)
Py(c12)=1if2<b <3 and P, (—12) = 0if b > 3. Hence by Proposition 2 we have
that P,, =0ifb >3, P, = q+q— p((—1,3),vs)¢>? — qP1,3),(-1,2) = qif b= 3 and
P,,=q—q=0if b =2, and the result follows from our definition (6) of P, .

5) u=(—i—1,n),j=n,i< -1

Then, by Lemma 3, P, , = 0 so the result follows from our definition (8) of P, .

6) u=(—i—1,b),b>—i+1,i+j=—L

Let s = s;. Then vs = v*, us = (—i,b) and —n < i < —1. In this case, since |D(vs)| = 2
and there are no w € BY"™? such that l(w,vs) =1 and s € D(w), we conclude from
Proposition 2 that P, , = Pys s+ ¢ Py vs. By our induction hypotheses (8) we have that
Pusws = 0forallb > —i+1, Pyys = 0if —i > 2 Pyys=1if i =2and b =3, P, ., =0
if —¢ = 2 and b > 3. Hence we have that P,, = ¢ifi=—-2and b= 3, and P,, =0
otherwise, and the result follows from our definitions (8) and (5) of P, .

7 w=(i,b),b>—i,i+j=—1.

Then, by Lemma 3, P,, =1ifb=—i+1and P,, =0if b > —i + 1, and the result
follows from our definitions (8) and (5) of P, .

8) u=(a,—i—1),a>i+1,i+j=—1.

This case is analogous to the previous one. Namely, P, , =1ifa =742 and P,, =0
if a > i+ 2, and the result follows from our definition (8) of P, , (note that i < —2 in
this case).

This concludes the induction step and hence the proof. O

For lower intervals the preceding theorem takes a particularly simple form.
Corollary 1. Let v € B,(zn72), n > 4. Then
ifv=(n—-3,n-—2),
Z.f’U € {(n - 27”)7 (n - 1,’/1)},

2n747 va = (777’3 —-n+ 1)7
otherwise.

Pn=2)a —

O =K
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° °
[ ]
Fig. 1. Hasse diagram of the intervals [(1, 3), (—2, 1)}("_2) and [(2,4), (-1, 3)]("—2).

One of the most celebrated conjectures about the Kazhdan—Lusztig polynomials is
the so-called “combinatorial invariance conjecture” (see e.g. [1] p. 161 and the references
cited there). This conjecture states that the Kazhdan-Lusztig polynomial P, ,(g) de-
pends only on the isomorphism class of [u,v] as a poset. It is natural to wonder about
the corresponding statement for the parabolic Kazhdan—Lusztig polynomials. Namely
if P;l2(q) (equivalently, P (q), R;4(q), Ry, (q)) depends only on the isomorphism

class of [u,v]”

as a poset. For the minuscule quotients this is known to be true (see
[4, Corollary 4.8]). For the quasi-minuscule quotients, however, this is not the case. For

example, by Theorem 4, one has that P((lngf()’q2 1y = @ and P((Qn4)2()’q1 3y = 0, but from

Proposition 11 we have that [(1,3), (—2,1)]"=2 = [(2,4),(—1,3)]~2) (this interval is
shown in Fig. 1).

Using Proposition 13 we deduce from Theorem 4 the following result which computes
explicitly the parabolic Kazhdan—Lusztig polynomials of type ¢ of the co-adjoint quo-

[2,n—2]

tients of the symmetric groups. Recall that if v € S we write v = (4,7) to mean

that i = v=1(1) and j = v=!(n), and we let & = (—i, j).

2,n— 2]

Corollary 2. Let u,v € Sf u<wv,v=/(i7). Then

P[Q,n—Z],q _ 1a Zfa S Q[ﬁ],
v 0, otherwise,

if v=1(2,1) while

1, if € Q]
PRI = § q" 0t ae Qo),
0, otherwise,

ifv#(2,1).

Proof. This follows immediately from Proposition 13 and Theorem 4 noting that if

v e S then £(0) = £(v) + n — 1 by Propositions 10 and 11 where the first length is

(n—2) 2,n— 2] O

computed in By, while the second one in S
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We now compute the parabolic Kazhdan—Lusztig polynomials of the co-adjoint quo-
tients in type D.

Let u = (i,j) € Z?; we define & = (i,—j), and 1 = (1,1). For a set A C Z? we
define A = {@i : u € A} and analogously A and A*. Note that u € D
u* € DY,

For u = (i,7) € DY we define

if and only if

{71,2}x{j,j+1}, ifi =—1,
QUi N = {ii+ 1} x {~1,2}, ifj=—1,
{i,i+ 1} x {j,j+ 1}, otherwise,
E[(i, )] ot {G,9),6,7+1),6G+1,5),G -1, +1),(¢+1,5—-1),(i = 1,5 — 1)},

Cul(i,4)] € {i— 1} x {j — 1.},
Cpl(i,4)] & (i, + 1} x {j +1}.

Note that Q[u], E[u], Cyu], Cplu] C Z?. We can now state and prove the second main
result of this section.

Theorem 5. Let u,v € D,(Z"_z), u<v,v=_(i,47). Then

]-7 Z'fue [(_173)a(_1a2)];
P = 0 q, ifue((3,4),(2,4)), (10)
0, otherwise,

ifl} = (717 2)7
17 qu € [(:':173)a (72a :l:l)];
Pnm2a =8 g ifue((2,4), (£1,4)], (11)
0, otherwise,
if v=(—2,+1),
¢~ ifue Cpl(j, —i)l,
- I72, ifu e Cyl(4, —)]
P(n 2),q — q y L U 3 3 12
we 1, if u e E[(—j,—1)], (12)
0, otherwise,
ifi+j=—-1andj#1,
17 ZfUGCU[(jaj‘i’l)L

¢ ifueCp(id+ 1),
¢"172, if u € E*[(j + 1, —j)],
0, otherwise,

Pl
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ifj—i=1landje[-n+1,-3lU[2,n],

1, if u e Q[v],
P2 = L glil=2ifu e Qul, (14)
0, otherwise,
ifj—i>1andj< -2,
L, ifu€l(i+1,2),0]U[(2,7+1),0]U[d,v]U[B,0],
Pg,nviz)’q = q(sv,(—S,—Q)a qu € [TA),U]*, (15)
0, otherwise,
ifi=-2andj€[3,n], orj=-2,
1, if u € Qul,
P&Z}_Z)vq — q|1‘7N1(1+])|J‘727 qu c Q*[fu] ] Q['U], (16)
0, otherwise,
. . 9 1 s (n—2) def
otherwise, where, if x ory don’t lie in Dy, then [z,y] = 0.
Proof. Let, for simplicity, Py def ngz,ﬂ)’q for all z,y € DY, and, for convenience,

Puﬂ, be the polynomial defined, for all u,v € Dr(bn 72)7 by the right hand sides of equations
(10) through (16). So we have to prove that P, , = Pu’v for all u,v € Dy(lnd). We proceed
by induction on ¢(v) > 0.

By reasoning as in the proof of Theorem 4 it is enough to show that P, , = ~u7v for
all u,v € D" guch that D(v) € D(u). Note that, by Lemma 2, |D(v)| < 3 for all
ve DY Let ve DY, v = (i,7), be such that £(v) > 1 and u € D2, u < v, be
such that D(v) C D(u).

Suppose first that |[D(v)| = 3. Note first that, by Lemma 2, |D(v)| = 3 if and only
if j=—-2andi < —3ori=—2and 2 < j < n In particular, {59,s1} C D(v).
Since u < v and D(u) D D(v) we conclude that |D(u)| = 3 so either u = (a,—2)
with a < =3 or v = (—2,b) with 2 < b < n. But v < v and D(u) = D(v)
so j = 2,1 < =3, and u=(-2,—i—1). Let s € D(v) \ {50,51}. Then, by
Lemma 2, |D(vs)] = 3 except if v = (—4,-2) (if v = (=2,n — 1) then there are
no u < v such that D(v) C D(u)). If |D(vs)| =3 then P, s = Puyswps = 0 by our

n—2)

induction hypotheses (15). Furthermore, if w € Dy, is such that v < w < ws,
ws < w, and p(w,vs) # 0 then by Proposition 3 we have that either D(w) D
D(vs) or w <1 vws. The first case implies that D(w) = {s} U D(vs) so |D(w)| = 4
which is impossible. The second case implies that w € {(i + 2,-2),(: + 1,-1),
(1+1,1)} and hence that ws > w, which is again a contradiction. Hence we conclude that
all summands on the right hand side of (2) are zero, so P, , = 0. If v = (—4, —2) then

u=(—2,3)s0us = (—2,4) and from Proposition 2 one concludes that P, , = ¢*—¢* = 0.
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On the other hand, it is easy to check from our definition (15) that P,, = 0 so
P, = Pu,v, as desired.

Suppose now that |D(v)| = 2 and D(v) # {30, s1}. Note first that, if z € DU, 2=
(x,y), then |D(z)| = 1 if and only if either z+y = —lory—x =land x # —3,0ory =n
and z ¢ {—2,n — 1} or z = (—1,2). Therefore, since |D(v)| = 2 and D(v) # {50,51},
i # —2 and j # —2. Hence either i < j < —2ori < —2 < j or —2 < i < j. Assume
first that ¢ < j < —2. Then, since |D(v)| =2, j —4 > 1. Hence D(v) = {s_;_1,5_;—_1}
so D(u) D {s—i—1,5—j—1}. From Lemma 2 (or directly) we therefore deduce that ei-
ther —i — 1 € {a,b} or i € {a,b} and that either —j — 1 € {a,b} or j € {a,b}. So since
j—i > 1, we conclude that (a,b) € {(—i—1,—j—1),(—=i—1,5),(—=j—1,—i—1),(j, —i—1),
(4,5),(i,—j — 1), (—j — 1,9)(4,4)}. But a < b so, since i + 1 < j < =2, (a,b) € {(—j — 1,
—i—1),(4,—i—1),(,7)(,—j — 1)}. Furthermore, u < v so we conclude from Proposi-
tion 12 that w € {(—=j — 1,—i — 1), (j,—i — 1), (i, —j — 1)}. We treat only one of these
three cases, the others being analogous, and simpler.

Let u = (j,—i — 1). Let s 4 5 ;1. Then vs = (t+1,7), us = (4,—1i) and {w €
DI i u < w < vs,ws < wy = {(a,—i—1):i+2<a<j} (forif we DY,
w = (z,y), u < w < vs, and ws < w then, by Proposition 12 and Lemma 2 we have
that j > >4i+1, —i— 1>y > j, and either —i — 1 € {z,y} or i € {z,y}). From our
induction hypotheses (14) we have that, if j —i # 2, then Py, s = 0 and P _;_1),4s = 0
foralli+2 <a<j,so P,, =0 and the result follows from our definition (14) of P, ,,.
If instead j — ¢ = 2 then from our induction hypothesis (13) we have that P,s,s = 0
and P, ,s = 0. Therefore P, , = 0 and the result again follows from our definition (14)
of }51“,.

Assume now that —2 < ¢ < j. Then, since |[D(v)| =2, j —i > 1 and j < n. Assume
first that ¢ > 0. Then D(v) = {s;,s;} so D(u) 2 {s;,s;} and this, by reasoning as in the
case i < j < —2, implies that i € {a,b,—a—1,—b—1} and j € {a,b,—a—1,—b—1}. Hence
(a> b) € {(Z,]>7 (j7i>7 (_i - 17j)7 (]a —i— 1)? (_i -1,—-j- 1>7 (_J —-1,—-i— 1>7 (_J - 17i)a
(i,—j—1)}. But a < bso (a,b) € {(i,5), (=i —1,7),(—=j—1,—i—1),(—j — 1,7) }. Finally,
u < v, so by Proposition 12 we have that a >4, b > j, and (a, b) # (i,7) so we conclude
that there are no u < v such that D(u) 2 D(v). If ¢ = —1 then, since |D(v)| = 2, j > 3.
Also, D(v) = {50,s;} so {50,s;} € D(u) and this, by reasoning as above and using
Lemma 2, implies that j € {a,b,—a —1,-b—1} and 0 € {—a — 2,-b —2,—a — 1,
—b— 1}' Hence (aa b) € {(j771),(j772)(*17j)3(*2%7.)7(7]. - 1371)’(7‘7. - 1772)7
(-1,—j—1),(-2,—j—1)}. Buta<band u <wvsoa>-—1,b>jand (a,b) # (—1,7)
so we conclude again that there are no u < v such that D(u) 2 D(v).

Finally, assume that i < —2 < j. Then, since |D(v)| = 2, j < nand i+j # —1. Assume
first that ¢ +j > —1. Then j > 2, D(v) = {s_;_1, s;}, and reasoning exactly as above
we conclude that the only u < v such that D(u) D D(v)isu=(—i—1,7). Ifi+j < —1
and j > 2 then D(v) = {s_;_1,s;} and we conclude as above that the only u < v such
that D(u) 2 D(v) are u = (j,—t — 1) andu=(—j—1,—i—1). Ifi+j<—-land j=1
then the conclusion is exactly the same (namely that v € {(1,—i — 1),(=2,—i — 1)})
if ¢ < —3 and is that there are no such u if i = —3 (because D((1,2)) 2 {s1,s2}).
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Finally, if i + j < —1 and j = —1 then D(v) = {80, 5-i—1} so D(u) 2 {80, 5-;—1}. Hence
we conclude that i € {a,b,—a—1,-b—1}and 0 € {-a —2,-b—2,—a—1,—b—1} so
(a,b) € {(—i—1,-1), (—i—1,-2), (=1, —i—1), (=2, —i—1), (i, 1), (i, =2) (=1, 8) (=2, 1) }.
But a < b and u < v so from Proposition 12 we deduce that there are no such u if i = —3
and that v € {(-1,—i —1),(-2,—-i— 1)} if i < —3.

We treat one of these cases, the others being analogous and simpler.

Let i+j < —1 and w = (j, —i —1). Assume first that i+ j < —2. Let s = s_;_;. Then
us = (j,—i), vs = (1 + 1,7), and {w € DI u<w < vs, ws < w}={(x,—1—-1):
i+2<z<j} (forifw=(z,9), u <w<wvs,and ws < w theni € {z,y,—x—1,—y—1}
and j >x >i+4+1, —i— 1>y > j). From our induction hypothesis (16) we have that
Pu,vs = Pus,vs =0 and P(a7—i—1),vs = qiiij73 ifae {_.jv —Jj - 1} while P(a7—i—1),vs =0
otherwise. But from Proposition 12 we have that ¢((—j,—i — 1),vs) = —2i — 2j — 3 =
0((—=j—1,—i—1),vs) + 1 so p((x,—i — 1),vs) = 0 for all i +2 < = < j. Hence we
conclude from (2) that P, , = 0 and the result follows from our definition (16) of P, ,.

If i+ j = —2 and j > 2 then the reasoning is exactly the same except that now from
our induction hypothesis (12) we have that P, _j_1) ., = 1if 2 = —j+1, P _i_1)0s =
¢ ?if x = j— 1, and Py, —i—1)ws = 0 otherwise. From Proposition 12 we have that
(—j+1,j+1),vs) =2and £((j — 1,5+ 1),vs) = 2j — 2 so p((x,—i — 1),vs) = 0 for

all —j <z < j and we conclude that P, , = 0 = P, , exactly as above.

Finally, if v = (—=3,1), then let s 4 s, Then us = (1,3), vs = (—=2,1), and it

follows immediately from Proposition 12 that u £ vs so we have from Proposition 2 that
P, = Pysvs. But from our induction hypothesis (11) we have that P,s ,s = 0 and the
result again follows from our definition (16) of P, ,.

Suppose now that D(v) = {30, s1}. Then from Lemma 2 we have that 1 € {i, 5, —i—1,
—j—1tand 0 € {—i—1,—j—1,—i —2,—j — 2}. So we conclude that v € {(-2,z) :
—1<z<n}U{(z,—2): —n <z < —=3}. But |D(v)| < 3, so by what was remarked at
the beginning of this proof (or directly) we have that v € {(—2,n), (-3, —2)}. Assume
first that v = (—2,n). Then D(u) D {So, s1} so by what we have just remarked either
a=—-2and b>—-1orb=-2and a < —3. But u < v so, by Proposition 12, a > —2
and b > n which shows that there are no u < v such that D(u) 2 D(v). If v = (=3, -2)
then reasoning in exactly the same way one sees that if u < v is such that D(u) O D(v)
then w € {(—=2,b) : b > 3} (for D((—2,-1)) = {30}, D((-2,1)) = {s1}). So let
u=(-2,b), b > 3. Let s 4 ). Then vs = (=3,-1), us = (—1,b) and {w € D .
u<w<ws, ws < wp={(-2,y): 3<y<b} (forif w e DU w = (z,y), is
such that u < w < vs and ws < w then 1 € {x,y,—z —1,—y — 1} and -2 > & > —3,
b>y>—-1sowe{(-2,y): b>y>—-1}yU{(-3,1)} but, again by Proposition 12,
(=3,1) £ vs, (—2,1) £ vs and, by Lemma 2, or directly, s ¢ D((—2,—1))). By our
induction hypothesis (16) we have that Pys,s = 0, Py s = 1 if b = 3 while P, ,5s = 0
otherwise, and P(_3 ) .s = 1 if y = 3, P(_2 4),0s = 0 otherwise. But from Proposition 12
we have that ¢((—2,3),vs) = 2 so u((—2,y),vs) = 0 for all 3 < y < b. Hence from
Proposition 2 we have that P, , = ¢ if b =3 and P, , = 0 if b > 4 and the result follows
from our definition (15) of P, ,,.
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Finally, suppose that |D(v)| = 1. Then either i+j=—1(soj€[n—1]),or j—i=1
and i # =3, or j =n and ¢ ¢ {—2,n — 1}. We distinguish these cases.

Assume first that ¢ + j = —1. Then D(v) = {s;} so D(u) 2 {s;} and u < v. Since
uwe DI and sj € D(u) (and 1 < j < n — 1) we have that either u(j) > n—1 or
u(j +1) < —n+ 1. So we conclude from Proposition 12 that v € {(j,b) : j+1 < b <
n}U{(a,j): =i —1<a<jU{(@b):j < b}. Wedo one of these cases, the others
being similar, but easier.

Let u = (4,b), b > j + 1. Assume first that i = —2, so v = (=2,1). Let s def Sj.
Then vs = (—1,2), us = (2,b), and, by Proposition 12, u £ vs so {w € D,(zn_Q) cu <
w < vs,ws < w} = 0. Hence from (2) and our induction hypotheses (16) we have that
Py = Pysvs = ¢, if b =4, while P, , = Pys,s = 0 if b # 4, and the result follows from
our definition (11) of P, ,,.

Assume now that ¢ = —3. Thenv = (—3,2). Let s 4! 5y Then vs = (—2,3), us = (3,b)
and{weD,&nﬂ): u<w<ws,ws <w}={(2,a): 4<a<b}

From our induction hypotheses (15) we have that P, ,s = 1 if b = 4 while P, ,s =0
otherwise, Pyss = 0, while from (16) we have that P, 24 = 1ifb—1 < a < b
while P, (2.4) = 0 otherwise. But from our induction hypotheses (15) we have that
deg(P2,q),0s) = 050 pu((2,b),vs) = pu((2,b—1),vs) = 0 since £((2,b—1),vs) > 3 because
b > 4. Hence we conclude from Proposition 2 that P,, = ¢ if b = 4 while P,, =0

otherwise and the result follows from our definition (12) of ]3,“,.

Assume now that i < —2. Let s & sj. Then vs = (—j,j + 1), us = (j + 1,b),

and {w € DI i< w < vs,ws < w} = {(j,a) : 7 +2 < a < b}. From our
induction hypotheses (16) we have that Pus,s = 0, Py4s = 0 if b > j + 2, while
Puws = ¢ 2ifb=j+2, Pjayws =0if j+2 < awhile Pjo . =¢ ?ifa=j+2
But £((j,j +2),vs) = 25 + 1 so u((j, 7+ 2),vs) =0, so we have from (2) that P, , =0,
if b > j+2 while P, , = ¢! if b= j +2, and the result follows from our definition (12)
of ]51“,.

Assume now that j—i = 1 and ¢ # —3. By reasoning as in the previous case (i+j = —1)
we then conclude that v € {(—i —2,b) : —i < b}U{(a,—i—2) : 3 <a}U{(i+1,b):
i+2<blifi< -2 ue {(=2b):3<bU{(=1,b) : 2 < b}, if i = —2, while
ue {(i+1,b) :i+2<b}if i >0. We treat one of these cases, the others being similar,
but easier.

Let u = (—i—2,b), —i <b, i < —2. Then, i < —3.

Assume first that i < —4. Let s = s_;_5. Then vs = (i,i+2), us = (=i —1,b), and
{w eDI P u<w < vs,ws <w}l={(-i—-2,a): =i <a<b}U{(a,—i—2):i < a}U
{i+1,a) : i+ 3 < a < b} (for if ws < w then w(—i — 2) > w(—i — 1) which implies
that either w(—i —2) > n — 1 or w(—i — 1) < —(n — 1)). By Proposition 3 we have
that if p(w,vs) # 0 then either D(w) D D(vs) or w < vs. But D(vs) = {s_;_1,5_i—3}
so if w € D7(1n72)
then necessarily w(—i) < w(—i —1) < w(—i —2) < w(—i — 3), which is impossible.

Hence {w € DI w<w< vs, ws < w, p(w,vs) # 0} = {w € DI iy <

is such that u < w < vs, w 4 vs, p(w,vs) # 0, and ws < w
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w<dvs, ws < w}. But {w € DI w« vs} = {(i+1,i4+2),(4,7 + 3)} and none

of these have a descent at s = s_;_5. From our induction hypotheses (14) we have that
Pys vs = Py ps = 0. Therefore we conclude from (2) that P, , = 0, and the result follows

from our definition (13) of P,.,,.

Assume now that i = —4. Let s so. Then vs = (—4, —2), us = (3, ), and everything

goes exactly as above except that now D(vs) = {3p, s1,s3} so {w € Dén_z) cu<w < s,
wlw,vs) #0, ws < w} ={w € DI < w<vs, ws < w} = 0 since {w € D"
w<dwvs} = {(-3,-2),(—4,-1),(—4,1)} and none of these have s as a descent. So we
conclude as above that P, , =0 = PW,, as desired.

Assume now that j = n and ¢ ¢ {—2,n — 1}. Then reasoning as in the two previous
cases we conclude that u = (—¢ — 1,n) and —n < i < —2 (if ¢ > —2 then there are no
u < v such that D(v) C D(u)).

Let s & S—i—1. Then vs = (i + 1,n), us = (—i,n), and {w € D=2 .y < w < ws,
ws < w} = {u}. By our induction hypotheses (16) (and (15) if i = —3) we have that
Pysvs = 0, and P, ,s = ¢~ 7. But, by Proposition 12 we have that £(u,vs) = —2i — 4
so p(u,vs) = 0. Hence by (2) we have that P, , = ¢~ *~2
definition (16) of P, .

This concludes the induction step and hence the proof. 0O

and the result follows from our

For lower intervals the preceding result takes a particularly simple form.

Corollary 3. Let v € D,S”‘Q), n > 5. Then

3, ifve{(-n+1,n),(n+1,n-2)},

poma_ )& fv=(n-3n-2),
o 1’ va € {(n—Q,n),(n—l,n)},
0, otherwise.

Proof. This is a straightforward consequence of Theorem 5. O
As a consequence of the last two theorems we obtain the main result of this work.

Corollary 4. Let (W, S) be a Weyl group and J C S be such that W is a quasi-minuscule
quotient. Then P{i’g(q) is either zero or a monic power of q for all u,v € W7, u < wv.

Proof. If W7 is a minuscule quotient (also known as a Hermitian symmetric pair) the
result follows from Corollary 4.4 of [4]. If W is a quasi-minuscule quotient that is not
minuscule (i.e., a (co-)adjoint quotient) then the result follows from Proposition 13,
Theorems 4 and 5, and from computer calculations. O

The parabolic Kazhdan—Lusztig polynomials for the exceptional (co-)adjoint quotients
have been computed by implementing in Maple 9 the recursions given by Theorems 1
and 2 and by Proposition 2.
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5. Applications

In this section we derive some consequences of our main result for the ordinary
Kazhdan-Lusztig polynomials.

Corollary 5. Let (W, S) be a Weyl group and J C S be such that W is a quasi-minuscule
quotient. Then

Z (_I)Z(M)Pwu,v(Q)

weW

is either zero or a monic power of q, for all u,v € W7, u < wv.
Proof. This follows immediately from Corollary 4 and Proposition 1. 0O

Note that the exact power of ¢ in Corollary 5 is explicitly determined in Theorems 4
and 5, in Theorems 4.1, 4.2 and 4.3 of [4] and in Theorem 5.1 of [3].

From (1) and Theorems 4 and 5 we obtain the following explicit expressions for the
coefficient of maximum possible degree of the ordinary Kazhdan—Lusztig polynomials
indexed by elements of B,, and D,, that lie in the respective quasi-minuscule quotients.

Corollary 6. Let u,v € B,(L"_Q), u<wv,v=_(4,4), {(u,v) > 1. Then u(u,v) equals either
0 or 1. Furthermore p(u,v) = 1 if and only if either u = (1,3) and v = (=2,1), or
u=(-1,3) and v =(-2,-1), oru=(—2,1) and v = (-3,-2), oru € {(i + 1,7 + 2),
(=j—2,—1—2)}andj—i=1,j#A{-1,-2}, oru=(-1,—i—1) andj—i>1, j = —1,
oru=(—j—1,—i—1Dandj—i>1,i+j<—-1,i#—1,j#—1.

Proof. This is a routine, though somewhat long, check using Proposition 11 and The-
orem 4. One distinguishes the cases according to the statement of Theorem 4 (so,
since £(u,v) > 1, we have six cases to consider). We treat one of these cases, the
others being similar, and simpler. Assume j —¢ = 1, i # —2, and u € Cj[v]. Then
u € {(—i—1,—i),(—i — 2,—4)}. From Proposition 11 we have that ¢((¢,7 + 1)) =
2n —1—2i — 1 — Nq1(4,¢ + 1,2 + 1) and similarly that £((—i — 1,—4)) = 2n — 1 +
2i4+1—Ni(—i,—i—1,-2i— 1) and £((—i — 2,—i)) =2n — 1+ 2i + 2 — Ny(—i — 2,
—i,—2i — 2). Therefore we have that ¢((—i — 1, —i), ({,i + 1)) = —4i — 2 + 3sgn(i) and
U(=i—2,—1),(,i+1)) = €((—i—1,—1), (¢,i+1)) — 1. Hence p((—i—2,—i), (4,i+1)) =0
and p((—i—1,—i),(i,i+1)) =0if i > 1. But d(; j41) —1 = £((4,i+1)) —2n+1 = —2i—4
so pu((—i—1,—4),(3,i+1))=0alsoif i <-3. O

Corollary 7. Let u,v € DU 2, u < v, v = (4,5), l(u,v) > 1. Then u(u,v) is either
0 or 1. Furthermore, pu(u,v) = 1 if and only if either v = (=1,2) and u = (2,4), or
v=(=2,£1) andu = (£1,4), ori+j=-1,7 #{1,-2} andu=(j—1,5), orj—i =1,
J §§ {_n’_Q’_l} and u € {(] -1,-j- 1)’(ja —J - 2)7(j7j+2)}7 orj—i1>1,75< -2
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andu=(i,—j—1), orv=(-3,-2) andu=(-2,3), ori+j<-1,j—i>1,5>-1
andu = (—j—1,—i—1), ori < -3, j=—-1landu = (-2,—t—1), ori+j > —1,
j—i>1,i<—1, andu=(—i—1,j).

Proof. The proof is similar to that of Corollary 6 using Theorem 5 and Proposition 12.
One again distinguishes the cases according to the statement of Theorem 5 (so, since
l(u,v) > 1, there are 9 cases to consider). We treat one of these cases, the others being
similar, and simpler.

Suppose that j —i =1, j € [-n+1,-3]U[2,n] and u € E*[(j + 1,—J)]. Then u €
[G.=3=1), (=1, —j=1), (G, —3=2), =1, =) (j+1, —j—2), (j+1, —)} and, since u < v,
Jj < =3 by Proposition 12. By Proposition 12 we have that £((j,—j—1)) = 4((j—1,—j)) =
(1, —=2)) = 2n-3, £((j—1, —j—1)) = £((j. —§~2)) = 202, £((j+1,—j)) = 2n—4,
and £((j—1,7)) = 2n—2j—5. Hence we conclude that ¢((j, —j—1),v) = £((j—1,—j),v) =
((G+1,-j—2),v)=0 (mod2),{((j—1,—j—1),v) =£(j,—j —2),v) = —2j — 3, and
((j+1,—5),v) = —2j — 1 so we have from Theorem 5 that pu(u,v) = 1 if and only if
u=(G—-1,—j—1loru=(j,—7j—2). O

6. Open problems

In this section we present some conjectures that have arisen from the present work,
together with the evidence that we have for them.

This paper completes the computation of the parabolic Kazhdan—Lusztig polynomials
of type ¢ for the quasi-minuscule quotients of Weyl groups. The parabolic Kazhdan—
Lusztig polynomials of type —1 have been computed for the minuscule quotients (see
[2] and [19]), but not for the (co-)adjoint quotients. We have been unable to compute
these polynomials for the co-adjoint quotients of types B and D. However, we have a
conjectural combinatorial interpretation for these polynomials, which we now explain.
Throughout this section we assume, for simplicity, n > 4.

Let ve B2 v = (i,7). We define M (v) by

{(=2,1),(1,3),(3,4)}, if v =(-2,1),
{(,1),(j,j+ 1), (—mi+1,—i+2), (1, —i + 1)}, ifi<-—2=—j—1,
M(’U) def {(@,5), (=i+1,—i+2)}, ifj—i=1,
{G, ), (G, 5+ 1)}, if1<j—i<2j,
{(,-1),(=1,2),(—i+1,—i +2), (—j+1,—i+ 1)}, ifi<-2=j—1,
{(4,7),J, g+ 1), (—=i+1,—-i4+2),(—j+1,—i+ 1)}, otherwise,

M(v) = M(v)N B and w, : M(v) = N by w,(v) def 0,

wy((1,3)) €1, w,((3,4)) < 2,
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wo((G, 7 + 1)) L w,((~1,2)) €1,

wo((—j + 1, =i + 1))  w, (1, =i + 1)) = £(v) — 2n + 3,
and

wo((—i+1,—i +2)) < 0(v) — 2n + 4,

otherwise. Thus, for example, M((2,3)) = {(2,3)}, M((3,4)) = {(3,4),(-2,-1)},
M((i,n)) ={@,n)}ifi<n—1,and M((n—1,n)) ={(n—1,n),(—n+2,—n+3)}. We
can now state our first conjecture.

Conjecture 1. Let u,v € Br(l"72), w <wv. Then

P - Y e,
€M (v)N[u,v]

For example, if v = [1,2,3,8,4,9,5,6,7] and v = [1,2,9,-8,3,4,5,6,7] then u,v €
B w=(4,6), v = (—4,3), £(v) = 16, M(v) = M(v) = {(=4,3),(3,4), (5,6), (=2,5)},
M) N [u,v] = {(—4,3),(3,4),(—2,5)}, wy((—4,3)) = 0, w,((3,4)) = 1, and
wy((—2,5)) = 16 — 18 + 3 so P, »(q) = 1 + 2¢. This conjecture has been verified for
n <11.

By Proposition 13 we obtain the following special case of Conjecture 1. Let u,v €
S2m=2 < y. Then, if u = (a,b) and v = (4, 7),

g 1+¢77, ifa<j<i<hb,
PI[‘Q’;Jn B 1(q) - {1 othervjise (17)

In fact, by the combinatorial description of the quotient S,[L2 2] e have that a,byi,7 >0
and, by Proposition 10, a < 7 and j < b. From Conjecture 1 and Proposition 13 it follows

that PE{,”fQ}’fl(q) = > q“*(@). Since in this case
ceM(5)N[a,3]

e {0,(=j+1,i+1)}, ifa<j<i<b,
M —
(@) 0 [a, 7] { {o}, otherwise,

and, by Proposition 11, ws((—j + 1,0 + 1)) = €(0) —2n+ 3 =14 — j, we find (17).
Our conjecture for the coadjoint quotients of D,, is similar, but we find it convenient
to embed D,(l”‘z), as a poset, into a slightly larger poset. More precisely, we let

D=2 € pn=2) (5 4y 2 < Ji| <n—1}
(recall that we identify D" with {(i,5) € [£n]?: i< j, i# —j}), and we partially
order Dﬁ;‘*” by taking Proposition 12 as a definition (it is easy to see that this indeed

defines a partial order on DY)
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For v = (k,¢) € D" we let

{(k,0),(=k+1,-k+2)}, if [0 =1, k=-2,
{(k,0),(=k+1,-k+2),((,—k+1)}, if|¢) =1, k=-3,
{(k,0),(-k+1,-k+2),(¢,-k+1),(¢,2)}, if|f)=1, k< -3,
{(k,0), (£, +1)}, ife>20>k+1>0,
{(k,0),(mk+1,0),(£,0),(¢, £+ 1)}, ifk<-1,1-k<{¢,
{(k,0),(£,£+1),(£,0)}, ifk<-1,1-k=¢,
{(k,0), (6,0 +1),(-k+1,-k+2),(—+1,—-k+1),

M(U)déf (=k+1,-k+1), -k+1)}, if 2 << —k,
{(k,0), (£, 0+ 1), (-k+1,-k+2),(—+1,—-k+1),
(—k+1,—k+1),((—1,—k+1)}, if2=1¢<—k,
{(k,0), (k,—£+1),(—+1,—C+2),(L1),
(—0+1,-k+1),(-k+1,-k+1),

(—k+1,-k+2),(0,-k+1)}, ifk+1<l< -1,
{(k,0),(k,—k+1),(—k+1,-k+1),

(—k+1,-k+2)}, ifk+1=10<-1,
{(k,0)}, otherwise.

M(v) o M(v) N DI and w, : M(v) — N be defined by w,(v) 40 and
wo((=k+1,—k+2) < —k—1, w,((t,—k+1)) < —k—2,
wy((£,2)) €1,

if 0] =1,

wy (6,0 +1)) €1,
if k> —1,
wo((—k+1,0) E —k—1, w,((6,0) E1
wo((6,0+1)) & —k,
ifk<—-1,1-k</,

wo((6,6+1)) 1, w, ((£,0) -2,

ifh<-land1l—Fk=¢

wo((6,+1) ¥ 1, wo((—k+1,-k+2) % 0 —k+1,

wo((—0+1,~k+1) % 0 —k, wy(~k+1,~k+1) % k-1,
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wo(6—k+1) L, (-1, -k+1) & —k -2,

ifl<fl<—k
wo((k, —0+1) = =0 =1, w,(—0+1,-0+2)) = —¢,

Wo(—0+1,—k+ 1) 0 k-3, wo((~k+1,-k+1)) % —k—1,

wo((—k+1,-k+2) % —0— k-2, w,((t,~k+1)) % k-2

wy((6,6) €1,

ifk+1</¢<—1,and
wo((k,—k+1) € —k =2, w,(<k+1,-k+1)) < -k -1,

wo((—k + 1,k +2)) < —2k — 3,

ifk+1=0<-1.
We can now state the second conjecture of this section.

Conjecture 2. Let u,v € Dg"fZ), u <wv. Then

O ED DR
xzeM (v)N[u,v]

Note that the interval [u,v] above is to be taken in ﬁy(l"_z), so [u,v] f {z €
D™ u < & < v}. For example, [(—3,-2), (=4, —3)] = {(=3, —2), (-4, —2), (-3, -3),
—4,—3)}. The preceding conjecture has been verified for n < 11.
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