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ABSTRACT. Without any symmetric conditions on potentials, we proved the
following nonlinear Schrédinger system

Au — P(z)u + pru® + Buv? = 0, in R2

Av — Q(x)v + p2v® + Bovu? =0, in R2
has infinitely many non-radial solutions with suitable decaying rate at infinity
of potentials P(x) and Q(z). This is the continued work of [8]. Especially
when P(z) and Q(z) are symmetric, this result has been proved in [18].

1. Introduction. We consider the following nonlinear Schrodinger system

Au — P(z)u + pu® + Buv? = 0, in R? (1)
Av — Q(x)v + pev® + fou? = 0, in R?

where P(x),Q(x) are positive potentials, 1, e > 0 and 8 € R is a coupling con-
stant.

This type of system arises when one considers the standing wave solutions of the
time dependent M —coupled Schrédinger system of the form with M = 2

M
0D, '
i = AR V@) |0 0 Y Gl BY
I=1,i%#;

(I)j:q)j(l',t)e(c, t>0, jil,"',M,

where p; and f;; = (j; are constants. The system (2) arises in applications of
many physical problems, especially in the study of incoherent solitons in nonlinear
optics and in Bose-Einstein condensates. Physically, the solution ®; denotes the
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j-th component of the beam in Kerr-like photo refractive media. The positive
constant u; is for self-focusing in the j-th component of the beam. The coupling
constant 3;; is the interaction between the j-th and the I-th components of the
beam. Physically, if 8;; > 0 then the interaction is attractive, while the interaction
is repulsive if 3;; < 0.

Problem (1) also arises in the Hartee-Fock theory for a double condensate i.e.
a binary mixture of Bose-Einstein condensates in two different hyperfine states
|1) and |2), see for example [19, 20]. Physically, ®;,®, are the wave functions
of the corresponding condensates, u; and § are the intraspecies and interspecies
scattering lengths respectively. The sign of the scattering length § determines
whether the interspecies of states are repulsive or attractive. In the attractive case
the components of a vector solution tend to go along with each other, which is
so-called synchronization. And in the repulsive case, the components of a vector
solution tend to segregate with each other leading to phase separations, which is
so-called segregation. These phenomena have been documented in experiments and
numeric simulations, see [5, 10, 15] and reference therein.

Mathematical work on nonlinear Schrédinger system has been studied extensively
in recent years. If the domain is bounded, under the Dirichlet boundary condition,
many properties are considered, e.g. local and global bifurcation structure of posi-
tive solutions ([2]), a priori bounds for positive solution and multiple existence ([7]),
infinitely many positive solutions ([9]. For whole space, there are also many results.
For two-component, existence of ground state is obtained in [1] and existence of
two continua of bound state solutions is founded in [3]. For multiple existence,
one may see [4]. For high components case, existence and non-existence are estab-
lished in [11] and k,k € N pairs of nontrivial spherically symmetric solutions are
proved in [13]. Phase separation has been proved in several cases with constant
potentials such as the work [12, 24, 25] for two components and [6, 17, 20] for high
components as the coupling constant § tends to negative infinity. In constant case
P(z) = Q(x) =1, 8 is positive but small enough, then uniqueness is proved in [27].
Especially, for the case of py = pa, [25] gives infinitely many non-radial positive
solutions for § < —1 which are potentially segregated type. For N = 3, Peng and
Wang [18] proved the existence of infinitely many solutions of both synchronized
and segregated types to (1) for radially symmetric positive potentials P(|z|), Q(|x|)
with the following algebraic decaying conditions:

(P): There are constants a € R, m > 1 and 6 > 0 such that as r — oo

a 1

(Q): There are constants b € R, n > 1 and ¢ > 0 such that as r — oo

b 1
Q(r)zl—l—w—i—O(TnJrU).

The constants a,b,m,n and coupling constant § should satisfy some further
conditions depending on whether the solutions are synchronized or segregated type,
e.g. for segregated type, it needs m = n,a > 0,b > 0. In Remark 4.1 of [18],
the authors point out that the synchronized result can be extended to the case of
N = 2 with little change but they don’t know what’s the segregated case. Natural
questions come: are there infinitely many segregated solutions with arbitrarily large
energy for N = 2?2 If so, can we remove the symmetric conditions on P(x) and
Q(z)? In this paper, we will give affirmative answer.
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Recall the key of their proof in [18] is the symmetry of the potentials P(|z|), Q(|z|)
and in the spirit of the work [26] where the authors consider the following nonlinear
Schrédinger equation:

Au—V(|z)u+uP =0 inRY, (3)
N+42

where 1 < p < 375 and V/(|z|) is positive. Using the number of bubbles as param-
eter, with Lyapunov-Schmidt reduction at hand, they proved that problem (3) has
infinitely many positive non-radial solutions if there are constants Vo, > 0, a > 0,

m > 1 and o > 0 such that

a 1
V(T)VOO+7~m+O(7«m+0)'

Such idea is used very widely, see [21, 22, 23] and so on.

Recently, del Pino, J. Wei and the third author, see [8], considered the nonlinear
Schrodinger equation (3) for N = 2 and proved the existence of infinitely many so-
lutions when the symmetry requirement of the potential V' is lifted. More precisely,
with so-called intermediate reduction method they proved the existence of infinitely
many non-radial solutions when the potential V' satisfies

1
V(r) = Ve + am+0< ) as |x| = oo,

|| ||t
where

-1
a >0, mmin{l,p2}>2, o> 2.

Based on their work, we can continue to consider system case. In the following
we always assume P, ) satisfy the following decaying rate as |z| — +oo:

a 1 b 1
P(z) =1 0) , 1+ —40(——).
0 =14 540 gpm ). Q=140 () @
Our main result in this paper is the following:
Theorem 1.1. Suppose P(x), Q(x) satisfy (4) and
a,b>0, m#n, mn>2 2min{m,n} > max{m,n}+2, 6,0 > 2. (5)

Then there exists B* > 0 such that for B < [*, problem (1) has infinitely many
non-radial positive segregated solutions whose energy can be arbitrarily large.

Remark 1. It is obvious that in (4), the constant 1 can be replaced by any positive
constant and Theorem 1.1 is still true.

Remark 2. In [18], for symmetric potentials they constructed segregated solutions
through the different angles of concentrating points. Without the help of symme-
try, to finish the reduction, we need to adjust angles, which means that we can’t
determine angles in advance. Hence we get the segregated solutions through the
different radii of two circles for concentration under the assumption m # n. We
believe this is technical and make the following conjecture:

Suppose P(x),Q(x) satisfy (4) and a > 0,b >0, m=n > 2,0 > 2, 0 > 2. Then
problem (1) has infinitely many non-radial positive solutions whose energy can be
arbitrarily large.

Remark 3. For system, new obstruction appears due to interaction uv? and vu?.
To get the reduction work, 2min{m,n} > max{m,n}+2 is needed, see also Remark
7.



968 WEIWEI AO, LIPING WANG AND WEI YAO

Remark 4. The smallness of 8 is to make sure the solutions are positive and
the linear system (35) is non-degenerated. For the non-degeneracy, we can take
B* = min{w, ?(0), w,2(0)} by (36) where w), is defined in (6).

Remark 5. Our result can be stated and proved for the case of R? with little
change to the proof. We leave the proofs for interested readers.

Remark 6. In the following of the paper, without loss of generality, we assume
that m > n.

Throughout the paper, we make use of the following notations and conventions:

e For quantities Ax and Bk, we write Ax ~ Bk to denote that Ax /By goes to
1 as K goes to infinity; Ax = O(Bk) means that |Ax /Bk| are uniformly bounded
while Ag = o(Bg) denotes Ax/Bx — 0 as K tends to infinity.

e For simplicity, the letter C' denotes various generic constant which is indepen-
dent of K. It is allowed to vary for different lines.

e We will use the same |y| = ||y||2 for the Euclidean norm in various Euclidean
space R? and denote the inner product of vectors a and b by a - b.

In the next section we will show the procedure of construction and main idea in
each step.

2. Description of the construction. In fact we will construct infinitely many

non-radial positive solutions for system (1) to prove Theorem 1.1. So in this section

let us introduce the approximation and describe the main steps of the proof briefly.
Let w,, be the unique positive radial solution of the following problem:

Aw—w+pw? =0, w>0 in R2

w(0) = maxw(x), we H'(R?). (6)
z€R?
It is well known that
. 1, 1 . w’:l,(’r) /
Thﬁnoloﬂe wy(r) = p~ 2wo, TILHSOW = -1, w,(r) <0 (7)

where wp is a uniform constant independent of u. The non-degeneracy of w,, will
play the key role in the following proof. We will use (wy,, ,w,,) to build up the ap-
proximate solutions. Namely, the solutions we construct will be small perturbations
of the sum of copies of (w,,,,w,,).

Let ) be defined as

; 2
@) = (Rcosf;, Rsin6;), t9j:oq+(ge1)?7r
and ¢ be defined as
j . . 27
W= (peostl psind}), 0 =art (- )2
for j=1,---, K. Here oy, ay are two parameters dealing with the degeneracy due

to rotations, and R, p are two positive numbers which will satisfy the following
so-called balancing condition:

. —n— )
apmR™™"1 = 2sin }qll(dl), bonp~ "' = 2sin ?‘1’2@2)7 (8)

a 2 2 N m — = 7T
ao:—/szmda:, bozf/wwm, d1:2Rsm§, d2—2pbm? 9)
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and W, are the interaction functions defined as follows:
U,(s) = —,ul-/ wy, (T — sé‘)div(wii (z)é)dx.
R2 )

Here € can be any unit vector in R?, see [14, 16].
We will see (Lemma 3.2) that as K — oo,

Re KK, p~2KhK,
2T 2T

I’lri?‘l‘é —z)=di ~mhK, Iggﬂyé —y)| =dy ~nlhK,

and
in|ob—yl| > (R—p) ~ =" KInK.
Ly min oo =yl = (R —p) ~ — —Kn
Next we define a small neighborhood of Q° = (x4, --- , 2&, yd, - -+, y&) on R* in

a suitable norm. To be made precise we introduce other parameters. Let f;;, g;; € R
1=1,2,5=1,--- K, we define

ol =} + fuii + guithy, Y = yh + fajitej + g2ita;, (10)
where
fi1; = (cosB;,sinb;), t1; = (—sin8j, cos b)),
fig; = (cos 0}, sin6), ta; = (—sind}, cos0)).
Denote by
Q:(Ql,n-,QgK):(x1,~--,a:K,yl,---,yK). (11)

A trivial but important fact is that these points are 27 periodic in a1 and «s.
We can now introduce the other parameters qi, q2 and define the norms. Denote

q1 = (f117f127"' af1K791159127"' 7glK)’ q2 = (f217f227"' af2K7921)9227"' 792K)

and
di = (fir, o firs Gins 5 Gikc)s & = (fir, . firc: Gins o i),
where
. K . 2
flj = (fi,j+1 - flj)%v fl] = (fi,jJrl - 2flj + fi,jfl)mv
. K . K?
9i5 = Gig+r = 9i) 5 Gig = (9igr1 = 2965 + 9ig-1) 3>

Jkvi=h, fo=Ixk, 9grk+1=01, Go=9k-
With these notations, we can define the configuration space by

Ak ={Q=(Q1, -, Qax) € R* |27, y defined by (10) and ||q;|. <1}, (12)

where [|qi [« = [laslloc + |Gilloo + [l is @ norm on R,
Now we define our approximate solution to be

(Uv V) = Zwul(w_xj)vzwﬂz(x_y]) . (13)
j=1 j=1

Note that for Q € Ag, by Corollary 3.6. in [8] and (7), 0 < U,V < C,
min |27 — 2!| = d; + O(K™1), min |y — ¢!| = do + O(K™Y),
P A
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and
miln|x3 —yl|>R—p—4
J,
We will use Lyapunov-Schmidt reduction method to solve this problem. Let

g v )= Au — P(z)u + pu® + Buv?
v )\ Av—Q(x)v + pov® + fou? )

Then we want to find solutions of the form (u,v) = (U + ¢,V +1)). It is equivalent
to solving the following problem:

(1) emen(t)

h
Y )\ AY = Q)Y + 3ua Vi + fUY 4+ 28UV )
_( Ei\ U\ ([ AU - P(2)U + u U3 + BUV?
b= ( B ) —5< v ) = ( AV — Q) + V' + BVD? ) (15)
and

Nl ?) = 3unU* + m1¢® + B2V + 9>U + 4%¢)
(G BuaVip? + poyp® + B(2UY + ¢*V +4¢?) )
Remark 7. In the later computations, the term (¢2U can’t be avoided in the

¢
(@

K—"In"2 K, so in the estimate of N ( i
keep K27 In~! K be higher order of K~"~2, the condition 2n > m+2 in Theorem

1.1 is necessary.

(16)

first component of N ( ) Roughly speaking, some norm of ¢ is controlled by

>, the term K 2" In~! K will appear. To

Now we sketch the proof of the main theorem. We will follow the idea in [8] to
prove our main result. Certainly system involves more details and computations.

Step 1. Solving the projected problem.

Let a = (a1,a2) € R? and q = (qi,q2) € R*E, we look for a solution (¢,1)) and

~

some multipliers /1, Bg € R?K such that

ou

6 oN_| " oa
f(8)ern($)-] M .
62.87
q2
QSij:Oa
R2
/wajZO,Vjil,"',K,
R2

where the vector fields Z,;, Z,; are defined by
Zyi = Vwy, (v — 27), Zyi = Vw, (z —y).

Y

This is the first step in Lyapunov-Schmidt reduction. It is done in Section 4
through some a priori estimate and contraction mapping theorem. A required ele-
ment in this step is the non-degeneracy of w,, and the smallness of 5. It is worth
pointing out that the function (¢,) and the multipliers ,@1,32 found in Step 1
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depend on the parameters o and q. Hence we write < 4 ) = < zm’q) ) and

@\1 _ él (Oé7 q)
62 ﬁ2 (Oé, q)
Step 2. Solving the reduced problem.
First by direct calculation,

ou
-~ — (R 1y, - 1y,
Doy (Rqio +ay) ey’ D (pg20 +4q3)
where q10 = 920 = (O, a0717"' 51> and qL = (_57.]?) for q-= (ﬁ§>
We define

51 231—71(3(1104—(1%)7 52232—72(/’(1204—(1%)7

then the new multiplier 3 = (51,52) depends on a, q and v = (y1,72). By
Lyapunov-Schmidt reduction, the step of solving BZ = 0 will be divided into two
steps.

Step 2A: Solving 6_; = 0 by adjusting q and v. In this step, for each a € R?,
we are going to find (q, ) such that

ov
0q

ou ov

Bi =0, a4 L g0,

fori=1,2.

We denote the solution obtained in this step by v(a),q(«). Then the original
problem is reduced to v(«) = 0.

Step 2B: Solving v; = 0 by choosing aq, as.

At this last step, we want to find o € R? such that y(a) = 0. As a result, the
function (U + ¢,V + 1) is a genuine solution of (1).

This step is the second step of solving the reduced problem in the secondary
Lyapunov-Schmidt reduction. To achieve this, by Step 2A, the function (¢,1))
found in Step 1 solves the following problem:

, oU

¢ o\ _ U dan
L<¢>+E+N(w) 60{71 ,

Y2 m

8042

¢sz :O,/ ¢Zy3 :0, V]:1’7K
R2 R2

To solve ~; (a1, @) = 0, we first apply the variational reduction to show that v; =0
has a solution if the reduced energy function F(aq,as) = E(U + ¢,V + ) has a
critical point, where £ is the corresponding energy functional:

E(u,v) = 1/ \Vu\2—|—P(a:)u2—|—|Vv\2—|—Q(x)v2—1/ ,u1|u|4+u2|v|4—§/ u?v?.
2 Jpe 4 Jp2 2 Jgr2

Secondly, it is easy to check that F(ay,az) is 27 periodic and C?! in a1, ag, hence
it has critical points.

Finally, the paper is organized as follows. Some preliminary facts and estimates
are explained in Section 3. In Section 4, we apply the standard Lyapunov-Schmidt
reduction for Step 1. In Section 5, we further reduce the problem to a two-
dimensional one. In Section 6 we carry out Step 2B and complete the proof of
Theorem 1.1.
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3. Preliminaries. In this section, we present some preliminary facts, useful esti-
mates whose proof can be found in [8] and the expansion of £(U, V).
First recall the definition of ¥, (s)

U,(s) = —ui/ wy, (x — sé’)div(wzi (x)é)dx
R2

and we have
Lemma 3.1 (Lemma 3.2. [8]). For s sufficiently large,

U,(s) = c#is*%efs (1+0(s™)
where c,,, > 0 are constants depending only on p;.

Next we study the balancing condition (8).
Lemma 3.2 (Lemma 3.3. [8]). For K sufficiently large,
dy=mlnK+ (m+ )ln(man) +0(1),
1
R= —KanwL f(m+ )Kln(man) + O(K),
(17)

dy=nlnK+ (n+ )ln(nan) +0(1),

—Kan—i— 2i(n+ —)KIn(nln K) + O(K).
T

If we denote

1 1
Ev(u) = 5/1[@2 (IVul + V(@pe) de - Z/RQ ut,

+0 (KR 4 Ke 2143 )
and
EQ(V) =K Ay + (bo + of Zly I~ _§Z(A2+0(1))wuz(|yl_yj‘)
1]
+0 (Kp_Z" + Ke—2d2d§) :
Here A; = %fRQ ,uiwﬁid:z:, Ai = pi [go w e” " dx, for i = 1,2 and ag, by are defined

in (9).
Obviously,

E(T.V) = Ep(0) +Eo(V (Zwm wl>> PORONCER

Hence in order to get the expression of £(U,V), we just need to estimate the
interaction term which actually is higher order. Indeed, for any [,j = 1,..., K, if



NON-SYMMETRIC POTENTIALS 973

|z — 2!| < [z! — y7| then |z — y?| > 1|2’ — yI|. Hence

2

=1 J=1
K

2 2 (N2 g
=K ljzzl /]R? wm(x x )ww(x y’)
ey (f + w2, (o~ atud, (x — 17)

Lj=1 {o:|z—at|<{|at—y|} {z:|z—at|>L |zt —yi |}
_Kzzo< —le—yj|; w2 4+ e l7 —ylé w? )

1,j=1 |2t —yd| Jp2 M 2t — 99| Jp2 M

(m—n) 1
:K4O —5— KhK — o( K~ ).
<e Knk) = )
(18)
In conclusion, we have the following energy expansion to finish this section.
Proposition 3.3. For K sufficiently large, for a1,as € R and q satisfies (12),

E(U,V) =K Ag + (bo + of Zly \‘"—72 (A2 + 0(1))wp, (' = 3)
I#j

+0 (KR‘m + Ke_dldl_5 +Kp~2 4 Ke—%dg) :
where by is defined in (9) and
Ap = Z/ lefjl + Mzwﬁz-
R2

Remark 8. Let us recall the we assume m > n. Hence in the expansion of energy,

interaction between w,,, (x — y?),7=1,..., K plays main role comparing to that of
wy, (x —a7),j=1,...,K. It is obvious that if m < n, then
EU,V) =K Ay + (ap + o(1 Z |27 |~™ Z()\l + o(1))wy, (2! — 27)
l#J

+0(Kp+ Ke—d2d; THKRT 4 Kenthdy )

where ag is defined in (9).

4. The Lyapunov-Schmidt reduction. The aim of this section is to achieve
Step 1 in the procedure of our construction described in Section 2.
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We first introduce some notations. Let 0 < 1 < 1 be a constant to be determined
later. For h = (h1(x), ha(z)), we define the following weighted norm:

-1

K K
= sup |[ el L e ),
j=1 j=1

z€R2?,i=1,2

where 27,37 are defined in Section 2. In what follows, we always assume that

(a’;l,... ’./L*K’y:l’... ’yK) EAK.

For f = ( ;; >7g= ( z; >, we denote by (f,9) = [z2 f191 + f292.

Now we state our main result in this section.

Proposition 4.1. Suppose P(x) and Q(x) satisfy (4) and (5). Then there is a
B+« > 0 and a positive integer Ko such that for 8 < B, and all K > Ky, every
a = (a1,a2) € R? and q = (q1,qz) satisfying (12), there exists a unique function
(¢,v) € (H*(R?))? N Bg and a unique multiplier (31,32) € R*¥ such that

5 ou
¢ ¢ Y oar
L<¢>+E+N(w>: - aqx; 7
/5‘2~a— (19)
q2

d)ij:O,/ ¢Zyj:()’ Vj:17...7K’
R2 R2

where
B = {(60) € (L=®)7 : [(&,V)l.. < Cok () ).

Here Cy > 0 is a constant independent of K. Moreover, (a,q) — (¢(z;a,q),
Y(z;a,q)) is of class C1 and

i(Rfl +p71) a(¢71/))

<CK "(nK) 2. 2
2 e, <CK"(InK) (20)

0

2o
. q

4.1. Linear analysis. Let M denote the 4K x 4K matrix defined as follows:

My = <8W ow

PN =1, 4K, 21
0q; (9(]j> 1)

where W = < = ) and q = (q1,92) := (g1, - - , qaxc). With definition of U,V and

similar computations as Lemma 4.2 in [8], one can obtain

0
ij:/ (&)261‘%:607 Mjl:O(R_m)v J#lvjvl:]-»aZKVa (22)
My = [ (D22, o My=0(p"), j#1,5,1=2K+1,... 4K, (23
Jjj — — 1, Jjl = (p )a]?é y b= + PR ) ( )

Mj = My =0, V j=1,...,2K, | =2K +1,...,4K. (24)
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From the computations of (18) and the second part of Lemma 3.8 in [8], it is
obtained that for any p > 1

[ o= e =)o = 0 (7RI - i) v,

R2

/ wm(ﬂf—mj)wm(x—:rl)d:c:O(e"’j_ggl”xj —wllé) ;o Vi#FEL (25
R2

/ wm(ac—mj)wﬁl(x—xl)dx:O(wm(mj—xl)), ‘N E2E
R2

Based on (25) and similar proofs of Lemma 4.2 in [8], we can deduce the following
linear result.

Lemma 4.2. For K large, given any vector be RAK | there exists a unique vector
B € R* such that M = b. Moreover,

[1Blloe < CIb]los,
for some C > 0 independent of K.
We can now prove the following a priori estimate.

Lemma 4.3. Under the assumption in Proposition 4.1, there ezists a B > 0 and a
positive integer Ko such that for all B < B., K > Ko,a € R%,q in (12), and all h =
(h1,h2) with ||h]l. < oo, there exist a unique vector function (¢,v) € (H*(R?))?
and a unique multiplier B = (31, Eg) € R* such that

3 ou

¢\ _ Y oqy
()] B ] .
2 0z ()

$Zy =0, /wzyj:o, Vi=1,.. K.
R2 R2

Moreover, we have the following estimate:
¢ ) B
= < CO||h| s 27
[ 5 )| =M 0

for some C > 0 independent of K.
Proof. Multiply the first equation of (26) by % and integrate over R? to obtain

sl 2 VN[, W
Mﬁ_<L(w>’8q> <h’aq>’

where M is the 4K x 4K matrix defined in (21).
Integration by parts, we have for j =1,--- | K,

<L( i )( Zgj >>:/]R [— (P(x) = 1) + 31 (U* = w}, (x — 27)) + BV?]

x pVw,, (x — 27) + 280V YVw,, (z — 7).

_|_
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By the assumption (4) on P(z), (17), (25) and [z, ¢Z,; = 0, we have

[ P@) = 1V, - )

( / + / ) (P(z) — 1)V, (z — 29)
{ailo—ai|<Yloi}  Halo—ai|>1loi]}

<C (Jo?] 7" K+ 2|0 4 e 0T ) 6] o
<C(R™ 'K +R ™) 6]

By mean value theorem, for |z — 27| < 2mIn K,
_ , . .
02— w2, (0 —27)| < Cuyy (= 27) 3wy, 2 — ).
I#j

See [8]. Thus

L@ = (o= ) Vi o - oo

< / Wy (&= 27) 3w (0 — 2) [V, (@ — a7)g|
lz—27|<2mIn K 125

+/| ZZZwM wm(x—xl)’Vwm(m—xj)qﬂ

r—zd|>2mIn K 1145

<Cl9lls {/R (z—a7 Zwm a)dr + K w#1(2man)/

2
1#] R

Wy, (x)d;v]

<C (Zwm 2l —a') + K*(InK) " 2e _2"”“K) 19]lec < Cdy ?e™" [|¢lloo,

I#j
and
BV2Vw,, (x — 27)¢ + 280V Vw,, (x — a:j)z/J‘
R2
<CKZ [ ko=l )V o)

<oz<Z =016, 8) oo < CK2e3ED[(6, )00 = 0 (BT 72) [1(6, %) |-

((2) (5 Dzcwren

Similarly, we have

() (2 zome

Thus we have

< S

ASHRSE
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By the exponentially decay of w,,, at infinity, we have

ow
- < .
<h, 3qi> < C|h]l.. (30)

Combining the above estimates (28), (30), Lemma 4.2, and recall that d; > da,

we get
( f; )Hw + ||h||**>. (31)

(K)
Now we prove (27). We argue by contradiction. Assume there exist < z( K) ),

1Bl < C (d; B

hK) solution to (26) and

(K)
A, — 0, H( z(K) )

as K — oo. For simplicity, we drop K in the superscript.
First by the exponential decay of w,,, we can make further computations ([8]).
For any = € R? \ UIZ, B(27, 7) large independent of K

=1, (32)

EES

_ dq _1 1 dy
U<w, (r)+Ce 2 <2u; 2¢cor 2 " +Ce 2,

where ¢ is defined in (7). So does V.
With the assumption on P, @, one can check carefully for 7 large, e.g.

24¢2 —op?
02-"-7] < 1+774 2n , then

_ 1—
Li(Wy) := AWy — P(2)Wy + 3 U Wy < _TnWia

and
_ 1—
Ly(Wy) = AWy — Q)W + 3pa VW < *%Wi,

K K .
in R?\ (U, B(a?,7) UUK. | B(y?, 7)), where Wi = Y enlo=2l 4 37 ednle=v’l,
j=1 j=1
Using maximum principle in the domain R? \ (UL, B(27,7) U UK, B(y/, 7)), we
have the following:
. 2K
9@ < O(I1L1(6)llx + b 0]l = (m00,.r) D e~
= =1
and
2K

2K —nle—Q
()] < O(NL2() e + b 18] e 0,7 ) D e
]:

=1
where Q; = 2/ for j = 1,...,K and Q; = v/~ K for j = K +1,...,2K, see also
(11).

By the equation satisfied by ( f; ) and 7 large,e.g. é(i + i) small, we have

1)

2K —nle—
+Su}1)||¢||Lm(B(Qj7T))> Z@ nlz Ql"
7= =1

EES ok

()| + ()] <C<HL( ¥ )
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By (31), the assumption (32) and the above estimate (33), there exists a subse-
quence of @); such that
H ( ) Lo(B(Q;,7))

for some constant C' independent of K. Using elliptic estimates together with
Ascoli-Arzela’s theorem, without loss of generality, we can find a subsequence x7

(- +a7) ) boo
h that » 1 t set) t bounded
suc a ( w( + .13]) WI1ll converge (on any compact se ) ] ’Qboo oundae:

by a constant times e~"1%l solving
A¢<>o - (boc + 3/14111}31(77500 = 0’
Mpoo = Voo + By, oo = 0, (35)

/ Poo Vwy, dy =0
RZ

Since w,,, is non-degenerate and ¢, satisfies the orthogonality condition, one has
easily ¢oo = 0. By energy analysis, if

B < min{w, ?(0),w,”(0)}, (36)
the only possibility is 1o = 0, in contradiction with (34). Thus we get the a priori

estimate.
Consider the space

’Hz{u=(u1,u2)€(H1(R2))2:/ Uy Zyi =0, / usZy; =0, j:l,...,K}.
R2 R2

Notice that the problem (26) in (¢, ) gets re-written as

(i)—HC(i):h in H (37)

where h is defined by duality and IC : H — # is a linear compact operator. Using
Fredholm’s alternative, showing that equation (26) has a unique solution for each
h is equivalent to showing that (37) has only trivial solution when h = 0, which
in turn follows from a priori estimate (27). Furthermore, by the standard elliptic
regularity result and imbedding theorem, (¢,v) € (H?(R?))? is a strong solution.
This concludes the proof of Lemma 4.3. O

>C >0, (34)

4.2. Nonlinear analysis. Before we give the complete proof of Proposition 4.1,
we first show the estimate of the error. Recall the definition of Ak in (12).

Lemma 4.4. Given (Q1, - ,Q2k) € Ak, then for any 0 < n < 1 and K large
enough, there is a constant C independent of K such that

|E]los < CK~"(In K)~}
Proof. First recall

po( B _g U\ ([ AU - P(z)U+ mU3+poV?
"\ E ) V) T \AV = Q(z)V + ueV3+ VU2 )¢

First let us compute FE;.

K
E1:—(P($)—1)U+M1 Z $—$7 +BV2U: Il+I2+Ig.
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According to Lemma 4.4 in [8], we have
||11H** S OR_m S CK—m(an)—m7

and
1
|Lo]lee < Cdy 2™ < CK~™(InK)~3.

Next we deduce the estimate for I3. First we define for any ¢ € N

£d
e‘ = 2 - il = i - < 72 y = .« e
Q; {xGR |z — @ 1SHZISHQIKISE Qi < S J=1.2K
and
Vg1 =R\ (U?i{l Qﬁ) :
For z € Q§K+1?
ILI<CK 30wy, (o =y s (@—a)
Lj=1, K
2K o 2K
< CKZ(IFQJI < CKe~(-m=2* Z e~ e=Qil
j=1

j=1
thus one can choose ¢ large enough but independent of K such that
Ke~ (- < 0K —m3,
Forz € Qf,j=1,..., K, Corollary 3.6 in [8] tells us

K
Zwm (z —2') < Clw,, (z — 29),

=1

which leads to
|I3| < Cwy, (x — 29)V? < CK?e~ (B-Penlz=a’l < cRp=m=3¢-nla—a’|

because of |z — y!| > |27 — y!| — |z — 27| > F(R — p).

Forz € Qf,j=K+1,...,2K, similarly

K
1] < O wy, (@ — 2y, (v — ) < CRT™Pee v,
=1

Hence
2K
1
|E1| < CK ™(InK)" = Z e Me=Qsl,
j=1
Similarly,

2K
|[Bo| < CK™(InK)78 ) e7mlom @il
j=1

In conclusion,
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We are now in the position to give the proof of Proposition 4.1. Let Cy be a
positive constant to be determined later, we define

m:{wwe@ﬂWWWKi>

<CbK="anku—%}.

EES

Then By is non-empty. Now we define a map A4 by

A0) = (D))

Now solving equation (19) is equivalent to finding a fixed point for the map A.

Since ( 4 ) is uniformly bounded for < 4 ) € Bk, by the mean value theorem,

( (0
there is a positive constant C' such that for all j; € By,
2
2)=e](2)
N <C ,
F ()=l (2L

and

o) e 2
(o ) (G )] =03

=1

which leads to

(ool Cow ) - ()]
1/,(1) . ¢(1) ¢(2) OO’
¢(1) ¢(2) ¢(i) ¢(1) ¢(2)
HN<M”)‘N(M”> (wm) (ww)‘(ww>

Hence we obtain
2
(2] <o Q| ()],) sexmmtee|(5)]

and
(1) (2) (1) (2)
(oo ) =2 ()] =l (G )= ()

1) 2

- 1 é B »2
=9 ASY )

which show that A is a contraction mapping on Bg. Hence there is a unique

(¢,%) € Bk such that (19) is solved.

For the C* regularity of (a,q) — ((¢, ¢),§), the proof is the same as that of
Proposition 4.1 in [8]. Following the same argument and using the estimate on
(¢,1), one can get the estimate (20), we omit the details here.

2
<Cy,
* i=1

* *% *%

EES

7

3k

5. The reduced problem. The main purpose of this section, is to achieve Step
2A. As we mentioned in the introduction, we define

Bi =5 —m(Raw +at),  Bo=PBo—v2(paz +as), (38)

for some v = (v1,72) € R
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Then equation (19) becomes

= OU ou

Br-s—+mny—
L<i>+E+N(fZ>— j %O‘l} 1%‘%} : (39)

o 20an

Note that (¢,1) does not depend on ~, while 5 = (51,52) depends on the pa-
rameters «, q and v, so we write it as 5 = 5(a, q, 7).

In this section, we are going to solve E = 0 for each a by adjusting v and q.
Multiplying (39) by %—W and integrating over R2, we have
a

ou
¢ ¢\ W 7 Mo, | W
L E+ N —)=M e -— ).
E0)rmen (D) 50)-wi={| o | %
Y2
Ja
By Lemma 4.2, solving E = 0 amounts to solve
78(7
¢ ¢\ W\ _ Yoy | W
'7287
(&%)

We will first compute the projection of error and the terms involving (¢, ¥).
5.1. Projections. We first compute (F, %—V:)

Lemma 5.1. Under the assumption of Proposition 4.1, for sufficiently large K, the
following estimates hold:

. 27 . A

FE1Z,; :—a0m|l‘j|7milm —Z‘Ill(dij —JTZ)W ( )

R? I - 40

+ R g (a, q) + R Hak(a, ) + B3 g(, q),
and

oy N et
/ BaZys = =bonly’| 7" = D ey’ —o)—

R I Yyt — 7| (41)

+p " ke, @) + p " Msk (o, @) + p~ 7 gk (0, ),

where ag = § [g» wzl (y)dy, and by = %fR? wiz (y)dy,n is a small positive constant
chosen later and (o, q),l = 1,...,6 are smooth vector valued functions which
are uniformly bounded as K — oo.
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Proof. By definition, we can easily deduce

E1 = Z/RQ )—1 wm(m—xl)Vwm(x—xj)
3 K
+ 1 /}R2 <Z wy, (x — le)> _ Zwil (x— ;Cl) Vw,, (z — xj)
1=1 =
+ o (Z Wy, (T — ) (Z wy, (2 ) Vwy, (x — )
1=1

=—J1+Jo+ Js.

From Lemma 5.1 in [8} we have

1‘ —m— —m—317 —2m
Ji = agml|z? |7 1| ‘+R Mip(a,q) + R~ Mgk (a, q) + R >3 (o, q),

== e

I#j
Using for any j,l = 1,...,K, |2/ — yl| >R—-p—4~ 2 KInK, one can easily
check that

and

i
— R™Z=0" Ly (a0, q).

K
| J3] SCKQ/ > wh, (@ —y') |V, (¢ — o) de = K~ Tk (a, q).
R2 1

Combining the above three estimates, we obtain (40)

Similarly, we can get the estimate (41). O
Now we can analyze (E, %2’) Before we start, we define the following:
~ W (dy) ~ Ui (ds)
di = ————dy =d; + O(1 dy = ——2—dy = dy + O(1
1 \P1<d1)1 1+ O0(1), 2 \I/Q(dg)Q 2 +0O(1)
Then by Lemma 5.2 in [8], Lemma 5.1 and
o0 o0 - 3 i i} L
87(21 = 87(31170) = —(Zp1 M1y ooy Ly Tk, Zgt 11y ey Ly - th,O)T,
oV oV L ) B} L
87q = (O, 87(12) = —(O,Zyl *N21y .- 7ZyK N2k, Zyl . tgl, N 7ZyK . tQK)

we have the following estimates:

Lemma 5.2. Under the assumption of Proposition 4.1, for K large enough, we can
get the following estimates:

oU
/ By —— =aomR™™ 2Tiq1 + R~ Il + R~ °Myy, + R~ M™IL,,

dqi
+ R (In K)*Tlag (v, g2, a1, 41, 1),
and
ov

E,

—— =bonp "2 Toqs + p " sy + p " Plgk + p~ BTy
R2 0qs

+ p7 "3 (In K)* sy (o, q1, 92, G2, d2)
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where I1;;, are uniformly bounded smooth vector functions with

H4k(auq2707070) = 07 HSk(a7Q1a070>0) =0
and Ty, Ty are 2K x 2K matriz defined by the following:
_ 1Ay +eql oAy
Tl B ( —C2A2 CgAl ) ’ (42)
. ClA1 + 41 é9A5
T, = ( hrod e ) | (43)

Here I is the K x K identity matriz, and the matrixz Ay, As are both K x K circulant
matrices given by the following:

-2 1 0 0 1
1 -2 1 0 0
0 1 -2 1 0
Al = . . )
o - 0 1 -2 1
1 0 1 =2
0 1 0 0o -1
-1 0 1 0 0
0 -1 o0 1 0
A2 = . )
o -~ 0 -1 0 1
1 o --- 0 -1 0
and c1,co,C3,Cy4,C1,C2,C3,Cq are constants given by
2 ~ K ~ K? ~
01:m7 02:(d1—1)57 ng—dlm, ca=dy —m-—1,
K? ~ K ~ K? ~
Cl = —— Co = — 1 —_— Cy = — —— Cqp = - - 1
=713 G (d2 )477’ C3 d247r2’ Ca=dy—n

Next we consider the terms involving (¢, ).

Lemma 5.3. Under the assumption of Proposition 4.1, for K large enough, the
following estimates hold:

S

(8 Sanl=el(3)

where Iy , I110 1 are uniformly bounded smooth vector functions.

and

< CK?"(In K) 'y 1(a,q) (44)

2
%

Proof. Integrating by parts, with Proposition 4.1 and (28), (29), we can deduce
<CK?"(lnK)™".

¢\ W 5 || @
08 ) 5 seste| (2]
For (44),

|Gl =exmmrs e (3)]=e](7)

2

)
oo
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() 5al=e] (%)

5.2. The invertibility of T;. In this subsection, we study the linear problem
T;q; = b;. First by Lemma 8.3 and Lemma 8.5 in [8], we have the following:

give us
2
<CK?"(InK)™'.

*%

O

Lemma 5.4. There exists Ky > 0 such that for all K > Kg, and every b € R?K
there exist unique vectors qi,qs and unique constants vy1,v2 such that

Tiq; = b + viqqo, q; L gy, i=1,2.
Moreover
. 1 .. 3
laillz < Clbll2,  [laillz < C(In K)Z|bll2, [[difl2 < C(In K)2|[b]2,
and

laills < C(n K)?|b]o.

Here ||qs]l« = [lgilloc + [|€illoc + llGsloc-
With Lemma 5.1, we can conclude

Lemma 5.5. There exists Ko > 0 such that for K > K, and every b; € R*E,
there exist unique vector q; € R*5 and unique constant v; € R such that

T;q; = b; +vid’, q; L qio,

where _
/ oU oU
1 A A 1L
a \_ re 01 Oqu | _ Rqio +qi
( q’ ) v v M e +at ) (45)
g2 Oaz 0qa
Moreover,
laill+ < C(InK)?||bj]|oo- (46)

Proof. To prove Lemma 5.5, it suffices to prove a priori estimate (46). Using the
definition of q',q? in (45) and (22), (23), we find that

R'q' = coqio + O(KR™), pta® =ciqe0 + O(Kp™t),
which imply that

IR'q' oo <C, lp7'@®lee <C
and
IR~*q"' - qio| > CK, lp~'a® - qz0| > CK.
Hence take
i = — PG
' q- Qio7
then b
q _
el = |22 Rl | < O
R~1q -qio oo

So does v2q2. Therefore, by Lemma 5.4, we have
il < Cn K)?|b; + 74’ [l < C(InK)?|[bioc.

Denote the inverse of T; by Tfl and q; = T[l(bi).
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5.3. Reduction to two dimensions.

Proposition 5.6. Under the assumption of Theorem 1.1, there exists an integer
Ko > 0 such that for all K > Kq and for each (a1, as) € R?, there exists a unique
(a,7) such that 8 =0. As a result (¢,),~ satisfy the equation:

ou

¢ o\ _ | "o
L ( W +E+ N v )= v
72 8042
$Zpi =0, / 02, =0,  j=1,...,K.

R2 R2
Moreover, the function (¢,) is C* in «, and satisfies the following:
2

6Dl < Gk~ (mE) 3[R+

=1

Jq
3&1-

; ||qi||*} <K HPWPK,

(47)
for some p > 0 small enough but independent of K.

To prove Proposition 5.6, it suffices to solve B: = 0 for each (a1,a2). By the
results in Lemma 5.1, Lemma 5.2 and Lemma 5.3, we can rewrite this equation as
follows:

Lemma 5.7. For every (ay, as) € R?, the equation ﬁ_;-(a, q,7) = 0 is equivalent to
agmR™" " *Tiqr + @1(,q) = m1q', bonp " *Taqz + a(a,q) = 129> (48)

where T; are the 2K x 2K matriz defined in (42) and (/3), ®; denotes the remaining
terms and q*, q? are given in (45).

Here
Oy (v, q) =R Iy + R~ 3oy, + R~70™ g, + K 2" (In K) ' g (ev, q)
+ RT3 (In K)* Ty (e, 42, 91, 41, 1),
and
®o(a,q) =p "Mk + p~ " ey, + p~ @M "y, + K 2" (In K) ' Myop(ev, q)
+p7 "3 (In K)*gr (o, a1, 92, 42, 2)
where II; are uniformly bounded smooth vector functions, and
M4k (e, 92,0,0,0) =0, Tsk(w,q1,0,0,0) =0.
We are now going to prove Proposition 5.6.
Proof of Proposition 5.0. By Lemma 5.5, equation (48) is equivalent to
a1 = (agm) T H(R™F2®1) = Fi(a), a2 = (bon) Ty (0" ®s) = Fa(a).
By Lemma 5.7 and the assumption m,n > 2,2n > m + 2,0,0 > 2, we can
choose 1 small enough such that (1 —n)n > 2, then there exists p small enough,
but independent of K, such that
R™20, (o, q) = K ML +(K "t In? K)E,, p" 205 (a, q) = K *Io+(K 1 In? K)E,

where 1:[1, 1:[2, I~E1, [E, are smooth bounded vector functions, INEl(oz, d2,0,0,0) =0 and
]EQ(OZ, q1, O, 0, 0) =0.
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Hence by Lemma 5.5, for |lqi |« + [|qz|/« < %, we have
|Fi(@)]ls <C (K"K + K 'In*K) < CK"In’ K,
and

1Fi(a) = Fi(@®)|ls < C (K *In* K + K ' In* K) (|lay — a5 ||« + llaz — q3]])
1 (e} o
< 5(qu —qill« + a2 — az|l+)-

Therefor Fi, F, are contraction mappings. By Banach fixed point theorem, the
result follows and so does the estimate (47).
Moreover, to show the differentiability of q(«), consider the map T (a,q) = q —

(F1, F2) : R2xRYE — R which is of class 1. Since 25172 — O(K—#~11n” K),
% = I + o(1) is invertible, we get the differentiability of q(«).

Next we study the dependence of q on «. Assume that we have two solutions
corresponding to two sets of parameters. One of them denoted by

a = ((aom) ' Trg [R™"?@1(a, )] , (bon) " Tog [p" T @2(a,q)])
corresponding to «, the other denote by
qo — ((aom)_lTiéo [R77L+2‘I)1(Oéo, qo)] , (bOn)_lTQjc:;O [pn+2q)2<ao’ qo)}) ,
corresponding to a°. Assume that R|a§ — 1| + plag — as| < 3, we have

la® = all« < CK™*(In K)*(Rla$ — ax| + plas — az)),

from which we get the desired result. O

6. Proof of Theorem 1.1. In this section, we prove the main theorem. To solve
v(a) = 0, we will apply the variational reduction. Let a = (ay,a3) € R? and

( z ) = ( igg” 2((3)))) ) be the function given in Proposition 5.6, we define the

reduced energy function by
o[ U+0\ . o2

Here (U,V) and (¢,%) are 2r periodic in oy, as. Hence by Proposition 5.6, the
reduced energy have the following property:

Lemma 6.1. The functional F(«a) is of class C' and 2 periodic in oy, as.

Next lemma shows that if F'(«) has a critical point then y(a) = 0 has a solution.
In other words, after Lyapunov-Schmidt reduction, the following lemma concerns
the relationship between the critical points of F'(«)) and those of the energy func-

tional 5( v )
v

Lemma 6.2. Under the assumption of Proposition 5.6, there exists Ky > 0, such
that for all K > Ko, if ag is a critical point of F(«a), then y(ap) = 0, and the
corresponding function < g::__i > is a solution of (1).
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Proof. By Proposition 5.6 for K large and o € R?, ¢ satisfies the equation:
7 o0
U+¢ _ g4t @
s(vit)=| o | ()
2 80[2
By the definition of F', obviously,

srocn= (5§10 ) (112))

where for ¢ = 1,2

00 (0 +9) = 2018 20 +9) Oa

Oa; oq Oay;’
_ o(V+vy) o(V+vy) aq
O (V +9) = da; * dq  Oa;’
Thus using (49), we obtain
N ou
Y9a, Do, (U +
wroen=([ 8 |-(34239))
gb “
oo

If oy is a critical point of F, that is, VF (ag) = 0, then it is easily observed that
(71,72) = 0 is equivalent to the non-degeneracy of the following matrix

ou _ ov _
aal (U + (b) 760&1 (V + ¢)
(3'04_1 80[_2 (50)
U @+ ) Mo, v |
80&1 o2 8042 o2
With definitions in (10) and (13), one may check that
ou ou  oU ov ov. oV
= (R .= 2= -0 = ) —, —/— =0
Doy (Raio + i) oq.’ Do ' Doy (pdz20 + a3) o’ O
By (25) and Proposition 5.6, direct computations give us that
KR 000,04 6) = (1L+0(1) [ (0w, d,
0o R?
ov _
K p™?—0a =o(1
P70 (V ) = (1),
ou .
K 'R =o(1
R aal 052(U+¢) O( )7
1 OV - 2
K= p77 500, (V+¢) = (1 +0(1)) | (0o, wy,)" dz,
60&2 R2
which imply that (50) is non-degenerate and complete the proof. O

Proof of Theorem 1.1. By Lemma 6.1, F(c) is 27 periodic in ay, a and of class C*.
Hence it has a critical point in [0, 27) x [0, 27). Therefore Theorem 1.1 follows. O

Acknowledgments. The authors thank Prof. J. Wei for motivation of the original
problem. L. Wang is supported by STCSM 14ZR1412800. The research of W. Yao
is supported by Fondecyt Grant 3130543.



988

[1]

2]

(3

[4]
[5]

(6

7]

[8]

(10]
(11]
(12]
(13]
(14]
[15]

(16]

(17)
(18]
19]
20]
(21]
(22]
23]
[24]
(25]

[26]

WEIWEI AO, LIPING WANG AND WEI YAO

REFERENCES

A. Ambrosetti and E. Colorado, Bound and ground states of coupled nonlinear Schrédinger
equations, C. R. Acad. Sci. Paris Ser., 1342 (2006), 453-458.

T. Bartsch, N. Dancer and Z. Q. Wang, A Liouville theorem, a priori bounds, and bifurcating
branches of positive solutions for a nonlinear elliptic system, Cal. Var. Partial Differential
Equations., 37 (2010), 345-361.

T. Bartsch, Z. Q. Wang and J. Wei, Bound states for a coupled Schrédinger system, J. Fized
Point Theory Appl., 2 (2007), 353-367.

J. Y. Byeon and M. Tanaka, Semiclassical standing waves with clustering peaks for nonlinear
Schrédinger equations, Memoirs of the American Mathematical Society, 229 (2014), 89pp.
K. Chow, Periodic solutions for a system of four coupled nonlinear Schrédinger equations,
Phys. Rev. Lett. A, 285 (2001), 319-326.

M. Conti, S. Terracini and G. Verzini, Nehari’s problem and competing species systems, Ann.
Inst. H. Poincar Anal. Non Linaire, 19 (2002), 871-888.

N. Dancer, J. C. Wei and T. Weth, A priori bounds versus multiple existence of positive
solutions for a nonlinear Schrodinger system, Ann. Inst. H. Poincar Anal. Non Linaire, 27
(2010), 953-969.

M. del Pino, J. C. Wei and W. Yao, Intermediate reduction methods and infinitely many
positive solutions of nonlinear Schrédinger equations with non-symmetric potentials, Car.
Var. PDE., 53 (2015), 473-523.

Y. Guo and J. Wei, Infinitely many positive solutions for nonlinear Schrédinger system with
non-symmetric first order, preprint.

F. Hioe and T. Salter, Special set and solution of coupled nonlinear Schrédinger equations,
J. Phys. A: Math. Gen., 35 (2002), 8913-8928.

T. C. Lin and J. C. Wei, Ground state of N coupled nonlinear Schrodinger equations in R"™,
n < 3, Comm. Math Phys., 255 (2005), 629-653.

T. C. Lin and J. C. Wei, Solitary and self-similar solutions of two-component system of
nonlinear Schrédinger equations, Phy. D, 220 (2006), 99-115.

Z. Liu and Z. Q. Wang, Multiple bound states of nonlinear Schrédinger system, Comm. math.
Phys., 282 (2008), 721-731.

A. Malchiodi, Some new entire solutions of semilinear elliptic equations on RN, Adv. Math.,
221 (2009), 1843-1909.

M. Mitchell and M. Segev, Self-trapping of inconherent white light, Nature, 387 (1997),
880-883.

M. Musso, F. Pacard and J. Wei, Finite-energy sign-changing solutions with dihedral sym-
metry for the stationary nonlinear Schrodinger equation, J. Eur. Math. Soc., 14 (2012),
1923-1953.

B. Noris, H. Tavares, S. Terracini and G. Verzini, Uniform Hoélder bounds for nonlinear
Schrodinger systems with strong competition, Comm. Pure Appl. Math., 63 (2010), 267-302.
S. J. Peng and Z. Q. Wang, Segregated and synchronized vector solutions for nonlinear
Schrodinger systems, Arch. Rational. Mech. Anal., 208 (2013), 305-339.

E. Timmermans, Phase seperation of Bose Einstein condensates, Phys. Rev. Lett., 81 (1998),
5718-5721.

S. Terracini and G. Verzini, Multipulse phase in k—mixtures of Bose-Einstein condenstates,
Arch. Rat. Mech. Anal., 194 (2009), 717-741.

L. Wang, J. Wei and S. Yan, A Neumann problem with critical exponent in nonconvex domains
and Lin-Ni’s conjecture, Trans. Amer. Math. Soc., 362 (2010), 4581-4615.

L. Wang, J. Wei and S. Yan, On Lin-Ni’s conjecture in convex domains, Proc. Lond. Math.
Soc., 102 (2011), 1099-1126.

L. Wang and C. Zhao, Solutions with clustered bubbles and a boundary layer of an elliptic
problem, Discrete Contin. Dyn. Syst., 34 (2014), 2333-2357.

J. C. Wei and T. Weth, Nonradial symmetric bound states for system of two coupled
Schrédinger equations, Rend. Lincei Mat. Appl., 18 (2007), 279-293.

J. C. Wei and T. Weth, Radial solutions and phase separation in a system of two coupled
Schrédinger equations, Arch. Rat. Mech. Anal., 190 (2008), 83—106.

J. C. Wei and S. S. Yan, Infinitely many positive solutions for the nonlinear Schrodinger
equations in R™, Calc. Var. Partial Differential Equations, 37 (2010), 423—-439.


http://www.ams.org/mathscinet-getitem?mr=MR2214594&return=pdf
http://dx.doi.org/10.1016/j.crma.2006.01.024
http://dx.doi.org/10.1016/j.crma.2006.01.024
http://www.ams.org/mathscinet-getitem?mr=MR2592975&return=pdf
http://dx.doi.org/10.1007/s00526-009-0265-y
http://dx.doi.org/10.1007/s00526-009-0265-y
http://www.ams.org/mathscinet-getitem?mr=MR2372993&return=pdf
http://dx.doi.org/10.1007/s11784-007-0033-6
http://www.ams.org/mathscinet-getitem?mr=MR3186497&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1851577&return=pdf
http://dx.doi.org/10.1016/S0375-9601(01)00369-3
http://www.ams.org/mathscinet-getitem?mr=MR1939088&return=pdf
http://dx.doi.org/10.1016/S0294-1449(02)00104-X
http://www.ams.org/mathscinet-getitem?mr=MR2629888&return=pdf
http://dx.doi.org/10.1016/j.anihpc.2010.01.009
http://dx.doi.org/10.1016/j.anihpc.2010.01.009
http://www.ams.org/mathscinet-getitem?mr=MR3336328&return=pdf
http://dx.doi.org/10.1007/s00526-014-0756-3
http://dx.doi.org/10.1007/s00526-014-0756-3
http://www.ams.org/mathscinet-getitem?mr=MR1946865&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2135447&return=pdf
http://dx.doi.org/10.1007/s00220-005-1313-x
http://dx.doi.org/10.1007/s00220-005-1313-x
http://www.ams.org/mathscinet-getitem?mr=MR2253405&return=pdf
http://dx.doi.org/10.1016/j.physd.2006.07.009
http://dx.doi.org/10.1016/j.physd.2006.07.009
http://www.ams.org/mathscinet-getitem?mr=MR2426142&return=pdf
http://dx.doi.org/10.1007/s00220-008-0546-x
http://www.ams.org/mathscinet-getitem?mr=MR2522830&return=pdf
http://dx.doi.org/10.1038/43136
http://www.ams.org/mathscinet-getitem?mr=MR2984592&return=pdf
http://dx.doi.org/10.4171/JEMS/351
http://dx.doi.org/10.4171/JEMS/351
http://www.ams.org/mathscinet-getitem?mr=MR2599456&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3021550&return=pdf
http://dx.doi.org/10.1007/s00205-012-0598-0
http://dx.doi.org/10.1007/s00205-012-0598-0
http://www.ams.org/mathscinet-getitem?mr=MR2563622&return=pdf
http://dx.doi.org/10.1007/s00205-008-0172-y
http://www.ams.org/mathscinet-getitem?mr=MR2645043&return=pdf
http://dx.doi.org/10.1090/S0002-9947-10-04955-X
http://dx.doi.org/10.1090/S0002-9947-10-04955-X
http://www.ams.org/mathscinet-getitem?mr=MR2806101&return=pdf
http://dx.doi.org/10.1112/plms/pdq051
http://www.ams.org/mathscinet-getitem?mr=MR3124737&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2318821&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2434901&return=pdf
http://dx.doi.org/10.1007/s00205-008-0121-9
http://dx.doi.org/10.1007/s00205-008-0121-9
http://www.ams.org/mathscinet-getitem?mr=MR2592980&return=pdf
http://dx.doi.org/10.1007/s00526-009-0270-1
http://dx.doi.org/10.1007/s00526-009-0270-1

NON-SYMMETRIC POTENTIALS 989

[27] J. Wei and W. Yao, Uniqueness of positive solutions to some coupled nonlinear Schrédinger
equations, CPAA, 11 (2012), 1003-1011.

Received October 2015; revised November 2015.

E-mail address: wwao@math.ubc.ca
E-mail address: 1lpwang@math.ecnu.edu.cn
E-mail address: wyao.cn@gmail.com


http://www.ams.org/mathscinet-getitem?mr=MR2968605&return=pdf
mailto:wwao@math.ubc.ca
mailto:lpwang@math.ecnu.edu.cn
mailto:wyao.cn@gmail.com 

	1. Introduction
	2. Description of the construction
	3. Preliminaries
	4. The Lyapunov-Schmidt reduction
	4.1. Linear analysis
	4.2. Nonlinear analysis

	5. The reduced problem
	5.1. Projections
	5.2. The invertibility of Ti
	5.3. Reduction to two dimensions

	6. Proof of Theorem 1.1
	 Acknowledgments
	REFERENCES

