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SUMMARY

Previous earthquakes, such as the 2010 Maule earthquake in Chile, have demonstrated the need to establish
suitable predictors of compressive or tensile strains in concrete or steel in reinforced concrete shear walls,
which can provide limit states or confinement requirements. Slender walls are commonly controlled by flex-
ural deformations that can be divided into elastic and inelastic components. This study provides calibrated
expressions for the elastic and inelastic components of flexural deformations using a fiber model for slender
walls. These expressions are obtained for rectangular and T-shaped walls. The elastic component is depen-
dent on the axial load and the boundary steel reinforcement ratio. The impact of wall coupling is investi-
gated, which requires a correction for the elastic component. The investigation of the inelastic component
is based on a plastic hinge model, in which the length of the plastic hinge is a function of the lateral inelastic
drift of the wall among other parameters. The traditional linear inelastic curvature distribution over the wall
height is also modified for cases with steel reinforcement with a long yield plateau or low strain hardening,
which results in a larger curvature at the wall base. The distribution is validated with experimental data from
the literature. Copyright © 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The Mw8.8 magnitude earthquake of 2010 tested the design standard that is used in Chile for rein-
forced concrete buildings. An assessment of the condition of the buildings after the earthquake re-
vealed damage to slender walls with rectangular and T-shaped cross-sections that were subjected to
compression and lateral loads. The damage recurrently showed concrete cover spalling along a hori-
zontal line in the wall web, buckling of longitudinal bars and fracturing of rebar in some cases (Fig. 1).
These types of failures were caused by large strains in the most compressed areas of the walls, which
were most likely preceded by critical tensile strains. All combined with a deficient detailing of bound-
ary elements. This did not provide adequate concrete confinement or restraint of the buckling of the
longitudinal bars (Wallace et al., 2012; Massone et al., 2012).
After the earthquake, observed deficiencies in the wall design prompted a modification of the Chil-

ean standard of reinforced concrete design, which focused on the detailing requirements for the ade-
quate performance of walls. The main changes are related to the incorporation of confinement
requirements and damage limitations for walls (indirect limitation of axial load) by prescribing a max-
imum compressive deformation (Massone, 2013). Confinement is incorporated in the boundary ele-
ments of walls when the most compressed fiber exceeds a compression strain of 0.003, as required
by the ACI 318-08 (2008) for the building design displacement δu. Strains in the most compressed
fiber of concrete must not exceed 0.008. This requirement is determined for an ultimate curvature
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Figure 2. Plastic hinge model of wall—(a) elastic and inelastic components and (b) simplified plastic
hinge model.

Figure 1. Damage to building walls in Chile.
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estimated with Eq. (1), where c is the depth of the neutral axis, hw is the height of the wall, lw is the
length of the wall, δy is the yield displacement, фy is the yield curvature of the wall and lp is the plastic
hinge length (Fig. 2(a)). Fig. 2(a) shows the scheme of curvature distribution that is consistent with Eq.
(1). The actual distribution of curvature usually exhibits a gradual increment within the plastic hinge
zone. Eq. (1) can be simplified by concentrating all deformation (curvature) within a hinge at the wall
base (Fig. 2(b)).

фu ¼ фy þ
δu � δy
� �
lp hw � lp

2

� � ¼ єc
c
≤
0:008
c

(1)

To use Eq. (1), the following parameters need to be determined: the plastic hinge length, the yield
curvature and the yield roof displacement. Paulay (2001, 2002) examined the elastic response of rein-
forced concrete walls and proposed estimating the yield curvature for walls as фy ¼ η ϵy

lw
, where the co-

efficient η incorporates the effect of a bilinear moment-curvature diagram. A distribution of
longitudinal reinforcement within the wall cross-section (boundary and web reinforcement) results
in an initiation of yielding for the most extreme bar in tension, which reduces the stiffness of the
moment-curvature diagram. The increments of curvature cause other bars to yield, which results in a
gradual loss of stiffness until nominal or maximum capacity is attained. Extending the first yield to
an equivalent yield for a bilinear moment-curvature diagram requires the amplification given by η.
For rectangular walls with boundary elements and assuming a bilinear approximation of the
1
l



DISPLACEMENT AND CURVATURE ESTIMATION FOR SLENDER WALLS 825
moment-curvature diagram, Paulay proposed η = 1.8. Thus, consideration of the first yield instead of
the bilinear approximation may produce lower values. Considering that the majority of the walls in
Chile did not incorporate confinement, performed adequately and primarily responded within the linear
range, estimating the elastic component with the first yield is conservative. To complete the determi-
nation of the yield lateral roof displacement, Paulay modeled the seismic demand as a triangular dis-
tributed load over the height, which resulted in δy ¼ 11

40фyhw
2 . This expression considers a cracked

cross-section over the full height, which results in larger displacement than expected for flexure.
In addition to the elastic contribution, which is distributed along the entire wall for the inelastic

range, Eq. (1) assumes the existence of a plastic hinge in which all inelastic deformations are concen-
trated. The study by Paulay and Uzumeri (1975) estimates the length of the plastic hinge, which incor-
porates geometric aspects such as the wall length and the wall height. Bohl and Adebar (2011) include
the contribution of the axial load for the majority of cases for a 2% top lateral drift that decreases with
increased levels of axial load. Considering that the length of the plastic hinge increases with an in-
crease in lateral roof displacement with a stable boundary element in compression, estimation of the
plastic hinge length determined for moderate roof displacements might not be conservative.
Correct estimates of yield displacement and inelastic displacement by means of a plastic hinge

model are relevant in modern design of buildings (Kang and Kim, 2014; Eslami and Ronagh,
2014), commonly through wall boundary detailing. Thus, this study calibrates expressions derived
from a fiber model to estimate elastic and inelastic displacement components, which are based on var-
iables, such as фy, δy and lp, to obtain the ultimate curvature (фu) expected in walls using a plastic
hinge model. A distributed nonlinear plasticity model implemented in OpenSees (2000), which con-
sists of fibers, is employed. The analytical expressions for the elastic part consider several variables
(such as axial load, wall length, reinforcement ratio in the boundary elements and levels of coupling),
which required a series of analyses. The investigation of the nonlinear response of the structure focuses
on determining the variables that influence the plastic hinge length and the curvature distribution,
which consists of the moment-shear ratio at the base, the wall length, the inelastic displacement
attained by the wall, the strain hardening of the boundary reinforcement, the boundary reinforcement
ratio and the level of axial load. These findings provide valuable information regarding how the plastic
hinge grows with inelastic displacement and how the curvature concentrates within a region depending
on steel properties and quantities, which is validated with tests results from the literature. Based on the
monotonic response, the model is capable of predicting the behavior of walls in a zone that does not
degrade, in which repetitive cycles do not increase strains or curvature. Limit states, such as the cyclic
response of reinforcing bars, which are susceptible to buckling, can be captured with this approach by
examining the maximum tensile and compressive strains in bars that usually initiate instability.
2. MODEL DESCRIPTION

In this section, the implementation of a nonlinear numerical model for slender walls composed of fi-
bers, which are subjected to a pushover analysis, is described. The numerical fiber model implemented
in OpenSees (2000) is a discretization of elements with cross-sections that consist of uniaxial fibers;
each element exhibits the mechanical properties of concrete and steel. The model only considers the
deformations produced by the axial and bending actions using the Bernoulli hypothesis. Discretized
elements by the fiber model are characterized by axial deformation and curvature at the section level,
which are associated with three degrees of freedom per node for a two-dimensional model: axial dis-
placement, transverse displacement and rotation. The selected elements are based on the flexibility for-
mulation such that equilibrium is guaranteed by the force interpolation functions (Spacone et al.,
1996), where two integration points located at the ends of the elements were considered. The model
considered 20 elements (all of the same size—Fig. 3(a)) for the elastic analysis and 26 elements for
the inelastic analysis. The additional elements in the inelastic case were placed at the base of the ele-
ment by sub-dividing the last two elements in the elastic case to better distribute inelastic deformation
at the plastic hinge location (Fig. 3(b)). The discretization of the cross-section in the elastic analysis
considered eight fibers of concrete and steel in the web of the walls. Each boundary element (0.1lw)
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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Figure 3. Wall longitudinal discretization—(a) elastic model and (b) inelastic model.
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considered two fibers, which were doubled for the inelastic case (Fig. 4(a)), and incorporated fibers to
represent the concrete cover. In the case of T-shaped walls, a similar discretization as for rectangular
walls was selected for the web (Fig. 4(b)). The flange considered discretization in a direction opposite
to the curvature axis just to differentiate sections of concrete and reinforcement. The model validation
for the yield component and inelastic curvature distribution over the wall height is discussed in a re-
lated study (Alfaro, 2013). Here, the model comparison focuses on a test program that considers test
variables, such as axial load, and steel material quantities and properties, which have an important im-
pact on maximum curvature.

2.1. Steel reinforcement

For steel reinforcement, a tri-linear model was employed. For a monotonic loading state, this model
requires four parameters: yield stress fy, elastic stiffness Es, post-yield stiffness (hardening) Ep and
strain εsh at the beginning of hardening. For tensile steel, an apparent yield was considered, which is
less than the value of the yield stress/strain of a bare steel bar, because the model works with average
strains in the steel along the element. This situation considers the tension stiffening effect in concrete,
which assumes the existence of areas in cracked zones in which concrete is not cracked and increases
its post-cracking tensile stress and reduces the tensile stress in the steel bars (Belarbi and Hsu, 1994).

2.2. Concrete

The model considers concrete in tension with a linear behavior until cracking, followed by a decay that
considers average stresses in concrete and steel based on the study by Belarbi and Hsu (1994) (tension
stiffening). The compression behavior of concrete is determined by the Thorenfeldt equation, which is
based on the Popovics curve (Popovics, 1973). The confinement effect provided by the stirrups is in-
corporated with the model by Saatcioglu and Razvi (1992).
3. ELASTIC CURVATURE AND DISPLACEMENT OF WALLS

A parametric analysis using a fiber model is used to calibrate expressions to estimate the yield curva-
ture and the top lateral yield displacement of isolated walls. These analyses are performed for walls
with rectangular and T-shaped cross-sections, in which the flange and the web are subjected to
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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Figure 4. Wall section discretization—(a) rectangular and (b) T-shaped.
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compression in the T-shaped cross-section. The main variables considered in the analysis are the axial
load and the amount of reinforcement in the boundary elements, whereas the web reinforcement ratio
is fixed as 0.25%. The model is subjected to a triangular load pattern and has a constant height. A
building of 20 floors was considered with a story height of 2.7m, with typical material properties
for concrete and steel (concrete strength is f´c=25 MPa, and the steel yield strength is fy = 420 MPa).
The two main parameters required for the analysis are the yield curvature (фy) and the yield dis-

placement (δy). In both cases, the first yield is used. The typical pre-yield shear deformation in slender
walls is small (Massone and Wallace, 2004). Using Eq. (2), the first yield top displacement (δy) can be
calculated for a triangular lateral load pattern from a model that assumes a variable stiffness to the top
of the structure (Fig. 2).

δy ¼ αфyhw
2 (2)

The yield curvature can be calculated with Eq. (3) and deduced from Fig. 5.

фy ¼
ϵy
ξlw

¼ K
ϵy
lw

(3)

The section geometry, the distribution of cracking over the height, the level of axial load, the bound-
ary reinforcement and other considerations affect the yield curvature and the yield displacement, which
are reflected in coefficients α and K (Eqs. (2) and (3)), and are investigated in the following sections.

3.1. Parametric analysis—rectangular wall

The axial load is applied at the center of the cross-section. The wall width considered for all models is
0.2m. In the analysis, the variables are defined as follows: wall length of 2.5m, 5m and 7.5m are con-
sidered; axial load of 0.1f ’ cAg, 0.2f ’ cAg and 0.3f ’ cAg are included; and regarding the boundary rein-
forcement ratio (over the boundary cross-section), a broad range of values is considered, although
values between 5% and 6% are more frequently observed in buildings in Chile (Estay, 2008).
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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Figure 5. Yield curvature in wall cross-section.
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In this analysis, the variables with the greatest impact on the yield curvature are the axial load and
the amount of boundary reinforcement. The factor K can be parameterized in terms of these two var-
iables, as shown in Eq. (4).

K ¼ 1:25þ 1:69
P

f ´cAg
þ 0:65ρb (4)

Values obtained from the numerical analysis are compared with the K values obtained with Eq. (4)
in Fig. 6(a). Based on the results, a conservative value of K=1.4 can be considered for a boundary re-
inforcement ratio over 5% and axial loads over 0.1f ’cAg.
The variable α is dependent on the amount of boundary reinforcement. The α-values were calculated by

considering theK values obtainedwith Eq. (4), which resulted in Eq. (5), as described in Fig. 6(b). According
to Fig. 6(b), α=0.22 is a conservative value for walls with a boundary reinforcement ratio larger than 5%.

α ¼ 0:33ρb
0:14 (5)

3.2. Parametric analysis—T-shaped wall

The damage to buildings by the 2010 earthquake in Chile was concentrated on the first and ground
floors. Structural configurations frequently consider central aisles that are formed by longitudinal
walls, which are connected by transverse walls to form T-shaped walls (Massone et al., 2012). Damage
Figure 6. Isolated rectangular wall: (a) variation in K and (b) variation in α.
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was particularly observed at the web end of T-shaped walls, where large compression strains occurred. This
situation caused a loss of concrete cover, which combined with tension-compression cycles caused by seismic
actions accelerates the buckling problems in longitudinal reinforcement and results in capacity degradation.
A T-shaped cross-section is defined by considering common arrangements observed in Chilean con-

struction. The main longitudinal reinforcement was located in three areas: both flange ends and the
web end. Distributed reinforcement was placed in the flange and the web of the wall. The thickness
in the flange and the wall web is 20 cm, and the length of the flange is 5m. Similar properties as for
rectangular walls are considered here. The axial load was applied in the middle of the wall web. Three
cases were considered: case 1 considers the same amount of total boundary reinforcement in the flange
and the web end without distributed reinforcement in the flange; case 2 considers the same amount of
total boundary reinforcement in the flange and the web end with distributed reinforcement in the flange
(0.25%); and case 3 doubles the total amount of boundary reinforcement in the flange compared with
the web end with distributed reinforcement in the flange (0.25%). The analysis was performed with the
flange or the web end in compression to represent the direction of the seismic action.

3.2.1. Web in compression
The numerical analysis shows that the K value is dependent, as in the case of rectangular walls, on the
level of axial load and the amount of boundary reinforcement of the web end, as shown in Eq. (6).

K ¼ 1:32 þ 1:67
P

f ´cAg
þ 0:54ρb (6)

Fig. 7(a) shows the comparison between the values obtained with Eq. (6) and the values directly ob-
tained from the analysis. The values obtained from the analysis for case 3 are not plotted because the
wall begins to degrade in compression (web) prior to reaching the tensile yield strain (flange) for most
of the analyzed cases. Similar to the rectangular wall cases, a value of K=1.4 is conservative.
The values of α were calculated considering the analytical expression of K (Eq. (6)). The coefficient

α in the calculation does not consider the initial lateral displacement due to pure axial load (eccentric-
ity). The results indicate that the parameter α is dependent on the amount of boundary reinforcement on
the web end, as shown in Eq. (7). According to Fig. 7(b), α=0.22 is a conservative value for walls with
a boundary reinforcement ratio above 10%.

α ¼ 0:315ρb
0:15 (7)

3.2.2. Flange in compression
The expression for K is dependent on the level of axial load and the amount of boundary reinforcement
on the web end (Eq. (8)). In Fig. 8(a), the analysis results are compared with the model.
Figure 7. Isolated T-shaped wall with web in compression: (a) variation in K and (b) variation in α.
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830 L. M. MASSONE AND J. I. ALFARO
K ¼ 1:0 þ 0:4
P

f ´cAg
þ 0:45ρb (8)

The α values are consistent with Eq. (8) and determined according to Eq. (9), which are shown in Fig. 8(b).

α ¼ 0:35ρb
0:16 (9)

Previous expressions are valid for an aspect ratio between the web and the flange length of 1.0. To consider
the impact of the aspect ratio between theweb and the flange length, an analysis was performed by varying the
amount of boundary reinforcement, the axial load and the lengths of the flanges of the T-shaped walls (lf be-
tween 2 and 8m); the length of the wall web is 5m (lw=5m). Eq. (10) for T-shaped walls shows the depen-
dency of the selected parameters on K. Fig. 8(a) shows the comparison for the equation using lf=2m and
lf=8m for P = 0.1f ´ cAg. The parameter can be assumed as K=1.0 for T-shaped walls with a compression
flange.

K ¼ 0:86 þ 0:46
P

f ´cAg
þ 0:47ρb þ 0:11

lw
lf

(10)

The analysis of the α value (similar considerations as the previous cases) is demonstrated by Eq. (11). Fig. 8
(b) shows the comparison for the equation using lf=2m and lf=8m. As in the previous cases, α=0.22 is con-
sidered to be conservative.

α ¼ 0:34ρb
0:15 þ 0:01

lw
lf

(11)

4. YIELD CURVATURE AND DISPLACEMENT IN COUPLED WALLS

In Chile, the design of reinforced concrete buildings evolved after the earthquake in 1985. A signifi-
cant change from old reinforced concrete wall buildings comprised the elimination of lintels as cou-
pling elements between the walls located in hall areas. The slabs served their original roles.
Contemporary buildings have long corridors; therefore, the main coupling given by the slab is installed
between two walls located on the sides of the halls. In this section, the impact of coupling in the elastic
response of rectangular walls is investigated.

Figure 8. Isolated T-shaped wall with flange in compression: (a) variation in K and (b) variation in α.
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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4.1. Parametric analysis of coupled walls

For coupled walls, the model consists of two aligned rectangular walls connected by rectangular slabs
at each level (floor); the slabs provide coupling to the system. The slabs are modeled as beam elements
with hinges, in which plasticity is concentrated at their ends and steel fibers that model the positive and
negative reinforcement in the slabs are incorporated.
A preliminary analysis considered dimensions and properties that are consistent with realistic build-

ing construction in Chile: axial loads of approximately 0.2 f´cAg, walls with a length of 5m and a
width of 20 cm, a boundary reinforcement ratio of 5% and slabs with a positive and negative reinforce-
ment ratio of 0.2%, a thickness of 15 cm, an effective width of 3.3m and an equivalent length of 2.9m.
The analysis was performed for 20-floor buildings. The use of these parameters for the analysis re-
sulted in low coupling effects. The degree of coupling for a two-wall system is commonly determined
as lT

Mo
(Paulay, 2002), where T corresponds to the additional axial force generated by coupling (tension

on one of the walls and compression on the other), l is the distance between the centroids of forces T
and Mo is the bending moment applied to the wall system. To generate cases with a high coupling
level, slender walls with low amounts of boundary reinforcement were connected via strong coupling
elements.
The reduced elastic response can be estimated based on the coupling level as suggested by Priestley

et al. (2007). However, considering various configurations of coupled walls and a building design that
is based on the implementation of computational models, an alternative method for estimating the cou-
pling effect is suggested.

4.2. Elastic displacement model

Higher coupling in the system generates moment diagrams in which the signs for the upper floors of
buildings change, as shown in Fig. 9(a). Note that longer walls are stiffer and stronger, which results
in lower coupling levels, reduces the ratio between the minimum and maximum moments and moves
the inflection point to the upper floors.
For slender walls, the elastic displacement can be calculated by integrating the distribution of cur-

vature over the height. Based on this notion, a method for calculating the yield displacement from
the curvature distribution of height for coupled walls is proposed. First, the yield curvature (фy) at
the base of the wall and the yield roof displacement (δy) are determined, as previously described for
uncoupled walls, using the axial load that exists at the base of the walls. This load can be directly ob-
tained from the design building model that already incorporates coupling. A capacity design method
can be used to estimate the axial load due to coupling (Priestley et al., 2007).
The curvature distribution can be approximately calculated from the moment distribution,M hð Þ ¼
My hw � hoð Þ hw3ho � hwho3

� �
h3 þ My ho3 � hw3

� �
hw3ho � hwho3
� �

h þ My , as shown
in Fig. 9(b), which is based on a cubic function with varying height (h) that is dependent on the yield
moment, My; the wall height, hw; and the height to the inflection point, ho. The distribution of stiffness

in height can be approximated by the value EIcr ¼ My

∅y
at the base, which increases linearly to a height

hx, where it becomes a constant value and is assumed to be the uncracked stiffness EIg (Fig. 9(c)). To
simplify the analysis, it is assumed that hx = ho and EIcr=0.4EIg. Based on these assumptions, the yield
displacement for coupled walls is analytically estimated. Eq. (12) provides an approximation of the
general solution that is dependent on the uncoupled (δy) yield displacement, the height of the wall
and the inflection point. The latter can be estimated from the wall moment diagrams of the imple-
mented building model.

δy_coupled ¼ δy 1:4
ho
hw

� 0:37

� �0:4

(12)

For the analysis, walls with low and high couplings (variation in wall and slab reinforcement) were
considered for walls with lengths of 2.5m, 3.5m and 5m. In Fig. 10, the estimation of the yield
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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Figure 9. Coupled walls: (a) moment diagram for different wall lengths, (b) approximated moment
distribution along the height, and (c) approximated stiffness distribution (flexure) along the height.

Figure 10. Yield displacement estimation for coupled walls.
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displacement considering coupling is compared with the fiber model with coupling between two walls
(analyses were performed for the wall with lower axial load due to coupling because it yields first). For
the model estimation, the equations for the yield displacement for uncoupled walls are employed (Eqs.
2–5) with the axial load incorporating the coupling effect. The ho value is estimated as the first zero
value that crosses (from the base) the moment diagram in the fiber model. Walls with low and high
levels of coupling exhibit satisfactory agreement between the predicted values using the proposed
method and the values obtained from the numerical analysis. The model exhibits the same trend, which
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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increases or decreases the yield displacement for the different cases. Larger coupling produces lower
values of ho/hw and a reduction in the yield displacement. Longer walls (lw) exhibit a lower coupling
effect and a lower uncoupled yield displacement.
5. INELASTIC DISPLACEMENT COMPONENT—PLASTIC HINGE MODEL

Eq. (1) can be used to estimate the curvature demands (or strains in the most compressed boundary
wall) after the elastic limit is exceeded. Simplified expressions, such as Eq. (13), have been used to
determine confinement requirements in design (e.g. ACI 318-08, 2008; Moehle, 1992; Wallace and
Orakcal, 2002) based on a hinge at the base of the wall, where all curvature is represented by an equiv-
alent rectangle (Fig. 2(b)). A hinge length of 0.5 lw is a common assumption.

фu ¼
δu
hwlp

(13)

The plastic hinge length for walls has been studied by several authors, including Paulay and
Uzumeri (1975), who adapted an equation that was proposed for beams, as demonstrated by Eq.
(14). Paulay and Priestley (1993) recommend α1 = 0.5 and β1 = 0.044 for a lower limit in Eq. (14).

lp ¼ α10:8lw þ β1hw (14)

Other expressions have incorporated effects such as shear, strain penetration (Hines et al., 2004)
or the level of axial load (Bohl and Adebar, 2011). Regarding shear or strain penetration, two con-
siderations should be considered: first, the impact over the wall top displacement and second, its ef-
fect over the local strain within the plastic hinge. Shear in relatively slender walls (aspect ratio of 3
to 4) accounts for approximately 30% of the lateral displacement at the location of the plastic hinge;
however, this value reduces to approximately 10% for the top displacement (Massone and Wallace,
2004). This result indicates that its effect on the top displacement can be neglected if a conservative
analysis is required, but diagonal cracking locally impacts the strains at the plastic hinge. This effect
is more important in shorter walls or walls with discontinuities. A detailed analysis is required,
which is beyond the scope of this work. Strain penetration only impacts the top displacement.
The experimental evidence in walls indicates that it may account for approximately 10% of the
top displacement for walls with an aspect ratio of 2.3 (Dazio et al., 2009) and therefore can be
neglected in most cases. Regarding the axial load, Bohl and Adebar (2011) investigated the depen-
dency of the plastic hinge length to the axial load from a finite element model, resulting in Eq. (15),
which is limited to 0.8 lw. The analysis was primarily performed for roof drift levels of 2%. The ex-
pression indicates that high levels of axial load (e.g. 0.35f ’ cAg) may reduce the plastic hinge length
by 50% compared with the case without axial load. In Eq. (15), the variable z recognizes that the
plastic hinge length is impacted by the moment-shear ratio at the plastic hinge location, assumed
at the wall base (z=M/V), which is related to the location of the resultant lateral force. The calibra-
tion of Eq. (15) was performed considering a point load applied at the wall top, where z= hw. Re-
cently, it has been recognized that the plastic hinge length typically increases with increasing drift
levels (Kazaz, 2013).

lp ¼ 0:2lw þ 0:05zð Þ 1� 1:5P
f ´cAg

� �
(15)

Other parameters that may impact the wall response include hardening of the reinforcement, the
amount of boundary reinforcement and the inelastic roof drift level. To examine the impact of these
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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variables, a numerical nonlinear analysis of the implemented models is performed. For boundary el-
ements properties, the confined concrete model by Saatcioglu and Razvi (1992), considering the
amounts of transversal reinforcement required by the American Concrete Institute 318-08 (2008),
is employed; confinement of 40% of the length of the wall on each side is provided to minimize
early degradation problems.
A parametric analysis is performed, in which the following variables are varied: (1) the axial load

values are 0.15f ’ cAg, 0.2f ’ cAg and 0.3f ’ cAg, which are typical values in Chilean construction (Estay,
2008); (2) the wall length values are 2.5m, 5m and 7.5m; (3) three different heights that correspond to
buildings with 10, 15 and 20 floors were considered; (4) the amount of boundary reinforcement values
are 2.5% 5% and 7.5% of the boundary area, since a common value for Chilean buildings is approx-
imately 5% (Estay, 2008); (5) the hardening is defined as b=Ep/Es (ratio of post-yield to pre-yield steel
stiffness), and the values selected are 2%, 3% and 4% with a strain at hardening initiation (εsh) of εy
(0.0021—yield strain), 1% and 2%; and (6) different drift levels are analyzed. Generally, drift levels
of 1%, 1.5%, 2% and drift values associated with compressive strains in concrete of 0.003 and
0.008 are considered.
Generally, the plastic hinge length lp=0.5lp*, where lp* is the distance from the wall base to the

point at which the yield strain is attained in the reinforcing bar that is subjected to tension. There-
fore, the equivalent rectangle for plastic curvatures is consistent with a linear distribution of plastic
curvature over lp*. For consistency in this study, lp* is defined for the first yield, tracking yielding in
the extreme tensile reinforcement along the height of the wall. From the results of the numerical
analysis, a regression was performed to modify the expression proposed by Bohl and Adebar
(2011), as shown in Equation (16). Eq. (16a) is calibrated for a variable z, which is used for addi-
tional analysis, whereas hw was selected for Eq. (16b) to verify the correlation with the previous re-
sults. The analysis results indicate that the plastic hinge length increases with the level of plastic

displacement or drift Δp ¼ δu � δyð Þ
hw

instead of the total drift, starting from zero plastic hinge

length at zero plastic drift, which is consistent with the inexistence of inelastic deformation. Because
the amount of boundary reinforcement and hardening has less impact, they are not included in Equa-
tion (16).

lp ¼ 0:2lw þ 0:05zð Þ 1� 1:5P

f ′cAg

 !
6:7Δp

0:3
� �

(16a)

lp ¼ 0:2lw þ 0:05hwð Þ 1� 1:5P

f ′cAg

 !
5:1Δp

0:3
� �

(16b)

Fig. 11 shows the values of the plastic hinge length estimated by Eq. (16a) compared with the values
obtained from the numerical analysis (fiber model). The discrepancies are associated with the param-
eters that were not incorporated in the model. The figure includes the estimation of the plastic hinge for
an imposed 0.8% plastic drift, which corresponds to the average value of plastic drift levels used in the
analysis (total drift levels range between 0.6% and 3%, which yields plastic drift levels between 0.1%
and 2%). The effect of drift significantly impacts the correct estimation of lp, where the estimate for the
fixed drift value reduces the plastic hinge length by approximately 30% in some cases and doubles the
length compared with the calibrated expression with the consistent plastic drift (Eq. (16a)). Fixing the
plastic drift to a certain level is intended to show the differences that could be expected compared with
other plastic hinge length models (e.g. Bohl and Adebar, 2011) that do not include the impact of plastic
drift level. Although small plastic drift levels recover the expression from Bohl and Adebar (and other
expressions as well), some of the formulations for plastic hinge length from the literature have been
calibrated in order to better predict the maximum curvature for design (usually detailing), and there-
fore, formulations would match as curvature comparison rather than plastic hinge length comparison.
As explained in the next paragraphs, the distribution of curvature along the plastic hinge length is an
important parameter that needs to be taken into account in order to correctly predict the maximum
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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Figure 11. Plastic hinge length prediction versus analysis (fiber model).
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curvature. The distribution of curvature is further incorporated as a factor (see β in Eq. (17)) that ac-
companies the plastic hinge length and therefore could be considered as a modification of its value.
A correct estimate of the plastic hinge length does not guarantee a correct estimate of the curvature

demand. The behavior of steel is highly relevant in the curvature at the wall base and the distribution
over height (Dazio et al., 2009). Thus, the effect of the steel behavior on the distribution of curvature
along the height is examined. In Fig. 12, the distribution of curvature over the height is shown for walls
of buildings with 20 floors and a length of 5m with different steel properties (variation in ρb, εsh and b)
for a drift of 1.5%, which corresponds to a 0.7% plastic drift. Considering that the yield point (l�p ¼ 2lp)
is at a height ranging from 6.5 to 7.7m (20% change) for all cases, the maximum curvature values
range from 0.0036/m to 0.0089/m (150% change), which indicates that the differences relate to how
the curvature varies below the yield point rather than the plastic hinge length. Thus, a linear distribu-
tion assumption may not be adequate in all cases. This finding is consistent with the important curva-
ture variation at the wall base, which was experimentally observed by Dazio et al. (2009), where the
axial load, the reinforcement quantity and the steel hardening properties differed.
In order to capture the different curvature distribution observed in Fig. 12, a modified expression of

Eq. (1) for the ultimate curvature is proposed (Eq. (17)). The new expression considers an inelastic

nonlinear curvature distribution of the type ф yð Þ ¼ фu � фy

� �
y
l�p

� � 2=β�1ð Þ
þ фy, where y is measured

along the height of the wall from the yield point to the bottom and β is a parameter related to the way
the curvature increases (in general, β< 1 and β=1.0 for linear distribution). Thus, the plastic rotation is

given by θp ¼ β фu � фy

� �
l�p
2

� �
¼ βlp фu � фy

� �
. Considering that hw≫

lp
2 in tall buildings,

the expression for the ultimate curvature reduces to

фu ¼ фy þ
δu � δy ̃
� �

βlp hw � lp
2

� � (17)

Although factor β in Eq. (17) is considered to be a reduction of the plastic hinge length, it is related
to the concentration of curvature toward the most critical zone within the plastic hinge length. This
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Figure 12. Curvature distribution along the height.
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expression also includes a correction of the yield displacement component δy determined at first yield.
Fig. 12 describes the curvature distribution along the height of the wall reaching a curvature beyond
yielding at wall base. The location of the yield curvature фy defines the end of the plastic range. Dou-
ble integration of the elastic curvature (shaded area for the curvature distribution with the largest max-
imum curvature) yields the elastic top displacement. Upon increment of lateral top displacement,
yielding of the boundary reinforcement progresses, moving upwards along the height of the wall in-
creasing the shaded area, and therefore increasing the elastic lateral top displacement for this formula-

tion. Thus, the corrected yield component ( δy ̃ ) is calibrated as δy ̃ ¼ δy 1 þ 0:9 lp
hw

� �0:23� 	
.

Generally, δy ̃≈1:4δy.
As it was shown in Fig. 12, given the location of the yield point, and therefore the length of the plas-

tic zone within the wall height, inelastic distribution of curvature is mostly dependent on steel proper-
ties. Thus, parameter β is dependent on the onset of hardening (εsh) and the post-yield relative stiffness
(b), as well as the boundary reinforcement ratio (ρb), assuming that the web-distributed reinforcement
is less representative. As a simplified model, an expression consistent with an increase in post-yield
force per unit area of the boundary element of the wall that corresponds to Esbρb(εs� εsh) is proposed,
with εs tensile steel strain in the tension wall boundary. Considering that εs is associated with the top
lateral displacement of the wall, for simplicity, the expression is only calibrated with material proper-
ties and steel quantity as shown in Eq. (18). The expression is valid for the range of parameters con-
sidered, which vary between εy (0.0021) and 0.02 for εsh, between 0.005 and 0.075 for ρb and between
0.005 and 0.04 for b. Note that for b =0.04, ρb = 0.075 and εsh = εy, it practically recovers the original
expression because β=0.87. Other cases yield smaller values for β, which increases the curvature. Eqs.
(17) and (18) together are capable of predicting the variation of curvature observed in Fig. 12.

β ¼ 10 bρbð Þ0:42 1 � εsh � εy
� �0:22� �

(18)

The accuracy of the proposed expression is presented in Fig. 13. In Fig. 13, the ratio between the
estimated curvature and the theoretical ultimate curvature is shown as a function of the parameters as-
sociated with coefficient β and the trend line. For the calculation of the ultimate curvature, the
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Figure 13. Ratio of curvature prediction of proposed model versus analysis (fiber model) to the β
coefficient: (a) variation in εsh, (b) variation in b, and (c) variation in ρb.
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following assumptions for the yield component are considered: K=1.4, α=0.22 and δy ̃≈1:4δy because
generally, the displacement demands significantly exceed the elastic response. As shown for each of
the parameters (b, ρb and εsh), the curvature estimation is capable of capturing its effect (trend lines
almost horizontal). Few cases (less than 3%) present a significant overestimation (above approximately
1.5), which is obtained in cases with low curvature values, where an error (simple model) in the yield
estimate increases the predicted curvature.
In Fig. 14(a), the estimation of the curvature (Eq. (17)) versus the curvature obtained from the anal-

ysis (fiber model) is shown for the same cases examined for the plastic hinge length. Additionally, the
ultimate curvature is also estimated from Eq. (13), which considers the plastic hinge length lp= lw/2
(Fig. 14(b)). The data are separated into two groups: the first group (solid symbols) covers roof dis-
placements less than or equal to 1:5% N

20 with N number of floors and the second group (empty sym-
bols) considers higher levels of lateral displacements. These levels of demand can be expected in
rigid buildings with a large number of walls and soil conditions of moderate quality, which is common
in many cases in building designs in Chile (Wallace et al., 2012). In Fig. 14(a), the estimated average
curvature values are similar to the values obtained from the numerical analysis with a mean value of
0.99 and a dispersion of 0.28. If we consider the cases with low drift demand (solid symbols), the plas-
tic hinge length (Eq. (16a)) can be approximated by lp= 0.17lw+0.027hw, which yields a slightly
higher mean value and dispersion for the group. Fig. 14(b) shows that Eq. (13) is more conservative
in general (avg=1.8) in estimating the ultimate curvature but has a large dispersion (sd = 1.35), which
indicates that it is not conservative for an important number of cases.
Experimental validation of the proposed methodology is difficult because few experimental studies

of slender walls have investigated precise curvature values at the wall base. Dazio et al. (2009) tested
six relatively slender walls (aspect ratio = 2.3) with a point load under increasing lateral displacement
cycles. The walls had different configurations of distributed and boundary longitudinal reinforcement,
confinement and axial load. The properties of steel that were used for reinforcement also showed dif-
ferent hardening values, which are relevant information for this discussion. The main characteristics
are described in Tab. 1, in which the level of axial load (N/f’cAg), boundary reinforcement ratio (ρb)
and distributed reinforcement ratio (ρw), as well as the yield stress (fy) and maximum stress (fm), are
reported. The yield stress is estimated to the point of intersection in the stress versus strain curve with
a line parallel to the elastic response beginning at 0.2% strain. The maximum stress is estimated at 2%
strain, which is used for the relative post-yield stiffness (b) for distributed and boundary reinforce-
ments. This test program helps in examining the effect of the coefficient β in the wall response because
Copyright © 2016 John Wiley & Sons, Ltd. Struct. Design Tall Spec. Build. 2016; 25: 823–841
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Figure 14. Curvature prediction versus analysis (fiber model): (a) proposed model and (b) simple
plastic hinge.

Table 1. Wall test characteristics (Dazio et al., 2009).

ID N/f’cAg ρb ρw ρeq hw lw fy,b fm,b
2 fy,w fm,w

2 bb bw beq

- % % % m m MPa MPa MPa MPa – – –

WSH2 0.057 1.32 0.3 1.52 4.56 2.0 583 683 485 517 0.033 0.010 0.022
WSH3 0.058 1.54 0.54 2.37 4.56 2.0 601 6761 569 6481 0.025 0.026 0.025
WSH4 0.057 1.54 0.54 2.37 4.56 2.0 576 636 584 656 0.020 0.024 0.022
WSH5 0.128 0.67 0.27 0.73 4.56 2.0 584 656 519 5431 0.024 0.008 0.015
WSH6 0.108 1.54 0.54 2.37 4.52 2.0 576 636 584 656 0.020 0.024 0.022

1Estimated with similar overstrength as other specimens.
2Determined at 2% strain.
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the reinforcement properties and amounts vary among the different walls. Fig. 15 shows the experi-
mental results from Dazio et al. (2009) and the curvature estimation as a function of wall top drift.
The simplified estimate of the yield component is considered. For all cases, the drift value is based
on the flexural component, which accounts for 80% of the total roof displacement. According to the
experimental results, approximately 20% of the displacement corresponds to shear and the deformation
due to strain penetration (each with a similar contribution). Although the formulation was proposed
assuming that the web reinforcement is not as important as the boundary longitudinal reinforcement,
in cases with large amount of web reinforcement or low amounts of boundary reinforcement, an equiv-
alent value for the amount of reinforcement and hardening was estimated, because the contribution of
distributed reinforcement was important in some cases. The amount of reinforcement, boundary and
web steel ratios were weighted by the area of concrete (to ensure that it is influential as a function
of tensile force) and location with respect to the compressed boundary (to ensure that it is influential
as a function of moment arm), in which a distributed amount of 0.25% (used in the model formulation)
is discounted to deliver an equivalent force at the wall boundary. Thus, in walls with a distributed re-
inforcement larger than 0.25%, an equivalent reinforcement that is larger than the boundary reinforce-
ment is produced. Similarly, the hardening (b) was estimated by weighting the force that contributes
from the boundary and the distributed reinforcement. However, a distributed amount of 0.25% was
not discounted because the value of the hardening applies to all distributed reinforcement. In all cases,
εsh= εy. The estimation of equivalent parameters that combines boundary with web reinforcement
1
l



Figure 15. Curvature versus top displacement: test (Dazio et al., 2009) and proposed model.
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impairs a perfect comparison but gives a good guideline relative to the impact of the material charac-
teristics. The results indicate that although the model overestimates the curvature values, there is a con-
sistency regarding which cases exhibit larger curvature. WSH5 shows the largest curvature values,
which are associated with a low amount of reinforcement, low hardening and are subjected to high ax-
ial loads. WSH2 shows the second highest curvature values that are primarily attributed to a small
amount of reinforcement. Smaller curvature values are observed with WSH3; they are associated with
a large amount of reinforcement and hardening values and a low axial load. This correlation is ob-
served in the test and the model. WSH6 and WSH4 exhibit a different behavior between the model
and test data. Higher experimental values of curvature are observed in the case of WSH4 compared
with WSH6, which occurs in reverse in the model. The difference between these two cases is associ-
ated not only with the axial load level (considered in the model by the plastic hinge length) but also
with the difference in confinement. Confinement consists of closed stirrups for WSH6 with an amount
of approximately 0.4%, whereas WSH4 only considers U-shaped transversal reinforcement, which
provides no real confinement or bar buckling restraint (Wallace et al., 2012; Massone et al., 2012).
Specimen WSH4 will begin to degrade its capacity earlier due to the low ductility of the concrete at
the boundary and lower capacity of boundary reinforcement, which results in a rapid increase in cur-
vature values. The model assumes adequate confinement and bar buckling restraint; therefore, it is un-
able to capture this type of damage.
Although the correlation between the different walls is consistent with the model and the experimen-

tal data, the observed values differ. These differences might be associated with the way the curvature
values were estimated in the test program. Considering that strains at the wall base and curvatures are
affected by shear strain and strain penetration, Dazio et al. (2009) assumed a linear curvature distribu-
tion within the plastic hinge (used five or six points to estimate curvature values within l�p), excluding
the last point (to prevent shear and strain penetration), and extrapolated the curvature to the wall base
by using the aforementioned measurements. Although the specimens were well-instrumented, a differ-
ent assumption than a linear curvature distribution is probably impractical. Thus, if the actual curvature
distribution is nonlinear (β< 1), this procedure underestimates the curvature at the wall base. Estimates
for assumptions with a nonlinear distribution (β<1) used to derived Eq. (17) indicate that the exper-
imental results for the curvature at the base might have been reduced by about 50% for β =0.4 (average
value for the specimens under analysis) by using a linear interpolation. More detailed instrumentation
could help providing valuable experimental information. This result assumes the comparison of con-
tinuous curves, whereas the wall tests considered discrete values, which would reduce this effect.
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All this explains the apparent overestimation of curvature estimates with the model at wall base, but the
experimental data do not provide enough discretization that could reduce the uncertainty in the infor-
mation required for this analysis.
6. CONCLUSIONS

This study presents a parametric analysis using a fiber nonlinear model of slender reinforced concrete
walls, which facilitates calibrating expressions for yield curvature, yield displacement, plastic hinge
length and distribution of curvature at the wall base.
A series of monotonic analyses of rectangular walls with a triangular lateral load distribution that

considers different variables, such as axial load and the amount of boundary reinforcement, are per-
formed. From these analyses, an expression that estimates the yield curvature (related to K) is deter-
mined based on axial load and boundary reinforcement. However, a conservative value of K=1.4
can be used. An analytical expression based on parameter α for estimating the yield displacement,
which is dependent on the amount of boundary reinforcement, is calibrated. Based on the numerical
analysis, α=0.22 can be conservatively assumed. In the case of T-shaped walls, similar results to rect-
angular walls are obtained when the web is in compression. When the flange is in compression, the
values K=1.0 and α=0.22 are conservatively assumed.
The numerical model that incorporated coupling between walls by slab action resulted in low cou-

pling for common Chilean design. A general procedure is proposed to account for coupling in the es-
timation of yield displacement, which is based on the estimation of the displacement of walls without
coupling and the location of the inflection point in the moment diagram, whose value can be obtained
from the design models. Adequate correlation between the prediction and the analysis was observed
with this methodology for low and high levels of coupling.
The inelastic response is used to calibrate an expression for the plastic hinge length. A set of numer-

ical analyses are conducted considering several variables, such as axial load, wall length and height
and drift level. Incorporating the plastic drift (Δp) attained by the wall improves the estimation of
the plastic hinge length. For example, the estimation of the plastic hinge for an imposed 0.8% plastic
drift results in a reduction of the plastic hinge length by approximately 30% for some cases; in other
cases, it doubles the length compared with the calibrated expression (Eq. (16a)).
Variations in properties of steel, such as hardening and the reinforcement ratio, indicate that the dis-

tributions of curvature below the yield point (along the wall height) are nonlinear, which requires a β
factor to correct the traditional expression that helps to estimate the curvature demand. It is partially
validated with experimental data from the literature, which indicates that the amount of reinforcement
and hardening affect the ultimate curvature, as predicted by the proposed model. In the case where the
plastic hinge length is estimated using lp=0.5lw and the hinge model concentrate all curvature at the
wall base, results are conservative with an important dispersion of results, which underestimates the
curvature in many cases.
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