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Abstract. Using techniques of convex analysis, we provide a direct proof of a recent characteri-
zation of convexity given in the setting of Banach spaces in [J. Saint Raymond, J. Nonlinear Convez
Anal., 14 (2013), pp. 253-262]. Our results also extend this characterization to locally convex spaces
under weaker conditions.
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1. Introduction. Saint Raymond observes [18] that for a given nonconvex con-

tinuous function f : R — R, which satisfies lim), |, % = 400, there exists an
affine function h that minorizes f, such that f — h vanishes on a nonconvex set. This

fact characterizes the convexity of a function. More generally, the following holds.

THEOREM 1 (see [18, Theorem 10]). Let X be a Banach space and let f: X —
RU {400} be a weakly lower semicontinuous (Isc) proper function such that f —x* is
weakly inf-compact for all x* € X*. If the argmin set of the function f —x* is convex
for all =* in a convexr dense subset of X*, then f is convex.

Observe that in the original statement of [18, Theorem 10] the hypothesis of
weak inf-compactness used above is replaced by the equivalent fact that the function
f — x* attains its minimum for every z* € X*. This equivalence, being a functional
counterpart of James’s theorem [11, Theorem 3.130], has been established in [19,
Theorem 2.4]. We call this work Klee-Saint Raymond characterization of convexity
because in the framework of Hilbert spaces, Theorem 1 is equivalent to the famous
characterization given by Klee [12] for the convexity of weakly closed sets. See [4] for
a recent review of this problem related to Chebychev sets.

To prove Theorem 1 the author uses classical deep tools of Banach space theory,
like James’s theorem and Brouwer’s fixed-point theorem for multifunctions, among
others. More recently, another proof has been given in [17], under the assumption
that X is a reflexive Banach space, by using techniques of operator theory.

In this work we use techniques of convex analysis to give a direct proof for a
generalization of Theorem 1 for functions defined on locally convex spaces. This
generalization, given in Corollary 11, is an immediate consequence of the main result
of this work that provides an explicit expression of the closed convex hull of a function;
see Theorem 8. Our hypotheses are weaker than those used in Theorem 1 and rely on
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the epi-pointedness property that has been successfully utilized recently ([2], [5], [6],
[7], [8], [15]) with the purpose of extending results, which were known exclusively for
Banach spaces or convex functions, to locally convex spaces and nonconvex functions.

2. Notation and preliminary results. In the following, X and Y will be two
(separated) locally convex spaces in duality by the bilinear form (-,-) : ¥ x X — R.
The space X will be endowed with the weak topology w(X,Y’), while on Y we use
the Mackey topology 7(Y, X). We will write R := R U {—o00, 00}.

For a given function f : X — R, the (effective) domain of f is dom f := {z € X |
f(z) < +o0}. We say that f is proper if dom f # () and f > —oo, and inf-compact if
for every A € R the set [f < A\ :={x € X | f(z) < A} is compact. The conjugate of
f is the function f* : Y — R defined by

fr (@) = sup{(z",z) — f(2)},
zeX
and the biconjugate of f is f** := (f*)* : X — R. The subdifferential of f at a point
x € X where it is finite is the set

Of (@) :={a" €Y [ (2" y —z) < fy) — f(x) Vy € X}

if f(z) is not finite, we set df(z) := 0.
The indicator and the support functions of a set A (C X,Y) are, respectively,

0, r €A, N
Is(z) = {—f—oo v A oa =1}

The inf-convolution of f,g: X — R is the function fOg := inf.ex{f(2) +g(- — 2)};
it is said to be exact at x if there exists z such thatfOg(z) = f(z) + g(z — z). For
a set A C X, we denote by int(A), A4, co(A), o(A), and aff(C), the interior, the
closure, the convex hull, the convex closed hull, and the affine subspace generated by
A, respectively. By ri(A) we denote the interior of A with respect to aff(C).

The polar of A is the set
A% ={a" €Y | (z",x) <1,V € A},

while the normal cone of A at x is Na(x) := 0I4(x).
We introduce in the following definition the family of functions that will play a
key role in our analysis.

DEFINITION 2. A function f : X — R is said to be epi-pointed if f* is 7(Y, X)-
continuous at some point of its domain.

This class of epi-pointed functions was introduced by Benoist and Hiriart-Urruty
[3] in the nineties when X is finite-dimensional, but the original definition goes back
to Debreu in the fifties [9].

The following lemma is a compilation of classical results in convex analysis that
we will use in the proof of our main results that correspond to Proposition 7 and
Theorem 8. They can be found in the pioneer reference of convex analysis [14] and
also in [13, Chapter 6].

LEMMA 3.

(a) Given two Isc proper convex functions g,h : X — R such that g* is continuous
at some point of domh*, for all x € X there exist v1,x2 € X such that
T, + a0 = and

dg(x1) N Oh(xe) = O(g0Oh)(z1 + x2).
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(b) Given two functions g,h: X — R, we have for all x1,z2 € X
dg(x1) N Oh(x2) C O(gOh)(z1 + x2).

(¢) Given two functions g,h: X — R, we have (fOg)* = f* + g*.
(d) Letg,h:Y — R be proper convex functions such that h is continuous at some
point in dom g Ndom h. Then

(g +h)"(x) = (¢"0R") () Vo e X,

and the inf-convolution is exact.
(e) Given a function g: X — R, if dg(x) # 0, then g(x) = g** ().
(f) An Isc proper convex function g : Y — R is 7(Y, X)-continuous at z* € dom g
if and only if g* — x* is w(X,Y)-inf-compact.
The following lemma is a slight extension of [1, Theorem 2.40] to the case of nets
of functions. For completeness we give a proof.

LEMMA 4. Let X be a topological space and let (fo)acp be a net of lsc proper
functions defined on X such that

(1) a,BED, a<B= fo< fs

For ¢, —>D 07T, let (Ta)acp be a relatively compact net such that z, € €4-argmin f,
ag
for each . Then

inf sup fo = sup inf f,
IGXaeF[))f (@) = aeI[)ﬂE fal®),

and every accumulation point of (za) is a minimizer of the function sup,cp fa-

Proof. Tt is easy to see that every subnet of (f,) has a subnet that preserves
property (1); so, without loss of generality, we may assume that x, — Z € X. We
start by showing that for every V € N3, the neighborhood system of Z, we have

2 sup inf f, < sup inf f,
@ sup inf fo(v) < sup inf fu(o)

Given § > 0 and V € N3, we choose oy € D such that 2, € V and ¢, < § for all
a > «ag. Then for any 5 € D we get

inf f5(v) < sup fa(wa) < sup {;2§ fa(x) +€a} < sup inf fo(z)+ 0.

a>agp a>agp aeDreX

This yields (2) by taking the supremum on 3 € D and the limit as § — 0.
Now, (2) leads us to

inf sup fo(z) < sup fo(Z) = sup sup inf f,(v)
z€X qeD a€D aeD VeN vEV

= sup sup inf fo(v) < sup mf falz),
VEN; aeD VeV aeD T€

which yields

inf sup fo(z) < sup fo(Z) < sup inf fo(z) < inf sup fo(z),
z€X qeD a€eD aeDz€X z€X neD

and, so, the proof is completed. a
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We close this section by recalling the key tool in the proof of our main result,
which is an extension of the classical Fenchel formula df* = (9f)~! for Isc proper
convex functions, to weakly lsc epi-pointed (nonnecessarily convex) functions.

PROPOSITION 5 (see [6, Corollary 6]). Let f: X — RU {+oo} be a weakly lsc
epi-pointed function. Then for every z* € Y we have that

0f*(x*) =0 [(9f) "' ()] + Naom s+ (x7).

3. The characterization of convexity. We start with a comparison between
the subdifferentials of an epi-pointed function and its biconjungate.

PROPOSITION 6. Let f: X — R be a weakly Isc epi-pointed function and denote
My :={z" € Y : argmin{f — z™} is convex}.
Then for every v € X we have that
int(dom f*) N My NOf*(x) C Of(x).

Proof. We choose z* € int(dom f*)NM NI f**(x) and z € X. Since (9 f)~!(z*) =
argmin{ f — z*} is convex and weakly closed (f is weakly Isc), according to Proposi-
tion 5 we have that

of*(z*) = (0f) " ().

Hence, since z* € df**(x) we have that = € 9 f*(z*) = (9 f)~!(z*), which is equiva-
lent to z* € 0 f(x). O

We give now a first relation between an epi-pointed function and its biconjugate.

PROPOSITION 7. Let f : X — R be a weakly lsc epi-pointed function and M;
as in proposition above. Then, for all nonempty, convezr, and compact sets C C
int(dom f*) N My, we have that

ccOf* = ocOf.

Proof. We fix € X. By Lemma 3(a), applied with g := o¢ and h := f**, since
h* = f* is continuous at any point of dom g* = C, there are x1,z2 € X such that
r = x1 + r9 and
(3) Ooc(x1) NOf* (x2) = A(ocOf*™) ().
Since doc(x1) C C C int(dom f*) N My, Proposition 6 gives us the relation

Ooc(x1) NOf** (z2) C doc(x1) NOf(x2).

So, invoking Lemma 3(b), from (3) we infer that
(4) (ocOf™)(x) € d(oclf)(x).

On the one hand, by Lemma 3(c) we have (cc0f)" = f* + Ic and so, invoking
Lemma 3(d), we get

(5) (0cOf)" = ocOf™.
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On the other hand, since

(0cOf)" () = (o + )" (2) = SHPC{@C*@ — 7@},
x*e
the continuity of f* and the compacity of C yield the existence of some T* € C' such
that

(ccOf)" () = @, 2) — f(@T") = (@, 2) = (f* + Ic)(@) = (@, 2) — (ocOf)" (T").
In other words, in view of (5) and (4), respectively,
z* € 0 (oc0f)™ () = 0 (oc0f™) (x) C d(ocOf)(z)
and, so, d(ccf)(z) # 0. Due to Lemma 3(e), and using (5) again, this implies that
ocOf(z) = (ccOf)™" (2) = ocOf ().
This finishes the proof, since x was arbitrarily chosen. ad

We are now able to prove the main result of this work, which has as a consequence
the required characterization of convexity.

THEOREM 8. Let f: X — R be a weakly Isc epi-pointed function such that
argmin{ f — z*} is convex Vz* € D,

where D is a convexr dense subset of dom f*. Then we have that

f** = Udomf*Df'

Proof. Since int(dom f*) # (), without loss of generality, we assume that D C
int(dom f*). Define € := {co(F) : F is a finite subset of D}. Clearly (€,D) is a
directed set.

It is easy to check, using Proposition 7, that

sup UCDf = sup O—C'l:’f** < 0dom f* Df** < Odom f* Df
Cece Cece

Now we will prove that

(6) sup UCDf = Odom f* Df7
Cee

and the conclusion will follow from Lemma 3(d), which shows that gqom p+-Of** =
(Idomf* + f*)* = f**

We fix x € X and for any C € € define go(y) := f(y) + oc(x —y) and g(y) :=
f(y)+0dom s+ (x—y). Clearly, gc and g are weakly Isc functions and g g pointwise.

If there exists C' € € such that go = +o00, (6) is trivially verified.

Assume that for every C' € €, go # +o0o. From Lemma 3(f) applied to f* at
z* € C(C int(dom f*)) we conclude that f** — x* is weakly inf-compact, and from
the fact that

go() = f() +oc(x—-) = f7() = (27, -) + (&7, 2),
we see that go is weakly inf-compact.

Now, for every C' € € we take ¢ € argmin{gc} and fix some Cy € €. Then
for every K € € such that Cp C K we have zx € T := {y € X : g¢,(y) <
supece{ocOf (@)}}.

Finally, if suppce{ocOf(z)} = 400, equality (6) is trivial. On the other hand,
if supcce{ocOf(z)} < +o0, then I is compact and we apply Lemma 4 to the family
gc, ¢ indexed by the directed set {C' € € : Cy C C'} to obtain equality (6). O
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The following example illustrates the necessity of considering the support function
of dom f* in the formula for the biconjugate given in Theorem 8.

Ezxample 9. Let f: R — R be the Isc nonconvex function defined by

|zl if zel[-1,1],
fle) = { || +elolif 2 e R\[-1,1].
Then it is easy to prove that f* = I|_; ;j, which shows that f is epi-pointed, and

0y  if ae(-1,1),
argmin{f —a} =< [0,1] if a=1,
[~1,0) if a=-1.

Hence, the hypothesis of Theorem 8 holds, but not the equality f** = f. However,
we easily check that
=] = odom s-0f.

The following remark gives a geometrical interpretation of the conclusion of The-
orem 8 in terms of the epigraph of involved functions.

Remark 10. It is well known that when the inf-convolution is exact, then its
epigraph is the sum of the epigraphs of the two functions. Since it can be shown that
convolution in the equality of Theorem 8 is exact, we see that Theorem 8 corresponds
to the set equality

(7) co(epi f) = epi f + epiddom ¢+
On the other hand, if we consider the asymptotic cone of epi f given by (see [10])

(epi f)oo = ﬂ 10, €] epi f,

e>0

which is the epigraph of the asymptotic function fs, since €(fs) = 0dom f+ When f
is weakly lsc and epi-pointed (see [8, Theorem 7]), we can rewrite Theorem 8 as

[ = f0eo(fe)

and (7) as
o(epi f) = To((epi f)oo) + €pi f-

It is worth noting that this characterization does not involve dual objects.

The next corollary corresponds to the announced result of this work: The exten-
sion of Theorem 1 to the setting of locally convex spaces.

COROLLARY 11. Let f : X — R be a weakly lsc epi-pointed function such that
dom f* =Y. If there exists a convexr dense set D C'Y such that argmin{f — z*} is
convex for all z* € D, then f is convex.

The next remark compares the hypotheses of Theorem 1 and Corollary 11.

Remark 12. Tt is worth observing that in Theorem 1 the density assumption on D
is with respect to the norm topology in X *. This is clearly stronger than the condition
used in Corollary 11 asking that D is dense only with respect to the Mackey topology.
On the other hand, according to Lemma 3(f) we see that the hypothesis of weakly
infcompactness of f —x* is equivalent to the continuity of f* over all X* with respect
to the Mackey topology.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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The following example shows the necessity of the convexity assumption of D in
Corollary 11.

Example 13. Let h be a proper lsc convex function defined on a reflexive Banach
space Z such that dom h* = Z*; hence, h is epi-pointed (with respect to the norm-
topology in Z*). Choose any nonconvex positive and weakly lsc function g such that
the function f := h + ¢ is not convex. Then f defines a weakly lsc epi-pointed
function, due to the relation A* > f* which implies that dom f* = Z* and f* is
norm-continuous on Z*. Since f* is Fréchet-differentiable in a (Gg)-dense subset of
Z* (see, e.g., [16]), D C Z*, by [5, Proposition 6] we deduce that, for all 2* € D,

argmin{f — 2"} = (9f) 7' (z") = {Vf"(z")}.

The next corollary shows that the epi-pointedness assumption in Corollary 11 can
be replaced by the assumption of convexity of e- argmin{ f —z*} when ¢ is sufficiently
small and the density of D in the norm topology.

COROLLARY 14. Suppose that X is a normed space, and let f : X — R be a weakly
Isc function such that dom f* = X*. Assume that there exist a conver (norm-)dense
set D C X* such that for all * € D there is some 6 > 0 such that

e-argmin{f — 2"} is convex Ve € (0,0).

Then f is convex.
Proof. We consider the duality pair ((X**,w*), (X™*,| - ||«)) together with the
function 7w : X** - R given by
7Y (2) := liminf f(zq).

w
To — ™™

o €X

It is clear that 7w is weakly 1sc and epi-pointed. Moreover, since for every z* € D
we have

argmin{f —az*}= ﬂ g-argmin{ f — a:*}w ,
e>0

we deduce that argmin{?w — 2*} is convex. Hence, by applying Corollary 11 we
conclude that 7 is convex, and so is the function f. O

In the final part, keeping in mind a possible application to the finite-dimensional
case, we consider the relative interior within the definition of epi-pointed functions.
More generally, we have the following.

THEOREM 15. Let f : X — R be a function with a proper conjugate, and denote
F := aff(dom f*). We suppose that the following conditions hold:
(a) The restriction of f* to F, f*p, is continuous on ri(dom f*).
(b) There exists zf € ri(dom f*) such that f — xf is weakly lsc and weakly inf-
compact.
(c) There ezists a convex set D C ri(dom f*) with ri(dom f*) C D, such that
argmin{ f — z*} 4s convex for all x* € D.
Then we have

(8) Udomf*Df: f**

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Moreover, if D = F, then

(9) Udomf*Df:f**:fFv

where fr(z) = inf{f(w):w €z + (F —z})t}.

Proof. We may suppose without loss of generality that zf; = 0 so that the function
fr defined above is written as

fr(z) = inf{f(w) :w €z + F*+}.

We also denote by Z := X/F~ the quotient space of X by the orthogonal space of F
and introduce the function h : Z — R defined as

h([z]) == fr(z).

Let us consider the dual pair (Z,0(Z, F), F,7(Y, X)) endowed with the bilinear form
(a*,[z]) = (*,z). Then, from the relation

{z€eZ:h(z) <A} =I{z e X : f(z) <a}) VAER,
where I : X — X/F* is the canonical projection, i.e., II(z) = [z], it follows that h is
weakly Isc. Also, since f is weakly inf-compact, the relation above together with the
fact that h* = f*| also implies that
int(dom h*) = ri(dom f*),

and h is epi-pointed.
Next, because f is weakly inf-compact, we get

argmin{h — z*} = II(argmin{ f — z*}),

which shows that argmin{h — z*} is convex.
Now, we are able to apply Theorem 8 to get, for every x € X,

Odom hxh = sup {<,$*> - h*(x*)} .
T*EF

Moreover, using the fact that h* = f*| and ddom f«( —y — 2) = Tdom s+ (z — y), for
every z € FX, we see that for all z € X

Udomh*Dh([x]) = Udomf*Df(x)
and

sup {(z,2") — h"(2")} = [ ().

z*eF
Finally, if F C dom f*, then z —y ¢ F*, and so
Odom f* (33 - y) = O'F(ZIJ - y) = +-o00.

Therefore, o4om f-0Of = fr. a
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Remark 16. With the hypothesis of Theorem 15, it is not possible to get the

equality f = f** instead of fr_,; = f**. Indeed, consider the function f : R? - R
given by

flevy) = 32 +In(ly] +1).

Then the conjugate is given by

2

@ it g=0,

f*(o"ﬁ):{ foo if B#0

so that dom f* = R x {0} and for every («,0),

argmin{f - (a, 0)} = {(a7 O)]’;

that is, argmin{f — (a,0)} is convex, while f is not convex.
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