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Abstract

In this work we are interested in estimating the size of a cavity D immersed
in a bounded domain Q C R4, d = 2, 3, filled with a viscous fluid governed
by the Stokes system, by means of velocity and Cauchy forces on the external
boundary 9 €2. More precisely, we establish some lower and upper bounds in
terms of the difference between the external measurements when the obstacle
is present and without the object. The proof of the result is based on interior
regularity results and quantitative estimates of unique continuation for the
solution of the Stokes system.

Keywords: inverse problems, Stokes system, size estimate, interior
regularity, boundary value problems, numerical analysis, Rellich’s identity

(Some figures may appear in colour only in the online journal)

1. Introduction

We consider an obstacle D immersed in a region Q C R? (d = 2, 3) which is filled with a vis-
cous fluid. Then, the velocity vector u and the scalar pressure p of the fluid in the presence of
the obstacle D fulfill the following boundary value problem for the Stokes system:

—div(e(u,p)) = 0, in Q\D,
divu = 0, in Q\D,

u g, ondf),

u = 0, onoD,

(1.1)
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where o(u, p) = 2ue(u) — pl is the stress tensor, e(u) = is the strain tensor, / is the

(Vu+ Vul)
2
identity matrix of order d x d, n denotes the exterior unit normal to 9 Q2 and p > 0 is the kine-

matic viscosity. The condition |y, = 0 is the so called no-slip condition.

Given the boundary velocity g € (H'/?(0 Q))¢ satisfying the compatibility condition

g-n=0,
o0
we consider the solution of problem (1.1), (u, p) € (H'(Q\D))? x L*(Q\ D), and measure the
corresponding Cauchy force on 0 €2, ¢ = a(u, p)n,q, in order to recover the obstacle D. Then,
it is well known that this inverse problem has a unique solution. In fact, in [8], the authors prove
uniqueness in the case of the steady-state and evolutionary Stokes system using unique con-
tinuation property of solutions. By uniqueness we mean the following fact: if u; and u; are two
solutions of (1.1) corresponding to a given boundary data g, for obstacles D; and D, respec-
tively, and we consider that the Cauchy forces satisfy o(u;, p;)n = o(uz, p,)n on an open subset
I[h C 99, then D; = D,. Moreover, in [12], log-log type stability estimates for the Hausdorff
distance between the boundaries of two cavities in terms of the Cauchy forces have been derived.
Reconstruction algorithms for the detection of the obstacle have been proposed in [9, 16] and in
[24]. The method used in [24] relies on the construction of special complex geometrical optics
solutions for the stationary Stokes equation with a variable viscosity. In [9], the reconstruction
algorithm released in a nonconvex optimization algorithm (simulating annealing) for the recon-
struction of parametric objects. In [16], the detection algorithm is based on topological sensitivity
and shape derivatives of a suitable functional. We would like to mention that there hold log type
stability estimates for the Hausdorff distance between the boundaries of two cavities in terms of
boundary data, also in the case of conducting cavities and elastic cavities (see [3, 17] and [30]).
These very weak stability estimates reveal that the problem is severely ill posed limiting the pos-
sibility of efficient reconstruction of the unknown object. The above problem motives the study
or the identification of partial information on the unknown obstacle D like, for example, the size.

In literature we can find several results concerning the determination of inclusions or cavi-
ties and the estimate of their sizes related to different kind of models. Without being exhaus-
tive, we quote some of them. For example in [26] and [27] the problem of estimating the
volume of inclusions is analyzed using a finite number of boundary measurements in electrical
impedance tomography. In [20], the authors prove uniqueness, stability and reconstruction
of an immersed obstacle in a system modeled by a linear wave equation. These results are
obtained applying the unique continuation property for the wave equation and in the two
dimensional case the inverse problem is transformed in a well-posed problem for a suitable
cost functional. We can also mention [24], in which it is analyzed the problem of reconstruct-
ing obstacles inside a bounded domain filled with an incompressible fluid by means of special
complex geometrical optics solutions for the stationary Stokes equation.

Here we follow the approach introduced by Alessandrini et al in [5] and in [29] and we
establish a quantitative estimate of the size of the obstacle D, i.e. |D}, in terms of suitable
boundary measurements. More precisely, let us denote by (uo,p,) € (H(2)? x LA(Q) the
velocity vector of the fluid and the pressure in the absence of the obstacle D, namely the solu-
tion to the Dirichlet problem

L

in €,
, in ), (1.2)
uy = g, ondf.

—div(o(uo, py)) =
div uy =

=)



Inverse Problems 33 (2017) 025008 E Beretta et al

and let 1)g = o(ug, py)ny,. We consider now the following quantities

Wozf g o and W= g,
o0 o0

representing the measurements at our disposal. Observe that the following identities hold true
Wo:2f lewp)?  and szf le@)P,
Q V)

giving us the information on the total deformation of the fluid in the corresponding domains, 2
and Q\ D. We will establish a quantitative estimate of the size of the obstacle D, |D|, in terms
of the difference W — W,. In order to accomplish this goal, we will follow the main track of
[5] and [29] applying fine interior regularity results, Poincaré type inequalities and quantita-
tive estimates of unique continuation for solutions of the stationary Stokes system. The plan
of the paper is as follows. In section 2 we provide the rigorous formulations of the direct prob-
lem and state the main results, theorems 2.11 and 2.12. Section 3 is devoted to some auxiliar
results and to give the proofs of theorems 2.11 and 2.12. In section 4 we prove proposition
3.5 which deals with some estimates for the trace of the Cauchy force on the boundary of the
cavity D. Finally, in section 5 we show some computational examples of the behavior of the
rate with respect to the shape and the size of the interior obstacle.

2. Main results

In this section we introduce some definitions and some preliminary results we will use through
the paper and we will state our main theorems. Let x € R%, we denote by B,(x) the ball in RY
centered in x of radius r and B'(0) the ball in R?~!. In what follows we will consider the nota-
tion - for the scalar product between vectors in RY, : for the inner product between matrices,
and ® for the tensorial product between vectors. We set x = (xy, ..., Xg) as x = (x/, xz), where
X=X, . Xg—1).

Definition 2.1 (Definition 2.1 [5]). Let Q C R¢ be bounded domain. We say that 9 € is
of class Ck®, with constants po» Mo > 0, where k is a nonnegative integer and « € [0, 1), if, for
any xo € 0, there exists a rigid transformation of coordinates, in which xy = 0 and

QN B, 0) = {xcB,0): x,> X"},

where ¢ is a function of class C""’(B;,(O)), such that
©(0) =0,
Vp0)=0, ifk>1
[ 90||ck~“(3;0(0)) < Mop,.

When k = 0 and o = 1 we will say that 0 € is of Lipschitz class with constants p,, M.

Remark 2.2. We normalize all norms in such a way that they are dimensionally equivalent
to their argument, and coincide with the usual norms when p, = 1. In this setup, the norm
taken in the previous definition is intended as follows:

k
_ e ko ryk
@l on= > PolID llqa 0y + P 1D ¢|a,B’ﬂo(0),
i=0

where |-| represents the a-Holder seminorm
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>

k N _ Dk ,
|Dk¢|a,3’ o) — sup |D Pp(x") — D P(y )|

/ /|
o x’,y’EB}O(O),x’iy’ ‘x _y|

and D¥¢ = {Dﬂqb}‘ g|=k 18 the set of derivatives of order k. Similarly we set the norms

2 1 2
il = =5 [ P,
Py 4

1
il = o P43 [ 19uF )
Py Q Q

2.1. Some classical results for Stokes problem

We now define the following quotient space since, if we consider incompressible models, the
pressure is defined only up to a constant.

Definition 2.3. Let Q be a bounded domain in R?. We define the quotient space

LYQ) = LXQ/R,

represented by the class of functions of L*(2) which differ by an additive constant. We equip
this space with the quotient norm

V||, 200 = Inf ||V + al|;200)-
Il ”LO(Q) aE]R” ”L (©)

The Stokes problem has been studied by several authors and, since it is impossible to quote
all the related relevant contributions, we refer the reader to the extensive surveys [23] and [33],
and the references therein. We limit ourselves to present some classical results, useful for the
treatment of our problem, concerning existence, uniqueness, stability and regularity of solu-
tions to the following boundary value problem for the Stokes system

—div(o(u,p)) = f, in Q,
divu = 0, in Q, 2.1
u = g, ondfl,

where, for the sake of simplicity, from now on we assume p(x) = 1, Vx € €. Concerning the
well-posedness of this problem we have

Theorem 2.4 (Existence and uniqueness, [33]). Let Q CRY be a bounded domain
with Lipschitz continuous boundary, with d > 2. Let f€ (H-'(Q))¢ and g € (H"*(0 Q))? satis-
fying the compatibility condition
-n=0.
(‘mg n (2.2)
Then, there exists a unique (u,p) € (H'())? x L%(Q)) solution to problem (2.1). Besides, for

any fe (LX) andg € (H(O Q))? satisfying (2.2), the unique solution to (2.1) is such that,
see [10],

(u,p) € (HX())* x H(Q). (2.3)
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Moreover, we have

lull g2y 1 Plleny < CULIl2@) T8l m200))s (2.4)

where C is a positive constant depending only on (.

2.2. Preliminaries

In order to prove our main results we need the following a priori assumptions on €2, D and the
boundary data g.

(H1) Q C R?is a bounded domain with a connected boundary 92 of Lipschitz class with
constants p,, Mo. Further, there exists M; > 0 such that

19 < My, (2.5)

(H2) D C Qis such that Q\ D is connected and it is strictly contained in €2, that is there exists
a positive constant dj such that

d(D,0)>do>0. (2.6)

Moreover, D has a connected boundary 0D of Lipschitz class with constants p, L.
(H3) D satisfies (H2) and the scale-invariant fatness condition with constant Q > 0, that is

diam(D) < Qp. 2.7)
(H4) The boundary condition g is such that
gm0

gEMH?ON)Y, g#0, ———=<cy,
llgll 200

for a given constant ¢y > 0, and satisfies the compatibility condition
g-n=0.
0
Also suppose that there exists a point P € 9 {2, such that,

g=00n0QNB,(P).

(HS5) Since one measurement g is enough in order to detect the size of D, we choose g in such
a way that the corresponding solution u satisfies the following condition

f o, pyn = 0. (2.8)
0
(H6) There exists a constant #; > 0, such that the fatness condition holds, namely
1
Dul> 51D). 29
Concerning assumption (HS), the following result holds.

Proposition 2.5. There exists at least one function g satisfying (H4) and (H5).

Proof. Consider (d + 1) linearly independent functions g; satisfying (H4),i =1, ...,d + 1.
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Let

f o(ui,p)n =v; € R4,
00

where (u;, p;) is the corresponding solution of (1.1) associated to g;,i =1, ...,d + 1.

If, for some i, we have that v; = 0, then the result follows. So, assume that all the v; are
different from the null vector. Then, there exist some constants \;, withi =1, ...,d + 1, not
all zero, such that

d+1

Z )\,-vl- = O
i=1

and we can choose our Dirichlet boundary data as

d+1

8= Z Aig;-
i=1

Therefore, g satisfies (H4) and since the Cauchy force is linear with respect to the Dirichlet
boundary condition we have

f o(u,p)n =0,
20

where (u, p) is the corresponding solution to (1.1), associated to g. O
With respect to these hypotheses, we make some remarks.
Remark 2.6. Integrating the first equation of (1.1) on Q\ D, applying the divergence theo-

rem and using (2.8), we obtain

fa . o(u,pn = 0. (2.10)

Remark 2.7. Notice that the constant p in (H2) already incorporates information on the size
of D. In fact, an easy computation shows that if D has a Lipschitz boundary class, with positive
constants p and L, then we have

ID| > C(L)p".

Moreover, if also condition (H3) is satisfied, then it holds
ID| < C(Q)p”.

Then, it will be necessary to consider p as an unknown parameter while the constants L
and Q will be assumed as given pieces of a priori information on the unknown inclusion D.

Remark 2.8. The fatness condition assumption (H6) is classic in the context of the size
estimates (see [6, 7, 31]), and is satisfied when mild a priori regularity assumptions are made
on D. For instance, if D has a boundary of class Ch then there exists a constant 4; > 0, such
that (see [1])
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1
|Di| >5|D|~ .11)

where we set, for any A C R? and 1 > 0,
Ap = (xE€A: d(x,0A)> h)

Remark 2.9. The non-slip condition for viscous fluids establishes that, on the boundary of
the solid, the fluid has zero speed. The fluid velocity in any liquid—solid boundary is the same
as that of the solid surface. Conceptually, we can think that the molecules of the fluid closest to
the surface of the solid ‘stick’ to the molecules of the solid on which it flows. For that reason,
the condition g = 0, on 9 Q2 N B, (P), in the assumption (H4) is a congruent hypothesis with
the non-slip condition on the boundary data. On the other hand, in our case this condition is
also a technical assumption. This can be seen in the proof of the main theorems (section 3),
where we need to use the classical Poincaré inequality and one result of Ballerini [12] about
the Lipschitz propagation of smallness.

Remark 2.10. Condition (H5) is merely technic and it is used in the proof of theorem 2.11.
We can see that in the case where there is no obstacle in the interior, the condition holds di-
rectly. Moreover, we mention that replacing the Dirichlet boundary condition by o(u, p)n = g,
then assumption (HS) is straightforward, due to the compatibility condition.

2.3. Main results

Under the previous assumptions we consider the following boundary value problems. When
the obstacle D C 2 is present, the pair given by the velocity and the pressure of the fluid in
Q\ D is the weak solution (i, p) € (H(Q\D))? x L*(QQ\D)to

—div(e(u,p)) = 0, in Q\D,
divu = 0, in Q\D,

u = g, ondl,

u = 0, onoOD.

(2.12)

Then we can define the function v by
= o(u.p)nlyq € (H X0 Q))! (2.13)

and the quantity

W=Lg(a(u,p)n>-u=j;gw-g.

When the obstacle D is absent, we shall denote by (uo,p,) € (H'())? x L*(Q) the unique
weak solution to the Dirichlet problem

*diV(U(uo’po)) = 09 in Q’

divug = 0, in Q, (2.14)
uy = g, ondfl.
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Let us define

Yo = a(uo, po)nlyg, € (H 9 D)), (2.15)

and

Wo = LQ (o(uo, po)n) - up = fm o - g

Our goal is to derive estimates of the size of D, |D|, in terms of W and W,,.

Theorem 2.11.  Assume (H1), (H4)-(H6), and (2.6). Then, we obtain

W — W
D[ < K(—O) (2.16)
0
where the constant K > 0 depends on Q,d, do, i, Mo, My, and || g || 20y 118l 200y
Theorem 2.12. Assume (H1)-(H4). Then, it holds
W — Wp)?
cW=W)" \p, .17)
0

where C > 0 depends on ||, d, dy, L, and Q.

Remark 2.13. We expect that a similar result to the one obtained in theorems 2.11 and 2.12
can be derived when we replace the Dirichet boundary data with

o(u,pyn =g, ond,
g satisfying suitable regularity assumptions and the compatibility condition

g=0.
0

Remark 2.14. In the work [2], the authors showed that the upper bound without assuming
a priori information on D, has the form

. 1/p
D) < K( W — W ) ’
0
where p > 1. The proof of this inequality is strongly based on the fact that the gradient of the
solution of the background conductivity problem, namely u, is a Muckenhoupt weight, [22].
Namely, for any 7 > O there exists B > 0 and p > 1 such that

1 1 2\
(|B|f3 wo|2)(|3|j;|wo| ,,1) <B,

for any ball B, such that By, C Q5 This estimate is based on the Caccioppoli inequality,
Poincaré—Sobolev inequality, and the called Doubling inequality. It is known that the Dou-
bling inequality holds for some classes of elliptic systems [4]. Unfortunately, as far as we
know, for the Stokes system the doubling inequality has not been proved. For instance, see the
paper by Lin, Uhlmann and Wang [28] where the authors explain that they were not able to
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prove a doubling inequality for the Stokes systems, but only to derive a certain optimal three
spheres inequality, which is also a strong unique continuation property.

3. Proofs of the main theorems

The main idea of the proof of theorem 2.11 is an application of a three spheres inequality. In
particular, we apply a result contained in [28] concerning the solutions to the following Stokes
systems

{—Au—i—A(x)-Vu—i—B(x)u—f—Vp = 0, in Q, 3.1

divu = 0, in .
Indeed it holds:

Theorem 3.1 (Theorem 1.1[28]). Consider0 < Ry < 1satisfying Bg,(0) C Q C R% Then,
there exists a positive number R<1 depending only on d, such that, if 0 < R < R, < R3< Ry
and Ri/R; < Ry/R3 < R, we have

1—7

f |u|2dx<cf |l dx f uPde|
‘X|<R2 |x\<R| ‘X|<R3

for (u,p) € (H'(Bg,(0)))? x H'(B,(0)) solution to (3.1). Here C > 0 depends on Ry/R;, d, and
7€ (0, 1) depends on R|/Rs, Ry/Rs, d. Moreover, for fixed Ry and R3, the exponent T behaves like
1/(—log R)), when R, is sufficiently small.

Based on this result, the following proposition holds:

Proposition 3.2 (Lipschitz propagation of smallness, proposition 3.1 [12]). Let
Q satisfy ( H1) and g satisfies ( H4). Let u be a solution to the problem

—div(o(ug,p)) = 0, in Q,
divug = 0, in Q, 3.2)
ugp = g, ondf.

Then, there exists a constant s > 1, depending only on d and M, such that for every r > 0
there exists a constant C, > 0, such that for every x € ), we have

f-(x)|Vu0|2dx> erS;|Vu0|2dx, (3.3)

r

where the constant C. > 0 depends only on d, My, My, p, ', —”"ggnl‘l"”z“’“)_
2(00)
Following the ideas developed in [5], we establish a key variational inequality relating the

boundary data W — W, with the L? norm of the gradient of u inside the cavity D.

Lemma 3.3. Let ug € (H'(Q))? be the solution to problem (2.14) and u € (H(Q\D))? be
the solution to problem (2.12). Then, there exists a positive constant C = C(§2) such that

JIvuk <cov—mwy=c [ u-otupm, (3.4)

where n denotes the exterior unit normal to OD.
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Proof. Let (u, p) and (uo, p,) be the solutions to problems (2.12) and (2.14), respectively. We
multiply the first equation of (2.12) by u( and after integrating by parts, we have

fﬂ 5 0p) s Vg - j; (@) o+ j; (@) g =0, 3.5)

where n denotes either the exterior unit normal to 0 §2 or to dD.
In a similar way, multiplying the first equation of (2.14) by u, we obtain

fQ oo, po) : Vitg — fa  (0o0.py)n) - g = 0. 3.6)

Now, replacing ¥ = o(u, p)n|,q, and 1o = o(uo, py)nly, into the equations (3.5) and (3.6), we
get

fmo(u,m : woffmw.ﬁfw (o p)n) - g = 0,

(3.7
LU(MO’PO) : Vuo—j;gz/)(yg =0.

Let us define

. u ifxeQ\D,
ilx) = ] _
0 ifxeD.

Since u = 0 on D, we have ii € (H'(2))?. So, multiplying (2.12) and (2.14) by ii, we obtain
f _o(u,p): Vii — f v-g+ f (o(u,p)n) -i =0,
oD 00 oD
-0 (3.8)
f _o(uo,py) : Vit — f Yo-g=0.
o\D o0

Using that o(u, p) = 2e(u) — pI, where e(u) = %(Vu + VuT), in the first equation of (3.7),
we have

0= [ otp): Vi~ [ vg+ [ @upm-u
:fQ\E(Ze(u)—pI):VuO—LQ¢.g+£D(J(u,p)n)_uo
_ fQ - 2e(w) : Vg - fQ p(div o) - fa gt faD (CGup)m) - o
- fﬂ 260 = Vg L gt faD (o pm) - o,

where we use the fact that div ug = 0. For the next step, we need a different expression
for the term e(u) : Vug. We claim that, for every v € (H'(Q))? such that div v = 0, we have
e(u) : Vv =e(u) : e(v). Indeed,

10
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- Y -
2e(u) : Vv = %-Fﬁ i
an 3x,~ axj

_ M Ow  Owi)Ovi 10w Oui)Ov;

2 6xj 8xi 8xj 2 3)Cj 8)6,‘ 8)6,'

e(u) : Vv +e(): VT =2e(u) : e(v).

Therefore, equalities (3.7) and (3.8) can be rewritten as

2fme<u>:e(uo)fLQ¢-g+LDuo~(a<u,p)n):0,
2 _

2];|€(M0)| —j:mllfO'g—O,

ZL/;\[_)|e(u)|2—j(;Qw-g:0,

2fme<uo>:e(u)—fm%-gzo.

We note that if we subtract (3.13) from (3.10) we get
[ @=v0g= [ u-@wpm.
00 oD
Now, let us consider the quadratic form
f e(@l — ug) : e(fi — ug) = f le(uo) ? + f lew) -2 f _e(u) : e(uo)
Q Q oD D
1 1
= —f 1/)0'8+—f ¢-g—f Yo~ 8
2 Joa 2 Joa 00
1
= [ @w=vo s
2 Joq
By Korn’s inequality there exists a constant C = C(£2) > 0, such that
[[19@—upP <C [ fet@—upP.
Q Q

Finally, by the chain of inequalities

fD|Vuo|2:L|V(ﬁ—u0)\2<j;|V(ﬁ—uo)|2

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)

<C [ le—upP=c [ w-p-g=COW-Wy.

and (3.14) the claim follows.

1
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Now, using the previous results, we are able to prove theorem 2.11.

Proof. The proof is based on arguments similar to those used in [5] and [6]. Let us consider
the intermediate domain §24,/,. Recalling that d(D, 0 2) > do, we have d(D, 0 Q4,2) = % Let

€= min(%, %) > 0. Let us cover the domain Dy, with cubes Q; of side ¢, for/ =1, ...,N.
By the choice of ¢, the cubes Q; are contained in D. Then,
D
fIVuo|2>f v IVuo|2>#f |Vuof, (3.15)
D Ulfl ] & 0O;

where [ is chosen in such way that
f |Vuo? = minf |Vuol* > 0.
Oi l 9]

‘We observe that the previous minimum is strictly positive, in fact, if the minimum is zero, then
up would be constant in Q;. Thus, from the unique continuation property, uy, would be constant
in £ and since there exists a point P € 0 €2, such that,

g=00n0QNB,(P),
we would have that ug = 0 in €, contradicting the fact that g is different from zero. Then, the
minimum is strictly positive.

Let X be the center of Q;. From the estimate (3.3) in proposition 3.2 with x = X, r = %, we
deduce that

j(;[lwol2 >CL | Vo (3.16)
On account of remark 2.8, we obtain
2|
f|vu0|2 > |Vu0\2:|D|C’f Vo (3.17)
D € Q Q

We estimate the right hand side of (3.17). First, using (3.11) we have

Vuo + Vuh 2

f wo-g=2f |le(uo) > = 2f [Vuo+ Vi P (3.18)
a0 Q Q 4

Vol +|Vul P+2Vug : Vub

—Z(I' o +| Vi P +2Vuo : Vs 1o
Q 4
Now, Holder’s inequality implies

fmwo-g@fﬂlvuolz- (3.20)

Then, coming back to (3.17), we obtain that there exists a constant K, depending on
Q,d,do, hi, py, Mo, My, and || g || 290/ 1181l 1292y Such that

12
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[1Vuo? = DK [ 0. (3.21)
D oQ
Combining (3.21) and lemma 3.3 we have
_ o> 2> . .
Cfm(i/J o) g/fDWMo\ /(Kfm?ﬁo g)|D| (3.22)

Therefore, we can conclude that

|D|<KW_WO,
W

where K is a positive  constant depending on £2,d,do, i, py, Mo, M, and
||g||H”2(aQ)/||g||L2(aQ)~ O

In order to prove theorem 2.12, we make use of the following two propositions. The first
proposition can be found in [5] and the second proposition will be shown in the next section.

Proposition 3.4 (Poincaré type inequality, proposition 3.2 [5]. Ler D be a bounded
domain in R? of Lipschitz class with constants p, L and such that (2.7) holds. Then, for every
u € (H\(D)) we have

[ ju=uanP <Tp [ |vup, (3.23)
oD D

j;Iu—uD|2<@p2L|Vu\2, (3.24)
where

u *; u and M*qu
= 1ap| Jop ST P

and the constants C;, C, > 0 depend only on L,Q.

Proposition 3.5. Assume (H1)-(H4). The Cauchy force o(u, p)n on 0D belongs to L*(OD)
and the following estimate holds:

c
faDIff(u,p)n\2 <—fQ _|Vup, (3.25)

min{p, 1} Job

where C > 0 only depends on|Q)|, L, Q and d.
Using this results and lemma 3.3, we can prove now theorem 2.12.

Proof. Let iy be the following number

_ 1

iy = oD Jan U (3.26)
Then, we deduce that

| wwpm-w= [ opm-u— [ opmm. (3.27)

13
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because faD o(u, p)n = 0. From equality (3.14) in lemma 3.3, we have

W — Wp = fa (@Gwpm) - uo = j; (@lw.pyn) - (o — o). (3.28)

Applying Holder inequality in the right hand side of (3.28) we obtain

172 1/2
W—Wo < (faDWo—M_OP) (j;D\aw,p)nlz) . (3.29)

Now, using Poincaré inequality (3.23) and inequality (3.25) on the right hand side of (3.29),
we get

1/2

1/2
W— W < C(fD\WOP) (fMWuP) , (3.30)

where C > 0 depends on ||, O, L, and dy. The first integral on the right hand side of (3.30)
can be estimated as

j;|wo|2<|D|sl;p|Vuol2. (3.31)

Now, we need to give an interior estimate for the gradient of uy. We known that the pres-
sure is an harmonic function. This implies that each component of i is a biharmonic function.
Then, using interior regularity estimates for fourth order equations, we deduce that

sup|Vu0| < C”“O”Lz(ﬂ), (3.32)
D

where the constant C depends on Q, |2| and dp. Estimate (3.32) can be obtained considering
the following results. We know that the embedding from H*(Y) to C*(€Y) is continuous for

0<k<4— % withd =2, 3. Then, in particular,

luollcipy < Clluoll gy -

Moreover, from the interior regularity of fourth order equations, see [31, theorem 8.3], we
obtain

luoll4py < Clluollzpo -

Finally, considering the estimates in [11] and [14], we have

ol < Cllttolzay ) < Clluolley,

and (3.32) holds. We refer to [11, 13, 18], and references therein, for more details on interior
estimates for elliptic operators.
As the boundary data g satisfies (H4), we use the classical Poincaré inequality and obtain

loll 2y < CllVuoll 2 - (3.33)

Therefore, by means of the inequality fQ |Vuol? <C L 0 o - g, we deduce

14
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1/2
( L |Vu0|2) <CID["wl> (3.34)

Now, concerning the second integral in (3.30), by (3.12), we get

f |Vup < cf e < CW. (3.35)
O\D O\D

Therefore, it holds

oW = Wo?

<|D|,
WW, <IP|

where C depends on ||, d, L, dy and Q. This completes the proof. O

Remark 3.6. We note that the last inequality can be rewritten in the form

W - W
Col ——| < |D|,
¢( - ]\||

where the function ¢ is given by
2

= 0,1].
() T4+ Viel0,1]

The previous expression is identical to the one obtained in [5].

4. Proof of proposition 3.5

The proof closely follows the arguments of [5]. For technical reason, we introduce the fol-
lowing notation. Given 7,L > 0, and a Lipschitz function ¢ : B,,(0) C R4~1 5 R such that
©(0) =0, “90||C°'1(BzT(0)) < 27L. We define for every #, with 0 < # < 27, the following sets

Cli={x=W,x)eR? : |¥|<t, p(x') < xq<Lt},
A= {x =W, x) €RY ¢ X <t, x4 = p(x')}.
Before proving proposition 3.5, we need some auxiliary result.

We start by some algebraic formalisms associated with the Stokes system. Let us consider
the following family of coefficients, with 0 denoting the Kronecker symbol,

afkﬁ = Ojtbap + Ojgbras 1<, k, a, B<d.

We denote by A the fourth order tensor associated to the family of coefficients a‘;,‘f, namely
A= (a;“kﬂ ). Let B be any matrix in R¢. Adopting the summation convention over repeated indi-
ces, we obtain that this tensor A applied on matrix B, component-wise, is

(AB),; = a?kﬁbkﬂ = Z Oikbapbrg + Z(Sjﬁ(skabkﬁ = bjo + byj, 1< ,j<d. 4.1)
k.8 k.G

Vu+ Vul
2

From the previous considerations, we can write the strain tensor e(u) = , for

u = (ug)i1<p<d» cOMponent-wise, as

15
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a?kﬁakuﬂ _ 8&“/( + akua
2 2

(e))oj = , 1<a,j<d, 4.2)

and in matrix form as
2e(u) = AVu, 4.3)

where Vu is the Jacobian matrix associated to u. Then, the Stokes system in a domain 2 C R4
can be written as

div(AVu — ql) =0, div u=0, in Q2. (4.4)

From the previous computations, it follows that the ath component of the normal deriva-
tive is

[(Vuynla = ;(@ua)nz, I<axad. 4.5)

Then, the tangential component of the gradient of u, Vyu, can be expressed by

(Vru)oj = Ojutg — ;(alua)nlnj, 1<a,j<d. (4.6)

Lemma 4.1. Let (u,q) <€ (HY'*(C3))? x [X(C3) such that div(o(u,q)) € L*(C5.) and
div u = 0 in C;... Then, there exists C > 0 such that

[ avut+ar<c [ lowqmP+C [ [V
aC3, 0C3\ N, Do,

+C [, ldiv(otu. gl Vul, @7

where we indicate by Vru the tangential gradient of u (see (4.6)).

Proof. The proof is based on the Rellich’s identity for the Stokes system [15, 21] and el-
liptic system [32] from which it holds, for any vector valued field f& C>*(R"),

- _ 1 . 2
fC . diviotu,g) - (V) = fd o (Vi) = 5 j; o I

| .
+5 j; v NIVuP+ fc 40D, — OO+ O,
(4.8)

More precisely, in theorem 4.1 and corollary 4.2 of [15] the authors studied a mixed prob-
lem for the Stokes system and they established a technical estimate. This estimate (where we
have taken » = 1) implies in our particular case

VuP+4¢*)<C .qn*+C Veul 4 C Vul+ ¢
Joavuabear<e [ lowantic [ (Vupac [ (vuf e

+C [ diviotu )Vl

16
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Then, following the proof of theorem 4.1 in [15] and choosing f = e, in the Rellich’s iden-
tity (4.8), we obtain that any terms involving derivatives of f vanish. So that, as in corollary
4.2 in [15], we have

[ avut+ay<c [ lowamP+C [ [VuP+cC [ |divo )l Vul.
oC3, OCT\ Do, Doy Cs, 0

Proposition 4.2. Let (u,q) <€ (H'*(C3))? x LX(C3,) such that div(o(u,q)) € L*(C5.),
g =u=|Vu|=00n0C;\ Ny, and div u = 0 in C3,. Then, we have

fAT|U(u,q)n|2 SC( fAzT | Vrul? + L;T(|Vu\2+ Vulldiv(a(u,q))|)), (4.9)

where the constant C > 0 only depends on L.

Proof. Using again the Rellich identity (4.8) with f = ¢, and recalling that g = u = |Vu| =0
on 0C5 \ Aprut = (uy, ..., ug) and n = (ny, ..., nyg), then we obtain

fAzT(U(u’ gn - (Oqu) — %MWM\Z) — t/;zt div(o(u, q)) - (Ogu). 4.10)

Now, we express the matrix Vu in terms on its tangential component Vyu and the Cauchy
forces o(u, g)n. From (4.6), we have

(Vu)oj = > (Oma)nmn; + > (Batymn; + (Vru)ej — Y (Oaut)nyn;. @11
] ]

l

Recalling that the tensorial product is denoted by ®, we obtain

Vu=@AVu—qghnn+ Vou — (Vu—gh’n@n. (4.12)

Using the above expression we can write the scalar terms o(u, g)n - (Oyu) and %nd\VuF as

o, g)n - (D) = nal o, nf + Do, m)(Vrw)jq
J
= 2 (o, @m)(Vu — gl)'n : n)jq
J

= nglo(u, n* +o(u, g)n - (Vru)g — o(u,gn - (Vu — g1)'n)q,

(4.13)
and
lnd|Vu|2 = lnd|a(u, gl + lnd|Vru|2 + lnd|(Vu —qD)Tnf?
2 2 2 2
+ n4(|lo, @n @ nl : Vyu| + [[o@w, ¢)n @ n] : [(Vu—gl)'n@n]|
+ [Vru s [(Vu—gD'n@n|). (4.14)

Replacing (4.13) and (4.14) in (4.10), we obtain

17
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% fAzT nalo(u, g)nf* = fAzT (%nd|vru2 4 %WKVM P
! 1
- End| [o(u, @)n @n] : Vyu| + End| [o(u, n @ n] : [(Vu — g)'n@ nl|
1
+ 5nd|Vru (Vu—gD'n@nl| + o, gn - (Vrw)g — o, gn - (Vi — qI)Tn).d)

n f div(o(u, 9)) - Q). (4.15)
Ca

Now, we apply the Young inequality with weight ¢ > 0, namely ab < %az + %bz, to the last
five terms on Ay, on the right hand side in (4.15). We obtain that

lo(u, g)n @ n] : Vru| < glow, onf + é | Vrul = %\o(u, onl + C|Vrul?, (4.16)
loGe, gy @) < [(Vu = g1 n @ nl| < 2 |otu g + CI(Vu— gD nP, 4.17)
Y : [(Vu— gD'n @ nl| < §|(W —gDnf + C|VyuP, (4.18)
o, q)n - (Vru)a < §|a(u, nf2 + C|Vrul, (4.19)
—o(u, q)n - (Vi — g)'n)a < oG, gn - (Vu— gl n)l

(4.20)

< §|a(u, P 4+ C.|(Vu — q)'nf?.

This implies
1
_f nd|o(u,q)n\2<C(f (|Vru\2+\Vu|2+q2)
2 AZT Az,—

+ E(CfA (|J(u, gnP +|Vul? +q2)) + fc* div(o(u, q)) - (Oqu), 4.21)

where C > 0. From lemma 4.1 and using the assumptions ¢ = u = |Vu| = 0 on 9C3.\ Ay,
we obtain

2 2 2 1 .
N IVuPrgsC N IV C fc div(o(.9)) - @), 4.22)

Combining (4.21) and (4.22), and using the inequality |n | > ! , then we derive
LZ

N

1 f 2 2
_ o(u,q)n|”— Ef o(u,q)n
NV AZT\ qn| A2¢| il

SCe( fA ] |Vrul* + fcz T div(o(u, q))-(&zu))
+e(c j; INrul? +C fC div(o(u,q)).(adu))+ fC divio @, q)) - (au).

18
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Choosing € > 0 small enough, we have
[ Jotw.qnf < c( S V@R [ (VuP -+ Vuldiviot, q)>|>),
Ar Doy Cyr

where the constant C > 0 depends on L, and the proof is finished. O

Proposition 4.3. Let (v, p) € (H'(C;,))* x L*(C3,) be the solution of the problem

{—div(a(v,p» = 0, inC{,

4.23
divy = 0, inCj,. (4.23)

Ifvly, € HY\(Ay,), then o(v, p)n € L*(A;) and

1
2 2 1 2
fAT|g(v,p)n| SC[LZT |Vry| +(1 + T)fC; |V ] (4.24)

where the constant C > 0 only depends on L.

Proof. First, we assume that the function v is more regular, namely v € H(C3.). We con-
sider the following vector field cut-off function n = (1, ..., 7,) in R?

(X', xq) = o Wilxa), Vi=1,...,d, divy =0, (4.25)
where
00 . . 3
0 € CPRITY, g(x) = Lif x| <7, p(x') = 0if x| > 5T (4.26)
IValle <G4 IVPGIle < G2, (4.27)
. . 3
Yi € Co(R), Yi(xg) = 1if |xq| < 7L, Pi(xa) = 0if [xq] > ETL’ (4.28)
IVYillse < Cor ™ IVPilloe < Cor 2 (4.29)

Here C is an absolute constant and C; is a constant only depending on L. For u = (uy, ..., ug)
and ¢ € R, we consider the function

up=nvi—c), g=mp, i=1,....d, forsomeje{1,....d}. (4.30)
We note that if we take 7= ¢ in proposition 4.2, for every %T< t < T, we obtain that

|x'| € (%T, 27). This implies ¢; = 0, for every i = 1, ...,d. Then, the pair (u, ¢) satisfies the
hypotheses of proposition 4.2, with 7 = ¢, for every %7’ < t< 7. Namely,

I Io(u,q>n|2<C( IS +(|Vu|2+|Vu||div<o<u,q>))).
AT AZT CZT
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Recalling that (v, p) satisfies equation (4.23) and the definition of the cut-off function
(4.26)—(4.29), we obtain

1 2
fAro(v,p)nFSC(fAzr | Vv ? —i—(l +7) L/;[(V t2C) + |Vv|2]],

2t

for every %T < t < 7. Choosing the constant ¢ such that

1

C = A%
c3| Jei

and applying the Poincaré inequality (3.24), we obtain

1
2 < 2 1 2
fAl\a(V,p)m \C(L2r|VTv +(1+ t)j;zww )

Then passing to the limit for  — 7, we deduce (4.24). We observe that the assumption of the
regularity on v is satisfied when ¢ € C*, by the regularity of the Stokes problem.

Now, given a Lipschitz function ¢, let {,,},» be a sequence of C* equi-Lipschitz functions
with constant L, such that

©,(0) =0, ¢, — ¢ uniformly,
Ve, VeinLl, ¥Vp < oo, asm— 0.

Therefore, we have that (4.24) is valid when ¢ is replaced by ¢,,, for every m.
For every m and for every ¢, with 0 < ¢t < 27, let us consider the following sets

CIm ={x=x)ER ¢ X <t, () <xq<Lt},

A= {x= @ x) €RY X <t, x4 = ¢,(x")).

Let (, p,,) € (H'(C3,))? x L*C3. be the solution to the following Stokes problem

_diV(U(Vmspm)) = 09 in ng
divy, = 0, in C;,
v, ondCj.. 4.31)

Vi
Then, multiplying the first equation in (4.31) by v,, and integrating by parts, we obtain

Jos oOmp) Vo= [ (oGt = [ (o pn

27

= f oW, Ppy) = V0.
oz
Equivalently, from (3.9) and the fact that div v,, = 0, we deduce

f+ e(vy) :e(vy) = f+ e(vy) :e(v).

27 CZT
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Therefore, e(v,,) is a bounded sequence in LXC 3}) and
[ lewwr<c [ femP, (432)
Car Car

where C > 0. We note that (v,, — v)| acy. = 0, then applying the Poincaré¢ inequality to v,, — v
and the Korn’s inequality, we deduce

f |vm—v|2<cf |va\2<cf |e(v,,,)|2<cf le() .
Cs s s, o

Namely, {v, }. is a bounded sequence in (H'(C3,))?. Then, there exists a subsequence, still
denoted by v,,,, such that {v,,},, converges weakly in (H'(C ;))d to some function u € (H(C ;))d .
From estimate (2.4), we obtain that the sequence {p,,}, also converges weakly in L*(C5) to
some g € L*(C3,). Besides, div v,, = 0 in C., for every m, and then we have div u = 0in Cj..
Recalling (4.31), for every £ €V = {f€ (H%)(C;))d : div f = 0}, and using again (3.9), we
obtain

— j;; div(o(u,q)) - & = L/;; o(u,q) : VE— j;Czi o(u,q)n - &
= j; ) : V&, (4.33)

and
0=— »/‘C;_ le(O’(Vm,pm)) : 5 = f(’:; U(Vm’Pm) : Vf - x/;)CE; J(vm,pm)n . 6

- fc e(n) : VE.
y (4.34)

This implies
- fc (o)) € = j; e Ve~ j; RUSE

(4.35)
:fc* e(u—vy,) : VE.

From the weak convergence in (H'(C3,)) of {v,,}m to u, we obtain that the right hand side
of (4.35) converges to zero, as m tends to infinity, for every £ € V. Then, (u, g) is a weak solu-
tion to

—div(o(u,q)) = 0, inCj,
div u

Lot
0, inC3,.

On the other hand, on account of the trace theorem we have v,, — u weakly in (H/2(0C;,))".
So that v,, = v on C5, implies u = v on JC;,. From the uniqueness of the solution to the
Stokes problem we obtain that u = v and ¢ = p in C5,. Therefore, we get

Vv — v weakly in (H'(C3,))?,
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and, by compactness,

v = v in (L(C3))°.

Now, as noticed before, the equation (4.24) holds for v = v, and p = p,,, then

1
2 ¢ Uy 2 vy 2
LT|O(va Pm)n| I (LZT | TVm| (1 7_) j;; | Vm| )’ (436)

where C > 0 is independent of m. We observe that v = v,, on Ay, Vpv € (LA(Ay)) by hypoth-
eses. So that, using the equation (4.32) we deduce

fA |0y pn? < C,

where C >0 is independent of m. Hence, up to asubsequence, o(v,,p,)n conv-
erges weakly in (LA(A))? to some h e (L2(A,))Y. On the other hand, let us take any
£cV = {feH(Cy))? : divf=0}. Using (3.9), it follows
0= er U(Vmapm) : vﬁ_ f N U(Vm’pm)n . 57
Cyr oc;,

O:ZL;““mzvffl;;““m”f'
Therefore,

fﬂCzﬂ (Vs Py~ € — LCL ov,pn-&= f;‘zt e(vy, —v): V¢,

and the last integral converges to zero, as m tends to infinity. Namely,

0, p,,)n — o (v, p)n weakly in LXOCT)) . 4.37)
Finally, we obtain o(v, p)n = h € (L>(A,)). Then, by definition

||U(V,P)n||L2(A,) < lim inflla(vm,pm)nlle(AT).
m— o0

On account of (4.32) and (4.36), we deduce (3.25). O
Using the previous result, we are able to prove the proposition 3.5.

Proof. First, assume that p < dj. Let us cover dD with internally nonoverlapping closed

i . . 5 _ min{1,L}
cubes Q;, j = 1,...,J, with side p = v(L)p, where (L) 72J3m' From the result of [5],
we have
ID| d
J<C= <CQY, (4.38)
p
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where C >0 only depends on L. For every j=1,...,J there exists xo€dDNQ;

such that Q;N(Q\D)C C;, where p_:21p — and Cl={y=(0"y R :
+

[y <t @(y) <y <iL}, for every t, with 0 < £< 2p. In this case, ¢ is a Lipschitz function in
B,;(0) C R4 satisfying (0) = 0 and ||<p||co.1(325(0)) < 2pL, representing locally the boundary
of D in a suitable coordinate system y = (y,, ..., ), y = Rx, with R an orthogonal transforma-
tion and x = (x, ..., x4) the reference coordinate system. We note that from (4.4), the functions
uc H'Q\D)), pc L*(Q\D) satisfies

~div(5(u,p)) = 0, in Cy,

where 6(u, p) = (RA(RTVu)RT — RpIRT). We have that u = 0 on dD, then applying equa-
tion (4.24) with 7 = p, we obtain

f Ia(u,p)lzsc(wl)f [Vul,
DN, p)Jcs,

where C > 0 only depends on L. Following the same arguments as in the proof of proposition
3.3 in [5], we deduce (3.25). |

5. Computational examples

W —
Wo
cavities for which our result holds. In particular, we expect to collect numerical evidence that
the ratio between 2! and il
1 W

senting the ones appearing in our estimates.

Moreover, we are interested in studying the dependence of this ratio on d, which bounds
from below the distance of D from 0 €2, and the size of the inclusions.

A more systematic analysis would require the knowledge of explicit solutions u and .
This would allow to compute analytically the constants in the upper and lower bounds, at least
for some particular geometries. On the contrary to the case in [5], for the Stokes system it is
difficult to find explicit solutions.

For the experiments we use the free software FreeFem++ (see [25]). Moreover, in all
numerical tests we consider a square domain {2, discretized with a mesh of 100 x 100 ele-
ments, and with boundary condition u|,,,= g as in figure 1. The datum g satisfies the assump-
tions (H4) and (H5).

The first series of numerical tests has been performed by varying the position and the size
of a circle inclusion D with volume up to 8% of the total size of the domain. In particular, we
consider a circle inclusion with volume 0.2%, 3.1% and 7.1% with respect to |2. We have
placed these circles in eight different positions, see figure 2. The results are collected in fig-
ures 3-5, for different values of the distance dj between the object D and the boundary of €.
Also, the averages of all this simulations are collected in figure 6.

. . . . . Wi
In this section we will perform some numerical experiments to compute | 2| for classes of

| is bounded from below and above by two constants, repre-
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g(JE, y) = (07 0)

g(x,y) = (sin(|y| — 10),0) g(x,y) = (sin(|y| - 10),0)

g(z,y) = (0,0)

Figure 1. Square domain in 2D with boundary condition g.

® ®
D

Figure 2. The eight positions of the circle inclusion D.

7L @ © ;Lo d
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(W-W )W, (W-WQ)2 /W W)

(a) (b)

Figure 3. Case dy = 5 for circle inclusion. (a) Upper estimate. (b) Lower estimate.
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Figure 4. Case dy = 3 for circle inclusion. (a) Upper estimate. (b) Lower estimate.
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Figure 5. Case d = 2 for circle inclusion. (a) Upper estimate. (b) Lower estimate.

In order to compare our numerical results with the theoretical upper and lower bounds

(2.16) and (2.17), it is interesting to study the relationship between Bl and |W;VW°| As we
0

D| 1€

. w— . .
expected from the theory, the points ( m 2, ﬁ) are confined inside an angular sector delim-

ited by two straight lines.
However, it is quite clear that when dj decreases, then the lower bound becomes worse.
To illustrate this situation, we simulate also the case when the distance is dy = 1, see figure 7.

As a second class of experiments, we consider what happens when the size of the circle
W—- W
W

increases. In this case we can observe that the number | | grows rapidly when the volume

occupies almost the entire domain. The result is collected in figure 8.

Again it is observed the relationship between the volume of the object with the quotient
(W — Wy)/W,. This gives us an indication that the estimates found in theorems 2.11 and 2.12
involve constants that do not depend on the inclusion.
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Figure 7. Case d = 1 for circle inclusion. (a) Upper estimate. (b) Lower estimate.

Remark 5.1.

From the previous analysis an interesting problem would be to find optimal

lower and upper bounds for this model. Another interesting issue would be to weaken the a
priori assumptions imposed on the obstacle, as for example the fatness condition (see, for
instance, [2, 19], where this restriction is removed in the case of the conductivity and shallow
shell equations, respectively).
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