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FORMACION DE SINGULARIDADES PARA EL FLUJO DEL MAPA ARMONICO
DESDE UN VOLUMEN HACIA 52

Consideramos un volumen V C R3 generado al rotar alrededor del eje Z un dominio Q C R?
acotado y suave que vive en el plano X Z. En este trabajo se construye una soluciéon del flujo
de mapa armonico del volumen V a la esfera S? que revienta en tiempo finito, el problema
es

vy = Av+|Vol*vin V x (0,T)
v = vy in IV x (0,7)
U('70) = wpin ‘/7

donde v : V x [0,T) — S% vy : V — 52 es suave y vgy = gy, : OV — 52 Dado un punto
q €  de define la circunferencia ¢(q) generada al rotar el punto ¢ alrededor del eje Z. Se
encuentran datos iniciales y de frontera tales que la solucién v revienta exactamente en la
curva ¢(q) en un tiempo finito pequenio. La construccion de la solucion se hace reduciendo el
problema a 2 dimensiones y usando el método de Déavila, Del Pino y Wei [7] que transforma
el problema en un sistema de inner-outer gluing que separa el efecto principal de la ecuacion
cerca y lejos de la singularidad. Se obtiene una solucién cuyo orden principal cerca de la
singularidad tiene el perfil de un mapa armoénico 1-corrotacional escalado.

En la introducciéon se recuerda la ecuaciéon de flujo de mapa armoénico y su origen, se
establece el problema y la reducciéon a 2 dimensiones. En el primer capitulo se enuncian
resultados ttiles de topologia y anélisis funcional, y propiedades probadas en [7] para los
mapas armonicos 1-corrotacionales y el operador linealizado en torno a ellos. En el segundo
capitulo se obtiene un ansatz de la soluciéon y se usa el método de Davila, Del Pino y Wei
[7] para reducir el problema a resolver un sistema de inner-outer gluing que después se
resuelve usando punto fijo. En el capitulo cuatro se obtienen las hipétesis para el punto fijo
mediante estimaciones a priori obtenidas dividiendo el sistema en tres problemas principales:
el problema interior, el problema exterior y el problema de los parametros. En la parte final
se concluye con algunas observaciones sobre este trabajo y posibles trabajos futuros en torno
a el.
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SINGULARITY FORMATION FOR THE HARMONIC MAP FLOW FROM A VOLUME
INTO 5?2

Consider a volume V C R? generated by rotating around the 7 axis a bounded smooth
domain Q C R? that lives in the XZ plane. We construct a finite time blow-up solution to
the harmonic map flow from volume V into the sphere S?, the problem is

v, = Av+|VolPvinV x (0,T)
v = wvgy in IV x (0,7)
v(+,0) = vy inV,

where v : V x [0,T) = S?, vy : V — S? is smooth and vy = Volgy : OV — S%. Given a
point ¢ € Q we define the circumference ¢(q) generated by the rotation of ¢ around Z axis.
We find initial and boundary data so that the solution v blows up at exactly the curve ¢(q)
at a finite small time. The construction of the solution is done by reducing the problem
to 2 dimensions and using the method of Davila, Del Pino and Wei [7] that transforms the
problem into an inner-outer gluing system which separates the main effect of the equation
near and far away from the singularity. We obtain a solution that at main order has the
profile of a scaled 1-corrotational harmonic map near the singularity.

In the introduction we recall the harmonic map flow equation and its origin, we set the
problem and the reduction to 2 dimensions. In the first chapter we recall useful results of
topology, functional analysis and properties proved in [7] for 1-corrotational harmonic maps
and the linearized operator around them. In the second chapter we obtain an ansatz of the
solution and use the method of Davila, Del Pino and Wei [7] to reduce the problem to solving
an inner-outer gluing system, which we solve with a fixed point argument. In chapter four
obtain the hypothesis for the fixed point through a priori estimates obtained by dividing the
system into three main problems, the inner problem, the exterior problem and the parameter
problem. In the final part we conclude with some remarks about this work and possible
future work related to it.
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-Pero yo no quiero andar entre locos- observo Alicia.

-jAR! no podrds evitarlo- dijo el Gato -:

aqui estamos todos locos. Yo estoy loco. Tu estds loca.

-, Como sabes que estoy loca?- dijo Alicia.

-Tienes que estarlo- dijo el Gato, -0 no habrias acudido aqui.
- Lewis Carroll, Alicia en el pais de las Maravillas
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Introduction

We start by mentioning the original harmonic map flow equation and part of its history, this
will set a relevant context for our work. We define harmonic maps in the same way as Lin,
Wang in their book [I8]. Let (M, g) be a Rimannian manifold of dimension m with metric g
and (N, k) a Rimannian manifold of dimension n with metric h. For any map u € C?(M, N)
we can define its Dirichlet energy as follows. For any fixed p € M, there exist two normal
coordinate charts U, C M of p and V, C N of ¢ = u(p) such that w(U,) C V;. The Dirichlet
energy density function e(u) is defined by

() = 5 32 300" s e 3 5

aMB i7]

where (z,) and (u’) are the coordinate system on U, and V, respectively. The Dirichlet
energy functional is defined by

Bu) = /M (u)du,.

A map u € C*(M,N) is a harmonic map if it is a critical point of the Dirichlet energy
functional E, which is decreasing along smooth solutions.

u

Lo

]Rm \ 4 Rn \

Figure 1: Diagram of (M, g), (N, h) with coordinate system and function v : M — N.

Another characterization of harmonic maps is that v € C?(M, N) is a harmonic map if it

1



is a solution of the following partial differential equation:
Agu+ A(u)(Vu,Vu) =0 in M,

where

A(u)(Vu, Vu) Z:g“’BAZ ) (U, ug)vi(w),

and A’ = Vu; is the second fundamental form of N in the normal direction v;.

In 1964 Eells and Sampson [14] proposed to study the evolution equation associated to
harmonic maps. The evolution problem, also called harmonic map flow or harmonic map
heat flow, can be formulated as follows: for any uy € C*°(M, N), find v : M x R, — N that
solves

ou—Ayu = A(u)(Vu,Vu) in M x (0,+00), (1)

U’t:() = Up. (2)
Notice that is the negative L?-gradient flow of the Dirichlet energy FE.

This harmonic map flow equation has several applications in physics and in mathematics.
We outline briefly a few of them. In differential geometry the equation is used to study
deformation of Riemannian surfaces in Teichmiiller theory, it is also involved in the study of
isometric embeddings and has to do with the analysis of many particular surfaces. For more
see Lin and Wang [18]. In physics some of the more theoretical uses are mentioned by Misner
[19], which are in Gauge field theory, particle theory and Einstein’s equations. On the more
applied end of things we have that the harmonic map flow is part of a coupled equation with
Navier-Stokes equation that arises in the Ericksen—Leslie model for the hydrodynamics of
nematic liquid crystals, which are used in the screens of most modern electronic devices. See
Lin, Lin and Wang [16]. In addition, the harmonic map flow equation is also related to the
Ginzburg-Landau model for superconductivity.

Let us now focus on some known properties of the equation. From now on, consider the
target manifold N = S?, where S? is the standard unit sphere in R? with euclidean metric.
And consider a bounded open domain M C R™ with euclidean metric, we are especially
interested in dimension m = 2, where M is a flat domain, and m = 3, where M is a volume.
In this case the harmonic map flow equation until a time 7" > 0 can be written as

uy = Au+|Vul’uin M x (0,7T), (3)
u = wugy in OM x (0,7), (4)
u(-0) = ugin M. (5)

where u : M — S?.

Eells and Sampson [I4] established the existence of short time smooth solutions of ([I)-(2)
until a time T,,,,, > 0, where loss of smoothness occurs. the authors characterized time T},
as

hm |Vu(-, )| = +00.

t max



This phenomenon of regularity loss and explosion is called blow-up and 7},,, is denominated
blow-up time. It has been shown that this characterization of the blow-up time is optimal
in domain dimension m = 2 but is not optimal for m > 3, Wang [33] has proved that the
optimal characterization for higher dimensions is

i [Vu, )l an = +oo.
Struwe [25] proved for m = 2 the existence of H'-weak solutions, where just for a finite
number of points in space-time loss of regularity occurs. More precisely, the following fact
follows from results by Ding-Tian [6], Lin-Wang [17], Qing [22], Qing-Tian [23], Struwe [25],
Topping [28], and Wang [32]: Along a sequence ¢, — T and points ¢i,...,q € M, not
necessarily distinct, u(z, t,,) blow-up occurs at exactly those k points in the form of bubbling.
Precisely, we have

w(z, t) — un(z) — zk: [Ui (x A_nq) - Ui(oo)] 0 in HY(M),

where u, € H'(M), ¢ — q;, A — 0, satisfy for ¢ # j,

NN - g

" Tt o oo
AT

Here U; are solutions U : R? — S? of the stationary harmonic map equation
AU+ |VUPU =0 inR? / IVU|? < +o0.
R2

From Topping [28] we have that the energy of these harmonic maps corresponds to the
absolute value of their degree | € N, times the area of the unit sphere,

IVU? = 4xl.

RQ

In particular, u(-,t,) — u, in H*(M) and for some positive integers I; we have

k
IVu(e, ) = Vo> + ) 4nlid,,,

i=1

in the measure sense, where ¢, denotes the unit Dirac mass at gq.

Struwe [26], [27] also showed that something similar happens for m > 3, moreover, he
proved that the set where the solution loses regularity has locally finite (m — 2)-dimensional
Hausdorff measure with respect to the euclidean metric in R™ under some assumptions on
the initial time. Notice that in R?® smooth curves of finite length have finite 1-dimensional
Hausdorff measure. There are more specific results about the dimension of the set of sin-
gularities when N does not support S?, which is not the case that concerns us. We refer
interested readers to chapter 8 of Lin and Wang [1§].

In the present work we will construct an example of a blow-up solution of the equation for
m = 3 that has a 2-dimensional flavour. With this in mind, we refer now to some previously



known examples of solutions. For m = 2 the few examples of blow-up solutions that exist
are concerned with single-point blow-up in radially symmetric corrotational classes. When
M is a disk or the entire space, a 1-corrotational solution of is of the form

u(z,t) = <e sinv(p, t>> .z = pel

0

cosv(p,t)

Within this class, reduces to

v, SInvcoswv

Vs = Upp —
2
p p

It is known that the function
w(p) = m — 2arctan(p)

is a steady state of @

Observation 1 Notice that the following function

W(z) —i——Qﬂﬁio, rER? (7)

T

is a least energy entire non-trivial harmonic map, which has finite energy,

_ o O

VW | =4m, W(0) =
R2

Note that

Wiz) = (a’e sin w(p, t))

cosw(p,t)

is a l-corrotational solution of . We will refer to this solution as bubble for its form.

The first example of blow-up found for m = 2 was done by Chang, Ding and Ye [3] and
has the following profile
x

“@QZW(WJ+OM’

with O(1) bounded in H' norm and 0 < A(¢) — 0 as ¢ — T. Van den Berg, Hulshof and
King [29] found that the blow-up rate A(t) for 1-corrotational maps can be generically given
by
T—1t
M)~ ke 8
(t) g™ — D7 (8)

for some k > 0. Raphael and Schweyer [20] constructed rigurously an entire 1-corrotational
solution with this blow-up rate using methods from dispersive equations. Their method
relies heavily on domain symmetry. Recently Davila, Del Pino and Wei [7] were able to
also construct rigorously a 1-corrotational solution with the same blow-up rate, this solution
blows up in finite time on any finite set of given points in M. This result is valid for any
bounded open smooth domain M C R?, without any symmetry required.

4



On the counterpart, for m = 3 Grotowski [13] constructed weak solutions with finite time
blow-up when M = B3 is the unit ball in R?. This example relies on the symmetry of B and
does not give information on the blow-up rate and set. In higher dimensions m > 7 Biernat
[2] constructs solutions with blow-up rates

—CVT —t
A(t) ~
®) log(T —t) + &
At) ~ &(T — )2, form > T,k €R, 3 > 0.

form =17,

We notice that there seems to be a transition on the blow-up rates between dimensions.

From this review, we see that there are not many examples of solutions of - for
higher dimensions, particularly for m > 3. We hope this work contributes with an interesting
example of blow-up on a domain of dimension m = 3.

To state our result we first observe the following:

Observation 2 Consider the a-rotation matrix around the z-axis

cosae —sina 0 0 -1 0
e’ .= [sina cosa 0|, J=[|1 0 0
0 0 1 0O 0 O

We define

Unga(z) = W ('7” g q) ,

where W is defined in and A > 0, ¢ € R?*,a € [0,27]. These functions solve problem
— and satisfy the least energy property

/ VU, of? = 4.
RQ

Now, consider the domain M = V a volume in R3 with euclidean metric, where V is
defined as follows: let 2 C R? be a bounded domain as a subset of the XZ plane on the three
dimensional space and define V' C R? the volume generated by rotating 2 around the Z axis.

Then equation — corresponds to the following problem

v, = Av+|VolPvin V x (0,T), 9)
v = wy in IV x (0,7), (10)
v(-,0) = vyinV, (11)

for a function v : V' x [0,T) — S?. Here vy : V — S? and vgy : OV — S? are given functions.

The main result of this thesis is the following:

Theorem 0.1 Given a point ¢ = (q1,q2) € Q, ¢ > 0, define

c(q) = {(q1 cos 0, q1sin b, q2) € R*: 6 € [0,27)}

5



the circumference generated by rotating q around the Z axis. Given T > 0 sufficiently small,
there exist vy such that the solution v g (x,t) of problem (@)—, forvag = (0,0,1), blows-up
at the circumference c(q) as t 1 T. This solution is symmetric with respect to the z axis and
can be written as veg)(x,1) = uq(r, 2,t), where r = \/x? +y? and (r,z) € Q. More precisely,
there exist numbers k* > 0, a* and a function u, € H'(Q) N C(Q) such that

ug(r, 2, t) — ul(r, 2) — e’ [W (%) — Ww} -0 as t1T,

in the H' and uniform senses in §), where the blow-up rate is given by

A(t) = K*\logj(ﬂT—_—tt)P(l +o(l)) as t1T.

In particular, we have
[Vu(-, t)]> = |Vu,|* + 476,

Observation 3 Notice that the value vspg = (0,0, 1) corresponds to W (o).
Observation 4 Notice that the result is stated for m = 3 but the symmetry of the domain
V' makes the constructed solution exhibit two dimensional phenomena, we can see this in the

way the blow-up occurs, matching the reviewed results for dimension 2.

Let us materialize, for didactic purposes, volume V in a simple case when 2 is a circle,
here V' would be a solid torus as shown in Figure [2

%
X X

| —) c(q)

VY

Figure 2: Left: Revolution volume V' with cut and points of circumference c¢(q). Right:
Volume V' with circumference ¢(q) inside

The way in which we proceed is the following. We use the axial symmetry of V' to
transform the three dimensional problem into a two dimensional one. Let (z,y,2) € V, we

parametrize the volume V with 6 € [0,27), 2 € (20,21), 7 € (21 — /2 — 22,21 + /28 — 2?),

t € [0,7), the we use a cylindrical change of variables:

(x,y,2,t) = (rcos(f),rsin(f), z, t).



where zp = inf(; .)eq 2 and 21 = sup, ,jeq 2. Since V' has axial symmetry with respect to the
7, axis then function v does not depend on # and therefore we can redefine it as a function
u:Qx[0,T) — S? that satisfies

v(x,y, z,t) = u(r, z,1).

Then we have that

1

v =Up, AV = Upp + —Up + U, VU = U+ ULz

r

Replacing this in equation @D we arrive at
2 1
Up = Upp + Uy + |Vu|*u + ;ur.

Let us change the names of the variables = := (z1,x5) := (r, 2), then the problem we have to
consider is in two dimensions in the cross section 2 of V. Summarizing, the problem of finding
v solution of (9)-(11]) that blows up at T at curve ¢(q) reduces to finding u : Q x [0,7) — S?
that satisfies

1
u, = Au+ |Vul*u + — g, in Q% (0,7), (12)

1
u = upg in 00 x (0,7, (13)
u(-,0) = 1wy, in Q (14)

and blows up at time 7" at point ¢. Here ug : © — S? and ugq : 02 — S? are given functions
that correspond to the restrictions on 2 and 0f2 of functions vy and vsq, repectively.

Z

(q1, )

Figure 3: Cross section 2 with point ¢ and variable x. Keep in mind the relationship with
the original variables x1 = r and x5 = 2.

Now our problem is similar to the one treated by Davila, Del Pino and Wei on [7], the
only difference is the extra derivative on ;. We explain the outline of their method. the
authors start with a 1-corrotational solution of the form u = Uy ¢ o for A, &, a time dependant

7



parameters to be chosen, and then the authors linearize around this 1-corrotational map by
adding a small function ¢ to get u = Uy ¢ o + ¢. the authors compute the linearized operator
and separate ¢ = ¢ + ¢° into two functions that will have a role near and far away the
blow-up point, respectively. Replacing this in the equation the authors obtain an inner-outer
gluing system of equations. At the same time the authors find approximate equations for
the parameters, that will be part of a fixed point scheme along with ¢’ and ¢°. the authors
obtain a priori estimates for the inner and outer parts of ¢, ©° and use this in a fixed point
argument to obtain the solution in the wanted spaces with the expected blow-up rate. We
will see that their method can be applied to problem (12)-(14).

Before we describe the parts of this work we would like to state the importance of the
example obtained in Theorem [0.1] As it was mentioned before, there are few examples of
blow-up solutions of the harmonic map flow on dimension m = 3, but most importantly,
there are few examples of blow-up on curves in parabolic equations in general. This has
to do with the set where blow-up occurs, which is one of the most important questions in
blow-up analysis. When the set where this happens is a single point or a finite union of
points the phenomenon is called single-point blow-up or LS-regime, when the set has positive
measure and it is not the whole domain we call it regional blow-up or S-regime and when the
set is the whole domain we call it global blow-up or HS-regime. More on this in the survey
on parabolic blow-up analysis of Galaktionov and Vazquez [11] and the book of Samarskii,
Elenin, Zmitrenko, Kurdyumov and Mikhailov [24]. In our case our blow-up region is a curve
in R3 which has zero Lebesgue measure seen as a subset of R?, but is not a finite union of
points, so we are in between single point and regional blow-up.

There are many results of single point blow-up in parabolic equations, we have already
mentioned some for the harmonic map flow equation. Regional singularity formation is less
common, there are results for some semilinear and nonlinear parabolic equations. Here we
mention a few. For the one dimensional equation

ug = Au+u?, p>0,

there is single point blow-up for 8 > 2 and regional blow-up when m = p, which in [24]
(p.299) is proven to have Lebesgue measure 7. In the same book (p.314) the authors study

w =V - (|Vul"Vu) +4°, ¢,8 >0,

and get single point blow-up for f > ¢ + 1 and regional blow-up for f = ¢ + 1, but no
information is given about the measure of the set. In Galaktionov and Vasquez [9], [10] the
authors find that
Up = Uge + (1 +u)log’ (1 +u), B >0,

has single point blow-up in 0 for § = 2 and there is regional blow-up in a set containing the
ball of radius m. There are more parabolic equations that have been studied in this sense,
but the information given on the set is always divided into single-point, regional (seen as
sets with positive Lebesgue measure in the space) and global. See for example Lacey [15],
Chaves and Galaktionov [4], Galaktionov [§]. Something closer to our problem is the work
of Velazquez [30], [31]. He treats equation

2
uy = Au + uP, xeR",n21,1§p<n—+2,
n—

u(z,0) = up(x), =R,



and proves that the blow-up set has zero Lebesgue measure and that for solutions different
from the uniform one the blow-up set has bounded (n — 1)-dimensional Hausdorff measure
on compact sets of R”. Another wrk that compares to our setting is the one of Del Pino,
Musso and Wei [21], where the authors construct a blow-up solution for Q C R™ with n > 7,
for the problem

= Au A+ |ulPtu, € Q,te(0,7T),
u(z,t) =0, x€dQ,te(0,T),
u(z,t) >0 xe€Q,te(0,7).

The blow-up occurs on a circumference that approaches the border of the domain when
t — T. In addition, the authors give information on the blow-up rate. As we can see these
results are important and help us understand singularity formation, but most of them have a
descriptive nature and their intention is to classify blow-ups, instead of constructing them. It
seems there is a lack of explicit constructions of solutions with finite time blow-up on curves
for parabolic problems in higher dimensions. In this sense, the construction done here has
special value.

Now, let us describe how this thesis is organized. In the first chapter, the first and
second sections are devoted to recalling some useful results of topology, functional analysis
and parabolic regularity, like Arzela-Ascoli theorem, Schauder’s fixed point and Schauder
estimates for parabolic equations. The third section of chapter 1 mentions properties proved
by Dévila, Del Pino and Wei [7] for 1-corrotational harmonic maps and the linearized operator
around them.

In the second chapter we obtain an ansatz of the solution that will look at main order like
a scaled, translated and rotated 1-corrotational map plus a small function. Then we obtain a
first approximation of the scaling, rotation and translation parameters, and use the method
of Déavila, Del Pino and Wei [7] to reduce the problem to a final inner-outer gluing system.
In the last section of this chapter we start by recalling a priori estimates obtained in [7], then
we state the final system of equations as a fixed point problem

u = F(u),

we provide the necessary results on compactness for F, to be proven in the third chapter,
and use Schauder’s fixed point theorem to prove Theorem

In chapter three we prove that the operator F meets Schauder’s fixed point theorem
conditions. We do this by first dividing the analysis of the system of equations into three
main problems: the inner problem, the exterior problem and the parameter problem. Then
we join the obtained estimates with the ones from [7] to prove that F goes from a closed ball
into itself and is compact. In the final chapter we conclude with some remarks about this
work, extensions and possible future work.



Chapter 1

Preliminaries

In this chapter we recall known results that will help us prove Theorem In the first
section we state some fundamental definitions and results of topology and nonlinear functional
analysis. In the second section we state a helpful Schauder type regularity result for solutions
of parabolic problems proven in the book by Wu and Yin and Wang [34]. Then, in the third
section, we set the class of 1-corrotational functions in which we choose the main part of the
solution of — and recall some properties of the linearized operator in that class proved
by Davila, Del Pino and Wei [7].

1.1 General analysis results

Consider a compact metric space X and the space C'(X) of real-valued continuous functions
on X.

Definition 1.1 A sequence of functions (fu)neny € C(X) is said to be uniformly bounded if
there exists M > 0 such that

1fol@)| <M VneN, VzelX.

Definition 1.2 A sequence of functions (f)nen € C(X) is said to be equicontinuous if for
every € > 0 and x € X there exists 0 > 0 such that

[z —yl <= |ful2) = fuly) <& VneN.
Here § must not depend on n ory.

Observation 5 Note that if a sequence of functions (f,)nen € C(X) is L-Lipschitz or a-
Holder continuous with L and a not depending on n, then (f,)en is equicontinuous.

With the last definitions we can state the Arzela-Ascoli theorem.
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Theorem 1.3 Let (f)nen € C(X) be a sequence of functions that is uniformly bounded and
equicontinuous, then there exists a subsequence (fy, )ren that converges uniformly.

Let Y, Z be Banach spaces.

Definition 1.4 An operator F : Y — Z is said to be compact if the image of any bounded
subset of Y has compact closure on Z. In other words, if W CY is a bounded subset of Y,

then F(W') C Z is compact.

Observation 6 We introduce a useful characterization of compactness. An operator F' :
Y — Z is compact if for any bounded sequence (y,)nen in Y, the sequence (F(yy))nen has a
convergent subsequence in Z.

We end this section with Schauder’s fixed point theorem.

Theorem 1.5 Let X be a real Banach space and B C X a nonempty, closed, bounded,
convex set. Let ' : B — B be a compact operator. Then F has a fized point in B, that s,
there exists x € B such that

F(z) =x.

1.2 Schauder estimates for a linear parabolic problem

Consider the initial-boundary value problem of a general linear parabolic equation stated as
the following;:

n

U — Z ij (2, 1) gy, u + Zbi(x,t)axiu +c(z,t)u = f(x,t) in (z,t) € Qr (1.1)
i=1

ij=1
u(z,t) = @(z,t), in (z,t) € 0,Qr, (1.2)

where Qr = Q2x(0,7),  C R™ is a bounded domain, 7' > 0, and 0,Qr = 02 x {0}. Here the
coefficients a;;, b;, c satisfy the uniform parabolicity conditions, that is, for some constants
0<a<g,

Oé|f|2 S aij(x’t)xiifj S /8|§|27 v€ € Rn7 (l‘,t) € QT'

Let us denote, for some 7 € (0, 1), the following continuous and Holder seminorm:

u(xri,t1) — u(xs, t
Uhgori= sw fu(@t+  sup  Leni) Zulemb)l
(z.t)EQr (@1,01)(22,t2)€Qr [T1 — Ta|7 + [t — T2

We also define

|U|2+%1+%;QT = Z |a;a:u|%%§QT7
|s|+2r<2

11



and associate the corresponding Holder spaces C77/2(Q,) and C?+7:147/2(Q,).

In the book by Wu and Yin and Wang [34] the authors use interior and near boundary
estimates for the heat equation, and a finite covering technique to establish global Schauder
estimates for the solution of (1.1)-(1.2]). We write their result as the following theorem.

Theorem 1.6 Let v € (0,1), 052 € C2%, ay, by, c € CYV'2Qr), f € CV2(Qq), ¢ €
CHII2(Qp). If u € C*P1H/2(Qr) is the solution of the initial-boundary value problem

(LI)-(L.2), then

uloty 1+ z:0r < Ol 20 + 1@l 14 2500 + 1Ullie@r)-

This theorem gives us Holder continuity for the solution of linear parabolic problems when
the right hand side of the equation and the initial-border condition are Holder continuous.

1.3 1-corrotational harmonic maps and their linearized
operator

Let us recall that the equation to solve is mainly
2 1 ~
u = Au~+ |Vul|*u + —u,, in Q x (0,7).
I

Along this work we will treat the term x—lluxl as part of an error, in some sense it will be a

second order term compared to the other ones in the equation. Then it is natural to study
the operator associated with Au + |Vu|*u, which we call the harmonic map operator. This
section recalls the analysis and formulas obtained in [7] for this operator.

First, consider the harmonic map equation for functions U : R? — 52,
AU + |VUPU =0in R?, |U|=1. (1.3)

Consider, for £ € R?, w € R, A > 0, the family of solutions of (|1.3)) given by the following
1-corrotational harmonic map

Urew(®) = QuW <z — 5) :

A
where W is .
2y 2
Wy) = —— , e R7, 1.4

and (), is the w-rotation matrix in the z-axis
cosw —sinw 0
Q. = |sinw cosw 0
0 0 1

12



Observe that

0 -1 0
1 0 O
0 0 O

If we rename U = Uy, then the linearized operador for (1.3)) around U is

aw@w = QwJ07 ']0 =

Lulel = Dap + VU P + 2(Vap - V,.U)U.

We will need expressions for the functions that live in the kernel of L, that means that we
look for functions ¢ that satisfy Ly[p] = 0. To find these, first we set y = ”Tfs and using

polar coordinates y = pe? we obtain that
0

W) = (“ o tt)

CcoS w(p) ) ) w(p) =T — 2&1‘Ctan(p),

We notice that

2 . 2 21
U}p:—m, Slnw:—pwp:rpQ, Cosw:m.

Differentiating U with respect to the parameters A, £, w allows us to obtain expressions that
annihilate the operator Ly, which can be written as

1
N gw(T) = Xpwp(p)QwEl(y),

0uUnrew(r) = pwy(p)QuEs(y),
OeUnewl®) = ~wy(p)]cosQuE:(y) + sin 0Qu E(y))

A
Oelnenla) = +u,(p)sn QL Er(y) — cos0Q, Eafy)], (15)
where e cos w(p) ie'?
mt) = () mw - ().

Observation 7 {F;(y), E2(y)} constitutes an orthonormal basis of the tangent space to S?
at point T (y). Also notice that combining this with the fact that U lives in S? we obtain
that Ey(y), Ex(y) are pointwise orthonormal to U(x).

It is useful to define

Zo(y) pw,En,

Zoa(y) = pwyky,

Zi(y) = wpylcosOE; + sinbEy],

Z1s(y) = w,[sindE; — cosEs)]. (1.6)

We also define, for a function ¢(y), the following operator
LW[¢] = Ayﬁb + |VyW|2¢ + Q(Vbe : VW)W

13



Because the derivatives of U annihilate Ly we have that Ly [Z;;] =0 for i = 0,1, j = 1,2.
In addition to the elements in (|1.6)) there are two other relevant functions in the kernel of
Ly, namely

Z_uly) = p*w,[cosOE; — sin0E],

Z 12(y) = p*w,[sinOF; + cos OFs). (1.7)

Observation 8 The operators mentioned before satisfy

Lole] = 33Qulwldl, #la) = 6(s). =

It will be important to compute the action of Ly on functions with values pointwise or-
thogonal to U, so we will cite without proving various formulas derived in chapter 2 of [7].

For a function ®(x) with values in R? we denote
Iy ®:=d— (-U)U.

Then one has the following formula

Ly[Hy:®] = i AD + Ly [®], (1.8)
where 3

Ly[®)] := |VU Iy ® — 2V(® - U)VU,
and
V(®-U) =0, (®-U)0,,U.

There is another convenient expression of [:U[CI)] using polar coordinates. Writing in complex

notation
O(z) = d(r,0), x==¢E+re.
Then ) .
%@F*j%@ﬂ@w@@ﬁr;@wW@ﬂ%,PZ% (1.9)

This last formula has an important consequence. Assuming that ® : Q@ — C x R is a C!
function, which we express in the form

= (200

We also denote
© = p1 +ips,

and define the operators
div ¢ = 0,01 + Opyp2,  curl @ = 0y, 2 — Opy 1.
Then

Ly[®] = Ly[®]o + Ly[®); + Ly [®] (1.10)
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where

Ly[®]y = A_lpwz[div (e7™p)QuE) + curl (e “)Q,, Fs,
Ly[®)y = —2X\"'w,cosw|(Dx,p3) cos O + (Dpyp3) sin 0]Qu By
— 227w, cos w](Dy, 3) sin O + (Dyy03) cos H]Q, Ex,
Ly[®]y = X 'pwi[div (e*P) cos 20 — curl (e™p) sin 20]Q., Er
+ A lpwi[div (ep) sin 20 + curl (™) cos 20]Qu E1.

The above identities will be usefull in obtaining estimates for the linear operator Ly .
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Chapter 2

Construction of the solution

In the present chapter we use the properties of the linearized harmonic map flow operator
seen in Section to arrive to a first system of equations that will separate the effect
of the operator near and far away from the blow-up point. In section we find a first
approximation of the parameters through some simplifications. In section we transform
the first system of equations into a final coupled system. In section we recall results
from [7], then we write the problem as a fixed point one with an operator F and state the
propositions that gives us its compactness, which we will prove in the next chapter. Finally,
at the end of section [2.4) we use all the mentioned results to prove Theorem and find the
wanted solution for problem @D—.

2.1 Ansatz for a blowing-up solution

Consider the following parabolic equation for a domain 2 C R2,

1
uy = Au+ |Vulu+ — g, in Qx (0,7), (2.1)

1
u = wupg in 00 x (0,7), (2.2)
u(-,0) = wug, in Q (2.3)

for a function u : Q x [0, T) — S%. Here ug : Q — S? is a given smooth map and
upn = Uglon = €3 on 98, (2.4)

where e3 the following canonical vector in R3,

€3 =

_ o O

Notice that this vector corresponds to W (oo) where W is the 1-corrotational harmonic map
in (|1.4).
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Given a fixed point ¢ € €2, and any sufficiently small number 7" > 0 we look for a solution
u(z,t) of problem ({2.1)-(2.3) which at main order looks like

o)

Ulz,t) := Uxi,e,0) (T) = QuiyW (

for functions £(t), A(t) and w(t) of class C''([0, T]) that we will determine later. We also need
these functions to satisfy
f(T) =4q, /\(T) =0,

so that wu(z,t) blows up at time 7 at point q. The solution we look for is of the form

u = U + v, where v(z,t) is chosen to be small and so that u is a solution of (2.1)-(2.3)) with
initial condition ug(x) = U(z,0) + v(x,0).

Let us denote .
S(u) == —uy + Au+ |Vul*u + —uy, .
L1
Lemma 2.1 If the constraint |u| =1 is kept at all times and u = U + v with |v| < 3, then
for u to solve it suffices that
S(U+wv) = bz, t)U

for some scalar function b.

ProoF. (Of Lemma [2.1)) Indeed, if we take S(u) = b(z,¢)U, since |u| =1 then

- R U
b(z,t)U -u=Su) u= §a|ul +§A(|u| )

1 0

2
- =0
21‘1 alL‘1|U| ’

and because U -u= (U-U)+ (U-v) =1+ U -v > 5 we get that b = 0. O

Notice that we can parametrize all functions v(z,t) such that |U +v| =1 as
v=IHyro+a(llyLp)U, (2.5)
where ¢ is a function with values in R? and
Myrp:=¢—(p- U, a(¢):=+1-[C2-1.
Indeed, one can compute
U+ 1y +a(llyrp)UP =14 2a(llyrp) + a*(Hyep) + [Hyepf* =1,

since a*(Tly 1) = 2a(Iy1e) + [Myel.

Taking v given by and using that

AU+ |VUP? =0
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we have the following
1 1

SWU+v) = =Vt —Us, = 0(Tly2p) + —0r, (Uy2p) + Ly Uy o] + Ny (Ly29) + c(Ilyr9)U,
1 1

where for ¢ =1, a = a(llyp),

Ly(C) = A+ I|VUPC+2(VU -V,

No(Q) = [2V(aU)- V(U + ) +2VU - V¢ + [C2 + |V(al) 2] ¢ — aly + %aUm +2VaVU,
1

c(() = Aa—a;+ :Cia%1 + (VU + ¢+ aU)]> = |VUP) (14 a) —2VU - V(.

1

We do not consider the partial derivative in x; to define the linear operator Ly because we
want to use all the calculations and theorems proved in [7] for this operator.

Since we have Observation [2.1] we only need ¢ to satisfy
1 1

—U; + $_le - 8t(HU¢ QO) + ;arl (HUJ_QO) + LU[HUJ_QO] + NU(HUJ_ QO) = b(HUJ_QO)U (26)
1 1

for some scalar function b. To achieve this we will decompose ¢ into the sum of two functions
0 = @' + ¢°, which will be called inner and outer solutions because their aim is to solve the
problem near and far away from the blow-up point.

The inner function ¢(z,t) will be supported near the concentration point z = £(t), so it
is more convenient to understand ¢ as a function of the scaled space variable

g
At)
and pointwise orthogonal to U, so that IT;;L¢" = . On the other hand, the outer function

©°(z,t) will be constructed to satisfy (2.6 far away from x = £(¢) and is well defined on the
variable .

Observation 9 Notice that because of Lemma [2.1| when we come across a partial derivative
of Il ¢, for a function ¢ that is not orthogonal to U, we only need to consider for the
equation the part that is orthogonal to U. For example, when we have the following in the
equation

Oy = O — (Owp - U)U = (- U)U — (¢ - U)Us,
the only relevant part of this is
A — (- U)U,
and we can think of the rest of the derivative as part of the function b on Observation 2.1} In
some cases it will be more helpful to consider for the equation the term Il 10 — (¢ - U)Uy
and leave only —(¢ - U;)U as part of b.

To understand the construction of the outer solution we write (2.6 in the following form:

A N 1 1 .
0= — 0"+ Lylp'] + Lule’] — Hyr[0y0” — Ap® + U — x_U:n] + x—é‘xld
1 1

1 1 ,
Oy = (" Uy + (67 U+ No(' + T g?) = b0, (2)
1 1
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where we have used the second decomposition in Observation |§|, (1.8) and the fact that
Ut . U - O

We will find a function ®° depending only on the parameters, chosen in such a way that
1 [0y0° — Ap® + Uy — U, ] concentrates near £(t) by eliminating the slower space decay

1
terms in the error U, — L U,,, which are the ones associated to the time derivatives of the

1

dilation and rotation parameters. For this reason we write the outer solution as
P°(x,t) = @(w,t) + U*(x,1),
where U* will solve the rest of the outer problem.

For the inner solution, we consider a smooth cut-off function 7y(s) with 7y(s) = 1 for s < 1
and 79(s) = 0 for s > 2. We also consider a positive, large smooth function R(t) — +oo as
t — T that will be specified later as a power of the main order term of the parameter A(t).

We define  feew
et = (|7

and we can write the inner solution as the following:

(Pi(xv t) = 77(% t)Qw(b(yv t>7

for a function ¢ with initial condition ¢(-,0) = 0 that satisfies ¢(-,t) - W =0 for |y| < 2R(?)
and that vanishes as t — 7". Then we have

0 = Mo+ Qo+ Qi — Qul V6~ s1Qut - V0
, 1
6961901 = ax177Qw¢ + Xanayﬂba
Lold] = 551Quwld] +Quins +2Q.VVo, 23

Using (2.8) and the first part of Observation [9] on U*, equation (2.7) becomes

0= %Qw [_)‘2@ + Lwl¢] + )‘2Q*W£U[‘Ij*]]
+ 1w (%g Vybt 3y Vyd - waﬁ)

N 1
+  Ly[®°] + . {atcbo —A®° + U, — x—Uml}
1

- 1 1 1
X1 I )\1‘1
1 1
— 20, 8 — —((8° + 0°) - U)Uy, + (2 + ) - U)T,
1 1
NQud + s (B° 4+ T*)) + bU. (2.9)

Now we will define ®° to satisfy

1
0" — A®° + U, — —U,, =0,
T
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when |y| > 1.

Invoking formula (1.5)) to compute U; and noticing that U,, = U, we get
U = MU +wd,U+0U-€=E+&,
_le - 827

x1
i0

where, using polar coordinates y = xT_f = pe'’, we obtain

éEl (y) + wEs(y)

50(:13,t) = _prwp<p) \

Y

Ei(z,t) = —w,(p)Qu [cos(0) Er(y) + sin(0) £z (y)]

= FWr(P)Qu [sin(0) Br(y) — cos(0) Ex(y)]
w
Elz,t) = L NQE in(6)Q.E-] .
2(%, ) )\(51 + )\pcos(e)) [COS( )Q 1 —FSIH( )Q 2]
Since &£ and &, have faster space decay in p than & we will choose ®° to be an approximate
solution of

P — AP+ & =0. (2.10)
Then we can use the same construction of ®° as in [7]. For z = ¢ + re? and

p(t) = At)e™,

PN g = (*po“gf)ew) ,

A t) = —/ H(s)rk(=(r), £ — 5)ds, (2.11)

=T

we define

2

l—e @
z2(r) = Vr2+ A\ k:(z,t):2#.

22

Now we can compute the error produced by ®° on equation ([2.10]) in the following way:

o - 200 = Mo+ - & Rao= () W= (1),

5 2r )(t) e
gO(flfat) = _7,,2 + A2 <p(()) )

is an approximation of & when r > A, and

where

2 t
M, = —T€i9%/ p(s)(Zkz - Zkaz)(Z(r)’t - s)ds,
-7

t

M; = —e”Re (e‘ief(t))/ p(s)k(z(r),t — s)ds

-T

+ %eie(A}\(t) —Re (reief(t)))/ p(s)zk,(z(r),t — s)ds.

z -T
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Observe that M, is of smaller order than M. We write the following expression, derived in

I,

- 1 - - -
Ly[®°) + 1. |0, — A®° + U, — —Us| = Ly[®°) — & + Oy &) — E + My [My)]

1
_'_82 + HUL [.A;ll],
= Kolp, & V'] + Kilz, §] + Iy [My],
where
ICO[p7 57 \II*] = KOl[pa g) \I[*] + KOQ[pa 57 \I[*]7 ]Cl[pa g’ \I/*] - ICll[p) 57 \I;*] + Kl?[p) 57 \I/*]a
with

Kolp. €. 9] = —§pw [ [Re (o) 0)QuEs + 1m (3(s)e0)QuER] Kzt~ 5)ds,
Koalp, &, 0] = /\pw [ / Re (p (t))rk’z(z,t—s)zrds} Q.E1

1

— el cosu U_TRe( (5)e™ ) (zk, — 2ks.) (2, t—s)ds] QuEx

1 ¢ )
- Epwz {/ Re (p(s)e™*®)(zk, — 2%k..) (2, t — s)ds] QuE>,
-7

Kulp, & ¥ = %U’p [Re (6 —i&)e”)QuEr +Im ((§ — i€2)6i9)QwE2} ;

Kialp, &, 0] = /\(§1+;Uppcos(6’)) [cos(0)Qu, By + sin(0)QuE) . (2.12)

Using this in equation ([2.9) we see that
w(z,t) = U + My [0 + ¥ + 1Qu¢] + a(lly [P + ¥* + nQ.,¢))U
is a solution of equation ([2.1)) if the pair (¢, U*) solves the following system:

X = Lwlo]+ NQu |Lul¥'] + Kolp, & '] + Ka[p, &, 9] | in Dy,
¢ -W = 0in DQR,

and
Uy =AU+ g[p, £, 9%, ¢]  inQx(0,7T), (2.14)
where
~ 1 1
glp, & W7 0] = (1= m)Lu[V]+ 0 U7 = (V" - U)Us, + (V7 - U)h
1
‘l'Qw |:A77¢ + 2)\_1vnvy¢ + :L__lqbamn + Ay nayﬂb 77t¢:|

1Qu (A€ Vyo + Ay - Vy6 — o0

~ 1
+(1 - n)[KO[pvga \P*] + Kl[paga \II*H + 1_IUL [Ml] + x_lﬂUlaxlq)O

—i(qﬁ U)Uy, + (2% - U)Up + N(Quop + Iy (9° 4+ ¥¥)).  (2.15)

x
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This system of coupled equations is called inner-outer gluing system in [7] and we will use
that name from now on. Here we denote

Dir={(y,t) eR* x (0,T) : Jy| <vR(t)}.

And the boundary condition ([2.4) can be expressed as
[y [@° + 0¥ + a(My [0 + U U = (e3 — U),

for which it suffices to have
U*pq =e3 — U — @°. (2.16)

We will also ask that
U*(q,T) =0,

because we need the perturbation ¢ to be small compared to U near the blow-up point when
t is near T'. To fulfill this condition we will require the following initial condition:

\I/*(l‘, 0) = ZS(I) + cie; + ceq + C3€s,

where ¢y, ¢9, 3 are constants and Zj is a small function, which will be determined later on.

2.2 Approximate equations for the parameters
In this section we will derive the order of vanishing of the scaling parameter A(t) as t — T
and will obtain a formula for the translation parameter £(t).
Consider the first equation of problem ([2.13)) written in the following form:
N = Lw[d] + h[p.&, "] in Dag, (2.17)

where h(y,t) is defined for all y € R? extending the original function. Some terms are
extended as 0 outside the disc using xp,,, the characteristic function of Dyg, and others are
not changed. In this way we define

hlp, & W] = X*Q_, [LU[\I’*] + Kaa[p, &, \I’*]] XDz + N Q- [Kolp, & U] + Ku[p, &, U7
(2.18)
If \(t) vanishes relatively smoothly as ¢ — T', which is what we want, then the term \?¢; in
equation should be of smaller order than the ones on the right hand side. Hence we
can approximate equation by the elliptic problem

Lw|[®] +hlp, &, 0] =0, ¢-W =0in R* (2.19)

Applying the L?(R?) product between (2.19)) and functions Z;;(y) defined on (L.6]) we get

/}RQ Lwl[9)(y,t) - Zi;(y)dy + /R hp,&, 9" ](y,t) - Zij(y)dy =0 for all t € (0,T),
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using integration by parts and recalling that Ly [Z;;] = 0 we obtain

/ hip, &, ¥*(y,t) - Z1;(y)dy =0 for all t € (0,7), (2.20)
RQ

for [ = 0,1, 5 = 1,2. This orthogonality condition between h and the kernel of Ly, can be
expressed as a system of integro-differential equations. Solving this system will give us the
appropiate order of the parameters so that the solution (¢, U*) has the right estimates to
obtain a fixed point argument.

We want more useful expressions for both sides of the following equation

X /]Rg Q- [’Cﬂ[pv £, \I]*] + ]Cll[pv £, \II*H ’ le (y)dy

+ X [ Q_uKi2[p, &, VXD, - Z1(y)dy = — N Q- Lu[V7] - Zy;(y)dy.

R2 Bar

We will define, analogously as in [7], the following terms:

Bulp & VN0 = 5= [ QuulKalpn& W]+ Kulp & 9] - Zy(0)dy,
Bulp € ¥N0) = 5= [ Q-ukoulp. & VI Zs(0)d,
Wl & W10 = o [ QLo Zywiy
olp & W) = 3¢ anlp, & W + daaalp, €, V7)), 2:21)
afp, & W] = —e“O(anp, &, ] +danlp,§, T)).

Here the expressions differ from the ones we want to compute by a 27\ factor. This is due
to the fact that this factor naturally arises in the calculations and it has been simplified.

In [7] the authors compute the following:

t—st—s

Bul(®) = 2 [ e (e (35 2,

Babl) = 2 [ i G (L),
Bul¢l(t) = 2§1(t),

Bio[€](t) = 26(1),

ag[p,§, V] = [div (") +dcurl ()](€, 1) + o(1),
al[p7§7\1]*] = 0(1)7

where o(1) — 0 when t — 7" and ¢* comes from the following decomposition of U*
v (1), v
(G
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and

o) 2
B = = [ KO+ KR T~ deos(u) K O I,
0 ¢=7(14p?)
Nar) = = [ Pl KO = CRO] oy o
where ;
1—e"4
K(() = .
(©) =2

Notice that some terms only depend on p and others only on &, so we simplify the notation
accordingly.

Given the above, we only need to compute the terms associated with 5. We use formula

(2.12) and (1.6) to get
) 2R cos () p? 2
B () = dfdp,
o1[p, &, V(%) / (& + )\pcos (9)) g

1 —21A\p
= - p w, (52 o +&m> dp,
= —/\/2R P dp
0 GNP +OV/E N

= AN 6,

for 7 € (0,1), where we define

2R AT
LN E) = —/ £ dp.
e 0 &N+ GVE - AP
Let us consider for the moment R(\) = A~? with 3 € (0,1). Then we have
At)p < 2M(H)R(t) < 2X70(t) < 20177(0),

assuming \ to be decreasing. Choosing A\(0) so that 2A\172(0) < & (t) Vt € [0, T] we get that
&(t) — N (t)p* > 0 for all t € [0, 7], hence the denominator of ¢ is never undefined. Here we
are assuming that R(\) = A\7%, that ) is decreasing and that & has some regularity, we will
elaborate on this assumptions on section [2.3|

With all of the above we notice that
4AT p3
S5 AP
& - NQ2R)?2+ &G - N2R?2 Jo  (1+07)

2%
& — N(2R)? + &1/€F — N2(2R)? [(2}%)2 T Tlos(CR)+ 1) — 1.

£ )]

To see that ¢ exists it is enough to analyze the higher order term in R, which is A™ log((2R)*+
1). Notice that
M log(4R? + 1) < CA" log(A™" 4 1),
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where C' > 0 is a constant. Let n > 0 arbitrary, then

A log AP+ 1) <nAT(A P+ )Y — 1),
< n(()\anﬁ + )\m-)l/n . 1)

For this to be finite when ¢ — T" we only need to ask 7 > g, so fixing 7 € (0, g) gives us
£, €)] < +o0. Moreover A7TU(A, §) = O([[pllc7)-

Next we compute the term

Bupewl) — L [ [T P e
ll[pué.? K) - % 0 A (§1+APCOS(9)> P,

2R 2
pu,

— 2y

0 /52 _ )\2p2
If we study the last integral when A — 0, notlclng that Ap < AR < AP — 0 and using
Taylor expansion around 0, like \/& — 22 = & + —$ + o(x%), then we can approximate By,

by
1 R 1 1

B v widp = N —.
ulp e vl / P T 2R ) T 2

We also obtain

Boalp, &, U7](t) = / / €1+ )\pcos(e))dé)dpzo,
_ (sin(#) cos(6) — cos(f) sin(0))p*w?
Bulp & W0 = 5 [ / &L Apco(sg ))”)p 2 d0dp = 0.

where the first one is 0 due to parity arguments.

Observation 10 To compute some of these integrals we used two facts:

e We have that

2m .
/ cos(f) d0dp — 27h ’
o a+bcos(f) a? — b +ava® - 1?

which comes from applying the Residue Theorem to the complex function
2241

J(z) = bz (22+ 2—52—1— 1)’

in the contour {z € C: |z| = 1} clockwise oriented.
e We have that

2 1 2m
. _dgdp= T
/0 a+ bcos(d) P a? — b2’

which comes from applying the Residue Theorem to the complex function

2
&= =y

in the contour {z € C: |z] = 1} clockwise oriented.
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As in [7] we define

1

Bi[€] == Bul§] +iBi2[€],  Bolp] == 56”“) (Boi[p] + iBoa[p]),

and therefore reduce our four orthogonality conditions to a system of two complex equations

BO[p] + [%’01[]77 5’ \Ij*] - aO[pa 5’ \Ij*]’ (222)
Bi[¢] + Bup, £, ¥ = ailp,§, V7. (2.23)

In [7] the authors get, using the decay of the functions I';, j = 1,2, that

sl = [ i o). BBIO =2 (60 +&0).

r t—s
And from our analysis of the new terms we have that
-1
~26(1)

BOl[p7£a \Ij*](t) = O(HPH;T)? Bll[p7£a \Ij*](t)
Then we can write (2.22)-([2.23)) in the form

/_ Bs) o _ [div (¥*) +icurl (Y*)](€,1) + o(1) + O(||p||2™ + [|Bllo),  (2.24)

_r t—35
: 1
&H(t) = —ero(l), (2.25)
&) = of1). (2.26)

We make an informal analysis of these equations to derive the main order of the parameters.

Notice that
&(t) =/qi +2(T - 1),

is a solution of the ordinary differential equation

: 1
) =—-——=, &) =aq,
&i(t)
where ¢ is the first coordinate of the given point ¢ = (¢1, ¢2). Hence, if T' is small, & (t) = 1
is a good approximation of the solution of (2.25). The same can be said of &(t) = ¢ as
an approximation of the solution of (2.26). We also assume that U* is sufficiently regular.
Taking into account only the higher order terms of equation ([2.24]) we arrive to

=A% -
[, i ) 4 = div 0*(g.0) + ienrd v (q.0).
- —

We impose the following condition
div ¢¥*(¢,0) < 0,

that will allow A to decrease. In [7] the authors arrive to the same equation and obtain the
following approximate solution:

A(t) = —|div 1*(q, 0) + icurl ¥* (g, 0)| A (¢),
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where
(2.27)

And imposing A\.(7T") = 0 we obtain

|log T'|

A0 = i (T =00 +o(), ast T,

2.3 The final inner-outer gluing system

Summarizing, for a given point in space ¢ € 2 and T" > 0 a sufficiently small final time, we

want to find a solution (¢, U*) of the inner and outer problems (2.13)-(2.14) with boundary
condition of the form ([2.16|) such that the function

u(z,t) = U + Uy [@° + U* 4+ nQug] + a(llyL [@° + U* + nQu¢))U (2.28)
blows up at time T" at point ¢ with U(x,t) as main order of blow-up.

The purpose of this section and the next one is to set up all the ingredients to find (¢, ¥*)
and the parameters \,w, ¢ as solution of a fixed point scheme. In this section we will split
the inner and outer problems into a final system of equations, this will allow us to obtain in
section [2.4] good estimates on the solutions in relation to the right hand side of the equations.
These estimates will allow us to apply Schauder’s fixed point theorem.

First, we need to make some assumptions about the parameters £(t) and p(t) = Ae™®).
We assume there exist constants p1, po, p3, pga > 0 independent of 7" such that

D] <. pe <&@ forall t € (0,7), (2:29)
pslAe()] < [p)] < palAu()] for all £ € (0, 7). (2.30)

Here A, is the one defined in (2.27) and p; = qil. We also assume that

R(t) = \(t)™"
where 8 € (0, ).
As we saw in section we can formulate the inner problem as
Moy = Lw[¢] +h[p,& U]  in Dap,

¢W =0 in DQR,
#(-,0) = 0 in By,

where h[p, &, U] is given by (2.18)). To find a nice solution of this problem h[p, £, ¥*] should
satisfy the orthogonality condition (2.20)). To use this approach of orthogonality we define,
as done in [7], the following weighted projection for any function h(y,t) with sufficient decay,

ulhl(t) = - 1|le| (1) Zs()dy. (2:31)

27



Observation 11 Notice that if we define

2

Z Z Clj w le, ka>L2(R2)

I=—1 j=1
for k = —1,0,1, m = 1,2, then by the definition of ¢;; we have

1 2

I = /R2 h(y,t) « Zym(y)dy — Z chj[h](t) /R2 wile(y) - Ziom (y)dy,

I=—1 j=1

= [ 1) Zunto)dy = cunlile) [ Zundy = .

RZ

We split the inner solution ¢ into three functions ¢ = ¢ + @2 + ¢3, where we will require
that ¢, solves

2

)\2at¢l LW [9251] + h p,§ \I} Z Z Cl] p,§ \I/ 2le in DQR-

I=—1 j5=1

To have all orthogonality conditions met we should aim to solve ¢;;[h[p, &, ¥*]] = 0, but this
is very difficult to achieve since there are no parameters that can guarantee c_y;[h[p, &, U*]] =
0 and coj[h[p, &, U*]] = 0 involves solving exactly an integro-differential equation. Therefore
we will have to handle modes —1 and 0 with a different approach.

We will require that ¢3 solves
2
X203 = Lw[s] + Y _ coaj[hlp, & U JwZ_y;  in Dap,

where c_q1;[h[p, £, ¥*]] will be kept under control using that it is small compared to h[p, {, ¥*].

We also need that ¢, solves a similar equation to the one of ¢3 for mode 0, but we will
include some changes. To better understand cy; notice that

2T A

2 Zos 2 (Bo;[p] + Buo;[p] — aos[p, €, ¥*)).

COJ[ [p7£\11]] f2

Then to get the orthogonality we should solve
Bolp] + Boi[p] = aolp. &, ¥7]. (2.32)

But since this equation is very difficult to solve exactly we will follow the method in [7] and
modify it, so we get a modified equation easier to solve with a the rest, that will turn up to
be of smaller order. We will not actually solve this modified equation but instead we will
prove that the solution obtained by Davila, Del Pino and Wei [7] also holds in our setting.

To modify the operator on the left hand side of (2.32]) we notice that

Bolp] + Boi[p] = Bilp] + Salp] + Ralp] + Boi[p),
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where

s = sl [ 2%
t—(T—t)t+e . s
sl = [ Pk poioga ) - (1- ) oy - ),

Ralp] = /t RO R UF

—(T—t)1+e t—s
Then the modified equation is
Bylp] + Salpl = A in [0, 77,
and R, [p] + Boi[p] will be a remainder of smaller order called Ry.

To state the result proved in [7], we define the following norms. Let I denote either the
interval [0, 7] or [T, T)]. For © € (0,1), [ € R and a continuous function g : I — C we let

l9lle.r = sup (T = )= log(T — t)['|g(t)], (2.33)
S

and for v € (0,1), m € (0,00), and | € R we let

[g]'y,m,l = sup (T — t)_m| log(T _ t>|lM

where the supremum is taken over s < ¢ in I such that t —s < 1_10(T —t).

Dévila, Del Pino and Wei [7] proved the following proposition:

Proposition 2.2 Let a,0,7 € (0, ) m< 0O —~andl €R. Let C; > 1 be a fized constant
and assume that Re (a (T)) <0 wzth - < Re (a(T)) < Cy and

TNog T [la(-) = a(T)lles-1 + lalymi—1 < C1, (2.34)

for some o > 0. Then, for T > 0 small enough there are two operators P and Ry so that
p="Pla] : [-T,T] — C satisfies

Bo[p](t) = a(t) + Rolal ()
with

[Ro[a](t)]

1 lo logT
< o(r3 + 792 o) - a(lles-s + lahnir)

(T _ t)er(lJra)'y
| log(T' = 1)["

(2.35)

for some o > 0.
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Observation 12 We select

and [ < 1+ 2m, a > 1—23. With this choice of parameters in [7] the authors obtain

(T o t)®+’y(a71+2ﬁ)
[log(T = ¢)|" ~

1, log |log T’
Ralal()] < (747 + 7925 B )~ a()llsos + i)

< O (1)OT

. for some ¢ > 0, o7 > 0. the authors also notice that with these choices one has

la(-) = a(T)lles-1 < Cllog T|'717°,
[a]ymi1 < C|log T,

Observation 13 Proposition applies to our setting for two reasons. First, our function
a is the same as the one in [7]. Second, in [7] the authors prove that with Ry = R, this
works. We can prove that adding By; to Ro does not change this scheme. Indeed, note that
asking for 7 <1 — 0O — o; we have

[Boi[p. €]l < AN )] < CAZF

As in [7] we write the equation for ¢, leaving out Ry, but then we have to add a new
equation that will take care of this term. To obtain these equations we need dome definitions.
Using the decomposition of Ly in (1.10)) and the definition of g in (2.21)) we can decompose

ag as follows:
aolp, &, "] = af[p, &, W] + af[p, &, W] + af [p, €, V7],
where

A ~ ) ~ .
a(()l) [Pafa ‘I’*] = —ZGZW/B <Q—wLU[‘I’*]l - Zo1 + ZQ—UJLU[\IJ ]l : Zoz) dy.
2R

™

Then we define

Gl & V(t) = f24”|}m|26‘“(7% 6" € 9D (©) + 0 p, € ¥ (0)
+ap. &, (1)), (2.36)

and

CSl[paga \Ij*] = Re (Cg[p7£a \Ij*])’
Coolpy &, 9] :=Im (ci[p, &, ¥')).

We leave cj; in the system of equations, instead of cy;, and add the reduced equation

Coj[h[p,f, \IJ*H = ng[p,ﬁ, \If*], J=172,

instead of cy;[h[p, &, ¥*]] = 0. Note that this equation is equivalent to
Bolp] = al”[p, &, W*)(t) + Ro |a[p, €, 0*|(T 2.37
olp] = alp, €, W)(8) + Ro [a .6, w)(T)] 2.37)
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For more on the description of ¢ and the reduced equation see [7].
Now, to solve the outer equation (2.14)) we decompose
U= 74,
where we choose Z* : Q x (0,00) — R? to satisfy the 2-dimensional heat equation
Zr =AZ* inQx(0,00),
Z*(,t) =0 in 09Q x (0,00),
Z*(-,0) =25 inQ,

where Zj(z) is a C*°(Q2) function defined as follows:

2 (201(x) +iz02(x)> _ (ZO(@) |

203 (l’) 203 (ZE)

and zy satisfies
div (20)(¢) < 0.

(2.38)

We also require || Z;||r(q) to be sufficiently small. Notice that gives us some control over

Z*, since
1 Z*|| o @x0,1)) + Ve Z™ ||o=@xo,m)) < CllZg || ()

because () is bounded. We also require that

U*(q,T) =0,

so that the main order of blow-up of u(z,t), defined by (2.28)), is given by U(z,t). This

constraint will be achieved by three coefficients in the initial datum.

Summarizing all of the above the inner-outer gluing system becomes a new and final system
of equations, where we are looking for functions ¢y, ¢, ¢3, ¥, p, £ and constants ¢y, co, c3

such that:
1/}13 :Am¢+g[p7§;Z*+¢a¢1+¢2+¢3] inQX(07T)7
v =e3—U—3° on dQ,
P(-,0) = (cre; + cxey + cze3)x + (e3 — U — ®Y) (1 —x) in Q,
12
N0ip1 = Lwln] + hlp, &, = > > cylhlp, & U |Jw)Z;  in Dap,
=1 j=1

¢1-W =0 in Dyp,
(bl(',O) =0 in B2R(O)'

(

2
)\2at¢2 = LW [¢2] + Z CS] [p, 5, \I/*]wiZOJ n DQR,
j=1
¢2 W =0 n DZR;
¢2('7 t) =0 on a-B2Ru
([ ¢2(-,0) =0 in Bag().
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;

2
N0ips = Lw|ps] + Z c_y;lhlp, &, W JwiZ_1;  in Dag,
j=1
¢3 W =0 in DQR) (242)
¢3(', t) =0 on aBgR,
\ (bg(', 0) =0 in BQR(O)-

coj[hlp, & WT](t) — co;lp, &, V7](t) =0 forallt € (0,7), j=1,2, (2.43)
cij[hp, &, UF))(t) =0 forallt € (0,7), j=1,2. (2.44)

Here x is a smooth cut-off function with compact support in 2 that is identically 1 on a fixed
neighborhood of ¢ independent of 7. In addition, g and h are given by ([2.15) and ({2.18]),
respectively.

2.4 Solving the inner-outer gluing system

The main idea for solving the final inner-outer gluing system ([2.39))-(2.44) is to fix ¢1, ¢2, ¢3,p, &
and find an operator that given g[p, £, Z* + 1, ¢1 + ¢o + ¢3] returns the solution 1) of problem

(2.39)), which we will call exterior problem. Then we find operators that given h[p, &, + Z*|
return solutions ¢y, ¢, ¢3 of the interior problem. Finally, we find operators that return p
and & as solutions of the parameter problem. Next, we define the product of these operators
and set the problem as a fixed point in a suitable space.

The objective of this section is to set the basis for the fixed point argument and use it
to prove Theorem [0.1] For this we need to use propositions proved by Davila, Del Pino
and Wei [7] that will allow us to construct the operators mentioned before with sufficiently
good estimates so we can obtain the necessary compactness to apply Schauder’s fixed point
theorem. First, we recall the results proved in [7] for the linear equations related to the ones
we want to solve. With these propositions we also define the norms and spaces where we will
look for the functions ¢1, ¢, ¢3, ¥, p, .

We formulate the linear problem associated to (2.40)) as:

1 2
)\2at¢ = LW[Cb] + h — Z ZCZJ[}L]UJ?)ZM n DQR,
=1 =1 (2.45)
¢ W =0 in D2R7
¢<'7 O) =0 in BQR(O)-

For a function h(y,t) on the right hand side of (2.45) and v < 1, a > 2 we define the following
norm:

1Pllay := sup(L + [y*) A ()~ [A(y, D], (2.46)
and for ¢(y,t) we define

16eas = sup  ——at1WDIVsOl, O] + 19y, 1)

] : 2l . (2.47)
(vr)ePon VR (1 4 [y|) ! min{1, R*2"|y| -2}

Then from [7] we have:
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Proposition 2.3 Let 2 < a < 3, v > 0. If |h|a, < +o00 there exists a solution of problem
which defines a linear operator ¢ = Ty 1[h] and satisfies the estimate

16[lv.ar < CliAlla-

To do the same with equations (2.41)) and (2.42)) consider

NOip = Lw[¢l + h(y,t)  in Do,
¢ W =0 in D2R;

6(,1) =0 on OB, (2.48)
¢('> 0) =0 in B2R(0),
and define T Dl .
H¢||**,V2 _ + y) ygb(ya ) + ¢(ya )| (2.49)

sup o — s
(y,t)eDar /\*2R2<1 + |y|> !

for v > 0. Then from [7] we have:

Proposition 2.4 Let 2 < a < 3, vy > 0. There exists C > 0 such that for h with ||k, <
+00, the unique solution ¢ = Ty o[h| of problem satisfies the estimate

@[l < CllAlapn-

The next proposition applies to h of the form
h(y,t) = h_11(y,t)Z 11+ ho12(y, 1) Z_1 .

We introduce the norm

(1+yDIVyd(y, 1) + |o(y, t)]
wxxy = SU . 2.50
||¢|| 7 (y,t)egm AY log(R) ( )

Then from [7] we have:

Proposition 2.5 Let 2 < a < 3, v > 0. There exists C > 0 such that for h of the form
with ||h]|a, < 400, the unique solution ¢ = Tys[h] of problem satisfies the
estimate

@[l < Clila,p-

Let ©" and ' be such that Proposition holds. Define ©, v > 0 such that v < v/, © <
©'. Define a,d’ € (2,3), v,V vy, V5 > 0 such that Propositions and hold for the
triplets o', v/, v, and a,v,v,. In addition we need that @’ > a, v/ > v, v} > vy, where the
coefficients and their respective primas are close to each other. We also define spaces

Ei ={¢ € C(D2r) : Vyo¢ € C(Dag), ||§]lsa0, < 00},
Ey={¢ € C(D2r) : Vy¢ € C(Dag), |§|lss, < +00},
Ey ={¢ € C(D2p) : Vy¢ € C(Dar), ||lssxp < +00}.
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Now, we refer to the linear problem associated with , which can be written in the
following way:
o = A+ flat) inQx (0,7),
¥ =0 on 01,
P(-,0) = (cie1 + coen +c3e3)x  in €,
$(q,T) =0,

Observation 14 Notice that problem differs from not only in function f, but
also that has different border conditions, it is missing —Z* and e; — U — ®°. We omit them
for simplicity. This is possible because Z* and e3 — U — ®° behave well enough, and can be
added to the solution of without changing the results we will mention later.

(2.51)

Let © > 0, v € (0,1/2) and 0 > 0 small. We define the following weights:

01 = )\*@()\*R)_1XT<(2+/L1)R)\*7
)\1—00
02 = T—°o0 4;?2 Xr>RAs s
05 = T (2.52)

For a function f(x,t) on the right hand side of (2.51]) we use the weights to define

_ |f(z,1)]
[l == S 05 o) (2.53)

and for ¢ (z,t) we define

A.(0)° -6
Wlheo = g R0 axiy V1 A0 2, V)

1

—_e— —

+Q§1(1017)T))\* "R(0) lm\w(l‘,ﬂ—d}(ﬁjﬂ
+ sup A()°|V(z,t) — Vi(z, T)]

Qx(0,T)
o (Vi (x,t) — V', )]
e AP OO e

(2.54)

where the last supremum is taken in the region

1
z,d' €Q, t,t'€(0,T), |v—a|<2ME)R(E), [t—1|< Z(T—t).

Then from [7] we have:

Proposition 2.6 Let 8 € (0, %) ,© € (0,8). ForT >0 small there is a linear operator H
that maps a function f: Q x (0,T) — R® with || f|l« < 0o into 1, ¢y, co,c3 s0 that is
satisfied. Moreover the following holds

A:(0)"®(A:(0)R(0)) !
”wH#@,'Y_'_ |logT\

(lexl + lea| + les]) < Ol f |+,
where v € (O, %)
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Let ©" and +' be such that Proposition holds. Define ©, v > 0 such that v </, © <
©'. And define the space

F={6eC@x[0,T)): Vb € COx[0,7)), ], < +o5}.

Next, we focus on the parameters p, £ to define spaces and norms for them. In [7] the
authors work with a decomposition for p of the form:

D = Do + D1+ D2,
for k € C, p; and py are functions smaller than p,, and

T
1

L) =k|logT| | —————ds, t<T. 2.55

pO,() "i’ og |/; |10g(T—t)|2 S ( )

Then it is more natural to define

Gl = Cx {pl € Cl([—T,T],C) :
pl(T) = 07 pQ(T) = 07 ||p1”*,3—a + ||p2||9,l < OO}»

where o € (0,1) and the norms are
lgllep-o = sup [log(T —)"~7|g(t)],
te[-T,T)
lglle. = sup (T =)~ log(T — )['lg()]
€
We use that from [7] one can identify p with an element (k, p1,p2) € G; and write the norm

Iplley = 6]+ lIPrlls—0 + lIP2lle-

Recall from Section that equation (2.43)) is equivalent to ([2.37)),

Bolpl = af[p. & W*I(t) + Ro [af[p. &, w°](T)] .

which is solvable through the operator P defined in Proposition 2.2 In [7] the authors prove
estimates for P, that we express in the following proposition.

Proposition 2.7 Let us make the same assumptions as in Proposition 2.4 Then
Pla] = poxa + Pila] + Pslal,
where po ., s defined in and each term
k=kla], pr="Pila], p2="Pslal,
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has the following bounds:

k= [a(T)| (“O (méﬂ)) |

. | log T'|'~7 log(] log T'))*
) <C

O

) | log T'|

t) <

POV g —npr— 1)

Ip2lles < C(T2477° +la() — a(T)[lo-1),
log | log T'|
[ log T'|

[pQ]%m,l < (] 10gT|l_3Tao_m_7 +TO—=—— la(-) — (T>H®,l—1 + [a]%m,l—l)’

where ag > 0 is some fized some constant and o > 0 is arbitrary (with C' depending on o).

Observation 15 Notice that due to the selection of parameters done in Observation [12| we
can denote

Co(T) := C(T377° + Jla(-) — a(T)|les—1),
log |log T|

T) := C(|log T|'=3T0—m=—y . 7021 "1
C\(T) := C(|log 7| T T

la(-) = a(T)lle11 + lalymi-1),

which are constants that only depend on 7" and have order O(T).

Let us fix ¢/ > 0 small, ® > 0, I’ > 0 that satisfy Proposition and choose the
parameters o, O, [ associated with the norm of G such that ¢/ <0, © <O, ' <.

Now, we define
Gy = {6 € C(0.T):R?) : &(T) = qi &(T) = 0},

and

I€lle, = sup [€(0)] + sup ()],
te(0,T)

te(0,T)
The problem of parameter £, which corresponds to equation (2.44)), is equivalent to

/ Blp. €. 9|y, t) - Z(y)dy =0 for all ¢ € (0,T),
R2
this is

/\/B Q- Lu[¥"] - Zy;(y)dy + A Q-uKi2 - Z1;(y)dy = A Q-w[o + Ki1] - Z1;(y)dy.

Bor Bar

And using the calculated integrals on Section we can formulate equation (2.44)) as:

¢ — —51 ~bip, €, 0, (2.56)

1

& = —bo[p, &, 7], (2.57)
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where

il W0 = (L QRN [ QuLolv) - Zu(y)dy.

Bor

We need to solve these ordinary differential equations to obtain operators for our fixed point
argument.

Proposition 2.8 Define operators Ai[p, &, V*], As[p, &, W*| that return the solution of equa-

tions and respectively. Then,

. 14T
[A[p. &, ¥ ]llerory < ( )+ L+ D) (0¥l 00 + 125l (),

[ A2[p, & ¥ [lcr oy < q2+(1+T( 0%l + 1251l ).

where q, s the first coordenate of the given point q € €2 and ps is the below bound of & in
2.29).

This proposition is proved in Section [3.3]

We have introduced a few parameters until now, let us summarize their names and uses:

B € (1,1) participates in the definition of R(t) = A, ()"

€ (0,1), a € (2,3) are used to estimate ||h[p,§, ¥*] for equation (2.40). We can
add that the norm || -||,,, is also used to estimate the right hand side of equation (2.42))
and the norm || - ||, is used to estimate the right hand side of equation (2.41]).

o > 0 is the power of the error term in Proposition [2.2]

© > 0 and vy € (0,1) are used to estimate the norm ||- || 46, of the solution of equation
2.39).

oo > 0 is small and will allow us to make parts of the error small in the outer problem.

m=0-2y(1-75),l <14+2m, a > 1—20 allows us to obtain estimates in Proposition
2.2l

€ (0,1), I and © allow us to control the norm of parameter p and o', 0’1" € (2,3)
comes from Proposition and helps us achieve compactness.

7 € (0,min{2,1—© — 0,}) makes integrals involving K, well defined and allows us to
use Proposition [2.2]

From now on we assume that parameters a, 3, v, ©, v, satisfy the following additional

restrictions:
e ac(23)
o 6 E ( 7a_|_2)

v € (max{l — 3,45}, min{l — B(a — 2), g})
CAS (Oamin{67y_ 1 +57V_5(7ga)7y2 - 17”2 - 3ﬁ})
e (l,1+0+o0)
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Observation 16 Notice that since 2 < =2 < g this assumptions imply that:

©O<v+(a—2)p
O<v—(4—a)p
O<v-—2p
O<v,—pf
O <1y —30.

v<1-—p(a—2)
0<O+1—-v—[Fa—2)
B

<1-Z2
v 2

We will use this in sections B.1 and 3.2

Recall that we want to find (¢1, 2, @3, %, p, §) solutions of system ([2.39)-(2.44)). To make
notation smoother we define £ = E; X Fy X F3 X F x (G; X G3. The fixed point scheme

consists in fixing a suitable M > 0 and taking functions v € B, where

BM = {U - (¢17¢27¢37¢7p7 g) € E such that
D110 + 1 D2llwvs + 03]l + 1Ml 04 + DG + €]l < MY

Then we write equations (2.39)-([2.44) as a fixed point problem
v=F(v),
where we define the following operator

F:ByCFE—FE
v — F(v) = (Fi(v), Fa(v), F3(v), Falv), Fs(v), Fs(v)),

where every component is defined as

F1(¢1a¢27¢3a¢7p75) = ﬂ,l(h[paga\p*])a
2

F2(¢1a¢27¢37,¢}7p7 5) = 7j\,2 (Z Céj[p7€7 \Ij*]IUiZ()]) 3
j=1

2
F3(o1, 02, 03,1,p,§) = Ths (Z c_15[h[p. &, \Il*]]w?)le> ;
j=1

-7'—4(¢1,¢2,¢37¢J)75) = 7“(9[P>€7¢+Z*7¢1,¢2,¢3]>7
F(dn,02.00,0.0,6) = P [l In,& w)T))],
F6(¢17¢27¢37w7p7 5) = A(p757 \D*7¢17¢27¢3)7

where Ty 1, Thz, Th3, H,P are the operators from Propositions 2.3} 2.4 2.5], 2.6/ and [2.2] and
A is defined as A := (A, Ay) where A; and A, are the ones from Proposition

To solve the fixed point problem we will need to prove the following:
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Proposition 2.9 Assume that p,§ satisfy and (2.29). Let M > 0, such that

M 1
— >max< |k,2 g+ q@+—) -
6 125

Proposition 2.10 Assume that p, & satisfy and (2.29). Then F : By — By is a

compact operator.

Then F(Byr) C By

The proof of these last results is in section Now that we have all the ingredients we
proceed with the proof of Theorem [0.1]

Proor. Of Theorem [0.1} We have that F : By, — By is compact from Propositions 2.9 and
then by Shauder’s fixed point theorem there exists (¢1, @2, 3,1, D, &) € By such that

F(¢1, b2, 03,0,5,&) = (1, b2, 03,0, B, §).

This gives us functions

and
3, 1) = 1 ) Qu(B1(5, 1) + Gl 1) + Galy,8)) + (e, 8) + (o, 1) + 27 (2, ).
Recalling the form of the candidate solution we constructed we obtain that
ug(x,t) =U(z,t) + Uy @ + a(llyr @)U

is a solution of problem - in (2. Remembering the reduction to two dimensions that
we did in the introduction we define function veq) (x,y, 2,t) := ug(21, 2, t) in V, which is the
solution of the original 3-dimensional problem @D—. We notice that we have constructed
a solution that has exactly the blow-up rate that we wanted and that converges at main order
like a bubble U. [
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Chapter 3

Results on the fixed point operator

In the present chapter we prove Propositions and [2.10 which are the base for the proof of
the main theorem, done in the previous chapter. We prove the propositions by first focusing
on each set of equations, this means the exterior problem ([2.39)), the interior problem ([2.40)-

(2.41)-(2.42) and the parameter problem ([2.43))-(2.44). In each of the first three sections

we will prove estimates on the right hand side of this problems and use this to get a priori

estimates by means of Propositions 2.3] [2.4] and [2.8] Finally, in the last section we
gather these a priori estimates to prove that our fixed point operator F goes from Bj; into

By (Proposition 2.9) and that it is compact there (Proposition [2.10)).

3.1 The exterior problem

In this section we will compute estimates for the exterior problem ([2.39) to prove the following
proposition:

Proposition 3.1 Let p(t) = A(t)e™®) and £(t) satisfy estimates , and let
(¢1a ¢27 ¢3a ¢7p7 5) S BM

Then there exists a constant C' > 0 such that

l9[p; &, Z" + 1, 1+ b2 + @3]l < CT7([| D100 + |02l550p + |83l 550r + [|P]| 1,04
Pl oo~y + €l 20,1y + |1 25| o (@2)) (3.1)

where g 1s defined in .
Notice that this implies that Proposition [2.6] holds for
f - g[p7§72* +¢7¢1 + ¢2 + ¢3]7
because (Cbh ¢2a ¢37 ¢7p’ 5) € BM

We write the following useful lemma that will help us in the proof of Proposition |3.1|
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Lemma 3.2 For ®° defined in the following holds:

9% < Or(|A[Tog(r? + A2)| + 1),

1

—HUL 811 @0
sl

< C(|Alllog(r* + A2)| +1).

Proor. (Of Proposition To get estimate (3.1) we divide g into two parts, called g; and
g2. Function g; will coincide with the right hand side function of the problem solved in [7],
so we will recall their estimates for this part. Function g will contain the terms associated

to the partial derivatives x—llam, which we will estimate in detail.

We define

g = (L—n)Ly[¥*]+ (- U)U,
+Qu [Ang + 2071V V 6 — ni)]
1Qu (X1 V40 + Ay V40— o0
+<1 - n)[]CO[pa 57 \Ij*] + ’Cll[pv 57 \Ij*“ + 1_[UJ- [Ml]
+(@ - U)U; + N(nQuo + o (B° + ™))

1 1
T T1

1

1
g2 = 0,V — S
T )\'Tl

ayl Qb}

1 1 1
+(1 - n)’C12[pa€7 \I]*] + _HULaﬂhq)O - _(q)() ' U)Ux1 + —ClUxU
! T T

where

N (1Qub + s (B0 + ) := N(nQueb + Ty (B0 + %)) — all,..

L1
In [7] the authors prove that given the following assumptions:
e ac(23)
o € (0, 15)
e v (max{l— 8,48}, 1 - Bla—2))
.O<@<min{ﬁ,lj—1+/87y— 75_&7V2_17V2_3B}
e e (l,1+0+0y)
and
Box,r(§) C Barumnr(q), (3.2)
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then

1Qu [An6 + 22790V, = 0] s < CT™ (U6l + 92l + 05]1vv),
17Qu (A6 ¥, + X1y V30 = 00 e < CT (161l + 192llcs + 03],
(1= ) Lu[¥] o < Tl 0 + 192" 1(@xio1y)
(1= Colp & ¥] + Kaalp, & W v < CT (z-miry + €l 0m),
Ters 4] + (@° - U)o < CT (1 ity + W eiom)
N (0Quy+ Tt (0 + W) < CT (61 + B2l + 5]

+ [[¥llgen + 121y + [I€ll20,7)
+ 12" | cn).

There is only two terms from g¢; left. Since in [7] the authors have weaker restrictions on
Z* and a different estimate on £ we will redo the estimate for (¥* - U)U; and (®° - U)U, so
we can get a simpler expression. Notice that we do not do this for other terms involving ¥*
and 5 because those estimates only rely on taking the supremum over Z* and § .

To estimate (¥* - U)U; we first note that due to assumptions (2.30) and (2.29) we have
that

(A + €]l 0,1)
r 4+ A

Al . €]
U] < T’pwp’ + ’W’|Pwp| + Tywp’ <C

then, remembering that |U| = 1 and using Cauchy-Schwarz we have

Y

(Al + 1€l e 0.))
T+ A

(U U] < C ).

Since, we only need an estimate for |U*|. Because ¥*(¢q,T") = 0 we have for (¢t,z) € (0,7) x
(W (2, )] < [O* (2, 8) — W (2, T)| + |97 (2, T) = ¥(q, T)|.
Then from the definition of the norm || - |46, We get

(@, 1) = (2, T)] < ()T R(t) g (T = t)[[[¥ | .04,
(2, T) = (g, T)| < |z — qll[¢ll w0,

Note that

[log(T — t)| = A (t)"2y/[log TIVT — t,
taking @ — 1 — 3 > % we obtain

Y@, t) — o, T)| < V[log TIVT —t]|¢]l .0,
Notice that since Z* is smooth, in particular it is Lipschitz, then

\Z*(x,t) — Z% (2, T)| < C|T — 1|,
|\ Z*(x,T) — Z*(q,T)| < Clx —q.
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Joining these expressions, naming r = |z — £| and using (3.2)) we obtain

U (2,1)] < Clr+ /g TWIT = th[¢llgeq + (r + (T = 1)),

using that 7" is small,

Wz, )] < COr +|T =) ([Y]lgen + 1)- (3-3)
Summarizing,
. (Al + €Nz 01)) | (IAs] + [1€]] e 0,1)
(¥ U)Uy| < OF = PR ORn || < O R (T — 1) ([ 0+ 1),
and because |T — t| = % we have
-0y < ¢ <T+ Jélltom) + 5 Iéllo ) (Rllsen +1).
We have that T
— < CT .
S (p1+ p2 + p3)

To see this, we estimate it in the regions r > A\, R and r < A\, R. In region » > A\, R we use
that + < 1+ 2% and

T—t
r 4+ A

(T —t)?
r 4+ A

(T —t)?
r4+ A

X{r>\.R} < X{r>\.R} (1 + ) < T7°p3 + X{r>AR}

Notice the following Observation:

Observation 17 The definition of A\, gives us:
log(As) = log(T —t) + log(log T') — log(log(T" — 1)),

so the dominant term of log(\.) is log(T' — t) and vice versa, therefore there exist positive
constants C7, Cy such that

Cillog(A)| < [log(T —t)] < Cylog(A.)]-

Using Observation [I7]in our calculations we obtain:

(T—t) _ X log(T —t)
r+ A r2
AZlog' (M)

r2

Y

<C

I

As
S CT_Qv

S cree pP2.
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Here we also used the fact that x{ log(x)?? is bounded for x € [0, 1] and oy, 05 > 0. In region
r < A\ we have

Tt _ (T 1)
"+ )\* > X{r<A«R} )\* )

A log?(T —t)
< X{TSA*R}T)

< X{TSA*R})‘;J 10g2 (T - t)a
< OxpreamyAs s
S Tgopl.

X{r<A«R}

asking © < 1 -0 — . Coming back to the main estimate, since \)\*(t)| < |)\*(0)| and
1€l oo o,y < C, we obtain

(U - U)U| < CT™(p1 + p2 + ps) (¢l .04 + 1).

Finally, this gives us
(- U)Uilse < CT([[¢ ]l 0.4 + 1)-

Now, to estimate (®° - U)U;:
(Al + 1€l 2 0.1)

r -+ A
< C(IAdlog(r? + A2)] + DA + 1]l L 0,1))-

(@0 - UU,| < Cr(|A][log(r? + A2)| + 1)

)

Consider the following observation:

Observation 18 Notice that
A [log(r” + A2)| < C.

Indeed, if 72 + A2 > 1 then we use that |\,| < m, that we are in a bounded domain €2 and

that log(r? + A\2) is continuous, to see that it achieves a maximum in € and hence the term
is bounded. If 72 + A2 < 1, then |log(r? 4+ A?)| < |log(A?)], so

[Adl[Log(r? + A2)| < CIA | log(A)],

logT
< C%I log(A.)],
log“(T —t)

| log 7|
L2021 log(AL)],
< 1OgQ(A*)Mg( )]

| log 7|
~log(A)’

| log T'|

<c—-=2 1
~ log(A(0))

Here we have used Observation [T7]
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And since |A,| is bounded, we obtain:

1(@° - )T lr < CT™ a1 + €]l (0.19):

Combining this with all the previous estimations and using the estimate on Z* we obtain

lgillee - < CTP (011w ap + | @2]lex e + @3]l ces + [Pl 10,5
Pl e iy + 1€l o0y + ([ 2ol o= (0))-

Observation 19 Notice that we can use the result from [7] because in section we have
the same assumptions on a, 8, v, ©, 15, and we can check that (3.2)) is also satisfied. In fact,

lz—q| < |z =&+ —q] <2MR+ (€ —ql,

and because of (2.29) and &(T") = ¢ we have

€ =gl = [€(t) = &) < ENT = 1) < Nl€llmo)(T = 1) < (T = 1),

and since 1 — < 1:

| log T'|

— o~ AP = i \R.
log®(T —t) : i

€ —q| < (T —t)'°

Now, we estimate gs.

e We start with -9, ¥*. Notice that in our setting |z;| is bounded from below, then
xr1 1 g

there exists a constant C' > 0 so that =~ < C. Therefore,

lz1] —
< C(Vyl +(VvZr),

< CAL0)°1Y ]l w0 + 12l cr@xiomy).
< OT”p3([[Y g0 + 127 lcr@xo,1))

1
‘_am\w
T1

hence
1
g

0, V|| < CT (V)0 + 125l 2 0))-

*k

e For a:l_1<\Ij* - U)U,, we will use the same ideas as in the estimate of (V* - U)U,. First,
recalling that » = Ap we note that

2 o
YT E R T e
Then
U,,| = % [c0s(0)Qu By + sin(0)Qu )| ,

A

< C}\Q—W(!QaElf + |QaE2|),
A

< —7

T A2 +42
1

<C

AN T



In the last step we used that (), F, and (), F> are unitary vectors and the assumption
that the main order of vanishing of A is A,. With this and (3.3)) we obtain:

1
— (- U)Us,

X1

<C

1
" S+ T = th([Ullgeq +1),

< CT(p1 + p2 + p3)(|[¥ ]l goy + 1)

For the part involving ¢ we shall use the following simple implications from the form
of the norms defined in section 2.4}

)\V
|¢1|—1+’ a2

2 R
|¢2| = 1+| |||¢2H**V27

@3] < Alllog Rl|[¢s]|cs -

The first term associated with ¢ in g5 is:

Q=001 < Cllén| + loa] + [0a])|Onl

‘|¢l”*al/7 fOI‘ R S |y| S 2R,

Recall that n = 770(| 1) and no(s) is a cut-off function that is constant everywhere
except in the interval (1 3/2), so

02,1 = %@Uo’ < C%X{RAQQR/\}-
Then
I
|91]|0z,m| < CEWH¢1H*,a,uX{RA<r<2R)\}7

v—1+4p3
= 01 + Ra-2 111,00 X (RA<r<2RA}

< C)\Ziprﬁ(ail) ”(bl H #,a,0 X{RA<T<2RA}»
and using that © < v + B(a — 2) we obtain

|01110z,n] < CT7 pr[ 01|00
Also,

1 \R?
aa: < C_*— EENY r 5
|¢2|| 177| =" RN + |y| ||¢2H w2 X{RA<r<2RM\}

< ON M|y || «.aw X {RA<r<2RA}»
< CT7 pr| @[ s -

In the last step we used that ©® < vy — 3. The third one is similar, we use that for R
large |log R| < R, hence
1
|¢3H8x177‘ < Cﬁ)\:‘ log R‘ H¢3”***,I/X{R)\<T<2R)\}?

< CA:_l |’¢3H***,I/X{R/\<T<2R)\}?
S CTUOPI”¢3H***,V-
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Joining all of the above we obtain

1
w_¢ax177
T1

< CT?([91ll«aw + 1 @2llenre + | @sllne)-

*k

The second term associated with ¢ is /\Lnﬁqub, we will need the following

)\VR3 a
|v ¢1| = H¢1||*al/7 fOI' ‘?J| S Ra
Y (1+1yl)?
A2 R?
v wewn,  fory € R
| y¢2| = (1+| |) H¢2H 2 or y
X’]logR[ 5
\V4 wwrp, 1 € R°.
| y§b3| = <1+| |) ||¢3|| or y
Then
50u9] < Cxxem Vil + [l + 9560
/\1/ 1R3 a /\1/ 1R2
<0 (F st oo ol
(1+ [y])? (1+1y))?
A log B

¢ ***,y)Xr AR}

< O N6 1w + AT Bl + AT G5l ennr) Xy
using that © <v — (4 —a)B, © <v —3F and © < v — 2 we obtain

]' g
‘A_a:wayl¢ < CT7pr (911« + l[d2ll e + 1 @5lleess)

and therefore

N0y 0| < CT ([|P1llvaw + l[d2llsns + [[d5]lwscr) -

k%

HA T

e The term related to the error K5 is a direct estimation:

Yo [cos(0)QaEr + sin(0)Qa Lo | X{r>ar}

(4 =mKaalp. &V < |57, cos@)

A
< Cm)({w)\}z}a
S CTUOan
since A\, < A\1799. As a consequence we have,

I(1 = m)Kr2lp, &, U*][l. < CT.

e For what comes next is important to remember Lemma [3.2l With this lemma we
estimate:

1
—HULaxlch‘ < 00,9,
€

< C(A log(r? + A2)] + 1).
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Using Observation |18 we obtain:

1

—II;.0,,®°% < CT°°.
X1

k3%

Now, we estimate the following:

1
_((I)O : U)le S C|UI1||<I>O|a
T1
< O r(Aullog(r? + A2)] + 1)
(/\* +7) \ 2 2
<(C—= ) (A1 AL 1),
< O+ A (A Tog(r + 2] + 1)
< C(|\]|log(r? + 22| + 1),
S CTUOpg.
Then
1
— (- U)U,,|| <CT.
xl *k
e For the nonlinear part %aUml we write
1 As
x—lale < Cla(yLep)| FERCE
A
< Op|?—=
* )‘*
< C (InQagl” + U7 + |2°F) 13 +r2

In the second inequality we have used the Taylor expansion of v/1 4 x near 0, where
x = |p|?. Notice that the last right hand side is a multiplication of terms that we have
already calculated with the modulus of the functions nQu.¢, ¥*, ®°, which are already
small. Therefore this term is of smaller order than the ones we have already seen. And
hence

1
—al,,

1 < CT”(1P1llvaw + @2l ense + [|@sllwnen + [[Pll4.0.4 + 1 Z5] Lo ())-

k%

Combining all the estimates we get

lg2ller - < CTP (01400 + | @2]lce e + | @5]lces + [Pl 20,5
Pl oo~y + 1l Lo 0,7) + | Z5 || Lo (2))-

Finally, with the estimate on g; and g, we obtain the result. O]

Proor. (Of Lema First, we will estimate

%HUL 8351(1)0‘ and then deduce the one for |®Y.
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Recall that in (2.11]) we defined

PN el = (wo(rbt)ew)

Or,t) = —/_Tp(s)rk(z(r),t—s)ds,

1—e i
Ar) = VT2, k(zt)=2—

22

Then
Oz, (£°€”) = (0. (£°€)Dr, 7 + (") 0,,0)
= cos@)e” [ HC).t— 5) 4 k(o) )z
+ @'wew /_ tT B(s)rk(=(r), £ — 5)ds,
_ [— cos(6) / tT BS) (B (=), £ — 8) + ks (2(r), £ — 8)22)ds
+isin(6) /;p(s)k(z(r),t—s)ds e?.
For a complex valued function f(r, £) one has

f(r,t)e?

HUL{ 0 1=608w<p)Re (f(r,t)e™)QuEr +Im (f(r,t)e™™)QuEs.

Then we apply the projection of 9,,®° on U+ and obtain:

1 0 cos(w) cos(8) [* N ia ) (o) — )2 Vs
120,00 == [T [ Relis)e ) b(elr)ot — ) o0, )z
cos(w)sin(f) [* () e V(o). £ — $)ds
) | tmps)e atr).t - o)is| Qu
L@ t m(p(s)e " ) (k(z(r),t — s) + rk.(2(r),t — 5)z.)ds
" [_£1+TCOS(9) /_TI (p(s) )(k(z(r), ¢ ) + 1k (2(r),t )2 )d
—sin(ﬁ) t e(p(s)e™ N k(z(r),t — s)ds
o [ R G, 9| Qi
Therefore
1

<C/ Ip(s)||k(z(r),t — s) |ds+C'/ |p(s)||rk.(z(r),t — s)z|ds .

S

~~

Iz
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Consider the first integral:

N

= TG = st [ k). 9lds.

/ 4
-~ ~

~~ >
I3 Iy

We estimate I3. Notice that that s < ¢t — % implies that 2% < 4(t — s). We use that
e T ~ 1 — Tt o(z?) and obtain

2

[ k.- s <o [

-T v (t—5s)

We analyze two cases. First, when % < T —t we divide the integral into two:

2

CE N, T el 1))
= LR B = Ly B -1

J

Vv ~ Vv
Is Ig

We use that in I5 we have T'—t <t — s,

0] I ()|
/T a—#“g/ T— 5™

t—(T—t 1

)
ds,
v (T —8)log(T )"
s=t—(T—t)

=1
[log(T' = )]~

1 B 1
::Cwbgjw[umxauﬂ—t»|"ﬂwﬂ2T”}’

< CllogT]

=C|logT)| [

<C.
In I we have to notice that t — s < T — ¢ and since

1 . .
2@ 18 decreasing, then
22

22 . 22
[l o[ T,
t—(T—t) (t—s) t—(7—t) log™ (T — s)(t — )

|log T| /t T 1
T A ds,
log* (T = t) Je—r—p (L —5)
“Ong s:tfﬁ
— logQ(T _ t) H log(t - S)Hsztf(%’ft) )

< 0BT {1og (%) 1 loa(r = 1l

| log 7|
= m [[log (2) | — [log(T —t)]],

< C(IA log(r? + A2)] + 1).
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Thesecondcaseiswhen%2T—t,thent—§§t—(T—t) and T —t <t —s,so

/ ), / /G

v (t=s) T ) (T—s)

2

Now, we estimate I;. Using that 1 — e~ =) <1, then

f4=/;|<>||k<<>t—s|ds<—/ )lds,

<C max |\(s)],

sE(t—%,t)
<C.
Finally, we compute /5. Notice that
2
k= (2(r), t = s)ze| < —[kz(2(r), ¢ = s)],
2
Z2 22
- 2+ X\ e iy 2(1 — e A0-9)
-z 2(t — s)z 23 ’
22 22
=) (1—e ™)
<C C|l————
| (t—s) * 22 ’
z2
1 (1—e )
<C
(t—s) * P2
Then
t t t 1 — e T
b= [ k).t - 9lis <0 [ g [t T
—T r(t—s) - z

The second integral is the same as [, so we already have an estimate for it. For the first
integral we use the same idea of I3:

Ce T e, 1)
[isye=, <t—s>d+/_@_t><t—s>d8’
~0 |logT| ) ! |logT| .
L B Er el R o e LY

1 1 1
< CllogT]| (|log(2(T—t))| - [log(2T)] \log(T—tﬂ) 7
<C.

Replacing all of this in I; and I, we get

1

— 119, % < C(JA]|log(r? + A2)| + 1).
T
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Notice that

20 < c/ k(). — $)lds < Crly < Cr(liu]|Tog(r® + A2)| + 1).

3.2 The interior problem

In this section we compute estimations for the interior problems (2.40)), (2.41)) and (2.42) to

prove the following propositions:

Proposition 3.3 Let p(t) = \(t)e™®) and £(t) satisfy estimates , and
(qbl, ¢27 ¢37 77Z)’p7 5) € BM

Then there exists a constant C' > 0 such that

18D, &, Z° W]law < CT (Pl -rr) + 1€l L(01))
+CAN D 0) (1Y w0 + 125l Lo @) + 1)

where h is defined in .
Proposition 3.4 Let p(t) = \(t)e™®) and £(t) satisfy estimates , and let

(le, ¢27 ¢37 77Z)7p7 5) € BM

Then there exists a constant C' > 0 such that

2
anj[p7£7 \I]]wiz()j < C)\*(O)praofw.

j=1

a,va

Proposition 3.5 Let p(t) = \(t)e™®) and £(t) satisfy estimates , and let
(qbl, ¢27 ¢37 77Z)7p7 5) € BM

Then there exists a constant C' > 0 such that

< ONTTTER0) (¢l e + 11 25 o) + 1).

2
Z C_1j [h’[p7 57 ql]]wizflj
j=1

a,v

Here ¢;; and c; are defined in (2.31)) and (2.36]), respectively.

Proor. (Of Proposition In [7] the authors prove that

[N Q-w [Kolp, €] + Kuslp. €]l||, , < CT(Ipll oo (-1.1) + €]l 2 (0.7))-

a, Vv —

02



Now, from (|1.9)) we have that

A
(14 1yl

But we recall that we are solving for |y| < 2R and hence

INQ-oLu[V+ 27| < C VO + [V Z7 o).

A AV
* — * )\171/1 a—2
T~ Gt DT
)\: -V a—
Scm/\i (0)(1+ R(0))*2,

because v < 1 — (a — 2). Then

T )\: —v a— *
INQ - Ly[¥]] < Cm/\i (0)(1+ R(0)* (VO] e + IVZ*|| 1<),
)‘: —v a— *
< CWA}‘ (0)(1 + R(0)* 22O ¥ g0 + 175 | L),
Y A
< * Al—y—&—@—,@(a—?) /] * )\l—y yAd
= C(l _I_ |y|)a * (O)H ||#7977 + (1 + |y|)a * (O)H O||L (9)7

where 1 — v + O — (a — 2) > 0. Therefore we can form the norm of the left hand side and
obtain:

INQ-wLv[¥]llaw < X OO0 + AT (01 Z5 |l =(@).

The only part left to estimate is A2Q_,K12[p, £, U*].

1
NQ_Kra[p, &) < N2—m——,
| Q 12[ 5” — )\(1+’02)
B A
AL+ [y[?)’
AV
* A, O)l—u—ﬁ(a—Q)
e

Y

then
INQ_Knslp, llay < CAL(0) P02,

Combining the estimates we get

1R, & Z*, 0] [0 < CT(||p|| oo (-1 + 1€l 12 (0,7))
+ CATYTOTPED(0)]1 W 40,4
+ A0 Z ] e o)
+ C)\*(O)l_V_B(G_Q).

Noticing that A.(0) issmalland 1 —v — f(a—2) <1 —v+ 0O — f(a —2) < 1 — v we obtain
the result. ]
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Proor. (Of Proposition Since ¢j; does not depend on h but on Ry, which has the same
order of decay as in [7], and a, which is same as the one used in [7], we can use that in [7]
the authors prove that

2

> il € Ww?Zy,

Jj=1

< A\, (0)1+040—V2 ]

a,vo

Proor. (Of Proposition In [7] the authors prove:

le— i [Lu¥ + Z ] xpyn]| < CNNog(R) (VT 1o + |V 27| 100),
)‘z’cflj [ICOXD2R]| S C)\*>
A2le_1;[Kixman]l < ONJE] poe.

We only need to estimate the following:

RfeylKiaxouel] < ONF [ Kal|Zoss o
R

The last step is a consequence of the analysis done to function ¢ in section with 7 € (0, g)

Combining all of the estimates above we obtain

le—yj[Alp, &, W] < OX1og(R)(A(0)°]9 | 0. + 1 Z5 || () +CATT + CAE .
s

Then, noticing that v < 1 — § < 1 we obtain:

2
Z Cflj[h[p7 67 \Il[pa 57 ¢1a ¢27 ¢37 Z*]szzflj < C()\*A + )\iiT + )\*H€|’L°°>p2’w2"
=1

)‘: 1—-v . 1—7—v\ 21,2
< O (U A+ 1€)AL,
N -
C————(1+ R(0))* 2(AL*(0)(A 00
< (1+|y|)a( + R(0))* (AT (0)(A + ([l =),

FATT(0) P2 ).
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2

And since p*|wi| = 55 < 400, then

2

Z C_1j [h[p7 57 \I/szz_lj

J=1

< OXTHOE0) (Wl o + 125l =(e)

Ol ),
< ON D) [Vl 0 + 125 lieie) + D).

Here we have used that 1 —v —7—f8(a—2) < 1—v+ 60 — f(a— 2). This last estimate gives
us the result. ]

3.3 The parameter problem

In this section we prove Proposition 2.8 and compute estimates on the right hand side of the
equations of the parameters.

¢ - —gi — by[p, &, W] (3.4)
. 1

£2 = _bQ[pufv \I[*]v (35)

Proor. (Of Proposition Let us recall that A;[p,&, ¥*] is the operator that returns the
solution of (3.4) and As[p, £, ¥*| returns the solution of (3.5)). To obtain the estimate for A;,
we notice that from equation (3.4]) we have

&)< -+ .6 1),
K2
and
m@ﬂsmxw—a@n«hg%+(i4wmma@ﬂ0«r%>s%+T(iwwmmawm)7

then we get the following estimate:

* 1 * 1 *
Hmmawmmms(m+E+MM@wmme+TQE+mmawmmwQ.
(3.6)

For equation (3.5) and A, the analysis is simpler, integrating equation (3.5)) we get

Aﬁ@&mw:@+le@&mwm

which asserts the existence of the solution and

T
[ Aalp, &, WF)()] < g2 +/ [b2[p, &, W¥](8)|ds < ga + (T" = £)[|b2[p, & V]| Low 0.1)-

95



Taking supremum over ¢ € (0,7") we obtain

| A2[p, &, Y|l L0,y < g2 + T'||b2[p, &, V]| oo 0,1)-

For the derivative is easier, because

||~A2[pv 57 \IJ*](t)l < ’bZ[pa fa \Ij*](t)‘a

then taking the supremum we obtain:

[ A2[p, &, ¥l a0y < (g2 + 1b2[p, & O L (0,1)) + Tllb2[p, &, ¥ || Lo 0,1

Now we use the following fact:

Lemma 3.6
16510, &l 2o 0.7 < CA0)°1¥ ]l s.0.5 + 1 Z5] Lo ()

and deduce the final result by replacing this estimate in and ( .
Proor. (Of Lemma Recall that
* 1 — T *
bl & V)0 = -1+ QRN [ Quul¥]- Zy)dy
47 Bon
Then, by formula (1.9 we have

)\* * 1 *
el = e Y

| Ly[¥7]] <

where 7 = A\p. Replacing this in b; we obtain

bl £ W01 < -0+ RN [ Lozl

1

B 2R 1
=0+ (2R) ))\*/0 SRiE

IN

VU |, | pdp.

1 . [F 0
< —(14+2R)” ——|VVU*|d
< Orer?) [ v,

2R p
<—W w(1+ (2R S —
< IV 1+ R [

< —IIV‘P*HLoo
< C(A(0)° ||¢||#67+HZ*||L°° )
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3.4 Inclusion and compactness of operator F.

In this section we prove Propositions and to get that the operator F defined in
Section [2.4] goes from B into itself and that is compact there.

First, we prove the inclusion F(B);) C Byy,.

Proor. (Of Proposition [2.9) We want to prove that given v := (¢1, ¢2, ¢3,%, p,€) € Bas then
F(¢17 ¢2,¢37¢,P7 5) S BM7 that is
[F1(0) aw + 1 F2(0) e+ 1 F3(0) [[sss + [ Fa(0) 112,07 + [ F5(0) 61 + [ Fo (0) lg, < M. (3.8)

We will see that each norm on the left hand side is less than M /6.

e We have from Proposition and Proposition [3.3],

HJT_.l(QSla ¢27 ¢3a 7%29, S)H*,a,u = Hﬂ,l(h[pa ga \II*])H*,(I,V?
<|hlp,&, Z*, 9| 0w,
< CT([Ipll s =7y + 1€l oo (0,1)
+ONTOD0) (19 o + 1125 () + 1)
M
< )
~ 6
because (¢1, ¢a, ¢3, 1, p, &) € By and choosing T' > 0, A.(0) > 0, Z; small enough.
e We have from Proposition [2.4] and Proposition [3.4]

9

2
||]:2(¢1,¢2,¢3,¢7Pa §)||**,uz = 7;\,2 <Z Czk)j[pva ‘I’*]szOj)

J=1

*%,1/9

2
chp,f ] 2ZOj

a,v2

S C)\ ( )l+a0 1/2

choosing A.(0) small enough.
e From Proposition and Proposition we obtain

Y

2
||f3(¢17¢27 ¢37¢7p7 é)”***,lf = 7;\,3 (Z C*lj[h[p7£7 \P*]]wzzlj>
j=1

EEEN

?

2
< ZCflj[h[pafa‘I’*szZ—lj
=1

< ONTTTPER0) ([ w0 ¥ 125 || ooy + 1)
M

< )

6

because (¢1, ¢2, P3,19,p, &) € By and choosing A\.(0), Z§ small enough.
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e From Proposition [2.6] and Proposition [3.1] we obtain

||f4(¢1)¢27¢37¢7p7 5)”#,@,’7 = HH(g[p?g?w + Z*J ¢17¢27¢3D“#767’77
S HH(Q[pafﬂﬁ + Z*> ¢17 ¢27 ¢3])H#,@’,'y’:
S ”g[p7€’ ,lvb + Z*a qbly ¢2a ¢3]||**7
~ A(0)"°(A(0)R(0)
|log T'|

< CT (|91l + 1 D2llwps + @3]l + 1Pl 0,75
+ 1Pl oo (—1,1) + 1€l 2o 0,7) + 1 Z6 [ 2o ()

)\* 0 [—6-1
- &JTUCH + lea| + les]),

M

<_7
-6

choosing A.(0), 7" and Z; small enough.

(lea] + [eal +fesl),

e From Proposition we have that

||f5(¢17 ¢27¢37¢7p7 §)||Gl = |"£| + ||p1||*,3—0' + ||p2H@,l7

<&l + lIp1lls3-0r + P2/l 11,

< |k| + C|log T|'~" log(|log T|)* + Co(T),
M

< A

- 6

by definition of M and choosing T" small enough.
e From Proposition [2.8 we have

14T )
1o (s 0, 0, 0,0, s < 1 + a3 + * ) 421+ D)0l g0 + 122 (c0):
M
<_7
- 6

by definition of M and choosing A, (0) and || Zj|| 1= (q) sufficiently small so that

. M
21+ T) 0[Nl .05 + 125 @) < 15
Using all the above estimates on the norm of F we obtain (3.8)). O]

Next, we prove the compactness of the operator F.

Proor. (Of Proposition To obtain the compactness of F we will divide the proof into
proving the compactness of every F; for i = 1,...,6. We will do the compactness of F5 and
Fs in detail, because the authors are simple to write, for the other operators we give the
main ideas, without all the technical calculations.

Let v, := (¢1,,, P2, , 3, s Un, Pn, En) for n € N such that (v,)nen C By. We need a conver-

gent subsequence of

(.Fl (Un), ]:2(1)”), fg (Un>, F4(’Un), .F5(Un), fb’ (Un)) C BM
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We will treat each component of this sequence separately by providing the existence of
convergent subsequences of F;(v,,) for all ¢ = 1,...,6 in their respective spaces and norms.

Compactness of F;, F, and F3. We check only the compactness of F, because for F5
and F3 the idea is similar. Notice that problem becomes singular when ¢ — T', so we
will find convergent subsequences for any time smaller than 7" and find a subsequence that
satisfies this and that also converges in the interval between the smaller time and T'. Let us
name for simplicity ¢, := Tx1(h(pn,&n, ¥;,)) and define

|¢n(y,t)’
' ’t . = h 5—a s
faly, 1) MR (11 [y]) -t min{L, B2 [y] 2}
Gn(y,t) = \quﬁn(y,t)]

AR (14 |y) -t min{1, R%* [y| -2}

which are the parts inside the supremum of the norm ||¢,||«q,- Then the problem of finding
a convergent subsequence of (Fi(vy))nen In (E1, || - ||)sa» reduces to finding a convergent
subsequence of (f,)nen and (gn)nen in (C(€2, [0, 7)), || - || L=(@x[o,77))- Notice that since both
convergences are in the space of continuous functions the limit of V,¢,, will be the derivative

of the limit of ¢,.

We define the sequence (&,,)men of £, > 0 for all m € N such that ¢, — 0 when m — oo
and ¢, < T for all m € N. First, we will find, using the Arzela-Ascoli theorem, convergent
subsequences of f, and g, on (C(S2, [0,T1), |||l o (@x[0,7—c,)) for all m € N. Notice that both
fn and g, are uniformly bounded since the operator F; goes from the ball Bj; into itself. So
to use Arzela-Ascoli we only need to prove that both sequences are equicontinuous. We do
this by proving that f,, and g, are c-Holder continuous for all n € N, where ¢ only depends
onT —e,,.

We will do as an example the Holder continuity of f,, for g, is similar. We denote

o(y, 1) = N(OR™Z (1) (1 + |y) "  min{1, R*2" (1)[y| 2.

Let t1,t2 € [0,T — &,,] and 41, y2 € €, then a straight forward calculation using Mean Value
Theorem on ¢,, gives us:

|fa(yr,t1) = falyz, t2)| < | falyn, tn) = fulyz, t)] + [ fay2, t1) — fu(y2, t2)]

1 1
< Q(yl,tl) |¢n<y17t1> - ¢n<y27t1)’ + |¢n(y27t1)‘ Q(yl,h) - Q(?Jz,h)
1 1
+ Q(y2,t2) ’¢n(y27t1) - ¢n(y27t2)| + |¢n(y2’t1)| ‘Q(ymtl) - Q(yQ,tQ)
1 1
< M|vy¢n(€7tl)||yl — y2| + m\a@n(yza s)|ltr — to|

|Pn(y2st1)| (| o(yast1) — o(y1,t1)
T oy ) (‘ oy th)

’Q(y%h) — 0(y2, t1)
o(y2,t2)

)

Now we notice an important fact: h(p, &, U*)(y,t) is Holder in space and time. This can
be proved by using the Holder continuity of W*, which comes from the norm of U* and the
regularity of Z*. We can use this on the parabolic estimate in Theorem [I.6]to obtain estimates
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on the uniform norms of V¢, Vngn and 0;¢,. Using this and the Lipschitz continuity of
A« we obtain

|fu(yr, t1) = falyz, t2)] < CUT — em)lyr — y2| + Co(T — em)[t1 — 12
+ M (C5(T —en)|y2 — 1| + Co(T — ) [t2 — t1]%) ,

for some a € (0, 1) and C4, Cy, C3, Cy are positive constants only depending on T — ¢,,,. This
means that for each m € N, the functions f,, are Hélder continuous on space and time on
0,7 —¢&,,]. Applying Arzela-Ascoli we obtain for each m € N subsequences ¢ that converge
to some ¢™ in the norm || - ||, 4, restricted to the time [0,7 — &,,]. We take the diagonal
subsequence and name it ¢, := ¢ that converges to ¢ := lim,, o, ¢™.

Let 0 > 0, we will prove that ¢, converges in the whole interval of time to ¢. Since we
have convergence on intervals [0,7 — &,,] we choose my € N sufficiently big such that:

(1 + |y|)|vy(¢n(yvt> - ¢(y7t))’ + |¢n(y7t> - ¢(y7t)| < 0

sup

(1:7)EX 0T 20 MR (1+ [y~ min{1, R |y|-2} S
and such that ) 5
IMA(T — 2 )"~ P(557) < -
Then
”(bn (b”*,a,y - sup 5—a - . 5—a _
(y,7)EQX[0,T—£ ] MRz (L4 |y)) "t min{l, R= |y| 72}
(1) EQX [T =2, T MR (1+ Jy)~ min{1, R"3" |y| -2}
< -+ sup 5 5—a
2 (yr)eax(T—em,T] MR (1+ [y])~'min{l, B> [y|~?}
) v —y—p(a=dl
< 4.

This is due to that v/ > v and @’ > a. For more details on this part we refer the reader to the
proof of the compactness of Fj5, the calculations and arguments are very similar, but since
the functions are simpler we wrote it in more detail.

We have proved that (¢,)nen is the subsequence that we looked for. Therefore Fi is
compact.

Compactness of F;. Notice that this operator is basically a heat operator composed
with function g. We use standard parabolic estimates to get the hypothesis to use Arzela-
Ascoli. With Arzela-Ascoli and the compactness of the Holder space inclusion C*"7"1(Q) —
C*71(Q) we obtain the result.

Compactness of F5. Let (p,)neny C Gy be the fifth coordinate of v,,, then by Proposition
we have that
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where for p;, we have

lp1, |ls3-0 < C|log T|1*"l log(log T)2 (3.9)
and g T|
. og
< fort e [-T,T).
|p1n( )’— |10g(T—t)|3(T—t) or G[ ) )
For p,, we have
Ip2lles < Co(T),  [p2lymy < C1(T),

We want to find a subsequence of (k,, p1, , P2, Jnen that converges in G;.

Since k, are constants that are bounded then by Bolzano-Weierstrass theorem there is a
subsequence of them that converges, we will call it x,, as well. Then we only need to find a
subsequence of py, and py, that converge in norms || - ||« 3-, and || - ||e,, respectively.

First, we find the subsequence for p;,.Note that the sequence |log(T — )|>7|py, (t)| is
uniformly bounded, because of ||p1,||«3-0 < ||P1,|l+3-0- Also notice that there is some loss
of compactness for ¢ — T due to the logarithmic main order of the parameter p,. We
approach this issue by first taking a sequence (&,,)men of £, > 0 for all m € N such that
gm — 0 when m — oo and € < T for all m € N. We aim to find convergent subsequences

on intervals [-T,T — ¢,,] and see that for some my € N the remaining part of the norm in
[T — €y, T is small.

Let m € N and t1,ty € [T, T — €,,], then using mean value theorem on |log(7 — )| and
p1,, and the estimates given by Proposition we obtain the following:

[Mog(T — t1)|*~7pu, (t1) — [1og(T — t2) >~ 7Py, (t2)] < |[log(T — t1)]*~7 — |log(T" — t2) >~
p1, (0)] + [log(T = t2)]* 7 |p1, (t1) — p1, (t2)]

<C ! + ! |t1 — to]
B Emllog(em)[' 77" em|log(em)|” ' ?
< Clem)|ts — tof

which means that |log(T — t)|>~7py, (t) Lipschitz continuous in [T, T — &,,] and hence it is
equicontinuous in that interval. Also notice that |log(T — t)|>~py, () is uniformly bounded
due to the fact that F lives in B);. Then, by Arzela-Ascoli theorem there exists a subsequence
which we denote pi" such that p{" — p" in the norm || - ||, 35—, restricted to [T, T — ep,],
and py" € G1. Since this is for m arbitrary, we can take the diagonal subsequence pt := py ,
that converges to py € G in [-T,T — ¢,,], Vm € N.

So our candidate for convergent subsequence is p} and it expected limit on [T, 7] is p;.
Let 0 > 0. There exists mg € M such that for all m > my

—oin . d
sup  |log(T' = )" [p1(t) — ()] < 5.
[T, T—em]
Then, choosing m > mg such that
/ / 5
2|log &,,|” "7 Co|log T)' =7 log(log T)* < 2
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we can estimate the norm of the difference between our candidates.

Y = pillis— < sup  [log(T = t)*77[pi(t) — pa(t)| + sup [log(T —)7[pi(t) — pa(t)]

[T, T—em] [T—em,T)

0 —o'|n : o'—o
<5+ sup |log(T =) |pi(t) — i (1)||log(T — 1)

[T—em,T]

0 o'—o 3—a'|,:n :

< 5+ logen| sup [ log(T" = )[*7 [py (t) — p1 (1))
[T—em,T]

g '—o —o’|n —a'|,:
<5 +llogenl™ swp(Jlog(T O (O] + |og(T = O (1))

5 / /
< 3 +2]1log em|” ~7Co| log T~ log(log T)?
<9

Here we have used that p] and p; satisfy estimate (3.9). Therefore p} is the convergent
subsequence that we were looking for.

We can use a simpler approach to get a convergent subsequence for p, , since we already
have Holder estimates for po, for ¢t € [0, T].

Compactness of Fgz. Let (&,)nen C Go be the sixth coordinate of v,. We are looking
for a subsequence of A[p, §,] that converges in G5. Notice that this sequence of functions is
uniformly bounded, we will prove that it is equicontinous and use Arzela-Ascoli theroem to
obtain a subsequence that converges.

Let ty, ty € [0,T], since Alp,&,] € C1([0,T];R?) we can apply the Mean Value Theorem
for each n € N and obtain

|Alp, & (t1) — Alp, &l ()| < |Alp, &) D[t — ta] < C(M)[ty — o,

where C'(M) is a constant (independent of n) that appears from using the estimates on Section
and that only depends on pg, A.(0), ¥, Z§ and ¢ is bounded in its norm by M and the
rest are constants. Then A[p,&,] is Lipschitz continuous for each n € N, this gives us that
&, is equicontinuous and therefore, due to Arzela-Ascoli theorem, there exists a subsequence,
that we will call by the same name, that converges uniformly to some ¢ € C([0, T]; R?).

Now we focus on the derivatives to obtain the convergence in GG3. Let us analyze A;
and Ay separately. Let t1, to € [0,7T], since A; and As give us the solutions of differential

equations (2.56) and (2.57]) we have

1 _ 1
gnl (tQ) gnl (tl)

< Iu%‘fm (t1) = &ny (t2)| + |b1[p, &l (t2) — bu[p, &l (t1)],

< Oty — to| + |ba[p, ] (t2) — b1lp, §al ()]
| As[p, &) (t1) — Az[p, &ul(t2)| < [ba[p, €] (t2) — balp, &ul (1))

Ailp, &)(0) = Ailp, & (t2)| <

+ [01[p, &l (t2) — bi[p, &a] (t1)],
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Then it all reduces to find a Hélder estimate of the difference of b;. Let us name the following
integral as

I(t) = A(t) Qo Lu[W*](t) - Zy;(y)dy.
BaRr(t)

Let j = 1,2, we estimate

(1+ (2R(0))2A0) / Qe Lo 0N (1) - Z1 () dy

Bar(ty)

’bj[pv gn](tl) - bj[p7 fn]<t2)| S C

Y

(14 (2R(8)) B)A(t) / Qe Lo U7 (82) - Z1 () dy

Bar(ty)

< C|(1+ (2R(1))7%) = (1+ (2R(t2) )| [ (t1)]
+CJ(1+ (2R(t2)) )| [ (t2) — I(t2)].

We can compute for 0 < 28 < 1 the following:

(14 2R(1))7%) = (1 + (2R(t2)) )] < IM0)* = A(t2)*],

IA

IN
e il il R

() = At2)[*7,

IN

|t1 — 2],
Note that as in the proof of Lemma |3.6] we obtain

I(t) = 'A Q-uLu[¥]- Zu(@/)dy‘ < )\(tl)/B | Lu[0)(t1)]124ldy,

Bar 2R(t1)

. 2R(t1) p
<OV [
0

+ p2>2
1

<C VAR VAL[ I
< Carermy vl
< OV, 0 -,

and

(1 + (2R(8))2)] < |1+ ;l/\(t2)2ﬂ| <1+ }lx(ofﬂ <c

Then we are only missing the difference of the integrals I(t1) and I(t5), which we estimate
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as follows:
|](t1) - I(t2)| < / ‘]leR(t1>/\<t1)Q—w(t1)[~’U[\Ij*](tl) ’ le<y>
RQ
_]]‘BQR(tQ))\(tQ)Q—w(tz)iU[\Il*](tQ) : le(y) dya

< / M) Qo) L [ 07 (81) = A(t2) Qo) Lu [W7] (1)1 Z15(y) | dy
Bar(

t1)

L, — Ly A @t L [07] (1)1 215 (1) .
1 ES k
< O aRay VY ()~ V()
]_ 1 *

* ‘<1 TERm)Y (1 R Ve e
S CIVU* () — V()]

|R(t1)"% — R(ts)?|
0+ @R) D+ (2R(12) )
< OV (1) = VU (t2)| + Cltr — ta? Vo 07| e,

V2 W] o,

+

Then

16;[p, €l (t1) = bs[p, &l (B2)] < C ([t — L2 [ VoW || oo + [VE* (1) — V(1)) ,
< C ([tr = 2P IVt oo + 1V Z5 ]I v

HIVU(t) = VU (t2)| + [VZ* (1) — VZ*(t2)])

< C ([tr = 2P 0% ¢ 0y + IV Z5 || o]

FA ()P — b [W ey + [t — tal)

< C(M) (tr — tof*® + Ac(t) T2t — to|7 + [t — to]) -

Here we have used that Z* is smooth and therefore Lipschitz. Moreover, since ©+42v—25~ > 0
the term with A, is bounded by its value at 0 and then we obtain

’Aj[p’ gn] (tl) o Aj [p> 5n]<t2)‘ < C‘tl — t2|min{2ﬁ’7}'

Then A[p, &n] is equicontinuous and there exists a subsequence that converges uniformly.
Then the subsequence that we have obtaind converges in Gy and Fg is compact. O
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Conclusion

We finish this work with some brief remarks.

First, since the result proved by Déavila, Del Pino and Wei in [7] is for a finite set of
blow-up points ¢1, ga, . . ., g in the domain, we could extend Theorem for a finite number
of circumferences, which could be an interesting result as an example of finite time blow-up
for a higher dimensional parabolic nonlinear equation on a set of curves.

Second, we have seen in work the method developed by Davila, Del Pino and Wei in [7] of
separating the effect of the equation near and far away from the blow-up point by means of
a coupled system called the inner-outer gluing system. During chapters [2| and |3| we can see
that the method has some space to introduce errors of order 557, which is exactly the error
associated with first partial derivatives of U in space. This means that the same method
could be applied for other volumes in R?® that have different domain symmetry that reduce

the 3-dimensional harmonic map flow to a 2-dimensional problem, mainly,
uy = Au+ |Vul®u + f(ug,, Uy, ), in QC R? (3.10)

where f corresponds to the extra terms associated with the symmetry of the domain. We
could use this approach to do the construction on a ball B®> C R3, like in [I] and [13], or on
other symmetric domain.

Third, we do not give any results on stability of the solution when we change the initial
data. From the results in [7] it seems likely that one can construct in a similar way a stable
solution. Following the example of [7], proving stability requires redoing most of our estimates
to obtain Lipschitz ones. This could be a future continuation of the present work.

Fourth, the most important unanswered question here is the totally non symmetric case
in R3. The main question would be: Which conditions on a domain A C R? and a curve I'
do we need to get blow-up exactly on I'? To be more specific, for 7> 0, ACR3 ' C A a
curve, and u a solution of the problem

uy = Au+|Vul’uin A x (0,7),
u = wugp in OA x (0,7,
u(-,0) = wg, in A.

We look for conditions on A and I' so that v blows up at time 7" exactly at the curve I'. Here
we have seen that for A = V and T' = ¢(q) we have blow-up, but there is nothing said for

65



other settings. In addition, one could guess that this phenomenon is unstable with respect
to I', that is, if we change a bit the curve I' the blow-up may not occur. This is a difficult
question to answer completely and could be good starting point for future work.

Finally, we expect the method of Davila, Del Pino and Wei [7] can be applied to more
settings to extend our knowledge on singularity formation in parabolic equations. We hope
our construction can be a way of understanding better this method and that it becomes a
relevant example of finite time blow-up on curves for nonlinear parabolic equations.
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