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Abstract. In this paper we derive the full analytical solution for the problem of
a circular micropolar inhomogeneity in an infinite micropolar plate subjected to a re-
mote uni-axial tension. The interface between the inhomogeneity and the surrounding
matrix is considered to be homogeneously imperfect, i.e. it is assumed that across the
interface the stresses/couple stresses are continuous and proportional to the jumps in
the corresponding displacements/microrotation. The solution method is based on the
use of Eringen’s stress functions, which allow to express all stresses/couple stresses and
displacements/microrotation as a linear combination of the solutions of two governing
equations and reduce the boundary conditions on the interface to a system of algebraic
equations for the unknown coefficients.
A parametric study is conducted to show that the stress concentration factors are sig-
nificantly dependent on the micropolar material constants as well as the parameters
characterizing the imperfect bonding between the inclusion and the matrix.
The solution is given in a ready-to-use form, freely downloadable, and can be further
used, for example, for the analysis of interface failures or as a reference solution in
numerical methods.

Keywords. micropolar elasticity, inhomogeneity (inclusion), homogeneously im-
perfect interface.

1 Introduction

Micropolar elasticity is one of the generalized continuum theories, which was developed
by the Cosserat brothers [1], Eringen [2], [3], Nowacki [4] and others to incorporate the
effects of material microstructure directly into the constitutive equations. According
to the provisions of the theory, the material is represented as a continuum of points,
having both translational and rotational degrees of freedom. The applied loading
creates a force and a couple, acting on every infinitesimal material plane, which leads
to the description of the deformation in terms of the asymmetric stress and couple-
stress tensors.

The theory introduces an intrinsic material length scale, associated with the mate-
rial microstructure, which makes it suitable to model materials such as fibre-reinforced
composites, granular and porous, blocky and layered materials. The theory is partic-
ularly adapted to describe materials with periodic microstructures, for which various
homogenisation techniques have been developed for determination of material param-
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eters [5], [6]. For the materials with random microstructure, the material constants
are measured experimentally, see for example, Lakes [7], [8].

A number of analytical and numerical methods have been proposed to solve the
boundary value problems of micropolar elasticity: e.g. the finite element method [9],
[10], [11]; the boundary element method for both, singular and hypersingular boundary
integral equations was developed in [12], [13].

The accuracy of the numerical methods is usually assessed by comparison of the
numerical results with the analytical solutions.

A common approach to obtain analytical solutions in the plane strain case is the
generalisation of the Airy stress function method in classical elasticity, i.e. the stresses
and couple stresses are expressed by means of two potential functions, introduced in
3], in the form of a series with the unknown coefficients determined from the boundary
conditions. In [14] the analytical solutions for a number of problems were derived by
the direct series expansion of the displacements and microrotations.

In this work we use the method of potential functions to develop the analytical
solution for a problem of a micropolar circular inhomogeneity (inclusion) embedded
into an infinite micropolar matrix subjected to a remote uni-axial tension. A problem
with the same geometry and loading conditions was solved in [15] and [16] for the case
of a micropolar elasticity with constrained rotations, known as couple-stress theory.

The bonding between the inclusion and the matrix in [15] and [16] was assumed
to be perfect, i.e. the displacements, tractions and couple-tractions remain continuous
across the interface. In the present work, we consider the more general case of a
homogeneously imperfect interface, characterized by the continuous tractions and the
jump in displacements proportional to the corresponding traction components. This
model for plane elasticity was introduced in the work of Achenbach and Zhu [17],
Hashin [18], [19], followed by the work of Bigoni [20], and further developed and
generalized in [21], [22], [23] and others.

In this paper we generalise the model of a homogeneously imperfect interface to
the case of micropolar elasticity, which is characterized by the additional conditions
of continuous couple-traction and the jump in the microrotations proportional to the
couple-traction. The dependence of the solutions on the micropolar material param-
eters as well as the parameters characterising the bond between the inhomogeneity
and the matrix is analysed. Two limiting cases are also studied in details: a) strongly
micropolar inclusion embedded in a matrix, described by classical elasticity and b)
inclusion described by classical elasticity embedded in a strongly micropolar matrix.

While the paper contains the numerical results for some particular cases of the
material and interface parameters, used for analysis, the full solution is provided in
[24], in the form of Mathematica files, freely downloadable.

2 Preliminaries

For a micropolar material characterized by constants G' (shear modulus), v (Poisson’s
ratio), ¢ (characteristic length) and N (coupling number), the state of plane strain
is described in polar coordinates by two displacements v = u,, v = ug, one out-of-
plane microrotation ¢ = ¢,, stress tensor components o,.., 0,9, 0g,, 099 and two couple
stresses m,.,, mg,. In [3] it has been shown that stresses and couple stresses can be



expressed in terms of two stress potentials ® and W, satisfying the equations:
Vi =0, VXHAVAU —-U)=0 (1)

together with the compatibility conditions:
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The stress and couple stress components are expressed as [3]:
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The stresses/couple stresses and displacements/micro-rotations are related via the
following expressions [3]:
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From the relation between displacements and stresses we can deduce
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while the microrotation is expressed as
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3 The inclusion problem

The inclusion problem is formulated as follows. We consider an inclusion of one mi-
cropolar material with constants Gy, vy, ¢, Ny into an infinite micropolar matrix
described by constants Gg, vo, £5, No. The origin of the coordinate system is placed
at the center of the inclusion and the radius of the inclusion is denoted as a. (Fig. 1).
In what follows we will use indices @ to denote all quantities related to the inclusion,
while (¢ will stand for the quantities related to the matrix.

The boundary conditions at » — oo are given as

old) = %(1 + cos 20),
aq(f;) = —% sin 26, (7)
m2) =0,

while on the boundary of the inclusion r = a we impose:

1) Aol = ul® — 4l
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(3) Agmy = 6 — 6, -
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m = m,
where constants A, Ag, A are the interface parameters. Eq.(8.1), (8.2), (8.4), (8.5) for
plane elasticity were derived in [20] by representing the interface as a layer of third
material (interphase) with ”small” thickness and using asymptotic expansions of the
displacements and radial stresses in this layer. The same procedure was repeated
in this work for micropolar materials, and from the highest order derivatives in the
equilibrium equations and the relations between microrotations and couple-stresses, we
have concluded that the interface conditions for microrotations ¢, ¢(® and couple-
stresses m'?, m'Y have the form of (8.3) and (8.6).

Analogously with the classical elasticity [22], two important limiting cases are
included into egs.(8): when A\, = 0,9 = 0,Ay = 0 we recover the perfect inter-
face conditions, i.e. the displacements and microrotations stay continuous; the case
Ar — 00, \g — 00, Ay — 00 corresponds to complete debonding.

Next, we seek the stress functions ®©), ¥ &0 ¥ gatisfying eqns.(1),(2) in
the form of the Fourier series expansion. Analogously to the solution of the circular
hole problem, given in [3] and to the solution of the inclusion problem (for a perfect
interface, in couple-stress elasticity), given in [15], it can be shown that the stress



functions have the following form:
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where I (r/c1), Ks (r/ce) are modified Bessel functions of the first and second kind
respectively. The compatibility conditions (2) are satisfied if

Ay =8(1 —wy)l3As, By=24(1 —1y)l;Bs (10)

Next, the solution of the problem consists in the following steps:

a) using the stress functions (9) all stresses and couple-stresses are derived according
to eq.(4),

b) then displacements and microrotations are obtained by integrating eqgs.(5),

c) all expressions for stresses, couple-stresses, displacements and microrotations are
substituted into the boundary conditions (8) and in each equation the coefficients
of {1,cos20,sin20} are collected. This results in 8 equations for unknown X =
{A1, Ay, A3, A5, By, By, Bs, By}, written schematically as

MX =Y. (11)

d) after system (11) is solved, all stresses, couple-stresses, displacements and micro-
rotations are obtained from eq.(4), (5).

The expressions for all stresses/couple stresses, displacements/microrotations, and the
entries of matrix M and vector Y are given in Appendix A. The full derivation of the
solution, as well as the final results, are given in [24], in the form of Mathematica files,
which can be used to obtain numerical values of all parameters of the problem for any
fixed material properties.

4 Numerical results

4.1 Perfect interface

The solution for the case of the perfect interface corresponds to A, = X\g = Ay, = 0 or
both - desplacements/microrotation and tractions/couple traction - being continuous
across the inclusion interface, i.e.

ok = a0, o =l w2 =, )

0@ =y 0 = O &) — 40

First we examine the dependence of the solution on the ratio g = G1/Gs. In Fig.2, 3,
the stress concentration factors, defined as

SCF = max{ay,) (7/2) /00, 735 (7/2) [0} (13)
5!
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Figure 1: Circular inclusion in an infinite plate under uni-axial tension.

are shown for the fixed material parameters of the inclusion, i.e. ¢;/a = 0.75, Ny =
0.5, = 0.25 and various values of ¢5/a and Ns, while v, = 1/3. Note, that the
maximum stress occurs in the inclusion for g > g, and in the matrix for ¢ < g,. The
value of g, is defined from the condition:

053 (m)2) = ofg) (/2). (14)

We have observed, that analogously to the classical elasticity, the value of g, depends
significantly on the values of vy and v5. And g, = 1 for 14 = vy independently of the
values of all other material parameters.
As it can be seen from figure 2 for g < g,, the stress concentration factors for the same
value of ¢ reduce as f5/a and Ny increase. Dependence of SCF on g for fixed values
of /3/a and N, is analogous to the one in classical elasticity, where the higher stress
concentrations are observed for softer inclusions. The case g = 0 corresponds to the
problem of a infinite plate with a circular hole with the well-known solution given in
3].

For g > g* the stress concentration factors given by ¢ (7/2) /0y are plotted in fig.
3, also as functions of g. In the cases, when the matrix is softer than the inclusion,
the stress concentration factors for the same value of g are greater for greater values
of l3/a and N,. As values of Ny and ¢5/a increase, the solutions slower tend to their
limiting values as g — oo. The limiting case of g — oo corresponds to the solution of
a problem of a rigid inclusion and it is given by dashed lines in fig. 3.

Next, we examine the dependence of the stress concentration factors on the values
of the characteristic lengths. In fig.4, 5 the stress concentration factors, given by

6



O’éz) (m/2) /0o for g = 0.5 and by aéie) (m/2) /0o for g = 2 are plotted as functions of the
inclusion material length ¢ /a for various values of the matrix material parameters No,
ly/a. The rest of the constants were fixed to: vy = 0.25, 1, = 1/3, N; = 0.5. In the
case of a "softer” inclusion in fig.4, the value of the SCF decreases as f5/a and Ny
increase, while for a ”stiffer” inclusion in fig.4 the value of SCF increases as ¢5/a and
N5 increase.

The dependence of the SCFs on the value of the coupling number N; is shown
in fig.6, 7 for various values of ¢5/a and N,. Analogously to the previous plots, the
biggest deviations from the classical solutions are observed as ¢3/a and N, increase.
Next, we analyse two limiting cases:

a) micropolar inclusion embedded in a matrix, described by classical elasticity,
b) classical inclusion embedded in a micropolar matrix.

a) Micropolar inclusion embedded in a matriz, described by classical elasticity. In
this case we keep v; = 0.25, vy = % The limiting values were taken for Ny = 0.001,

ly/a = 0.001. The stress concentration factors O’éz) (r/2) for g = 0.5 and aéig)(w/Q)
for ¢ = 2 are shown in Fig. 8, 9 as functions of ¢;/a and N;. In all four cases the
values of the SCFs do not depend on ¢;/a and N; and coincide with the classical
solution, given by aéeg) (w/2) = 1.57576 for g = 0.5 and 0é2(7r/2) = 1.14872 for g = 2.
This conclusion is consistent with the results established in [15] for the case of the
couple-stress elasticity.

a) Classical inclusion embedded in a micropolar matriz. In this case we keep vy =

0.25, 1y = % The limiting values were taken for Ny = 0.001, ¢;/a = 0.001. The

stress concentration factors aéz) (r/2) for g = 0.5 and aé,ie)(w/ 2) for g = 2 are shown in
Fig.10, 11 as functions of ¢;/a and N;. In this case the stress intensity factors exhibit
strong dependence on the parameters f5/a and N5, which can be seen in figures 10, 11,
and analogously to the previous plots, increasing micropolar parameters of the matrix
leads to decreasing the value of SCF in the case of a softer inclusion and increasing
the value of SCF in the case of a stiffer inclusion.

4.2 Imperfect interface

In the case of an imperfect interface, the distribution of stresses around the inclusion
depends significantly on the bonding between the matrix and the inclusion, described
by parameters A,, As, Ay. It is noted, that analogously to the classical elasticity,
for certain combinations of the interface parameters and the material parameters of
the matrix and the inclusion, the interface model (8) yields negative displacement
jumps. In such case, since the model is based on the asymptotic expansion of stresses
and displacements in a thin ”interphase” layer between the inclusion and the matrix,
negative displacement jumps are still physically admissible, provided that they are
sufficiently small. This issue is discussed in details in [22] and, since the similar
reasoning is applicable in the case of micropolar elasticity, the detailed study is not
provided in the present work.

For further analysis we introduce the non-dimensional parameters h,, hg, hy :

h. _he _ hy

A = =5 Ny = =2
G, T @G, G,
(o)

In fig.12 we demonstrate the dependence of Ué?, Tgg
7

Ao (15)

at point § = 7/2 on g for



hg = 0.1 and various values of interface parameters h, and hy. As it can be seen from
fig.12(a) in the case of perfect bonding in r direction, maximum hoop stress is observed
in the matrix for all values of g, while in the case of perfect bonding in 6 direction
only (fig.12(b)), maximum hoop stress is observed in the matrix for g < ¢* = 1.0355
and in the inclusion for g > ¢g* = 1.0355. The same tendency is demonstrated in fig.12
(c) for h, = hy = 0.25, however in this case g* = 2.4751. In fig.12 (d) the values of gyg
are shown for h, = hy = 1, where the stress concentration is always observed in the
matrix.

The same tendency is illustrated in fig.13 for ¢ = 0.5 and fig.14 for g = 2. Values
of 099 (7r/2) 099 (7?/2) are plotted as functions of h = h, = hy and p he. In the case

of g = 0.5, for all values of parameters of i and p the values of 099 (7r /2) are greater

than the value of aéie) (m/2), while in the case of g = 2 for small values of h and any p
- the hlgher stress is observed in the inclusion, but for greater values of h the values
of 0 (7r/2) become greater than the values of 099 )(7/2).

As can be seen in fig.13, 14 for values of p in the range from 0 to 10, dependence
of the solutions on p is much smaller than the dependence on h. For the material
parameters used 1n this example, and for h = 0, ¢ = 2 the difference in SCF =
max 099 (7?/2) 099 (7?/2) between p = 0 and p = oo is about +2%. For h = oo, g = 2
the difference in SCF between p = 0 and p = oo is about —6%.

Another property of the imperfect interface is that for some fixed material param-
eters the interface parameters can be chosen in such way, that no stress concentration
occurs. For example, for the materlal data, used 1n Flg 14 in the case g = 2.0 and
p = 1 choosing h = 0.2149 leads to 099 (7r/2)/00 = 099 (7?/2)/0'0 = 0.99755. However,
this cannot be achieved in the case g = 0.5, as it can be seen from Fig.14, for all com-
binations of p and h, the minimum value of O'éz)(ﬂ' /2)/o¢ = 1.272 while the maximum
value o) (7/2) /oo = 0.792.

Next, in Fig.15,16, we demonstrate the influence of parameter i on the distribution
of 0,., 0,4 and couple stress m,, along the inclusion interface. In all cases increasing
h leads to decreasing o,, and increasing magnitude of 0,49. However, some values of h
for ¢ = 2.0 lead to negative couple stress m,...

And finally, in Fig.17 we plot the maximum values U* of the normalized interface
energy density U(f) as a function of interface parameter h = A\, = Ay for various values
of parameter p = \,. Function U(#) is defined analogously to [22], but with taking
into account the contribution from the couple-stresses, i.e.

U(0) = A\02 + Moz + Agm?,. (16)

Function U(€) reaches its maximum at 0 = 0, i.e. U* = U(0), where the interface
failure is most likely to occur. As it can be seen from Fig.13, 14 the influence of
parameter p on maximum value of U(f) is less significant in comparison with the
influence of parameter h. Plots, analogous to the ones in Fig.17 can be used in material
design to choose interface parameters in order not to exceed the prescribed critical
value of U*, corresponding to the failure of the interface.

5 Conclusions

In the present work, we developed an analytical solution for the problem of an in-
homogeneity in plane micropolar elasticity. We studied the dependence of the stress
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concentration on the material parameters, as well as the parameters characterizing
bonding between the inhomogeneity and the matrix.

Some of the main results are qualitatively described below:

e In the case of a perfect interface, for fixed material parameters of the inclusion,

increasing micropolar parameters of the matrix (¢3/a, Ny) leads to significant
decrease of the stress concentration for softer inclusions and increase of the stress
concentration for stiffer inclusions.

In the case of a perfect interface, if the matrix’s microstructural effects are absent,
i.e. ly/a = Ny = 0, the stress concentration does not depend on the micropolar
parameters of the inclusion and equals to the value, described by the classical
theory of elasticity.

Results also show that in some cases of the imperfect interface, for fixed material
parameters, the interface parameters can be chosen in such way, that no stress
concentration occurs.

The solution can be further used to study interface failure in presence of microstruc-

tural effects or for verification of numerical methods.
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Apendix

The equations for stresses and couple stresses in the matrix are identical to those
derived in [3] for the problem of a plate with a hole and are given as follows.

e 0o f41 6142 4143 6/44
ol9(r,0) = 5(1 + cos 20) + Po ( " + R cos 26
2
+ QC—A: [302[(0(7"/02) <1 + 6i> Kl(T/Cg):| cos 20,
2
A A A
ol (r,0) = 5 (1 — c0s20) — r_21 + (% — %) cos 20

2
_ 2_A5 {302[(0(7*/@2) (1 + 6—) K1(7’/02):| cos 20,
CoT" T
a(e)(r, 0) = — %0 + 64, + 24y 64y sin 20
rf 2 rd r2 rd ( )
17
12
+ ﬁ [602 KO(T/CQ) (1 + ﬁ) Kl(T’/CQ))} sin 26,
CoT T

T4 r2 T4

12
_25 { 1+ %> Ko(r/cz) + (% + TCQ) Kl(r/Cz)] sin 26,

)

m® (r,0) (—2—/14 _ A {@Ko(r/@) (1 + 4—02) Kl(r/@)D in 20,

r3 Ca

64, 2A; 6A
Jéi)(r,ﬁ) = ( + 2425 4) sin 26

my2 (r,0) = (2—A4 + 2‘;15 [K()(r/(;z) + Z—Kl(r/@)]> cos 20.

r3

The equations for stresses and couple stresses in the inclusion are similar to those

derived in [15] for the problem of a circular inclusion in couple-stress elasticity and are
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given as follows.

o{)(r,0) = 2By — 2(By + By) cos 20
285 [3 6¢2
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QB I 3 6 2
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B5 |6 1262
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B 6c2 3c; 1263 .
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1
28,
r

z
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Displacements and microrotations are given as:
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73 r T
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2G0(®) = 190 Gin 99 + (4 ) — 3 va) sin 20, (19)
2 r3 r
As |2 4¢3
— 0_25 |:%KO(T/CQ) + (1 + %) Kl(T/CQ):| sin 26,
1Go20 = (2 4 4k in 26
2130 = ﬁ-i- s Ko(r/ca) | sin 20,
2G1u'Y = 2r(1 — 2v1) B,
. 2Bs
— | 2r(Bg 4+ By) + 4Bsvyr° + —1I5(r/cy) | cos 20,
r
2G 19" = (2r(By 4 By) + 2Bsr3(3 — 2u,)) sin 260 (20)
B 2 4¢3
+ c_5 [—%Io(r/cl) + (1 + %) Il(r/cl)} sin 20,
1

4G 12 = (Bur® + BsI(r/cy)) sin 26,

The boundary conditions (8) yield the following system of linear algebraic equations
for unknown coefficients X = {Ay, As, A3, As, By, By, Bs, Bs}:

MX =Y, (21)
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where the coefficients of matrix M are given by

1 6\,
My =0, Myy = ——— 4 ¢
11 =0, M T + e
i 20—v)  8BO—w) (4 486(1—w)
B aGs a’Gy "\ a? a*
Mis — _Kg(G/CQ) . 2C2K1(CL/CQ) _ 6K2(CL/CQ) 4 2K1((l/02)
1 aGa a?Gy " a? acy
24al3(1 —vp)  2a’n Ly(a/c)
15 , Mg = a/Gy, My7 el + G, 18 WG
1 Ar a(—1+2u)
o 2 My = Myg = My = 0, Myy = =21
21 Saly  ar e 23 24 , Mos o, ;
1 6
Mag = Mag = Mas = My = 0, My = 7
. -1+ 21/2 86% (1 - 1/2) 2 486% (1 - VQ)
My = aGs 3Gy + A az a* ’
Ko(a/cs)  Ki(a/co) 4¢3 6Ks(aj/cy)  Ki(a/cy)
My = — - 1422 )
3 aGly 2¢9G5 + a? o a? + acs '
a a®(2vy —3.)  24al? (1 — 1)
Mss = 0, Mag = ———, M3y = - 1
35 , Mg G e e ;
In(a/c1)  ILi(a/cy) 4¢2
Mg = — 14+ =
38 CLG1 201G1 * CL2 ’
2(1 — 1672 (1 — A
My = My =0, Myz = ( V2>+ 66 Vi) ¢,
a?Gy a3
My — Ks(a/cy) L (Ki(a/c) + Ks(a/cs))
4G2€% 262 '
6a?(1 — v,) L(a/c)
Mys = Myg = 0, Myp = ——2 2“0 oo
45 46 , My7 e , Myg 1G22
6 4 4802 (1 — v 6K5(a/c 2K (a/c
a a a a acsy
21 I
Mys = 0, Myg = 2, My = 4861 — 1), Mg = 2120/1) _ Oalafer)
acy a
1
Me, = E,Mm = Mgz = Mgy = 0, M5 = —2, Mg = Mgz = Meg = 0,
6 2 4802 (1 — 74¢ K
Mz =0, Mp=——,M;=—— + 86,1 =) 1 VQ),MM = 2<Z/C2> + l(a/01>7
a a a a acs
I 61
M75 = 07 M76 = —2, M77 = —66L2 — 486%(1 — Vl), M78 = 1(a/61) — 2((12/61),
acy a
1602(1 — K K
My = Mg = 0, Mg = ~ 002020y, Tlafed) + Ralafen)
a 2¢o
1 1
Mgs = Msg = 0, Mgy = —48ali(1 — v7), Mg = — 1(a/cl)2—|— 3(a/cl).
&1
(22)
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And vector Y is given by:

aog 0'0)\r

V)= -2 4 200y,
1 4G2 9 s 42
Vi=0Y; =Y =2 V=2

aog aogl/y Uo)\r i ao _
4Gy, T 2G, 2 T A,
0o
Y =0
9 y 48
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006 (112)/ 79

0. 010203040506070809 1. ¢

a) N, = 0.001

066 (112)/ 09

0. 010203040506070809 1. ¢

C>N2:1

006" (112)/ 79

0. 010203040506070809 1. ¢

b) No = 0.5

— Iy/a = 0.001
—— l/a=0.5
— l/a=1
— lp/a=10

Figure 2: Stress concentration factor aéz) (m/2)/0g for ¢1/a = 0.75, v, = 0.25, N; = 0.5,
Vo = 1/3 and various values of f5/a and N; as function of g = G1/Gs.

15



000 (11/2)l 00 766 (112)/ 09
161
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111
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‘; 1I0 2I0 3IO 4I0 5I0 g 1 1I0 2I0 3IO 4I0 5I0 g
a) Ny = 0.001 b)N; = 0.5

06" (11/2)1 09

4.1

351

3l Ir/a = 0.001 === Lla=0.001, g oo
261 lla=05 ——= Lla=05, g oo
2.2+

18F Ib/a =1 === hla=1, g—>
1"1" Ila =10 —== bla=10, g oo

Figure 3: Stress concentration factor aéie) (m/2)/0g for 1 /a = 0.75, v, = 0.25, N; = 0.5,
vo = 1/3 and various values of l5/a and N; as function of g = G1/Gs.
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1.512
1.5756 15
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a)N, = 0.001 b)Ny = 0.5
(799(6)(71'/2)/(70
1575 — lp/a=0.001
1.529 \ — lh/a=0.25
1472 fe — lbh/a=0.5
— lhla=1
1.407
— lh/a=10
1.336

- - - - ' hila
00 02 04 06 08 10

Figure 4: Stress concentration factor a(g‘;)(ﬂ/Z) for ¢ = 0.5, 1 = 0.25, N; = 0.5,
vo = 1/3 and various values of ¢5/a and N, as function of ¢ /a.
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Ugg(’)(ﬂ/Z)/Uo 0'99(0(7T/2)/(70

1.14874 t 1.2
1.191
1.14872 &
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00 02 04 06 08 10 00 02 04 06 08 10
a)Ny = 0.001 b)Ny = 0.5
096 (11/2)/ 09
1417 — Ix/a =0.001
— lb/a=0.25

1.296 "\ — l/a=0.5
— lhla=1
1225 T —
L — lhla=10

1.179
1.149

hh/a

Figure 5: Stress concentration factor aég (m/2) for g =2,14 =0.25, Ny = 0.5, v, = 1/3
and various values of {5/a and N; as function of ¢ /a.
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— 1.336
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00 02 04 06 08 1.0 00 02 04 06 08 1.0
c) ly/a=1 d) ly/a =10
— N> =0.001 — N, =025 — N, =0.5

— N2=075 — Np=1

Figure 6: Stress concentration factor a(gg)(ﬁ/Q) for g = 0.5, 1 = 0.25, {1 = 0.75,
Vo = 1/3 and various values of ¢5/a and N, as function of N;.

19
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00 02 04 06 08 1.0 00 02 04 06 08 1.0
c) ly/a=1 d) ly/a =10
— N> =0.001 — N, =025 — N, =0.5

— N;=075 — Np=1

Figure 7: Stress concentration factor Jéfe)(w/Q) for g = 2, 11 = 0.25, {1/a = 0.75,
Vo = 1/3 and various values of ¢5/a and Ny as function of Nj.
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0 2 4 6 8 10 00 02 04 06 08 10
a)— N;=0.001 — N;=05 — Nj=1 b)— L4/a=0.001 — l/a=1 — ly/a=10

Figure 8: Stress concentration factor Jéz)(ﬁ/z) for g = 0.5, 11 = 0.25, vy, = 1/3,
Ny = 0.001, ¢5/a = 0.001 and a) various values of NV as function of ¢;/a, b) various
values of ¢ /a as function of Nj.
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96 (11/2)/ 09 96 (11/2)/ 09

1.1488 1.1488
1.14872 1.14872
1.1487 1.1487
e h/a ey
0 2 4 6 8 10 0.0 0.2 0.4 0.6 0.8 1.0
a)— N;=0.001 — N;y=05 — Nj=1 b)— 1,/a=0001 — Lia=1 — l4ja=10

Figure 9: Stress concentration factor J(SZ) (m/2) for g = 2, 11 = 0.25, vy = 1/3, Ny =
0.001, ¢3/a = 0.001 and a) various values of N; as function of ¢;/a, b) various values
of ¢1/a as function of Nj.

066! (11/2)/ 0 006" (11/2)/ 09
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0 1 2 3 4 5 0.0 0.2 0.4 0.6 0.8 1.0
a>— N, =0.001 — N, =0.25 — N;=0.5 R lo/a=0.001 — I,/a=0.25 — l,/a=0.5
— N =075 — Ny =1 — b/a=1 — lb/a=10

Figure 10: Stress concentration factor aé?(w/?) for ¢ = 0.5, 1y = 0.25, v, = 1/3,
Ny =0.001, ¢;/a = 0.001 and a) various values of Ny as function of ¢5/a, b) various
values of f5/a as function of Nj.

006" (11/2)I 00 006" (11/2)1 00
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a — N2=0.001 — N»;=025 — Ny, =05 b)_ lob/a=0.001 — lL,/a=0.25 — l,/a=0.5
— N =075 — Ny=1 — bla=1 — lp/a=10

Figure 11: Stress concentration factor 0é2(7r/2) for g = 2, 11 = 0.25, 1, = 1/3,
Ny = 0.001, ¢;/a = 0.001 and a) various values of Ny as function of ¢5/a, b) various
values of ¢5/a as function of N,.
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Figure 12: Ué?(ﬂ'/z), O'éie)(ﬂ'/2) for vy = 0.35, 1, = 0.25, N; = 0.75, Ny = 0.9,
l1/a =0.1, l3/a = 0.75 and various values of h,, hy and hy = 0.1 as function of g.
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Figure 13: A ”softer” inclusion, g = 0.5: G'é(;) (r/2), Jéie) (w/2) for vy = 0.35, vy = 0.25,
Ny =0.75, Ny = 0.9, {1 /a = 0.1, l3/a = 0.75 as functions of h = h, = hy and p = hy.
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Figure 14: A 7stiffer” inclusion, g = 2: O'éz)(ﬂ'/Q), 0é2(7r/2) for 11 = 0.35, v, = 0.25,
Ny =0.75, Ny = 0.9, {1 /a = 0.1, l3/a = 0.75 as functions of h = h, = hy and p = hy.
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Figure 15: A 7softer” inclusion, g = 0.5: distribution of o, for v; = 0.35, vy, = 0.25,
Ny = 0.75, Ny = 0.9, ¢1/a = 0.1, l3/a = 0.75, g = 0.5 for various values of h and
p=1.0.
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Figure 16: A 7stiffer” inclusion, g = 2: distribution of ¢,, for v = 0.35, vy = 0.25,
Ny = 0.75, Ny = 0.9, ¢1/a = 0.1, ¢3/a = 0.75, g = 0.5 for various values of h and
p=1.0.
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Figure 17: Maximum values of the normalized interface energy density function U* =
U(0) as function of h = h, = hy for various values of p = h,. Material parameters are
set to vy = 035, ll/a = 0]_, N1 = 075, Vy = 025, l2/(l = 075, N2 =0.9.
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