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Abstract—Segment Growing Neural Gas (Segment-GNG) has
been recently proposed as a new spatiotemporal quantization
method for time series. Unlike traditional quantization algorithms
that are prototype-based, Segment-GNG uses segments as basic
units of quantization. In this paper we extend the Segment-GNG
model in order to deal with time series prediction. First Segment-
GNG makes a quantization of the trajectories in the state-
space representation of the time series. Then a local prediction
model is associated with each segment, which allows us to make
predictions. The proposed model is tested with the Mackey-Glass
and Lorenz chaotic time series in one-step ahead prediction
tasks. The results obtained are competitive with the best results
published in the literature.

I. INTRODUCTION

Time series prediction has played an important role in
many fields of practical application such as economics, signal
processing, traffic flow, biology, physics, meteorology, among
others [1]. Given a set of observed data, a model of the under-
lying dynamics of a system is learned and then used to predict
new data. Many prediction methods have been proposed such
as adaptive prediction [2], support vector machine (SVM) [3],
polynomial estimation [4], and neural networks [5]. The aim of
these global approximation methods is to identify a structure,
select input variables and find parameters embedded in the
structure. The drawback of these global methods is that if
new information is taken into account then the parameters of
the model may change, and a long time may be required for
parameter re-estimation. On the other hand, determining all
parameters is very complex, and in many approaches a priori
subset selection of input variables is assumed [6].

Local prediction approaches have attracted interest from
many researchers due to their good performance and flexibility
[7]–[9]. In this kind of approach, the time series is first
embedded in a state space, and its underlying dynamics is
inferred by local approximations. The assumption behind local
models is that the underlying dynamics is locally smooth [10].
From our point of view, to correctly infer the underlying
dynamics, the local prediction approaches must have three
main properties:

(1) Split data into homogeneous clusters: The state-space
quantization must preserve the topological (spatial) distribution
of the data. VQ [11], SOM [12], K-means [13], NG [14],
GNG [15], among others, are traditional algorithms used for
time series quantization. Usually they reduce a large volume of
vectors to a smaller number of prototypes or codevectors which
are the most representatives of the initial distribution. However

the drawback is that they are highly dependent on the number
of clusters. Over or under estimation of the correct number
can cause the appearance of clusters containing regions with
different dynamics or with too few patterns to train the local
prediction models.

(2) Determine and quantize temporal regions: The dynam-
ical system embedded in a state space could be decomposed
into local subsystems. These subsystems are represented by
temporal sequences of data. Some quantization methods seek
the spatial correlation in the embedded space of sequences
or temporal patterns of the time series. These quantization
methods add a context to each quantization unit, allowing
them to discriminate data sequences spatially similar but with
different dynamics. Some quantization methods in the litera-
ture are: SOM with Temporal Activity Diffusion (SOMTAD)
[16], Merge-SOM [17], 𝛾-SOM [18], Merge-GNG [19], 𝛾-
GNG [20], among other.

(3) Transfer temporal information between local models:
The ability to transfer information between different subsys-
tems is fundamental in order to approximate the global dynam-
ical system. There exist recursive quantization models such
as Recurrent Self-Organizing Maps (RSOM [21]), Recursive
Self-Organizing Maps (RecSOM [22]), Sequential Activation,
Retention and Delay Network (SARD-NET [23]), Feedback
SOM (FSOM [24]), that create and combine quantization maps
of two different times. The goal of this strategy is to be
able to quantize transitions between dynamical subsystems
(prototypes).

Currently, the vast majority of time series quantization
methods are designed either to quantize the global dynamics
(property 1) or local dynamics (property 2) of the time series,
however, the temporal quantization between local models
(property 3) has not been extensively studied [25].

Recently, Segment-GNG has emerged as an extension of
the GNG model [26]. Its two main novelties are the replace-
ment of prototypes by segments as units of quantization,
and the use of a register of temporal connections between
segments. The Segment-GNG is an attractive tool for the
prediction of time series, due to the following properties:
(1) including iteratively segments in the quantization process
allows us to adapt to the complexity of the space and also
efficiently split data into homogeneous clusters. (2) The use of
segments allows us to quantize temporal patterns (directions
of trajectories) in state space. (3) The temporal connection
between segments allows us to quantize temporal interactions
between segments.978-1-5090-6638-4/17/$31.00 c⃝2017 IEEE



Exploiting the advantages of Segment-GNG in the quan-
tization of time series, the present work proposes a new
methodology based on Segment-GNG time series prediction.

The rest of this paper is divided into 5 sections: Section 2
presents the fundamental concepts used in this paper. Section
3 presents our method for time series prediction based on
Segment-GNG. Section 4 shows the results of our method for
one-step ahead prediction in two chaotic times series. Finally,
section 5 shows the conclusions and future work.

II. BACKGROUND

A. Time series prediction

A time series is an ordered sequence {𝑦𝑡}𝑛𝑡=1 of 𝑛 observa-
tions generally sampled in fixed time intervals of size1 𝛿. The
dynamics of the underlying process generating the sequence
is generally unknown. The goal of time series analysis is to
estimate a model that best fits the time series at hand. Having a
model makes possible to know the behavior of the times series
and to predict the next samples [27]. The multiple step ahead
prediction is usually estimated using a set of past observations.
The value ℎ is known as the prediction horizon and the general
expression of the multi-step ahead prediction is described as
follows:

𝑦𝑡+ℎ = 𝑓 (𝑦𝑡, 𝑦𝑡−1, ⋅ ⋅ ⋅ , 𝑦𝑡−𝐿𝑚𝑎𝑥
) , (1)

where 𝑓(∙) is a linear or nonlinear model that predicts the
sample ℎ-step ahead using the current sample and 𝐿𝑚𝑎𝑥 past
samples. Many different techniques have been proposed to find
a model such as: linear models, polynomial models, neural
network models, among others.

B. Delay Coordinate Embedding

The basis of chaotic time series prediction is that the recon-
struction of a state space from a one-dimensional time series is
equivalent to the original state space of a system [1]. According
to Takens’ embedding theorem [28], it is possible to reproduce
entirely the properties of such a system (topology and temporal
structure) starting from a one-dimensional time series. The
time series corresponds to a sequence of scalar measurements
of the state space or a single state variable, 𝑦𝑡. To embed a
time series, a delay coordinate vector is constructed as follows:
𝝓𝑡 = [𝑦𝑡, 𝑦(𝑡−𝜁), 𝑦(𝑡−2𝜁), ⋅ ⋅ ⋅ , 𝑦(𝑡−(𝑚−1)𝜁)], where the delay 𝜁
and dimension 𝑚 are the embedding parameters. Although the
embedding theorems do not provide a way to estimate these
parameters, there are some heuristic methods to do so. The
parameter 𝜁 is usually estimated by seeking the delay that
provides the first minimum of the average mutual information
[29], while the dimension 𝑚 is estimated by the false nearest
neighbor algorithm [30].

C. Local linear prediction model

Usually the local models on a 𝑚-dimensional embedding
space are autoregressive models with 𝐿𝑚𝑎𝑥 past samples for
each component of the state-space reconstruction [31]. Deter-
ministic predictions assume that the reconstructed trajectory
in the state-space is governed by a continuous mapping 𝐹

1For notation, we assume in this work that 𝛿 = 1. In this way, the sample
at time 𝑡 is 𝑦𝑡 and its next sample is 𝑦𝑡+1.

between the current state and the future state [10]. In the time
series space an autoregressive model is defined as:

𝑦𝑡+1 = 𝛼0 +
𝑚∑
𝑖=1

𝐿𝑚𝑎𝑥∑
𝑗=0

𝛼𝑖𝑗𝑦𝑡−𝑗−(𝑖−1)𝜁 . (2)

The parameters 𝛼𝑖𝑗 can be estimated by least squares or
with the LMS algorithm.

D. Performance metrics

In the time series literature, several metrics have been
proposed to measure the ability of the model to predict a new
data [32]. Depending on the time series prediction problem
to be solved, there are two principal types of prediction-error
metrics [33]: scale-dependent metrics and scale-independent
metrics. The first are designed to analyze data regardless of
how the prediction was produced. The range of values obtained
by this kind of metrics depend on the magnitudes of the time
series. Their main utility is to detect large errors particularly
undesirable ones. The second type of metrics is designed to
compare prediction performance with different data series.
With this aim, each error is divided by the error obtained using
some benchmark method of prediction [33]. In this work, the
results are evaluated using two different metrics: the scale-
dependent metric so-called Root Mean Square Error (RMSE)
and the scale-independent metric so-called Normalized Mean
Square Error2 (NMSE). Formally, these metrics are defined as
follows:

RMSE =

√√√⎷ 1

𝑛

𝑛∑
𝑡=1

(𝑦𝑡 − 𝑦𝑡)
2 (3)

NMSE =

∑𝑛
𝑡=1 (𝑦𝑡 − 𝑦𝑡)

2

∑𝑛
𝑡=1 (𝑦𝑡 − 𝑦)

2 , (4)

where 𝑦𝑡 and 𝑦𝑡 are the real and predicted sample at time 𝑡
and 𝑦 = 1/𝑛

∑𝑛
𝑡=1 𝑦𝑡 is the mean.

E. Segment Growing Neural Gas

Segment-GNG is a recently proposed method for the spa-
tiotemporal quantization of time series [26]. Segment-GNG
has two main differences with GNG: (i) the basic quantization
unit of GNG (node or prototype) is changed to a segment
(connection between two nodes), and (ii) Segment-GNG keeps
a register of temporal connections among segments. The
Segment-GNG algorithm seeks to approximate trajectories in
the state space representation by linear segments. A segment
𝑆𝑖 is defined as the line joining two nodes s𝑖𝑂, s

𝑖
𝐹 ∈ ℝ

𝑚

where s𝑖𝑂 and s𝑖𝐹 correspond to the initial and final points
of segment 𝑆𝑖, respectively. Segment 𝑆𝑖 is used to identify
and quantize portions of trajectories in the state space that
could be locally approximated by a linear segment. A por-
tion of a trajectory {𝜙}𝑡−𝜏

𝑡 is associated with the trajectory
generated by the sample 𝜙 at time 𝑡 and its 𝜏 past samples
{𝜙}𝑡−𝜏

𝑡 = {𝜙𝑡−𝜏 , 𝜙𝑡−𝜏+1, ⋅ ⋅ ⋅ , 𝜙𝑡}. The size of a portion of
trajectory to be quantized by 𝑆𝑖 is determined by the linearity
of this portion. The latter is evaluated starting with 𝜏 = 1,

2A value of NMSE = 1 corresponds to the value obtained by simply
predicting the average.



where 𝜏 is increased iteratively until the area enclosed (AE)
between the current portion of a trajectory {𝜙}𝑡−𝜏

𝑡 and the line
joining the extreme points of this portion

(
𝜙𝑡−𝜏𝜙𝑡

)
reaches a

certain threshold 𝐸𝑚𝑎𝑥, as show in Fig. 1.

To avoid the cost of computing AE accurately, Segment-
GNG approximates it as the sum of distances between each
sample in the portion of a trajectory {𝜙}𝑡−𝜏

𝑡 and its projection
onto the line 𝜙𝑛−𝜏𝜙𝑡. To obtain the Best Matching Linear Seg-
ment (BMLS) for each trajectory portion {𝜙}𝑡−𝜏

𝑡 , a distance
measure that evaluates two features of each linear segment 𝑆𝑖

is used: (i) the closeness (𝑑𝑐𝑙𝑜𝑠𝑒) between 𝑆𝑖 and the trajectory
portion {𝜙}𝑡−𝜏

𝑡 is measured through the spatial distance. To
measure the spatial distance, first the midpoint (𝝆𝑡) of the
trajectory portion {𝜙}𝑡−𝜏

𝑡 is estimated. Secondly, the distance
between this midpoint and the linear segment 𝑆𝑖 is computed
by the square euclidean distance from a point to a line. (ii)
the degree of parallelism (𝑑𝑝𝑎𝑟𝑎𝑙𝑙) between 𝑆𝑖 and the line
𝜙𝑡−𝜏𝜙𝑡 is measured through the cosine similarity. The cosine
similarity between 𝑆𝑖 and the line 𝜙𝑡−𝜏𝜙𝑡 is computed as:

𝑑𝑝𝑎𝑟𝑎𝑙𝑙(𝑆
𝑖, 𝜙𝑡−𝜏𝜙𝑡) =

Δ𝑠𝑖 ⋅Δ𝜙
∥Δ𝑠𝑖∥ ∥Δ𝜙∥ , (5)

where Δ𝑠𝑖 = s𝑖𝐹 − s𝑖𝑂 and Δ𝜙 = 𝜙𝑡 − 𝜙𝑡−𝜏 .

The combined distance measure used by Segment-GNG is
the following:

𝐷
(
𝜃, {𝜙}𝑡−𝜏

𝑡 , 𝑆𝑖
)
= (𝜃 (1− 𝑑𝑝𝑎𝑟𝑎𝑙𝑙) + 1) 𝑑𝑐𝑙𝑜𝑠𝑒, (6)

where 𝜃 ≥ 0 is a user-defined parameter that controls the trade-
off between the cosine value (degree of parallelism) and the
spatial distance (closeness). Once the BMLS is selected at time
𝑡, a temporal connection is created between this unit and the
previous BMLS selected. For more details on the Segment-
GNG algorithm see [26].

Fig. 1: Area enclosed (AE) between a trajectory portion in
the state space representation {𝜙}𝑡−𝜏

𝑡 and the line 𝜙𝑡−𝜏𝜙𝑡.

III. PROPOSED METHOD

Traditionally local prediction models for time series do
not convey information from one local models to another. An
advantage of Segment-GNG is that its quantization is space-
directional and temporal. The space-directional information
gives us the direction of the trajectories quantized and the tem-
poral information help specify which local prediction models
should be considered for the prediction. This allows us to esti-
mate the prediction using domains of two or more temporally
connected segments. These characteristics of Segment-GNG
are considered in our proposed method for making one-step
ahead predictions. Our method is divided into two phases, as
follow:

TRAINING PHASE

1) Quantize the State Space Representation (Fig. 2a):
Embed the time series in a state space using delay
coordinate embedding. Then use Segment-GNG to
quantize the space state representation. Let S be the
set of all segments obtained by Segment-GNG.

2) Create local prediction models (Fig. 2b): The ob-
jective is to predict the sample 𝑦𝑡+1 using local
prediction models built in the state space of time
series. A local prediction model is created for each
segment 𝑆𝑖 ∈ S. Let’s assume that the segment 𝑆𝑖 is
the BMLS of 𝑘 portions of trajectories, where the
𝑘-th portion has 𝑞𝑘 samples. Next, we add 𝐿𝑚𝑎𝑥

future samples to each portion of trajectory. This
is done to ensure a correct prediction through two
temporally connected segments. To estimate 𝑦𝑡+1,
the local prediction models take as input the sample
𝜙𝑡 ∈ 𝑆𝑖 and its 𝐿𝑚𝑎𝑥 past samples as follows:

𝑦𝑡+1 = 𝑓𝑆𝑖

(
{𝜙}𝑡−𝐿𝑚𝑎𝑥

𝑡

)
, (7)

where the function 𝑓𝑆𝑖(∙) is the prediction
model. To estimate the function 𝑓𝑆𝑖(∙), let
𝑧𝑡 be the vector with all components of
{𝜙}𝑡−𝐿𝑚𝑎𝑥

𝑡 , i.e., 𝑧𝑡 = [𝑦𝑡, ⋅ ⋅ ⋅ , 𝑦𝑡−𝐿𝑚𝑎𝑥
, 𝑦𝑡−𝜁 , ⋅ ⋅ ⋅ ,

𝑦𝑡−𝜁−𝐿𝑚𝑎𝑥
, ⋅ ⋅ ⋅ , 𝑦𝑡−(𝑚−1)𝜁 , ⋅ ⋅ ⋅ , 𝑦𝑡−(𝑚−1)𝜁−𝐿𝑚𝑎𝑥

]
.

Then we can approximate Eq. 7 as:

𝑦𝑡+1 = 𝛼0 +

𝑚𝐿∑
𝑙1=1

𝛼𝑙1𝑧𝑡(𝑙1) +

𝑚𝐿∑
𝑙1≤𝑙2

𝛼𝑙1,𝑙2𝑧𝑡(𝑙1)𝑧𝑡(𝑙2),

(8)
where 𝑚𝐿 = 𝑚 × 𝐿𝑚𝑎𝑥, 𝑧𝑡(𝑙1) is the 𝑙1-th
component of 𝑧𝑡 and 𝛼0, 𝛼𝑙1 and 𝛼𝑙1,𝑙2 are the
constant, linear and quadratic coefficient of 𝑓𝑆𝑖(∙)
which are estimated using the

∑
𝑘

(
𝑞𝑘 + 𝐿𝑚𝑎𝑥

)
samples associated with 𝑆𝑖. Since the function
𝑓𝑆𝑖(∙) is linear in its parameters but quadratic in
its terms, the 𝛼 coefficients are estimated by least
squares or LMS algorithm.

(a) (b)

Fig. 2: Example to illustrate the training phase. (a) Quan-
tization of the state space representation of the times se-
ries using Segment-GNG. The set of all segments is S =
{𝑆1, 𝑆2, ⋅ ⋅ ⋅ , 𝑆16} (b) Zoom of 𝑆2 and the 𝑘 = 3 portions
of trajectories associated with this segment. Each 𝑘-th portion
of trajectory has 𝑞𝑘 samples plus 𝐿𝑚𝑎𝑥 futures samples.
The

∑
𝑘

(
𝑞𝑘 + 𝐿𝑚𝑎𝑥

)
samples are used to train the 𝑓𝑆2(∙)

according to Eq. 8.



PREDICTION PHASE

To estimate the next point 𝑦𝑡𝑒𝑛𝑑+1, we get 𝜙𝑡𝑒𝑛𝑑
and its

past 𝐿𝑚𝑎𝑥 samples from the state space representation of time
series and we perform the following steps:

1) Nearest segments: Find the 𝑝 nearest segments 𝑆𝑖 ∈ S
of the current sample 𝜙𝑡𝑒𝑛𝑑

using Eq. 6, and store
them in N.

2) Temporal neighbor segments (Fig. 3a): Find those
segments that temporally connected to each 𝑆𝑖 ∈ N.
Add these new segments to N.

3) Best prediction model selection: Each segment 𝑆𝑖 ∈
N has associated a prediction model 𝑓𝑆𝑖(∙). In order
to select the best prediction model from N, we
predict 𝑦𝑡𝑒𝑛𝑑

instead of 𝑦𝑡𝑒𝑛𝑑+1, since at time 𝑡 the
sample 𝑦𝑡𝑒𝑛𝑑

is known. Then we evaluate all models
associated with segments 𝑆𝑖 ∈ N on the portion of
trajectory {𝜙}𝑡𝑒𝑛𝑑−1−𝐿𝑚𝑎𝑥

𝑡𝑒𝑛𝑑−1 . We select the index of
the best model 𝑖𝑑𝑥𝑜𝑝𝑡(𝜙𝑡𝑒𝑛𝑑−1) as follows:

𝑖𝑑𝑥𝑜𝑝𝑡(𝜙𝑡𝑒𝑛𝑑−1) = argmin
𝑖∈N

∥∥𝑦𝑡𝑒𝑛𝑑
− 𝑦𝑖𝑡𝑒𝑛𝑑

∥∥ , (9)

where 𝑦𝑖𝑡𝑒𝑛𝑑
= 𝑓𝑆𝑖

(
{𝜙}𝑡𝑒𝑛𝑑−1−𝐿𝑚𝑎𝑥

𝑡𝑒𝑛𝑑−1

)
.

4) Prediction (Fig. 3b): Use the best prediction model
𝑓𝑆𝑖𝑑𝑥𝑜𝑝𝑡 (∙) to predict 𝑦𝑡𝑒𝑛𝑑+1 from the current sample
𝜙𝑡𝑒𝑛𝑑

, i.e., 𝑦𝑡𝑒𝑛𝑑+1 = 𝑓𝑆𝑖𝑑𝑥𝑜𝑝𝑡 ({𝜙}𝑡𝑒𝑛𝑑−𝐿𝑚𝑎𝑥

𝑡𝑒𝑛𝑑
).

(a) (b)

Fig. 3: Example to illustrate the prediction phase. The
objective is to predict 𝑦𝑡𝑒𝑛𝑑+1 using the information of 𝜙𝑡𝑒𝑛𝑑

and its 𝐿𝑚𝑎𝑥 past samples. (a) Assuming that 𝑝 = 2, the
two nearest segments of 𝜙𝑡𝑒𝑛𝑑

(using Eq. 6) are 𝑆2 and 𝑆3

(N = {𝑆2, 𝑆3}). The segments that are temporally connected
to 𝑆2 and 𝑆3 are {𝑆1, 𝑆3} and {𝑆2, 𝑆4} respectively. Then the
updated set is N = {𝑆1, 𝑆2, 𝑆3, 𝑆4}. (b) Best prediction model
selection and prediction. Evaluation of 𝑓𝑆1(∙), 𝑓𝑆2(∙), 𝑓𝑆3(∙)
and 𝑓𝑆4(∙) on the portion of trajectory {𝜙}𝑡𝑒𝑛𝑑−1−𝐿𝑚𝑎𝑥

𝑡𝑒𝑛𝑑−1 to
estimate 𝑦𝑡𝑒𝑛𝑑

. The best model is chosen as the one giving the
minimum error prediction of 𝑦𝑡𝑒𝑛𝑑

, in this case 𝑓𝑆3(∙) (showed
in the red box). Then 𝑦𝑡𝑒𝑛𝑑+1 is predicted using model 𝑓𝑆3(∙).

IV. EXPERIMENTS

In order to evaluate the proposed prediction strategy based
on Segment-GNG in one-step ahead prediction, we designed

(a)

(b)

Fig. 4: Time series used in the experiments. (a) The Mackey-
Glass time series and (b) the Lorenz time series. The red line
indicate the limit between training dataset (to the left) and
testing dataset (to the right).

two experiments using two traditional time series: Mackey-
Glass [34] and Lorenz [35]. The first experiment use Mackey-
Glass time series and aims to show the advantages of Segment-
GNG and give some insight into how the proposed method
works. The second experiment use Lorenz time series and
allows us to apply the guidelines to set the parameters of
our method and to evaluate its performance. For comparison
purposes we use the results of earlier works [36]–[39] that
have used the same time series under similar conditions (data,
embedding space, parameters, etc.).

A. Parameter setting

The most sensitive parameters in our method are the num-
ber of delays 𝐿𝑚𝑎𝑥 to construct the local prediction models
and the number of segments 𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 to quantize the state
space. To find the best model for each dataset, we tried all the
combinations of varying 𝐿𝑚𝑎𝑥 from 1 to 10 and 𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 as
defined for each dataset in what follows. The rest of parameters
in Segment-GNG are set using the default parameters in [26].
The last 50 points in the training set were used to select the
best parameter combination (best prediction model) through
five-fold cross validation. The testing set was only evaluated
in the best selected model. We calculate the NMSE and RMSE
to compare our proposed method with other methods in the
literature.

B. Mackey-Glass Time Series

Mackey-Glass is a chaotic time series commonly used in
the literature as a benchmark model [34]. Mackey-Glass time



(a) (b)

Fig. 5: Results obtained with Segment-GNG using the best
combination of parameters for each dataset. The thin lines
correspond to the state-space representation, the thick lines
represent the quantization segments and the dotted lines
illustrate the temporal connections between segments. (a)
Quantization of the state space for Mackey-Glass time series
(𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = 15, 𝐿𝑚𝑎𝑥 = 7). (b) Quantization of the state
space for the Lorenz time series (𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = 75, 𝐿𝑚𝑎𝑥 = 5).

series is generated by the following equation:

𝑑𝑦𝑡
𝑑𝑡

=
0.2𝑦𝑡−17

1 + 𝑦10𝑡−17

− 0.1𝑦𝑡. (10)

In this experiment, we generated 1000 samples from 𝑡 =
124 to 𝑡 = 1123. The first 500 samples were used for training
and the last 500 samples were used for testing. Figure 4a shows
the Mackey-Glass time series. The samples were generated
using a 4th order Runge–Kutta method with initial condition
𝑦0 = 1.2. The goal of this experiment is to make a one-
step ahead prediction. To generate the embedding state space
we use 𝜁 = 17 and 𝑚 = 1. The number of Segment-GNG
quantization units is 𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = {10, 15, 25, 40, 65, 105}.

Table I shows the results obtained with the top 5 parameter
combinations ({𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡, 𝐿𝑚𝑎𝑥}) for the Mackey-Glass time
series. The first 4 combinations have in common that the
number of segments is relatively low and the NMSE in vali-
dation is under 1.3× 10−8. However augmenting the number
of segments to 𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = 40 and 𝐿𝑚𝑎𝑥 = 6 increases
the validation error rapidly to 5.371 × 10−8. Figure 5a illus-
trates the distribution of segments obtained by Segment-GNG
quantization when using the best combination of parameters
(𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = 15, 𝐿𝑚𝑎𝑥 = 7). This distribution ensures that the
number of portions of trajectories quantized by each segment
are enough to train the local prediction models.

An interesting aspect that can be observed in Fig. 5a is
that the temporal connections faithfully capture the sense of
movement of trajectories. Another interesting aspect is that
only a small number of segments (fifteen) is needed to make a
good prediction. This is because the Mackey-Glass time series
have a relatively smooth dynamics and most of the trajectories
can be approximated with linear segments.

Figure 6 shows the absolute error when using the best
parameter combination for the testing set. Table II shows a
comparison of results between the proposed model and other
models published in the literature using NMSE and RMSE
metrics. According to this table our method outperforms the

TABLE I: The top five parameter combinations in the one-
step ahead prediction for the Mackey-Glass time series. The
ranking is made according to the validation error.

Parameter Validation Test
𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 𝐿𝑚𝑎𝑥 NMSE ×10−8 NMSE ×10−8 RMSE×10−5

15 7 0.103 0.23 1.09
25 7 0.117 0.67 1.84
15 10 0.954 1.93 3.14
15 5 1.251 0.59 1.73
40 6 5.371 1.45 2.72

TABLE II: Performance comparison between the results ob-
tained with our method and those of other models published
in the literature for Mackey-Glass time series.

Model NMSE ×10−8 RMSE ×10−5

Proposed method 0.23 1.09
RNN [40] 23500 –

SOM+RNN (4 units) [36] 5120 –
SOM+RNN (40 units) [36] 3600 –

ERNN (2007) [37] 3.15 4.20
HE-NARXNN (2010) [38] 2.70 3.72

KLPP (2015) [39] 1.04 2.46

combinations of SOM with recurrent NN. This is because the
Segment-GNG quantization captures nearby spatial trajectories
with similar directions, thus preventing local prediction models
to learn information about trajectories with different directions.

Segments versus centroids: To evaluate the advantage of
the space-directional quantization produced by Segment-GNG,
we compare it with the traditional K-means quantization
algorithm [13]. The aim of this comparison is to evaluate
the prediction accuracy when using the quantization made
by Segment-GNG and K-means. The local prediction models
are trained in the same way as described above. The only
difference is the quantization method used to quantize the state
space. The prediction task is one-step-ahead and the evaluation
of the models is done with NMSE in the validation dataset.

As it was shown in Table I, the best combination of
parameters for Segment-GNG prediction on Mackey-Glass is
𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = 15 and 𝐿𝑚𝑎𝑥 = 7. For K-means we use the same
𝐿𝑚𝑎𝑥 and vary the number of quantization units (centroids) as
𝑛𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑𝑠 = {10, 15, 25, 40, 65, 105}.

Table III shows the performance of K-means on the

Fig. 6: Prediction absolute test error for the Mackey-Glass time
series. The NMSE = 0.23× 10−8 and RMSE = 1.09× 10−5.



(a) (b)

Fig. 7: Portions of trajectories (orange lines) belonging to a
quantization unit (red) on (a) K-means, and (b) Segment-GNG.
The thin lines correspond to the state-space representation and
the black marker shows the quantization unit in each method.
Note that K-means associates all kind of trajectories (even
those with perpendicular directions) with a given unit, whereas
Segment-GNG associates only parallel trajectories with a given
segment.

TABLE III: K-means performance on Mackey-Glass time
series with different numbers of centroids and 𝐿𝑚𝑎𝑥 = 7.

𝑛𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑𝑠 10 15 25 40 65 105

NMSE ×10−8 480.97 249.87 115.97 60.52 650.55 333.06
RMSE×10−5 49.49 35.67 24.30 17.56 57.56 41.18

Mackey-Glass time series with different number of centroids.
Regardless of the number of centroids, the performance of K-
means is worse than the results obtained with our method.
Figures 7a and 7b shows the quantization obtained with K-
means and Segment-GNG respectively using 15 units. Figure
7a shows that K-means does not distinguish among trajectories
with perpendicular directions, unlike Segment-GNG (Figure
7b). As the prediction strategy is the same in both methods,
the results highlight the usefulness of Segment-GNG space-
directional quantization.

Although it could be possible to improve K-means results
by using more sophisticated local prediction models, the ad-
vantage of Segment-GNG is that we can use simpler local
prediction models, ensuring a rapid convergence in training
and reaching a better understanding of the behavior of local
models.

C. Lorenz time series

The Lorenz system was derived from a model of the
Earth’s atmospheric convection flow heated from below and
cooled from above [35]. The Lorenz system is described using
nonlinear differential equations as follow:

𝑑𝑥

𝑑𝑡
= 𝜎(𝑦 − 𝑥) (11)

𝑑𝑦

𝑑𝑡
= (𝑟 − 𝑧)− 𝑦 (12)

𝑑𝑧

𝑑𝑡
= 𝑥𝑦 − 𝑏𝑧, (13)

where 𝜎 = 10, 𝑏 = 8/3 and 𝑟 = 28. A 4th-order Runge-
Kutta method is applied to generate the time series with initial

TABLE IV: The top five parameter combinations in the one-
step ahead prediction for the Lorenz time series. The ranking
is made according to the validation error.

Parameter Validation Test
𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 𝐿𝑚𝑎𝑥 NMSE ×10−8 NMSE ×10−8 RMSE×10−5

75 5 2.25 × 10−6 6.90 × 10−3 0.63

50 3 5.12 × 10−5 1.38 × 10−4 0.09
75 3 7.46 × 10−4 4.58 × 10−3 0.52

125 5 1.26 × 10−4 3.99 × 10−2 1.53

125 4 2.16 × 10−3 3.02 × 10−5 1.33

conditions: 𝑥(0) = 1 and 𝑦(0) = 𝑧(0) = 0. The x-coordinate
of the Lorenz time series is considered in this experiment.
2501 samples are generated from 𝑡 = 130 to 𝑡 = 155 with
a sampling time of 0.01. The first 1501 samples are used for
training and the last 1000 samples for testing. The objective
in this experiment is to make a one-step ahead prediction.
To generate the embedding space we use 𝜁 = 0.012 and
𝑚 = 1. The number of Segment-GNG quantization units is
𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = {50, 75, 125, 200, 325, 525}.

Table IV shows the prediction performance of Segment-
GNG in the Lorenz dataset for different combinations of
𝐿𝑚𝑎𝑥 and 𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡. The best combination corresponds to
𝑛𝑠𝑒𝑔𝑚𝑒𝑛𝑡 = 75 and 𝐿𝑚𝑎𝑥 = 5. The small number of segments
needed to quantize the state space representation is because the
trajectories are relatively smooth. Thus each segment captures
a great number of portions of trajectories. Similar to the
Mackey-Glass case, the good performance of our method with
low number of segments is explained because a sufficient
number of trajectories is captured for each segment. When
increasing the number of segments, the number of trajectories
captured by a segment decreases and the prediction power of
local models is lost.

Considering the traditional analogue of the Lorenz attractor
with a butterfly, in each wing of the attractor in Figure 5b, we
can observe that there are areas densely populated by segments.
In these areas, the trajectories are divided into those that are
maintained in the same wing and those that jump in to the
other wing. These areas need more directional information
with respect to other areas and therefore more segments.

Table V shows a performance comparison between our
method and other models in one-step ahead prediction task
for the Lorenz time series. The best results are obtained
by our method. Figure 8 shows the absolute error on the
testing set when using the best model obtained. It is inter-
esting to note that while we use local prediction models with
quadratic terms, other methods use recurrent neural networks
or Gaussian kernels to obtain a comparable performance. The
good performance of Segment-GNG quantization shows the
importance of the space-directional information and temporal
quantization to generate a reliable local prediction model.

V. CONCLUSIONS

In this work we have proposed a new method for times
series prediction using Segment-GNG. The main novelty of
this work is to take advantage of the temporal and space-
directional information captured by Segment-GNG to create
simple local prediction models. A segment, unlike nodes or



TABLE V: Performance comparison between the results ob-
tained with our method and those of other models published
in the literature for Lorenz time series.

Model NMSE ×10−8 RMSE ×10−5

Proposed method 6.90 × 10−3 0.63

ERNN (2007) [37] 9.90 × 10−2 0.88

HE-NARXNN (2010) [38] 1.98 × 10−2 10.8
KLPP (2015) [39] 1.04 2.03

prototypes used in other quantization methods (SOM, K-
means, etc), quantizes trajectories with similar directions on
the embedding space, allowing us to create simpler prediction
models associated with each segment. The latter was confirmed
when using Segment-GNG versus K-means quantization on
the Mackey-Glass time series. A segment’s domain includes
trajectories with regular behavior and directions in contrast
with a centroid’s domain which includes trajectories in any
direction. In addition when using the same kind of local
prediction models, Segment-GNG obtained a higher prediction
performance than K-means. Furthermore, the temporal connec-
tion information among segments is relevant to know how the
different prediction model (segment) interact and create more
accurate local prediction models. In some cases a predicted
sample maybe out of the current segment’s domain, so the
next segment would be necessary to predict.

The prediction results obtained for Mackey-Glass and
Lorenz time series using our method show that Segment-
GNG is very competitive with the state of the art methods.
In addition our local prediction models are less complex than
those used by SOM-RNN, KLPP and ERNN.

The future work to improve the proposed method is sum-
marized as follows:

(i) On-line creation of local models: The current method
generates the local prediction models after the quantization
made by Segment-GNG. The limitation of this strategy is
that the local predictors are fitted to a previous quantization.
Actual time series can be more dynamic in time and change
their behavior constantly, therefore it is convenient to produce
prediction models that are more flexible to quick changes.

(ii) Multiple step-ahead prediction: This work focused on
one-step ahead prediction, however, in the near future we plan

Fig. 8: Prediction absolute test error for Lorenz time series on
the one-step ahead prediction task. The NMSE = 6.90×10−11

and RMSE = 0.63× 10−5

to extend the horizon of prediction in order to make multiple-
steps prediction, and iterated predictions.

(iii) Combination of temporally connected segments: In our
method, the prediction is made using either the nearest local
predictor model or the following one temporally connected.
When predicting multiple-steps ahead the current local model
and next temporal model would not be enough. It would be
necessary to use local prediction models that are more distant
temporally.

(iv) Build local prediction models both in the state-space
and output space, and use the error information (covariance)
as done by the Kalman Filter.
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Prı́ncipe, and P. Zegers, Eds. Springer Berlin Heidelberg, 2013, vol.
198, pp. 205–214.

[21] M. Varsta, J. Heikkonen, J. Lampinen, and J. D. R. Millán, “Temporal
kohonen map and the recurrent self-organizing map: Analytical and
experimental comparison,” Neural processing letters, vol. 13, no. 3, pp.
237–251, 2001.

[22] T. Voegtlin, “Recursive self-organizing maps,” Neural Networks, vol. 15,
no. 8, pp. 979–991, 2002.

[23] D. L. James and R. Miikkulainen, “Sardnet: A self-organizing feature
map for sequences,” Advances in neural information processing systems,
vol. 7, p. 577, 1995.

[24] F. Mizushima and T. Toyoshima, “Language learnability by feedback
self-organizing maps,” in International Conference on Neural Informa-
tion Processing. Springer, 2006, pp. 228–236.

[25] J. Principe, N. Euliano, and S. Garani, “Principles and networks for
self-organization in space-time,” Neural Networks, vol. 15, no. 8-9, pp.
1069 – 1083, 2002.
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