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➢ 𝑉𝑠 𝑉𝑃

➢ 𝑉𝑠 𝑉𝑃

➢ 
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𝑴�̈�(𝑡) + 𝑪�̇�(𝑡) + 𝑲𝑞(𝑡) = 𝒇(𝒕)

𝑞(𝑡) �̇�(𝑡) �̈�(𝑡)

𝑴 𝑪 𝑲 ∈ ℝ𝑛𝑥𝑛

𝑛 𝒇(𝒕) ∈ ℝ𝑛



𝒚(𝒕) = 𝑯𝒂�̈�(𝑡) + 𝑯𝒗�̇�(𝑡) + 𝑯𝒅𝑞(𝑡)

𝒚(𝒕) 𝑯𝒂

𝑯𝒗 𝑯𝒅

�̇�(𝑡) = 𝐴𝑐𝑥(𝑡) + 𝑓𝑐(𝑡)

𝐴𝑐 𝑓𝑐 �̇�(𝑡)

𝐴𝑐 = (
0 1

−𝑀−1𝐾 −𝑀−1𝐶
) ,          𝑓𝑐 = (

0
𝑀−1𝑓(𝑡)) ,          𝑥(𝑡) = (

𝑞(𝑡)
�̇�(𝑡)

) 

𝑐

𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝑤𝑘 ,          𝑦𝑘 = 𝐻𝑥𝑘 + 𝑣𝑘 

𝑤𝑘

𝑣𝑘

𝑘 𝑥𝑘 𝑦𝑘 𝑥(𝑡) 𝑦(𝑡) 𝑡 = 𝑘Δ𝑡

𝐴 𝐻

𝐴 = 𝑒𝐴𝑐Δ𝑡 ,          𝐻 = [𝐻𝑑 − 𝐻𝑎𝑀−1𝐾𝐻𝑣 − 𝐻𝑎𝑀−1𝐶] 



|𝑓(𝑛𝑔𝑑𝑙) − 𝑓(𝑛𝑔𝑑𝑙 + 1)|

𝑓(𝑛𝑔𝑑𝑙)
< 0.03

|𝛽(𝑛𝑔𝑑𝑙) − 𝛽(𝑛𝑔𝑑𝑙 + 1)|

𝛽(𝑛𝑔𝑑𝑙)
< 0.05

|𝑀𝐴𝐶(𝑛𝑔𝑑𝑙) − 𝑀𝐴𝐶(𝑛𝑔𝑑𝑙 + 1)|

𝑀𝐴𝐶(𝑛𝑔𝑑𝑙)
< 0.03

𝑓 𝛽

𝑀𝐴𝐶

𝑛𝑔𝑑𝑙



 

𝑃𝑆𝑃(𝑡, 𝜔) = |𝑆𝑡(𝜔)|2 =

∑ |
∫ 𝑠(𝜏) ⋅ ℎ(𝜏 − 𝑡) ⋅ 𝑒−𝑖𝜔𝑡𝑑𝜏

√2𝜋
|

2
𝑁𝑣𝑒𝑛𝑡𝑎𝑛𝑎𝑠
𝑖=1

𝑁𝑣𝑒𝑛𝑡𝑎𝑛𝑎𝑠
 

𝑠(𝑡) ℎ(𝑡)



 

𝐻𝑈1̈−𝑈2̈
(𝑗𝜔) =

𝑆�̈�1𝑈2̈
(𝑗𝜔)

𝑆𝑈1̈
(𝜔)

 

𝑆�̈�1𝑈2̈
(𝑗𝜔) 𝑆�̈�1

(𝜔)

 

𝑖

𝑛

{𝜙}𝑗

𝑥𝑗(𝑡) = {𝜙}𝑗 ⋅ {𝑦𝑚(𝑡)} 

𝑥𝑗(𝑡) = ∑ 𝜙𝑗𝑖

𝑛

𝑖=1

⋅ 𝑦𝑖
𝑚(𝑡) 

𝑥𝑗(𝑡) 𝜙𝑗

𝑀−1𝐾 𝑦𝑚(𝑡)



 

 





 





 



 

 

 



 

 



 

𝑉𝑠30

𝑧𝑚𝑎𝑥 = 𝜆𝑚𝑎𝑥/3 𝑧𝑚𝑎𝑥 = 𝜆𝑚𝑎𝑥/2

 

𝑉𝑠30



 

𝑬𝒔𝒑𝒆𝒔𝒐𝒓 [𝒎] 𝑽𝒐𝒏𝒅𝒂 𝒅𝒆 𝒄𝒐𝒓𝒕𝒆  [
𝒎

𝒔
] 𝑽𝒔𝟑𝟎  [

𝒎

𝒔
]

(b) Curva de dispersión: Modo fundamental (a) Perfil de Vs 



 

𝑬𝒔𝒑𝒆𝒔𝒐𝒓 [𝒎] 𝑽𝒐𝒏𝒅𝒂 𝒅𝒆 𝒄𝒐𝒓𝒕𝒆  [
𝒎

𝒔
] 𝑽𝒔𝟑𝟎  [

𝒎

𝒔
]
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(b) Curva de dispersión: Modo fundamental (a) Perfil de Vs 



 

𝑬𝒔𝒑𝒆𝒔𝒐𝒓 [𝒎] 𝑽𝒐𝒏𝒅𝒂 𝒅𝒆 𝒄𝒐𝒓𝒕𝒆  [
𝒎

𝒔
] 𝑽𝒔𝟑𝟎  [

𝒎

𝒔
]

(b) Curva de dispersión: Modo fundamental (a) Perfil de Vs 



 

𝒉 [𝒎] 𝑽𝒐𝒏𝒅𝒂 𝒅𝒆 𝒄𝒐𝒓𝒕𝒆  [
𝒎

𝒔
] 𝑽𝒔𝟑𝟎  [

𝒎

𝒔
]
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(b) Curva de dispersión: Modo fundamental (a) Perfil de Vs 
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𝒎

𝒔
] 𝑽𝒔𝟑𝟎  [

𝒎

𝒔
]

(b) Curva de dispersión: Modo fundamental (a) Perfil de Vs 



 

𝑬𝒔𝒑𝒆𝒔𝒐𝒓 [𝒎] 𝑽𝒐𝒏𝒅𝒂 𝒅𝒆 𝒄𝒐𝒓𝒕𝒆  [
𝒎

𝒔
] 𝑽𝒔𝟑𝟎  [

𝒎

𝒔
]

(b) Curva de dispersión: Modo fundamental (a) Perfil de Vs 



 

𝑬𝒔𝒑𝒆𝒔𝒐𝒓 [𝒎] 𝑽𝒐𝒏𝒅𝒂 𝒅𝒆 𝒄𝒐𝒓𝒕𝒆  [
𝒎

𝒔
] 𝑽𝒔𝟑𝟎  [

𝒎

𝒔
]

 

(b) Curva de dispersión: Modo fundamental (a) Perfil de Vs 



 

 

 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]



 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]

 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]



 

 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]



 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]

 



 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]

 



𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]

 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]



 

𝒇𝒑 [𝑯𝒛] 𝑨𝒑𝒆𝒂𝒌[−]

 



 

𝑽𝒔𝟑𝟎 𝒇𝒑
𝑨𝒑𝒆𝒂𝒌



 

 

 



 

𝒇 [𝑯𝒛] 𝒇 [𝑯𝒛]

 

𝒇 [𝑯𝒛] 𝒇 [𝑯𝒛]

 



 

𝒇 [𝑯𝒛] 𝒇 [𝑯𝒛]

 

𝒇 [𝑯𝒛] 𝒇 [𝑯𝒛]

 



 

𝒇 [𝑯𝒛] 𝒇 [𝑯𝒛]

 

𝒇 [𝑯𝒛] 𝒇 [𝑯𝒛]

 



 

 

Vista en planta de primeras 6 formas modales 

x
 [
m
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m
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y [m]             y [m]          y [m] 
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Vista en planta de primeras 6 formas modales 

x
 [
m

] 
 

 
 

  
  

  
  

  
 x

 [
m

] 

y [m]             y [m]            y [m] 



 

𝑭𝟏[𝑯𝒛] 𝑭𝟐[𝑯𝒛] 𝑭𝟑[𝑯𝒛]



 

 

𝑉𝑠30 ≈ 270 − 290 𝑚/𝑠



𝑓𝑝 = 1.1 [𝐻𝑧]

𝑓𝑝 = 1.5 [𝐻𝑧]

𝐹2 = 1.08 [𝐻𝑧]

𝐹3 = 1.45 [𝐻𝑧]



𝐹3 =

1.13[𝐻𝑧]

 

𝑉𝑠30



 

𝑉𝑠30 ≈ 270 m/s

𝑉𝑠30 ≈

305 𝑚/𝑠

𝑉𝑠30



𝐹1 = 1.06 [𝐻𝑧] 𝐹2 = 1.12[𝐻𝑧] 𝐹3 = 1.29[𝐻𝑧]

𝐹1 = 0.77[𝐻𝑧] 𝐹2 = 0.87[𝐻𝑧] 𝐹3 = 1.02[𝐻𝑧]

 





 

 



𝐹2 = 1.08[𝐻𝑧] 𝐹3 = 1.45[𝐻𝑧]

𝐹2 = 0.87[𝐻𝑧]



 

➢ 

➢ 



➢ 

➢ 

➢ 

➢ 

➢ 

➢ 
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𝑥

𝒖 (𝑥, 𝑡) = 𝒁𝑒𝑖(𝑘𝑥−𝜔𝑡)

𝒖

𝒁 𝑘

𝜔

𝑐

𝑐 =
𝜔(𝑘)

𝑘

𝒖 (𝑥, 𝑡) = 𝒁𝑒𝑖𝑘(𝑥−𝑐𝑡)



(𝑥 − 𝑐𝑡)

𝑥′ 𝑡

𝑐 𝑐

𝑍0 𝑥 𝑢1 𝑢2

𝑢1 = 𝑍0 𝑒𝑖(𝑘1𝑥−𝜔1𝑡) 𝑢2 = 𝑍0 𝑒𝑖(𝑘2𝑥−𝜔2𝑡)

𝜔1 = 𝜔 + 𝛿𝜔 
𝜔2 = 𝜔 − 𝛿𝜔

𝑘1 = 𝑘 + 𝛿𝑘 
𝑘2 = 𝑘 − 𝛿𝑘

𝑢𝑓

𝑢𝑓 = 𝑢1 + 𝑢2 = 2 𝑍0 cos(𝛿𝑘𝑥 − 𝛿𝜔𝑡) 𝑒𝑖(𝑘𝑥−𝜔𝑡)

𝑢𝑓 = 2 𝑍0 cos(𝛿𝑘[𝑥 − 𝑈𝑡]) 𝑒𝑖𝑘(𝑥−𝑐𝑡) = 𝑍0
∗(𝑥, 𝑡) 𝑒𝑖𝑘(𝑥−𝑐𝑡)

𝑐 𝑍0
∗

𝑈

𝑈 =
𝑑𝜔

𝑑𝑘



𝑐 𝑈

𝑈 = 𝑐 (1 − 𝑘
𝑑𝑐

𝑑𝜔
)

−1



𝜆

𝜆

𝜆

𝜆 =
𝑐

𝑓

𝑓 𝑐



 

𝑓(𝑡)

𝑔(𝑡) 𝑐𝑐<𝑓,𝑔> 𝜏

𝑐𝑐<𝑓,𝑔>(𝜏) = ∫ 𝑓(𝑡) 𝑔(𝑡 + 𝜏) 𝑑𝑡
∞

−∞



𝑓𝑖 𝑔𝑖 𝑘 𝑐𝑐𝑘
<𝑓,𝑔>

𝑐𝑐𝑘
<𝑓,𝑔>

= ∑ 𝑓𝑖 𝑔𝑖+𝑘

𝑖

𝜌𝑢
<𝑓,𝑔>

𝜌𝑢
<𝑓,𝑔>

= 𝐹𝑢(𝜔) 𝐺𝑢
∗(𝜔)

𝐹𝑢(𝜔) 𝑓𝑖 𝐺𝑢
∗(𝜔)

𝑔𝑖



𝑔𝑖

 



 

𝐺(𝑥, 𝑡)



 

𝑡𝑒

𝑟𝑎 𝑟𝑏

𝑡0



𝑈 (𝑓𝑐)

𝑡𝑝 Δ

𝑈(𝑓) =
Δ

𝑡𝑝

Δ ≥ 3𝜆

 



 



 

𝜌

𝐽0 Δ𝑖𝑗  𝑐 𝜔0

𝜌 (Δ𝑖𝑗 , 𝜔0) = 𝐽0  (
𝜔0

𝑐(𝜔0)
Δ𝑖𝑗)

𝑛

𝜔𝑛

𝑐(𝜔𝑛) =
𝜔𝑛 Δ𝑖𝑗

𝑧𝑛+𝑚



𝑧𝑛+𝑚 (𝑛 + 𝑚)

𝐽0 𝑚 𝑚 = 0, ±1, ±2, …

𝐽0

𝑚

𝐽0

𝑧 𝐽0

𝑚 = 0

𝑚 = ±1 𝑚 = ±2

 



 

 

𝑓0 =
𝑉𝑠

4𝐻

𝑓0 𝑉𝑠

𝐻

 



 



 



𝑆𝑇 =
𝑆𝐻𝑆

𝑆𝐻𝐵

𝐸𝑇 =
𝑆𝑉𝑆

𝑆𝑉𝐵

𝑆𝑇𝑇 =
𝑆𝑇

𝐸𝑇

𝑆𝑇𝑇 =
𝑆𝐻𝑆

𝑆𝐻𝐵
⋅

𝑆𝑉𝐵

𝑆𝑉𝑆

𝑆𝐻𝐵 ≈ 𝑆𝑉𝐵



𝑆𝑇𝑇 =
𝑆𝐻𝑆

𝑆𝑉𝑆

 

 

 









 



 







 

 









 









 

 







 









 



 







 

 

 



 



 



 

 



 

 

 



 

 



 

 

 



 

 



 

 



 

 



 

 

 

 



 

 



 

 

 



 

 



 

 

 



 

 



 

 



 

 

 

 



 

 



 

 

 



 

 



 

 

 



 

 



 

 

 



 



 



 



 

 



 



 



 



 

 



 



 



 

 

 

 



 

 



 

 

 



 


