
Copyedited by: ES MANUSCRIPT CATEGORY: Research article

[21:00 4/5/2020 OP-QJMA200006.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 177 177–199

SOME UNIVERSAL SOLUTIONS FOR A CLASS OF
INCOMPRESSIBLE ELASTIC BODY THAT IS NOT GREEN

ELASTIC: THE CASE OF LARGE ELASTIC
DEFORMATIONS

by R. BUSTAMANTE†

(Departamento de Ingeniería Mecánica, Universidad de Chile, Beauchef 851, Santiago,
8370448, Chile)

[Received 30 January 2020. Revise 30 January 2020. Accepted 18 February 2020]

Summary

Some universal solutions are studied for a new class of elastic bodies, wherein the Hencky strain
tensor is assumed to be a function of the Kirchhoff stress tensor, considering in particular the case
of assuming the bodies to be isotropic and incompressible. It is shown that the families of universal
solutions found in the classical theory of nonlinear elasticity, are also universal solutions for this
new type of constitutive equation.

1. Introduction

New classes of constitutive equations and relations have been proposed in the recent years in order
to study the behaviour of elastic and inelastic bodies, see, for example, (1–12). Using the ideas
presented in (8, 10), Srinivasa (13) proposed a Gibbs potential that depends on the Kirchhoff stress
tensor, in order to obtain an expression for the Hencky strain tensor as a function of the derivative
of such Gibbs potential in the Kirchhoff stress.1 The expression that is obtained is originally an
implicit relation (see Eq. 9 of (13)), because of the presence of the determinant of the deformation
gradient J in the definition of the Kirchhoff stress tensor. In the case that the body is incompressible,
that is, when J = 1, the Kirchhoff stress tensor becomes the Cauchy stress tensor and the above
implicit relation becomes an explicit constitutive equation, for the Hencky strain tensor in terms of
the Cauchy stress tensor.

In the present article, we use the constitutive equation described above, and we find restrictions
on the Gibbs potential for the body to be incompressible, showing that the Hencky stress tensor only
depends on the deviatoric part of the Cauchy stress tensor (see (14)). That property is used in order
to find universal solutions, in the sense that such solutions of the boundary value problems are valid
for any Gibbs potential for isotropic incompressible bodies.

This communication is divided in the following sections: in Section 2, some basic equations of the
theory of nonlinear elasticity are presented. In Section 3, the constitutive relation based on the Gibbs
potential is studied for the particular case of incompressible bodies. In Section 4, some boundary
value problems with homogeneous distributions of stresses and strains are considered. In Section
5, we study the problem of inflation and extension of a cylindrical annulus, comparing the solution

†<rogbusta@ing.uchile.cl>
1 See also the recent and deeper work of Průša et al. (14) on the use of such Gibbs free energy for the modelling of elastic
bodies.
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with the case of considering the classical theory of elasticity with the Green elastic body (see (15)).
In Section 6, the well-known families of universal solutions of the classical theory of nonlinear
elasticity (16, 17) are analysed, and it is found that they are indeed also solutions for this new class
of elastic body. Some final comments are given in Section 7.

2. Basic equations

For a body B the reference and current configurations are denoted κ r(B) and κ t(B), respectively.
The positions of a point X ∈ B in the reference and current configurations are denoted X and x,
respectively, and it is assumed that there exists a one-to-one function χ such that x = χ (X, t), where
t is time. The deformation gradient, the left stretch tensor and the left Cauchy-Green tensor are

F = ∂χ

∂X
= VR, where RRT = RTR = I, B = FFT = V2, (1)

respectively, where J = det F > 0, and the body it is said to be incompressible if J = 1 for any
deformation.

The Cauchy stress tensor is denoted T and for the remaining of this article we assume quasi-static
deformations without body forces, therefore, the stress T must satisfy the equation of equilibrium

divT = 0. (2)

In Sections 5 and 6, different boundary value problems are studied considering the use of cylindrical
and spherical coordinates, therefore, here (2) is presented in such coordinate systems. In the case of
cylindrical coordinates, we have

∂Trr

∂r
+ 1

r

∂Trθ

∂θ
+ ∂Trz

∂z
+ 1

r
(Trr − Tθθ ) = 0, (3)

∂Trθ

∂r
+ 1

r

∂Tθθ

∂θ
+ ∂Tθz

∂z
+ 2

r
Trθ = 0, (4)

∂Trz

∂r
+ 1

r

∂Tθz

∂θ
+ ∂Tzz

∂z
+ 1

r
Trz = 0, (5)

while in spherical coordinates (2) becomes

∂Trφ

∂r
+ 1

r

∂Tφφ

∂φ
+ 1

r sin φ

∂Tθφ

∂θ
+ 3

r
Trφ + cos φ

r sin φ
(Tφφ − Tθθ ) = 0, (6)

∂Trθ

∂r
+ 1

r

∂Tφθ

∂φ
+ 1

r sin φ

∂Tθθ

∂θ
+ 3

r
Trθ + 2

r

cos φ

sin φ
Tφθ = 0, (7)

∂Trr

∂r
+ 1

r

∂Tφr

∂φ
+ 1

r sin φ

∂Tθr

∂θ
+ cos φ

r sin φ
Trφ + 1

r
(2Trr − Tφφ − Tθθ ) = 0. (8)

More details about the kinematics of continuum media and the equations of equilibrium can be
found, for example, in (18).

Let us end this section showing the constitutive equation for an incompressible isotropic Green
elastic body (see, for example, Section 49 of (17)):

T = −pI + γ1B + γ2B2, (9)
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where p is a scalar function,−pI is the part of the stress that does not do any work with any deformation
compatible with the constraint, and γ1, γ2 are scalar functions that depend on the invariants of B,
and for Green elastic bodies are given in terms of derivatives of the energy function.

3. Constitutive relations and equations

In (13), Srinivasa assumed the existence of a Gibbs potential G that depends on the Kirchhoff stress
tensor τ defined as

τ = JT, (10)

from where he obtained the relation

ln V = ∂G

∂τ
, (11)

where ln V = 1
2 ln B is the Hencky strain tensor (see, for example, (19) and references therein).

Equation (11) is an implicit relation, because from (10) we have that τ depends on J that is a part of
the deformation of the body.

It is possible to show that (see, for example, (13))

ln J = tr ln V = tr

(
∂G

∂τ

)
. (12)

In the case that G is an isotropic function, we have that G = G(I1, I2, I3), where the invariants Ii,
i = 1, 2, 3 are defined as

I1 = trτ , I2 = 1

2
tr(τ 2), I3 = 1

3
tr(τ 3), (13)

and from (11) we obtain
ln V = G1I + G2τ + G3τ

2, (14)

where Gi = ∂G
∂Ii

, i = 1, 2, 3.

If τi and λi, i = 1, 2, 3 represent the principal values of τ and the principal stretches, respectively,
an alternative representation for G in the case it is an isotropic function is G = G(τ1, τ2, τ3), where
G(τ1, τ2, τ3) = G(τ2, τ1, τ3) = G(τ1, τ3, τ2) = G(τ3, τ2, τ1), and from (11) we have

ln λi = ∂G

∂τi
, i = 1, 2, 3. (15)

In the case the body is incompressible J = 1, then τ = T and from (12), (14) we have

tr ln V = ln J = 0 = 3G1 + G2I1 + 2G3I2, (16)

which is a first-order linear partial differential equation, whose solution is (see (16)–(18) in (20))

G = Ḡ(Ī1, Ī2), where Ī1 = I2 − I2
1

6
, Ī2 = I3 + 2I3

1

27
− 2I1I2

3
, (17)
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where in this case from (13)

I1 = trT, I2 = 1

2
tr(T2), I3 = 1

3
tr(T3). (18)

From (17) and (11), we have

ln V =
(

T − I1

3
I
)

∂Ḡ

∂ Ī1
+
[

2

(
I2
1

9
− I2

3

)
I − 2I1

3
T + T2

]
∂Ḡ

∂ Ī2
. (19)

Similar representations can be obtained using (15) instead of (14), but in this article only the case of
(14) is studied in detail.

It is important to mention here that the structure of the partial differential equation (16) and its
solution (17), is much simpler than the case of considering the alternative constitutive equation
B = ∂�

∂T , which was studied in detail by Bustamante et al. in (21) for incompressible bodies. In that
work, � = �(T) was a scalar potential (derived from an implicit relation) used to obtain the left
Cauchy-Green tensor. We can compare, for example, (16) and (17) with (24) and (60) of (21).

Let us decompose the Cauchy stress tensor in a spherical part σS and a deviatoric part TD as

T = −σSI + TD, (20)

where σS = − trT
3 , TD = T − (trT)

3 I and trTD = 0. The invariants ID2 and ID3 of the deviatoric part
of the stress are defined as

ID2 = 1

2
tr(T2

D), ID3 = 1

3
tr(T3

D), (21)

where ID1 = trTD = 0. It is possible to show that (see (3)) Ī1 = ID2 , Ī2 = ID3, as a result for
incompressible bodies we have G = Ĝ(ID2 , ID3), and from (19) we obtain

ln V = α0I + α1TD + α2T2
D, (22)

where we have defined (see (14))

α0 = α0(TD) = −2ID2

3

∂Ĝ

∂ID3

, α1 = α1(TD) = ∂Ĝ

∂ID2

, α2 = α2(TD) = ∂Ĝ

∂ID3

. (23)

From (1) we have ln B = 2 ln V, as a result an alternative expression for (22) is

1

2
ln B = α0I + α1TD + α2T2

D. (24)

From (22), (24) it is easy to obtain the linear universal relations

TD ln(V) = ln(V)TD ⇔ TD ln(B) = ln(B)TD. (25)

If
(j)
v are the eigenvectors of V we have the spectral representations V = ∑3

j=1 λj
(j)
v ⊗ (j)

v , B =∑3
j=1 λ2

j

(j)
v ⊗ (j)

v and (22) becomes

3∑
j=1

ln λj
(j)
v ⊗ (j)

v = α0I + α1TD + α2T2
D. (26)
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In Section 4 of (22), alternative expressions for the natural logarithm of second-order tensors are
presented, which are more general than (26).

Finally, let us consider (22), imagine that we know V and that we need to find TD solving that
equation. It is possible to show that such stress is traceless. Let us take the trace of the whole equation
(22), we obtain tr ln V = 0 = 3α0 + α1trTD + α2tr(T2

D), but from (21)1 we have that tr (T2
D) = 2ID2

and considering (23)1,3 we obtain 0 = ∂Ĝ
∂ID2

trTD, so if ∂Ĝ
∂ID2

�= 0 then trTD = 0, which is an essential

condition to be satisfied for a deviatoric stress.

4. Problems with homogeneous distributions of stresses and strains

If T is constant in x the equation of equilibrium (2) is satisfied automatically. In this section, we
study briefly some problems where the stresses are constant.

In the problems studied in this section and in Sections 5 and 6, the semi-inverse method is used
in order to solve boundary value problems, assuming at the same time simplified expressions for the
stresses T and the deformations x. This is the simplest method, which has been developed so far, to
solve boundary value problems for these new constitutive theories, and it has been used, for example,
in (23–25) for unconstrained solids. A possible alternative approach would be to propose simplified
expressions only for the stresses, and to use the compatibility equations for the strains in order to
determine the final expression for such stresses. However, such an approach is not convenient among
other reasons due to the highly complicated structure of the compatibility equations in the case of
large deformations (see, for example, Section 34 of (18), and (2) in the case of considering small
strains).

4.1 Uniform tension/compression of a cylinder

Let us consider a cylinder defined in the reference configuration in cylindrical coordinates as

0 ≤ R ≤ Ro, 0 ≤ � ≤ 2π, 0 ≤ Z ≤ L. (27)

Let us assume that the cylinder deforms due to the presence of the homogeneous stress distribution

T = Trroer ⊗ er + Tθθoeθ ⊗ eθ + Tzzoez ⊗ ez, (28)

where Trro , Tθθo and Tzzo are constants.
Let us suppose that due to the application of the above load the cylinder deforms as

r = CR, θ = �, z = λZ, (29)

where C and λ are constants. The deformation gradient is F = Cer ⊗ ER + Ceθ ⊗ E� + λez ⊗ EZ
and if the body is incompressible this means that

C = 1√
λ

. (30)

From (28) the deviatoric stress is given as T = TDrro
er ⊗ er + TDθθo

eθ ⊗ eθ + TDzzo
ez ⊗ ez, where

TDrro
, TDθθo

and TDzzo
are constants, and

Trro = −σS + TDrro
, Tθθo = −σS + TDθθo

, Tzzo = −σS + TDzzo
. (31)
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From (26), (30) we obtain

− 1

2
ln λ = C = α0 + α1TDrro

+ α2T2
Drro

, (32)

−1

2
ln λ = C = α0 + α1TDθθo

+ α2T2
Dθθo

, (33)

λ = α0 + α1TDzzo
+ α2T2

Dzzo
. (34)

From (32), (33) it is easy to see that TDθθo
= TDrro

. If TDzzo
is given, from (32) and (34) λ and TDrro

can be obtained. Let us assume that there is no lateral load in the cylinder, then Trro = 0 and from
(31)1 we have σS = TDrro

, and from (31)3 the external load to be applied on the cylinder in the axial
direction is Tzzo = TDzzo

− TDrro
.

4.2 Biaxial load on a block

Consider the block defined in the reference configuration as

−Li

2
≤ Xi ≤ Li

2
, i = 1, 2, 3. (35)

It is assumed that this block deforms due to the application of the stress

T = T11oe1 ⊗ e1 + T22oe2 ⊗ e2, (36)

and the current configuration for deformed slab is supposed to be

xi = λiXi, (there is no sum in i, and i = 1, 2, 3), (37)

where λi > 0, i = 1, 2, 3 are constants. The deformation gradient is F = ∑3
i=1 λiei ⊗ Ei, and since

the body is incompressible

λ3 = 1

λ1λ2
. (38)

From (36), the deviatoric stress is of the form

TD =
3∑

i=1

TDiio
ei ⊗ ei, (39)

where TDiio
, i = 1, 2, 3 are constants, where

T11o = −σS + TD11o
, T22o = −σS + TD22o

, 0 = −σS + TD33o
, (40)

from where σS = TD33o
.

Using the above expressions in (26), (38) we obtain

ln λ1 = α0 + α1TD11o
+ α2T2

D11o
, (41)
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ln λ2 = α0 + α1TD22o
+ α2T2

D22o
, (42)

− ln λ1 − ln λ2 = ln λ3 = α0 + α1TD33o
+ α2T2

D33o
. (43)

From (41)–(43) if TD11o
and TD22o

are given, we can obtain λ1, λ2 and TD33o
. Since σS = TD33o

, then
from (40)1,2 the loads to be applied in the directions 1 and 2 are

T11o = TD11o
− TD33o

, T22o = TD22o
− TD33o

. (44)

4.3 Uniform shear of a block

Consider the same block defined in (35), but where we apply the stress

T = T12o (e1 ⊗ e2 + e2 ⊗ e1), (45)

where T12o is constant. Let us assume that the block deforms as

x1 = λAX1 + γAX2, x2 = λBX2 + γBX1, x3 = λCX3, (46)

where λA, λB, λC, γA and γB are constants. The deformation gradient and the left Cauchy-Green
tensors are

F = λAe1 ⊗ E1 + γAe1 ⊗ E2 + γBe2 ⊗ E1 + λBe2 ⊗ E2 + λCe3 ⊗ E3, (47)

B = (λ2
A + γ 2)e1 ⊗ e1 + (λAγB + λBγA)(e1 ⊗ e2 + e2 ⊗ e1) + (λ2

B + γ 2
B)e2 ⊗ e2

+λ2
Ce3 ⊗ e3. (48)

The slab is incompressible, as a result

λC = 1

(λAλB − γAγB)
. (49)

The principal stretches are

λ1 =
√

λa − λb

2
, λ2 =

√
λa + λb

2
, λ3 = λC, (50)

where

λa = λ2
A + λ2

B + γ 2
A + γ 2

B, (51)

λb =
√

[(λA − λB)2 + (γA + γB)2][(λA + λB)2 + (γA − γB)2], (52)

and the principal directions are

(1)
v =(1)

v 1 e1+ (1)
v 2 e2,

(2)
v =(2)

v 1 e1+ (2)
v 2 e2,

(3)
v = e3, (53)
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where
(i)
v 1= 1√

1 + (λ2
i −λ2

A−γ 2
A)2

(λAγB+λBγA)2

,
(i)
v 2= 1√

1 + (λAγB+λBγA)2

(λ2
i −λ2

A−γ 2
A)2

, i = 1, 2. (54)

From (45), it is possible to see that σS = 0 and that TD = T, then using (50), (53) and (45) in (26)
we have

ln λ1

(
(1)
v 1

)2

+ ln λ2

(
(2)
v 1

)2

= α0 + α2T2
12o

, (55)

ln λ1

(
(1)
v 2

)2

+ ln λ2

(
(2)
v 2

)2

= α0 + α2T2
12o

, (56)

− ln(λAλB − γAγB) = ln λ3 = α0, (57)

ln λ1
(1)
v 1

(1)
v 2 + ln λ2

(2)
v 1

(2)
v 2 = α1T12o . (58)

From (55) and (56), we obtain

ln λ1

(
(1)
v 1

)2

+ ln λ2

(
(2)
v 1

)2

= ln λ1

(
(1)
v 2

)2

+ ln λ2

(
(2)
v 2

)2

. (59)

Let us assume that T12o is given, then from (55) and (57)–(59) we can obtain λA, λB, γA and γB.
In the next section, we study a problem with non-homogeneous distributions for the stresses and

in particular for the strains, studying in detail how incompressibility can be used to simplify the
boundary value problem within the context of this new constitutive theory (22), (24), (26).

5. The problem of the inflation and extension of a circular annulus

As in (15), in this section we study the problem of the inflation and axial extension of a circular
annulus, and we compare that with the case of studying that boundary value problem within the
context of the classical theory of nonlinear elasticity using (9). The problem studied here is a special
case of the one studied in Section 6.3.

5.1 The case of considering the classical theory of nonlinear elasticity

In the reference configuration in cylindrical coordinates, the annulus is defined as

Ri ≤ R ≤ Ro, 0 ≤ � ≤ 2π, 0 ≤ Z ≤ L. (60)

Following Rivlin (see Chapter A of Volume I in (26) and also Section 57 of (17)), the deformation
x is assumed to be of the form

r = f (R), θ = �, z = λZ, (61)

where λ is a constant. From (61) we obtain

F = f ′(R)er ⊗ ER + f (R)

R
eθ ⊗ E� + λez ⊗ EZ , (62)
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and as a result

B = f ′(R)2er ⊗ er + f (R)2

R2
eθ ⊗ eθ + λ2ez ⊗ ez. (63)

For an incompressible body we need J = 1, which implies that f ′(R) f (R)
R λ = 1, whose solution is

r = f (R) =
√

R2 − R2
i

λ
+ r2

i , (64)

where ri = f (Ri) is the inner radius in the current configuration. Let us introduce the notation
T̃ = γ1B + γ2B2, then from (63) and (64) we have that γ1 and γ2 only depends on the radial position,
while from (9) the Cauchy stress has only normal components. Using such stress in (3)–(9), we can
show that p = p(r), and from (3), (9) we obtain

dT̃rr

dr
− dp

dr
+ 1

r
(T̃rr − T̃θθ ) = 0, (65)

which can be solved easily for p(r). If on the inner surface of the annulus we have a normal load P,
and on the outer surface of the annulus we assume there is no external traction, we have

P =
∫ ro

ri

1

ξ
[T̃rr(ξ ) − T̃θθ (ξ )] dξ, (66)

where ro =
√

R2
o−R2

i
λ + r2

i . The above equation can be used to obtain ri for a given P.
The above solution (61) is universal because is valid for any expression for the functions γ1 and γ2

in (9). It is an explicit solution for the deformation x (in this case in particular for the function f (R))
up to a constant ri, which should be found, in general numerically, by solving (66). Replacing (63)
in (9), we also obtain explicit expressions for the components of T. Finally, the above solution was
obtained using the semi-inverse method assuming only a simplified expression for the deformation
field.

5.2 The case of considering the new constitutive equation

In this section, we study the same annulus described in (60), but the first difference with the classical
approach presented in the previous section, is that we use the semi-inverse method assuming some
simplified expressions for the stresses and the deformation field. Then, let us assume that such an
annulus (60) deforms due to the presence of the stress

T = Trr(r)er ⊗ er + Tθθ (r)eθ ⊗ eθ + Tzz(r)ez ⊗ ez. (67)

This stress is supposed to deform the body as (61), which produces the deformation gradient (62).
For later use f ′(R) is presented here as

f ′(R) = R

rλ
, where R =

√
λ(r2 − r2

i ) + R2
i . (68)

From (67) the deviatoric stress is assumed to be of the form

T = TDrr (r)er ⊗ er + TDθθ
(r)eθ ⊗ eθ + TDzz (r)ez ⊗ ez. (69)
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The deviatoric stress tensor is diagonal. Let us consider the decomposition (20) for this case

Trr(r) = −σS(r) + TDrr (r), Tθθ (r) = −σS(r) + TDθθ
(r), Tzz(r) = −σS(r) + TDzz (r). (70)

Considering (69) from (3)–(5) and (70), we obtain

dTrr

dr
+ 1

r
(Trr − Tθθ ) = 0 ⇔ dTrr

dr
+ 1

r
(TDrr − TDθθ

) = 0, (71)

from where we have (see (15))

Trr(r) =
∫ r

ri

1

ξ
[TDθθ

(ξ ) − TDrr (ξ )] dξ + Trr(ri), (72)

where Trr(ri) is the radial component of the stress evaluated at r = ri.
Let us assume that on the inner surface of the annulus there is an external radial load P, whereas on

the outer surface of the annulus there is no external traction (as in the case of the problem presented
in Section 5.1), therefore

Trr(ri) = −P, Trr(ro) = 0, (73)

as a result from (70)1, (72) and (73)1 we obtain

σS(r) = TDrr (r) + P +
∫ r

ri

1

ξ
[TDrr (ξ ) − TDθθ

(ξ )] dξ. (74)

From (26) considering (63), (69) the constitutive equations become (compare with the results
presented in (15))

ln[f ′(R)] = α0(TD) + α1(TD)TDrr (r) + α2(TD)TDrr (r)2, (75)

ln

[
f (R)

R

]
= α0(TD) + α1(TD)TDθθ

(r) + α2(TD)TDθθ
(r)2, (76)

ln λ = α0(TD) + α1(TD)TDzz (r) + α2(TD)TDzz (r)2, (77)

where from (64) and (68) we see that on the left side we have functions that depend on the radial

position in the current configuration, since f ′(R) =
√

λ(r2−r2
i )+R2

i

rλ and f (R)
R = r√

λ(r2−r2
i )+R2

i

.

From (72) and (73)2, we have

P =
∫ ro

ri

1

ξ
[TDrr (ξ ) − TDθθ

(ξ )] dξ, (78)

where ro =
√

R2
o−R2

i
λ + r2

i .
Let us study and compare the above solution with the case presented in Section 5.1. From (64),

we have the same explicit solution for the deformation field x (in particular the function f (R)) up
to a constant ri. Unlike the classical solution studied in Section 5.1, here we do not have explicit
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expressions for the components of the stress. From (75)–(77), we have expressions from where we
can find the components of the deviatoric stress TDrr (r), TDθθ

(r) and TDzz (r) implicitly, that is, we
have implicit solutions for TD, and as a result from (70) and (74) we have implicit solutions for
Trr(r), Tθθ (r) and Tzz(r). From (75)–(77), (64) and (68) these implicit solutions for TDrr (r), TDθθ

(r)
and TDzz (r) depend on ri, and that constant can be found from (78). In general not only ri should be
found numerically, but the same happens with the components of the deviatoric stress tensor TDrr (r),
TDθθ

(r) and TDzz (r) from (75)–(77). These solutions (64) and (75)–(77) are valid for any function Ĝ,
therefore, they are universal solutions.

Finally, (75)–(77) are in general nonlinear, and there exists the possibility that more than one set of
solutions can be found for TDrr (r), TDθθ

(r) and TDzz (r). Such possible non-uniqueness is not studied
in this article.

6. Other universal solutions

In this section, we study briefly the different universal solutions that are well known from the
literature in nonlinear elasticity (see, (16, 26) and Section 57 of (17)), which have been obtained for
the classical constitutive equation (9), showing that they are also solutions for the case of considering
the new type of constitutive equation (26).

6.1 Bending, stretching and shearing of a rectangular block

Let us consider the block defined in the reference configuration (Cartesian coordinates) as

X1 ≤ X ≤ X2, −Yo ≤ Y ≤ Yo, −Zo ≤ Z ≤ Zo. (79)

Let us assume that the above block deforms due to the application of the stress field (in cylindrical
coordinates)

T = Trr(r)er ⊗ er + Tθθ (r)eθ ⊗ eθ + Tzz(r)ez ⊗ ez + Tθz(r)(eθ ⊗ ez + ez ⊗ eθ ), (80)

and that due to the application of the above stress the deformation is

r = √
2AX, θ = BY , z = Z

AB
− BCY , (81)

where A, B and C are constants and AB �= 0. In such a case the deformation gradient is

F = A

r
er ⊗ ER + rBeθ ⊗ E� − BCez ⊗ E� + 1

AB
ez ⊗ EZ , (82)

and the left Cauchy-Green tensor is

B = A2

r2
er ⊗ er + r2B2eθ ⊗ eθ − rB2C(eθ ⊗ ez + ez ⊗ eθ ) + 1

A2B2
ez ⊗ ez. (83)

The principal stretches are

λ1 = A

r
, λ2 =

√
λa − λb√

2AB
, λ3 =

√
λa + λb√

2AB
, (84)
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where we have defined

λa = 1 + A2B2(C2 + r2), λb =
√

1 + 2A2B4(C2 − r2) + A4B8(C2 + r2)2. (85)

On the other hand, the corresponding eigenvectors of V are

(1)
v = er,

(k)
v =(k)

v 2 eθ+ (k)
v 3 ez, k = 2, 3, (86)

where

(k)
v 2= 1√

1 + 1
C2

(
r − λ2

k
rB2

)2
,

(k)
v 3=

1
C

(
r − λ2

k
rB2

)
√

1 + 1
C2

(
r − λ2

k
rB2

)2
, k = 2, 3. (87)

From (80), the deviatoric stress is given as

TD = TDrr (r)er ⊗ er + TDθθ
(r)eθ ⊗ eθ + TDzz (r)ez ⊗ ez + Tθz(r)(eθ ⊗ ez + ez ⊗ eθ ). (88)

Considering (84), (86) and (88) from (26), we obtain

ln

(
A

r

)
= α0(TD) + α1(TD)TDrr (r)

+α2(TD)TDrr (r)2, (89)

ln

[√
λa − λb√

2AB

](
(2)
v 2

)2

+ ln

[√
λa + λb√

2AB

](
(3)
v 2

)2

= α0(TD) + α1(TD)TDθθ
(r)

+α2(TD)[TDθθ
(r)2 + Tθz(r)2], (90)

ln

[√
λa − λb√

2AB

](
(2)
v 3

)2

+ ln

[√
λa + λb√

2AB

](
(3)
v 3

)2

= α0(TD) + α1(TD)TDzz (r)

+α2(TD)[Tθz(r)2 + TDzz (r)2], (91)

ln

[√
λa − λb√

2AB

]
(2)
v 2

(2)
v 3 + ln

[√
λa + λb√

2AB

]
(3)
v 2

(3)
v 3 = α1(TD)Tθz(r)

+α2(TD)Tθz(r)[TDθθ
(r) + TDzz (r)]. (92)

The solution (81) is explicit up to the constants A, B and C. From (89)–(92), we can find implicitly
TDrr (r), TDθθ

(r), TDzz (r) and Tθz(r) in terms of (81) and the constants A, B and C.
If (80) is replaced in (3)–(5), we obtain the same expression for Trr(r) as in (72). We can consider

the surfaces X = X1 and X = X2 free of external traction, therefore, from (72) taking into account
that ri = √

2AX1 and ro = √
2AX2, we obtain

∫ √
2AX2

√
2AX1

1

ξ
[TDθθ

(ξ ) − TDrr (ξ )] dξ = 0, (93)
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which is an equation that could be used to find, for example, the constant A, recalling that from
(77)–(87), (89), (92) the components of the deviatoric stress depend on the constants A, B and C. In
this case from (3), (20) the expression for the spherical component of the stress is

σS(r) = TDrr (r) +
∫ r

ri

1

ξ
[TDrr (ξ ) − TDθθ

(ξ )] dξ. (94)

Let us study briefly the boundary conditions for the other surfaces of the body. For the surfaces
Y = ±Yo, we have that the normal unit vector to those surfaces is n = eθ , and from (80) we obtain
t̂ = Tn = Tθθ eθ + Tθzez. From the two components of this stress vector, we can calculate the
external total bending moment M and total shear force S, which are necessary to deform the block
as M = 2BCYo

∫ ro
ri

rTθθ (r) dr and S = 2BCYo
∫ ro

ri
Tθz(r) dr, respectively.

In the case of the surfaces Z = ±Zo, the normal unit vector is n = 1√
C2+r2

(−Ceθ + rez), and from

(80), we obtain t̂ = Tn = 1√
C2+r2

[(−CTθθ (r)+ rTθz(r))eθ + (−CTθz(r)+ rTzz(r))ez], therefore, the

normal component σN of that stress vector (to that surface) is σN = t̂ · n, while the shear component

τ is given by τ =
√

|t̂|2 − σ 2
N. These two components can be used to determine the total stretching

force and shear force (in those planes) to deform the body.

6.2 Straightening, stretching and shearing of a sector of a hollow cylinder

Consider the sector of a hollow cylinder defined in the reference configuration as

R1 ≤ R ≤ R2, −�o ≤ � ≤ �o, −Zo ≤ Z ≤ Zo. (95)

It is supposed that this sector deforms and becomes a block due to the presence of the stress

T =
3∑

i=1

Tii(x)ei ⊗ ei + T23(x)(e2 ⊗ e3 + e3 ⊗ e2), (96)

where the deformation is assumed to be

x = 1

2
AB2R2, y = �

AB
, z = Z

B
+ C�

AB
, (97)

where A, B and C are constants and AB �= 0. In this case from (97) we have

F = AB2Re1 ⊗ ER + 1

ABR
e2 ⊗ E� + 1

B
e3 ⊗ EZ + C

ABR
e3 ⊗ E�, (98)
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and

B = A2B4R2e1 ⊗ e1 + 1

A2B2R2
e2 ⊗ e2 +

(
C2

A2B2R2
+ 1

B2

)
e3 ⊗ e3

+ C

A2B2R2
(e2 ⊗ e3 + e3 ⊗ e2). (99)

From (99), the principal stretches are

λ1 = AB2R, λ2 = 1

ABR

√
λa − λb

2
, λ3 = 1

ABR

√
λa + λb

2
, (100)

where we have defined

λa = 1 + C2 + A2R2, λb =
√

(1 + C2)2 + 2A2(C2 − 1)R2 + A4R4. (101)

The above principal stretches can be expressed in terms of x from (97)1 using

R = 1

B

√
2x

A
. (102)

The principal directions of V are

(1)
v = e1,

(k)
v =(k)

v 2 e2+ (k)
v 3 e3, k = 2, 3, (103)

where

(k)
v 2= 1√

1 + 1
C2

(
λ2

kA2B2R2 − 1
)2 ,

(k)
v 3= 1√

C2(
λ2

kA2B2R2−1
)2 + 1

, k = 2, 3. (104)

Regarding the deviatoric part of the stress from (96), we have

TD =
3∑

i=1

TDii (x)ei ⊗ ei + T23(x)(e2 ⊗ e3 + e3 ⊗ e2). (105)

Using (100) and (103) (considering (105)) from (26), we obtain

ln
(

AB2R
)

= α0(TD) + α1(TD)TD11(x) + α2(TD)TD11(x)2, (106)

ln

[
1

ABR

√
λa − λb

2

](
(2)
v 2

)2

+ ln

[
1

ABR

√
λa + λb

2

](
(3)
v 2

)2

= α0(TD)

+α1(TD)TD22 (x) + α2(TD)[TD22 (x)2 + T23(x)2], (107)
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ln

[
1

ABR

√
λa − λb

2

](
(2)
v 3

)2

+ ln

[
1

ABR

√
λa + λb

2

](
(3)
v 3

)2

= α0(TD)

+α1(TD)TD33(x) + α2(TD)[T23(x)2 + T33(x)2], (108)

ln

[
1

ABR

√
λa − λb

2

]
(2)
v 2

(2)
v 3 + ln

[
1

ABR

√
λa + λb

2

]
(3)
v 2

(3)
v 3= α1(TD)T23(x)

+α2(TD)T23(x)[TD22 (x) + T33(x)]. (109)

The above four equations can be used to obtain (implicitly) the four independent components of the
deviatoric part of the stress (105), in terms of x (see (100)–(102)) and the constants A, B and C.

Regarding the spherical part of the stress, from (96), (105) and (20) in the equilibrium equation
we obtain

dT11

dx
= 0 ⇔ −dσS

dx
+ dTD11

dx
= 0, (110)

which leads to T11(x) = Co and σS(x) = TD11(x) + C̃o, where Co and C̃o are constants. Let us define
x1 = 1

2 AB2R2
1, x2 = 1

2 AB2R2
2, then if the surfaces x = x1 and x = x2 (that are equivalent to the

surfaces R = R1 and R = R2) are free of traction, then T11 = 0, as a result Co = 0 and C̃o = 0 and

σS(x) = TD11(x). (111)

Let us study briefly the other surfaces for the deformed body. Let us use the notation yo = �o
AB

for the surface � = �o. For such surfaces the vector t̂ = Tn is equal to t̂ = T22e2 + T23e3, and
the total bending moment and shear forces are M = 2Zo

B

∫ x2
x1

xT22(x) dx and S = 2Zo
B

∫ x2
x1

T23(x) dx,
respectively.

Regarding the slanted faces (see pp. 189 in (17)) z − Cy = constant, the normal vector is n =
1√

1+C2
(−Ce2 + e3), and as a result t̂ = 1√

1+C2
[(T23 − CT22)e2 + (T33 − CT23)e3], from where a

normal σN and a shear components τ (to the slanted faces) can be obtained in the same manner as
in the previous example (see end of Section 6.1).

6.3 Inflation, bending, torsion, extension and shearing of an annular wedge

Consider the annular wedge defined in the reference configuration as

R1 ≤ R ≤ R2, 0 ≤ � ≤ �o, 0 ≤ Z ≤ L. (112)

Let us assume the above wedge deforms due to the application of a stress tensor of the form (80) as
(see Section 57 of (17))

r =
√

AR2 + B, θ = C� + DZ, z = E� + FZ, (113)

where A, B, C, D, E and F are constants, where A(CF − DE) = 1. The case studied in Section 5 is
recovered when C = 1, D = 0 and E = 0. The deformation gradient is given by

F = AR

r
er ⊗ ER + rC

R
eθ ⊗ E� + rDeθ ⊗ EZ + E

R
ez ⊗ E� + Fez ⊗ EZ , (114)
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as a results the left Cauchy-Green tensor is

B = A2R2

r2
er ⊗ er + r2

(
D2 + C2

R2

)
eθ ⊗ eθ + r

(
DF + CE

R2

)
(eθ ⊗ ez + ez ⊗ eθ )

+
(

F2 + E2

R2

)
ez ⊗ ez, (115)

from where the principal stretches can be calculated as

λ1 = AR

r
, λ2 = 1

R

√
λa − λb

2
, λ3 = 1

R

√
λa + λb

2
, (116)

where

λa = E2 + C2r2 + R2(F2 + D2r2), (117)

λb =
√

[E2 + C2r2 + (F2 + D2r2)R2]2 − 4(DE − CF)2r2R2. (118)

The principal directions are given in the same manner as in (86), where in this case

(k)
v 2= 1√

1 + [λ2
k−r2(D2+C2/R2)]2

r2(DF+CE/R2)2

,
(k)
v 3= 1√

1 + r2(DF+CE/R2)2

[λ2
k−r2(D2+C2/R2)]2

, k = 2, 3. (119)

In this problem, the deviatoric stress has the same form as in (88). Using that and (116), (119),
(86) in (26), we obtain

ln

(
AR

r

)
= α0(TD) + α1(TD)TDrr (r)

+α2(TD)TDrr (r)2, (120)

ln

[√
λa − λb√

2R

](
(2)
v 2

)2

+ ln

[√
λa + λb√

2R

](
(3)
v 2

)2

= α0(TD) + α1(TD)TDθθ
(r)

+α2(TD)[TDθθ
(r)2 + Tθz(r)2], (121)

ln

[√
λa − λb√

2R

](
(2)
v 3

)2

+ ln

[√
λa + λb√

2R

](
(3)
v 3

)2

= α0(TD) + α1(TD)TDzz (r)

+α2(TD)[Tθz(r)2 + TDzz (r)2], (122)

ln

[√
λa − λb√

2R

]
(2)
v 2

(2)
v 3 + ln

[√
λa + λb√

2R

]
(3)
v 2

(3)
v 3 = α1(TD)Tθz(r)

+α2(TD)Tθz(r)[TDθθ
(r) + TDzz (r)]. (123)

The above four equations (120)–(123) can be used to find the components TDrr (r), TDθθ
(r), Tθz(r)

and TDzz (r) of the deviatoric stress. Regarding σS and Trr they are given by (70)1, (72).
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Let us study briefly the boundary conditions for this problem. From (113), we can observe that the
constants A and B are related with the inflation/deflation and evertion of the wedge, while the constant
C is connected with the angular opening or closure of the wedge, depending if C ≥ 1 or 0 < C < 1,
respectively. The constant D is related with torsion, the constant E would produce a sort of azimuthal
shear (see Section 57 of (17)), and F is connected with an axial uniform extension/compression for
the wedge.

The surfaces R = constant have normal vectors n = er , therefore, Tn = Trrer . If A > 0 the wedge
is inflated, let us assume the boundary conditions Trr(ri) = −P and Trr(ro) = 0, that is, there is a
radial traction applied on the inner surface of the wedge r = ri (R = Ri), and on the outer surface

r = ro (R = Ro) there is no external traction, where ri =
√

AR2
i + B and ro =

√
AR2

o + B ≥ ri.
From the above boundary conditions, we obtain the same expression for P given in (78). In the
case there is no external traction on the inner surface Trr(ri) = 0 and on the outer surface Trr(ro) =
−P, we obtain −P = ∫ ro

ri

1
ξ [TDθθ

(ξ ) − TDrr (ξ )] dξ . In the above calculations from ri =
√

AR2
i + B

we obtain B = r2
i − AR2

i , as a result r =
√

A(R2 − R2
i ) + r2

i , and ro =
√

A(R2
o − R2

i ) + r2
i . If the

wedge is everted then A < 0, therefore, ro =
√

A(R2
o − R2

i ) + r2
i ≤ ri. Let us assume that in this

situation there is no traction on the outer and inner surfaces r = ri, r = ro of the wedge, we obtain∫ ro
ri

1
ξ [TDrr (ξ ) − TDθθ

(ξ )] dξ = 0.

The surfaces � = constant have normal unit vectors n = 1√
F2

r2 +D2

(
F
r eθ + Dez

)
, as a result t̂ =

Tn = 1√
F2

r2 +D2

[(
F
r Tθθ (r) + DTθz(r)

)
eθ +

(
F
r Tθz(r) + DTzz(r)

)
ez

]
, from where we can calculate

the normal and shear components (to the above surfaces) σN = t̂ ·n and τ =
√

|t̂|2 − σ 2
N, respectively,

from where we can determine the total normal load and total shear force as N = FL
∫ ro

ri
σN(r) dr

and S = FL
∫ ro

ri
τ (r) dr, respectively.

Finally, for the surfaces Z = constant, the normal unit vector is n = 1√
E2

r2 +C2

(
−E

r eθ + Cez

)
, from

where t̂ = Tn = 1√
E2

r2 +C2

[(
−E

r Tθθ (r) + CTθz(r)
)

eθ +
(
−E

r Tθz(r) + CTzz(r)
)

ez

]
is obtained,

and if σN = t̂ · n and τ =
√

|t̂|2 − σ 2
N and the total normal load and twisting moment can be

calculated.

6.4 Inflation or eversion of a sector of a spherical shell

Consider the sector of a spherical shell defined as

Ri ≤ R ≤ Ro, 0 ≤ � ≤ 2π, 0 ≤ � ≤ �o ≤ π, (124)

which we assume deforms due to the presence of the stress field

T = Trr(r)er ⊗ er + Tθθ (r)eθ ⊗ eθ + Tφφ(r)eφ ⊗ eφ. (125)

The deformation of the body is supposed be (see (17))

r = 3
√

A ± R3, θ = ±�, φ = �, (126)
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where A is a constant. The inflation is related with the (+) sign and the eversion with the (−) sign in
the above expressions.

Considering (125) the deviatoric stress tensor is

TD(r) = TDrr (r)er ⊗ er + TDθθ
(r)eθ ⊗ eθ + TDzz (r)ez ⊗ ez. (127)

The left Cauchy-Green tensor is

B = R4

r4
er ⊗ er + r2

R2
(eθ ⊗ eθ + eφ ⊗ eφ), (128)

and from (26) we obtain

ln

(
R2

r2

)
= α0(TD) + α1(TD)TDrr (r) + α2(TD)TDrr (r)2, (129)

ln
( r

R

)
= α0(TD) + α1(TD)TDθθ

(r) + α2(TD)TDθθ
(r)2, (130)

ln
( r

R

)
= α0(TD) + α1(TD)TDφφ

(r) + α2(TD)TDφφ
(r)2. (131)

From (130) and (131) it is possible to see that TDθθ
(r) = TDφφ

(r), then (129) and (130) can be used to
obtain TDrr (r) and TDθθ

(r), which from (126) depend on A. If (125) is replaced in (6)-(8) considering
(20) and (127) we obtain Trr(r) = 2

∫ r
ri

1
ξ [TDθθ

(ξ ) − TDrr (ξ )] dξ + C, where C is a constant. In the
case of inflation, if on the inner surface of the spherical sector we assume the application of the radial
traction P, and on the outer surface we assume there is no external traction, we obtain

P = 2
∫ ro

ri

1

ξ
[TDθθ

(ξ ) − TDrr (ξ )] dξ. (132)

The above equation can be used to find the constant A in (126). In the case we consider the problem
of eversion, assuming that on the inner and outer surfaces of the spherical sector there is no external
traction, instead of (132) we obtain

∫ ro
ri

1
ξ [TDθθ

(ξ ) − TDrr (ξ )] dξ = 0, from where A can be found as
well.

6.5 Azimuthal shear of a cuboid

The last problem to be studied corresponds to the azimuthal shear of a cuboid or annular wedge, which
was presented by Singh and Pipkin in (27, 28). The cuboid is defined in the reference configuration
as

Ri ≤ R ≤ Ro, −�o ≤ � ≤ �o, 0 ≤ Z ≤ L. (133)

In this problem, it is assumed that the stress tensor that deforms the body is of the form (see the
decomposition (20))

T = −σS(r, θ )I + TD(r), (134)

where the deviatoric part of the stress is supposed to be

TD(r) = TDrr (r)er ⊗ er + TDrθ (r)(er ⊗ eθ + eθ ⊗ er) + TDθθ
(r)eθ ⊗ eθ + TDzz (r)ez ⊗ ez. (135)

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

am
/article-abstract/73/2/177/5816040 by U

niversidad de C
hile user on 18 June 2020



Copyedited by: ES MANUSCRIPT CATEGORY: Research article

[21:00 4/5/2020 OP-QJMA200006.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 195 177–199

SOME UNIVERSAL SOLUTIONS FOR A CLASS OF INCOMPRESSIBLE ELASTIC BODY 195

The cuboid (133) is assumed to deform due to the presence of the stress (134) as

r = AR, θ = B ln R + C�, z = Z

A2C
, (136)

where A, B and C are constants. In this case the deformation gradient is

F = Aer ⊗ ER + ABeθ ⊗ ER + ACeθ ⊗ E� + 1

A2C
ez ⊗ EZ , (137)

and as a result the left Cauchy-Green tensor is

B = A2er ⊗ er + A2B(er ⊗ eθ + eθ ⊗ er) + A2(B2 + C2)eθ ⊗ eθ + 1

A4C2
ez ⊗ ez, (138)

from where we obtain the principal stretches

λ1 = A

√
λa − λb

2
, λ2 = A

√
λa + λb

2
, λ3 = 1

A2C
, (139)

where

λa = 1 + B2 + C2, λb =
√

(1 + B2)2 + 2(B2 − 1)C2 + C4. (140)

The principal directions of V are

(q)
v =(q)

v 1 er+ (q)
v 2 eθ , q = 1, 2,

(3)
v = ez, (141)

where
(q)
v 1= 1√

1 + 1
A4B2 (λ2

q − A2)2
,

(q)
v 2= 1√

1 + A4B2

(λ2
q−A2)2

. (142)

If (134) is replaced in the equations of equilibrium (3)–(5), we obtain

−∂σS

∂r
+ dTDrr

dr
+ 1

r
(TDrr − TDθθ

) = 0,
dTDrθ

dr
− 1

r

∂σS

∂θ
+ 2TDrθ

r
= 0. (143)

The solution of (143)1 is σS = TDrr (r) + ∫ r
ri

1
ξ [TDrr (ξ ) − TDθθ

(ξ )] dξ + C(θ ), and using this in (143)2

we obtain C(θ ) = θ
r

d
dr (r2TDrθ (r)) + Co, where Co is a constant, therefore, the spherical part of the

stress is

σS = TDrr (r) +
∫ r

ri

1

ξ
[TDrr (ξ ) − TDθθ

(ξ )] dξ + θ

r

d

dr
(r2TDrθ (r)) + Co. (144)
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On the other hand, using (139)–(141) in (26) considering (135) we have

ln

[
A

√
λa − λb

2

](
(1)
v 1

)2

+ ln

[
A

√
λa + λb

2

](
(2)
v 1

)2

= α0(TD) + α1(TD)TDrr (r)

+α2(TD)(TDrr (r)2 + TDrθ (r)2), (145)

ln

[
A

√
λa − λb

2

](
(1)
v 2

)2

+ ln

[
A

√
λa + λb

2

](
(2)
v 2

)2

= α0(TD) + α1(TD)TDθθ
(r)

+α2(TD)(TDrθ (r)2 + TDθθ
(r)2), (146)

ln

(
1

A2C

)
= α0(TD) + α1(TD)TDzz (r)

+α2(TD)TDzz (r)2, (147)

ln

[
A

√
λa − λb

2

]
(1)
v 1

(1)
v 2 + ln

[
A

√
λa + λb

2

]
(2)
v 1

(2)
v 2= α1(TD)TDrθ (r)

+α2(TD)TDrθ (r)(TDrr (r) + TDθθ
(r)). (148)

These four equations can be used to find TDrr (r), TDrθ (r), TDθθ
(r) and TDzz (r). From (140), it is

possible to see that the left side of (145)–(148) do not depend on r, therefore, the above components
of the deviatoric stress are constants, as a result from (144) the spherical part of the stress is given
as

σS(r) = (TDrr − TDθθ
) ln r + 2θTDrθ + C̃o, (149)

where C̃o is a constant.
Let us finish this section studying briefly the boundary conditions for the different surfaces of the

cuboid. In the case of the surfaces R = constant the unit normal vector is n = er , as a results from
(134) (considering (135), (149)) we obtain t̂ = [(TDθθ

−TDrr ) ln r −2θTDrθ − C̃o +TDrr ]er +TDrθ eθ ,

from where we can calculate the total normal force N as N = 2Zo
A2C

∫ C�o+B ln Ri−C�o+B ln Ri
t̂r(ri)ri dθ for the

inner surface of the cuboid, where ri = ARi, and N = 2Zo
A2C

∫ C�o+B ln Ro−C�o+B ln Ro
t̂r(ro)ro dθ , for the outer

surface of the cuboid, where ro = ARo. Taking into account that the components of the deviatoric
stress are constants we obtain Ni = 4ZoRi�o

A [(TDrr − TDθθ
) ln ri + C̃o + TDrr − 2TDrθ B ln Ri] and

No = 4ZoRo�o
A [(TDrr − TDθθ

) ln ro + C̃o + TDrr − 2TDrθ B ln Ro]. Something similar can be done

with the component t̂θ of t̂ above, from where we have the total shear forces Si = − 4Zo
A TDrθ �oRi

and So = − 4Zo
A TDrθ �oRo, for the inner and outer surfaces, respectively.

In the case of the surfaces Z = constant we have n = ez, and from (134) taking into account (135),
(149) we obtain t̂ = [(TDθθ

− TDrr ) ln r − 2θTDrθ − C̃o + TDzz ]ez, from where we can calculate

the total axial load as N = C�o

{
(TDθθ

− TDrr )(r2
o ln ro − r2

i ln ri − ro − ri) − 2(TDzz − C̃o)(ro −
ri)4TDrθ B

[
ro
(
1 − ln

( ro
A

))− ri
(
1 − ln

( ri
A

))] }
.

In the case of the surfaces � = constant, the normal unit vector is n = 1√
1+B2

(−Ber + eθ ) from

where we obtain t̂ = 1√
1+B2

{[B(σS − TDrr ) + TDrθ ]er + [−BTDrθ + TDθθ
− σS]eθ }. As in some of
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the boundary value problems studied before, normal and shear components σN, τ (to the surface

with that normal n) can be calculated as σN = t̂ · n and τ =
√

|t̂|2 − σ 2
N, from where total external

loads can be calculated, but for brevity are not shown here.

7. Final remarks

In this work, some universal solutions have been studied for a new class of constitutive equations for
nonlinear elastic incompressible isotropic bodies described in (13). The universal solutions analysed
correspond to the classical solutions found in the nonlinear theory of elasticity (16, 17, 29), that is,
it has been shown that the same universal solutions are valid for these new constitutive theories. An
hybrid semi-inverse method was used to solve the boundary value problems, assuming simplified
expressions for the stresses and the deformation, and the solutions that were found are explicit for
the deformation field (up to some constants), and implicit for the components of the deviatoric stress.
Some of the constants associated with the deformations can be found from the boundary conditions,
which were studied in some detail in this communication.

We have not looked for all the universal solutions for (22) (see (24) and (26)). To do that we would
need to repeat an analysis similar to the work by Ericksen (16), recalling that in the classical theory
of nonlinear elasticity for isotropic incompressible elastic bodies (9), the problem of finding all the
universal solutions is not closed (30, 31). Another important issue to be considered in future works
is the possible lack of uniqueness for the components of the deviatoric stress tensor, when solving
the algebraic equations (26).

The possibility of finding universal solutions for these new classes of constitutive theories is very
important, in particular when looking for specific expressions for the constitutive equations for some
specific materials.
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