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1. INTRODUCTION

In this work we study truncation of stochastic kernels and their relation to duality
and intertwining.

In next section we recall these concepts, a main one being that when one starts
from an stochastic and positive recurrent matrix and one construct a dual, then
the associated intertwining matrix is associated to the time-reversed matrix of the
original one.

Thus, many of the concepts that are proven for the original matrices need to be
shown for the time-reversed matrix. This gives rise to a problem when dealing
with monotonicity because it is not necessarily invariant by time-reversing. On the
other hand monotonicity property plays a central role in duality and intertwining
because a nonnegative dual kernel exists for the Siegmund dual function, and in
this case several properties can be stated between the original kernel and the dual
and intertwining associated kernels.

In this framework our first result is to extend the Pollak-Siegmund relation stated
for the monotone process to their time-reversed process. In terms of truncation
this result asserts that whatever is the truncation, when the level increases, the
quasi-stationary distribution converges to the stationary distribution. This is done
in Proposition [f] in Section 5.1}

In Section 5.2l we introduce the truncation given by the mean expected value, which

satisfies that the truncation up to N preserves the stationary distribution up to

N—1. In Proposition®lit is shown that it has a nonnegative dual, and in Proposition

it is proven that the time of attaining the absorbing state is increasing with
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the level, either for the dual and the intertwining matrices. For the Diaconis-
Fill coupling this means that the time for attaining the stationary distribution is
stochastically increasing with the truncation of the reversed process.

In Proposition we compare the quasi-stationary behavior for the Diaconis-Fill
coupling with respect to the intertwining kernel, when in both processes one avoids
the absorbing state.

We recall some of the main general results in duality and intertwining in Section
and for the monotone case and the Siegmund kernel this is done in Section @ The
strong stationary times and some of its properties are given in Section [l and the
Diaconis-Fill coupling is given in Section [71

2. DUALITY AND INTERTWINING

2.1. Notation. Let I be a countable set and 1 be the unit function defined on I. A
nonnegative matrix P = (P(z,y) : z,y € I) is called a kernel on I. A substochastic
kernel is such that P1 < 1, it is stochastic when P1 = 1, and strictly substochastic
if it is substochastic and there exists some x € I such that P1(z) < 1.

A kernel P is irreducible if for any pair x,y € I there exists n > 0 such that
P™(xz,y) > 0. A point g € I is absorbing for P when P(zo,y) = 0y, for y € I
(029,20 = 1 and dy 4, = 0 otherwise).

Let P be substochastic. Then, there exists a Markov chain X = (X,, : n < T)
uniquely defined in distribution, taking values in I, with lifetime 7% and with
transition kernel P. Take 0 £I and define X,, = 0 for all n > TX. P acts on the
set of bounded or nonnegative real functions by Pf(x) = E(f(X1)1(T* > 1)) and
P f(x) =E(f(X,) L(TX >n)) forn>1,z€I.

In the sequel, we introduce three kernels, P, ﬁ, ]3; defined respectively on the
countable sets I, f, I. When they are substochastic the associated Markov chains
are respectively denoted by X X , X with lifetimes T, '7', 7. For the chain X we
note by 7x = inf{n > 0 : X,, € K} the hitting time of K C I and put 7, = T{a}
for a € I. Analogously, we define for X (respectively for X ) the hitting times 7
and T3 (respectively 7z and 75).

2.2. Definitions. We recall the duality and the intertwining relations. As usual
M’ denotes the transpose of the matrix M, so M'(z,y) = M(y,z) for x,y € I.

Definition 1. Let P and P be two kernels defined on the countable sets I and f,
and let H = (H(z,y) :x € I,y € I) be a matriz. Then P is said to be a H—dual
of P, and H is called a duality function between (P, P), if it is satisfied

~

(1) HP' = PH.
O

Duality is symmetric because if Pis a H—dual of P, then P is a H'—dual of Pp.
We only consider nonnegative duality functions H. Note that if H is a duality
function between (P, P), then cH also is for all ¢ > 0. We assume that no row and
no column of H vanishes completely.
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If P is a H—dual of P, then X is a H—dual of X, in the following sense
Veel,yel,Vn>0:E.(H(Xny)) =E,(H(z,X,)),

where H is extended to (I U {d}) x (I U {d}) by putting H(z,d) = H(,y) =

H,0)=0forallzel,yel.

This notion of duality (l) coincides with the one between Markov processes found
in references [13], [I4] and [5], among others. Let us now introduce intertwining as
in [4].

Definition 2. Let P and ﬁNbe two kernels defined on the countable sets I and I
and let A = (A(y,z) 1y € I,x € I) be a stochastic matriz. We say that P is a
A—intertwining of P, and A is called a link between (P, P), if it is satisfied

PA = AP,
O

Intertwining is not necessarily symmetric because A’ is not necessarily stochastic. If
A is doubly stochastic then P a A— intertwining of P implies P is a A’ —intertwining
of P. If P is a A—intertwining of P, then X is said to be a A—intertwining of X.

Throughout this paper we consider I = N = {1,2,...}, the set of nonnegative
integers in the infinite case or I = Iy = {1,--- , N} with N > 2 in the finite case.

We note by e, a column vector with 0 entries except for its a—th entry which is 1.

For a vector p € R! we denote by D, the diagonal matrix with diagonal entries
(Dp)(z,z) = p(x), € 1.

Assumption. From now on, P = (P(x,y) : «,y € I) is assumed to be an irre-
ducible positive recurrent stochastic kernel and its stationary distribution is noted
by 7= (w(i): i €I)>0.

(_
Let $ be the time-reversed transition kernel of P, so P’ = D,PD_! Since $ is
also irreducible positive recurrent with stationary distribution 7/, we can exchange

the roles of P and <]3

~ ~/
Remark 1. Let P be a A—intertwining of P. Since A is stochastic, when [ is a

~ ~7
stationary probability measure of P then 8 A is a stationary probability measure of
P. Therefore, if a is an absorbing state for P, then we necessarily have,

(2) ' = eLA.
]

3. RELATIONS

Below we supply Theorem [I] shown in [I0] which summarizes several relations on
duality and intertwining.

Theorem 1. Let P be an irreducible positive recurrent stochastic kernel with sta-
tionary distribution w'. Assume P is a kernel which is H—dual of P, HP' = PH.
Then:

(i) PH'D, = H'D, P;
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(ii) @ := H'w is strictly positive and satisfies Py = ¢;

When P is stochastic and irreducible then @ =cl for some ¢ >0 and p=".

(iii) P = D;lﬁDw is a stochastic kernel (defined on I = 1) and the matriz A :=

D;lH'DF is stochastic. Moreover P is a A—intertwining of ? Hence, it holds
PA = A? satisfying P1=1=Al.

Now assume I and I are finite sets.
(iv) If P is strictly substochastic then it is not irreducible.

(v) Ifl6 1s strictly substochastic and has a unique stochastic class fg, then

(p(x) . ~ ~
=P. (7 <T) for any y € Iy,
(y) ( I, )f vy 14

and the intertwined Markov chain X is given by the Doob transform

(3) Po(Xi =y, Xe =y) =Po(X1 =1, X =y | 77, < T)

(vi) If @ is an absorbing state for P then @ is an absorbing state for P and the
relation (@) ©' = €L A, is satisfied.

O

One has
Az, y) = p(a) " H(y, x)7(y),
in particular A(z,y) = 0 if and only if H(y,z) = 0.

Notice that when ¢ > 0, the equality P = D, 1ﬁDg, implies that the sets of

absorbing points for P and P coincide.

Remark 2. When the starting equality between stochastic kernels is the inter-
twining relation PA = AP, then we have the duality relation HP' = PH with
H = D'\ and P = P. In this case ¢ = 1. O

The next result of having a constant column appears as a condition in the study of
sharp duals, see Remark [ in Section

Proposition 2. Assume H is nonsingular and has a strictly positive constant
column, that is

Ja €1 : He; = cl for some ¢ > 0.
Then:

(i) @ is an absorbing state for P (so {@} is a stochastic class).

(it) Under the hypotheses of Theorem [, ' = eLA holds and if P is strictly sub-

stochastic and {@} is the unique stochastic class then Py (7z < T) = ¢(y)/¢(@) and
the relation [3) is satisfied. O

Remark 3. Duality functions with constant columns appear in the following situa-
tions. If xg € I is an absorbing point of the kernel P and P is a substochastic kernel
that is a H—dual of P, then h(y) := H(xo0,y), y € I, is a nonnegative P—harmonic

function. So, when H is bounded and P is a stochastic recurrent kernel, the xo—row
H(xg,-) is constant. O
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Remark 4. The time-reversed transition kernel ? can always be put as a Doob
transform P = D,P'D;' with p(z) = Pu(1 > 1) for some stopping time 7. In
this case ¢ = m so we must only define 7. For the Markov chain X = (X,)
with transition matriz P it exists a set of random function (U, :n > 1,0 € 1)
taking values in I and independent for different n, such that X,,41 = Up41,x,, for all
n > 0. Now take a collection of independent identically distributed random variables
(T i n > 1) distributed as 7, and define the Markov chain Y = (Y, : n > 0) by

Yn+1 = jn+1 : l(Un+1,Jn+1 = Yn) +0- l(Un+1,Jn+1 ?’é Yn)v n > Oa
where O & I is an absorbing state for Y. For xz,y € I we have P(Y,11 =y, Y, =
z) = 7(Y)PUpt1,y = x) = w(y)P(y,z). Let 7 = inf(n > 1:Y, = 9), then we

have P.(t > 1) = w(z) and so P,(Y1 = y|7 > 1) = n(y)P(y,z)n(x)"*. Then
(Y, : n > 0) is a Markov chain such that for all n > 1 one has P(Y, = y|7 >

n) = P (z,y).

4. MONOTONICITY AND THE SIEGMUND KERNEL

The Siegmund kernel, see [16], is defined by
H(z,y) =Lz <y),z,y €.

This kernel is nonsingular and (H®)~! = Id— R with R(z,y) = 1(z+1 = y) (which
is a strictly substochastic kernel because the N —th row vanishes), so (H%)~!(z,y) =
1(z=vy)—1(z+1=y) and HY = (Id — R)™! is the potential matrix associated
to R. In [16] the Siegmund duality was used to show the equivalence between
absorbing and reflecting barrier problems for stochastically monotone chains.

Let P be a substochastic kernels such that HSP' = PHS. Since (HSP')(z,y) =
Dousa P(y,z) and (PHS)(z,y) = Y.<y Pz, 2), they must satisfy

(4) Ply.x)=> Ply,2)—Y Py,z)=> (P(z,z) - P(x+1,2)), 2,y € I.

z>x 2> z<y
In particular, the condition P > 0 requires the monotonicity of P,

Vyel : Z P(z,z) decreases in z € I.

z<y

From P(1,1) < 1 one gets that P loses mass through 1. Moreover, if r is the
smallest integer such that > _, P(1,2) = 1, then P loses mass through {z < r}
and it does not lose mass through {r,---, N}. By applying Theorem [I] one gets

pla) = (H%)m(z) = Y Uy < a)rly) = Y wly) = 7°(x),

yel y<x
the cumulative distribution of 7, which is not constant because = > 0.

Consider the finite case with [ = I = I = In, N > 2. If P is substochastic then

the equality P(N,z) = 3 (P(z,2) — P(z + 1, 2)) implies P(N,z) = ds N, s0 N is
z<N

an absorbing state for P. Tt can be checked that N is the unique absorbing state
for P. We can summarize the above analysis by the following result.
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Corollary 3. Let H® be the Siegmund kernel, P be a monotone irreducible positive
recurrent stochastic kernel with stationary distribution . Let HSP' = PH*® with
P > 0. Then:

(1) ¢ = 7° and the stochastic intertwining kernel A satisfies

(5) Aa,y) = 1(a > ) 2@

m(x)

The intertwining matric P of ?, that verifies PA = A?, is given by

(6) lg(x,y) = ﬁ(x,y) :zéig, x,y € 1.

Now assume I = I, then,

i) P is strictly substochastic and loses mass through 1, and parts (iv), (v) and

vi) of Theorem [ hold.

iii) N is the unique absorbing state for P (and for P), Theorem  parts (v) and
) are fulfilled with Iy = {N} and @ = N. In particular =’ = = e/yA holds.
)

The following relation is satisfied

(%2

(z
(
(
(
(iv
(7) AeN:w(N)eN.
([

5. TRUNCATION FOR MONOTONE KERNELS

The purpose of this section is to see how the truncations behaves with the duality
relation.

5.1. The Pollak-Siegmund limit for the reversed chain. Since P has sta-
tionary distribution 7’ it holds ILm P,(X, = y) = n(y) for y € N. Pollak and

Siegmund proved in [I5] that if P is also monotone then,

(8) Vz,y € N: lim P,(X, =y|7n) >n)="n(y),
n,N—oco

where 7y is the hitting times of the domain Ry = {z > N} by the chain X. So,
a truncation at a sufficiently high level, will have a stationary distribution close to
the one of the original process.

Now, in the framework of Theorem [l the intertwining relation PA = A$ is con-
structed from a duality relation, and so ? plays the role of P. This leads us to show
the Pollak-Siegmund relation for the reversed kernel P (z,y) = n(z) 1 P(y, )7 (y).

First note that for any path zg, ..., z, it holds

_ n—1
(9) H (g, Tpt1) = m(x0)~ <HP xk+1,x;€)> m(xy).

k=0
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Let <?(N) be the hitting times of Ry = {z > N} by the chain X. From @) one
gets

]P)z(§n =z, ?(N) >n) =7(z) 7 (2)P.(T(n) > n, Xn = x) and
Po(F () > n) =m(2) 71 Y w(2)Pa(rwy > 0, Xy = 2).

z€N
Then,
T(Y)Py(T(ny > n, Xn = )
Y en TP (T Ny >0, X = )
m(y)P ( n—x|7' (N) >n)
)

(10) P (X, = y| Ty >n) =

P. (T >n) "
Y en TP (Xo = 2| 7(v) > n) prranZs)

We recall P monotone means that for z > y all N > 1 it is satisfied P, (X; < N) >
P.(X1 < N) for all N > 1. This implies for all r > 1 we have P, (X, < N) >
P.(X, < N) when y < z. Monotonicity is also equivalent to the fact that for all
decreasing bounded function h : N — R one has E,(h(X1)) > E.(h(X1)) when
y <z

Lemma 4. Assume P is monotone. Then, for all N > 1 one has

(11) Vy<z<N,Vn>1: Py(rny >n)>P.(rn >n).

Proof. Let N be fixed. We will show by recurrence on k > 0 that for all n > k one
has

(12) Py(Xp—r <N,.,X,, <N)>P,(X,—x <N,.,X, <N).

The inequality for k = 0, P,(X,, < N) > P,(X,, < k) holds for all n > 0 because P
is monotone and y < z. Let us show it for £ > 1 and all n > k. So, we may assume
we have shown it up to £ —1 and all n > k& — 1. From the Markov property we have

Po(Xnk <N, , Xp < N) =Y Py(X1 < N, . Xg < N)Py(Xp, g = u).
u<N
We claim that the function h defined by h(u) = P, (X1 < N, .., Xy < N) for u < N
and h(u) = 0 for u > N, is decreasing in u. In fact this is exactly the induction
hypothesis for k—1 when one takes n = k in (I2). Then E, (h(X,,—1) > E,(h(X,—1),
which is the inequality we want to prove: >  _nPu(X1 < N)Py(X,1 = u) >
Y ouen Pu(X1 < N)P(Xp 1 = u).

Then, relation (II) is shown because ([I2)) for k = n — 1 is equivalent to
]P)y(T(N) >n):Py(Xn7k<N, ey Xp<N) > P (X, <N, .., Xn<N):PZ(T(N) >n).

Let us now show a ratio limit result.

Lemma 5. Let P be a monotone irreducible positive recurrent stochastic kernel
with stationary distribution ©'. We have

P >
(13) Yy,z € N: lim M

=1
n,N—oo ]P’Z(T(N) > n)
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Proof. We will use a recurrence on n € N. We will also use the following remark
that follows from Lemma [} if ]l\i]m P, (T(ny > n)/P(T(n)y >n) =1 for y < z,
n,N—oo
then
P, > P, >
(14) Vy<z<z: fm L2Cw>n o Bl >n)
n,N—o0 Py(T(N) > n) n,N—00 PZ(T(N) > ’rL)

We claim that

(15) Vo e N: ZP(:E,Z)<1
z<x
In fact, if >, <z P(z,z) =1 holds for some x, then the monotone property implies

Y.<x Py, z) = 1for all y < x and so the set of points {1,..,x} is a closed set of P
contradicting the irreducibility property. Then, the claim holds and for all z € N
there exists some z > z such that P(x,z) > 0.

Let € N. For € > 0 there exists a bounded L = L(e) such that ) ., 7. >
1 —(e/2). From (B) we get that there exists ng, Ny such that for n > ng, N > Ny
one has
lim P,(X, <L|Tny>n)>1—e
n,N—o00

Then,
(16) VreN: limeI(T(N)>TL|T(N)>TL—1)=1.

n,N—
For the induction we use the equality

Py (T(n) > n) Zsz ATvy >n—1),

z€N
SO
T(N) > T — 1) 1
17 1= P(x .
( ) % T(N)>n—1)]P’m(7'(N)>n|7'(N)>n—1)
We define:
(18) Property Prop(z) at z is :
Vy<z: lim P.(rn) >n)/Py(r(n)>n)=1and
n,N—oco

3z >z such that lim P.(r(n) > n)/P.(T(n) >n) = 1.
—00

n,
Note that (I4) implies that if Prop(x) holds then we can always assume z = x + 1
in (I8) and so that

Vy<a: lim Pu(7(ny) >n)/Peyi(r(ny >n) = 1.

n,N—oco

Let us prove that Prop(1) holds. We need only to show that for some z > x one
has ]l\i,m Py(7(ny > n)/P.(7(n) > n) = 1. From (I7) we have
n,N—oco

P(1,1) >n—1 1
(1, +ZP T(N) )
]P)l(T(N >7’L|T(N >n— 1 T(N)>7’L 1)P1(T(N >7’L|T(N >n— 1)

From (I6), (II)) we deduce that Jl\}m P.(r(ny >n—1)/Pi(T(ny >n—1) =1 for
n,N—o0
all z > 1 such that P(1,z) > 0. From (I5) we get Prop(1).
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Let > 1. We assume Prop(y) holds up to y =  — 1 and let us show Prop(z) is
satisfied. We have

Ty >n—1) 1
19 1= P(x '
. ;N T(N)>n_1)Pm(T(N)>n|T(N)>n—1)
From ([9), (I€), (II) we get that ]l\i,m P.(r(ny >n—1)/Pi(r(y) >n—1) =1
n,N—o0

for all z > 1 such that P(x,z) > 0. From (&) we get Prop(x). Then, the result is
shown. g

Let us state the Pollak-Siegmund limit relation (8) for the reversed chain.
Proposition 6. We have

Ve,y € N: lim Px(yn:yw?w) >n) =7(y).

n,N—oco

Proof. From condition ([l and @), [I3]), we can use the dominated convergence
theorem in () to get

m(y)m(x)

lim ]P)z(§n = y|<?(N) >n) = m =7(y).

n,N—oco

O

5.2. The truncation of the mean expected value have nonnegative dual.
We assume P is monotone on N. Then, we can consider that a truncation of P at
level N is a kernel Py taking values in Iy that satisfies

(20) forx < N: Pn(z,y) = P(z,y) ity < N and Py(z,N) = ZP:UZ
z2>N

The unique degree of freedom is to define the redistribution of mass at N. In the
truncation Py we will define, we do it in such a way that the stationary distribution
is preserved in a very specific way. Let T be the tail of 7, (z) = Y . 7(2), in
particular 7(N) = 3" o  7(2). We define Py by @20) and such that

N 3" #(2)P(z,y), Py(N,N)= W(l o S 7)Y Plzu)

Py (N,y) =
(N) z>N z>N u>N

bl

Let wn be given by mn(z) = w(z) for x < N and nn(N) = T(N). Let us check
that m is the stationary distribution of Py. For y < N one has

va )Py (z,y) = Y w(@)Pu(z,y) + (Y m(2)P(z,y) = m(y) = 7 (y),

<N z>N

and for y = N,

Zﬂ']\[ )Py(xz,N) = ZT((I)(Z (z,u) —I—Z Z (z,u))

Il
g
2
=
gl
=~
8
£
|
,i
2
Il
3
2
2
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This truncation can be written as the action of a mean expected operator. Let Ey
be the mean expected operator on L'(N, ) with respect to the o—field induced by
the partition ay = {{z} : 2 < N} U{z > N}. So,

1

Enf(x) = f(@) if 2 <N and Exf(2) = =

> wy)fy) itz > N.

y=>N

Since En f(x) is constant for > N we can identify oy with Iy, the atom {x} is
identified with z when x < N and the atom {z > N} is identified with N.

Proposition 7. The truncation Py satisfies
(21) Py =ENP,

where En is the mean expected operator defined as above.

Proof. Let P be a stochastic kernel. Since Epy is stochastic then ExP is also
stochastic. It satisfies

ExPf(z) = Pf(x) if © < N and
IENPf(:L’):%Z 7(2)(Pf)(z :f—z 2) > Plz,y)f(y) if x> N.
z z>N yeN

For y < N one has
EN(P]-{y})( ) = Pl{y}( ) = P(:Z?,y) if < N and

z>N z>N

=l|

N)

(
Since P11y, (x) = P(x,y) we have proven
(22) Pn(z,y) =ENP(z,y) for y < N,z € N.

Since ExP1 =1 = Zy:l 1,3, and since Py and En P are stochastic operators,
from (22)) we conclude Py(x, N) = (ExyP)(x, N). Hence, (21)) follows. O

Let us now prove that these truncations have a nonnegative dual.

Proposition 8. let P be a monotone kernel on N. Then, Py is a monotone kernel
having a nonnegative Siegmund dual Py with values in Iy and such that N is an
absorbing state.

Proof. We claim that the monotone property on P implies the monotonicity of Py.

Firstly, for all v,w € Iy we have Y. Py(v,z) =1 = > Py(w,z). Now, let
z<N z<N
z < N. For v <w < N one has

ZPN(’UZ ZPvz <Zsz ZPN(w,z),

z<x z<x z<x

and for v < N it holds
1 1
1

IN
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where the monotonicity of P was used to state the last < relation. Then the claim
holds, that is Py is monotone.

Hence Py has a nonnegative Siegmund dual Py with values in Iy and that following
@) it satisfies, Py (x,y) = > (Pn(y,2) — Pn(y + 1,2)) for 2,y € Iy. This gives:

z<x
(23)  Pn(z,y) = (P(y.2) = P(y+1,2)) = P(z,y) for s < N,y <N — 1,
z<x
and for x = N we get
Py(N,y)=0fory <N —1.

Note that,
(24) Py(w,N—1)=Y P(N-1,2)— Y Py(N,z)>0for z < N.
z<x z<x
Finally
(25) Py(z,N) = ZPN(N,Z) = _L Z(Z 7w(uw)P(u, z)) for x < N;
z<x 7T(N) z<x u>N
and

Henge7 ﬁN is a Siegmund dual of Py with values in Iy and N is an absorbing state
for Py. O

Notice that for z < N one has that the difference between the kernels Py (z,y) and
P(z,y) only happens at y = N — 1 and y = N. We have

Py(z,N —1)+ Py(z,N) =Y P(N —1,2) and

z<x
P(z,N—-1)+P(z,N) =Y P(N-1,2)+ Y P(N+1,2),
z<x z<x
and so
(P(x,N = 1)+ P(x,N)) — (Px(2,N = 1) + Py (2, N)) = > P(N+1,2) > 0.

z<x

Therefore, if P loses mass through x < N then Py also does.

On the other hand it is straightforward to check that the truncation of the reversed
kernel ? ~ is the reversed of Py with respect to 7wy, that is it satisfies

Pn(z,y) = mx (@) Py (g, 2)7n (), 2,y < N.

From (5l) we can define the intertwining matrix A(z,y) = 1(z > y)(7n(y)/75% ()
for z,y € In where mn(y) = m(y) for y < N and 7y (N) = 7T(N). The intertwined
matrix ]SN of P n which satisfies ]BNAN = AN Py, is given by (6). It is ﬁN (z,y) =
ﬁN(x,y)(w‘jV(y)/wfv(a:)) for z,y € In. Note that 7% (y) = 7°(y) for y < N and
7S (N) = 1.
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Proposition 9. Let us consider two truncatwns as above, Py and Pny1 at levels
N and N + 1, Tespectwely Then, the time 7 N of hitting N by PN 1s stochastically
smaller than the time TN+1 of hitting N + 1 by PN+1

Proof. We will note by XN = (XN) and XN*! = (XN+1) the Markov chains
associated to kernels PN and PN+1, respectively.

From (24)), for every < N — 1 one has
Py(z,N —1) = Pyq(z, N — 1) = ZPNZ =N )(Z w(u)ZP(u,z))
z<lx u>N z<x

Similarly,
Praa(@N) = Y P(N.2) = s 3 () 3 P(w ),

Then, by monotonicity
Py(z,N = 1) — Pysq(2, N — 1) < Py (z, N).
So,
(Pyi1(z, N —1) + Pyy1(z, N — 1)) — Py(z, N)

1 1
:f(N) Z ZPuz N—l—l)( Z w(u)ZP(u,z))

u>N z<x u>N+1 z<x

from (28]) we also have

OSﬁN(,T N)—ﬁN+1(£L' N+1)

1 1
:f(N) Z ZPuz AN 1 )( Z w(u)ZP(u,z)),

u>N z<x u>N+1 z<x

where the nonnegativity follows from monotonicity of P. Then,
ﬁN_H(LL',N — 1) + ﬁN+1(£L',N) + ﬁN_H(LL',N + 1) = ﬁN(,T,N - 1) + ﬁN(LL',N)

From the above equalities and inequalities and by using (23] at every step when
we are in some state y < N — 1, we can make a coupling between both chains Xy
and X1 such that when both chains start from x < N — 1 we have

Xnp1€{N,N+1} & Xy =N and
Vy<N-1, Xypi=y e Xy =y.

On the other hand from ([23) we get

Py(N =1,y9) = > (P(y.2) — P(y +1,2)) = P(z,y) = Py1(N — 1,3),
z<x
so the distribution to y < N — 1 is the same for the two kernels. Moreover

Py(N=1,N)= > P(N,z),
2<N-—-1
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and
Pyi1i(N —1,N) + Py (N —1,N +1)
= > P(N,2)— Y Pvp(N+1,2)+ > Pyvua(N+1,2).
2<N-—1 2<N-1 2<N-1
Therefore

Py(N=1,N)=Py1(N—1,N)+ Py (N —1,N +1).
Hence, once both chains start from N — 1, they can be coupled to return to some
state y < N —1, or, if not, the rest of the mass of kernel Py moves to the absorbing

state N, and for ﬁN-{-l part of this mass moves to the absorbing state N + 1 while
the rest goes to V.

We have shown that the absorption time ?% of Py at level N , is smaller than the
absorption time ?%i} of Py41 at level N + 1, that is

Ve < N—1,k>0: P,(Tx < k) >P,(FNI] <k).

Now for # < N — 1 one has, 74 (z) = 7°(z) = 75 (2) and 7§ (N) =1 =
1 (N +1), 50

~ ~ 1 ~ ~
Pm(va:Ithliv:N): Pm(va:IIaleiv:N)v

m(x)
~ - 1 R R
Po(X T =2, ., X = N) = ( )PI(XfV-H =21, XN = ).
Te(x
Then,
! 1

N = >N _ ~N . N )

]P):E(TN :]) = Wc—(q;)Pz(TN = ,]) and Pm(TN:t% :j) = ﬂ-c—(x)Pm(TNi% :j)

Hence, we conclude
Ve < N—1,k>0: P,(Tx <k) > P (FNi <k),

and so ?% is stochastically smaller than ?%I} O

6. STRONG STATIONARY TIMES

Let 7, be the initial distribution of Xy, so w}, = m(,P™ is the distribution of X,,. A
stopping time is noted T, when X7, ~ p. We recall 7, = inf{n > 0: X,, = a} for
a € I. When one wants to emphasize the initial distribution 7, of Xy, these times
are written by 77 and 73°, respectively.

a )
A stopping time T is called a strong stationary time if X7 ~ 7’ and it is independent
of T, see [I]. The separation discrepancy is defined by

sep (7, ) = sup {1 - ”"(y)] .

yel W(y)
In Proposition 2.10 in [I] it was proven that every strong stationary time T satisfies
(26) Vn>0: sep(mp,m) <P, (T>n).

In Proposition 3.2 in [I] it was shown that there exists a strong stationary time T,
called sharp, that satisfies equality in (26]),

Vn>0: sep(mn,m) =Pr (T >n).
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Assume we are in the framework of Theorem [Il so PA = A%. A random time for
X is noted by T and we use similar notations as those introduced for random times

T for X. The initial distributions of yo and )Nfo are respectively noted by ?6 and
To. We assume they are linked, this means:

(27) b =ToA.

In this case the intertwining relation P"A = AP" implies 7/, = 7, A for n > 0,
where ?n and 7, are the distributions of %n and X,, respectively.

Since A is stochastic it has a left probability eigenvector 7'y, so 7y = 7, A and 7
is linked with itself. If A is non irreducible then w5 could fail to be strictly positive,

which is the case for the Siegmund kernel where A is given by (&) and one can check
that e; is the unique left eigenvector satisfying €] = €| A. So, the initial conditions

)Z'l ~ 01 and X ~ §; are linked. Assume P is monotone. From relation (&) one
gets that (27) is equivalent to 7o (x)/m(z) = > yse T(y)/m(y) for all z € I. (See
relation (4.7) and (4.10) in [5]). In the finite case I = I, Corollary B (ii7) states

that if P is monotone then 0 = N is the unique absorbing state for X. Let us now
introduce the sharp dual.

Definition 3. The process X isa sharp dual to y if it has an absorbing state 5,
and when and X start from linked initial conditions Xo ~ 7o, Xo ~ ?0 with
?6 = 7oA, then it holds

sep(?n,w) =Pz,(T5 > n), Vn > 0.

O

We recall that if d is an absorbing state for P, then 7/ = e’gA (this is (@)).

We now state the sharpness result alluded to in Remark 2.39 of [5] and in Theorem
2.1 in [7]. The hypotheses stated in Remark 2.39 are understood as the condition
([28) below. The results of this section were proven in [10].

We recall the definition made in Section 4 in [2]: A state d € I is called separable
for X when
T (d)

sep(mp, ) =1— ) n>1.
On the other hand, d € I was called a witness state if it satisfies
(28) Aeg = m(d)ez.

We note that in the monotone finite case in Iy, the state d = N is a witness state,
this is exactly (@) in Corollary Bl

Proposition 10. Let X be an irreducible positive recurrent Markov chain, X be
a A—intertwining ofy having 0 as an absorbing state. If d € I is a wilness state
then d is a separable state, X is a sharp dual to and it is satisfied,

T ul(d)
7(d)

sep(Tp,m) =1—

= ]P)ﬁo(?g >n), n>1.
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Remark 5. Since we have shown that being witness implies being separable, Corol-
lary 4.1 of [2] stated for separable states applies for a witness state, this is ?ZO =

s
?WD + Z is an independent sum and Z ~ ?g g

Remark 6. The condition of being wiltness can be stated in terms of the dual
function H. In fact, in [11] it was shown that if there existsa € I and d € I such
that for some constants ¢c; > 0, ¢ > 0 one has

Hez = c11 and e, H = ce’.
Then d is a witness state and X is a sharp dual to y (Il

Corollary 11. For a monotone irreducible stochastic kernel P, the A—intertwining
Markov chain X has N as an absorbing state and it is a sharp dual of y Also, N
is a separable state and the initial conditions Xo = d1 and X = 01 are linked. OJ

7. THE Di1AcONIS-FILL COUPLING

Let P be a A—intertwining of P. Consider the following stochastic kernel P defined
on I x I, which was introduced in [5],

(z,y) P(,9) AW,y)
(AP)(z,y)

20) P .9) =2 1((AP)(F,y) > 0).

Let X = (X,, : n > 0) be the chain taking values in I X I, evolving with the kernel
P and with initial distribution

P (Xo =20, Xp = %0) = (w0, Fo) = my(To)A(To, 20), o € 1,70 €1,
where 7, is an initial distribution of X. In [5] it was proven that X starting from
mp is a coupling of the chains X and X starting from 7)), = 7oA and 7, respectively.
Since X and X are the components of X one puts X, = (X, X5,).

Let P be the probability measure on (I x I )N induced by the coupling transition

kernel P and assume X starts from linked initial conditions. In [5] (also [4]) it was

shown,

(30)

V>0 A(’gEn,:vn):P(Xn:xn|)~(n::En> :P(Xn::cn|)~(0:§0---)~(n:%n> .

Hence, the equality 7' = e%A in ) together with relation (B0) give
m(z) = A0, 2) =P(X, =2 | Xo =70 Xn = 0).

Then, the following result shown in [5] holds.

Theorem 12. Let X be an irreducible positive recurrent Markov chain with sta-
tionary distribution ©' and let X be a A—intertwining of X. Assume the initial
conditions are linked, meaning m(, = %gA. Then, X s called a strong stationary
dual of X, which means that the following equality is satisfied,

W(.I):P(Xn:.f|5(io:ff0"')?n,1:gn,1,)?n:5),V{EEI,HZO,

where To -+ Tp_1 € I satisfy P (X'o =70 Xn1=Tp-1,Xn= 8) >0.0
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7.1. Quasi-stationarity and coupling. Below we state a property on quasi-
stationarity of the coupling. Let us recall some elements on quasi-stationarity
(see for instance [3]). Let Y = (Y, : n > 0) be a Markov chain with values on a
countable set J and transition stochastic kernel (). Let K be a nonempty strictly
subset of J and let 7x be the hitting time of K. A probability measure p on J\ K
is a quasi-stationary distribution (q.s.d.) for Y and the forbidden set K if

(31) Pu(Yo =jlrg >n)=p(j), j€ J\ K.
Note that the q.s.d. does not depend on the behavior of the chain Y on K, so we
assume Y is absorbed at K. In order that u is a g.s.d. it suffices to satisfy (B1I) for
n = 1, which is equivalent for u being a left eigenvector of @, so

1=y
In the finite case, p is the normalized left Perron-Frobenius eigenvector with Perron-
Frobenius eigenvalue «. It is easily checked that

V=Pu(rx>1)= > p; Yy P
JENK  jeI\K

The hitting time 7 starting from p is geometrically distributed: P, (7x > n) =",
this is why - is called the survival decay rate. If the chain is irreducible in J \ K,
then every q.s.d. is strictly positive and for all j € J\ K one hasP;(7x > n) < Cjy™
with Cj = pu; !

In the next result we put in relation the g.s.d. of the process X with forbidden state
0 and the q.s.d. of the process (X, X) with forbidden set 9 = I x {9}. Since X =9
is equivalent to (X, X) € 9, then it is straightforward that the survival decay rates

for X and (X, X ) with respect to d and O respectively, are the same (that is the
Perron-Frobenius eigenvalue is common for both processes).

Proposition 13. Assume I is a q.s.d. for the process X with the forbidden state
0. Then, the probability measure

(o, o) = fi(Fo)A(To, 20), (20, To) € I x (I\{D}),
is a q.s.d. for (X, X) with forbidden set 9 = I x {d}.

Proof. From the hypothesis we have

Y. E@PE§) =@, geI\{9}, withy=1- > w@P(F0).

zel,i£0 zel,i£0
Now

YDk 2)P((2,7), (4,7))

zel ze1\{5}

=> Y & ) P(z,y) P&, 7AF, y)1(AP)(Z,y) > 0)A@,y) "

zel 3e1\{d}
> @) P@EDAG Y)L(AP)F,y) > 0)(AP)(F,y) 'O MA@, 2)P(z,y))
zel\{5} zel

= > W@P@EDHAFY)L(AP)(E,y) > 0).

zel\{0}
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Now, if P(%,7) > 0 and A(7,y) > 0, then we have (AP)(Z,y) = (PA)(Z,y) > 0
and so we get

Y. D> F@E(@D.w.9) = Y A@DPEDAGY)
z€l 7e1\{8} Tel\{d}
=u@)A Y, y) = vy, ).
Hence, p is a q.s.d. for X with forbidden set 0. O
Remark 7. Based upon basic relations on quasi-stationarity (see Theorem 2.6 in
[3]), it can be shown that starting from p the random variables X, = (X-,,0)
and Ty are independent, so X;, and Ty are independent. But in the setting of the
Diaconis-Fill coupling this property is contained in Theorem[I2 In fact, the latter

result ensures a much stronger result which is that starting from any linked initial
condition my one has that X, and Ty are independent and X, ~ . 0

Let P be monotone on Iy. From Corollary Bl (i), A(Z, y%z 1(Z > y)r(y)/7°(T)
and P(Z,7) = P(Z, §)7°(§)/n°(Z). The coupling [29) for

APG) = ¥ 2P0 T = TS P2

= me(@)

satisfies,

Then, A?(i, y) > 0 is equivalent to > - P(y,z) > 0, for Z,y € I, so

=y D/~ ~
? T,z = P(x,y) P(z,y) Ay, y) =

= D015 2 ) Py, ) PG LY Pls2) > 03 Pla )

2<% 2<Z

Now, in this coupling we can set the truncations kernel Py of the mean expected
value, whose reversed time kernel satisfies Py (z,y) = nn(z) ' Py(y, 2)7n(y).
From Proposition [ one gets that the time for ﬁN to attain the absorbing state N
is stochastically smaller that the time for ﬁN-{-l to attain N 4+ 1. Then, the time
for P to attain the stationary distribution 7y is stochastically smaller than the
time for P n41 to attain mnq.
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