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ABSTRACT
The self-assembly of monomers, chains, and bundles is often observed in magnetic mixtures. The most probable interaction between the
aggregates in a superparamagnetic colloidal suspension is associated with the minimum of the effective magnetic potential in the two and
three dimensional relative shift space, which yields a concrete criterion to be employed for prediction of the cohesive energy and the mean
length of the aggregates in the fluid bulk.

© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0013947., s

I. INTRODUCTION

Understanding the physical bases of soft and hard speck coa-
lescence is relevant in a great number of research fields ranging
from embryonic development, nanotechnology, and material sci-
ence. In particular, the use of magnetic colloidal particle disper-
sions (specifically, superparamagnetic colloids) is of fundamental
importance in biomedical applications. Examples include capture of
heavy metal pollutants in water, capture of microalgae in biofuels,
microfluidics, and controlled protein assays.1–3 The aggregation of
magnetic colloids is a highly complex process, involving fundamen-
tal aspects of self-organization in magnetism and hydrodynamics.
On the theoretical side, magnetic suspensions present a challenge
in equilibrium thermodynamics, out-of-equilibrium physics (self-
organization under equilibrium and non-equilibrium conditions),
and fluid mechanics (lubrication, contact mechanics, convection
induced by magnetism, and turbulence). Recognition of the impor-
tance of self-organization in this applied field has taken a lot of
effort. Pioneering simulation works4 have shown that chains break
up and recombine in numerical runs. The latter is also ubiquitous

in experiments (see, for instance, Ref. 5). These initial results clearly
indicate the existence of a rich and complex behavior, understand-
ing of which would enable prediction and design of experiments and
applications.

Superparamagnetic colloids are single-domain beads with a
uniform magnetic moment.6 In presence of a magnetic field B⃗,
the particles self-assemble in chain-like structures. Chains interact
building one-layered aggregates due to the screening inherited from
the magnetic potential of interaction between two superparamag-
netic particles,

U(r, θ) = 4εm
(1 − 3 cos2 θ)
(r/R)3 , (1)

where εm = πχ2R3B2/9μ0; thus, the term bundle or ribbon in this
work refers to one-layered clusters. The monomers are considered
spheres of a mean radius R, θ is the relative angle between the line
connecting the two beads and B⃗, with r being the distance between
them. The cohesion energy of a dimer εm contains the magnetic sus-
ceptibility χ and the vacuum permeability μ0. Sedimentation and
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hydrodynamic forces are neglected, i.e., magnetic forces are consid-
ered dominant in the aggregation process (see more details about
this assumption in Sec. IV). Researchers demonstrated explicitly the
presence of self-organization and cooperative effects7 related to the
assembly of magnetic particles into moving chains and wider struc-
tures. In general, the magnetic potential of interaction (1) can be
written by employing Cm2/r3, with C being a constant that depends
on the type of magnetic grains in the suspension and m being the
magnitude of the magnetic moment of the particles. These colloidal
suspensions can be driven out of equilibrium by applying a regular
magnet at one side of the vessel. The coupling between hydrodynam-
ics and magnetism8–10 induces convective effects and turbulence in
heterogeneous magnetic field gradients, a process known as mag-
netophoresis, an essential step in all applications of magnetic col-
loids. With uniform magnetic fields applied (negligible gradients)
and high values of intensity, chains and bundles grow up to a sat-
uration regime where chains frequently clip off and migrate from
the aggregates to join other bundles, and this exchange process is
performed in thermodynamic equilibrium.5

In the latter regime, the mean length of the aggregates in
the suspension remains roughly constant. In order to predict the
dynamics of the coalescence process, there have been numerous
previous simulation efforts, see, for instance, Ref. 11 for generic
coalescence methods and scaling laws, Ref. 12 for ferromagnetic
agglomeration under magnetic fields, Ref. 13 for dielectric par-
ticles under electric fields and chain formation of superparam-
agnetic beads,14 Ref. 15 for superparamagnetic aggregation, and
recent numerical findings where the magnetic saturation range was
achieved.16,17 The latter references provide full understanding of
the aggregation of superparamagnetic grains into chains; hence, the
prediction of ribbon coalescence and saturation processes will be
carried out in a future work. The length of each chain n in the
ribbons and their width d are nondimensional measures, normal-
ized with the average grain diameter 2R. The maximum width of
the ribbons observed in experimental realizations is dmax = 4. These
experiments were performed in a quasi-two-dimensional vessel. In
practice, the width of the bundles is smaller than d due to com-
pact packing; hence, d denotes only the number of chains assem-
bled in a ribbon aligned parallel to B⃗, forming a single-layered
aggregate. In a previous research study,18 the relative displace-
ment δ between two like sized chains in an aggregate was stud-
ied, and δ = 2 was found to be the most favourable configura-
tion. Nevertheless, for like sized chains at d = 3, 4 and for unlike
sized chains at d = 2, 3, 4, the most plausible arrangements are
unknown.

The goal of this contribution is to establish criteria and appro-
priate assumptions to compute and fit the magnetic energy per par-
ticle Ud in bundles formed by like sized and unlike sized chains. This
is employed, for instance, to compute and predict the mean length
of the aggregates in a colloidal mixture19 as a function of magnetic
field. In the latter work, aggregates formed by equally sized chains
and relative displacements δi = 0 (at odd i) and δj = −1 (at even
j) were assumed, whereas in Ref. 20, bundles formed by like sized
chains and II-zig-zag cases (see also Sec. II B 1) formed by chains of
length n and n/2 at relative shifts δIIi = 0 (at odd i) and δIIj = −1 (at
even j) were considered to fit Ud. This arbitrariness on the parallel
shifts (see definitions further in the text) considered to compute and
fit Ud for each case d = 2, 3, 4 is solved by employing the highest ratio

between the configurations associated with the minima of Ud and
the total number of possible interactions between unlike sized chains
ndmax (the number of chain size combinations in irregular bundles of
a maximum chain length nmax), for each set of relative displacements
(δ1, . . ., δd−1). The results in this work are focused on determin-
ing the most probable configurations in terms of the shifts between
consecutive chains. The findings concern the relative displacements
between chains in the directions parallel to the magnetic field at
each junction, yielding sets of coordinates similar to those frequently
encountered in crystallography. The paper is organized as follows:
in Sec. II, ribbons formed by like sized chains of length n (regular
bundles) are considered; in Sec. III irregular bundles with chains of
maximum length allowed nmax are studied. The criteria found for
computing the magnetic energy per particle of the agglomerates are
employed to compute the mean length of the bundles in the mag-
netic suspension, which is compared upon experimental data19 in
Sec. IV. Conclusions are given in Sec. V.

II. LIKE SIZED CHAINS
In this section, regular aggregates formed by chains of equal

size (the number of particles per chain) n are considered to search
for the most plausible aggregate of width d = 2, 3, 4 in the colloidal
blend. The total number of particles per agglomerate is nr = dn. The
cohesive energy of a dimer oriented parallel to B⃗ is εm. The magnetic
energies are normalized with εm/2. The cohesion magnetic energy of
a chain is Uc

n = −2∑n−1
i=1

n−i
i3 .18 The interaction energy between two

chains is

Ucc
n (δ∥, δ⊥) =

n

∑
i=1

n

∑
j=1
(

1
(( j − i + δ∥)2 + δ2⊥)3/2

−
3( j − i + δ∥)2

(( j − i + δ∥)2 + δ2⊥)5/2 ), (2)

where δ∥ = 1/2 + δ and δ⊥ =
√

3/2 are the relative parallel and
perpendicular (to the magnetic field) displacements between two
assembled chains, respectively. These distances consider compact
packing and integer values of δ (see Fig. 1). At d = 2, negative values
of δ represent equivalent aggregates under reflection at the symmet-
ric axis perpendicular to B⃗ having the same cohesive energy. Equa-
tion (2) presents the interaction potential between two chains, and
this energy depends only on relative displacements since it has been
length-chain averaged, as explained in Ref. 18. Therefore, the fol-
lowing magnetic potentials computed for 2-, 3-, and 4-chain bundles
also depend on consecutive, interspersed, and lateral displacements.
In this work, the term interspersed refers to being interspersed by a
chain. The effective potential of a chain or a ribbon is angular depen-
dent with attractive and repulsive regions due to screening, which
allows the particles to aggregate only on the poles of chains, form-
ing one-layered planes, as explained in Refs. 15 and 21. In the case
of consecutive chains, Ucc

n (δ) = Ucc
n (1/2 +δ,

√
3/2). The normalized

cohesive energy per particle of a 2-chain aggregate is computed by
employing Uc

n and Ucc
n (δ); then, U2(n, δ) = [2Uc

n + Ucc
n (δ)]/2n. The

cohesion energy of a 3-chain ribbon is also computed by employ-
ing Uc

n and Ucc
n (δ), in addition to the interaction energy between

interspersed chains (in this case, these are the lateral chains of the
bundle), which is obtained from (2) with δ∥ = δ and δ⊥ =

√
3, i.e.,

AIP Advances 10, 095019 (2020); doi: 10.1063/5.0013947 10, 095019-2

© Author(s) 2020

https://scitation.org/journal/adv


AIP Advances ARTICLE scitation.org/journal/adv

FIG. 1. Scheme displaying parallel, perpendicular displacements and consecutive,
interspersed, and lateral shifts. Inset: examples of nonphysical regular and irreg-
ular aggregates at d = 2, 3, 4. The trimer at d = 2 occurs with small probability in
experiments.

U int
n (δ) = Ucc

n (δ,
√

3). Then, the normalized cohesive energy per
particle of a 3-chain bundle is

U3(n, δi,j) =
1

3n
(3Uc

n +
2

∑
i=1

Ucc
n (δi,i+1) + U int

n (δ1,3)), (3)

with δi ,j being the parallel displacement between chains i and j. It
will be shown in Sec. II A that U3 depends only on the lateral dis-
placements between consecutive chains. The magnetic energy of a
4-chain aggregate is computed by employing Uc

n, Ucc
n (δ), U int

n (δ),
and the interaction energy between the first and fourth chains (exter-
nal chains) Uext

n (δ) = Ucc
n (1/2+δ, 3

√
3/2). The normalized cohesive

energy per particle of a 4-chain bundle is

U4(n, δi,j) =
1

4n
(4Uc

n +
3

∑
i=1

Ucc
n (δi,i+1) +

2

∑
i=1

U int
n (δi,i+2) + Uext

n (δ1,4)).

(4)

It will be shown in Sec. II B that U4 depends only on consecutive lat-
eral displacements. There are arrangements that represent nonphys-
ical configurations, i.e., the probability to observe these aggregates
in the colloidal mixture is very small (see examples in Fig. 1). These
cases are negligible as n→∞ since the total number of interactions
is higher than (n − 1)d−1.

A. 2- and 3-chain bundles
The results presented in Fig. 2 are in agreement with previous

calculations,18 where the most probable configurations are found at
δ = −3 and δ = 2; these are defined as scale aggregates (see Table I).

FIG. 2. Total reduced energy per particle U2 of two like sized assembled chains as
a function of the lateral relative displacement δ at n = 6 (dotted), n = 10 (dashed),
and n = 25 (continuous) curves. The 2-chain regular aggregate at δ = 2 is schemed.

In general, the minima of the cohesion energy are found at equiv-
alent configurations with equal energy (see Table II), and this is
also supported by symmetry arguments. For three assembled chains
forming a hexagonal lattice, the parallel displacements are assumed
as δ∥ = 0(1/2) + δi ,j between interspersed (in contact) chains. For
consecutive chains, δ1,2 ≡ δ1 and δ2,3 ≡ δ2.

There are two general cases of assembly: (δ1, δ2) of opposite
signs (zig-zag bundles), side tails pointing to the same direction,
and (δ1, δ2) both being positive or negative (scale aggregates), i.e.,
side tails pointing to opposite directions. The parallel displacement
between the first and the third chain is δ1,3 = δ1 + δ2 + 1. The lat-
ter confirms that the cohesion energy U3 depends only on δ1 and
δ2. In both cases, the minima of the cohesion energy U3 (see Fig. 3)
are searched numerically. In the former case (zig-zag bundles, see
Tables I and II), the minima of Uzig

3 are found at (δ1, δ2) = (1, −6),
(δ1, δ2) = (−6, 1), (δ1, δ2) = (5, −2), and (δ1, δ2) = (−2, 5) for n = 6
and at (δ1, δ2) = (1, −4), (δ1, δ2) = (−4, 1), (δ1, δ2) = (3, −2), and (δ1,
δ2) = (−2, 3) for n ≥ 10 [see Fig. 3(a)], with lateral displacements δ1,3
= −2 and δ1,3 = 2, respectively.

For scale ribbons, the most probable configurations at n = 6 are
(δ1, δ2) = (−4, −3), (δ1, δ2) = (−3, −4), (δ1, δ2) = (2, 3), and (δ1, δ2)
= (3, 2), relative to 3 chains assembled with lateral chains pointing in
opposite directions [see Fig. 3(b)]. For n = 10 and higher, the minima
of each curve converge to (δ1, δ2) = (−3, −3) and (δ1, δ2) = (2, 2).
These solutions represent the scale cases having δ1,3 = −5 and δ1,3
= 5, respectively, related to the global minima of U3.

1. Discussion
Comparing aggregates with lateral tails in the same and oppo-

site direction up to n = 30, one observes ∣Usca
3 ∣ > ∣U

zig
3 ∣ (see Table II),

with ∣Usca
3 ∣ being the magnitude of the cohesion energy of aggre-

gates with lateral tails pointing in opposite directions, i.e., scale
aggregates with configurations (δ1, δ2) = (−3, −3) and (δ1, δ2)
= (2, 2) are more likely to occur than zig-zag ribbons with
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TABLE I. Consecutive parallel displacements δi in regular clusters at d = 2, 3, 4 as n increases (convergence arrangements).
The signs indicate δi ≥ 0 (or δi < 0) and i = 1, . . ., d − 1 in general configurations.

d δi Zig-zag-1 Zig-zag-2 Scale-1 Scale-2 Hill-1 Valley-1 Hill-2 Valley-2

2 δ 2 −3
3 δ1 3 | 1 −2 | − 4 2 −3

δ2 −2 | − 4 3 | 1 2 −3
4 δ1 3 −4 2 −3 2 −3 1 −2

δ2 −2 1 2 −3 4 −5 −5 4
δ3 3 −4 2 −3 −2 1 −3 2

configurations associated with the minima of Uzig
3 at d = 3. In order

to verify that these arrangements are the ground states of 3 assem-
bled chains of equal length n each, the energies of the states with par-
allel displacements δi, δi – 1, and i = 1, 2 are considered to compute
the differences,

ΔUsca
31 = U

sca
3 (δ1, δ2) −Usca

3 (δ1 − 1, δ2)

ΔUsca
32 = U

sca
3 (δ1, δ2) −Usca

3 (δ1, δ2 − 1)
, (5)

and the magnetic forces per particle in the aggregate,

F⃗sca
3 = −∇U

sca
3 = −(ΔU

sca
31 δ̂1 + ΔUsca

32 δ̂2), (6)

for each coordinate parallel to the magnetic field. These are the effec-
tive forces at each junction, also considering the interaction between
interspersed chains. Equation (6) is the backward difference scheme
with a step Δδi = 1 due to the depletion zone22 at consecutive chains.
The circle in Fig. 4 indicates the integer position (δ1, δ2) = (2, 2)
relative to the minimum of the magnetic potential encountered at
Usca(1)

3 < 0. Notice in Fig. 4 that an integer shift in the positive
(negative) direction of δi results in Fsca(1)

3i < 0 (Fsca(1)
3i > 0), i.e.,

the minimum is stable in δ1 and δ2; the latter is numerically verified
also at n = 50 and n = 100. Computation of the minima for a higher
number of particles can be achieved with the present method. The
minimum of Usca(1)

3 is found at a non-integer position; thus, (δ1,
δ2) = (2, 2) is the nearest integer pair [see Fig. 4(inset)]. Although
this is not exactly the minimum of Usca(1)

3 , the aggregates remain
in this configuration due to contact forces. In terms of the cohe-
sive forces F⃗sca(1)

3i in the coordinates parallel to the magnetic field
at each junction, these are weakly repulsive at (δ1, δ2) = (2, 2) and
attractive toward this point at any other integer position as n →∞.
Since the gradients of Usca(1)

3 are computed for discrete values of δi,

the field lines are not perpendicular to every Usca(1)
3 equipotential;

thus, the force field is well defined only at integer values of the
parameter space (δ1, δ2).

B. 4-chain aggregates
Bundles made of 4 chains have different shapes. Here, the

possible configurations are classified into 3 groups: zig-zag, scale,
and hill/valley aggregates (see Fig. 5). The lateral displacements of
four assembled chains are given by δ∥ = (0)1/2 + δi ,j for (inter-
spersed) consecutive or side chains. The perpendicular displace-
ments are δ⊥ =

√
3/2,

√
3, and 3

√
3/2 for consecutive, inter-

spersed, and external chains, respectively. Although it is possible
to plot the magnetic potential of the aggregates, it is more dif-
ficult to visualize a possible minimum since the cohesion mag-
netic energy U4 depends on 3 lateral displacements. The minima
of U4 for cases n = 6, 10, 25, 30 are computed numerically. The
relative displacements in regions l = I, II are equal, δIi,j = δIIi,j
[see Fig. 5(a)].

1. Zig-zag ribbons
In the zig-zag configuration, the lateral displacements between

interspersed chains are δl1,3 = δ
l
1 +δl2 +1 and δl2,4 = δ

l
2 +δl3 +1 and that

between external chains is δl1,4 = δ
l
1 + δl2 + δl3 + 1. The latter confirms

that the cohesion energy Uzig
4 of an assembled bundle depends only

on the consecutive displacements δl1, δl2, and δl3. For interspersed
chains, it is assumed that δli,i+2 = δli + δli+1 + 1 with i = 1, 2. The
superscripts I, II are henceforth dropped, and only region I will be
considered for the sake of simplicity. In the case n = 6, the minima
of the normalized magnetic energy per particle Uzig

4 are encountered
at (δ1, δ2, δ3) = (5, −2, 5) and (δ1, δ2, δ3) = (−6, 1, −6) with the same

TABLE II. Minima of the cohesive magnetic energy per particle Ud in regular clusters at d = 1, 2, 3, 4 up to n = 30. At d ≥
2, each column represents two repeated values of the potential. The last column shows four repeated values of the potential
per line.

n U1 U(1,2)
2 Uzig(1,2)

3 Usca(1,2)
3 Uzig(1,2)

4 Usca(1,2)
4 Uhil/val(1,2)

4

6 −1.883 45 −1.957 94 −1.980 14 −1.998 46 −1.991 5 −2.026 96 −2.009
10 −2.085 11 −2.191 95 −2.203 25 −2.223 31 −2.222 5 −2.245 84 −2.235 31
25 −2.274 12 −2.420 9 −2.458 15 −2.465 62 −2.474 53 −2.486 33 −2.480 38
30 −2.295 56 −2.447 28 −2.487 91 −2.494 12 −2.506 23 −2.516 04 −2.511 08
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FIG. 3. Total reduced energy per particle U3 of three assembled chains at n = 6
(gray), n = 10 (blue), and n = 25 (red) surfaces for (a) zig-zag-1 aggregates, δ1 ≥ 0
and δ2 < 0 and (b) scale-1 bundles, δ1 ≥ 0 and δ2 ≥ 0. Inset: schemed aggregates
at one of the minima of each surface: (a) (δ1, δ2) = (5, −2) at n = 6 and (δ1, δ2)
= (1, −4) at n ≥ 10 and (b) (δ1, δ2) = (2, 3) at n = 6 and (δ1, δ2) = (2, 2) at n ≥ 10.

energy, and this result corresponds to a pair of chains assembled to
one chain at each side pointing to opposite directions. At n = 10, the
most plausible configurations of a fully assembled bundle occurs at
(δ1, δ2, δ3) = (1, −10, 1) and (δ1, δ2, δ3) = (−2, 9, −2), corresponding
to two pairs of assembled chains pointing to opposite directions. At
n ≥ 15, the minima of Uzig

4 are found at (δ1, δ2, δ3) = (3, −2, 3)
and (δ1, δ2, δ3) = (−4, 1, −4), as schemed in Fig. 5(b); the latter
result is also obtained with increasing n, which is the convergence
configuration for zig-zag aggregates.

2. Scale bundles
The interspersed and external parallel shifts between the chains

in the aggregates are defined by considering positive and negative

FIG. 4. Equipotentials of total reduced energy Usca(1)
3 and force field F⃗sca(1)

3 of
three assembled chains for scale-1 aggregates at n = 30.

consecutive displacements δi; then, δi ,i+2 = δi + δi+1 + 1 (with
i = 1, 2) and δ1,4 = δ1 + δ2 + δ3 + 1 for interspersed and lateral
cases, respectively, and these are general rules that apply for regu-
lar and irregular bundles (see also Sec. III). At n = 6, the minima
of the normalized cohesion energy per particle Usca

4 are found at
(δ1, δ2, δ3) = (2, 3, 2) and (δ1, δ2, δ3) = (−3, −4, −3). For n = 10,
these minima are encountered at (δ1, δ2, δ3) = (2, 6, 2) and (δ1,
δ2, δ3) = (−3, −7, −3). For n = 25, the most probable configura-
tions are (δ1, δ2, δ3) = (−3, −3, −3) and (δ1, δ2, δ3) = (2, 2, 2) [see
Fig. 5(c)] being also associated with the minima of Usca

4 at higher
n. The latter arrangements are relative to the global minima of U4
(see Table II).

3. Hill/valley aggregates
Four configurations are considered in this section (see Table I),

for instance, consecutive lateral displacements in hill-1 aggregates
with δ1 ≥ 0, δ2 ≥ 0, and δ3 < 0. Interspersed and external parallel
shifts are δi ,i+2 = δi + δi+1 + 1 and δ1,4 = δ1 + δ2 + δ3 + 1, follow-
ing general rules. At n = 6, the minima of the normalized cohesion
energy per particle Uhil

4 are found at (δ1, δ2, δ3) = (1, 5, −2) and (δ1,
δ2, δ3) = (1, −6, −2) and for Uval

4 the minima of the potential are at
(δ1, δ2, δ3) = (−2, 5, 1) and (δ1, δ2, δ3) = (−2, −6, 1) with the same
cohesion energy. For n = 10 the minima of Uhil

4 are found at (δ1, δ2,
δ3) = (1, 9, −2) and (δ1, δ2, δ3) = (1, −10, −2), for Uval

4 , the minima
are encountered at (δ1, δ2, δ3) = (−2, 9, 1) and (δ1, δ2, δ3) = (−2, −10,
1). At n = 25 and higher, the most plausible configurations are (δ1,
δ2, δ3) = (2, 4, −2) and (δ1, δ2, δ3) = (1, −5, −3) [see Fig. 5(d)], asso-
ciated with the minima of Uhil

4 . The minima of Uval
4 are encountered

at (δ1, δ2, δ3) = (−2, 4, 2) and (δ1, δ2, δ3) = (−3, −5, 1).
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FIG. 5. (a) Scheme of a 4-chain zig-zag-2 aggregate with interspersed and external
parallel displacements δli,j, (b) the 4-chain zig-zag-1 bundle relative to the conver-

gence minimum of Uzig(1)
4 at n≫ d scheming consecutive parallel displacements

δIi , (c) the minimum energy arrangement for scale-1 aggregates as n increases,

and (d) the hill-1 bundle associated with the minimum of Uhil(1)
4 as n→∞.

Reflections and 180○ rotations change the category of a hill or
valley ribbon, for instance, hill-1 bundles become valley-1 under
reflections at the symmetry axis perpendicular to B⃗ or valley-2
agglomerates under 180○ rotations having the same energy.

4. Discussion
Comparing the magnitudes of the cohesion magnetic energy of

the aggregates at d = 4 (see Table II), the most plausible arrange-
ments correspond to the scale configurations (δ1, δ2, δ3) = (−3, −3,
−3) and (δ1, δ2, δ3) = (2, 2, 2) as n increases, relative to the global
minima of U4. In order to verify that these are the ground states
of a 4-chain bundle, the cohesion potential differences ΔUsca

4i are
computed similarly as in Sec. II A 1,

ΔUsca
41 = U

sca
4 (δ1, δ2, δ3) −Usca

4 (δ1 − 1, δ2, δ3)

ΔUsca
42 = U

sca
4 (δ1, δ2, δ3) −Usca

4 (δ1, δ2 − 1, δ3)

ΔUsca
43 = U

sca
4 (δ1, δ2, δ3) −Usca

4 (δ1, δ2, δ3 − 1),

and the magnetic forces per particle in the aggregate F⃗sca
4 = −∇U

sca
4

are

F⃗sca
4 = −(ΔU

sca
41 δ̂1 + ΔUsca

42 δ̂2 + ΔUsca
43 δ̂3), (7)

in each coordinate parallel to the magnetic field. These are the effec-
tive forces at each junction, considering the interaction between
interspersed and external chains as well.

The sphere shown in Fig. 6 indicates the integer position (δ1,
δ2, δ3) = (2, 2, 2) relative to the minimum of the magnetic poten-
tial at n = 30, which is encountered at Usca(1)

4i < 0. Notice in Fig. 6
that an integer shift in the positive (negative) direction of δi results
in Fsca(1)

4i < 0 (Fsca(1)
4i > 0), i.e., the minimum is stable in δ1, δ2, and

δ3. Computation of the minima for a higher number of particles can
be achieved with the present method. The minimum of Usca(1)

4 is

FIG. 6. Equipotentials of total reduced energy Usca(1)
4 and force field F⃗sca(1)

4 of
four assembled chains for scale-1 aggregates at n = 30.
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found at real coordinates, with (δ1, δ2, δ3) = (2, 2, 2) being the near-
est integer position. This is not the exact position of the minimum of
Usca(1)

4 , and the aggregates remain in this configuration due to con-
tact forces. In terms of the cohesive forces F⃗sca(1)

4i in the coordinates
parallel to the magnetic field at each junction, these are weakly repul-
sive at (δ1, δ2, δ3) = (2, 2, 2) and attractive toward this point at any
other integer position as n→∞.

III. UNLIKE SIZED CHAINS
In this section, unlike (n1 ≠ n2 ≠ n3) sized chains (irregular rib-

bons) are considered to search for the most plausible configuration
in aggregates of width d = 2, 3, 4. For these aggregates, the consecu-
tive parallel displacements in regions I and II are different, δIi ≠ δIIi ,
(see Figs. 7 and 9). Only consecutive shifts in region I are employed
(δIi ≡ δi). Since it was obtained for like sized chains that the magni-
tude of the cohesion energy in scale aggregates is higher than that of
zig-zag and hill/valley cases (see Table II), only I-scaled aggregates in
the positive region (δi ≥ 0) will be studied. The total number of par-
ticles per aggregate is nr = ∑d

i=1 ni. In these cases, the dimension of
the space of parameters is D = 2d − 1, containing the length of each
chain ni and their consecutive displacements δi. At d = 2, the prob-
lem is 3-dimensional; thus, the minima of the cohesion potential are
computed numerically, and its stability with respect to the lateral dis-
placements is verified. The reduced magnetic energy of interaction18

between 2 chains of different lengths is

Ucc
n1 ,n2(δ∥, δ⊥) =

n2

∑
i=1

n1

∑
j=1
(

1
(( j − i + δ∥)2 + δ2⊥)3/2

−
3( j − i + δ∥)2

(( j − i + δ∥)2 + δ2⊥)5/2 ). (8)

The cohesive energy per particle in 2-chain bundles with n1 ≠ n2
(and n1 = n2) is U2 = (Uc

n1 + Uc
n2 + Ucc

n1 ,n2(δ))/(n1 + n2). Formulas

FIG. 7. Cohesion energy U2 of two assembled chains at nmax = 6 (dotted), nmax

= 10 (dashed), and nmax = 25 (continuous) curves. Schemes of aggregates (n1,
n2) = (1, n2) and (n1, n2) = (21, 25) at parallel displacement δ = 1.

(3) and (4) are similar in these cases, specified for 3- and 4-chain
irregular ribbons, respectively, as follows:

U3(ni, δi,j) =
1

∑
3
i=1 ni

(
3

∑
i=1

Uc
ni +

2

∑
i=1

Ucc
ni ,ni+1(δi,i+1) + U int

n1 ,n3(δ1,3)),

(9)

U4(ni, δi,j) =
1

∑
4
i=1 ni

(
4

∑
i=1

Uc
ni +

3

∑
i=1

Ucc
ni ,ni+1(δi,i+1)

+
2

∑
i=1

U int
ni ,ni+2(δi,i+2) + Uext

n1 ,n4(δ1,4)). (10)

It will be shown in Secs. III B and III C that U3 and U4 depend
only on the lateral displacements between consecutive chains. nmax
is the maximum length of a chain allowed in a bundle. Aggregates
aligning parallel to the magnetic field hold the condition nmax ≥ d,
for instance, at d = 2, there is one scale case in the region δ > 0
that do not represent a physical assembly in the suspension (see
examples in Fig. 1). The schemed trimer at d = 2 is an irregular
bundle that can be observed with small probability, and the latter
occurs when the third bead has more kinetic energy than the poten-
tial barrier of the dimer aligned parallel to the magnetic field.18 The
ratio between these nonphysical arrangements and the total num-
ber of cases strongly decrease as nmax increases, being negligible
at nmax ≫ d.

A. 2-chain bundles
The aggregate cohesion energy per particle is computed by

employing Uc
n = −2∑n

i=1
n−i
i3 and (8) in U2. The results are computed

for δ ≥ 0 since configurations with negative values of δ are equiva-
lent (aggregates can be rotated or reflected to the δ ≥ 0 region). A
set of curves is found for all the pairs (n1, n2) comprising 2-chain
bundles with constant n2, variable n1, and n1 ≤ n2. In some cases two
minima are found per curve, and different sets of curves intersect.
Importantly, the minimum of each curve per set is mostly found at
δ = 1 (see rings in Fig. 7), and this minimum is encountered at δ = 2
for n1 = n2 and other cases.

The number of cases δ = 1 increases as n2 →∞, and at n2 = 25,
only curves with odd n1 are schemed; in this case, there are twice the
number of rings than presented, more than the 70% of the minima of
that set (continuous curves). Then, although the minimum of U2 for
each set is found at δ = 2, when n1 = n2, for most of the combinations
(n1, n2), the relative parallel displacement is likely to occur at δ = 1 in
the region δ ≥ 0. To confirm the latter, the ratio between the number
of stable minima for each δ and the total number of chain length
combinations n2

max in irregular bundles is computed with

r2(δ′) =
1

n2
max

nmax

∑
n1=1

nmax

∑
n2=1
{

1 if ∗

0 otherwise,
(11)

with ∗ = minimum of U2(n1, n2, δ) is found at δ = δ′. Then,
∑

nmax−1
δ=0 r2(δ) = 1. Equation (11) is the probability of two interact-

ing chains assembled in a δ′ configuration, which is averaged over
the total number of possible interactions. Note that the statistics are
computed including aggregates formed by like sized chains (n1 = n2).
At nmax = 10, U2 minimum is mostly found at δ = 1 with more than
25% of the total number of combinations (n1, n2). This percentage
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increases as nmax → ∞, and at nmax = 35, it is found with 44.7% of
the total number of possible arrangements. The equivalent scale-2
minimum is found at δ = −2.

B. 3-chain scale ribbons
Irregular aggregates of width d = 3 need not necessarily belong

to the same category under rotations in 180○ and reflections with the
axis of symmetry perpendicular or parallel to B⃗, for instance, an I-
scaled bundle under perpendicular reflection can be an I-zig-zag rib-
bon, having the same cohesive energy. By scheming a 3-chain irreg-
ular aggregate, it is shown that the parallel displacement between the
external (interspersed in this case) chains δ1,3 = δ1 + δ2 + 1 is inde-
pendent of the number of particles of each chain ni with i = 1, 2, 3.
It is recalled that δ1 ≤ n2 − 1 and δ2 ≤ n3 − 1; otherwise, (n1, n2, n3)
does not represent assembled chains. Three scale-1 cases are noted:
(n1, n2) ≤ n3, (n1, n3) ≤ n2, and (n2, n3) ≤ n1, see Fig. 9.

The cohesion energy of irregular bundles is computed by
employing Eq. (9). In order to find the minima of the cohe-
sive energy of 3 assembled chains, the potential differences
ΔUsca

3i (n1,n2,n3) are computed similar to that performed in Sec. II
A 1,

ΔUsca
31 = (U

sca
3 (δ1, δ2) −Usca

3 (δ1 − 1, δ2))∣n1 ,n2 ,n3
,

ΔUsca
32 = (U

sca
3 (δ1, δ2) −Usca

3 (δ1, δ2 − 1))∣
n1 ,n2 ,n3

.

Each difference is computed considering constant ni and i = 1, 2,
3. The magnetic forces per particle F⃗sca

3 (n1,n2,n3) = −∇Usca
3 in the

aggregate are

F⃗sca
3 (n1,n2,n3) = −(ΔUsca

31 δ̂1 + ΔUsca
32 δ̂2)∣n1 ,n2 ,n3

. (12)

Figure 8 show an example of the equipotentials of the cohesive
energy and the force field of a scale-1 aggregate (n1, n2, n3) = (20,
15, 10) in (δ1, δ2) ≥ 0 space. As observed previously, a stable mini-
mum is found at the real position near the integer position (δ1, δ2)
= (2, 2) (circle); thus, in this case, the chains will most likely aggre-
gate in this configuration and remain there due to magnetic and
contact forces. The minima of each surface are computed in order
to obtain a ratio accounting for the type of configuration and the
most plausible relative displacements of aggregates formed by three
unlike sized chains. The (δ1, δ2) surfaces in the three cases consid-
ered in Fig. 9 are studied up to nmax = 15 for scale-1 cases, i.e., up
to regular aggregates formed by three chains of length nmax = 15.
At nmax = 10 (see blue surface sets), the stable assembly (δ1, δ2)
= (3, 2) is the most probable for any configuration (n1, n2, n3) ≤ nmax,
with 4.2% of the total of possible combinations n3

max. In general, this
percentage is computed with the ratio

rd(δ
′
1, . . . , δ′d−1) =

1
ndmax

nmax

∑
n1=1
⋯

nmax

∑
nd=1
{
1 if ∗

∗

0otherwise
, (13)

with ∗∗ = minimum of Ud(n1, . . ., nd, δ1, . . ., δd−1) being found
at (δ1, . . ., δd−1) = (δ1

′, . . ., δd−1
′) and ∑nmax−1

δ1=0 ⋯∑
nmax−1
δd−1=0 rd = 1.

Equation (13) is the probability of d interacting chains assembled
in a (δ1

′, . . ., δd−1
′) configuration, which is averaged over the total

number of possible chain lengths. In addition, at d = 3 and nmax
= 10, the pair (δ1, δ2) = (2, 2) is highly plausible with 4.1%, which
is similar to the case presented in Fig. 8 (in that case, nmax = 20). At

FIG. 8. Equipotentials of the cohesion energy per particle Usca(1)
3 and force field

F⃗sca(1)
3 of three assembled chains at (n1, n2, n3) = (20, 15, 10).

nmax = 12, the configuration (δ1, δ2) = (2, 2) is the most probable
assembly, associated with the stable minimum of Usca(1)

3 , with more
than 4.5% of the total number of arrangements. At nmax = 15, this
stable minimum is observed in 5.1% of the total configurations. At
nmax = 16, the minimum of the magnetic potential is found at (δ1,
δ2) = (1, 2), with about 5.4%, and at nmax = 17, it is found with 5.7%,
increasing with nmax as predicted; thus, (δ1, δ2) = (2, 2) up to nmax
= 15 and (δ1, δ2) = (1, 2) observed up to nmax = 20 are metastable
minima. This has been computed at nmax = 30, and the stable min-
imum (δ1, δ2) = (1, 1) has been found to be the most plausible,
with about 7.9%. The latter finding confirms that the most prob-
able configuration is (δ1, δ2) = (1, 1) as nmax increases, similar to
the case d = 2 where δ = 1 is the most probable arrangement. For
scale-2 ribbons, (δ1, δ2) = (−2, −2) is the equivalent configuration
in most of the arrangements (n1, n2, n3) as nmax → ∞. The present
method can be employed to compute these statistics for zig-zag
aggregates.

C. 4-chain scale aggregates
As for irregular 3-chain bundles, at d = 4, irregular ribbons

do not necessarily belong to the same category under rotations in
180○ and reflections at the axes of symmetry perpendicular or par-
allel to B⃗, having the same cohesive energy. By scheming a 4-chain
irregular aggregate, it is shown that the parallel shifts between the
interspersed chains δi ,i+2 = δi + δi+2 + 1 (with i = 1, 2) and the rela-
tive displacement between external chains δ1,4 = δ1 + δ2 + δ3 + 1 are
independent of the number of particles of each chain ni with i = 1,
. . ., 4. The magnetic energyUsca

4 is not presented in this case since the
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FIG. 9. Cohesion energy Usca(1)
3 (n1,n2,n3, δ1, δ2) of three assembled chains

for scale-1 irregular aggregates at nmax = 6 (gray), nmax = 10 (blue), and nmax = 25
(red) surfaces in cases (a) (n1, n2) ≤ n3, (b) (n1, n3) ≤ n2, and (c) (n2, n3) ≤ n1.
Inset: scale-1 irregular bundles at (a) (n1, 3) ≤ n3 and (δ1, δ2) = (1, 2), (b) (n1, 4)
≤ n2 and (δ1, δ2) = (3, 0), and (c) (6, n3) ≤ n1 and (δ1, δ2) = (3, 2).

parameter space is 3 dimensional in δi; the equipotentials of Usca
4 and

force field F⃗sca
4 are computed (as in Sec. III B) by employing

ΔUsca
4j = (U

sca
4 (. . . , δj, . . . ) −Usca

4 (. . . , δj − 1, . . . ))∣
ni

,

for each set ni = n1, . . ., n4 and j = 1, 2, 3. The magnetic forces per
particle F⃗sca

4 are

F⃗sca
4 (ni) = −(ΔU

sca
41 δ̂1 + ΔUsca

42 δ̂2 + ΔUsca
43 δ̂3)∣ni

, (14)

for each junction parallel to the magnetic field. The sphere in Fig. 10
indicates the integer position relative to the stable minimum of the
irregular aggregate (n1, n2, n3, n4) = (20, 25, 30, 35). An integer shift
in the positive (negative) direction of δi yields Fsca(1)

4i < 0 (Fsca(1)
4i

> 0); then, the minimum is stable in δ1, δ2, and δ3. The minima of
Usca(1)

4 are computed in order to obtain a ratio accounting for the
most plausible relative displacements of ribbons formed by 4 unlike
sized chains.
The computation is performed in parallel, employing a 4-core
Intel Pentium processor; at nmax > 9, the computation time length
increases from hours to days. The ratio is computed by employ-
ing (13) in the case d = 4. From nmax = 9 up to nmax = 12, the
stable minimum (δ1, δ2, δ3) = (1, 4, 2) is the most probable con-
figuration with 1.02% and 0.85% (respectively) from all the pos-
sible aggregates (n1, n2, n3, n4) ≤ nmax. This percentage decreases
as nmax increases, meaning that this configuration is not the most
probable as nmax → ∞. At nmax = 12, the arrangement (δ1, δ2, δ3)
= (2, 2, 2) is at the eighth place, with 0.675% (see Fig. 10). As
nmax increases, the computation time length increases from weeks
to months. It is claimed that the positions of the minima move
toward (δ1, δ2, δ3) = (1, 1, 1) and (δ1, δ2, δ3) = (−2, −2, −2) as
nmax → ∞, and the latter will be confirmed by employing cluster
computing.

FIG. 10. Equipotentials of total reduced energy Usca(1)
4 and force field F⃗sca(1)

4 of a
4-chain scale-1 irregular aggregate at (n1, n2, n3, n4) = (20, 25, 30, 35).
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IV. AGGREGATE MEAN LENGTH
In this section, the mean length of regular aggregates com-

posed of two, three, and four chains of the same length is com-
puted, taking into account the most probable lateral displacements
between consecutive chains obtained in Sec. II and the development
of the equilibrium constant without approximations20,23 at this level,
although there have been approximations concerning the hydrody-
namic interaction forces. The following nondimensional groups are
important to distinguish between dominant and negligible forces.
Particles detach fluid streamlines because they move following local
magnetic field lines around the clusters; hence, the hydrodynamic
Stokes number is high, St > 1. A low Reynolds number means
viscous bulk hydrodynamic forces mostly affect the chain aggrega-
tion process. An important nondimensional group is the magnetic
Peclet number. In recent studies,16,17 researchers have shown that
the Peclet number – comparing magnetic forces to the hydrody-
namic drag force of the particles’ random walk in the fluid – is
low (Pe < 1) and when it is lower than the critical Peclet num-
ber Pec = 0.825, the chain growth curves can be collapsed. Then,
viscous forces are comparable to magnetic forces in the chain aggre-
gation regime, which is not the case at the ribbon aggregation and
saturation phases due to higher magnetic fields. One main differ-
ence between the chain and bundle saturation regimes is that in the
latter stage chains clip off bundles to interact with other ribbons,
maintaining their alignment to the applied magnetic field. Thus, in
this regime, Pe > Pec since the applied magnetic field is high and
magnetic forces between the aggregates are dominant over hydro-
dynamic forces, even at very viscous solvents. Magnetic energies per
particle U2, U3, and U4 in formula (9) are fitted for d = 2, 3, 4 at the
most plausible lateral consecutive displacements in regular aggre-
gates δ = 2, (δ1, δ2) = (2, 2), and (δ1, δ2, δ3) = (2, 2, 2), respectively

FIG. 11. Mean length of the aggregates in the colloidal suspension. Experimen-
tal data obtained from Ref. 19 (circles) are compared against the absolute value
of complex (black points) and real (green/gray points) solutions of (15). Inset:
magnetic cohesive energy per particle Usca(1)

2 , Usca(1)
3 , and Usca(1)

4 of scale-1
aggregates containing like-sized chains as a function n and fit in cases d = 1
(continuous), d = 2 (dashed), d = 3 (dotted-dashed), and d = 4 (dotted).

[see Fig. 11 (inset)]. The fit coefficients (a1, b1) are those found in
Ref. 19 in the case d = 1. The constants of the magnetic energy for
these regular cases are ad = 1.3054, 4.0500, 6.4900, and 8.9000 and
bd = 1.1997, 1.2910, 1.3193, and 1.3335 at d = 1, 2, 3, 4, respectively.
Importantly, for the latter fit, the local minimum changes at about
nd = 30, 85, 180 at d = 2, 3, 4. The fit (ad, bd) for the magnetic energy
is used in the computation of the Boltzmann factor rd ,n and the equi-
librium constant Kd ,n, employing the average length of the chains in
the agglomerates,

n̄ =
1
A

4

∑
d=1

∞
∑
n=d

nAd,n, (15)

with A = ∑4
d=1∑

∞
n=d Ad,n bring the total number of bundles in the

fluid and Ad ,n = ϕd ,n/dnV⊙ the number of aggregates of width d and
chains of length n in scale, zig-zag, or hill/valley configurations. The
volume fraction ϕd ,n = dnxdnϕ1,1rd ,nKd ,n/x (see details in Ref. 19) is
written as a function of x = ϕ1,1eβεm with ϕ1,1 being the volume frac-
tion of monomers under magnetic field applied and β = 1/kBT with
T the suspension mean temperature. Kd,n = (n̄r/ϕ0)

dn−1 is the equi-
librium constant, n̄r the average number of beads per ribbon, and
ϕ0 = NV⊙/V is the volume fraction of monomers in absence of a
magnetic field. The factor rd,n = eβεm[1−ad+(bd−1)dn] depends on the
cohesive magnetic energy per particle of the bundles. It is noted that
(15) is the mean length of the bundles in cases where the lateral dis-
placement between chains is small (the aggregates are roughly rect-
angular). This is also the case of the configurations found in Sec. II,
where Eq. (15) differs on a factor of order 2.5(d − 1) < 10 compared
upon the length of the most plausible scale agglomerates; thus, n̄ + 5
is computed in the bundle regime d = 2, 3, 4. Complex and real solu-
tions are obtained by solving the set (i) n̄r = x0/a0, (ii) n̄ = n0/a0,
(iii) x0 = ∑

4
d=1 x0d for (x, n̄r , n̄), with a0 = ∑

4
d=1 a0d, n0 = ∑

4
d=1 n0d,

and

a0d=
ϕ0
n̄r
eβεm(1−ad) ζd

2
d

1−ζdd
,

n0d = a0d(d + ζd
2

d
1−ζdd
),

(16)

x0d = dn0d and ζd = (n̄r/ϕ0)xeβεm(bd−1). These equations have
a maximum of 20 complex and pure real solutions from which
4 real (green/gray points) and complex (black points) solutions
are selected (see Fig. 11). The solutions of n̄ are plotted for val-
ues of B in the range [1, 26] G at ϕ0 = 0.003 and C1 = 0.25
× 10−2 [G−2] (points) in good agreement with experimental mea-
surements (circles). Numerical results can be easily modified by
tuning ϕ0 and C1. Multistability is observed in the ribbons regime
B2
≳ 300 [G2]. In the chain range (d = 1) the set (i)–(iii) is unde-

termined due to n̄r = n̄, the numerical solutions are obtained
solving (ii) and (iii) for the variables x and n̄ with parameters
ϕ0 = 0.003 and C1 = 2.5 × 10−2[G−2] (points). The employed
values of C1 at each regime differ by one order of magnitude
due to the minimum and maximum values of the experimental
measurements of χ and R. The solutions of the set (ii) and (iii)
are real with maximum multiplicity equal to 1 in this range of
parameters.

For aggregates with unlike-sized chains, magnetic energy can
be fitted at d = 2, 3, 4 for the most plausible lateral consecutive
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displacements δ = 1, (δ1, δ2) = (1, 1), and (δ1, δ2, δ3) = (1, 1, 1),
respectively. Nevertheless, the number of beads in each chain is arbi-
trary; thus, any set (n1, . . ., nd) can be chosen. In this case, the results
obtained in Sec. III are useful if the number of particles of each chain
per interaction is known. The theoretical findings are more scattered
than experimental data at values of B2 higher than about 150 [G2]
and lower than 300 [G2]. This discrepancy is due to many factors
including sedimentation, inter-particle hydrodynamic and contact
forces (e.g., lubrication and Hertz forces), and due to the statistical
mean calculation considering the selected scale ribbon configura-
tions. It is noted that these configurations represent a large amount
of bundles since their fraction in the suspension grows as increasing
the allowed maximum number of particles per chain; nevertheless,
there are bundle arrangements that are not considered in the ribbon
average length computation. Also, the range of B2 previously com-
mented belongs to chain formation and saturation regimes where
viscous forces are important, Pe < Pec; then, a discrepancy in this
range is expected.

V. CONCLUSIONS
In this work, ribbons formed by like sized and unlike sized

chains at consecutive lateral displacements δi were studied. In Sec. II,
regular scale aggregates are found to be the most energetic at d
= 2, 3, 4, and this is used to guide the study at irregular bundles
(Sec. III). In Sec. II A, the first numerical results confirm that δ
= −3 and δ = 2 are associated with the minima of the cohesive energy
of a 2-chain regular aggregate. 3-chain bundles are classified in zig-
zag and scale types. The stability of the minima is studied in the (δ1,
. . ., δd−1) parameter space. The findings predict stable global min-
ima around the integer positions (δ1, δ2) = (−3, −3) and (δ1, δ2)
= (2, 2) as n increases. In Sec. II B, 4-chain aggregates are classified
in zig-zag, scale and hill/valley cases. The minima of Usca

4 are found
around the integer positions (δ1, δ2, δ3) = (−3, −3, −3) and (δ1, δ2,
δ3) = (2, 2, 2) as n →∞, these are the positions associated with the
global minima of the cohesive energy U4 for any type of bundle com-
posed by 4 chains of equal length. For instance, at d = 3, a chain joins
a pair of assembled chains similar to the assembly of a single chain.
At d = 4, a chain will most likely join a 3-chain regular bundle to
build a 4-chain regular ribbon at these most probable configurations.
The chain aggregation process can be also performed by pairs in the
case d = 4. The aggregates remain in the integer positions due to con-
tact forces and depletion zones. Section III considers irregular rib-
bons formed by unlike sized chains. The ratio between the number of
configurations (δ1, . . ., δd−1) (where the minima of Ud are encoun-
tered) and the total number of possible aggregates (n1, . . ., nd) is
computed in order to define the most common assembly per bundle
width. In Sec. III A, considering the case of two assembled chains (d
= 2) and nmax = 35, more than the 44% of the possible assemblies
have a minimum of the cohesive energy at δ = 1, and this percentage
increases as nmax→∞. Then, it is more likely to form a δ = 1 configu-
ration since the δ = 2 assembly occur in particular cases, for instance,
when 2 chains of equal length interact. In Sec. III B, at d = 3 and up to
nmax = 15, the pair (δ1, δ2) = (2, 2) is the most plausible to be found at
about 5% of the total configurations. This is a metastable minimum,
and at nmax = 17, the minimum of the magnetic potential is found at
(δ1, δ2) = (1, 2) with about a 5.7% increase with nmax. At nmax = 30,
the stable minimum (δ1, δ2) = (1, 1) is the most probable with about

7.9%. The latter confirms that (δ1, δ2) = (1, 2) is a transitional state
and the configuration (δ1, δ2) = (1, 1) is the most probable to observe
at unlike sized chains assemblies as nmax increases. In Sec. III C,
at d = 4, the computation length increases from weeks to months
at nmax ≥ 15 with a 4-core Intel Pentium processor running in par-
allel. Based on the probabilities computed up to nmax = 12 and the
results obtained in Secs. III B and III C, it is claimed that (δ1, δ2,
δ3) = (−2, −2, −2) and (δ1, δ2, δ3) = (1, 1, 1) are the most plausi-
ble configurations as nmax increases, and the latter will be confirmed
by employing cluster computing. It can be concluded that for reg-
ular and irregular bundles, the arrangements δ = −2 and δ = 1 at
d = 2, (δ1, δ2) = (−2, −2) and (δ1, δ2) = (1, 1) at d = 3, and (δ1, δ2, δ3)
= (−2, −2, −2) and (δ1, δ2, δ3) = (1, 1, 1) at d = 4 are the most likely
to occur in the colloidal suspension. These statistics are useful, for
instance, to establish plausible assumptions for computing and fit
the normalized magnetic energy per particle Ud in regular agglom-
erates as a function of their number of beads, which is employed to
predict the mean length of the bundles in the liquid as a function
of the magnetic field (see Sec. IV). The arbitrariness on the parallel
shifts in irregular ribbons considered to compute and fit Ud for each
case d = 2, 3, 4 is solved by employing the highest ratio 12 related
to the probability that d interacting chains assembled in a (δ1

′, . . .,
δd−1

′) configuration. The findings in this work can be used also as
additional constraints relative to the interaction between chains in
numerical simulations.
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