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a b s t r a c t 

The coexistence of coherent and incoherent domains in discrete coupled oscillators, chimera state , has 

been attracted the attention of the scientific community. Here we investigate the macroscopic dynamics 

of the continuous counterpart of this phenomenon. Based on a prototype model of pattern formation, we 

study a family of localized states. These localized solutions can be characterized by their sizes, and posi- 

tions, and Yorke-Kaplan dimension. Chimera states in continuous media correspond to chaotic localized 

states. As a function of parameters and their size, the position of these chimera states can be bounded 

or unbounded. This allows us to classify these solutions as wandering or confined walk. The wandering 

walk is characterized by a chaotic motion with a truncated Gaussian distribution in its displacement as 

well as memory effects. 

© 2020 Elsevier Ltd. All rights reserved. 
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Localized structures are a characteristic feature of the self-

rganized non-equilibrium systems [1–3] . These structures, de-

cribed as particle-like solutions, are characterized by continu-

us order parameters like the position, width, and amplitude [4] .

otwithstanding, localized structures corresponds to extended so-

utions. They have been observed in numerous fields, ranging from

hysics, chemistry to biology [4–6] . The localized structures are the

issipative counterpart of the solitons in conservative systems. In

ne-dimensional systems, they can be interpreted as spatial tra-

ectories that connect one steady state with itself. Indeed, they

re homoclinic orbits of the spatial co-moving system [7] . Lo-

alized structures are not necessarily motionless. As a result of

ymmetry breaking instabilities, they can exhibit motion or self-

ulsation [8–14] . Recently, it has been shown that parity symmetry

reaking induces spontaneous motion of localized structures [15] .

 unified description of localized structures and their dynamic

ehavior can be achieved by the nonvariational Swift-Hohenberg

quation [16–19] . This model accounts for a scalar field that

oes not follow minimization principles. The nonvariational Swift-

ohenberg equation has been derived in several contexts [19] .

oreover, this equation is used to puts light on the existence, sta-

ility properties, and dynamical evolution of complex spatiotempo-

al localized structures called chaoticons [20] . This intriguing phe-

omenon is observed in a liquid crystal light valve experiment
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ith optical feedback. Furthermore, numerically chaoticons are ob-

ained in nonlocal nonlinear Schrödinger equation [22] , Ginzburg-

andau equation [21] and a reaction-diffusion model [23] . In-

eed, these states show a coexistence between coherence (sta-

ionary) and incoherence (spatiotemporal chaotic) domains. Hence,

haoticons are the continuous counterpart of chimera states [24] ,

amely, chaoticons correspond to chimera-like solutions. Originally,

himera states were observed in nonlocally coupled phase oscilla-

ors [25] . These intrigued states correspond to breaking symmetry

olution without bistability. Extension of chimera states in bistable

ystems was proposed in several coupled systems [26–29] , which

as usually denominated chimera-like states. Depending on the

nitial condition, these states have different size and exhibit a fam-

ly of solutions with the coexistence of coherent and incoherent

omains. 

Since then, chimera states have been investigated in more

eneral frameworks [30–35] . Initially, even though the existence

f chimera states was attributed to the nonlocal nature of the

oupling [24] . Subsequently, chimera states have been observed

n systems that are coupled globally [36–38] , and locally [26–

8,39,40,21] . In all these studies, domains remain motionless. How-

ver, under special conditions, chimera states are traveling solu-

ions. This is observed under symmetric [41,42] and asymmetric

chemes of coupling [29,43–45] . Even, chimera states show an er-

atic motion with stochastic nature in a finite number of coupled

scillators [42,46] . This fact is reflected by the loss of memory of

he chimera position, which is counterintuitive for a determinis-

ic system. Henceforth in this manuscript, we will use the term
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Fig. 1. (color online) Experimental observation of an erratic walk of a localized spot 

in a liquid crystal light valve with optical feedback. (a) Experimental spatiotemporal 

evolution of a localized spot. (b) Instantaneous snapshot of the localized state. (c) 

A plot of the light intensity at a given time (Courtesy of Nicolas Verschueren). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. (color online) Confined chimera states observed in the Swift-Hohenberg 

Eq. (1) by η = −0 . 09 , μ = −0 . 04 , ν = 1 , b = −2 , c = 21 , dx = 0 . 6 and dt = 0 . 01 . (a) 

Spatiotemporal evolution of a confined chimera state of 6 bumps. Temporal evo- 

lution of the centroid (b) and displacement (c) of the chimera state. Panels (d) 

and (e) show, respectively, an excerpt of the centroid and displacement for the first 

10 4 time steps. (f) and (g) are the statistical distribution for centroid and displace- 

ments of chimera state, respectively. (h) Phase portrait reconstruction in 2D space 

of chimera state centroid. 
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chimera to refer a complex spatiotemporal localized state in con-

tinuous media. 

Unexpectedly, in a liquid crystal light valve experiment with op-

tical feedback, an erratic walk dynamics of chaoticons is observed

(see Fig. 1 ). This complex walk accounts for an erratic motion of

the position of the complex localized structure. This dynamic is of

deterministic nature. Theoretically, the chaoticon was described by

the non-variational Swift-Hohenberg equation [20] . However, the

reported dynamics of chaoticons of this model are characterized

by erratic localized fluctuations in a bounded region of the or-

der of one wavelength of the spatiotemporal chaotic state [20] , at

variance to the experimental observations characterized by an un-

bounded erratic walk. The mechanism that produces these states

and their dynamics is an open problem. 

In this paper, we investigate the erratic walk of chimera states

in continuous media. Based on a prototype model of localized

structures—the non-variational Swift-Hohenberg equation—we nu-

merically observe and analyze wandering walks of localized struc-

tures. To characterize this wandering motion, we use tools of the

dynamical systems and statistics theory. Finally, in comparison to

the random dynamics of chimera states in coupled oscillators [46] ,

the motion of the wandering walk of chimera-like state shows

memory effects. Namely, the self-correlation of the position of this

localized state does not become zero. 

An archetypal model that shows patterns, fronts, localized

structures, and chimera-like states in continuous media is the non-

variational Swift-Hohenberg equation [19,20,47,48] . It describes the

dynamics near a Lifshitz critical point [2] that accounts for the

confluence of a spatial instability and a nascent of bistability

through the scalar order parameter u ( x, t ), 

∂ t u = η + μu − u 

3 − ν∂ xx u − ∂ xxxx u + c ( ∂ x u ) 
2 + 2 bu ∂ xx u, (1)

where x and t stand for the spatial and temporal coordinates, re-

spectively. μ is the bifurcation parameter ( μ � 1), η accounts

for the asymmetry between homogeneous states, c, ν , and b are,

respectively, the nonlinear advection, the linear and the nonlin-

ear diffusion coefficients. The term proportional to the four spatial

derivative accounts for the hyperdiffusion. Higher-order terms in

Eq. (1) are ruled out by scaling analysis, since u ~ μ1/2 , η ~ μ3/2 ,

ν ~ μ1/2 , ∂ t ~ μ, ∂ x ~ μ1/4 , and c ~ b ~ O (1). 

When b = c = η = 0 , Eq. (1) corresponds to the well-known

Swift-Hohenberg model [2,49] . The minimization of free energy

characterizes the dynamics of Eq. (1) . Hence, the Swift-Hohenberg

equation shown only stationary solutions as equilibria. Indeed,

this dynamics is of variational nature. However, in the case that

b � = c , model Eq. (1) losses its variational structure, allowing

the existence of solutions that show permanent dynamics, such as

propagative fronts [50] , moving and oscillatory localized structures
15,48,51] , and chimera-like states [20] . Fig. 2 (a) displays a typical

himera state of model Eq. (1) . This dynamic behavior is charac-

erized by presenting localized spatiotemporal chaos, which is sur-

ounded by homogeneous states on its flanks. It is noteworthy to

ote that despite its spatiotemporal complexity, the evolution of

he chimera state position is localized in space, that is, the local-

zed state is confined. To characterize the dynamics of the chimera

tate, let us introduce its position or centroid as 

 c (t) = 

∫ L 
−L x ̂  u (x, t) dx 
∫ L 
−L 

ˆ u (x, t) dx 
, (2)

here ˆ u (x, t) ≡ u (x, t) + h and h is the distance of the homo-

eneous state to zero. Moreover, we consider displacements of

himera state �x c , taking the difference of its position between

wo successive time steps. 

Fig. 2 shows the temporal evolution of the centroid and dis-

lacements of the chimera state. These dynamics reveal a rich

nd complex evolution. Note that the dynamics of the centroid

s bounded by one wavelength. Hence, the chimera state remains

round a given position. The statistical characterization of the cen-

roid and displacements dynamics are shown in Fig. 2 (f) and (g),

espectively. In both cases, the distributions are bounded, reflect-

ng the fact that the spatiotemporal chaotic localized structure is

inned. The richness and complexity of such kind chaotic local-

zed structures have been studied previously in Verschueren et al.

20] . The reconstruction of the attractor for the centroid of chimera

tate—following the classical Fraser and Swinney method [53] —

btaining by unfolding in a 2D space is shown in Fig. 2 (h). Un-

xpectedly, when changing parameters, the position of the chimera

xhibits complex behaviors, which causes the chimera to move dis-

ances greater than the characteristic wavelength of the spatiotem-

oral chaotic state (cf. right panels in Fig. 3 ). 

To the best of our knowledge, the complex and unbounded dy-

amical behavior of the position of chimera states has not been

eported in continuous media. To investigate such localized struc-

ures dynamics, we have conducted a numerical analysis of model

q. (1) in the nonvariational regime. For the sake of simplicity, pe-

iodic boundary conditions have been considered, however, similar

ynamic behaviors are observed with other boundary conditions.

ourth-order Runge-Kutta in time and finite differences in space
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Fig. 3. (color online) Single localized structures of the non-variational Swift- 

Hohenberg Eq. (1) by η = −0 . 04 , μ = −0 . 09 , ν = 1 , b = −2 , c = 24 , dx = 0 . 4 and 

dt = 0 . 001 . (a) Profile and (d) spatiotemporal evolution of the motionless localized 

structure with two bumps. h is the distance of the homogeneous state to zero. (b) 

Profile and (e) spatiotemporal evolution of the motionless localized structure with 

three bumps. The position or centroid of the localized structure is maintained at a 

fixed location. Besides, the heights of the bumps oscillate with a fixed amplitude 

and frequency. (c) Profile and (f) spatiotemporal evolution of the wandering com- 

plex localized solution. This state has four bumps. Each of them exhibits complex 

aperiodic oscillations, while the localized structure changes its position erratically. 

Here the coherent domain has a constant dynamics, whereas the incoherent domain 

has complex dynamical behavior. 
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Fig. 4. (color online) Wandering walk of chimera states of the non-variational 

Swift-Hohenberg Eq. (1) by η = −0 . 04 , μ = −0 . 09 , ν = 1 , b = −2 , c = 24 , dx = 0 . 4 

and dt = 0 . 001 . (a) Excerpts of Spatiotemporal diagram of a wandering chimera 

state. (b) Temporal evolution of the centroid x c ( t ) of the chimera state, calculated 

using formula (2) , of the respective spatiotemporal evolution presented in panel (a). 

(c) Several trajectories of the centroid of chimera state calculated for different 

slightly initial conditions. 

Fig. 5. (color online) Statistical characterization of displacements of the position of 

the chimera solution �x ( t ) for Eq. (1) with η = −0 . 04 , μ = −0 . 09 , ν = 1 , b = −2 , 

c = 24 , dx = 0 . 4 and dt = 0 . 001 . (a) Longtime evolution of the displacements �x ( t ). 

(b) The probability distribution of displacements, which shows a Gaussian-like dis- 

tribution. The continuous curve (red) accounts for a Gaussian adjustment function, 

formula (3) , with μ ≈ 0 and β ≈ 2 . 158 × 10 −3 . The left inset shows the probability 

distribution of displacements in the log-log scale. This illustrates that the distribu- 

tion corresponds to a truncated Gaussian. The right inset shows amplification of 

the tails of the distribution. (c) Self-correlation function R ( T ) based on Pearson’s co- 

efficient. The fact that this function does not decay to zero highlight the memory 

effects of the wandering motion of chimera states. (For interpretation of the refer- 

ences to color in this figure legend, the reader is referred to the web version of this 

article.) 
re the numerical methods used to integrate model Eq. (1) . In all

imulations, the space is discretized in 400 points with dx = 0 . 4 ,

nd the time step size is dt = 0 . 001 . Fig. 3 shows typical local-

zed solutions exhibited by the model Eq. (1) . The system shows

nly these three types of single localized states in a given region of

arameters. These localized solutions as a function of their width

re characterized by being stationary, oscillatory, or chaotic, re-

pectively. Other localized states are a composition of these sim-

le solutions. The top panels in Fig. 3 show profiles of each local-

zed structure at a given time, and the bottom panels display the

espective spatiotemporal evolution of localized states. Solutions

hat have two and three bumps correspond to stationary states, de-

icted in Fig. 3 (d) and (e). However, a complex spatiotemporal evo-

ution is shown by the localized structure that exhibits four bumps,

ee Fig. 3 (f). In the former case, the system shows coexistence be-

ween coherent and incoherent domains. Indeed, this state corre-

ponds to a chimera state, but instead of the chimera state shown

n Fig. 2 , it exhibits a wandering walk in its position, which is char-

cterized by move several times the characteristic wavelength of

he chaotic domain. Hence, the incoherence domain presents wan-

ering movements which resemble a random walk [52] . 

Fig. 4 illustrates the temporal evolution of the four-bumps

himera solution and its respective centroid x c ( t ). To figure out the

ensitivity of the initial conditions on the motion of this chimera

tate the position x c ( t ) is calculated for slightly different initial con-

itions [see Fig. 4 (c)]. From this figure, one can infer that the posi-

ion of the chimera solution presents complex dynamics as a func-

ion of the initial conditions. Likewise, to reveal the nature of the

ovements, we compute its displacements, taking the difference

f its position between two successive time steps. Hence, the dis-

lacements are defined by �x (t) ≡ x c (t) − x c (t − τ ) . Fig. 5 shows

he temporal evolution of the displacement �x ( t ) and its respec-

ive histogram which has a bell shape. Building the associated dis-

ribution of displacements, we found that a Gaussian distribution

ell describes it. Consider a fitting distribution function of the

orm 

f (�x ) = 

1 

β
√ 

2 π
e −

(�x −μ) 2 

2 β , (3)

here μ corresponds to the mean value of the displacements

 μ ≡ 〈 �x 〉 , where the symbol 〈 · 〉 accounts for the average on the

alues of the displacements). β accounts for the standard devia-

ion. The probability density distribution, and the Gaussian func-
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Fig. 6. (color online) Temporal characterization of statistical measures of wandering 

chimera states for model Eq. (1) by η = −0 . 04 , μ = −0 . 09 , ν = 1 , b = −2 , c = 24 , 

dx = 0 . 4 and dt = 0 . 001 . (a) Displacement distributions for different waiting times 

τ = 10, 20, and 30, respectively. Temporal evolution of the standard deviation (b), 

and the excess kurtosis (c). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. (color online) Dynamic characterization of the wandering chimera state of 

the non-variational Swift-Hohenberg Eq. (1) by η = −0 . 04 , μ = −0 . 09 , ν = 1 , b = 

−2 , c = 24 , dx = 0 . 4 and dt = 0 . 001 . (a) Lyapunov characteristic exponents of the 

wandering chimera solution and the partial sums of the Lyapunov exponents �i = 

∑ i 
k =1 λk . (b) Power spectrum of displacements time series. 
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tion (3) are compared in Fig. 5 (b). The probability distribution

of displacements of chimera-like states resembles to the prob-

ability distribution of displacements of a Brownian motion. The

rhythms of the displacements of a Brownian particle are com-

pletely determined by a random process (Wiener process [52] ).

However, unlike a Brownian motion, the self-correlation function

R (T ) = 〈 �x (t)�x (t + T ) 〉 does not decrease despite the increasing

of T , highlighting the memory effects of this motion. Moreover, the

self-correlation shows an oscillatory behavior between a consider-

able maxima and minima values [see Fig. 5 (c)]. Observe that R ( T )

was measured using the Pearson correlation coefficient. Besides,

we have plotted the distribution of displacement in the log-log

scale, see insets in Fig. 5 (b). This chart reveals that the displace-

ment distribution corresponds to a truncated Gaussian distribution.

This type of distribution is a consequence of the central limit theo-

rem for a finite number of elements [54–56] . To check out this re-

sult, we have conducted different numerical simulations with very

long periods and of different sizes and the distribution obtained is

the same. 

To characterize the statistical evolution of the displacement �x

in a given waiting time τ , we have monitored the evolution of the

displacement distribution, the standard deviation σ , and the excess

kurtosis κ . Fig. 6 summarizes this statistical analysis. Note that σ
and κ show a linear and parabolic waiting time dependence, re-

spectively. Similar dynamical behavior of σ was reported in phase

coupled oscillators [46] . This type of dynamical statistical behavior

is not peculiar of Brownian motion. 

In brief, the position of the chimera-like state shows a wander-

ing motion with a truncated Gaussian distribution of its displace-

ment and memory effects. 

To shed light on the dynamic nature of the wandering walk

of chimera-like states, we will use tools from the theory of dy-

namic systems such as the power spectrum and Lyapunov expo-

nents. These type of tools allows us to characterize the dynam-

ics of modes and establish if the dynamics are of chaotic nature.

When the largest Lyapunov exponent λmax is negative, the system
as a stationary equilibrium, for instance, homogeneous or pattern

tates. On the contrary, when it is positive, the system under study

xhibits chaotic dynamics. Indeed, the Lyapunov spectrum charac-

erizes the exponential sensibility to the initial conditions [57] . The

nalytical study of the Lyapunov spectrum is a titanic endeavor

nd in practice inaccessible. The numerical derivation of the ex-

onents is a standard strategy. Indeed, it is necessary to spatially

iscretize the model Eq. (1) . Hence, model (1) is approximated to

 set of coupled ordinary differential equations, discretized system .

rom these equations, one can determine the discretized Jacobian

t the chaotic solution, which characterizes the linear evolution of

he state under study. To determine the Lyapunov exponents, we

ollow the linear evolution of an orthonormal deviation vectors ba-

is of the discretized system. At every temporal evolution step, the

eviation vectors are replaced by a new set of orthonormal vectors.

rom these orthonormalization procedures, Lyapunov exponents

re estimated (see Ref. [58] for more details). We have calculated

umerically the leading Lyapunov exponents of the chimera solu-

ion. Fig. 7 shows the positive Lyapunov spectrum of the chimera

olution. From this spectrum, it is inferred that the strange attrac-

or has at least 4 unstable directions. Note that few exponents are

ositive, which highlight a low-dimensional chaotic dynamics. In

ddition, one can determine the dimension of the strange attractor

hat characterizes the dynamics of the position of the chimera-like

olution, using the Yorke-Kaplan conjecture [59] . The Yorke-Kaplan

imension is defined as D Y K = n + 

∑ n 
i =1 λi / | λn +1 | , where n is the

argest integer such that λ1 + + λn > 0 . Fig. 7 (a) shows the par-

ial sum of the Lyapunov exponents �i = 

∑ i 
k =1 λk . From this chart,

e found that n = 10 . Then, the dimension is D YK ≈ 10.005. Be-

ides, Fig. 7 (b) displays the power spectrum of the temporal evo-

ution of the displacements. The complex evolution of the wander-

ng chimera state is revealed in a large number of frequency that

s involved in the dynamics, which is typical of chaotic behaviors.
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Fig. 8. (color online) Phase diagram of chimera states in parameter-space η − c and 

for μ = −0 . 09 , ν = 1 , b = −2 , dx = 0 . 6 and dt = 0 . 01 . The green, blue and light red 

area account for the region where wandering, traveling, and motionless chimeras 

states are observed. The motionless and traveling chimera states are characterized 

by bounded and traveling centroid. (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.) 
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herefore, from the previous analysis, we infer that the wandering

alk of the chimera-like solution is of a chaotic nature. 

The wandering chimera-like states are observed in a wide range

f parameters, which is a manifestation of the robust nature of

hese localized states. Fig. 8 shows the phase diagram of chimeras

ith wandering walks in η − c parameters space. Hence, chimeras

ith wandering walks are observed in a wide region of the param-

ter space. It is important to note that these chimeras with wan-

ering walks can coexist with motionless localized structures and

onfined chimeras. 

In conclusion, we have shown that wandering dynamics of the

osition of chimera solutions in continuous spatially extended sys-

ems. These intriguing states are observed in the nonvariational

wift-Hohenberg equation, which is a prototype model of pat-

ern formation. We have investigated the statistical and dynami-

al properties of wandering chimera states. The wandering walk

f these solutions shows a truncated Gaussian distribution in its

isplacements. This property and the sensitivity to the initial con-

itions resemble a sort of Brownian motion. However, the wan-

ering walk of the chimera states exhibits memory effects that

re characterized by the self-correlation function. Besides, we have

hown that the evolution of the position of wandering chimera-like

tate corresponds to chaotic behavior. To support this statement,

he leading Lyapunov exponents were calculated. 

Due to the generic character of the nonvariational Swift-

ohenberg equation, we expect the observation of wandering

himera-like states in a wide range of systems. In addition, we can

ake advantage of these wandering chimera-like states as Brownian

otors [60] to induce propagation or control of coexisting local-

zed structures. Finally, this work provides insights into novel ways

f light beam generation with coexisting coherent and incoherent

omains. The incoherent domain remains in a wandering motion.

e expect that such kind of light beam will have significant and

ar-reaching ramifications in the development of novel and practi-

al technological applications. Work in this direction is in progress.
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