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SMOOTH QUOTIENTS OF COMPLEX TORI BY FINITE

GROUPS

ROBERT AUFFARTH AND GIANCARLO LUCCHINI ARTECHE

Abstract. Let A be a complex torus and G a finite group acting on A without
translations such that A/G is smooth. Consider the subgroup F ≤ G generated
by elements that have at least one fixed point. We prove that there exists a point
x ∈ A fixed by the whole group F and that the quotient A/G is a fibration of
products of projective spaces over an étale quotient of a complex torus (the étale
quotient being Galois with group G/F ). In particular, when G = F , we may
assume that G fixes the origin. This is related to previous work by the authors,
where the case of actions on abelian varieties fixing the origin was treated. Here,
we generalize these results to complex tori and use them to reduce the problem
of classifying smooth quotients of complex tori to the case of étale quotients.

An ingredient of the proof of our fixed-point theorem is a result proving that
in every irreducible complex reflection group there is an element which is not
contained in any proper reflection subgroup and that Coxeter elements have this
property for well-generated groups. This result is proved by Stephen Griffeth in
an appendix.
MSC codes: primary 14L30, 14K99; secondary 20F55, 32M05.

1. Introduction

Let A be a complex torus of dimension n, and let G be a finite subgroup of
automorphisms of A (that does not necessarily fix the origin). We are interested in
studying when A/G is smooth. This article is a twofold generalization of [ALA20],
where the same situation was considered, but for abelian varieties and in the case
that G fixes the origin. This article gives a more precise version of a result by
Demailly, Hwang and Peternell [DHP08], which itself generalizes previous work on
varieties covered by abelian varieties by Hwang and Mok [HM01]. It can be seen as
a bridge between our previous article and the theory of hyperelliptic manifolds.

A hyperelliptic manifold is by definition a manifold Z that is not a complex torus,
but such that there exists a complex torus X and a finite subgroup G ≤ Aut(X)
that acts freely on X, such that Z ≃ X/G. This generalizes the classic notion
of hyperelliptic surface that was studied and characterized by Enriques and Severi
[ES09] and Bagnera and de Franchis [BF07]. These manifolds have been studied in
general by Lange [Lan01], Chintipalli and Iyer [CI13], Catanese and Corvaja [CC17],
and have recently been characterized in dimension 3 by Catanese and Demleitner
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[CD18] who based their work on a characterization of discontinuous groups of affine
transformations of C3 given by Uchida and Yoshihara [UY76].

The purpose of our article is to reduce the classification of smooth quotients
of complex tori to the hyperelliptic case. We first note that we can assume that
the group G contains no translations, since if TG is the (normal) subgroup of G
that consists of translations, then G/TG acts on the complex torus A/TG without
translations. Secondly, let F ≤ G denote the subgroup of G generated by elements
that fix some point of A. We first note that this subgroup is clearly normal. Even
though a priori such a group could contain elements that do not fix any point, we
prove the following (cf. Section 3):

Theorem 1.1. Let G be a group acting faithfully on a complex torus A with no
translations and such that A/G is smooth. Let F be the (normal) subgroup generated
by elements that fix at least a point. Then:

(1) G/F acts freely on A/F ;
(2) A/F is smooth;
(3) F fixes a point x ∈ A.

We prove further the following result (cf. Section 4), which provides a generaliza-
tion of our results in [ALA20]:

Proposition 1.2. Let F be a group that acts by biholomorphic homomorphisms on
a complex torus A such that A/F is smooth and let A0 be the connected component
of AF containing 0. Then we have the following:

(1) There exists a complementary F -stable subtorus PF of A (i.e. A = A0 +PF

and A0 ∩ PF is finite) which is an abelian variety. In particular, A is an
abelian variety if and only if A0 is an abelian variety.

(2) The quotient PF /F is isomorphic to a product of projective spaces and there
exists a fibration A/F → A0/(A0 ∩ PF ) with fibers isomorphic to PF /F .

Thus, up to modifying the origin of A in Theorem 1.1, we may apply these results
to the pair (A,F ) and conclude that A/F is a fibration of products of projective
spaces over a complex torus B (which is isogenous to the neutral connected com-
ponent of AF ). Since the group G/F acts freely on this manifold, one may wonder
what the quotient looks like. As it turns out, the action “does not touch” the fibers
and acts directly on the complex torus B. More precisely:

Theorem 1.3. Let A,G,F be as above and let π : A/F → B be the corresponding
fibration. Then G/F acts freely on B, equivariantly with respect to π, and the quo-
tient A/G is isomorphic to a fibration of products of projective spaces over B/(G/F ).
In other words, the fibration π is the pullback of a fibration over the hyperelliptic
manifold B/(G/F ).

This result, which we prove in Section 5, is a more precise version of a result by
Demailly, Hwang and Peternell (cf. [DHP08]). It implies that the full classification
of smooth quotients of complex tori is now reduced to understanding fibrations of
products of projective spaces over étale quotients of complex tori. We will show in
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Section 6 how to obtain a classification of these fibrations when an étale quotient of
a complex torus is fixed.

We finish the article with a section where we provide examples of non-abelian
hyperelliptic manifolds of arbitrarily large dimension.

Acknowledgements. We are indebted to Jean-Pierre Demailly, who pointed out
to us the existence of étale quotients of complex tori and his result with Hwang
and Peternell. We would also like to thank Sadek Al Harbat, Jean Michel and Don
Taylor for helpful comments, and an anonymous referee for showing us literature
on hyperelliptic manifolds. And of course we thank Stephen Griffeth for taking the
time to write the appendix to this article.

2. Notations and Preliminaries

Throughout the text, we will consider pairs (A,G) consisting of a complex torus
A with an action of a finite group G. We will always assume that the action is
faithful. As stated in the introduction, if we let TG be the subgroup of G consisting
of translations of A, then it is an elementary exercise to show that TG is normal in
G, G/TG acts on A/TG, and A/G ∼= (A/TG)/(G/TG). We thus make the following
convention.

Convention 2.1. For the rest of the article, we consider pairs (A,G) in which G
does not contain translations of the complex torus A.

For any pair (A,G), we will denote by F the normal subgroup of G generated by
elements fixing at least a point. Note that F is indeed normal since the conjugate of
an element fixing a point also fixes a point. This need not imply that every element
in F fixes a point, but it will be the case a posteriori in our setting.

We recall the definition of a pseudoreflection in our geometric context.

Definition 2.2. Let x ∈ A and g ∈ G. Then g is a pseudoreflection at x if Fix(g)
is of codimension 1 and x ∈ Fix(g).

By the Chevalley-Shepard-Todd Theorem, we have that A/G is smooth if and
only if for every x ∈ A, StabG(x) is generated by pseudoreflections (at x).

Recall that the automorphism group Aut(A) naturally has a structure of a semi-
direct product

Aut(A) = A⋊Aut0(A),

where A corresponds to translations and Aut0(A) denotes automorphisms that fix
the origin (which are always group automorphisms). The projection morphism π :
Aut(A) → Aut0(A) is simply given by φ 7→ φ− φ(0).

Given a pair (A,G), we will denote by G0 the image of π : G→ Aut0(A). By our
assumptions, we have that G0

∼= G and G0 fixes the origin. For an element g ∈ G,
we will denote by g0 its image π(g) ∈ G0. We will abusively see G0 acting at the
same time on A and on its universal cover T0(A) since it has a canonical lift.
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3. Proof of Theorem 1.1

For Item (1) of Theorem 1.1, if the coset gF has a fixed point on A/F with a
preimage x ∈ A, then in particular there exists f ∈ F such that g(x) = f(x). But
then f−1g has a fixed point, and so g ∈ F . This proves the freeness of the action of
G/F on A/F .

For Item (2), by the previous paragraph we have that A/F is an étale cover of
A/G, and since the latter space is smooth we have that A/F is smooth.

All we are left to prove then is the following result, which amounts to Theorem
1.1 in the case G = F and hence proves Item (3) of Theorem 1.1.

Theorem 3.1. Let G be a group acting faithfully on a complex torus A with no
translations and such that A/G is smooth. Assume that G is generated by elements
that fix at least a point. Then G fixes a point x ∈ A.

This result can be reduced to the study of complex reflection groups as follows.

Proposition 3.2. Let (A,G) be a pair as above. Then the action of G0 on T0(A)
realizes G0 as a complex reflection group. Moreover, pseudoreflections in G corre-
spond to pseudoreflections in G0 at 0 via the isomorphism G→ G0.

Proof. Since G is generated by elements that fix at least a point, we have

G = 〈StabG(x) | x ∈ A〉,

and since each of the subgroups in the equality is generated by pseudoreflections
by the Chevalley-Shephard-Todd Theorem, we have that G is generated by pseudo-
reflections (not all necessarily at the same point).

Now, let g ∈ G be a pseudoreflection. Then its image g0 ∈ G0 is a pseudoreflection
as well. Indeed, since g(x) = g0(x) + g(0) for every x ∈ A, we see that

Fix(g) = (1− g0)
−1(g(0)) and Fix(g0) = (1− g0)

−1(0).

This means that Fix(g) is the translate of Fix(g0) by any element x ∈ Fix(g) (which
is non-empty by assumption). In particular, since Fix(g) has codimension 1, so does
Fix(g0) and hence g0 is a pseudoreflection fixing the origin. The same argument
proves that g is a pseudoreflection at some point x if g0 is a pseudoreflection.

Since G is generated by pseudoreflections, we see that G0 is generated by pseudo-
reflections fixing the origin. We obtain then that the analytic representation ρa :
G0 → GL(T0(A)) realizes G0

∼= G as a complex reflection group. ⌣̈

We can now use the theory of complex reflection groups to tackle Theorem 3.1.
As a general reference we recommend the classic articles by Shephard-Todd [ST54]
and Cohen [Coh76].

For starters, we know that G0
∼= G1,0×· · ·×Gr,0 and T0(A) =W0⊕W1⊕· · ·⊕Wr

where

• Wi is an irreducible complex representation of Gi,0 that makes Gi,0 an irre-
ducible finite complex reflection group for i > 0;
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• Gj,0 acts trivially on Wi for i 6= j.

In particular, W0 = T0(A)
G0 .

We can then give a variant of [ALA20, Lem. 2.6]. Write G = G1 × · · · × Gr so
that Gi,0 is the image of Gi in Aut0(A).

Lemma 3.3. The subspace Wi induces a Gi-stable (and G0-stable) subtorus Ai of
A. In particular, the subtorus PG =

∑r
i=1Ai is G-stable.

Proof. First of all, note that [ALA20, Lem. 2.6] is completely valid in the context
of complex tori since it does not use the projectivity assumption. This results tells
us that the subtori Ai are well defined, they are G0-stable and Gi,0 acts trivially
on Aj for i 6= j. Let us prove that Ai is Gi-stable as well. Every pseudoreflection
s ∈ G acts on A as s(x) = s0(x) + z with z ∈ A. But from the proof of Proposition
3.2 above we deduce that z ∈ im(1 − s0), otherwise Fix(s) would be empty. Since
Gi,0 acts trivially on Aj for j 6= i, we see that if s ∈ Gi then im(1− s0) ⊂ Ai, which
proves the claim.

In particular, every pseudoreflection s ∈ G acts on A as s(x) = s0(x) + z with
z ∈ PG. Since PG is G0-stable, we get that it is G-stable as well. ⌣̈

Now we can even reduce the proof of Theorem 3.1 to a precise statement in the
theory of complex reflection groups that is totally independent of our setting. This
is done in the following result.

Proposition 3.4. Let (A,G) be a pair as above. Assume moreover that there exists
g ∈ G such that

• g0 is not contained in any proper complex reflection subgroup of G0;
• g0 has no trivial eigenvalue.

Then G fixes a point in A.

Proof. By the second assumption on g0, we know that the endomorphism (1 − g0)
of T0(A) is invertible. This implies that the corresponding endomorphism of A is
surjective. Now, we know that g acts on A as g(x) = g0(x) + z for certain z ∈ A.
Take y ∈ A such that (1− g0)(y) = z. Then clearly y is fixed by g.

By the Chevalley-Shephard-Todd Theorem, we get then that the stabilizer S ≤ G
of y is generated by pseudoreflections and contains g. The first assumption implies
then immediately that S = G, which concludes the proof. ⌣̈

Note that Theorem 3.1 follows immediately from applying Proposition 3.4 to the
pair (PG, G), which comes naturally from the pair (A,G) thanks to Lemma 3.3.
Thus, all we have to do is to prove that, for every pair (A,G) with G0 acting on
T0(A) = Cn as a finite complex reflection group of rank n, we can find an element
g ∈ G such that g0 is not contained in any proper complex reflection subgroup of G0

and has no trivial eigenvalue. Now, since the existence of such a g depends only on
the action of G0 on T0(A), we immediately see that it suffices to prove this existence
for abstract complex reflection groups. This is the content of the appendix written
by Stephen Griffeth, which concludes the proof of Theorem 3.1.
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4. Proof of Proposition 1.2

In order to prove Theorem 1.3, we will need to first prove Proposition 1.2. In this
section we show how to deduce it from the results in [ALA20].

Lemma 3.3 already defines PF as a complementary F -stable subtorus of A0. In
order to prove that PF is an abelian variety, we may reduce to the case where
A = PF , (i.e. A0 = 0) by restricting the action of F to PF .

The case when the action of F on T0(A) is irreducible follows from the implication
(1) ⇒ (4) of [ALA20, Theorem 1.1]. Indeed, although the theorem cited states that
the result is for an abelian variety, a look at the proof shows that the only time the
existence of an ample line bundle on A was used was in Section 2.1. In this section,
if σ ∈ F is a pseudoreflection of order r, then the elliptic curve Eσ := Im(1 − σ)
and abelian subvariety Dσ := Im(1 + σ + · · · + σr−1) are defined and shown to
be complementary abelian subvarieties with respect to a G-invariant polarization.
However, the only fact that is actually used in the subsequent proofs is that they are
complementary, i.e. that they generate A and Eσ ∩Dσ is finite, which is still true
for complex tori. In particular, we can conclude that A in this case is isomorphic to
a product of elliptic curves, and is thus projective.

As for the reducible case, we resort to [ALA20, Theorem 2.7] where, in the whole
section, the projectivity of A is never used when dimAF = 0. We then conclude
that this situation splits into products of irreducible cases and use the previous
paragraph. This proves Item (1).

For Item (2), we use [ALA20, Proposition 2.9], where once again the projectivity
of A can be easily avoided since its proof only uses the complementarity of A0 and
PF . We get then the desired fibration and the smoothness of PF /F , which implies
by Item (1) that PF is projective.

5. Proof of Theorem 1.3

Keeping the notations from above, we assume now that A/F is smooth and that
F has a fixed point on A. In particular, by Proposition 1.2, we have A = A0 + PF

and there is a fibration π : A/F → A0/∆ whose fibers are products of projective
spaces, where ∆ is the finite group A0 ∩PF . We will briefly recall this construction,
which comes from [ALA20, Prop. 2.9]. Following the proof of [ALA20, Prop. 2.9],
we obtain the following commutative diagram, which provides a trivialization the
fibration A/F → A0/∆:

(1) A0 × PF

F
��

∆
// A

F
��

G

$$❍
❍

❍

❍

❍

❍

❍

❍

❍

❍

A0 × (PF /F )

��

∆
// A/F

��

G/F
// A/G

A0
∆

// A0/∆.
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Here, a group besides an arrow denotes the quotient map by an action of that group.
Moreover, again by Proposition 1.2, we know that PF /F ≃ P

n1 × · · · × P
nr .

Let us prove now that G/F acts naturally on A0/∆. First of all, we show that G0

preserves A0 and PF , which amounts to proving that it preserves the corresponding
tangent spaces. Now, these tangent spaces correspond to the decomposition of T0(A)
into trivial and non trivial representations of F0 respectively. Since F0 is normal in
G0 it is an easy exercise to check that G0 preserves these two subspaces.

Having proved this, we note that the arrow p : A → A0/∆ actually corresponds
to the quotient by the subtorus PF . Then, since G0 preserves PF , we see that its
action descends naturally to an action on A0/∆, which is easily seen to be trivial
on F0, hence it corresponds to an action of G0/F0. Define then, for x+∆ ∈ A0/∆
and gF ∈ G/F ,

(gF )(x +∆) := g0(x) + p(g(0)) + ∆.

A direct computation (using the fact that G acts on A) proves that this defines an
action of G/F . Moreover, by its very definition, this action is G-equivariant with
respect to p, hence (G/F )-equivariant with respect to the arrow A/F → A0/∆,
which factors p in the diagram above.

Defining then M := (A0/∆)/(G/F ), we can complete the lower-right-side of the
diagram into a commutative square

(2) A/F
G/F

//

��

A/G

��

A0/∆
G/F

// M.

Since we know that the action above is free, all we are left to prove is that the action
of G/F on A0/∆ is free as well. This immediately implies that the arrow on the
right is a fibration having the desired properties.

Consider then b ∈ A0/∆ and let S := StabG/F (b) ≤ G/F . We must prove that
S is the trivial group. If we denote X := (A/F ) and Xb the fiber over b, then S
acts naturally on Xb, which is isomorphic to a product of projective spaces. Now
we need the following proposition, which follows from [LLA20, Cor. 3]:

Proposition 5.1. For any positive integers m1, n1, . . . ,mr, nr with the ni pairwise
different, we have

Aut

(

r
∏

i=1

(Pni)mi

)

≃
r
∏

i=1

(PGLni+1(C)mi ⋊ Smi
).

From this, it is easy to see that every element in Aut(Xb) must fix a point in Xb,
which implies that every element in S fixes a point in A/F . By Item (1) of Theorem
1.1, we see that such an element must be the identity, which concludes the proof.
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6. Reducing the classification of smooth quotients to the

hyperelliptic case

In this section, we provide a method that allows to classify smooth quotients of
complex tori (resp. abelian varieties) fibred over a given torus (resp. abelian variety)
or hyperelliptic manifold (resp. variety). More precisely, we pin down the automor-
phisms of a product of projective spaces that can appear as glueing morphisms in
such a fibration.

First of all, let A be a complex torus, let G ≤ Aut0(A) be a finite group of
automorphisms such that A/G ≃ P

n (in particular, A is an abelian variety). and let
π : A → P

n be the quotient map. Note that a morphism ϕ ∈ Aut(A) descends to
an automorphism of Pn if and only if it belongs to the normalizer of G in Aut(A).
In particular, there is a natural group homomorphism

π∗ : NAut(A)(G) → Aut(Pn) = PGLn+1(C).

Definition 6.1. We say that a group Γ of automorphisms of Pn is admissible if
there exists a pair (A,G) where A is an abelian variety and G is a finite subgroup
of Aut0(A) such that A/G ≃ P

n and Γ is in the image of π∗.

Given that pairs (A,G) as above were classified in [ALA20], we get a classification
of admissible groups of automorphisms.

Proposition 6.2. Let Γ ≤ Aut(Pn) ∼= PGLn+1(C) be admissible. Then, up to
conjugacy, Γ is contained in one of the following subgroups:

(An) The group (Z/(n + 1)Z)2 ⋊ (Z/mZ), with m = 4, 6, which satisfies the
following conditions:

– the generators α1, α2 ∈ (Z/(n + 1)Z)2 fix exactly n+ 1 points each;
– Fix(α1) ∩ Fix(α2) = ∅;
– the generator α3 of Z/mZ satisfies:

∗ α3α1α
−1
3 = α2 and α3α2α

−1
3 = α−1

1 if m = 4;

∗ α3α1α
−1
3 = α2 and α3α2α

−1
3 = α−1

1 α2 if m = 6.
(Bn) The finite groups F = D3, D4, A4, seen as subgroups of PGLn+1(C) in

the following way: take the representation of F in PGL2(C), make it act on
(P1)n diagonally and push this action via the symmetric product Symn(P1) =
P
n.

We see then that there are essentially 5 different types of maximal admissible
groups of automorphisms.

Remark 6.3. The group described in case (An) is indeed unique up to conjugacy.
The conditions on the fixed points on α1 and α2 plus the fact that they commute
are easily seen to imply that, up to conjugacy:

α1 : [x0 : x1 : · · · : xn] 7→ [x0 : ζn+1x1 : · · · : ζ
n
n+1xn],

α2 : [x0 : x1 : · · · : xn] 7→ [xn : x0 : · · · : xn−1].
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Once these two are fixed, it takes a tiresome but direct computation to see that
elements satisfying the property of α3 are unique up to multiplication by elements
in 〈α1, α2〉. For instance, the element α3 for n = 4 maps [x0 : x1 : · · · : xn] to

[y0 : y1 : · · · : yn] with yi :=
∑n

j=0 ζ
−ij
n+1.

In case (Bn) it is also direct to obtain explicit generators. For instance, if F = D3,
then we can consider F acting on P

2 via the generators
(

0 1
1 0

)

and

(

ζ3 0
0 1

)

.

A direct computation then gives that the generators of the action on P
n are:

β1 : [x0 : x1 : · · · : xn] 7→ [xn : xn−1 : · · · : x0],

β2 : [x0 : x1 : · · · : xn] 7→ [x0 : ζ3x1 : · · · : ζ
n
3 xn].

Proof of Proposition 6.2. Consider the pair (A,G) such that elements in Γ lift to
automorphisms of A via the quotient morphism. Since the preimage of Γ is con-
tained in the normalizer NAut(A)(G) of G in Aut(A), we only need to compute these
normalizers for every pair (A,G) such that A/G ≃ P

n and study their images in
Aut(Pn) = PGLn+1(C). We claim that these correspond to the subgroups on the
list above.

First of all, let φ ∈ Aut(A) be defined as φ(x) = φ0(x) + t with t ∈ A and
φ0 ∈ Aut0(A) and assume that φ normalizes G. We compute then, for x ∈ A and
g ∈ G,

(φ−1gφ)(x) = (φ−1g)(φ0(x) + t)

= φ−1((gφ0)(x) + g(t))

= φ−1
0 ((gφ0)(x) + g(t)− t)

= (φ−1
0 gφ0)(x) + φ−1

0 (g(t)− t).

Applying this to x = 0 we see that g(t)− t = 0 since φ−1gφ ∈ G ⊆ Aut0(A). Hence
t ∈ AG. Taking then t ∈ AG, we see that φ0 must normalize G as well. In other
words,

NAut(A)(G) ⊆ AG
⋊NAut0(A)(G) ⊆ A⋊Aut0(A) = Aut(A).

On the other hand, the computations above confirm that the first contention is in
fact an equality. Thus, we are only left to compute AG and the quotient N/G, where
N is the normalizer of G in Aut0(A), then compute the action of AG

⋊ (N/G) on
the quotient A/G ≃ P

n. Note by the way that this action is faithful since the action
of AG

⋊N on A is.
By [ALA20, Thm. 1.1], we know that there are essentially two families of pairs

(A,G), which will respectively give us the subgroups of type (An) and (Bn). There
is also an exceptional case in dimension 2 by [ALAQ18, Thm. 1.1], for which we will
prove that it does not give rise to new subgroups. We go then case by case.
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The (An) case: Assume that G = Sn+1 with n ≥ 2 acting on

A = {(x1, . . . , xn+1) ∈ En+1 |
∑

xi = 0},

in the obvious way. It is easy to see then that

AG = {(x, . . . , x) ∈ En+1 | x ∈ E[n + 1]} ≃ (Z/(n + 1)Z)2.

This gives the generators α1 and α2. Indeed, one can easily prove that each generator
of E[n+1] fixes exactly n+1 points in P

n and that these differ for different generators.
On the other hand, it is well-known that the normalizer of Sn+1 in GLn+1(C)

(seen as permutation matrices) corresponds to the product of Sn+1 itself with its
centralizer, which is the subgroup given by the matrices of the form

(3) M =











a b · · · b

b a
...

...
. . . b

b · · · b a











, with a, b ∈ C and det(M) 6= 0.

If we restrict the action of such a matrix to T0(A) ⊆ T0(E
n+1) = Cn+1, which cor-

responds to the hyperplane of trivial sum, we see that it induces multiplication by
a− b. Since this multiplication must be invertible on A ≃ En, we are only left with
roots of unity, assuming E admits such a multiplication. Such elements correspond
to the group N/G and give the generator α3 when we consider multiplication by ζ4
and ζ6 respectively (of course, multiplications by ζ3 and −1 are contained in these).

The (Bn) case: Assume now that G = G(m, 1, n) = Cn
⋊Sn with C a subgroup

of Aut0(E) of order m ∈ {2, 3, 4, 6}. It is easy to see then that

AG = {(x, . . . , x) ∈ En | x ∈ EC} ≃ EC .

On the other hand, note that Aut0(A) = GLn(Z[ζℓ]) with ℓ the order of Aut0(E).
Here Sn corresponds to permutation matrices and Cn to diagonal matrices. Consider
then an element h ∈ N . Since Sn is a subgroup of G, we have that hSnh

−1 must
correspond to a certain section of Sn in G. Now sections of Sn in G = Cn

⋊ Sn are
classified, up to conjugation in G, by the cohomology groupH1(Sn, C

n) (cf. [NSW08,
I.2, Exer. 1]). And since Cn is clearly an induced Sn-module (it admits a basis
permuted by the group Sn), we know by Shapiro’s Lemma (cf. [NSW08, Prop. 1.6.4])
that H1(Sn, C

n) ≃ H1(Sn−1, C) with Sn−1 acting trivially on C. Then we have

H1(Sn−1, C) = Hom(Sn−1, C) =

{

Z/2Z if m is even,

{0} if m is odd.

So there is at most one class of sections that is not conjugate to the original subgroup
Sn. A section of Sn corresponding to this nontrivial class is given by elements of
the form (−I)sgn(σ)σ, where I is the identity matrix, σ is a permutation matrix
and sgn(σ) is its sign. Indeed, these are contained in G for even m (since −I is)
and correspond to a complex representation of Sn that is clearly different from the
original one (actually, it is the tensor product with the sign representation). We
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see then that such a subgroup cannot be obtained by conjugation by any matrix in
GLn(C) and so hSnh

−1 corresponds to a section conjugate in G to Sn. Thus, up
to modifying our element h by an element in G, we may assume that it centralizes
Sn and it is thus given by (3) if n > 2. If n = 2, then the centralizer in GL2(C) is
slightly bigger and is given by matrices of the form

M =

(

a b
±b ±a

)

, with a, b ∈ C and det(M) 6= 0.

Recalling then that h ∈ Aut0(A) = GLn(Z[ζℓ]), we see that the determinant must
be a unit in Z[ζℓ]. This gives b = 0 for n > 2 and finitely many matrices to check
for n = 2. After a quick check and possibly modifying h by an element in G, we get
that h corresponds to multiplication by a root of unity, assuming E admits such a
multiplication.

With all this, and recalling that the quotient A/G factors through the quotient
A/(Cn) = (E/C)n ≃ (P1)n, we see that:

• If m = 2, we have EC = E[2] ≃ (Z/2Z)2 and, if E has multiplication by
either ζ4 or ζ6, then multiplication by this element gives an automorphism in
N that is not in G, so that N/G is either Z/2Z or Z/3Z. Then AG

⋊ (N/G)
is either D4 or A4 acting faithfully and diagonally on the product A/(Cn) ≃
(P1)n.

• Ifm = 3, we have EC ≃ Z/3Z and E has multiplication by ζ6, which gives an
automorphism inN that is not inG, so thatN/G ≃ Z/2Z. Then AG

⋊(N/G)
corresponds to S3 acting faithfully and diagonally on the product A/(Cn) ≃
(P1)n.

• If m = 4, we have EC ≃ Z/2Z and E has multiplication by ζ4, but such
a multiplication is already contained in G, so that AG

⋊ (N/G) is simply
Z/2Z and it can be seen as contained in one of the groups above.

• If m = 6, we have EC = {0} and E has multiplication by ζ6, but such a
multiplication is already contained in G, so that AG

⋊ (N/G) is trivial.

These actions commute with the action of Sn on (P1)n and thus give the desired ac-
tion on P

n. Note by the way that this last case-by-case analysis also works for n = 1.

The exceptional case: Here we have n = 2, A = E2 where E = C/Z[i] and G
is the group of order 16 generated by the matrices

{(

−1 1 + i
0 1

)

,

(

−i i− 1
0 i

)

,

(

−1 0
i− 1 1

)}

that act on A in the obvious way. A direct computation gives that

AG = {(x, x) | i · x = x} ≃ (Z/2Z)2.

As for the normalizerN ofG in Aut0(A), recall once again that Aut0(A) = GL2(Z[i]).
We therefore have a natural homomorphism

π : Aut0(A) → PGL2(C)



12 ROBERT AUFFARTH AND GIANCARLO LUCCHINI ARTECHE

whose kernel consists of the matrices {±I,±iI}. A simple calculation reveals that
these matrices belong to G, and moreover the image π(G) ⊆ PGL2(C) is isomorphic
to the Klein 4-group. The normalizer N of G is then sent to a finite subgroup of
the normalizer of π(G) in PGL2(C).

It is well-known that two isomorphic finite subgroups of PGL2(C) belong to the
same conjugacy class. Moreover, the finite subgroups of PGL2(C) are either cyclic,
dihedral, A4, S4 or A5. Out of these, the only ones having a normal subgroup
isomorphic to the Klein 4-group are the Klein group itself, A4 and S4, thus the
image of N in PGL2(C) must be contained in S4.

We observe that the matrix

M :=

(

i 1
0 1

)

∈ Aut0(A)

is in N since the subgroup H := 〈M,G〉 ≤ Aut0(A) is of order 32. In particular,
the group π(H) is of order 8, and so π(N) is either of order 8 or 24. On the other
hand, a simple calculation shows that the subgroup of PGL2(C) generated by π(G)
and the matrix

S :=

(

−2i− 2 i− 1
−2 2i

)

is the subgroup of PGL2(C) isomorphic to S4 that contains π(G), and since S /∈
π(Aut0(A)), we conclude that π(N) = π(H) and thus N = H.

Putting everything together, we see that the group AG
⋊ (N/G) is isomorphic

to D4 and acts faithfully on P
2. But D4 has only one faithful representation in

PGL3(C) (this is an easy exercise on linear representations of D4), so it is already
considered in case (B2). ⌣̈

We will now extend the notion of an admissible group action to the more general
setting of products of projetive spaces.

Definition 6.4. Let Γ be a finite group acting faithfully as a group of automor-
phisms of a product of projective spaces

X := P
n1 × · · · × P

nr .

We say that Γ is admissible if there exists a pair (A,G) with

A = A1 × · · · ×Ar and G = G1 × · · · ×Gr,

where Ai is an abelian variety, Gi is a subgroup of Aut0(Ai) such that Ai/Gi ≃ P
ni ,

and each automorphism in Γ lifts to an automorphism of A via the projection
π : A→ X = A/G.
Moreover, we define π∗Γ := (π∗)

−1(Γ), where π∗ is the group homomorphism

π∗ : NAut(A)(G) → Aut(X).

We note that this case is more complicated than the irreducible case (i.e. when
r = 1), since we can also have permutations of factors. Fortunately, Proposition 5.1
tells us that this in fact the only possible new addition to admissible automorphisms.
We obtain thus a full classification of admissible automorphisms of products of
projective spaces.
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Proposition 6.5. Let Γ be a finite group acting faithfully on

X := P
n1 × · · · × P

nr .

Then Γ is admissible if and only if there is a partition P = {P1, . . . , Ps} of the set
{1, . . . , r} such that Γ is a subgroup of

∏

P∈P

(

(

∏

i∈P

Γi

)

⋊ SP

)

=

(

r
∏

i=1

Γi

)

⋊

(

∏

P∈P

SP

)

,

where the Γi are maximal admissible subgroups of PGLni+1(C) and, for i, j ∈ Pk,
Γi and Γj have the same type (in particular, ni = nj) and the symmetric groups
SP permute the variables in P .

Proof. Note first that a group as the one in the statement of the proposition is ad-
missible. Indeed, since for a fixed P ∈ P the group the SP permutes groups Γi of
the same type, we may assume that the pairs (Ai, Gi) and (Aj , Gj) are isomorphic
for i, j ∈ P . Then clearly the elements in SP lift to automorphisms of

∏

i∈P Ai

and, since each Γi is admissible, we get a lift of the whole group (
∏

i∈P Γi)⋊ SP to
Aut(

∏

i∈P Ai). Since this is true for every P , we get the claim.

On the other hand, by Proposition 5.1 we know that

Aut(X) =

(

r
∏

i=1

PGLni+1(C)

)

⋊ S,

where S is a product of symmetric groups permuting the components of same di-
mension. In particular, every element in Aut(X) can be written as a composition
ψσ with ψ ∈

∏r
i=1 PGLni+1(C) and σ a permutation in S ≤ Sr.

It is clear then from Proposition 6.2 that the liftable elements of the product
∏r

i=1 PGLni+1(C) must be contained in a product of maximal admissible subgroups,
hence a product of Γi’s as in the statement of the proposition.

We claim now that, in order to lift an automorphism sending the i-th component
to the j-th component (i.e. of the form ψσ with σ sending i to j), the pair (Ai, Gi)
must be isomorphic to (Aj , Gj). Assuming the claim, the corresponding maximal
admissible subgroups Γi and Γj must be of the same type since different types arise
from non isomorphic pairs (A,G), as can be deduced from the proof of Proposition
6.2. These isomorphisms can then be used to construct liftable automorphisms in
Aut(X) of the form ψ′σ for some ψ′ ∈

∏r
i=1 PGLni+1(C) and σ ∈ S. Then the

whole coset (
∏r

i=1 Γi)ψ
′σ is contained in an admissible subgroup. Thus, our start-

ing ψ must belong (
∏r

i=1 Γi)ψ
′ since otherwise we contradict the maximality of the

Γi’s. This implies that ψψ′−1 is liftable and we can rewrite our starting automor-
phism as (ψψ′−1)(ψ′σ), which is clearly the unique way of writing it as a product
of liftable automorphisms. This implies that our admissible group Γ is contained
in a semi-direct product like the one in the statement of the proposition, so we are
reduced to proving the claim.
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Consider then a lift ϕ ∈ Aut(A), with A =
∏r

i=1Ai, of an automorphism ψσ ∈
Aut(X), where σ sends i to j. Let πi : Ai → P

ni and π := π1 × · · · × πr : A→ X be
the natural projections. Let (a1, . . . , ar) ∈ X be an S-invariant point and, for each
i, define the inclusions

κi : P
ni → X : x 7→ (a1, . . . , ai−1, x, ai+1, . . . , ar).

Write ψ = (ψ1, . . . , ψr) and let bi := ψi(ai). Then

ψσκi(P
ni) = {(b1, . . . , bj−1, x, bj+1, . . . , b) | x ∈ P

nj}.

Thus, π−1(ψσκi(P
ni)) is the disjoint union of sets of the form

(4) {(z1, . . . , zj−1, x, zj+1, . . . , zr) | x ∈ Aj} ≃ Aj,

where the zi’s run through the corresponding preimages of the bi’s via πi. By the
same argument, the preimage of κi(P

ni) via π is the disjoint union of subvarieties
isomorphic to Ai, and these are sent by ϕ to each of the components in (4) by
connectedness and thus Ai ≃ Aj . Since moreover the projections from these com-
ponents to P

ni and P
nj correspond to quotients by the respective actions of Gi

and Gj on Ai and Aj, we see that we must have Gi ≃ Gj . But this means that
(Ai, Gi) ≃ (Aj , Gj) since each pair is uniquely determined by the dimension of the
abelian variety and the order of the group. ⌣̈

With this classification at hand, we may proceed to a classification of smooth
quotients of complex tori fibred over a given base (which will be an étale quotient of
a complex torus). This can be seen as a sort of bridge between the case of quotients
of complex tori by finite groups that fix the origin and hyperelliptic manifolds.

Theorem 6.6. Let B0 be a complex torus and write B = B0/H with H a finite group
acting freely (possibly with translations). Consider further a product of projective
spaces

X := P
n1 × · · · × P

nr ,

and let H act on X via admissible automorphisms, i.e. we fix a morphism H →
Aut(X) with admissible image. Define Y := (B0 × X)/H, which comes with a
natural arrow Y → B = B0/H. Then the arrow Y → B is a fibration of products of
projective spaces and the manifold Y corresponds to a smooth quotient of a complex
torus.

Moreover, every smooth quotient of a complex torus that fibers on products of
projective spaces over B as in Theorem 1.3 can be obtained with this construction.

Proof. Note that Y is smooth since the action of H on B0 is free, and hence so is the
case for B0 ×X. It is evident by construction that the fibers of the arrow Y → B
are isomorphic to X, hence it is indeed a fibration of products of projective spaces.
Since H acts via an admissible group on X, there exists a pair (A,F ) with A an
abelian variety, F a finite group and A/F = X. Recalling Definition 6.4, we can
consider G := π∗H ⊂ Aut(A). We make G act on the product B0 × A as follows:
the action on B0 is given by the arrow π : G → H and the action of H on B0,
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whereas the action on A is the obvious one since G ⊂ Aut(A). Since the kernel of
π : G→ H is clearly F , which acts trivially on A0, we see that

(B0 ×A)/G = ((B0 ×A)/F )/H = (B0 × (A/F ))/H = (B0 ×X)/H = Y.

This proves the first assertion of the Theorem.

Assume now that there is a fibration Y → B of products of projective spaces
arising from a smooth quotient of a complex torus as in Theorem 1.3, i.e. Y = A/G
for some complex torus A and some finite group G and the fibers of Y → B are
isomorphic to X. We may consider then the following diagram, which follows from
diagrams (2) and (1) from Section 5:

A0 × PF

F
��

∆
// A

F
��

G

""❊
❊

❊

❊

❊

❊

❊

❊

❊

❊

A0 ×X

��

∆
// A/F

��

G/F
// Y

��

A0
∆

// A0/∆
G/F

// B.

Here we have X = PF /F and the diagram is giving us a trivialization of the fibration
Y → B as A0 ×X → A0. Note that both arrows A0 → A0/∆ and A0/∆ → B are
étale Galois morphisms. We may consider then the Galois closure B0 → B of the
composition A0 → B, which is also an étale cover of A0 and thus B0 is a complex
torus. Denoting byH the Galois group of B0 → B and pulling back the trivialization
from A0 to B0, we see that Y → B is obtained as the quotient of B0 ×X → B0 by
H for some action of H on X. Using the diagram above, it is easy to see that this
action is admissible, which proves the second assertion and concludes the proof of
the theorem. ⌣̈

Remark 6.7. Note that already passing from A0 to A0/∆ we are considering trans-
lations. And it is clear that the morphism B0 → A0 consists of translations as well.
This is why we need to present the quotient B = B0/H as a quotient possibly includ-
ing translations. In fact, already in [ALA20, Prop. 2.9] we get non trivial fibrations
over abelian varieties, which are trivialized by considering isogenies, i.e. actions via
translations.

Note however that, if one wishes to actually compute all possible fibrations for a
given base manifold B and fiber manifold X, a trivial bound for the degree of the
isogenies that must be considered is the order of the maximal admissible subgroups
of Aut(X), since the action must factor through there.

7. Examples of non-abelian hyperelliptic manifolds

In this section we present a family of pairs (A,G) such that A/G is an étale
quotient and G is non-abelian and arbitrarily large. These are intended to show
that the situation is much richer (and hence more complicated) than the already



16 ROBERT AUFFARTH AND GIANCARLO LUCCHINI ARTECHE

treated case of actions fixing the origin. Recall that we assume that G contains no
translations.

Before we start, we make the following easy remarks:

(1) A finite abelian group G can always act freely on some complex torus A.
Indeed, since the n-torsion of a complex torus of dimension d is isomorphic
to (Z/nZ)2d, we can always embed G into A granted that the dimension
of the latter is big enough. This induces a natural action of G on A by
translations, hence free.

(2) A finite group G can always act faithfully on some complex torus A fixing
the origin. Indeed, it suffices to take |G| copies of any complex torus B and
let G act on them by permutation.

(3) Given a non trivial action of G on A fixing the origin, there exist finite sub-
G-modules of A with non trivial action. Indeed, one can simply take the
n-torsion subgroup A[n] for n large enough.

Given the first two obvious facts stated above, there is an easy way of generating
free actions of a finite abelian G on some complex torus containing no translations:
just consider the direct product of the two situations. The action by translations
ensures the freeness and the faithful action fixing the origin ensures that there are
no translations for the action on the product. Note that this is precisely the way in
which bielliptic surfaces are constructed.

One could wonder then whether there are pairs (A,G) with étale quotient and
non-abelian G. This can be done via the following construction, which also uses the
trivial remarks from above.

(1) Fix a complex torus A0 and a finite subgroup G1 ⊆ A0. Then G1 acts freely
on A0 by translations.

(2) Fix a complex torus B1 with a faithful action of G1 that fixes the origin.
Then G1 acts freely on A1 := A0 ×B1 with no translations.

(3) Fix now a finite sub-G1-module F1 ⊆ B1 with non trivial action and define
G2 := F1 ⋊ G1. Then G2 acts on A1 = A0 × B1 naturally: F1 acts by
translations and G1 as in the previous step. One can check that the action
is well-defined by a simple computation. Moreover, the action is easily seen
to be free, but it contains translations.

(4) Fix a complex torus B2 with a faithful action of G2 that fixes the origin.
Then G2 acts freely on A2 := A1 ×B2 with no translations.

The pair (A2, G2) is then an example with A2/G2 an étale quotient and non-
abelian G2. If one wishes to go further, there is always:

(5) Iterate steps (3) and (4) at will replacing Ai, Bi, Fi, and Gi by Ai+1, Bi+1,
Fi+1, Gi+1 as needed.

This recipe tells us that we can construct arbitrarily large iterated semi-direct
products of abelian groups with free action on some complex torus with no transla-
tions. In particular, such a pair (A,G) would give an étale quotient A/G.



SMOOTH QUOTIENTS OF COMPLEX TORI BY FINITE GROUPS 17

Appendix A. A result on complex reflection groups, by Stephen

Griffeth

The purpose of this appendix is to prove the result mentioned in the proof of
Proposition 3.4 above: each complex reflection group contains an element not con-
tained in any proper reflection subgroup (Theorem A.2 below). We first fix notation
and definitions, and then give the proof. One may assume the group is irreducible
and hence use the classification of irreducible reflection groups. The proof is then
essentially uniform for the well-generated groups but requires a case-by-case check
for the remaining groups. It would of course be interesting to find a completely
uniform proof.

A.1. Reflection groups: Coxeter numbers. Let h be a finite-dimensional C-
vector space and let W ⊆ GL(h) be a finite group of linear transformations of h.
The set of reflections in W is

R = {r ∈W | codim(fix(r)) = 1},

and W is a reflection group if it is generated by R. We write

A = {fix(r) | r ∈ R}

for the set of reflecting hyperplanes for the reflections in W .
For a linear group W , the ring C[h]W of W -invariant polynomial functions on h

is a polynomial ring if and only if W is a reflection group. In this case, the sequence
of degrees of W is defined by d1 ≤ d2 ≤ · · · ≤ dn where n = dim(h) and d1, . . . , dn
are the degrees of homogeneous polynomials generating C[h].

When h is an irreducible CW -module we call W irreducible. For an irreducible
reflection group W , the element

∑

r∈R

(1− r)

is central in CW and hence acts as a scalar on h; we call this scalar the Coxeter
number h of W . Since it is the value of a central character on an integer linear
combination of class sums, it is an integer, and direct calculation with the trace
shows

h =
N +N∗

n
,

whereN = |R| is the number of reflections inW ,N∗ = |A| is the number of reflecting
hyperplanes for W , and n = dim(h) is the rank of W . We remark that this number
h arises also (and for the same reason) in the context of the representation theory
of rational Cherednik algebras and Catalan numbers for complex reflection groups;
see e.g. [Gri10] and [GG12]. An irreducible complex reflection group W is called
well-generated if there is a subset of R of cardinality precisely the rank n of W that
generates W .

Since W is a finite group, there exists a positive definite Hermitian form on h

which is invariant by the action of W (and if W is irreducible, this is unique up to
multiplication by positive real numbers). We fix one such form (·, ·); if A is a linear
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transformation of h we say A is Hermitian if it is equal to its adjoint with respect to
this fixedW -invariant positive definite Hermitian form (this is actually independent
of our choice of form if W is irreducible).

Given a Hermitian operator A on h, and writing (x, y) for the W -invariant Her-
mitian form fixed above, we obtain a Hermitian form (Ax, y) on h. If this satisfies

(Ax, x) ≥ 0 for all x ∈ h

then we say A is Hermitian positive semi-definite. A sum of Hermitian positive
semi-definite operators is Hermitian positive semi-definite.

A.2. Coxeter numbers of reflection subgroups. A reflection subgroup of W is
a subgroupW ′ ⊆W that is generated by R′ =W ′∩R. There is a uniqueW ′-stable
subspace h′ ⊆ h such that h = hW

′

⊕ h′, and we call W ′ irreducible if h′ is an
irreducible CW ′-module. Let d be a positive integer and let ζ be a primitive dth
root of unity. We say that d is a regular number for W if there is a vector

v ∈ h◦ = h \
⋃

H∈A

H

and an element w ∈ W with wv = ζv; this is equivalent to d dividing the same
number of degrees of W as codegrees of W . In this case any w ∈ W with wv = ζv
is called a regular element of order d, and the regular elements of order d are all
conjugate to one another in W . A Coxeter element of a well-generated complex
reflection group is a regular element corresponding to the regular number dn (where
dn is the unique largest degree of W ; we note that if W is irreducible then according
to the classification, h = dn precisely if W is well-generated, though we know of no
reason for this coincidence).

Finally, we recall Springer’s result that if d is a positive integer and ζ is a primitive
dth root of 1, then the maximum dimension of the ζ-eigenspace for w ranging over
W is the number of degrees of W divisible by d. In particular, if d does not divide
any degree then there is no w ∈W for which ζ is an eigenvalue.

Theorem A.1. (a) Let W be an irreducible complex reflection group with Cox-
eter number h and let W ′ ⊆ W be an irreducible reflection subgroup with
Coxeter number h′. Then h′ ≤ h with equality if and only if W ′ =W .

(b) Let W be an irreducible well-generated complex reflection group and let w ∈
W be a Coxeter element. Then for all reflection subgroups W ′ 6= W of W ,
w /∈W ′.

Proof. We first prove (a). Let h′ ⊆ h be the irreducible reflection representation of
W ′. The difference h− h′ is the scalar by which

∑

r∈R\R′

1− r

acts on h′. For each reflecting hyperplane H of W let

WH = {r ∈W | r(p) = p for all p ∈ H}
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be the (cyclic) group fixing H pointwise, so that every non-trivial element of WH is
a reflection, and let W ′

H =W ′ ∩WH . The element
∑

r∈WH\W ′

H

(1− r)

is then Hermitian positive semi-definite: upon simultaneously diagonalizing the el-
ements of WH this reduces to the fact that

∑

ζ∈Cn\Cm

(1− ζ) = n−m

where Cn is the group of nth roots of unity in C×. Hence
∑

r∈R\R′

(1− r)

is Hermitian positive semi-definite. The scalar by h − h′ by which it acts on h′ is
therefore non-negative. We suppose this scalar is 0. Then for all x ∈ h′ we have

0 =





∑

r∈R\R′

(1− r)x, x



 =
∑

H∈A





∑

r∈WH\W ′

H

(1 − r)x, x





and since for each H ∈ H the summand on the right-hand side is non-negative,




∑

r∈WH\W ′

H

(1− r)x, x



 = 0 for all H ∈ A and all x ∈ h′.

Let x = x1v1 + · · · + xnvn where v2, . . . , vn are a basis of the fix space H of WH

and v1 is a common eigenvector for WH , normalized so that (vi, vj) = δij is the
Kronecker delta. The previous equation implies x1 = 0 if W ′

H 6= WH , or in other
words x ∈ H for all such H. Hence h′ ⊆ H if W ′

H 6= WH . Thus h′ is fixed by WH

for all H with W ′
H 6= WH . But by definition h′ is WH -stable if W ′

H = WH , so that
h′ is W -stable, which by irreducibility of h gives h′ = h. Thus h′ is not contained in
any H ∈ A, and from the previous reasoning we must have WH =W ′

H for all H, or
in other words W ′ =W .

For (b), we observe that for an arbitrary (not necessarily irreducible) reflection
subgroup W ′ of W , the degrees of W ′ are the degrees of its irreducible factors,
and all of these are at most the respective Coxeter numbers (by examining the
classification). These Coxeter numbers are, for proper W ′, strictly less that the
Coxeter number of W . The result follows. ⌣̈

A.3. The groups G(ℓ,m, n). Fix ζ a primitive ℓth root of 1, and for µ ∈ (Z/ℓZ)n

write ζµ for the diagonal matrix whose diagonal entries are the numbers ζµi for
i = 1, 2, . . . , n. Given positive integers ℓ,m and n with m dividing ℓ, the group
G(ℓ,m, n) consists of all products ζµw where w ∈ Sn is a permutation matrix and
µ ∈ (Z/ℓZ)n satisfies

(ℓ/m) · (µ1 + · · · + µn) = 0 mod ℓ.
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Putting µ = (m− 1, 1, 0, . . . , 0) one verifies that the element

w = ζµ(12 · · · n) ∈ G(ℓ,m, n)

does not belong to any reflection subgroup of G(ℓ,m, n).

A.4. The group G15. We refer to chapter 6 of Lehrer and Taylor’s book [LT09] for
the unproved assertions about rank two groups which follow.

The complex reflection group G15 has three maximal reflection subgroups (all of
which are normal): G7, G13, and G14, of orders 144, 96, and 144, respectively. The
intersection of G14 and G13 is G12, of order 48, and the intersection of G14 and G7 is
G5, of order 72. It follows that the union G13∪G14 has 96+144−48 = 192 elements,
while the union G7 ∪ (G13 ∪G14) has at most 144 + 192− 72 = 264 elements. Thus
there is an element of G15 not contained in any reflection subgroup.

We note that the degrees and codegrees for G15 are (12, 24) and (0, 24). So the
regular numbers are the divisors of 12. On the other hand, every divisor of 12 divides
both degrees, and hence a regular element is just a scalar matrix. Thus the regular
elements in G15 are precisely the scalar matrices whose entries are 12th roots of
1. These all belong to the subgroup G7 of G15, and therefore there is no regular
element of G15 that does not belong to any proper reflection subgroup.

A.5. Completion of the proof. Examining the list of complex reflection groups
and the data in [Tay12] shows that for each irreducible exceptional group W , either
(i) the group is well-generated, or (ii) there is an integer d that divides more degrees
of W than of any proper reflection subgroup, or (iii) W is the group G15. For
instance, the non-well-generated group G31 (also sometimes known as W (O4)) has
degrees 8, 12, 20, and 24. According to Taylor [Tay12], each maximal reflection
subgroup of W (O4) is one of G(4, 2, 4), W (F4), or W (N4) = G29. But 24 does not
divide any of the degrees of these groups.

In the first two cases our result and Springer’s theory of eigenvalues shows that
there is an element of W that does not belong to any proper reflection subgroup.
By the classification theorem and reduction to the case W irreducible, this proves:

Theorem A.2. Let W be a finite complex reflection group. Then there is some
w ∈W such that for each reflection subgroup W ′ 6=W , w /∈W ′.

Note that the second condition required by Proposition 3.4 is immediate. Indeed,
an element with a trivial eigenvalue is by definition contained in a proper parabolic
subgroup and Steinberg’s Theorem states that these are reflection subgroups.
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