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R.esumen

En 1970 Rankin y Swinnerton-Dyer probaron que los ceros de las series de

Eisenstein asociadas a S L2(V') se encuentran en el arco {z e A I lzl : 1, lRe(z)l <

á). ¡esae entonces, el estudio de la ubicación de los ceros de diversas generaliza-

ciones de las series de Eisenstein ha despertado gran interés

En la literatura artual existen trabajos respecto a la localización de los ceros

de las series de Eisenstein asociadas a fi(p), para p : 2,3,5,7. Esta tesis aborda

el problema de ia localización de los ceros de las series de Eisenstein asociadas a

lfi(p) para primos mayores que 7. Como una aplicación de los resultados genera-

les, se probará que para p : 13, todos salvo quizrís dos ceros, est¿ín en el borde

inferior del dominio fundamental de lfi(p).
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Abstract

In 1970 Rankin and Swinnerton-D¡'er proved that the zeros of Eisenstein serles

associated to S L2(Z) are locared in the a¡c {z e A. ) pl: 1, lRe(z) < }}. Since

then, the study of the location of the zeros of diverse generalizations of Eisenstein

series has caught people awareness.

\A/orks al¡out the zc¡os of Eiserrstein series associ¿tcd to fi(p) for p : 2,J,5,

and 7 can bc founded in the current literature.

This thesis nndertakes the problcnt of finding the location of the zeros of

Eiselstein series associated io ffi(p) for primes grater than 7.

As an application of the general results it will be shown that for p : 13, all

but at most t$io zeros 1ie in the 1oy'er boundary of the fundamentai domain of

rób)
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1. Introduction

Let S L2(Z) be the group of 2 x 2 n.ratr-ices rvith integral coefficients and

determinant equal to 1. Let A be an even integer greater than 2. The Eisenstein

series of u'eight k associatecl to S L2(Z'¡ is

Fi^\ 1\- 1
Lt't') - 2 ,+ rl.,j dt

'l'his is the onlv rrodul¿r lolm t'ith r¡alue 1 at infirity lhich is orthogonal to

ali cuspidal moduiar forms of rveight k over S L2(Z'¡ under the Petersson inner

product.

For any positive integer N definc

r¡(N):: 
{ (" :) 

€ sL,(z) "=0 ,""dN)

ThL i- ¿ s rbgroup ol SLr(Z\. 
/ -

If N: p prime then the inloluiion fl;: f ' -llt/p I normaiizes f¡(p),
\* o)

and lfi(p) :- fo(p) U Li;fob) i. rlLe full normalizer of l6(p) in SIr(JR).

Orre c¿r.n clefine modular for:ms over fi(p) and

r: ,. , . t \- t.¿ - dt ^ o'^' 
t ¡.pz d,.-'+.p''' . 1_ ,.t 1_

(.cd'|=t, p c lcd)=l, p d

ls the corresponding Eisenstein seríes of r.eight i:.

Let f be the standard fundamental domain of SZr(Z). Namel¡,

7:{z,e C Im(z) > 0, Re(z) < 1/2 and zl >1}uA.

n'hereB-{e i 0-'r'I {, ,Lt, Y}
Let / be a non-zero modula¡ form of rveight k over SL2(Z). It is knol\.n rhat

the total number of its zeros in -F is determined by the formula

tt l.u"tJ\--u.( f\ .r,r/l -Lt,( I\-; rlr
.e,.
.;i -



where ur(/) is the order of the zero of. J at p counting multiplicity, and a :: e2i1t /3 .

This formula is ca,lled the "va.lence formulal' for SL2(Z).

In IRSD] Rankin and Swinerton-Dyer proved that, for all & as above, every

zero of E¡ lies on the lower arc of .F. Indeed, they are in the set {z e fllzl -
I and l.Be(z)l < 1/2).

The purpose of this work is to show that many zeros of Ef,, a¡e in ihe lower

arcs of the fundamental domain ff of ffi@).

-Q is a certain subset of C whose interior is the region

{z eC Im(z) > 0, lRe(z)l <7l2,lcz+dl, 1, V(3r) e g(e) with cl0}.

The boundary of -f, consists of two vertical lines and a finite set of arcs at

the bottom of the region (see next chapter). They can be parametrized either by

n-l(p ¡ ¿"eO-t/z) or by p-1(m Í e'ú) where n,m are frxed integers, and á runs in

an interval irrterval lp,r/2 * a] c (0,r). We call those arcs "1owe¡ arcs of -Q".

Among them we study a special class of a¡cs s'hich we call "admissible". In those

admissible arcs we are able to find many zeros of .E[,0.

There a¡e some results about the location of the zeros of ,E[- in the literature.

For p : 2 and 3, all zeros of such Eisenstein series lie on the lower arcs of -Q.

This was proved by Miezaki, Nozaki and Shigezumi in [MNS]. For p : 5 .r¿
p : 7 Shigezumi in [Sh] proved that all but at most one zero of Ei*,lie on the

lower arcs of -$.

The argument given by Rankin and Swinerton-Dyer in [RSD] ca¡ be described

as follows: The study of E¡ restricted to the lower arc of -F leads naturally to the

study of the ¡eal-valued function F¡(d) :: eik0 /2 Ek(dii) with á € [;, ?]. This is

a continuous function, and has as many zeros as .E¡ in the arc {e'0 | 0 e l;, +l}.
Rankin and Swinerton-Dyer proved that

F¡(0):2as(k012)+Rh@)

2



ivhere R¡(É) < 2 for ail d. This implies that the signs of I|(É) and cos(k012)

coincide rvhenever cos(k0/2) - +1. Hence, thele is a zelo of F¡ betrveen two

consecutive extreme values ol cos(k012). In this u'ay rve get that there are at

least as manv zeros of F¡ (and therefore of E¡) as extreme values of the function

cos(k112) minus one. Next using the r.alence formula one checks that those are

all the zeros of E¡.

The previous algument cannot be directly applied to the l hole lorver bound-

ary of {. This is ivh¡. Shigezumi, in the cases p : 5 and 7. divides the lower

boundary in two parts; one rvhere the previous arguments can be extended, and

another one r¡,here he uses some ad hoc methods to determine the number of

zeros in that palt of the boundary.

For primes greater than 7 there are many more obstacles. and the extra ar-

¡luments used by Shigezumi are not enough. There are no results in the current

lileratrrre aborrt the location of zeros of Ei, r.hen p 2 11.

In this rvork rve give a lower bound for the nrLmber of zeros of tf;, on the

loler aLcs in telms of the extreme values of cos(kÉ/2). This estimate is proved

for the admíssible arcs.

By an explicit calculation, one can check that for every p 1. ,11 (except for

p: 23) ai least 55% of the arcs are admissible.

In this thesis lve prove the follor,*ing:

Theorem 7. Let p be a pri,me. Let 0 + T-# u;ith A e lA,;+ o1 tt, o

para'mr.trizo,tion of an rtr)missible arr:, and let N¡, be the number of ertreme uaLucs

oJ the t'unctrnn cos(k912) L,ith0 e 16.r12+ a).

IJ o > 0 and fl < [ then the number of zeros of Elo on such arc is greater

Lhart ar eq'ual to N¡ 3, for k >> 0 euen.

Moreouer iJ a < 0 or B > r/2, then the number of z.eros of Ei, on such arc

is greater than or equal to N¡ - 2, for k >> 0 euen.

3



The theorem is a consequence of the follorving result.

Proposition L. Letp be a prime. Let e + T+|ft urith e €liJ.;=al be r.t,

paro,rrte-trizo,t'ion of an ct,clmissi.ble arc, suppose o,Lso tt: > 0 a.n.d, p < f. Th,en the.

function F[,o@):: r,ik0/2 8í,(T + fi) " real-ualuerl,, ancl can be uritten as

F;*(o) - 2 cos(k0 I 2) + Ri,@)

uith lBi.e(.0)l <2 if 0 elO+ i." * "-;l Jor k >> 0 ercn.

l:[ oreouer iJ a <. 0 (respectiuelg B > r I 2 ) then R; r(á) < 2 if 0 e | 1 + i, ; + o)

(respecti,uely 0 € l|,t + a - [l), t'or k >> 0 euen.

As an application of our results, \\,e prove the following enunciate for p : 13.

'If k - 0 (mod 12) 'is large enough, then all but at ntost four zeros oJ Ei.r, lie

'in the louter o:rc,s of f3" .

4



CHAPTtrR 1

Basic concepts

1.1. Modular forrns and Eisenstein series.

Le\'l-L :: {z e C Im(z) > 0} and A an even integer.

/, ¿\
For a matr=ix : L I and a holomolphic function /:7l -+ C defirre

\' "/

J +.' '- '''-d) 
tf f=)"\cz+cl/

A modular form of u'eighi k is a holomorphic function f : 11 -+ C which

satisfy

f *ltl: fQ')
/\lo b\

for all i : I I e S L2lZ) and is holomorphic at cc. The last condition

\. d/
means that it has a Fourier expansion of type

frz):fa-e2-"-12" (2)

The set of modula¡ forms of weight k is a finite dimelsional vector space denoted

by Mt(S Lz(Z)) If the coeflicient a¡ in (2) is equal to 0. l'e call J a cuspidaL

modular form. The set of cuspldal modular forms is a subspace of M¡(S L2(Z))

arid is denoted \, 3¡(SL2@)).

For a couple of nodular forms /,9 of the same s,eight, at least one of them

cuspidal, defirrr:

t
U C¡, I ft.z)g.,2)ck 

¿4 g. z - r'- ;q.
lr

This is called the Petersson inner product of / and g.

An important example of modular form in M(S Lr(Z)) is given by the Eisen-

stein series



vu'here l- is the stabilizer of the ctsp at infinity, and e¡ is a number chosen

to ensure that E* tahe the value 1at infinity.

As stated above, this is the onl¡'modular form orthogonal to all cuspidal forms

(rrith respect to the Petersson product) rvith ,,'alue 1 at i inity. Nluch is l<norvn

abort M(SL2(Z)) (see for example lKol).

Thc lLcor¡, of rnoc'luiar fbrrrs can be cxtcuclcd to cither first t5.pe Fuchsiarr

grorrps such as f¡(N) or

for a prime number p. (See for example iN.l[iy]).

This ivork is about modular forms over the latter group. Throughout ihis

thesis, p ahval,s represent a prime number.

The Eisenstein series for li(p) is given b],

F: ,- -,' \- - f '", 
d,4 P'^' t ,pz-cl ¡'."tp' t /_ )r 2 _ 2 /_

1€r'¿ (p)/l; c !)ii, . G !,1:i, 
a

where f! c ffi(p) is ¡he stabilizer of the cusp at infiritl'. and ei, is a number

chosen to ensure that E[.o take the r.alue 1 at iufirriry.

Remalk: Tlle condition k > 2 even, ensures the absolute convergence of the

Eisenstein series. This is t'hl' ive c:ur interchange the ordel of summation of the

series when it is needed.

fo'pr :- t61pt . llrt6rp,. lr, - 
( 0 -l \ P\-\", o )



1.2. tr\rndamental domains

Let Gbe a group acting on a topological space X. A subset F e X isa
fundamental domain of such G action if it is a connected set and satisfies the

following properties

1. For all:r € X there exists g € G such that 9r e F.

2. Any pair of distinct elements in F are not in the same orbit.

The group S L2(Z) acts on')1* : H U Q U {m} via Mobius tra,nsformations.

/, t\
That is, l'or 1: | | e S L2(Z), wehave

\" o)
(,
ti?l ifz€HrJe-{-:}.
Itz:: \I if z_oo,
I

[- if z: d- andc/ 0.

The set ?l* has a topology which extends the usual topolory of ?l (see for

example lKol p. 103-104).

The group ffi(p) acts on ?l* tia Mobius transfo¡mation too, and we have the

following proposition about its fundamental domain.

Proposition 2: There exists a fundamental domain for the action of ffi(p)

whose interior is

{zeH)lRe(z))<112,)cz+ dl > 1, v(:j) e r;tpl wiih c I 0} .

(See for example [Miy] p. 22 and lAl).

Along this thesis we denote this funda,mental domain by Ff .

In general, there are many fundamental domains for each group. For example

lf 1 e S L2(Z) and .F is a funda,menta.l doma.in fo¡ SL2(Z), therr TF is another

fundamental domain for SL2(Z). However the results of this work are given in



terms of the parbicular fundamental domain described in proposition 2. Here we

exhibit a graphic presentation of such fundamental for primes p:7 arrd p = 13.

1

Fundament¿l domains for fi(Z) and f[(ta)

For more information of these fundamental domains see for example [Sh1] p

33-36.

We finish this section with two technica.l concepts which a¡e needed in this

work.

1.3. Admissit¡le arcs

As we mentioned in the introduction, in this thesis we work with the particular

ffi(p) fundamental domain { (see the previous section). It is known that its

boundary consists of the two vertical lines {*1/2 + it I t e [(2\fp)-1, m)] and

a set of parts of circumferences of certain circles. The elements in this set are

called lowe¡ arcs of Ff by us, a.nd for any given p there is a way to compute them

explicitly.

Notice that aII but two of such a¡cs have a left neighboring a.rc and a right

neighboring a,rc in -Q. The exceptions are the arcs h the extreme left a¡d in the

extreme right of {.
The following two Lemmas give some properties of the lower arcs of .{. Af-

terwards we introduce the concept of admissible arc.

Lemma L. The lower arcs of the fundamental d,omain.F) are oüer the c'írcum-

Jerence of certai.n circles which belong to one of the follouing two f'ni,te Jami.lies:



1.) The ci,rcles of center ff and rad'tus fi, *h"r" m)n are integers such that

gcd(m,n) - 1, and0<l*l<n<2v6fr.

2,) The ci,rcles oJ center I! and, radi,us L, where n 'is an i,nteger such that 0 I

l"l < p.

Moreouer, euery point i,n fi has imaginarg part greater than or equat to fi.
Lemma 2. Let #+T and;ik+X be parametrizations oJ tuo d.isti.nct neigh-

boring arcs in the first Jamily of the preaious Lemma. Thenlmnl - mpl € {1,2}.

For a proof of these Lemmas, see appendix B.

Notice that any lower arc of f[ on a circle of the 6¡st family of Lemma I

can be parametrized a.s ff + ffi with 0 e Ífr,; * a] for certain real numbers

a e I-I,il ad 0 e l0,r], and certain integer numbers n,m with ro common

factors.

Definition l. Leti + ffi uith 0 e lB,r:-,a)be a lower arc oJf[ such that i,ts

left and right neighbors et:ist.

S'uppose that the left (respecti,aely right) neighboris def,ned, by a c'ircle wi,th

center ff (respecüuely ff) and. radius fi6 (resnectiuelU fi).
Il ",0 < @,[), ue say that the'initi,al arc is admissi,ble i.J m2p = 1 (mod n)

and the follouing tuo cond.ittor¿s hold.

1. mn1 - mtn : rn2n - nln2 : l.

/ Ín,,/Dcosla) \ / ?n,./¡?sln{1JI\
2. c exp I ,: l. r2expl ---+ | <1, uhere c¡ is de-

\n,.,/\/
fined bg

1 + ""p (-#) i.J n! + nn; + n2 : p,

.',: jr+*p(#) ifn,>n anri.n!-nn¡-tn2:p, (3)

'in any other case.

I



If P > ,, ue say that initial arc is admissible if n, < p 4- I anrl, satis.fies

condition 1, and

-. / - rn... /b coslo) \2. qexp (---;--------, .,

IJ a < 0, we say that initial arc is adm,issible if n, < p l l anrJ satisfie_s

cond,¡ti,on 1, and

2". c2exp(-r#@).,
Remark: Clearly, the case a ( 0 and b > i is meaningless. If one of the

neighbors does not exist then either o 5= 0 o-r p > r f2. In that case we say that

the arc is admissible if it satisfies conditions 1. and cour_lition 2, . ot. 2,, . accordilg

the case.

Notice that any admissible arc and its neighbors are always arcs of circles in

the first family of Lemma 1 bv rleflnition.

10



1.4. Valence formula

Let f : 'fl. -+ C be a non-zero holomorphic function. We denote by "_ff)
the order of zero of / at the complex number ru, In other words, if the Taylor

expansion of f at z: w is

f@: La^(z-w), an€C., anof 0,
n=no

tlr.en u*(f) : no.

As we stated above, if f h M/S Lz(Z)) is non-zero, the number of zeros of

/ in the fundamental domain is determined by formula (1).

For non-zero modular forms over ffi(p) there is a simila¡ relation. Namely

(4)

wherc 2ni istheorderof the stabilizer of z inffi(p), a,rrd the inieger z-(/) is

the order of zero in the Fourier expansion of / at infinity. A proof of (4) is given

in appendix A.

11



CHAPTER 2

Main results

2.L. Main results.

In this section we prove first Proposition 1. Then we prove Theorem 1. In

the proof of Proposition 1 we use three technical results (Lemma 3-5), which are

proved in the next section for the sake of clarity.

Proof of Proposition 1: Assume that k is an even positive integer. Let

ff + ffiwith.0 e ll3,; + a], a,p e (0, i) be a parametrization of an admissible

arc. As in Rarüin arrd Swinnerton-Dyer's paper, we study the behavior of -E[,o

over this arc considering the function on the va¡iable á

Fi*(e),: eoko/2 8í* (T . #) (5)

Note that the mrmber of zeros of .F[, is the same as the number of zeros of

E[,o on the admissible a¡c. F\rrthermore I[, is a real-i,alued firnction on such an

admissible arc as we see from ihe following.

Lemma 3. For c,d €Z let6.,¿:: gcd(n, d,- mc)'. If *'p:1(mod n) andpln

then

F;r@): \-
-¿J

alfne 
{Qeuur' 

+ d,\/Fe a/1-k} (6)

Now we work with this expression.

Let N: N(c,d.):: c2 + il2. The terms in (6) for which N: 1 a¡e just the

ones with c : a1 and d, : 0 (c can not be 0 because p ! c \n ttre sum). This

implies

D ¡!!ip." {k"'e/' + d,v1e 'en¡-x¡ :2cos(kl12)

t2



since k is even. Hence we can write

Fi,r(0) : 2 cos(ko l2) - R; e(á)

where

Ri,o(o):- ! ajfn. {k"'at" + d\/tttc-1a/'|) 
k}

s'dt'd)=1
pl¿.N>l

This identity ¡¡ives the first part of ihc Proposition aud it only remains to

show that n;o(d)] < 2 for 0 e lP+nlk.Í12-ta-trlkt s'henk>> 0.

l.¡- , .-,. ( .¡-2,
Ler ,¡ ..i/.4\ : l.;'o lc¡-' d\/pp ''\ . r... ,k(, tt I)) - ó .;tc' d'p'

2cdlF cos(O)) k/2.

Notice that r¡(c,d.0): r*(-c, d.á) and that i,¡(c d.á) is monotone as a

function of 0 (for k,c and d fixecl, tLnrl 0 1 á ! ;r). In fact t¡(c.d,0) is increasing

\f .d . ¡, dccrpo5in* o hprri-is".

Nor,,'rve give an estimate for fi|.,

+ drFe ni\ k\

\\¡e can split the terms of the previous sum in two classes; those r-¡hich convergc

to 0 as A goes to infinity urriformlv in d. and all the othe¡s. N{ore precisely rve

h ave the follorving

Definition 2. Let c,d be integers. We say that "-x(.c,d,O) is a

onlg iJ

-,,pt,o " rt pt J -o- i-"i ;o
If uk(.c. d,l)) 'is not a good term, uc say that it'is a "bad term"

(7)

f nr/lR" { (."i 2z- t,

2 \.- t¡l c. ¡1.0 \
-¿2

(8)

"good term" if an.rl

//-\ -,.ó\

3 BErol¡¡ "9; {€t@" á
13



Notice that uÁ reach its maximum at one extr€me of the interval l,B, i + 
"1.

The follor¡,ing Lemma states that tlie sum of all good terms also converge to

0 r'hen A gocs to irfility, unifolmly il ú, for /i { l/ { * * a.

Lemma 4. There etísts ^¡ > 0 (uhi,ch í,s i,ndepend,ent of k, but depends on ¡t o.nd

the, arr), such that t'or any \l > 3 ue haue

\-/, ü.1".(J a) Bt\4 1f z . ¡..' '--!)\ ,. /

(Recall that 
^¡: 

c2 + d2). On thc other h,anrl, for n2 < p+ L. iJ o ! 0 no bad

term,s ¡L¡dth cd > 0 etist, and iJ 3 > | no bad term uith cd, < 0 erist.

Note that the right-hand side of the inequaiit¡' in the Lemma converges to 0

when,t + cc if and only if M > l+n2f^t. In particular for .\¡ large enough

u¡(c,d,A) goes to 0 as k gocs tci ilfinitv rrnifolnlr.il d.

The folloiving Lemma gives us infolmation about bad terms:

Lemma 5. Let tt + fi uih 0 e 13.; i o) u,nrJ a./J e (0, l) be an ad.mi,ssible

arc. Su¡tytosr: that the left. (re.sytectiucly r'ígltt) neigh,bor zs defLned by the circle uii.Lt

center u! (respectiuely 
.,ru ) and radius fi, (resnectir:ely i¡). fn"" there o.re

t'i,nitclg rnany bad tetr¡s u¡(c, d,0) uith d > 0 (in fact, at most four), all o.f thent

uith d : 7. Moreoter the t'ollaui,n,g hold

/ rn . pco.(o710r ltnr ) r'" i.. l.'i r o -) - rt exp I -- 
rjr l,. *"":i." " '\ n2 t

á, lim f ,,1..1. r- .l "r"*o 
( -'''Y¡¡nl.,t¡

¡., z¿ '\ n2 )*:¿T*'

where c1, r:2 are te cons\ants gn'en, in d,eJín itiort 1. (See eLluut|ion (3)).

If a < 0 then b) holds, and if 3 > i then a) hoLds.

14



Now we have enough i Jormation to complete the proof of Proposition 1.

Reca,ll we are assuming a > 0 and, p < [-

For every k, every 0 elfi + ii+ a - T) and every M > 7+n2/1 (with'y as

in Lemma 4) consider the following expression

2 » u¡(c,d.,0) : 2 » u¡@,d,9)+2 » ax(c,d.o)
scd(c,¿)-l bEd ¿.rÉe b¿d telmr
,i".N>t,d>o ¿>0

+2 » u¡(c,d.,0)+2 I u¡(c,d,o) (e)
*'.,Í.';;"' *"f 

>'ii"'

In the right-hand side all the sums are indexed by pairs of integers (c, d) which

also satisfy the conditions gcd(c,d) :l,plc,N>1andd>0.
By (8) the right-hand side of this equality is also an upper bound for fi[,r(d) .

Now we reca,ll that for d > 0, u¡(c,d,0) is a monotone decreasing (respectively,

increasing) function of 0 'tf c < O (respectively c > 0). This allows us to get

a bound for the first and second sum in (9) by replacing their values at the

coresponding extremes of the interval. Namely

ln;,(á)l < ,L ur(c,1,8+rlk)+2 L or(,,7,rf2+a rlk)

On the other hand, since the number of bad terms is finite, we can pick M large

enough so that the last sum in the previous inequality coincide with the sum

in Lemma 4. Flom this Lemma we get a bound for it with the extra condition

M > L-ln211.

In this way rve get

bad terñs bad te¡ms
é<0

-2 » u¡Q.d,0)+2 L u¡(c,d..o)
good teras good term.

N<M N>M

ln;,"(P)l < 2 L "r(c,7,p+r/k)+2 \ ux(c,1,,r/2+a-zrlk)
bad terms 6aA térEs

-, , kl2

+2 » u¡(c,d,,o)+16(M -lf/'z. (lvw-: t)) ' 
(10)\ n' /

15



By Lemma 5 the sums over the bad terms converge to

/ /- -n .6cos(o)\, _ _ _ l-rnryf;sln(6)\\2lcl exp f ----- lr c2 exp I ---+
\ \ ,- ,/ \ tt- ))

when k goes to infinity. The other terms on the right-hand side of (10) are finitelv

many, a¡d each of them converges to 0 uniformly in á. (Here we rxe the defrnition

of good term a¡rd the choice of M > 7 + n'/l).
This argument implies that the right-ha.nd side of inequality (10) converges

to

This number is strictly less than 2 because the arc is admissible (see Definition

i). This means that for any A large enough we trave l-R;,,(á)l < 2 whenever

0 e lP +rlk,rlz+ a- rlk). This complete the proof i¡r the case a > 0 and

p <;.

Assume next a < 0. By Lemma 4 we know that there are no bad tems with

cd > 0. Then for 0 e lp + f, {] the expression (9) turns into

As before, using Lemma 4 and bounding the bad terms by their value at the

corresponding extreme of the interval we obtain

lE;,(á)l < 2 \ ux(c,l,P+rlk)

l, \--12

The right-hand side above converges to

2 » u¡(c,d,o):2»u¡(c,d,0)+2 | ux(c,rt,e)+z I u¡(c,tt,o)
Ecd(.,d)=l b¿d iq.ms sood terms

,1.,N>1 d>o N<M N>M

(11)

,",""o(=r#D)



by Lemma 5, and this number is strictly less than 2 since the a¡c is admissible.

This means that for k large enough we have jft},r(e)l < 2 u,henever 0 a l0 +

r /k,r l2l. This ends the proof in the case a ( 0.

The case É > { is a.nalogous. n

Proof of Theorem 1: As we noted in the previous proof, Fr], has the same

number of zeros as .Ei, over the admissible arc. Assr¡me o > 0 and 0 a ur. By

Proposition 1, for ,& >> 0 we can write

F;,o@) : 2 cos(k0 I 2) + R;,p(0)

wirh ll?;,e(d)l <2if 0 e [p + Í/k,r/2 + a- r( /tr).

Hence f'/,, has a zero between every pair of consecutive extreme values of

cos(kl12) because it is continuous (see (5)) and real-valued.

Let N¡ denote the number of extreme values of cos(k012) in the intewal

lP,Tl2 + a]. Since there are at least -AI¡ - 2 extreme values of cos(k012) n
the interval IP + r I k, r 12 + a - r I k), we have at least .lfr - 3 zeros of Ffi, in

lB+ n/X.,r¡Z+ a - rlll, and therefore 1l¡ - 3 zeros of .E[, on the arc. This

proves the first part of the theorem.

For the case a ( 0, ftom proposition 1 we have lBi,@)l . 2 fot all 0 e

lP+rlk,Í12+al if k is large enough. Note that at least lú¡ - 1 extreme values

of cos(kg 12) areimlP+r/k,n/2+ al. Therefore, there a¡e at least N¡-2zeros

of -Ff, on the hterval ll3 + r lk,r 12 -F a] and therefore N¡ - 2 zeros of Ei- ot

the a¡c.

For the case 0 > ; *e same argument works. n

L7



2.2, Proof of the Lemmas.

In this section we prove Lemas 3,4 a¡d 5.

Proof of Lemma 3: Recall that

tl- \E;,@:;l D k,+d)-k+,pk/2 ! (+z+a¡-k!
\(c'd)=t'P c (c'd)-t 'Pld /

Letffi+ffwith0e[B,r/2*a] be an arc satisfying m2p=7 (mod n).

From (5) we have

F: rA\ : "*e,zr^ 
(e'a _m\-h,p\"t - " "k,p\"^/p' 

" )

: t!: )- ("(!L-+ 3) *¿\-*2 
,,071- ol" 

\ \n/P n/ /
eikot: )- (*,,,(L+a)* d.,p_1/2\k*' 

,-;.oo\ \nvr n/ '' )
ei'ke /2 

t ( "_"* *mc+nd.\-kT 
u.fu,^" \",e' - " )

*"uot,, \- (c",0 *mcp+nd\-k2 
¡.*'-':' ''1o 

\' n \/P )

: 1 \- (" 
",,r,, 

t !!--! " 
,u'r\-r

2'^u7='*"\nu9" n )

*; » (*?*="0"-n'' - !"nt'\-o (12)

i"+t'--t'a 
\ nt/P n /

Let us assume that the following two set of ordered pairs a,re equal

{(c,mc+ nd) lgcd(c,d) : t,p I c} : {(^cp + nd, c) lgcd(c,d) : 1,p d}

(this is something to be proved later). Then, the complex conjugate

t ( , 
=r,r¡, + 

*" t nd 

",rrr\ 
-o 

- \- (*tr!"-,u,,nc.;ep\-k
l- \n,ñ- n " I ? \ n,ñ " ',," )(c,d):l,plc ' v' ' (.,4=t,pld. \ v'

This identity and (12) yield

18



F;.e(á) - r o" { (ry::'"-n,, -' ",,t,\-o\ .

r..a;=r,pla [\ n\/p n ) J

Notice that the index d in the last expression runs over the multiples of p,

then rve can change d by pd' tafting some care with the indexes. Narnel¡ we

observe that

{(c,d) | gcd(c,d) - t,p I d} : {(",p¿l) | gcd(c,/) : I,pl 
"}

and therefore

F;p(o) - I n"{ (*'p t 

:e¿'.-'"2 - 
r"'',2\ -k\

r"'l='*"""1\ n'rn' ;- ) f
- t R" { (!:jr{ Jr"-or, ,' "or,\ 

r\ 
.

r''''r=',,''-l\ n Yn" 'n' ) I

Now, collecting the terms with the same rz,lue of gcd(c, z) we obtain

Fi*(o) -- » » *"{P":"o Jo"-,,¡,*1",n',\-u)
rtn t.d¡)=t.ptc t\ n '' 

" ) I

: t t élr o" { «.: \a'),/i" ;a z - c.,o z\ k\

rtn ¡'¿t)=r pt' ' t i 
'- 

[ \'""r r- tv r' ' r" ) f
(c.r)=¡

Notice that c is a multiple of r, so we can change the variable c in the inner

sum by c'r using the following identity

{(c, di) | gcd(c, di) : 7, p I c, ecd(c, n) : ,}

: {(c' r, d') I gcd(c', d') : 1, p I c', ecd(C, n I r) : t, r¿¡r, ¿',,r.
(This will be proved later). Consequently

F i.o @ ) : L,,^, 
",.,,, 

_-L_- o, ( ; ) 
- 
o" 

{ 
(t*': * ? ¿ ¡ r9, "- 

a n * o; 
"",,) 

r 

}(¿.n/rt=r,trdlt=7

- E .L (i)-o'{1'-'* !¿'ÑQ" '"-"''''''¡ o}

rln \"' d' =r,P¡.l
lct n/r)=\ G ¿t )'1
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Changing r by nfr and the equivalent conditions (?,df) - 1by (n,ril) : r
we ca.n write

F,' rÉ\ - \- \- rkR"{ ((-¿ + r¡l'\-/6e-'e 2 +,-le'0/2\ k\
t h.D\v t L ¿_ .." 

[ \,.,"" " * ty ¡." ) I
rln Ll a' )=1o1"'' r¿/,')-r 1",_d'r-'

Pinally we make the change of variables C : c and rdl : d using the identity

{(c', r d; ) | scd(¿, d' ) : 7, p I C, scd.(c', r) : 1, gcd(n, r d' ) : r}

: {(", d) | gcd(c, d) : t,p I c, ecd(n, d) : r}

(to be proved below), and get

F: (fr\ : \- \.- rt Re { ( (mc + d), ñe-ú/2 - ,";e/21 
n\

- k,p\" / L- z_ -.- [ \\""" , -, vr-" t I
¡ln G.a)--."1.' {n.d)=r

: » » rk Re 
{@\/re-'otz * r",en1 

k}

¡tn G,d)_t,Pt
' (n d-ac)='

: t 6:/: R" {@,\/n" 'erz * "¿en¡-h} ,

(cd)=l,úc

where di",¿ :: gcd(n, d, - mc)2- This finishes the proof of Lemma 3, except for the

three set identities whiü we now verify.

t {(c,mc+ nd.) | gcd(c, d) : l,p I c} : {(mup * na,u) | gcd(2, rr) : 1,p ) r}

Take a pair (c,mc+ nd) in the first set and define 112: yn¿! nd,.

Since the arc is admissible ,? | (1 - m2p), so we can define a = c(L -
m2p) ln - mpd € Z. Note that

flrup + nu : m(mc I nd.)p + n(c(7 - m2p) ln - mpd,)

: m2pcl mnpd,l c - un2p - mnpd,

-c



hence (c,mc*nd): (mup'f nu,z). Observe that

(u I'r,' ;,) (;) : ( ;)
*aa"t/ 

Tn " ) :-l,implvgcd(z,u)- l.Moreoverplc

\{t--'d/" -*r )
implies pl t¡. Therefore the pair (c,mc*nd) taken in the first set is also in

the second.

For the converse inclusion take (mu,p + na,u) in the second set and deflne

c'.: mup+nu. As before nJ Q - m2p), so d:: u(1 - ^'dln - mu e Z'

It follows that

mclnd : m(mw + na) + n(u(l - m2p)f n-mu)

: m2uq + mnu -f u(l - m2P) - nmu

:u

which implies (mup * nu,u) : (c,mc t nd').

Note that

(u-,,\^,";)(:)-(,)
/\

^r,,1 
d"L f mp ' I : -r. Thus gcd(c, d) : 1. on the other

\ {t - -'dln -* )
hara, if p I u then p I c. Thereiore the second set is contained in the first'

o {(c, d) | gcd(c, d) : r,p ! c, gcd(c,n) = r}
: {(c' r, d) | gcd(C, d) : 1, p I C, scd(c', n I r) : t, gca1,' ¿¡ : 1¡

27



Let us start with the second set,

{@ r, Q I gcd(C, d.) : 7, p I c', scd(c', n I r) : 7, gcd(r, fl) : !}
: {@r, Q I gcd(Cr,d) : t,p I C,ecd(C,n/r) : 1¡

: {(c'r,d.) I gcd(Cr, d) = 7,p I C,scd(c'r,n) : r}
: {(", d) | gcd(c, d) : 7,p I c, gcd.(c, n) : r}

as desired

t {(c, rd,) I gcd(c, d) - 7,p I c,scd(c,r) :l,ecd(n,rd): r}: {(",d) I

gcd(c, /) -- 7,p I c,scd,(n,d!) : r).

Let us start with the first set

{(c,rd) | gcd(c,d):1,p1c,ecd(c,r) :7,scd(n,rd.) : r}

- {(c, rd) lgcd(c,rd) :t,p!c,ecd(n,rd):r}

: {k,a) | gcd(c,d') : \,pl c,ecd(n,d) : r}

Concluding the proof of Lemma 3.

Proof of Lemma 4: Reca,ll that

/ c2 + d2o - Zcd,. ñ cos( 0\\ -k/2
ux(c.d,o): | ) .0el?.nl2-a). (13)

\Ócd/

where á".¿ = (gcd(n, d, - mc))2.

Suppose that a I 0 and n2 < p + 1. Let c,d,be integers such that cd > 0.

Under these conditions, a term u¡(c,d,0) is monotonously increasing in 0 when

0 e lB,r 12 + al c (0, zr). This implies

u¡lc,d.0) < u¡(c.tt,tr12) - ¡"'+!e\-o/' .

\n'/
Note that the right-hand side of the previous equation converges to 0 as & goes

to infinity since n2 < pt 1, therefore u¡(c,d,,O) goes to 0 as k goes to inflnitv

uniformly in á. Hence any term u¡(c,d,0) with ¿d > 0 is not a bad term.

In the same way one checks for p > r 12 the nonexistence of bad terms with

cd < 0. This proves the second pa.rt of the statement in the Lemma.



Suppose next a > 0, P < r 12 and, that c, d" are integers with cd > 0. In
this case un(c,d,0) is monotonously increasing in á and we have u¡(c,d,,O) <

u¡(c,d,,r l2 + a). Hence

¡ c2 + d2p - 2cd,J p sin(a ¡ t h/2

urk.cL.o) 
= (-------fr)

First, we want to find 1 in the open interval (0, 1) such that

(15)

In order to do so, by (14) it is enough to find 7r such that

c2 2rd vF sin(a) - d2p > I(., I dr).
d",¿ n2

Since d",¿ is less than or equal to n2, we only need 71 such that c2 -2cdug sin(a) +

d2p ) y(c2 + d2). Notice that the last inequatity is equivalent to

é(t - -yr) zcd.rQsin(a) + d.2(r) - 1) > 0.

a¡d that such a relation holds if 0 ( 'yr ( 1 satisfies

4d2p sin2 (a) - 4d2G -.y1)(p - 71) : 0,

(14)

(16)

(Because this is the discriminant of the polynomial 12 (7 - ^11) - zzd"/psin(a) +

d'(p - l) e lRlzl). Therefore it is enough to find yi e (0, 1) such that (16) holds.

lf d I 0, a solul,ion of (16) is

Since the points on .Q have imaginary part

stant, we have a ( rl2 and. by hypothesis a >

point of the lower boundary of -Fj). Hence

(17)

greater than some positive con-

0. (Recall that f + 4:ff9' i" "

1.o.;(o 1 r- ,/@¡ff - +pccx1a1) <r.



If d:0, then equation (16) is vacuous and 11 in (17) satisfies (16). Conse-

quently we have 1 € (0, 1) suctr ihat (i5) holds. Notice that (15) also holds for

a.ny 1 such that 0 < .y ( .y1.

On the other hand, if cd < 0, the same argument yields the bound

(18)

for the mrmber 1, € (0, 1) given by

In the extreme cases given either by a ( 0 and by p > r 12 we can deduce

fiom (13) that

u¡(c'd''o) < (Ü!)-r'

Finally, takins.y :: min{1,.y2} by (tS), (tS) and (19) we have

u¡(c,d,,o) < (fifé + a'1)-o/' .

u¡(c,d.,o) < » (#*)-r''
3.d(c,d)=1
d.,N>Md,>a

(1e)

(20)

for any pair of integers c, d.

Now we use this bound. Recall that N : ,M(c, d) : c2 + d2. Using (20) it is

clear that

\-

Observe that the number of pairs c, d such that c2 + d2 : N is not greater

,, : i Q 
* r'[G r)- 

^r,,"?@))
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\-
rhan 2 (2r,/, ,) _ ¡r/ \-. [her. ¿.sun irq h > b.

t f r') ": fo,r("t)*'tL ' ¡¿-
-\t1'

r]1. N2.\r,d>0

: sl-\ o/'5- 
1',,0',

\n2 / 1-
N2M

k/2 t

- 8( ) / , k\'d¡
\ n- t .lt>t\j t
.. . -k/2 a

" (,,,) k 3'!/ 
1 " "' 

2

,.,1Í tr-"2
' a1-1,/- 1,,"'( '"'. l/

This implies

» x¡(c.t1.0)< 8(-11 - r1:r: (1(-u-- 
rl¡-rrz

\ p'
!'c N>'i1f ¿>0

as rve rvanted to prove. n

Proof of Lemrna 5:

As u'e knon'from Lemma 1, the imaginar¡'part of any poini of -Ff is greater

than or equal to f . Then, for an1' d € l.!3 r 12 + ol, the imaginary part of the

poinr ¿ -'.' in rh" ¿dn's.ible ¡rc i. hounrled \.lorv by t'. tn rhis wrt onp, ¡Jp

geis
n15

sinlll ) > , /, ,2\,1 p

In turn, this inequality l,ields

.o.rÉr qT 2t)2rt

Now rve prove lhe l,crnma in five stcps.

Step 1: f u¡(.c,d.0) uith d > 0 is a bad term' then rl' - 1. and mc --

1 (mod n ).



Recall that

u¡(c, d,,0) - ( c2 + úp + 
'zcd''/F 

cos(0) 
1-k/2 , (22)

\ ¿-.,¿ )
where d",¿ : (gcd(n, d - rzc))2. Hence

u¡(c,d..o), (*+y*r)--" = (" 
+d'zp-t4-lv/4e=}P)-k/'z 

,

(23)

where i¡r the last inequality we used (21) and 6",¿ I n2.

On the other hand, if d> l then the function l(c) ,: c2+d,2p-1cdl J4e -Ñ-
n 2 has no real roots and lim /(c) : oo. Therefore

é t *P - lc¿l tT- znz - ,,

"' 
- ''

In this way, if d > 1 the right-hand side of (23) goes to zero as k goes to m, and

u¡(c, d,,0) goes to zero as k goes to oo uniformly in á. This shows that u¡(c,d,O)

is a good term whenever d > I.

Suppose now that 6"¡ I n2. Since 6)( ", o", assumption implies that djf
is a proper divisor of n, hence ó.) < n2f4. Using this relation in the argument

which yields (23) Í'e obtain

u¡(c, 7, o) < (c 
+ P - 4!q - z'"--)* e

(24)

Since the function l(c) i-c2+p- clJap-Zn,-n2f 4hosrlo real roots and

lim /(c) : m, we deduce that

é+p-lclJ4p-Bñ _.,
n2 l4

Flom the latter we conclude that the right-hand side of (24) converges to 0

when k goes to infinity, and therefore that u¡(c,1, á) is a good term.

Consequentl¡ 1f a¡(c,1,0) is a ba.d term then 6cJ : n2. This fact and the

definition of á",1 yield mc: 1 (mod, n).
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This complete the proof ol step 1.

Step 2; 7he terms xk(nt,l.0) and u¡(-n2,7.0) are aluays bad terms, uhere.

n1 anrl n2 are thc paramcters of the neighboring arcs.

Silrcp lhp arcs dofine,l \r. rlrp cir¡lp" "",', + :I - 
"ra.l) - ?_

$.ith á € lR are neighbors, we can compute their intersection points and get an

expression for sin(a) and cos(i3). By clcmcntarv ntethocls one finds ¡hat such

expressions are given by

. I nl p¡mr. m.n)2 n'2slnloi- 2 ntvTtmnt m.n-
I n? - p'tn,n - mn2l n)

2 n 2u[p( m2n m t,z\

Since the arc Ís admissible, r,,,e have mn7 - m7n - m2n mn2 - 1. Then the

expr-essions aboYe tum into

sin(a) -
ni+p n2

(25)2nttfr

and c.r\ ) 
,,1 -p-n2.

2n2\/ P

\'lalipulating the expression for sin(o) one obtains

nl + ¡t - 2uyQ sin(a) : 'n2 .

Using this identity rve gei from (22)

. _L- 2

'u¡(n7.1,r12+ "1- (Ü1:-32!?:19) : ,
\ n' /

This tells us that r¡(n1,1,á) is a bad term (since.'¡(n1,1.irl2+a') does rot

converge to 0 u'hen k goes to infiDitl'). By the same axgument ore gets from the

cxpression for cos(ú) Ín (25) thai u¡( n2.7,0) is a bad term.

Step 3: ?here are at most two bad terms u¡(c,7,0') uith c > 0 (respectiuely

c < 0), and a necessarg condition for the eristence of two bad terms is that p can

be uri,tten as

nl+nnr¡n2 -p or nl nn1 !n2:p

27
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(respecti,uely n|+nn2+n2 =p orn?r-nn2+n2 = p).

Moreoaer, if there are two bad terms then the nurnbers

/i7--c-z L ^
(respectiuely - v aP --¿tL L tt' 

) are the correspond,ing ualues of the parameter c

of such terms.

Take a bad term ?e(c, 1, d) such that ¿ > 0. By the monotonicity tt 0 of ux

(see equation (22)), we get

u¡(c,l,0) < u¡(c,7, tr 12 -r o, - ¡ 
é + p - 2c'/psin(a)\-k/2 

126)
\ ,' ) 

\2w)

FYom this equation, it is clear that u¡(c,1,0) is a bad term if and only if
c2 +p-2c¡psin(a) -.
- ,: 

-:'
(because the right-hand side of (26) converges to 0 rvhen k goes to infinit). if and

, .^.'+r-2.-/rsrnlól -.onryIl+>1).
The last inequality is equivalent to c2 + p - 2cyp sín(a) n2 1 0. There-

fore c must be an integer lying between the solutions of the equation 12 + p -
2ar/psin(a) - n2 : 0. In other words, c satisfies

,@sin(a)- /r(sin2(o) - 7) -t n2 <c < f sin(o)+ p(sin'2(a) - r) +n2. (27)

Ftom (21) and the identity cosQr /2 + a): - sin(o) we have

lsinla)l < vq=Ñ
2JP

(28)

This upper bound can be used to simplify (27), i.e.

,/psin(a) -;, " < y/Fsrr'(d +;. (2s)

This puts c in an interval of length n. B:rt mc: 1 (mod n) as we showed in

step 1. Hence there is just one such c in the case that one of the inequalities in

(29) is strict. Otherwise there are at most two possibilities for c.



Clearly, the existence of tu,o disiinct such values of c requires equality in (28).

\{oreover. if we suppose the existence of two such c then

- /t^ e-) L-
¿: uf;sin(-) ¡1-v*Y-'" -" (30)

This is because the only way in rvhich rve can have two integral solutions of the

equation mc = 1 (mod n) in an interval of length n is that they are the er<tremes

of the interval,

Nor', by step 2, n1 must be one of the ralues in (30). From this fact one gets

directl¡, that p has the form p : n1 + nh I n2 or p : n? - nnr + nz.

The same argument for c < 0 f.ields that if there are trvo bad terms t¡(c,7. 0).

the possible values of c are

"- @n", (81)2'

and since -n2 is one of them, one gets that p has the form p : n,:i + nnz + n' or

P-ni nn2!n2

This pror.es the claim in step 3 ¿,r.nd the first statement of Lenrma 5.

Step 4: The bad terms u¡(c,\.A), other than u¡(n1.7.0) o.nd u¡"(-n2,7,0).

are

i) u¡(n1 - n 1.0) i,J nl - nnt I n2 : 72 and' n1 > n.

ii) u¡(n1+ n, 1, d) i.J nl + nq t n2 - p.

i,ii) u¡( n2 + n.1,0) 'if nl nnz i n2 - p and. n2 > n.

'iu) u¡(-n2 - n,1,0) iJ nl + nnz + n2 : p.

Moreouer', iJ'i) a'nd ii) (respect'iuelg iii) and'iu)) d,o not occur, tl'en a¡(n1,1.0)

(respectiuely u¡( n2. 1,0) ) is the only bad term wi,th c > 0 (respect'irtely c < 0).

\\¡e prove onlr'i) because the others cases a e deduced similarll',
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Suppose that n1 > n andn!-ntntn2 - p. Observe that unde¡ the condition

n1 > n, the equality 2n1 -n: J+e -TF is equivalent to n!-n1n+n2: gt.

Using this identity in (25) we can compute sin(a) in terms of a as

n?-n2-p 2n1 -n _ JIp-TP
2n-r/o 2r/ p 2vF

(32)

(33)

On the other hand, from (25) we know that r¿1 is a solution of

x2 - 2rrq sin(a) * p - n2 : 0.

Using (32), one can check that the solutions of (33) are

,: JGÑ*n
2

Therefore rz1 must be of this form. In fact, one can check tha t n, = !9-E . "
2

(otherwise we would ha've n2, + nnt t n2 : p). Therefore the othe¡ solution is

n7 n, i.e.

(n,-n)'-Z(nr_- n) r/psin(a) + p n2 :0.

Using this equation we can get ftom (22) the value of u¡(n1 - n,l,r/2+ a) as

. /h- n)2 -p -2(n1 - n)r@sin(a)\'r/2
uk(n. _n,1,r/2+a): (-) :1.

Thus u¿(n1 - n,L,O) is a bad term. This completes the proof of i).

Remark: In this proof we conclude that n1 - n and n1 are soluiions of (33).

In the case ii) where the other bad te¡m is u* (r¿r + n,1,0), one gets that r¿1 + r¿

is a solution of (33).

Similarl¡ in the cases iii) and iv) where the bad terms arc uk(c,1,á) with

¿ < 0 one has that c satisfies

12 + p - 2xu@ cos(B) - n2 : 0.
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Norv r¡,e prove the Iast statement in steep 4.

Suppose norv that the cond:ilions in i) and ii) do not hold. If $¡e assume

the existence of anoLher l¡ad term u¡(c,7.A) rvith c > 0 then we conclude that

p: n? nn1 f Tt2 and n1 < n from step 3 (because a necessar], condition for the

existence of trvo bad terms is p -nl+n,rh!n2 or p:n! nn)+n2).

Let ¡¡(¿'. 1.d) be the other bad term q'ith c > 0 (other than ur(nr,1,ú)). B¡'

step 3, the numbers

are the possible values of c'.

JAp -fi n . .1lp-3n.2-n, _ __= 
, 

dt_l c /,. _ 
2

. ,Fs";-"(otherii-ise nr: y:T, and in such a case rr-e I'ould hal'e nl+nn1 +n2 ivhich

is a contradiction). Hence ct - nt n and therefore c' < 0. This is a contradiction

because rve are assuming / > 0. Consequently there is no other bad term.

The proof for bad terms rvith c < 0 is simila¡'. This completes ihe proof of

step 4.

Step 5: The Jollowing ec1ualities hokl:

Jlp-z"r+"
2

Indeed we have

o) 1im )-
bad te¡ms

cos(a)yO
n2

1in1
ux(c,d,.[- rr - ;) : ", "*, (

ó7 lim | ,¡1".d. t - .r - r)pxpl-."r psinl8) 
)k.- u \ nz /'cad terns

uhere c1, c2 ar€ the canstants g'iten in (3).

In the folior¡'ing sie prove a). The proof of b) ís analogous.

Let, u¡(c.1,d) be a bad term with c > 0. From (22) we knorv that

u¡(c.l.t;f2+a r/k) - ¡c2+p 2':[psin\u :lk)1 k/2

\n')
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Then

¡rjg,*1", t,n/2+ a - n/k) M(t--"#-"/h))
t / "2 t - "- /Fsi¡(a ¡/&) \ \/ r loe(::...:.r3: lim exp I . ' ,-/lÉ§;**\ 2 k, )

/ ,-- I c2 -p-2c./p 6it ld-1t /k)\ \It. roc[---l\.
- op[-z_H-Él(:¿)

\ -^'* )

By the remark in the proof of step 4, we have

C+p zcv7sin(o) _1.

We can therefore use L'Hopital's rule to compute the Iimit in (34).

lim ¿,1c. t.¡r/2+a- trlk\ .- u*o(-!,'- . 2ctlFz cos(o - n/I;) \
i.+oo "' ' \ 2,t ,* C 1-p-2cr/psn(a- r/k))

/ c.rf r cos(a) \: exD I --- l.'\ n2 /

In the same way one proves the identity

.lim u¿(c, t B,;r/k):*,l"f'*{4)
/rrco \ n' /

for a bad term with ¿ ( 0.

At this point we recall step 4 which establish precisely which bad terms are

relevant in the proof of a). \A/e fi¡rish this proof by studying these three cases

Case L: P:n?-nhIn2 and, n7> n.

Bv step 4, we have

!E'1

\ u * (c, d, t +, - il : u ¡(n1, 7, r f 2t a - r I k) + u¡(n1 - n, 1, r /2+ a - r I k).



Then

Iim \_ .f ¿; , ;lk-< a*1i'i'"
: 

*1lm 
r¡(q,l.rf2+a ;i/i:) +1im ur(n1 n,7,rf2 lu rf *:)

- "*r, 
( :-!t''' r'o'lo I 1 "*, 

( l¡. r') r pr co'lo I 
1''P\ n¿ i ^"\ n2 )

- .-o (-14"o""t) (,-.*n ('"' :""'')) r3i,

As in the proof of step 4. from ihe equalit¡' p : n? - nnt t n2 t'e deduce that

/ 

---;
\/+D-ón'

sinla) :T

and therefore cos(a) : ifi {.i"." a € 10, Í/2)). Using the latter we can simplify

(35) to get

^,11.."_.I: 
t.t-.d., ,, - - .-o(j49)( -*r(-;'))

/ nr.,rf r cos(o ) \: c1 exp I -' " I.\n'/

Case 2P:n?+nrq+n2.

The same argument of the previous ca-se J-iclds

tim r ,,r, .d-; ^ r - exp (-"")r'"'"')( .",(-'lj))
¡.\ t- 

\ 
, 

//Bdd2-r .

/ -n1\rir cos(o) \_ rr pxp 
\ 

' 
,._,

Case 3 The only bad term u¡(c, 1, d) with c > 0 is r'¡(n1,1, á).

In this case rve have c: n1 and

Iim r i- rc.d. ^ .. ,r / -nr\ 
'r 

'o'taj\ ¡ -n-' p:tosln) 1

r-o 
- ' -PxP( 'r, 

/ 
rr exP(- n¿ )o'3',';'-"



Consequcntly in all three cases t\,'c have obtained

lim f t olr-.d. -: o-..,-..orp( ' uf;"o' o) 
1._^ /¿ ,\ ñ2 /o"Xir'"

This completes the proof in the case a, ll e (.0,r12). If a { 0 then 3 < r12

(Sec ron, ark in bcLol, Dcfinition l) and thc previorrs proof for equation b) r,orks.

On the other hand. if /l > T f2 thet a > 0 and the previous proof for equaiion a)

rvorks.
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CHAPTER 3

Application

3.1. Application.

In this section we prove the following result.

Let p:13, and lt = 0 (mod 12) large enough. Then alt but at most four zeros

of Ei,r, in Íi, l,ie on the lower arcs of the funiLamental domain Fir.

Fbom Lemma 1 one easily checks that the following is the fundamental domain

"Fi, (for more details see for exa,rrple lShll p. 33-J6).

Figure 1: Fu¡rdamental domaÍn for ffi(13)

The lorver arcs 42, A3 a.nd ,41 are parametrized as follorvs

.,qr, 
# for 0 e ltr /2 - a1,r f 2 ¡ a1l, where a1 : xctxr(Zlr,4).

.ie 1. A2: !-+ j for 0 el0z,rl2), where B2 - arclan(21}).- 2\/13 2 "'

. er, fl6* * a. 0 e [0s,r/2 + as), where B3 : arctan (sfls) arrd

os : a,rctan (2/3).



Observe that at - 0s: t.
Now we check that the axcs A1, 42 and A3 are admissible.

o The arc 41.

The neighbors of this a,rc have their centers at t1/3, therefore m : 0,

n:7, nt : nz :3¡ mt: -7 and rn2:1 i¡ this case. Hence

m273 = 1(mod n) , and mnr - m\n: m2n - mn2: l

On the other ha¡d 13 : n! + ni .n + n2 therefore

", "*p 
(-er45n 

"os1a1 
)) + c2 exp ( zt/tl,r sin(tr I z - o))

/ / E\\: z lr+"*p f :+4 I lop (-a./i¡o"orro,)"1
\ \, J)'\ '/

: 0.00060... < 1.

This computation shows that the a¡c is admissible.

o For the arc ,43.

The neighbors of this arc have thei¡ centerc at -7/2 and 0 respectively,

therefore n:3, m: -7, nt: ), n2: l, p1 : 7 and,m2:0 in this

case. Hence

m213 ='J, (mod n) , and rnnt - rrLln: m2n - mn2:7

On the other ha.nd 13 I nltnl .n+n2 but 13: nl+n2.n+n2 therefore

- ^-- f -zy15,r cos(o3r\ ,"_" /-rlrjry_tA).\c,exp\ 
I )-fc2exp\ , /

: oo (-2r43rcos(a,)) * (, *.* (#))*, (-"ftTr@o)
: 0.55349... < 1.

This again shows that the a¡c is admissible.



For the arc ,42.

The only neighbor of this arc has its center at -1,/J. Therefore in this case

n:2, m: -1,, nz:3 and. mz: -1. Check that

m2l3 = 7 (mod z) , and m2n - mn2 = 1

On the other hand 13 I n2*n.n2lnl,soc2:1. Hence

/ -3r/13 n sin(6, ) \c2exPl 

- 
A- I : 0.00898... < 1

\r/

Thus the arc is admissible.

Now we count the number of zeros of Ei,rr, from now on assume ihat 12 | &.

Consider the following function (recall that a1 - Bs : á and q: p2).

-,r, : 

{

(-1)e/'u*p (-* (e + á)) E;,*

(-1)k/" 
"*p 

(-* (o - á)) 8i,,,

(- 1)i/3 
"*p 

(-* (0 - ?)) EiJ,

/*p(r(a+;)) \\---E-l
(-+.ry¡
(-r-'=S)

if á e [0,a1),

if 0 e[a¡T + or),

if0e[?+"r,7).

This is a continuous function (the continuity at the points a1 and f + a3

follows the hypothesis 12 | k, and the equalities

exp (¿ (ar + á)) _ _ 1 * exp (, (ar - á))
,/E 3 sv{3

^-r i , exp (i (á + "r)) 1 exp(io3)' 3 3/13 2' 2vrB'
which are expressions for the points where the arcs A1, A2 and.A3 intersect).

Notice that -F'¡ has a zero at 0 € [0, o1) if and only if .E[,r. has a zero at

=P € ,41. Similarly, Fi" has a zero at 0 e la,,'i + or) (respectively

['i + 
"r, f]) if a.na only if -E[,r, has a zero at

-]* *p(9: All c A¡ (respecriver" -L*=W, o,r.



Therefore, the number of zeros of F¿ in the interval 10, f;) is equal to the number

of zeros of Ei,r, on the union of the arcs 42, A3 and the left half of ,41.

From Proposition 1 we have

rvhere

lP-1,k(e)<2 tÍ del0,a1 *1,

lR:,¡(d)l <2 1f 0e[or +f,?+"r-il,
las*(á)l <2 r eell+4-i,ll.

for k large enough.

Now, since 12 | k, we cafr write

F¡(0) : 2 cos(k0 l2) + Rk(o)

whereln¡(e)l <2f.or0 e [o,f]\(far -í,o,+;] u [f +a: -ft,i+o,s+ft))
for k >> 0.

Now, note that cos(k0 l2) fras ff + f extreme values (including 0 and f ) in the

interval [0, ?] a,nd at most twoof them are in [a1 i, a1 + i]u[? + as - i,1u + r, + f] .

Thus, since F,¡ is continuous and real-valued, at least ,r& - 4 zeros of Fr. lie in the

interval [0, f]. Hence, S-4zeros of Ef,r, lie in the union of the a¡cs A2, A3 ar..d,

the left half of ,43.

On the other hand, ihe total numbers of zeros of Ei,r, is ff according to the

valence formula. This prove that a.ll but at most 4 zeros of E[.r, lie in the ]ower

arcs of fi3.

lz¡-¡kn cor¡t16+ |)) + Ár,*(á) if á e 10, or ),
I

F¡(á) :: 
i2( 

1)A/l'?cos(ela-?t))+R,k(0) irae lal,T+"r),

[2(-1)e/3cos(á(a ?))+¿.,*(p) tf 0 eI++,s,3),
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Notice that the previous result is a consequence of proposition 1.

Remark: Only the right boundary of Fi. is considered in the fundamental

clomain, becausc lhere is an iclerrtificatiorr bctt'e¡c¡t thc left ¡rnd lhe riglrt boundar¡.

-Ff, under ffi (13).
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Appendix

Appendix A

In this appendix v/e prove the following proposition

Proposition 2. For ang non-zer-o weight k mod,ular Jorm J ouer lf,(qt) ue haue

,-(fl+ I'+:w+!, (36)
z€Í; ''z

uhere n) is the order oJ the stabi.lizer of z tn li(fl l{+I} .

Proof: For any point z € '11 let S, denote the stabilizer of z in l¡ (p) and ,9j

the stabilizer of z in lfi(p).

Let, n, :: f,lS,l ma n; t: ,lS:1. Observe that nl is the order of the stabilüer

of z in t[(p) I {+,I}.

Since S, : lo(p) n S; we have that n. I n). In particular n. < ni.

Moreover, n" < n) if and only if there exists f € lo(p) such that z - Wrlz

(because ffi(p) = lo(p)uwrls(p)). The latter is equivalent to Woz : 1z (because

W;12 : Wrz).

This means ihat n" < niif and only if z and Woz are in the same f6(p)-orbit.

On the other hard, if there exists 1 € 16 (p) such that Wfi € ,91 we have

fó(p) 
=S;lo(p) = 

S] 
=Slfok) - fo(p) - s: n lo(p) S,'

therefore 2n, : ni.

Since ffi(p) : lo(p)uWplo(p) we know that F :: fluwr") is a fundarnental

domain for l6(p). (see for example lKo] p. 105).

For any non-zero modular form / over l6(p), the va.lence formula for l¡(p)

gives (see for exa.mple [BVHZ] pp. 11-12).

u,-(f) + uo(f\* Y' L"('f) : k(''1 
'1. (37)

'\r t ' lJ n,_ 12
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Here z-(/) and. u"(f) for z €'11 are defined as in chapter 2. page 8. The

inieger z0(/) is the order of the zero at the cusp 0. The latter is defined as the

index of the first nou-zero term of the q-expansion of / ¡ l! -01], i.e.

/lo[? o'] - i o,," wit' a'o¡¡¡ lo'

Now iake a non-zero modular form / e MxQi@)) C tr4¡(fo(p)). Observe

that

Í(w,,) = GT,)rf (,).

This implies ",(f) 
: lry,,$) for z e'11. One also has z¡(/) : z-(.f) since

¡ e Mx(Ii,@)) (see for exa.mple Lemma 2 in [Ko] p. 127).

Recall that 0 and infinity are in the same orbit under le(p).

We now deduce (36) from (37).

Let z e F| be such that ".(Í) > 0, and,let / ::Wpz.

Case 1: z an.d z' are not in the same l¡(p)-orbit.

In this case, z utd z' a¡e two distinct points in F. Therefore both terms

"# *d'XP urr"* on the left-ha¡d side of (37). Notice that

+U) . u,,(f) ^,"U) ^,,(f)
nz fl2, nz n2

sir¡ce nz:n¡ (because 5., : WeS,Wll). In the last equality we use that

nz: n: si\ce z e,nd / are not in the same l¡(p)-orbit.

Case 2: z ar,.d. zt a¡e i-¡r the sa.me l6(p)-orbit.

In this case, oaly one element of {2,/} is in F, and the¡efore only one of

the terms "$ and, 1P upp"urc in the sum (37). Notice that

",(f) - ",1ff)
nz Tz'
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as before. Moreover, since z and z, are in the same f6(p)_orbit, n,: lni
and so

+(f) - ,Y,(f) .nz n:

Using the two cases above, the remark about uoU) : u*(f), and (37) we

deduce that

q+I : u*(fl + u¡(r)+ )- 4/)¿ n-
/!\: 2"*lf) . , ». ",:!, .

Therefore

k(p+)) _,, ,.r,* ¡- r,"(./)
24 ',#;";

as we wanted to prove.
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Appendix B

In this appendix we prove Lemmas 1 and 2.

Proof of Lemma 1.

The bounda.ry of the fundamental domain S consists of the two vertical lines

Re(z) : tl/2, ar,d the maximal arcs defiled by the circles laz + bl : 1 *L"."
a, b runs over the inferio¡ row of the elements of ffi(p). In this context maxima.l

means that ihe arc is not in the interior of ary disc laz + ó < 1, where o, á runs

over the lower row of the eieurelts of l[(p). (See for example lA]).

Since ffi(p) : foúr) U ],i/elo h), there a.r'e two types of matrices in this group,

namely:

(;"',)

In particular gcd(pc,d,): 1 and ecd(o, b) : 1.

Then an a¡c of the lower boundary of -$ is in one of the following two fa,rnilies

1. The arcs determined by the circles aySz + butFl: 1 (this is the circle rvith

center t' and radius ;fu), *here o, b are integers such that gcd(a, b) : 1

2. The arcs determined by the circles lpcz + d,l : 1 (this is the circle with

center # and radius fi), *h"re c,d are integers such that gcd(pc,d):1

Notice thai the a¡cs of the second family with c : I intersect each other at

points with imaginary p*t #. This implies that the imaginary part of every

point in the fundamental domain must be greater than or equal to f,.
Therefore, if an arc appeaxs in the boundary of the fundamental domain,

the radius of the corresponding circle must be greater fhan fr, This yields the

¡estriction l"l < Zrf" for the first family a,lrd c : 1 for the second family.

a¡d w, ( " ') (- 'r* -a¡ ¡e1

\nc a1 \ ,u.p bJp )
, with l) . *,,(;"



On the other hand, if lól ) a > 0, one can easily check for p 2 5 and any

á€Rthat
> 712.

This means thai the circle larfrz + b^/Fl - 1 is outside of the vertical strip

)Re(z)l < |. Hence it does not appear in the boundary of the fundamental

domain. Therefore we can restrict the flrst family to pairs of integers o, ó such

ihat gcd(a,ó) : t and 
t^

0<lol<b<2\f;.

For the second family, note ihat if dl > p the arc does not appear in the

funda,rnental domain since it would be contained in the region lRe(z)l > 1'12.

Therefore, the second famil¡' can be restricted to the arcs in the circles lpz + dl : 1

where ldl < p. This proves Lemma L.

Proof of Lemma 2.

Take two a¡cs as in the Lemma. They ca,:r be parametrized as

, ¡2
l,-lt)"-¿,-* una (,--\'-!,: t.

I nr,/ " ,lp \ n/ " n'p

respectively. By elementary methods we find that ary point (2,9) in their inter-

section satisfles

, 1 Qt(mn1 - mtn)2 - (n + n)2) (p(^n1. - m¡n)2 - (n n)2)
u- 0 .

Hence, a necessaxy condition for the existence of an intersection point is

1""(#-2)

(p(*n, - mrn)' - (n + n)2) (r(*n, - *rr)2 - (n - n)2) < o.

Flom Lemma 1 we know that

^ 16
lntn.¡)'< ,p,

thereby, if we assume (mn1 - rnfi)2 > 9 we get

p(mn1 - mp)2 lnt nl)2 > gp - *p: *r, o.' 3' 3'



Tlris slro¡'s thai there is no intersection point if (mn1 m.1n)2 ¿ 9. Consequently

(.rrtn¡ m,1n)2 1 4, i.e.

mn1 -m1n !2.

This proves the Lemma.
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