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1. Introduction

Since the discoveries of Isaac Newton and Gottfried Wilhelm Leibnitz of
Differential and Integral Calculus, the representation of natural phenomena
by means of differential equations has been a great achievement to under-
stand how nature works. For example, evolution equations and equations
of mathematical physics (see [40, 24, 25, 26]). By changing the way
these equations are formulated using new arithmetic operations, symmetry
of the mathematical equations arises (see [17, 18, 22, 23]). These
modifications generate different realizations of mathematical objects (see
[11, 12]). In a broader context, it is considered a bijection f: X — Y C
R, where X is a set, R is the set of real numbers (see [7, 8]). The
function f allows us to define an addition, subtraction, multiplication and
division in X as follows:

(L.1) @y = [ (f(2)+ ),
(1.2) zoy = [ (f(2) - f),
(1.3) Oy = [ (f(2) f),
(1.4) zoy = (f(2)/fy)

We note that if f is the identity function, we obtain the traditional

arithmetic. It is important to say that calculus with this new arithmetic is
not so popular as the calculus of Newton and Leibnitz although it perfectly
answers to all conditions expected from the traditional Calculus theory,
and it covers only positive functions. Another non-trivial example can be
obtained considering f as the Cantor function (see [20]).
In this study, it is considered f as the natural logarithm function, Y the
set of the real numbers and X the set of the positive real numbers. Under
these considerations the resulting arithmetic is called proportional arith-
metic. Grossman and Katz used this way to operate and they presented
the Bigeometric Calculus (see [21]). Similarly, in [2] and [3], Bashirov
in- troduces the Multiplicative Calculus and its applications. The
proportional calculus that is built on proportional arithmetic has been
developed by con- tributions of Cérdova-Lepe (see [15, 16, 29]). M.
Pinto’s research proposes mathematical models with this way of operating
quantities (see [13, 33, 34]). The article is organized as follows: In section 2
we present the proportional arithmetic and we also highlight its relevant
properties. In section 3 we present the differential and integral
operators associated with this way of operating, presenting a summary of
its properties. In section 4 applications are shown, presenting an
introduction to differential equations constructed
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with this arithmetic. Finally, in section 5 shows a model that describes a
type of Logistic Growth. The present research effort is an attempt to show
how easily can be exposed the traditional calculus in terms of an alternative
arithmetic and its usefulness to solve some complex problems.

2. Proportional Arithmetic

In (1.1),(1.2),(1.3),(1.4) and division we consider X = R* as the set of
positive real numbers, Y = R the set of real numbers, f(z) = In(z) =
loge(x), the natural logarithm function and f~!(z) = e®. So, in this case
are defined the operations ¢ ®y,x S y,x ©y and x @ y as follows:

1

T
Thy=z-y, TOY=, roy=a"V, zoy=2"w.

The number e is the neutral element for ®, where a®e = a and a®e = a
holds for all @ € R*. The ®-inverse of a is a1} := em, since a®@al~1 =
B oa = [eﬁ]l“(a) = e. Considering the following equivalence a@b = e
if and only if @ = b, which actually is another way to define when two

quantities are equal. Also, it can be defined z ® x ® --- ® x, n times, as
{n}
AL

Next, we present the following propositions that can be easily proven:
Proposition 1. Let R the set of positive real numbers. Then
o (R*,®.) is a Abelian group with identity 1.

e (R"\{1},®) is a Abelian group with identity the transcendent num-
ber e, if the natural logarithm is considered.

e (© is distributive over @.
It is easy to prove the following theorem
Theorem 2. (R, ®,0) is a field.

In order to present some novelties this type of arithmetic offers, we
present the following example
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Example 3. The equation x ® © = 12} = 4, has solution = = 2v2,
Considering the logarithm base 2, we can see that

(2.1) 2t2 =4,
(2.2) rOT =4,
(2.3) loga(z ® x) = loga22,
(2.4) (loga(x))* = 2,
(2.5) loga () = V2.

This number, x = 2‘/5, is known as the Gelfond-Schneider’s constant. It
is important to mention that the challenge of proving the nature of this type
of numbers was presented in 1900 by David Hilbert at the World Congress
of Mathematicians presents a series of problems that includes this challenge

(see [6]).

Remark 4. In the proportional arithmetic sense, the number 2V2 jg pro-
portionally algebraic, since it satisfies the relationship p(2‘/§) = 1, where

(2}
p(x) = .

2.1. Proportional Algebraics Curves

In the following, we propose an application of the proportional arithmetic
to build and understand a type of algebraic curves. The proportional line
can be described algebraically by

(2.6) y=[moxl-b

where a is the slope or gradient of the line, b is the y-intercept of the line,
that is when = = 1.

This expression of proportional nature has been used in various
mathemat- ical works, for example it allows to relate body mass z (kg),
to another characteristic, y, of the natural history of organisms. The
proportional line has been useful to parameterize systems of differential
equations that represent interactions between species, obtaining
interesting results (see [19, 30, 38]).

The notion of inclination of the proportional line is characterized as follows:

Proposition 5. Let two different points of a proportional line L defined
by Ly := (x1,y1) and Lo := (x2,y2). The slope m is calculated using pro-
portional arithmetic through the following expression
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Y2 T2

Proof. The following system of equations can be formed:

{ ylsz]_@m:b,jjlln(m)?

ygzb-m@m:b‘xg"(m).

Comparing the quantities y; and y2 by the quotient, we have

U1 z1

=In(m)==0—=m
x €T
In (j;) Y2 2
O
Now, we give some examples applying the notion of slope presented
before:

1. Case 1: For m € ]0,1] we consider the functions (a) y = 2,5 -2 ©®

(0,85), (b)) y=10,3-2®(0,5) (¢)y =1,5-2® (0,2), which acquire a
decreasing hyperbolic form.

. Case 2: For m = 1, we have a constant function. This is reason-
able, since the notion of the number 0 in proportional arithmetic is
equivalent to 1, and its graph is paralell to the z axis.

. Case 3: For m € ]1,¢] the curves present a concave growth. Figures
correspond to the equations (a) y =3-2® (1,1), (b)y=2-2®(1,9)
and (¢) y=0,2-202,7.

. Case 4: For m = e we have the linear function (a) y =0.1-z, (b) y ==
and (¢)y=5-=.

. Case 5: For m € e, 00| the following curves are presented: (a) y =
0.1-2%, (b)y=2%and (c) y =52 with > 0.
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In Figure 2.1, graphical representations of the proportional lines are
presented

{a) o4 1) d [~ia] . i [~ia]
[.b, L = (b ‘ S (D) ' ! (b
{c) . PR ; BT () . - =

"I.".

Figure 2.1: Examples of proportional lines. From left to right, cases
1, 3, 4 and 5 are presented.

In the proportional cartesian coordinate system (see [11]). The
general proportional conic equation has the following form:

(28) (A02?) . (Bozoy) - (Coy?) - (Dow) (Boy)-F=1,

with A, B,C, D, E, F positives and not all equal to 1, and let a, b positive
real numbers not equal to 1. In Figure 2, the four types of proportional
conics are presented with their respective equations.
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z |
() Bl =cfmy@a. id} M — e.
TN Y

Figure 2.2: Proportional conics. (a) In this case a = e. (b) In this case
a =2and b= 3.7. (c) In this case a = 0.1. (d) In this case a = 3 and
b=4.5.

Also, we can give a proportional version of the polynomial ring R™[X],
in X over a field R as the set of expressions, called proportional polyno-
mials in X of the form

p(X)=po-(pr®X)-(ppo X ... (pm—1 © X" . (p,,, ©® X 1M,

where po, p1, ..., pm the coefficients of p are elements of R and X, X {2}, ... x{m}
are formal symbols (the powers of X). By convention, X {0} = ¢, X1} = X

and the product of the powers of X is defined by the formula X ¥ x {1} =
X{k+} - According to these definitions it is possible to obtain the following
properties:

L. XY l=X"1oy=XoY)!,
2. Z0(X-Y)=(ZoX)- (ZOY),
3. (B =XxZ. (Xov)?2 Y2


pc
fucd
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4. (X V)oX-2)=XxZ . (v - 2)0X) (Yo 2),

5 (X Y-2)2=x2.yB .z (XoY) (X02)- (Y 2))?

6. X-V)oX- Y H=XoX)- (XoY ) - (YoX) - (YoY!)=
x{2}. (y{2})*1,

In addition to these properties it is possible to define the proportional

binomial and the corresponding binomial coefficients
(X)W = (X v),
(X -V =xZ (xov)2. v,
(X - VB =x8 L (xZ oy (X ey vy
x -V = x4 (xB oyt (xBeoyihi (x o yBhHt. vy
In general, it can be expressed as a product of proportional algebraic expres-
sions . = R NO) BIC= and the well-known triangle
ions (X - Y){n} X {n=k} @ y ik} d the well-k 1

of Pascal is appreciaged in the exponents.

2.2. The concept of limit in proportional arithmetic

The proportional absolute value corresponds to:

x, ifz>1,
[l=]) = { L, ifz € (0,1).

If we consider the relative value and the set of positive real numbers,
the relative metric is defined as

d:R"xRT =R,
x
o= [[2

Y

It is simple to prove that:

[

T

° H—”:lifomlyifx:y,
Yy



Applications of proportional calculus and a non-Newtonian ... 1479

- (G- 1G]
[ = (G- 1]

In analogy to the geometric limit (see [5, 9]) we define this notion in
terms of proportional arithmetic.

Definition 6. We say that lim f(z) = L, where L € R, if only if for all
T—To
€ > 1 there exists § > 1 such that 1 < H%” < 0, then H@” < €.

According to this definition it is possible to specify the meaning of
equality xlin; f(z) = f(zo) and therefore the notion of continuity in the
— X0

proportional sense.
Definition 7. We say that f is continuous at xy or xlggo f(z) = f(=o),
if only if for all € > 1 there exists § > 1 such that if H:C—’“;H < 0, then
S]] <e

In fact, if f(z) = {2}, following the definition of the 2*-power of z,
we have that

In(f(z)) = (In(x))?.

Now, by the continuity of the usual logarithm function, we know that
lim in(f(2)) = In (lim f(z)).
Thus, we have
: _ 1 2 7,2 _ in(a)) _ {2}
:(ljlg(llln(f(x))—%lg}lln (x) =In“(a) =In (a ) =lIn (a )

Hence

In (lim f(:[))) =lIn (a{2}),

T—a
SO

lim f(z) = al?.

r—a

Last expression is equivalent to

. flx)
fim ey =1

In general z, {2} ..., 21"} are continuous and therefore every proportional
polynomial is continuous in this sense.
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3. Proportional Calculus

3.1. Proportional Derivative
The following definitions and theorems can be found in [15, 16].

Definition 1 (Proportional Derivatives). If f is a positive function
over an interval I, we define the following limits:

z=ao f(20) ~ T’ h=1 " f(o) oh

If this limit exists, the function fitself is called the proportional deriva-
tive of f for which the symbol idti can also be used. The proportional deriva-
tive of fvis called second proportional derivative of f and it is denoted by f .
In a similar way the n'® proportional derivative of f can be defined, which

is denoted by f () for n =0,1,... with f(o) = f. Note that if f is derivable
in xg, then it is continuous at xg, since it has the following equality

I, oy = i, 7 2 28] o [

thus zlinl f(x) = f(xo). Next, we present some examples of derivative of
—Z0

functions in the proportional sense

Example 2. The derivative of the function f(z) =z, is f(z) = e.

lim f(z) @iz lim £®£: lim e=ce.
T—T0 f(xo) i) T—T0 T( i) T—T0

Example 3. Let a positive constant. The derivative of the function f(z) =
a-x{2 is f(z) = 22.

o f}féfa:’)l) _ a'(I{Z}-‘EZG{J;l})Z'h”}) = (@2@h) M2 =ho (22 h),

« LM oh=[ho @ h]oh=ah,

lim f-h)
=1 f(z)

@h:]llimxg-h:x?

—1
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Example 4. The derivative of the function f(x) = cosc(z) = ecos(in(x))

f(z) = Wi(z)? where sin.(x) = esin(in(z))

, is

1
ecos(ln(:c~h)) in(h) cos(In(z)+In(h))—cos(In(h))
=lim=¢ in(h)

lim | ———
h—1 \ ecos(in(z)) h—1 ’
cos(In(xz))-cos(in(h))—sen(In(x))-sen(Iln(h))—cos(In(h))
=lime In(h) ,
h—1
— lim ecos(ln(m))—ms(lzs((z)))fl 7sen(ln(z))—se7r(ll&()h))
h—1

If we calculate this limit then it is obtained that cog;zw) =e

1
sene(z)”

—sen(ln(x)) —

Example 5. The derivative of the function f(x) = sine(x), is f(z) =
cose(x). It is verified analogously as the previous example.

The definition of the derivative presented before has a conceptual and
practical development different from other researches. For example, if the
function f(z) = e is considered, the proportional derivative f(z) = e
is different from the multiplicative derivative f*(x) = e presented in [2].
For the following theorems consider f, g R* — R™ two positive and
differentiable functions in the proportional sense:

Theorem 6 (Proportional derivative of a product). The proportional
derivative of a product will be given by the formula

fog=(fog)-Gof.

Example 7. The derivative of the function f(z) = z13}, is f/(;) = (2123,
To obtain the derivative of this function, it is considered h(z) = z12} and
g(x) = = and we use the preceding theorem applied to the functions h and

g

— — 2 3
h©g= ((UU{Q}) © :L‘)(:f@ w{Q}) =(o x)?zl? = (w{Q}) 212 = (:v{2}) .
In general, the derivative of z{"} is (z{n=1}H)",
Theorem 8. If f'(x¢) is the usual derivative at x = x, then we have:

wo(f’(;m)
f(l‘o) —e flzo) )
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Example 9. The derivative of the function f(x) = In(z), is f(z) = e @ x.

!
rt o (u}g )“>) e
f(xo) =€ 0 /) =enl@) = e @ xg.

Theorem 10. For all o, 5 € R, we have that:

FegP(wo) = (f(x0))* - (g(x0))”.
Also, the proportional version of the chain rule can be established:

Theorem 11 (The Proportional Chain Rule). Let f be proportional
differentiable at g(x) and g proportional differentiable. Then

fog=(fog) oy

Example 12. The derivative of the function f(z) = e*" is ff(\a/c) = (e7)2,
It is clear that the functions considered are h(x) = €® and g(x) = z%. Then,
applying the proportional chain rule we have

f@)=hog(x) = (hog)(z)®g(z) = & = (¢

2

)2
We will give more details of this example see section 4.

Example 13. Let f be a function proportionally derivable then its inverse
f~Y is proportionally derivable. The derivative of f~(z) is e@ [f(f~1(z))].
This is obtained by considering the equality f o f~' = I and using the
previous theorem with g = f~ .

3.1.1. Some important proportional theorems related to the deriva-
tive

For the proofs of the following theorems we have combined ideas of [10]
and [1]. One of the fundamental theorems related to the derivative is the
mean value theorem. Next, we give the proportional version of this very
important theorem:

Theorem 14 (Proportional Mean Value Theorem). If f is positive
and continuous in |a, b] and proportional differentiable on (a, b), then there
exists a number c in (a,b) such as that

Foy_ 0 b
9= Fa %o
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This theorem is used to prove the following propositions, which will be
applied in section 4.

Proposition 15. If f(x) = 1 for all © € (a,b), then f(z) = C for all
x € (a,b), where C' is a constant.

Proposition 16. If f(z) = g(x) for all x € (a,b), then there exists a
constant C such that f(x) = C - g(x) for all x € (a,b).

To conclude this section, we present the study of functions that allows
a representation as a Taylor’s product. This is, f can be represented as a
Taylor’s product if it admits the following representation

16 oo [0 (2)]- [0 ()] o (2) ] [ ()]

(3.1)
In order to deduce this fact, firstly we will determine the coefficients c,.
Note that for f we have:

¢ fw=cr-[do @] [deo ]

« [P@)=a-[3*o (#)]...

o fO(z)=c321. ..

Evaluating x = a in the preceding equations, we obtain

f@) =, flo)=c', [P =4, [P =d.
From this, we deduce that
e = (f" ()7,

Therefore, we can state the following proposition

Proposition 17. If f is a positive function, with n** proportional deriva-
tives and representation of Taylor product for all z in a range that contai{ls
the positive real number a, then the coefficients should be ¢, = (f((a))n.



1484 M. Pinto, R. Torres, W. Campillay-Llanos, F. Guevara

Theorem 18 (Proportional Taylor’s Theorem). Let f be a function
such that f("+1)(zx) exists for all z in a range that contains the number a.
Then for all x we have

(3-2) f(x) = Po(z) - Rn(x),

where

BE—  f@. [(f@)_ . (g)] . l(f@)(a))% ® (2){2}1 .
o (5)]

will be called the proportional Taylor Polynomial of f in a, of n'" degree
and

(3.3) Rn(z) = ( J?(nﬂ)(c))ﬁ - <§>{n+1}

a

is called the proportional Lagrange form of the residue. The number c lies
between a and x.

Theorem 19 (Convergence of a Taylor Series). Suppose that f is a

function that has derived from all orders over an interval centered on the

number a. If lim R,(x)=1 for all x in the interval, then the Taylor
n—oo

product generated by f it is convergent and converges to f(z),

oo L 2\ {F}
(3.4 f@ =TI (f9@)" o (2).

k=0
Example 20. Consider f(z) = e*, and a = 1. We have, F™(z) = e* and
it holds for all n, so we have f(”)(l) = e and the Taylor’s product for f is

(35) f=e-[eoa]- [6% @:,3{2}} . [e% @53{3}} =11 er @ 2k,
k=0

This is a convergent product and this convergence is verified by ap-

plying natural logarithm to equality and considering the convergent series
05 k
(In(z))

2

k=0
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Example 21. Consider f(z) = cose(x), and a = 1.
o As f(x) = cose(x), then f(1) =,

e As f(x) = —L1— then f(1) =1,

sine(z)’

e As ]?(2)($) = W}j(@, then f@)(l) = %,

o As f®(2) = sine(z), then fG) (1) = 1.

Hence, the Taylor’s product for f is

wnte) = e-[(2)70(2)7] [

- L () et

B=

e

N

(3.6)

This is a convergent product and this convergence is verified by ap-
plying natural logarithm to equality and considering the convergent series

05 - 1\k
> E @y,

k=0

3.2. Proportional Integrals

The proportional integral of a positive function is a type of product inte-
gration (see [36, 37]). In this section the notion of a integral is
constructed analogously as it is constructed in the terms of Darboux’s
ideas (see [28]). For this, it can be defined an order relation in the set P
([a, b]) of all par- titions of [a, b], in the same way as usual Riemann
integration. In [10], definitions, basic results and theorems have been
introduced and are listed below.

Definition 22. Suppose f is positive and bounded on [a,b] and A =
{to, ..., tn} Is a partition of [a,b]. Giveni=1,2,...,n; define

m; = nf{f(x):ti1 <z <t} M; = sup{f(z) : ti-1 <z <t}

The lower product of f for A, is designated P, and it is define as

i=1 t
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In the same way, the upper product of f for A, is designated PX and
it is defined as

n ti
PXf:HMi®< t* )

i=1

Definition 23. A positive and bounded function f on [a,b] is proportion-
ally integrable on |a, b] if

sup{Px f} = inf{Px f}.

In this case, this number is called the proportional integral of f on |a, b
and it is denoted by .
b
/ [Pz
a

It is also possible to give the proportional version of Riemann’s criterion
for integrability. If f is positive bounded on [a,b], then f is proportional
integrable on [a, b] if and only if for all € > 1 exists a partition A of [a, b]

PXf

such that
[ PAf

for all partition P such that P > A.

<&,

Example 24. There are functions that are not integrable in the propor-
tional sense.

_Je ifzeqQ

Let A = {t1,...,t,} be any partition of the interval [a,b]. Since we know
that there is an irrational number between [t;,t;+1] then m; = 1 and we

also know that there is a rational number between [t;_1,t;] then M; = e.
We have

sup{Px f} = inf{P{ f},

because

Pyf=T]10 (tt“) =[I1=1
i=1 v i=1
and

- tiv1 Dt t, b
at He@< v ) =) =0 =4

v 1=1
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The following theorems are related with the proportional integrable
character of f. They are the analogous of the traditional results of the
Integral Calculus:

Theorem 25. If f is positive and continuous |a, b|, then f is proportional
integrable in [a, b].

Theorem 26. Consider a < b < c¢. If f is positive and integrable over
[a,b], then f is integrable on [a,c| and [c,d]. Conversely, if f is integrable
on [a,c| and [c,b], then f is integrable on [a,b]. Finally, if f is integrable

on [a,bl], then
bepx = /:Cfpx - bepm-

Theorem 27 (Proportional Integration of a Product). If f y g are
positive and integrable functions on [a,b], then f - g is integrable on [a, b]
and

b(f-g)pmz Nbfpz- bgpx.
/ [t

Theorems 32, 33 and 34 will be used in section 4, where examples of
integrable functions in the proportional sense will be given.

Theorem 28. If f is positive and integrable on [a, b], then for any number
a, the function a @ f and g is integrable on [a, b] and

Zbg (a® fps = Zbgpx- oz@]jfpx] :

Theorem 29. Suppose that f is positive and integrable on [a, b] and that
m < f(x) < M, for all x € [a,b], then

b\ _ [P b
me|(—|] < f Px < Mol-).
a a a
The last result can be used to prove the boundedness of solutions of
proportional differential equations, see section 4.
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Theorem 30. If f is positive and proportionally integrable on [a,b] and
F' is defined on |[a, b] for

T
Fa) = [ fou,
a
then F' is continuous over [a, b].

Theorem 31 (First Fundamental Theorem of the Proportional Calculus).
Let f be a positive and proportionally integrable on [a,b] and define F' on
[a, b] for

F(z) = ffpm.

If f is continuous in ¢ € [a,b], then F is differentiable at ¢, and

F(c) = f(o).

Theorem 32 (Second Fundamental Theorem of the Proportional Calculus).
If f is a continuous positive function on [a,b] and f = h for some function

h, then -
b hb)
/; fpx B W‘

The last result can be used to solve proportional differential equations,
see section 4.

Proposition 33 (Proportional Integration by Parts). Letu: [a,b] —
RT and v : [a,b] — R differentiable proportionally so the u ® v is inte-
grable in the proportional sense. Then

() O ol o — u(z) ® v(z)
(3.8) Juta) o), TETTE

Proof. Let wu(x) and v(x) two continuously proportional differentiable
functions. The proportional product rule states

d d d
%(u(x) Ov(zr)) =v(x)® %u(:v) cu(z) © %v(:p)

Integrating both sides with respect to z,
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Then, applying the definition of indefinite integral, we have

7 d d
u(z)oOv(z) = /v(x)@Eu(fL‘)px-/u(:v)@%v(w)px, this equation is equivalent to
- u(z) ©v(z
/u(:n)@v(:c)px == (z) L) )

Jv() © u(z)ps
This result gives the proportional version for the formula of integration by
parts. O

Example 34. The following equality holds

T
/xGempx:l'@e -C,

6:1:

where C' is a positive constant. By using the substitution u = x, p, = €*p,,
equality [e*p, = C -e* and the previous theorem we get the result.

We present some definitions that extend the usual integrable sense to
the proportional integrable functions.

Definition 35 (Proportional Antiderivative). The function F(x) is a

Proportional Antiderivative of the function f(x) on an interval I, if F'(z) =
f(x) for all z € I.

Definition 36 (Proportional Indefinite Integral). The proportional in-
definite integral of f(x) is the general proportional antiderivative of f(x)
this is expressed in the following terms

[1@©p: = [1@p: = C - Fa),
where C is a positive constant.

Example 37. The proportional indefinite integral of function f(x) = x is

/fﬂ‘pz =C- ()3,

where C' is a positive constant. Consider the function F(x) = (ZL‘{2})%. It
is easy to see that

(39) ()2 = [0 2)- @O = ((c02)- @O = (2% =2
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Example 38. We can deduce easily that

jcose(x)px =C' - sine(x),

as a consequence of Example 12, which states that sin.(x) = cose(x).

Using the properties of the proportional derivation of section 3.1, the
following propositions can be easily verified:

Proposition 39. Let a, C and K be positive constants. Then, we have

9) Je @ xpy = In(z).
h) [e*©%p, = al~1 @ e®2,

i) [48 0, = In(y(x)).
[sine(x)py = cosi(m) .

<
~—

4. Applications

4.1. Ordinary Proportional Differential Equations

In [33] the ordinary proportional differential equations are presented.
The simplest proportional differential equation to solve is

(4.1) z(t) = f(t).

Solving this equation is equivalent to establishing the proportional in-
tegral of f. Using the fundamental theorem of the proportional calculus,
the solution obtained is

(42) o= [ fs)ps

with C a constant.
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Example 1. The solution of the proportional differential equation x(t) =
e’ is z(t) = C - (etQ)%. This is obtained deriving C - (etZ)% applying the
proportional chain rule. This result presents a contribution to the theoret-
ical development, because unlike what happens in the theory of differential
fields [35], ¢! admits a primitive in the context proportional.

Example 2. Ifa(t) is a positive function and z(c) = X, then the solution
of the proportional differential equation

z(t) = a(t) © x(t),

“t —
isx(t) = K Joops This is obtained by representing the equation as x(t)
x(t) = a(t). Integrating proportionally of ¢ to t

[#Gr2 .= [ als)p.

By the fundamental theorem of proportional calculus we obtain 52(;0(.:)) =

fcta(s)ps and from the equality

in(a(t)) = In(e(e) - ["a(s)ps

we obtain the solution. This equation will be useful to define the integrating
factor.

Example 3. The Gompertz’s function (See [39] ).

z(t)=a- e e

can be linked with a proportional differential equation and it can be solved

using the techniques presented in this work

Theorem 4. The Gompertz’s function is solution of the following propor-
tional differential equation
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Proof. = We are going to use the change of variable y(t) - z(t) = a for
solving the equation for the unknown function y(t). Proportionally deriving
last equality, we have

y(t) - o) = 1.
This equation can also be expressed as

(4.3) v 0 y(H) = 7.

Integrating proportionally the equation (4.3) we get

T T
/y(s)®y(8)ps=/3ps,
1 1€

by Theorem 32 we have

—_

In(y(t)) _ ==
In(y(1))

Since z(1) = a - e then y(l) = ex® so In(y(t)) = b-e ¢t which is
equivalent to y(t) = e¥¢ ", Finally, considering x(t) -y(t) = a, we conclude
that z(t) = a - e‘b'efct, solution that corresponds Gompertz’s function. O

=

4.1.1. Linear Proportional Differential Equations of first order

Linear proportional differential equations of first order can be represented
as the following way

(4.4) y-at) ©y = b(t).

Consider a(t) = a a positive constant, b(t) = 1 and ¢ a solution of (4.4).
Then we have

p-a®¢p=1.

If we apply e*®* to both members of the equation the operation ®, we
obtain:

o (¢-am®g) =1,

or for Theorem 6 this equality is expressed

(et © (1) = 1.
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As a consequence of proposition 15 there is a constant K such that
et ¢(t) = K, or

(4.5) B(t) = K @ e,

It is possible to observe the analogies that this solution has with the
solution of the exponential growth equation 3’ = a-y. We have shown that
any solution ¢ of (4.4) must have the form (4.5), where K is some constant.
Conversely, if K is any constant, the function ¢ defined by (4.5) is solution
of (4.4). Indeed, we can use Theorem 11 to obtain the following equality:

5%—(go 1)@ 1

a a®t a®t)’
1T 1 1 B
a®t aot (@ot)-(a0t) a

where

Then

a

L L 1
(46) eadt — ealt @ <_> .
Considering (4.5) and (4.6) we have

(4.7) 5-@@¢=(Ka;®t)a®Ka;®t

where

L L = L L L
Kot = K & eadt = (K@ea@t) (K@ea@t) =1-K @ eact,

Hence

1
K © emor®

We have proved the following theorem:

$'a®¢=(K®e%@®%)-a®K®e%@: (a@K@e%@t)zl.

Theorem 5. Consider the proportional differential equation:

(4.8) y-a®y=1
where a is a positive constant. If K is any number, the function ¢ defined

1
by ¢(t) = Kot is a solution of this equation, and moreover every solution
has this form.
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Let a be a positive constant and b(t) a positive function defined on the
interval I. Let the following proportional differential equation of first order

(4.9) y-a®y=D>b(t).
If ¢ is a solution of (4.9), then

0Ot ((5 a® ¢) — %t b(t),
by Theorem 6, we have
(e © @) = "' @ b(t).
Let u be a function such that

(4.10) u(t) = e @ b(¢),
that is

u(t) = [ ¢ 0 bls)p.

0

where t( is some fixed point in I. Since u and e®'¢(t) have the same
derivative, it follows that

et ® ¢(t) = u(t) - K,

for some constant K. Therefore
B(t) = (u(t) - K) © ¢ = (u(t) - K)7o7 = u(t)abr - Ko,
then

(4.11) O(t) = u(t) ® ewor - K @ eaor.
Reciprocally, if u is given by (4.10) and ¢ is defined by (4.11), where K
is any constant, then ¢ is solution of (4.9). This is verified as follows

(412)  $-a0¢p=bs [ult) ©ei - K©ei] - a®d=b
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[u(t) © ewor 'K(De%@t] = [(u/(vt) @eﬁ> : (u(t) @e%@)} : {(]Af'(/@ e%@t> : (K@ea_@t)]
|

Then (4.11) follows:
— 1 1
{(u(t)@ea;@f) . (u(t) @e%@t @—)] [K@ea;@f @_} ca®d
a a

- [(e“@@b@e%@f) ( ! )

1
u(t) © en @ a [KQea%t ©a

B [(ea@@b@ea%t) (’LL(t)@;_ét @aﬂ (K@e;@t @a) (u(tme%@t QG) (KQe%@t QG)

="' Oboe e%@t
— b e© @ eaor
=bOe=0.

We summarize our result:

ca® {u(t)@ea;@-K(Dea;@]

Theorem 6. Consider the proportional differential equation

where a is a positive constant, b(t) is a continuous function defined on an
interval I and K is any positive constant. The solution to this equation is

T
o(t) =Ko et - le%@t o [ 9o b(s)psl .

To solve the linear proportional differential equation when a(t) and b(t)

are positive functions, we proceed analogously considering u(t) = eJats)es
as an integrating factor, we obtain the following result:

Theorem 7. The unique solution of z(t) - a(t) ® z(t) = b(t), considering
x(to) = xo is given by the following representation

)

to

z(t) = [(z0) ® up) @ u(t)] - [( tb(s) ® u(s)ps> @ u(t)

where u(t) is the solution of the proportional linear homogeneous equation.



1496 M. Pinto, R. Torres, W. Campillay-Llanos, F. Guevara

On the other hand, the problem of finding bounded solutions of
first- order linear differential equations, in its classical version, was
solved by Perron in 1930 (see [32]). In the proportional context,
considering equation (4.9), we have:

e If a = 1. In the case b(t) = 1 no uniqueness is obtained. In the case
b(t) = e no existence is obtained.

e If a > 1, the bounded solution of (4.9) is:

t -1 t
S(t) = [ D @ b

e If 0 < a < 1, the bounded solution of (4.9) is:

-1
By (8) = [ [ereo b<s>ps] |

Next, we define a type of bounded functions of a proportional nature.

Definition 8 (¢-Periodic Function). Let f be a positive function, it is
called a q—periodic function if there exists ¢ € RT such that

f(t)=f(t-q) forall tcR".

cos(In(t)) 2-k-m

Example 9. The function g(t) = e = c08,(t) is e*™— periodic for
any integer number k. The representative period is e?™. In example 11, we

obtained cos¢(t) = senle(t)'

Example 10. The function f(t) = e*™"(1) = gin,(t) is e*¥™— periodic
for any integer number k. The representative period is e?™. In example 12,
we obtained sine(t) = cose(t).

Figure 4.1 shows other examples of this type of oscillatory functions.
From the above we present the following result



o4k o
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L —q-Pariodic 1
- — g-Pariodic 2

Figure 4.1: Example of g-Periodic functions. The g-Periodic 1, is
f(t) = (0.9)°05(eg0.9()) has a representative period (0.9)>™. The g-Periodic
2, is g(t) = (1.5)*"eg15(t) hag a representative period (1.5)%7.

Theorem 11. If in (4.9), the function b(t) is a g—periodic function, then
the particular solution ¢p,(t) is also a ¢g—periodic function.

Proof.  The following bounded solution is considered ¢, (t) = g e 0
b(s)ps. Making the change of variable s = w - ¢, result ps = p, and as
b(u - q) = b(u) the following equality is obtained

te o
Bualt-0) = [ e O @by, = [ 0D @ b(wp, = oy 1)
0 0
From this equality, we obtain that ¢y, is g-periodic. O

Example 12. Let the following nonlinear proportional differential equa-
tion of first order

413) g0 - p@) ©y®)] = at) @ y(t)™, ne N, n>2.


pc
fu-4
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This equation is the so-called Proportional Bernoulli Equation. Us-
ing the change of variable z = e @ y"~1}, we obtain the following non-
homogeneous linear equation of first order

(4.14) 2(t) - p(t) © 2(1) = (1),

and it can be easily solved.

Remark 13. When n = 3 this equation corresponds to the proportional
logistic equation which will be studied in the last section.

Example 14. Let the following nonlinear proportional differential equa-
tion of first order

(4.15) y(t) = —— O ()2 ]% Oy(t) - r(t).

This equation is the so-called the proportional Riccati equation. Using
the change of variabley = y;-(e@z), where y; is a known solution of the pro-
portional Riccati equation, we can obtain the following non-homogeneous
equation of first order,

1
(4.16) 2(t) = [p(t) - (a(t) ©91)* - 0 ° 2(6) P,
To conclude this section, we present the useful Gronwall lemma, in its
proportional version, which can be used for non-negative functions to prove
stability and uniqueness of solutions.

Theorem 15 (Proportional-Gronwall Inequality). Let K > 1 con-
stant and let f,g > 1 be continuous functions on some interval a <t < b
satisfying the inequality

fi) < K-/tf(s) ©® g(s)ps, for a <t <b.
Then

b
fit) < K®exp (/ g(s)ps) , for a <t<b.
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Proof. Let R(t)=K- f f(s)®g(s)ps. Then f(t) < R(t) by hypothesis.

Because g(t) > 1, we obtain f(t ) g(t) < R(t) ® g(t), we have R(t) =
f(t) ® g(t). Therefore R(a) = K and

R(t ) ©g(t).
Considering the integrating factor exp ( ) , and using ©,
we obtain
-1
R( © exp ({ [rg(s } )
(4.17) — <1,
R(1) © g(t) © eap ([f o )
or

—1
(4.18) R(t) ® exp ([/a g(s)ps] ) <1

Integrating using the proportional integral from a a t gives

. -1
R() © eap ([f;g<s>ps} )
R(a) <1,
since f(t) < R(t) and R(a) = K,

(4.19)

b
f(t) < K®exp (/ g(s)ps) , for a <t <hb.
a
which is the desired inequality. O

4.1.2. Linear Proportional Differential Equation of second order

Linear proportional differential equation of second order has the form

(4.20) J-(P(t)©7) Q) ®y = R(t),

where P, (), and R are positive and continuous functions. The case where
R(t) = 1 is called homogeneous linear equation of second order, expressed
as
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(4.21) y- (P o7 Q) oy =1,

If R(t) = 1 for some ¢ , then (4.20) is called non-homogeneous. If
we know two solutions ¢; and ¢ of (4.21), then the linear combination
1 ® ¢1 - ca ® ¢a(t), is also a solution of (4.21), so this can be stated as
follows:

Theorem 16. If ¢1(t) and ¢a(t) are solutions of (4.21), then

c1©® ¢1-c2 ® Pa(t),
is also a solution of (4.21) for all ¢1,co positive constants.

In general, it is not easy to find a particular solution of linear propor-
tional differential equation of second order. But it is always possible to do
it so if the coefficient functions P, Q, R are constant functions. That is, if
the proportional differential equation has the form

(4.22) J-(POJ)-Qoy=R

_ For the case P =¢,Q =e¢, R =1 and y(1) = 1,y(1) = e, the equation
7y ®y = 1 has as solutions

y1(t) = sine(t), y2(t) = cose(t).

This was presented before in Examples 4 and 5. The general solution for
this equation can be expressed as

y(t) = c1 @ sine(t) - c1 © cose(a © ),

for any c1, ca,positive constants. The following result presents a character-
ization of the general solution of (4.20).

Theorem 17. Let ¢4 be a general solution of equation o P(t)oy-Q(t)
y = 1 and let ¢,, be a particular solution of the equation y® P(t) ©®y-Q(t)
y = R(t). Then ¢4- ¢, is a general solution of y© P(t) ©y-Q(t) ©y = R(t).

©
©
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4.2. Proportional Heat and Wave Equations

In this section we are interested in the study of functions of two variables,
w:RT x RT — RT, which can be expressed as

w(z,t) = u(z) ©v(t),

where u and v are positive functions. The partial proportional derivative of
w(z,t) with respect to x at the point (a,b) works in the same way as in the
proportional derivative of the function g(z) = w(z, b), since %(a, b) = g(a).
So we conclude that

% T f(a ! h: b)
(4.23) %(a, b) = %LIHI <T,b)> @ h
In a similar way, we define
ow . (fla,b-h)
(4.24) 2 (a,b) = Jim <W> oh.

Considering these definitions it is possible to express the proportional
heat equation:

[y o Pw _ ow
oz o’

which in additive terms has been extensively applied to several natural

phenomenon.

(4.25) a

Theorem 18. Consider the proportional heat equation

~ -
a2 o T8 %0

oz? 0Ot
where the function w : Rt x R™ — R satisfies w(1,t) = 1 and w(e™,t) =
1. Then a solution of heat is

(4.26)

S W
(4.27) wy(z,t) = entPoatZor © sing(n ® ).
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Proof.  Using solutions of separable variables type w(z,t) = u(x) © v(t)
in heat, we obtain two proportional differential equations

st l

(4.28) u(z) @ u(z) =

and
(e al®) ® (v(t) @ v(t) = %

Equation ﬁrst is equivalent to u( ) A®u = 1. For the cases A > 1 and
Ve 1= eVIinA , this equation has as general solution:

u(r) =C1 O sene(\/)\_AD z) -Cy® cose(\/)\_e ® ).

Considering the boundary conditions w(1,t) = u(1) = 1, it follows that
Cy = 1. Then u is reduced to y(z) = C1 ® sene(v/Ae ® ), without loss
of generality we will assume that C7; = e. To satisfy the second contour
condition w(e™, 1) = u(e™) = 1, it must be satisfied that 1 = sme(\/_@e )
which is equivalent to in(\) = n?, therefore we get that A = e*. We
conclude that

u(z) = sine(e" © x).

1
v(t) = ent?eal?or is the obvious solution of the second equation. Result-
1
ing products of the form wy,(x,t) = ent*eat?tor © sin.(n ® ), which are

solutions of the proportional heat equation. O

Remark 19. A finite proportional linear combination of the wy(x,t),

(4.29) by Qwy by @wy-by®ws---b, ©wy,

is also the solution of the equation (46).

Remark 20. If we do not consider the convergence and differentiability of
the terms, we have that the following infinity product is a solution

oo 1
(4.30) w(z,t) = [ bn © ec®oe)Blor © sing(e" © ).

n=1

The classical theory of Fourier Series discussed by several mathemati-
cians in the mid-eighteenth century, arises naturally when we study the
vibrations of a string. This study leads to the solvability of the well-known
equation of the vibrating string, expressed classically as:
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0w Pw
(4.31) 0t s = o
0%z ot
In the proportional context, proceeding in a similar way to Theorem
18, we obtain the following result:

Theorem 21. Consider the proportional wave equation

Rw 0w
4.32 o =— ===
( ) 0z? ot?
If the function w : R™ x Rt — RT satisfies w(l,t) = 1, w(e™,t) = 1
and w =1 then a solution of cuerda is

(4.33) wp(x,t) = senc(e" ® ) ® cose(e" ©® e O t).

It is possible to perform observations analogous to 19 and 20 referred
to the proportional wave equation solution.

4.3. Proportional Fourier Series

The infinite products presented in the previous section allow us to formal-
ize what we understand by proportional Fourier series in the context of
proportional arithmetic. The classical representation of the Fourier Series
has been applied in several areas such as acoustics, optics, electrical engi-
neering, vibration analysis, signal processing and quantum mechanics. In
this section we present the proportional Fourier series constructed by using
the g-Periodic Functions, presented in Definition 8.

Definition 22. The proportional Fourier series of a function f(x) with
period e®™ is given by

ﬁ [ar, © cose(k © x)] - [bg; © sine(k © z)].
k=1

Where
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eTr
ay :6%/1 f(z) ® cose(k © x),

by =er L f(x) © sine(k © z).

These are the coefficients of the proportional Fourier Series. In anal-
ogy to the proportional Taylor series, we define the proportional Fourier
polynomials to be the finite sum:

W, = ﬁ [ar, © cose(k © x)] - [by © sine(k © x)].
k=1

It is possible to extend these studies by defining the proportional Fourier
transform and complete the theory to introduce new tools for mathematical
modeling.

5. Non-Newtonian Logistic Growth Model

The Ordinary Logistic Equation describes a type of growth. The first model
was presented by Verhulst, who derived his logistic equation to describe
the self-limiting growth of a biological population (see [31]). This type
of growth has been studied from different perspectives it has been
generalized in several works (see [4, 27]). In [34] the proportional logistic
equation was proposed and studied in terms of proportional arithmetic.
Let N be the population size and ¢ the time. This model is formalized
by the following proportional differential equation:

~ e
5.1 N=roN .
1 °vo (7o)
Where N represents the proportional rate of population change, r =
1 the proportional growth rate and K the environmental capacity or
carrying capacity of the environment [14]. When N is close to 1, the
equation takes the form of exponential growth:

Z\~/:7’®N,

and the (ﬁ) factor represents the limited growth of the population. For
the case N = K, the proportional differential equation (5.1) corresponds
to

N=1,
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and it represents the idea of no variation in the proportional calculus con-
text. To find the equilibrium solutions, we must solve

(5.2) 1:r®N®<N;K>.

Since r = 1, we have

(5.3) N=1 or N@K:L

so we conclude that equilibria solutions are N = 1 and N = K. The
following result shows that by means of analytical techniques exclusively
from proportional arithmetic it is possible to obtain the solution of this
equation.

Theorem 1. Considering the initial condition N (1) = Ny, the solution of
equation (5.1) is

(5.4) Nt =(MeK)o K%) © evot -Nl} .

Proof.  To solve equation (5.1), we will rewrite it in an equivalent form

(5.5) e {N@ (ﬁ)] ON=r.

To obtain the solution, we present the following steps:

Step one: Let A, B constants such that

50 co|Vo(gog)|=uem- (5o |(55%)])

In order to find the constants A and B, we use the property:

(a@z)- (boy)=(a0x) - boy) @(xOy).

We conclude that the left side of the equation (5.6) equals to

o (50 () (52 ()
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Step two: Factoring the expression

wom (0 (5 55) -4 (3o (125).

and equalizing coefficients of the equations (5.6) we get

i (o (52)) =e=e-aom.

Hence, we conclude that A = e and Ao% =1, thus B = e K. We have
deduced that equation (5.1) is equivalent to

(5.7) (e@N)-((e@K)@(N;K))QN—r.

Step three: To integrate proportionally (5.7), we will consider the following
equalities

e [n(N) =e® N, differentiating with respect to N.

e In(N) = (e® N)® N, differentiating with respect to t.

o in ( ¢ ) =(0K) o {e %) {Noﬁ}] , differentiating with respect

NOK
to N.

e In (WﬁK) =(e® K)_l ® {e @ {Noﬁ}} ® N, differentiating with re-
spect to t.

Step four: Consider equation (5.7) and the property (a™! @ b)~! = a @ b.
We have

(5.8) <e@N)@N-{(<e@K)—1@ (N;K))@N}_l—r.

Step five: Integrating proportionally with respect to time, we obtain that
equation (5.7) is equivalent to

(5.9) (In(N)) - <ln (N - K)>1 Ri=(rot)- R,
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where R, Re are constants of proportional integration (notice that 1 <
N < K). Considering that C7 = g—f and the property % =In(a0b),

equation (5.9) becomes to

(5.10) In (N@(N;K))—(mt)-cl,

which is equivalent to

(rot)-Cr _ €
e N (N@K) .

Defining Cy = In(C5), we have

rOt €
(5.11) Croe _N®<N®K).

Step siz: The equation (5.11) is equivalent a to the algebraic relation

(rot)™t - )
Cs30e (N@K @ N.

In order to prove the proposition, we will use the following fact: If ¢; ®
e* = b a, then there exists co such that co ® el = @ b. Hence, using

(%) @ ¢ = 422 equation (5.11) can be expressed as

(e@N) 1
512 _— C’ @ erot
(5.12) (e K) s

Step seven: From equation (5.12) we conclude that

e@N:(Cg)QeTL@t(e@K).

Also, we have the following analytical expression for a solution of equation
(5.1)

(5.13) Nt)=eo [(CGsoe) (o K)|.

Step eight: To find the constant Cs, we consider the initial condition Ny
and we solve the following equation

(5.14) M=e0[(C30¢) (e@ K)],
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where the solution is:
e N 1

C3 = ok

Step nine: We conclude that the solution of equation (5.1) is

e N1
e K

N(t)ze@{( )@e%@t-(e®K)}.

Step ten: Finally, we perform an algebraic arrangement, exponentiating by
N; ® K, the solution to equation (5.1) is

N(it)=(N1 oK) K%) © e ‘N1}~

We recall that the solution of the traditional logistic equation is:

K - Ny

N = (K — NoJe " + N’

O
It is important to remark the analogies of these two equations that
represent a type of logistic growth. As an example of a solution, we consider
Ni =e, K = €2 and r = e. For these values the solution of the equation is:

2t

N(t) = eT+i.

Finally, a brief stability study is carried out, it is recalled that an equi-
librium solution N = ¢ is called stable if any solution N(t¢) that starts near
N = c stays near c. The equilibrium N = ¢ is called asymptotically stable
if any solution N (t) that starts near N = ¢ actually converges to ¢, that is

lim N(t) =c.
t—o0

Notice that, in the example, the equilibrium solution N = K is asymptot-
ically stable, due to

Jim N(t) = K = e? ~ 7.38905609893.
— 00
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102

10° 104

10’

Figure 5.1: Solution of the proportional logistic equation. The t-
axis is considered in logarithmic scale. This image allows us to observe
asymptotic behaviour.

Acknowledgements

William Campillay-Llanos thanks the funding granted by the Doctoral
Scholarship of Universidad Catélica del Maule. Felipe Guevara-Morales
thanks for the support of DIUDA scientific initiation project 22372. Manuel
Pinto and Ricardo Torres thank for the support of Fondecyt projects 1120709
and 1170466.


pc
fu-5



1510 M. Pinto, R. Torres, W. Campillay-Llanos, F. Guevara

1]
2]

References

T. M. Apostol, Analisis matematico, 2nd ed. Barcelona: Reverte, 1996.

A. E. Bashirov, E. M. Kurpinar, and A. Ozyapici, “Multiplicative calculus
and its applications”, Journal of mathematical analysis and applications,
vol. 337, no. 1, pp. 36-48, Jan. 2008, doi: 10.1016/j.jmaa.2007.03.081

A. E. Bashirov and M. Riza, “On complex multiplicative differentiation”,
TWMS Journal of applied and engineering mathematics, vol. 1, no. 1, pp.
75-85, 2011. [On line]. Available: https://bit.ly/34HcPb6

C. Birch, “A new generalized logistic sigmoid growth equation compared
with the Richards growth equation”, Annals of botany, vol. 83, no. 6, pp.
713-723,Jun. 1999, doi: 10.1006/anbo.1999.0877

K. Boruah and B. Hazarika, “Application of geometric calculus in
numerical analysis and difference sequence spaces”, Journal of
mathematical analysis and applications, vol. 449, no. 2, pp. 1265-1285,
May 2017, doi: 10.1016/j.jmaa.2016.12.066

J. P. Ramis, A. Warusfel, and F. Moulin, Dirs., Cours de Mathematiques
pures et appliquees: algebre et geometrie, vol. 1. Bruxelles: De Boek,
2010.

M. S. Burgin, “Non-diophantine arithmetics or is it possible that 2 2 is
not equal to 4?”, Home Page for Markin Burgin — UCLA Library. [Online].
Available: https://bit.ly/3ecOTk]

M. Burgin, “Nonclassical models of the natural numbers”, Uspekhi mate-
maticheskikh nauk, vol. 32, no. 6, pp. 209-210, 1977. [On line]. Available:
https://bit.ly/2GbY46D

K. Boruah and B. Hazarika, “On some generalized geometric difference
sequence spaces”, Proyecciones (Antofagasta. On line), vol. 36, no. 3, pp.
373-395, Sep. 2017, doi: 10.4067/S0716-09172017000300373


https://doi.org/10.1016/j.jmaa.2007.03.081
https://bit.ly/34HcPb6
https://doi.org/10.1006/anbo.1999.0877
https://doi.org/10.1016/j.jmaa.2016.12.066
https://bit.ly/3ec0TkJ
https://bit.ly/2GbY46D
https://doi.org/10.4067/S0716-09172017000300373

[10]

[13]

Applications of proportional calculus and a non-Newtonian ... 1511

W. Campillay-Llanos, "Calculo proporcional: un maravilloso recorrido
por el mundo multiplicativo”, Undergraduate Thesis, Universidad
Metropolitana de Ciencias de la Educacion, 2007. [On line]. Available:
https://bitly/2TG1gL8

W. Campillay-Llanos and F. Guevara-Morales, “Proportional algebraic
curves, Geometry session,” in XXXI Jornada matematica de la zona sur,
Universidad Austral de Chile, 25, 26 y 27 de abril de 2018, Valdivia,
Chile. [On line]. Available: https://bit.ly/3edxt5D

W. Campillay-Llanos, F. Guevara-Morales, “Gelfond’s constant and pro-
portional arithmetic”, in XXVIIlI Jornada matemdtica de la zona sur,
Universidad del Bio-Bio, 22 al 24 de abril, Chillan, Chile, 2015. [On
line]. Available: https://bit.ly/3ebuj2j

W. Campillay-Llanos, F. Guevara-Morales, M. Pinto, and R. Torres,
“Differential and integral proportional calculus: how to find a primitive
for Gaussian function”, International journal of mathematical education
in  science and  technology, pp. 1-14, 2020, doi:
10.1080/0020739X.2020.1763489

E. J. Chapman and C. J. Byron, “The flexible application of carrying
capacity in ecology”, Global ecology and conservation, vol. 13, Art ID.
e00365, Jan. 201, doi: 10.1016/j.gecco.2017.e00365

F. Cérdova-Lepe, “The multiplicative derivative as a measure of elast-
icity in economics”, TMAT Revista latinoamericana de ciencias e
ingenieria, vol. 2, no. 3, pp. 1-8, Jan. 2006. [On line]. Available:
https://bit.ly/3jGALzB

F. Cérdova-Lepe and M. Pinto, “From guotient operation toward a pro-
portional calculus”, International journal of mathematics, game theory
and algebra, vol. 18, no. 6, pp. 527-536, 2009.

M. Czachor, “Relativity of arithmetic as a fundamental symmetry of
physics”, Quantum studies: mathematics and foundations, vol. 3, no. 2,
pp. 123-133, Jun. 2016, doi: 10.1007/s40509-015-0056-4

M. Czachor, “If gravity is geometry, is dark energy just arithmetic?”,
International journal of theoretical physics, vol. 56, no 4, pp.
1364-1381, Apr. 2017, doi: 10.1007/s10773-017-3278-x

J. P. DeLong and D. A. Vasseur, “A dynamic explanation of size-density
scaling in carnivores”, Ecology, vol. 93, no. 3, pp. 470-476, Mar. 2012,
doi: 10.1890/11-1138.1


https://bit.ly/2TG1gL8
https://bit.ly/3edxt5D
https://bit.ly/3ebuj2j
https://doi.org/10.1080/0020739X.2020.1763489
https://doi.org/10.1016/j.gecco.2017.e00365
https://bit.ly/3jGALzB
https://doi.org/10.1007/s40509-015-0056-4
https://doi.org/10.1007/s10773-017-3278-x
https://doi.org/10.1890/11-1138.1

1512 M. Pinto, R. Torres, W. Campillay-Llanos, F. Guevara

[20] O. Dovgoshey, O. Martio, V. Ryazanov, and M. Vuorinen, “The cantor

[21]

[22]

[23]

[24]

[25]

[26]

[27]

function”, Expositiones mathematicae, vol. 24, no. 1, pp. 1-37, Feb.
2006, doi: 10.1016/j.exmath.2005.05.002

R. Katz and M. Grossman, Non-Newtonian calculus. Pigeon Cove, MA:
Lee Press, 1972.

M. Grossman, Bigeometric calculus: a system with a scale-free deriva-
tive, Rockport, MA: Archimedes Foundation, 1983.

M. Grossman, The first nonlinear system of differential and integral
calculus, Rockport, MA: Mathco, 1979.

G. M. N’ Guerekata, Ed., New Research on Evolution Equations, New
York. NY: Nova Science Publishers, 2010.

J. Hofbauer and K. Sigmund, The theory of evolution and dynamical
systems: mathematical aspects of selection, Cambridge: Cambridge
University Press, 1988.

J. Kirkwood, Mathematical physics with partial differential equations,
2nd ed. London: Academic Press, 2018.

B. Kooi, M. Boer, and S. Kooijman, “On the use of the logistic equation
in models of food chains”, Bulletin of mathematical biology, vol. 60, no.
2, pp. 231-246, 1998, doi: 10.1006/bulm.1997.0016

D. Laugwitz, “On the historical development of infinitesimal mathe-
matics”, The American mathematical monthly, vol. 104, no. 7, pp.
654-663, 1997, doi: 10.2307/2975060

M. Mora, F. Cérdova-Lepe, and R. Del-Valle, “A non-newtonian gradient
for contour detection in images with multiplicative noise”, Pattern
recognition letters, vol. 33, no. 10, pp. 1245-1256, Jul. 2012, doi:
10.1016/j.patrec.2012.02.012

S. Pawar, “The role of body size variation in community assembly”,
Advances in ecological research, vol. 52, pp. 201-248, 2015, doi:
10.1016/bs.aecr.2015.02.003

M. Peleg, M. G. Corradini, and M. D. Normand, “The logistic (Verhulst)
model for sigmoid microbial growth curves revisited”, Food research
international, vol. 40, no. 7, pp. 808-818, Aug. 2007, doi:
10.1016/j.foodres.2007.01.012


https://doi.org/10.1016/j.exmath.2005.05.002
https://doi.org/10.1006/bulm.1997.0016
https://doi.org/10.2307/2975060
https://doi.org/10.1016/j.patrec.2012.02.012
https://doi.org/10.1016/bs.aecr.2015.02.003
https://doi.org/10.1016/j.foodres.2007.01.012

[32]

[33]

[34]

Applications of proportional calculus and a non-Newtonian ... 1513

O. Perron, “Die stabilitatsfrage bei differentialgleichungen”, Mathema-
tische zeitschrift, wvol. 32, pp. 703-728, Dec. 1930, doi:
10.1007/BF01194662

M. Pinto and W. Campillay-Llanos, “Proportional differential equa-
tions”, in VIII Congreso de Andlisis Funcional y Ecuaciones de Evolucion,
Universidad de Santiago de Chile, 20 al 23 de Noviembre de 2013,
Santiago, Chile. [On line]. Available: https://bit.ly/3ea2jMw

M. Pinto and W. Campillay-Llanos, “Proportional logistic growth”, in
2do Workshop Modelamiento Matematico de Sistemas Bioldgicos,
Universidad Tecnoldgica Metropolitana, 10 al 12 de Enero de 2018,
Santiago Chile. [On line], Available: https://bit.ly/3e8DctG

V. D. Put and M. F Singer, Galois theory of linear differential equations,
Berlin: Springer, 2003, doi: 10.1007/978-3-642-55750-7

Slavik Antonin, Product integration, its history and applications, Prague:
Matfyzpress, 2007. [On line]. Available: https://bit.ly/35HZIcM

V. Volterra and B. Hostinsky, Opérations infinitésimales linéaire, Paris:
Gauthier-Villars, 1938.

J. S. Weitz and S. A. Levin, “Size and scaling of predator-preydynamics”,
Ecology letters, vol. 9, no. 5, pp. 548-557, May 2006, doi:
10.1111/}.1461-0248.2006.00900.x

C. P. Winsor, “The Gompertz curve as a growth curve”, Proceedings of
the national academy of sciences, vol. 18, no. 1, pp. 1-8, Jan. 1932, doi:
10.1073/pnas.18.1.1

T. Witelski and M. Bowen, Methods of mathematical modelling, Cham:
Springer 2015.


https://doi.org/10.1007/BF01194662
https://bit.ly/3ea2jMw
https://bit.ly/3e8DctG
https://doi.org/10.1007/978-3-642-55750-7
https://bit.ly/35HZJcM
https://doi.org/10.1111/j.1461-0248.2006.00900.x
https://doi.org/10.1073/pnas.18.1.1

