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KINKS DE LA ECUACION DE SINE-GORDON EN UN AGUJERO DE
GUSANO

En esta tesis estudiamos la ecuacién de Sine-Gordon estacionaria en un agujero de gu-
sano (SGWH) con pardmetro a. Especificamente, establecemos algunos resultados para la
ecuacién de Sine-Gordon (SG) estacionaria en un espacio-tiempo plano y su solucién kink
Hgse. Encontramos la solucion 1-kink H,(r) de la ecuacion SGWH, estudiamos su compor-
tamiento asintético cuando |r| — 400 y probamos que converge cuadraticamente a Hgg
si a — +o00. Adicionalmente, el espectro del operador de SGWH linealizado es analizado,
y mostramos que el primer valor propio A, converge al valor propio de SG Ags con tasa
cuadratica en a. Finalmente, discutimos la existencia de soluciones n-kink para la ecuacion

SGWH.



KINKS OF THE SINE-GORDON EQUATION ON A WORMHOLE

In this thesis we study the stationary Sine-Gordon equation on a wormhole (SGWH) with
parameter a. Specifically, we establish some results for the stationary Sine-Gordon (SG)
equation in flat spacetime and its kink solution Hgg. We find the 1-kink solution H,(r)
for the SGWH equation, study its asymptotic behavior as |r| — +oo and prove that it
converges quadratically to Hgg as a — +oo. In addition, the spectrum of the linearized
SGWH operator is analyzed, and we show that the first eigenvalue A\, converges to the SG
eigenvalue Agq at a quadratic rate on a. Finally, we discuss the existence of n-kink solutions
for the SGWH equation.
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Chapter 1

Introduction

Dispersive partial differential equations (PDEs) are used to model many important physical
phenomena, particularly those with wave-like behavior. Their defining feature is that the
phase velocities of a solution depend on their wavelength, a property that reflects how ap-
propiate they are to describe waves. Among these equations, the non-linear kind express a
variety of interesting structures and results that arise thanks to their complexity. Solitons
are a classical example, drawing the attention of many mathematicians since their discovery
in the nineteenth century [1].

Solitons have been a subject of study in non-linear PDEs for a long time [1]. A fully
formal definition is not widely agreed upon, but following [2] there are three key properties
that a solution must satisfy in some form:

1. They are localized in space.
2. Their shape does not vary with time.

3. Interacting with other solitons only results in phase shifts.

In this sense, solitons are 'simple’ solutions to complex problems that owe their existence to
the delicate balance between dispersive and non-linear effects [3].

In addition to solitons, there is another type of solution that arises in dispersive equations.
In the Schrodinger equation one encounters functions whose mass disperses through space
in a way that any compact set fails to capture it. These radiative objects appear in many
similar equations [4], a fact that hints they may be more closely related to the nature of these
problems.

Indeed, both these functions and solitons play an important role in the soliton resolution
conjecture. This conjecture stems from the common drive in mathematics to describe objects
in terms of simpler constructs, and PDEs are no exception. A natural question in physics
inquires about the long-time behavior of systems, and since solitons remain unchanged with
time this question morphs into the following: can solutions of non-linear dispersive equa-
tions in the asymptotic regime be written as the superposition of solitons plus radiative
components? This is the soliton resolution conjecture [4] , and it is a very difficult question
indeed. This is an active line of research and many results exist in the case of the non-linear
Schrodinger equation [5], the Korteweg-deVries equation [6] and the Sine-Gordon equation
[7].



While it is true that the conjecture in its full generality has yet to be proven, it points to-
wards a promising direction. It also encourages us to study solitons in greater detail: though
interesting in their own right, analyzing their behavior could lead us to a better understand-
ing of other solutions in the long-time regime. While radiative components will eventually
‘evaporate’, solitons conserve their shape, even after interacting with other solitons. It fol-
lows that their superposition could reflect an approximation of the behavior of the general
solution. Considering it is no easy task to find a general solution for non-linear PDEs, this
would be quite helpful.

Solitons for the Sine-Gordon (SG) equation, known as kinks and multi-kinks, are well
understood. Since modified SG equations have been proposed [8], it is reasonable to study
how their respective kinks change compared to the original. While they may be similar
or have new kinks, they may have none. The modification we are interested in relies on
the geometric description of our spacetime. To understand it, we will present some of the
background needed in differential geometry in Section 1.1, then discuss the classical SG
equation and its kink solutions in Section 1.2. Finally, we describe the modified spacetime
and the new SG equation in Section 1.3.

1.1. Preliminaries

This section will focus on the theory of pseudo-Riemannian manifolds to establish the context
of the problem studied. We elude complicated concepts and intrincate definitions for the sake
of brevity, as this is intended to give the minimum knowledge required to understand the
setting. No proofs are included because the results presented here are either standard and
readily available in books such as [9] and [10], or easily adapted from their Riemannian
counterparts in the pseudo-Riemannian case.

Remark We shall employ Einstein’s summation convention to avoid unnecessary notation.
Index variables that appear twice in a term will be summed over their range if they appear
both as a subscript and a superscript. For example, if a = (ag, a1, as, az) and b = (b°, b, b2, b?)
are vectors in R*, then their inner product a-b can be written using the summation convention

like this: ,
a-b= Zalbz = Cllbl
i=0

Definition 1.1 An n-dimensional topological manifold is a Hausdorff, second-countable
topological space M such that every point p has a neighborhood that is homeomorphic to
an open subset of R™.

Intuitively, this means that a manifold resembles regular euclidean space, at least locally.
For the rest of this section, n shall refer to the dimension of the manifold in question.

Definition 1.2 A chart on a manifold M is a pair (U,x), where U C M is open and
z: U — x(U) C R™ is an homeomorphism.

Remark The term chart can also refer to the function x or the set U, and we use it in-

terchangeably. It is also common to refer to x as coordinates, and its inverse x~! as a

parametrization.



Definition 1.3 An n-dimensional smooth manifold is a topological manifold and a collection
of charts {(Uy, o)} that satisfy:

1. UyUs= M.
2. If (Uy, o) and (Ug,xp) intersect, then the transition maps

zgox, "t 1o (Uy NUs) — 25(Uy NUg),
Ty O x;l: 25(Us NUg) — 24Uy, N Up)

are smooth as R™ — R™ functions.
3. The collection {(Uy,xa)} is maximal with respect to these two properties.

It is not useful for our purposes to dwell on the technicalities associated to {(Uy,za)}
(known as an atlas). The important property here is the compatibility condition, which
ensures it is possible to change from one set of coordinates to another in a smooth way.

Definition 1.4 Let M and N be two smooth manifolds of dimension m and n respectively.
A map f: M — N is smooth at a point p € M if there is a chart (U,x) in M that contains
p and a chart (V,y) in N that contains f(p), such that f(U) CV and the map

yo fox t:a(U) — y(V)

is smooth at x(p). We say that it is smooth on M (or simply smooth) if it is smooth at every
pe M.

Remark The sets z(U) and y(V') are subsets of R™ and R™ respectively; therefore the
differentiability of the map y o f o 27! is well understood.

From now on we will use M to refer to an n-dimensional smooth manifold, unless stated
otherwise. A natural construction is what is known as a tangent space. This is a generalization
of the tangent plane to a regular surface, though slightly more complex due to the absence
of an ambient space.

Definition 1.5 Given p € M, the tangent space at p is the vector space T,M of all (real)
linear maps v: C*° — R that satisfy the Leibniz rule:

v(fg) = f(p)v(g) +v(flglp)  Yf,g € C™(M).

We call elements of T,M tangent vectors at p.

There are other equivalent definitions that provide different insights on the nature of
tangent vectors; for reasons of space, however, we do not present them here. Note that given
a coordinate chart (U, x), there are n tangent vectors induced by z.

Proposition 1.1 Let p € M be a point and (U,x) a chart containing p. Let x° be the
component functions of x, that is, x(q) = (z*(q),...,2"(q)) € R™® forq € U. For1 <i<mn,



x' defines a tangent vector at p:

0

ozt
p

:C®(M) =R

[ 0i(foa™h)(z(p),

where 0; denotes the usual partial derivative on R™.

Remark We shall dispense with the evaluation at p if it is clear that the vector belongs to
T,M for a certain p. Moreover, if the chart z is understood, then we will simply write 0.
Since the functions that 0; acts on are defined on M instead of R", there is no confusion with
the euclidean partial derivative.

Proposition 1.2 Given p and (U,z) as above, the set {0;: 1 <1i<n} is a basis for T,M.
If v is an element of T,M, its components in this basis are v* = v(z").

Definition 1.6 The cotangent space, denoted Ty M, is the dual of T,M. The dual basis to
{0}, is{dz": 1 <i<n}.

As each tangent space is a vector space, it is natural to ask if there is a way to measure
angles an distances in these spaces in a manner that is consistent with the manifold and its
differential structure. Such an object is called a pseudo-Riemannian metric.

Definition 1.7 A pseudo-Riemannian metric g is a function that assigns to each pointp € M
a symmetric, non-degenerate bilinear form g, on T,M that is smooth in the following sense:
for any chart (U,x) around p and indices 1 <i,j < n, the functions

Gij - U—R
q v~ gij(q) = 94(0;,0))

are smooth. If g, is positive definite for all p € M then we call it a Riemannian metric. The
pair (M, g) is known as a (pseudo) Riemannian manifold.

Thanks to bilinearity, the functions g;; determine g in U. If v = @'0; and w = V/9; are
tangent vectors at p € M, we see that

gp(v,w) = gp(a’0;, 1 0;) = 'V gi;(p).

Thus, inside a chart one can think of ¢ as a function that maps a point p to a symmetric,
non-singular matrix (g;;). We can also write ¢g using covectors: by definition the dual basis
of the cotangent space satisfies dz'(9;) = (5;'., with the Kronecker delta on the right side, it
follows that
grda® (v)dat (w) = gra't!dz* (0;)d2' (0;) = gklaibjéféé- = gi;a't’ = g,(v,w).

Defining the action of g;;dz"'d’ on a pair of vectors v, w using the previous expression (evalu-
ating the covectors and multiplicating the result) we can employ the notation g = g;;dz’da?,
which is often used in physics. This discussion can be made rigorous using the language of
tensors and fields, but this escapes the scope of this section.



At any point p € M we can find an orthonormal basis of 7,,M with respect to g. In this
basis, the representation of ¢ is given by a diagonal matrix such that g; = £1 (none of the
entries are zero because g is non-degenerate). The number of positive and negative entries is
known as the signature of g; it is denoted either by an ordered pair of natural numbers (a, b)
where a + b = n or a n-tuple of signs (—,...,—,+,...,+), and it can be shown that it does
not depend on the point p.

The usefulness of this concept lies in the ability to classify manifolds. Of particular interest
in physics are Lorentzian manifolds, where the metric has signature (1,n — 1) (or (n — 1,1)
depending on the convention chosen). These metrics model spacetime in special and general
relativity.

Example Euclidean n-dimensional space can be realized as a Riemannian manifold by taking
M = R™ with the standard topology, a single chart (R™,Id) and g as the identity matrix.

Example Consider M = R*, with the usual topology and a single chart (R* Id). Minkowski
spacetime is the 4-dimensional Lorentzian manifold (M, n), where

n = —dt* + dz? + dy?® + dz%
This manifold models flat spacetime in special relativity.

Example The sphere S? C R? has a standard Riemannian structure inherited from its
ambient space. Given the polar angle ¢ € (0,7) and azimuthal angle § € (0,27), one
defines the usual spherical coordinates like this: define V' := (0,27) x (0,7) and the map
f(6,¢) = (sin(f) sin(¢), cos(8) sin(¢), cos(¢) € S?. Since this is an homeomorphism onto its
image U = f(V), it defines a chart (U, z) through its inverse z := f~!. This chart alone does
not cover S?, but the complement S*\U is negligible and it is easily covered by additional
charts derived from this one.

Given the parametrization f, its partial derivatives dy f and 0, f define geometric vectors:

v =0pf = (cos()sin(¢), — sin(f) sin(¢), cos(d)),
w = 0y f = (sin(@) cos(phi), cos(#) cos(¢), —sin(¢)).

These are clearly tangent to the sphere because f-v = f-w = 0, and they correspond to the
usual directional derivatives V, and V,,, which are the basis vectors dy and 0 at p = f(6, ¢).
With this identification the inner product in R? induces a Riemannian structure on S?: define
hi1(p) as the inner product v - v, hi2(p) = ha1(p) = v - w and hg(p) = w - w. The full metric
is

h = d¢? + sin’(¢)d6?.

Example A simple scaling argument reveals that the metric for a sphere of radius » > 0 is
r2h. With this we can write the flat metric in R? in spherical coordinates by taking advantage
of the independence between the radius r and ¢, 0:

g = dr* +r’h.



A similar reasoning results in the expression for flat spacetime in spherical coordinates:
n = —dt* +dr? + r?h.

It can be shown that a pseudo-Riemannian metric defines a unique object on the manifold,
called the Levi-Civita connection. This is a differential operator that generalizes the direc-
tional derivative of a vector field in R"™, and it characterizes geometric concepts like curvature
which a priori are not defined on a pseudo-Riemannian manifold alone. With this machinery
in place, it is possible to define classical differential operators such as the divergence, gradient
and consequently the Laplacian.

Definition 1.8 (Laplace-Beltrami operator) The Laplace-Beltrami operator is the operator
A: C®(M) — C®(M) defined in local coordinates by the expression

Auf = ﬁai(mg”ajf),

where |g| = |det(g;;)| and g" refers to the components of the inverse of the matriz (g;;).

It is important to mention that this object does not depend on the chart used to calculate
Af. More sophisticated definitions avoid this issue entirely and coincide with the one given
here (see Annex A for an alternative presentation).

Example The Laplace-Beltrami operator in euclidean space is the standard laplacian A:
Aof=Af =02,
i=1

Example We can compute the previous operator in spherical coordinates. The matrix (g;;),
its inverse (¢*/) and determinant |g| are:

1 0 0 1 0 0
(9i7) = [0 »? 0 , (g7)=10 r2 0 . lg| = r*sin?(9).
0 0 r?sin?(¢) 0 0 7r72%sin~2(¢)

Note that in the domain ¢ € (0,7), sin(¢) is non-negative and y/|g| = r?|sin(¢)| = r? sin(¢).
Expanding the implicit sum:

Vigla,s =o.(Vislg 70,5 ) + 04 (Viglg™0,£ ) + 00 (lalg" 05 ).

Because (¢") is diagonal, the sum ¢"/9; f reduces to ¢"9;f which translates to

gl f = ar<\/@ 7o, f) + @(M 470, f) + 0 (m 40, f).



Now we can replace ¢"" = 1, ¢%® = 172, g% = r=2sin"2(¢) and expand the derivatives:

r?sin(@)A, f = 2rsin(¢)0, f + r*sin(¢)0,, f + cos(¢)0y f + sin(¢)ds f + ——— oo f,

(¢)

thus we arrive at the classical expression for the standard laplacian in spherical coordinates:

cos(gzﬁ) 1
A O f + 8 ———0, —i— (9 + 78 .
of =0nf [+ () s/ 56.f Sn%(0) 0o f
Example In Minkowski spacetime, the Laplace-Beltrami operator acting on f € C*(M) is
0? f
Anf = - atQ + Af

Under the appropiate sign convention, A, is the wave operator O (also known as the d’Alembert
operator).

1.2. The Sine-Gordon equation

The Klein-Gordon equation is a linear PDE that arises in the study of relativistic waves, and
it has been the subject of much interest thanks to the discovery of soliton solutions. Writing
¢’ and ¢ for derivatives in space and time respectively, the 1 + 1 dimensional Klein-Gordon
equation is

¢ —p =09,

where the physical constants have been set to 1 for simplicity.

The Sine-Gordon equation (shortened to SG from now on) results from replacing ¢ with
a non-linear term sin(p):

¢" —sin(p) = ¢.

The change of variables 2u = z + ¢, 2v = x — t gives the equivalent formulation:

Ouwrp — sin(p) = 0.

The latter is the original form of the SG equation, introduced in the study of surfaces in R?
with constant Gaussian curvature K = —1 [11]. This is not its only application, however,
as it is also used to describe varied physical phenomena: the dislocation of certain crystals,
elementary particles and a series of rigid pendulums attached to a rubber band [12].

There are some identities in the equation that are important. The first is that for some
solution ¢, the function ¢ + 27 will be a solution too thanks to the periodicity of sin( - ).
The second is similar: the change ¢ — ¢ + 7 leads to the equivalent equation

¢" +sin(p) = ¢,

where the sign accompanying sin(¢) changed. Finally, rescaling ¢ +— 2,  + 2/v/2, t s t\/2
produces another formulation

" +sin(2p) = ¢,
7



and this is the one we shall study.

In 143 dimensions, the same equation can be written using the standard Laplace operator:
Ap — ¢+ sin(2¢) =0,
Using the wave operator with the Minkowski metric 7 allows us to write
Oy + sin(2) = 0,

which gives an immediate generalization to other geometries: one simply replaces O, with
the wave operator O, corresponding to the given Lorentzian metric.

In this coordinate-free form, one deduces from the properties of O, that the possible
solutions are symmetric under the action of the Poincaré group, the group of symmetries of
Minkowski spacetime. This group is comprised of spacetime translations, rotations in space,
reflections and another type of transformation called Lorentz boost. Translation invariance is
obvious, as are space rotations due to rotational symmetry of the standard Laplace operator
A. Lorentz boosts originate from the special relativity postulate that the speed of light
should not depend on the reference frame, and it is a well known fact that the wave operator
is invariant under these transformations.

Among the solutions of this equation, one can find particular functions that exhibit soliton-
like behavior. Consider the ansatz

80(7’, t) = Qarctan(e%?“—vt)w) _m

. (1.1)

with velocity v, phase § and a parameter v to be determined. The equation implies that
v? = 2/(1 — v?): choosing the positive root leads to the kink solution, and the negative root
to the anti-kink solution; these are the simplest among the Sine-Gordon solitons.

While it is true that ¢, as presented in (1.1), is not localized in space, the quantity sin(2¢)
does satisfy this condition. Going back to the pendulum model, ¢ describes the angle of a
pendulum at position r and time ¢ (up to scaling and translation). Therefore, the periodicity
of such a quantity results in a localized “twist” or angle fluctuation that asymptotically
approaches a given “rest angle” from opposite sides for any given time.

Figure 1.1 shows this behavior more clearly in the stationary case v = 0. The curve
describes the head of each pendulum attached to a rubber band lying in the r axis, and we
can see that the twist is localized. In addition to this, both the kink and anti-kink have a
constant shape and it can be proven that their interactions only result in phase shifts, which
makes them qualify as solitons in the sense discussed at the start of this chapter. Specific
combinations of these solutions lead to multi-solitons, and while we shall not focus on them,
they are nonetheless interesting in their own right.
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Figure 1.1: Visual representation of the stationary kink in the pendulum
model.

1.3. Wormbhole spacetime
Remember that Minkowski spacetime in spherical coordinates is described by the metric
n = —dt* + dr? + r?(d¢? + sin®($)d6?).

From here, introducing a wormhole to this spacetime becomes a two-step procedure. First,
we extend the domain of r to the real line R: this gives us two copies of flat spacetime
connected through an artificial singularity at » = 0, one for » > 0 and another for r < 0.
The next step is replacing the factor r? accompanying the spherical metric dw? with 72 + a2,
where a # 0 is a parameter. This serves two purposes: it eliminates the singularity at the
origin and replaces it with a spherical “neck” or “throat” of radius a. Explicitly, the metric
in question is
g = —dt* + dr? + (r* + a®)(d¢?* + sin?(¢)dd?).

This model was introduced independently by Ellis [13] and Bronnikov [14], back in 1973. A

complete justification beyond the intuition presented here escapes the scope of this thesis,
but a detailed treatment can be found in [15].

We use Definition 1.8 to compute the Laplace-Beltrami operator of the wormhole met-
ric. Note that this manifold is Lorentzian; thus, the result will be a hyperbolic differential
operator. The procedure is straightforward: first, we write the matrix representation of g,

—1

(gij) =

o O O



its inverse,

-1 0 0 0
y 01 0 0
ijy
W= 0 0 (21 ar) 0 ’
00 0 (r? 4+ a*)"'sin™%(9)

and the modulus of its determinant |g|. As sin(¢) is non-negative in ¢ € (0,7), it follows

that \F (r? + a®) sin(g).

The matrices are diagonal, simplifying the sums of the form ¢”9;f. So far we have the
expression

Vgl = ou(Viglg"aus) + 0. (Vigla 01 ) + 06 (Viglg™at ) + 00 (ylglg"00s ).

Using the values for ¢* and \/@ we get
(r? 4+ a®) sin(@) A, f = — 8t((r2 + a?) sin(¢)3tf) + 0, ((7’2 + a?) sin(gzﬁ)(()rf)
Ou(sin)0u) + v ot )

or equivalently

cos() 1 1
(2+a%an@f%f+ﬁffﬁan+oa+a%sm%@

Agf = =0uf+ 5730 +0nf+ Ao f-

2 +a 2
This operator resembles the usual wave operator in spherical coordinates, but with terms
involving r? replaced with 72 4 a2: this is not a surprise, as this reproduces the modification
introduced in the metric g. A notable difference is that, other than time translations, the new
operator does not exhibit Poincaré symmetry. Although the time component of the operator
is left unchanged, the parameter a present in the spatial terms breaks the symmetry for
transformations involving space components (translations, rotations and Lorentz boosts).

Because we are interested in the spherically symmetric problem, we impose the additional
assumption that f does not depend on the angles ¢ and 6. In other words, f = f(t,r)
and 05f = Opf = 0. Finally, we switch notations to O, to remind us that the operator is
hyperbolic:

Ogf = =0uf +O0rf + 5——50:].

Due to the symmetries imposed, the operator does not depend on the coordinates ¢ and
0. We will dispense with them from now on and use ¢, ¢ to refer to radial functions. The
Sine-Gordon equation on a wormhole (SGWH equation) is simply Og¢ + sin(2¢) = 0:

o=¢"+

o1 a 2(;5 + sin(2¢), (1.2)

where we used dots for differentiation in ¢t and primes for differentiation in . Two important
remarks: first, we have reduced our problem to 141 dimensions thanks to the symmetry

10



hypothesis. Second, the term r(r? 4+ a?)~! decays as a — +o0o and the equation starts to
resemble the classical SG equation in the limit. It is therefore a natural course of action to
consider this problem and its solutions as perturbations of the simpler one, and we gather
insights on these objects from this point of view.

Particularly, we are interested in the analogue of the kink solutions described in the
preceding section and their properties for the stationary regime, as it is simpler. If ¢ does
not depend on time, then ¢ = ¢ = 0 and the equation reduces to

2r
r? 4

¢" + ¢ +sin(2¢) =0  Vr e R; (1.3)

a2
we will see in this thesis that this additional term can be controlled in a way that makes
solutions resemble those of the SG equation.

This task has been carried out in detail in [8]. The authors did an extensive study of the
kinks of the SGWH equation, their stability and the linearized operator around them. In
the case of a particular kink they also derive a decay rate. In addition, they analyze the

soliton resolution conjecture using numerical simulations and provide numerical solutions to
the SGWH equation.

Because the scope of [8] is vast, some (comparatively easier) results are mentioned in
passing or the proofs are sketched. The aim of this work is to complement this article: we
will provide rigorous demonstrations where applicable, focusing on the 1-kink. This study
includes decay rates, convergence rates as a function of the parameter a, and the spectrum
of the linearized operator.

11



Chapter 2

Results

This chapter can be divided into four parts that provide rigorous proofs to many of the results
in [8]. First, we focus on the existence of solutions with asymptotic conditions in Section
2.1, then we move on to examine their convergence rates in Section 2.2. Section 2.3 discusses
the linearized Sine-Gordon operator and its spectrum. Section 2.4 studies the dependence
on the parameter a for the kink solution and shows that it is unique, and later we turn our
attention to the linearized operator in Section 2.5. Finally, in Section 2.6 we talk about the
n-kink family of solutions.

2.1. Existence
Consider the stationary SG equation in flat spacetime:
¢" +sin(2¢) =0  VreR. (2.1)

This is an ordinary differential equation, which is easier to solve than the dynamic problem.
One can interpret » € R as a new time variable, where the equation describes the motion
of a particle. Multiplying equation (2.1) by ¢’ and integrating the result, one sees that the
quantity (¢')*/2+sin?(¢) is conserved; this can be viewed as the sum of the particle’s kinetic
and potential energies.

sin®(¢))

—2r _3= —T —

SE]
3
& {
[:\]3

Figure 2.1: Potential energy as a function of the particle’s position.

Now remember that the stationary SGWH equation (1.3) is

2r

"
¢ +’I"2+CL2

¢ +sin(29) =0  VreR.
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The same procedure allows us to find the kinetic and potential energies, but this time some-
thing has changed: the term 2r/(r? + a®)¢’ introduced by the wormhole results in a loss of
total energy in the system. This is not a surprise, because this expression is similar to those
who model friction and other damping forces.

Our goal in this section is to find an analogue of the kink solution (1.1) for the SGWH
equation: a solution of (1.3) that has a localized twist, that is, a function H, that satisfies

the asymptotic conditions
lim H,(r) = j:g.

r—+oo

We need some preliminary results, which we state now.

Lemma 2.1 For each b € (0, +00), the initial value problem

) o' + = ?:aQ ¢ +sin(2¢) =0, r € (0,+00),
) 6(0) =0,
¢'(0) =,

has a unique solution that depends continuously on b.

Proor. Consider the function
f:Rx R? — R?

(7"7¢,¢) = <¢7 - or

r2 + a?

¢ sn(26))

which allows us to write (P) as

. (i" <§Z> :f(T,¢,¢), re (07+OO)7

(P)
(o) = 1)
¥(0) b
The function f is smooth, and its Jacobian is

0 1
J¢,¢f<7’, b, w) = (_2 COS(qu) _or ) :
r2+a?

The matrix components are uniformly bounded in (r,¢,1) € R x R? by K = max {2, %},
therefore, f is globally Lipschitz in (¢, ) with constant K.

It follows that f is continuous in the first variable and Lipschitz-continuous in the second
(viewed as a variable in R?). Using the global existence and uniqueness theorem for ordinary
differential equations, we deduce that problem (P) has a unique solution in (0, 4o00). This
solution depends continuously on the initial conditions, in the following sense: if X = (p,0) "

and X = (¢,1)7 are solutions of (P) with Cauchy data X (0) = X, and X (0) = X respec-
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tively, then for a certain constant L > 0:
X (r) = X ()| < [Xo — Xol|e™.

This proves the lemma. Il

Remark Solutions of (P) cannot have zero derivative at potential peaks. More specifically:
if ¢ is a solution to (P), then for all » > 0 and n € N (not necessarily odd), ¢'(r) = 0 implies
¢(r) # nmw/2. Otherwise, uniqueness affirms that ¢ equals the constant solution ¢ = nw/2,

which has different initial conditions.

In addition to the previous lemma, we derive an energy-like formula for the differential
equation.

Proposition 2.1 The solution to (P) satisfies the identity

1 T 2s 1

§(¢/(r))2 + sin?(p(r)) + ; m(qﬁ'(s)fds = 51)2 Yr > 0. (2.2)

Proor. First we multiply the equation by ¢:

2r
r2 + a?

¢'¢" + (¢)* + sin(2¢)¢" = 0.

Integrate this expression over (0,r) to see that

1 2 1 2 1 1 r 2s 2
§(¢/(T)) - Qb b cos(2¢(r)) + 3 + ; m(gb’(s)) ds =0 Vr > 0.
Rearranging terms we get:

e L= cos(26(r)
SR+ —

T 2s NG 1,
+ [ = = Yr > 0.
/0 32 2(g25 (s))*ds 2b r>0

Using trigonometric identities we deduce that 3(1—cos(2¢)) = sin®(¢), concluding the proof.
[

For each b > 0, let ¢ be the unique solution to (P) given previously.

Lemma 2.2 Suppose |¢| is bounded by a constant C' for all b > 0. Then

4
gb'(T)Zb—aC—T Vr > 0.

Proor. We derive a lower bound on ry that depends on b. Indeed, thanks to the fundamental
theorem of calculus we have

<b’(r)—b—|—/0r<b”(s)ds—b—/;

2 T
S d(ds = [Csin@se)ds V>0

14



Integration by parts shows that:

2 2

/OT 25 ¢'(s)ds = L¢(7’) + 2/(; (S_a2¢(3)ds.

52 4 a? r? + a? 52+ a?)

Replacing in the previous expression:

2r s° —a?

22?2 / o apt s - | sin@o(s)ds v >o.

0

o) =b-

Let C' > 0 be the constant that satisfies |¢(r)| < C for all r > 0. Then

2r 2Cr
— > )
r2 + a2¢(r> - ri+a?

Clearly, —sin(2¢(s)) > —1. This gives the inequality

2Cr ros%—a?
/
¢(T)Zb—w—2/0 m@S(S)dS—T r > 0.

What follows is an analysis of the integral that is left. If r < a, then (s* — a?)/(s* + a?)?
is negative in (0, r), implying that

2

[ s 20 [ g m e 2O

52+a2 (s 4 a?)? s2 4+ a?ly r2 +a?’

If r > a, then we split the integral:

s? — a? s? — a? s? — a?
—2/ T a7 ds——2/ 1 a7 ds—2/ 1 a7 o(s)ds.

First, we have that

s? —a? s? —a? s | C
2 [ d>20/ S ds=—20 0| ==
32+a2 ¢(s)ds (s2 4 a?)? ° s2+a?ly a
In the interval (a,r), the quantity (s? — a?)/(s* + a?®)? is positive:
s? — a? r 2Cr C
- ds > QC/ 7d =20 ——| =—— — —.
/ (s2 + a2)? $s)ds a?)? o= 32—|—a2 r’4+a? a

Combine these inequalities to see that

_2/ s —a? 6(s)ds > 2Cr _E

52 + a?)? “r24+ad®>  a
No matter how r compares to a, this lower bound holds:

2C 2C
2 Yr > 0.
r2 + a? a

ro2 g2
—2/0 (7¢(s)ds > —

s% + a?)?
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These bounds imply that

2Cr 2Cr 2C 20 4Cr
_ _ - = r=b-"=—-————r  ¥r>0.
r2+a* r’4+a®>  a a r*+a?

¢'(r) = b

The expression r/(r? + a?) is bounded above by 1/2a for r > 0, so we can derive a simpler

bound: e, 1 AC
d(r)>b———-4C——r=b—— —r Vr > 0.
a 2a a

As a remark, C' may depend on b. Where this inequality becomes useful is in arguments by
contradiction, where we assume |¢| is bounded for all b > 0. O

Lemma 2.3 Let n > 0 be an odd natural number, and b > 0 an initial velocity. If there is a

ro > 0 such that ¢(ry) € ((n -2)3, %) and ¢'(rg) = 0, then

‘ T

6(r) — (n — 1)2‘ < ‘qb(ro) ~(-1Z] W

In other words, if ¢ stops in a potential well, it will remain in said potential well.

Proor. To start, we provide some key remarks. The first is that ¢(rg) # (n — 1)7/2, because
uniqueness would imply ¢ = (n — 1)7/2. Moreover, we know that

27"0
13 + a?

¢"(ro) = — ¢'(ro) — sin(2¢(ro)) = — sin(2¢(ro))-

There are two options: if ¢(rg) € ((n — 1)7/2,n7/2) (the right half of the potential well),
then sin(2¢(rg)) > 0 and ¢"(r¢) < 0. If ¢(r9) € (n—2)7/2, (n—1)7/2), then sin(2¢(rg)) < 0
and ¢”(rg) > 0. In either case, ¢ is pulled towards the potential’s local minimum (n — 1)7/2
and |p(r) — (n — 1) /2| decreases immediately after .

Because ¢’ is non-zero immediately after rq, the following inequality is strict:

1 9 To 28 2 1 2 r 23 2
o[ e o [ s v

Thanks to the energy identity (2.2), we have the inequality

s?(6(r0)) = (¢ o)) + sin?(6(00)) > (&) +s?(60)) 2 s (9(r)) ¥ > o,

Meanwhile, a simple trigonometric identity states that

2sin?(¢(r)) = 1 — cos(2¢(r)) =1 — COS<2 <¢(r) —(n— 1)7;) + (n — 1)7r>.

Should there be a r; > 1 such that |¢(r) — (n — 1)7/2| = |p(r¢) — (n — 1)7/2|, since n is
odd and cos( - ) is an even function, it follows that

25in2(¢(r0)) = 1 —cos<2‘¢(7“o) —(n— 1);‘) = 1—cos<2‘¢(r1) —(n— 1);‘) = 2sin?(¢(r1)),
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and the contradiction is evident. From this, we deduce that there cannot be a r; > ry where
lp(r1) — (n— 1) /2| = |p(r9) — (n — 1)7/2|; continuity of ¢ gives the desired inequality:

™

S(r) — (n — 1)2' < ‘gb(ro) —(n-12]  Wren

]

This lemma follows from the observation that a particle modeled by the SGWH equation
loses energy. For example, in Figure 2.2, after the particle ¢ stops in the instant rg, its
potential energy will never ascend beyond sin?(¢(rg)) = 2/3. This barrier is represented by
the dashed line.

sin?(¢)

o(ro)

Figure 2.2: Particle stopping at .

Corollary 2.1 Ifb > 0, then ¢ is bounded below by —m /2.

Proor. For ¢ to become negative, its derivative must vanish at some point. Uniqueness states
that ¢ cannot stop at potential peaks, and so there must be a 7y > 0 and an odd natural
n € N where ¢(rg) € ((n — 2)7/2,n7)) and ¢'(ry) = 0. Thanks to the preceding lemma, we
know that ¢(r) will remain in ((n — 2)7/2,nm) for all r > r¢; but (n — 2)7/2 > —7/2, and
since ¢(r) > 0 for r € (0,79) we conclude that —7/2 < ¢(r) for all r > 0. O

Existence is proven using a shooting argument. Going back to the particle analogy, for
a given initial velocity b, the corresponding trajectory ¢ will fall into one of three possible
categories:

1. If the particle does not have enough energy to surmount the local maximum at /2, it
will stay in the potential well, oscillating and losing energy.

2. In contrast, if b is large, the particle will surmount the hill, never to return to 7 /2.
3. For a certain velocity, will approach 7/2 in infinite time.

The third outcome is what we are looking for. We define the sets A and B, that capture the
first and second cases, and show that there must be a b in the complement of their union:
this will be the initial velocity of the desired solution.

Lemma 2.4 The set defined as
A={b>0:3r>0,¢(r) >r/2}

17



is both open and non-empty.

Proor. Continuous dependence on initial conditions shows that A is open. Now suppose that
A = @; this means that for all b > 0 and r > 0, ¢(r) < 7/2, and the lower bound from the
corollary gives us the inequality |¢| < /2. This allows us to invoke Lemma 2.2 and state
that

2
qb’(r)Zb——W—r Vr > 0.
a
Integrate both sides from 0 to r. Since ¢(0) = 0, it is true that for any b > 0,

o(r) > <b - 27T>7’ — ;TZ Vr > 0.

a

The right side in this inequality is a parabola, with a maximum attained at r = b — 27 /a.
Evaluate at this point to see that

Choose b > /7 + 27 /a to deduce that

2 s
S
¢< a/) 2
which contradicts our assumption that A is empty. This demonstrates that A # . m

Lemma 2.5 The set
B={b>0:3r>0,0(r)<7/2N¢(r) <0}
is open and non-empty.

Proor. Once again, B is open thanks to continuous dependence on initial conditions. Assume
that, for all b > 0 and r > 0, ¢'(r) > 0 or ¢(r) > w/2. Fix b < 1, and suppose there exists
7 > 0 such that ¢(7) > 7/2. Because ¢ is continuous, the intermediate value theorem
guarantees the existence of a r; > 0 that satisfies ¢(r;) = m/2. We take said r to be
minimal so that ¢(r) < m/2, and by hypothesis, ¢'(r) > 0 in (0,7). Evaluate the energy
identity (2.2) at r1; the integral is non-negative, which gives us the inequality

0< @) < ;zﬁ Y

DO | —

If b is sufficiently small this does not make sense, because the right side would be negative.
Then, for b close to 0, it is true that ¢ < 7/2 and the claim B = & reduces to the following:
for all » > 0, ¢’ > 0. This also implies that

2r

/
r2+a2¢ = 0.

¢" = —sin(2¢) —

Particularly, ¢’ is decreasing and bounded below, so it has a limit at infinity. Said limit must
be 0: if that were not the case, ¢ would grow to infinity as r — +o0o, contradicting the fact
that ¢ < m/2.

18



The solution ¢ is increasing and bounded above by 7/2; so it has a limit at infinity:

L= lim ¢(r) € (o, q.

r—+00 2

Suppose L < 7w/2: then sin(2L) > 0, and there is some € > 0 and R > 0 such that, for all
r > R, sin(2¢(r)) > . We can use the equation satisfied by ¢ to see that

2r

O:¢"+r2+

" ¢ +sin(2¢) > ¢" +sin(2¢) > ¢" +¢  Vr > R.

A simple application of the fundamental theorem of calculus shows that integrating this
inequality in the interval (R, r) leads to

¢'(R) —¢'(r) >e(r—R)  ¥r>R

As mentioned earlier, ¢’ tends to 0 at infinity. Then, the left side remains bounded, while
the right side grows linearly in r. This is not possible, so L must equal 7/2.

These results are valid for any sufficiently small b, under the assumption that B = &.
Take the limit in equality (2.2) to see that

too 2s 2 Ly o Ly
0 </0 S ((5))%ds = 58— sin®(L) = 36— 1.
But we have chosen b < 1, contradicting the previous inequality. It follows that B must be

non-empty, concluding the proof. O]

The set A describes the trajectories where ¢ surpasses our target /2. Likewise, the set B
captures the trajectories where ¢ stops before reaching 7/2. If we can find an initial velocity
that belongs to neither set, we will have our candidate for the desired solution.

Lemma 2.6 The sets A and B are disjoint.

Proor. Let b € B. By definition its associated trajectory ¢ has a point rg where ¢(rg) < 7/2
and ¢'(rp) = 0. Lemma 2.3 says that for n = 1:

()] <lo(r)l <5 ¥r>ro,

From this we deduce that, if ¢ were to surpass 7/2, it would have to do so before ry. But in
that case, since ¢(rg) < m/2, there must be an r; < ry such that ¢(r;) > 7/2 and ¢'(r1) = 0:
to come back to ¢(rg), ¢ must change sign. The same lemma states that ¢ would forever
remain in the potential well corresponding to 7, which is clearly not the case because b € B.
In other words, ¢ cannot surpass 7/2 before nor after ro, that is to say ¢ < 7/2. Thus, b ¢ A
and the result is proven. O

We are now ready to prove the existence of a solution for the limit problem.
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Theorem 2.1 The following problem

2
o'+ fa2¢’ +sin(20) =0, 7€ (0, +00),
(P) ¢(0) =0,
dim o) = 5.

has a solution in [0, +00).

Proor. Remember that the sets A and B are defined as:

A={b>0:3r>00¢(r) >mn/2},
B={b>0:3r>0,¢0(r) <0Ad(r) <m/2}.

The preceding lemmas state that they are non-empty, disjoint, open subsets of (0,400).
Because (0,+00) is connected, there exists at least one positive real number that does not
belong to AU B: we call this element b.

On one hand, we know that the associated solution satisfies ¢(r) < 7/2 for all r > 0,
because b ¢ A. On the other, if ¢(r) < 7/2 then ¢'(r) > 0, because b ¢ B. It is obvious that
¢'(r) cannot be negative; that implies ¢(r) = 7/2, and immediately after ¢ would return to
(0,7/2), where the derivative is non-negative: continuity assures that this cannot happen.
It follows that ¢'(r) > 0 for all » > 0. In addition to this, if ¢(r) = 7/2 for some r, then
either ¢/(r) > 0, meaning ¢ would surpass 7/2 immediately after, or ¢/(r) = 0, implying that
b = 0 because of uniqueness of trajectories. Either case is a contradiction, and we deduce
that ¢ < /2.

We know ¢ < m/2 and ¢’ > 0 for all » > 0, which are the same hypothesis we used in the
proof of Lemma 2.5 to prove that ¢ has a limit

L= lim ¢(r) € (o, W]

r—-+o00 2

We repeat the argument used to show L = 7/2: we know ¢(0) = 0, and since ¢ is non-
decreasing, we deduce that ¢(r) € (0, L] for positive r. If L < /2, then there exists an
R > 0 and € > 0 such that sin(2¢) > ¢ for all » > R. The equation for ¢ implies that

e < —¢" Vr > R;
Integrating this inequality from R to r gives the expression
¢'(R) = ¢'(r) > e(r — o).

We can take r large enough so that the right side grows to infinity, but the left side is
bounded: this contradiction shows that L = /2.

We have found a solution of (P) whose limit at infinity is 7/2, which makes it a solution
of (P). O
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Corollary 2.2 The problem

(b”_i_L

o |9t A =0 reR

) T
Aim o(r) = +3,
has a solution.

Proor. Let ¢ be the solution found in the previous lemma and consider its odd extension,
which we call H,. Explicitly:

H,(r) = —¢(—r) Vr € (—o0,0].
Using the chain rule, we see that in this interval:

2 2
HL(r) 57 Holr) + sin(2Ho(1) = —HJ(=r) + 5" HL (=) + sin(—2H,(~)).

Because H, is a solution in —r € [0, +00), it follows that

— (H;’(—r) + 2(=r) H.(-r)+ SiIl(2Ha(—T’))> =0

r24q2

and we deduce that H, satisfies the equation for all » € R. Also, since ¢(r) — 7/2 as
r — 400, it follows from the definition that H,(r) — —m/2 as r — —o0. O

We call the function H, the 1-kink, since it travels a total distance of nm with n = 1. Now
that we know that a solution exists, it is natural to ask if it is unique: this question will be
answered in Section 2.4.

2.2. Growth

In this section we study the behavior of the 1-kink as |r| grows to infinity. It suffices to do
this for r — 400, due to the anti-symmetric nature of the solution. With this in mind, we

turn our attention to the difference 7/2 — H,, where H, is the solution of (P). Due to the
fact that H, tends to 7/2 at positive infinity, we know that this quantity decays to 0.

Definition 2.1 Define the function ¢ as

o =m/2— H,.
It satisfies the conditions
Jim g0) =7 Jim () =0

This is merely for convenience. Convergence of H, to 7/2 is equivalent to ¢ converging to
0, so we search for convergence rates for ¢ instead. Any bounds of the form |o(r)| < O(g(r))
as r — +oo for some function f will translate to |7/2 — H,(r)| < O(g(r)).
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Theorem 2.2 For all sufficienlty small 6 > 0, there is a R = R(6) > 0 such that
lo(r)| < Me™V20r Vr > R,

where M = meV2=°. In other words, p(r) = O(e™V?™") as r — +oo for all sufficiently
small 6 > 0.

Proor. The differential equation satisfied by the new function is

: 2r )
¢+ 2 + 2 @' —sin(2p) = —H, — L2 H! —sin(2¢) = 0.
In other words, if we define the differential operator
0? 2r 0 sin(2¢(r))

L,=——5— ———5—
® or?2  r2+a?0r + o(r)

then Ly = 0. It is obvious that L, is elliptic. By definition, ¢ is positive and tends to 0,
and so the term sin(2¢(r))/¢(r) approaches 2 from below. Fix § > 0 close to 0: there exists
a R(6) > 0 such that for all » > R, sin(2¢(r))/@(r) > 2 —4§/2.

Define the auxiliary function
Yarer) = Me=R 4 o),

where o, M are positive constants to be determined and ¢ is a positive parameter. We will
use this function to obtain a bound for ¢ from L, given appropriate choices of constants.
The derivatives of ¢/, are

¢§W,s(r) = _O-MB_U(T_R) + UE@U(T_R)’ K/[,s(r) — O.QMG—O'(T—R) + UQEGU(T_R).
Then
2
Loty = — 0 Me 70 — g2geotr—H) ﬁrcﬂ (—oMe 701 4 geertr=R)
S0 (e | ),
¥

and it follows that

sin(2 291
Lone = ( 5090) — 02> (Me_"(r_R) + 56"(””_3)) + o (Me_"(T—R) _ ge"(T—R)),

which is equivalent to

(2 5 o )
L<P¢M,€ = (sm(@gp) —o’+ or )M@U(TR) + <Sm( 90) g or >€eo'(7‘R).

r2 + a2 © Cr24 g2

For reasons that will be clear soon, we want this quantity to be non-negative on the set
I = (R,7) for arbitrarily large 7 > R. If we choose 0 = v/2 — 0, then we have the following
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lower bound:

(2 b 5 )
SW_U2>2_2_02>2—2—2+5>2>0 ¥r > R,

¥

Also, if R is sufficiently large (redefining it if needed, but keeping ¢ fixed), we have that

20T )
77124_@2 < 5 Yr > R

and it follows that L,y > 0 in I. This choice of R can be made independently of a.

From the previous analysis we see that

LSD(_SO - wM,E) = LSD(SO - wM@) = _LgowM@ <0

holds in I. The weak maximum principle for elliptical operators asserts that

max(o(r) — Y (r)) < max(o(r) — Yar(r) T,

rel redl

where the superscript 4+ denotes the positive part of a function. The boundary of I consists
of two points, R and 7: the values are

p(R) —tne(R) = o(R) — M —e,  @(F) — tne(F) = @(F) — Me 7T — ge70H),

The auxiliary function satisfies |||/, = 7, and the supremum (over R) is not attained. The
choice M = 7 translates to p(R) — ¥a-(R) < 0 and the maximum over 0/ reduces to

max(p(r) = Yare(r))" = ((F) = Yare(F)"

redl

So far we have the inequality

max (p(r) — Yare(r)) < (p(F) — e TR — @ R)T,
r€[R,T)

which is true for arbitrary 7 > R. In particular, if 7 is large compared to R (which is fixed),

then the expression inside the parenthesis on the right becomes negative. Taking the limit

T — 400, this means that its positive part is equal to zero, and the maximum is non-positive

for all € > 0:

max(p(r) = are(r)) < 0.

r>R

The last inequality is interchangeable with the statement
o(r) < are(r) = me 7R geor=R) Vr > R.

This is true for all positive €. The fact that M, o and R only depend on ¢ justifies taking
the limit ¢ — 0, and we deduce that

o(r) < mefem" Vr > R.



Remember that ¢ is positive by definition, so the previous inequality is also true for |p|.
We have shown ¢(r) = O(e™"") as r — 400 if 0 = /2 —§, where § > 0 is small; redefine
M = 7e® to conclude. Note that we cannot take the limit as ¢ tends to 0 in the previous
inequality, because R depends on it. O

Corollary 2.3 ¢(r) = O(e~ V2797 ) a5 r — 400 for all sufficiently small § > 0.
Proor. If § < 2¢/2 — 1, the following inequality is elementary:
(V2-0)2=2-2V20+02<2—-6

Furthermore, if § < v/2, we can take the square root v/2—¢ < /2 — . Since the exponential
is monotone increasing we get

e™V2 < o=V vr > 0.
If 0 is small, Theorem 2.2 states that there is a R > 0 such that
lp(r)| < MeVZ < Me=V20r  yr > R,
that is, p = O(e_(\/i_‘;)r). ]

One would like to refine this rate of convergence and assert that ¢ = v/2. Remember that
@ as defined previously satisfies the equation

! " —sin(2¢p) =0
vt A (2¢) =0,
and ¢ decreases to 0 at positive infinity. We study a slightly different function given by the
expression

Y

(2 )t
The motive behind this change is that 1) satisfies a new equation that does not depend on

Y, unlike ¢. Rates of convergence for ¢ of the form O(g(r)) will correspond to rates for ¢
of the form O(g(r)/v/r? 4+ a?), and these will be valid for our original function H,.

gp:

Definition 2.2 We define the auziliary function 1:

v
7o Vr? + a?
Definition 2.3 We introduce the positive potential
2

Ua(r) = m Vr € R.

It is even, integrable, bounded by |U,]||., = 1/a* and the mazimum is attained at r = 0.

Next, some preliminary results about ).
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Proposition 2.2 There exists a R > 0, independent of a, that satisfies:
[l e @,y < 2VE? + a?|lgll = 20V R? + a®.
Proor. Fix § > 0 and R(J) > 0 so that
lo(r)| < Me=(V2-0)r Vr > R;

The constant M depends on 6 and R(4); it is given by M = weV2~°F. Choose R in a way
that Me~(VZ=9r < 4)(0) = an /2 when r > 2R. Then

sup [¢(r)| = sup |ib(r),

reRy r€[0,2R)
and from the definition 1 (r) = ¢(r)V72 + a2, we get
1]l e e, < VAR + @0, < 27VR2 + .

Proposition 2.3 v satisfies the differential equation

" — Ugp = Vr? + a? sin(%),

and tends to 0 as r — +o00.

Proor. A simple calculation shows that the derivatives of 1 satisfy:

r @Dl T@b " o__ W QTW a2 - 27n2
¥ = - R Y = - -

(+@)t 2+ ) @)t el )t

Replace these expressions in the equation for ¢ and multiply by /72 4+ a?. This leads to the
following equation for :

2 2 2
" a®—2r 2r 9 onl . 2y

- _— —_— :O
((r2+a2)2 + (r2+a2)2>w (r*+a*)? Sm((r%—a?)é ,

and cancelling the terms accompanying 1 gives the desired equality. The limit is a conse-
quence of the exponential behavior of ¢. n

The term inside the sine tends to zero, which hints at a Taylor expansion near r — 400
to deduce the convergence rate of ¢. To better reflect this, consider the equivalent equation

W' — 2p = —Uyp + msin<%> — 2

we need an estimate on the right side, which we call f.
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Lemma 2.7 Define
f(r) = =2¢(r) + Uy(r)(r) + Vr2 + a?sin(2p(r)).

Then there is a R > 0, that does not depend on a, such that

IFl ey S 2(20+ 14 5 ) VR F @,

Also, f =Uup+ V2 + a2o(|¢|*) and f = O((r2 + a?)"2¢V2") as r — +o0.

Proor. Choose R > 0 so that ¢ is close to zero. It is important to mention that this choice
can be made independently of a, as the proof of Theorem 2.2 shows. A first order Taylor
expansion of sin( - ) around 0 says that

sin(2¢) = 20 + o(||*) Vr > R,
Remember that ¢ = ¢ /v/1% 4+ a?:
V2 4 a?sin(2p) = 20 + V2 + a?o(|g’)  Vr> R,

implying that
f(r) = Ua(r)p(r) + Vr2 + ao(|¢|*) Vr > R.
The asymptotic behavior of ¢ is determined by (. From the definition of U, we get
2

fir) = —% o)+ VL @o(|ef)  Vr> R

(r2 4 aQ)%

As shown in Theorem 2.2, ¢ = O(e=V?7") for sufficiently small § > 0;

—\/2=6r —V2-6r
€ 2 2 _—3v2—0or _ €
| f(r)] §O<(T2+a2) ) —|—O<\/r + a2e ) O((ﬂ—i—a?)g)

Finding a bound for | f| is now trivial. Due to the fact that it converges to zero, to estimate
its supremum over R it is sufficient to consider a sufficiently large interval [0,2R]. If R is
chosen appropriately, we can utilize the inequality in Proposition 2.2:

S0 S @+ VNN e,y + VIR F @ <2(20+ 14+ 2 VR + @ ¥r € 0,28
Although this quantity depends on a and R(J), since 0 is fixed there are no issues. [

Lemma 2.8 In the interval [0,+00), the function 1 has the form

2\/— 2;( CL7T\/§—/ _ﬁsf(s)ds+/ore\/§sf(8)d8>.

Proor. Remember that 1 satisfies the equation

W — Ugp = Vr2 + a? sin(2p).

() = eV f(s)ds —
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Add and substract —2¢ to see that
' =20 = =20 + Uytp + V712 + a?sin(2p) = f,
which is the ODE we will solve.

The homogeneous equation has a solution ¢y = cleﬁr + 626_‘/§T for constants ¢y, ¢o, and
its wronskian is —21/2. Variation of parameters affirms

U(r) = A(r)eV” + B(r)e V™,

with the functions A and B given by

\[Sf )ds +ci, B(r)=— \fo )ds + cs.

T 22 / 22 /
for some R > 0. Explicitly:
eV2r —V2r

W(r) = QV/_<CI4-]/ eV f(s )ds> __6;x/§ (024-/Q“evﬁsf(s)ds>. (2.3)

We must take advantage of the fact that ¢» — 0 as r — +o00. In particular, the limit

c1 + lim / fs )ds = 0.

r—-+o00

must hold, to cancel the exponential e¥2". The only way this can be true is when

+oo
¢ = —/ e VEf(s)ds
R

Using I’Hopital’s rule:

1 +oo
,ﬁs o .
TEIJPOO e \[T/r e V¥ f(s)ds = lim

and the choice of ¢, is justified.

The procedure to determine ¢, is similar. According to the definition of ¢, evaluating at
r = 0 shows that 1(0) = ap(0) = an/2. This gives us the equation

_ar_ L b e
¥(0) = > = "33 Jo e V2 f(s)ds 2\/§(CQ+/R€ 2f(s)ds>,

allowing us to pick the correct value of cs:

cy = —amy/2 — /OJFOO e‘ﬁsf(s)ds + /OR eﬁsf(s)ds
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Replace ¢; and ¢, in (2.3):

—\/57“
T eV f(s)ds —

¢(7“= 2\/5

2\/_ (—mr\/_ - /;OO e’ﬁsf(s)ds + /Or e‘/isf(s)ds>,

valid for r > 0.

This will be useful when proving the next theorem

Theorem 2.3 For fized a > 0, there is a R > 0 and a constant M > 0, both independent of
a, that ensure the inequality

1(r)| < K.e ¥ Vr>R

holds, for the constants

= — (27T+1+7r)\/R2+a2,
2 2 a?

K, =2 V2EM, + N,

v M3 N 1 a7r+e\/§R
a — a a —
4 — 6v/26 V2 —36

Proor. For large » > R, the function f has the form
f = Uath + Vi + a?o(|gl’),

as seen in Lemma 2.7; we can take advantage of this approximation by replacing it in the
expression for ¢ obtained in Lemma 2.8. To save space, define the auxiliary function

or) = i)+ 5= |

+oo
e_‘/iSUa(s)z/) ds+ / ‘[SU P (s)ds,

SO

g(T = 2\/—/ V82+a2 (|<,0|) \/—
emV2r

NG <—a7r\/_—/0 e_ﬂsf(s)ds—l—/o eﬂsf(s)ds) (2.4)

Note that 1) > 0, therefore all the terms in the definition of g are positive. In particular,
Y <y

/ V22 + a? o(l¢l’)ds Vr >R

We analyze the asymptotic behavior of each term on the right separately. First, there is
a constant A > 0 and R > 0 (we can assume it is larger than the previous R by taking the
maximum between the two) such that:

V257 4 ao(|o|)d TV 4 a? Al (s)|Pds

2\/_ —2\/'/
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and because |¢| = O(eV2797) for small § > 0, we deduce that

V25./s% + a0 (l*)d V25 /2 1 g2 MBe BV,

2f —2\/_/

Here, we absorbed A into the constant M given by Theorem 2.2. This M depends on § and
R(6), and although it is exponential in the latter, this is not a concern as 0 is fixed. The last
inequality is equivalent to

400
2\/_/ V2.2 1 a2o(|of*)ds < MP \/_/ e~ V235 /52 1 02 s

since e 3V < 73V for all s > 1 > 0, we can take some exponentials out of the integral.
This leads to

,2\/5

“+oo
2\/_/ V2.2 1+ a2o(|o)*)ds < M 273 /T e~ (V2395 \ /o2 a2 ds,

and if 6 < /2 /3 the integral can be bounded like this: the integrand is positive, thus

/ ~(V2=30)s /2 1 02ds < / ~(V2=39)s /2 102 ds.

Then integrate by parts:

/ —(V2-30)s )5y/s2 + a2ds =
0

1 oo

s
\/5—35 V2—-35Jo  \s2+ a2
The quantity s/v/s? + a? is bounded above by 1, meaning that

e~ (VZ=30)sqg.

+oo S 1
(\f 3(55d5</ \f 3(55d5_
0 \/52+a2 V235

With

M, = M a+ !
T4 —6V26 V2 —-35)

the bound we are looking for is

;\/ﬁ/ e V2./2 1 a2o(| ) ds < Mae 2V Vr > R. (2.5)

The second term is bounded in a similar way to the first. Thanks to the known bound on
lp|, it is true that

‘ BT ol )s < ML [ o BYET e
22 - 22 Jr
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It follows from R < r that e V% < e V2R thus

: 75 eV @l s < 2% ~VERe 5 / ~(V2430)s [ 1 2 ds.

Because § < v/2 /3, we can repeat a previous argument to obtain an upper bound for the
integral

o~ (V2-30)s /2_d</ ~(V2-38)s\ [ T 2ds < 1
/R s% 4+ a-ds s+ a 5_\/_ 33 \/__35,

and deduce that

2r r
62\/5 V22 £ a?o(|of’)ds < e VPR M, e V" Vr > R. (2.6)
R

Finally, we study the constants:

“+o0o
/0 eV f(s)ds < \/_Hf”LOO (®y) / eV f(s) 7( e — )| fll ey -

implying that

aﬂ\/§+/0+ VB f(s) d5—|—/ V2 f(5)ds < any/2 + \/_|\f||LwR+ .

We take advantage of the bound for f from Lemma 2.7:

400 R 2
amV/2 + /0 e‘ﬂsf(s)ds + /0 eﬁsf(s)ds <amv2+ —=

e\/iR(Q’]T_‘_ 1+ 7T>\/R2 + a?,
V2 a’

and define

eV2R
N, = —
2 + 2

<27r +14 72)\/1%2 +a
a
to get the inequality
e~ V2r
2v2

As g is positive, |g| = g. Take the absolute value in equation (2.4):

(cm\/i - /0+00 e V2 f(s)ds + /OR eﬂsf(s)ds> < NV  ¥r>R (2.7)

Vs 4 a2o(|pl’)

7\/51" r
¢ / V22 1 a2o(|o|*)ds
R

eV2r  ptoo
o)< 55 N
o—V2r

eV <a7r\/_+/ —ﬂS|f(s)|ds+/0R6¢55|f<8)|d8>

Because 1| = ¢ < g = |g|, inequalities (2.5), (2.6) and (2.7) assert that

[(r)] < Mae > + e V2EMe ™V + N,e V™ Vr>R.

30



Also, for R < r, the inequality €2V < e=V2Re=V2' This means that
()| < (267V2EM, + N,)e V> ¥r> R
define K, = QG*ﬂRMa + N, to recover the result. O

Corollary 2.4 For fived a > 0, the function ¢ satisfies

e~V
=0 ———
(r) s
as r — —+o00.

Proor. The previous theorem states that ¢ = O(e*ﬁ’") as r — +o00. The corollary follows
directly from the definition of . O]

It is convenient to have a bound that does not depend on a.
Theorem 2.4 For a > 1, there are positive constants C' and R, both independent of a, that

satisfy
lp(r)| < Ce™V* >R

Proor. As Theorem 2.3 affirms, there is a R > 0 such that
p(r)] < L

r
4 T Vr2+a?

Notice that 1/v/17? + a? < 1/v/R? + a? for all r > R. With this, we can bound each constant

as follows:

(26_\/§RMG + Na) e V2 Vr > R.

M, M3 a 1 1
< -
Va2 T 4—6\/§5<\/R2—|—a2 V2 — 35 VR? 4 a2

As a consequence of the hypothesis that a > 1, the bound

) Vr > R.

is true.

The other bound is analogous to the first:
N, < a s n eV2R
Vri+a?2 T VR2+a?2 2

Again, a > 1 provides the desired inequality

(2r41+5) >R
a

N, r  eY?R
ﬁ§§+7(3ﬂ+1) Vr > R.
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Combine these with the inequality for ¢ to obtain

2MPe V2R 1 eV2R
< [—a 1+t ) +5+—Gr+D) ]V  wr>R
()] < (4_6@5( vomer) KRR Cy >)e :

The constant we are looking for is

M367\/§R 1 T ex/iR
C=|— (14— | +2+"—@r+1)].
(2—3\/§5< \f—35> ;T B ))

This expression only depends on § and R = R(J), which are fixed. This is exactly what we
wanted:
lp(r)| < Ce V2" Vr > R.

Next, we search for exponential bounds on the derivatives of (.

Theorem 2.5 With the constants K,, M, and N, defined as in Theorem 2.3, there is a
R > 0, independent of a, such that

W/(r)] < Kue ™Y ¥r>R,

where the constant K, is

K,

K, = + V2N,

Proor. Differentiate the expression for ¢ found in Lemma 2.8:

+oo
_ —\fs fs f(T’)
P(r) = 5 ds+——i— / 2\/§ Vr > R

+62 <—a7rx/_ / —ﬂ5f<s>ds+ [ eﬂ5f<s>ds).

As usual, the way forward is to study each exponential separately. Since f = U,y +
Vr?+ a20(|90|3) if R is large enough, we have the expression:

T eV f(s)]ds = eV (Ua(s)e(s) + Vs + a®o(|g*) ) ds

2 2

where we used the fact that U, and 1 are positive to eliminate the absolute value. We already
know from inequality (2.5) in the proof of Theorem 2.3 that

+o00
5 / V2 + a2o(|o|P)ds < V2Me 2V Vr > R;
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the very same theorem states that

6\/§r

+oo
e VB, (s)y(s)ds < / e VB, (s)K.e V®ds  Wr > R,

2

and

Ka oo Ka — Feo K‘l - e
SV [ e R (s)ds < StV [T U (9)as < St [T U (s)ds > R
r r 0

The integral of U, is

[ () 2
————ds = = | —arctan( — | + ——
0o (s2+a?)? 2 \a a 5?2 + a?

and in turn we get the bound for the original expression:

400 T

0 4CL’

K,
5 T eV f(s)]ds < ke 5 eV L VoM™V Wr> R
a

As we have done many times before, we take advantage of the inequality em2Vr L V2R~V
for R < r:

K,
eV f(s)|ds < (”8 \ —ﬁR>e—ﬂT Vr > R.
a

2
The next exponential is analogous to the previous case. Replace |f| by its estimate:
V2r

Var _
| e Ifs)lds < -
2 Jr

[ e (Ua()e(s) + Vo) )ds

One expression was already bounded in inequality (2.6):
e~ V2r

2
The other is bounded by

/ eV2\/s2 1 a20(|p]*)ds < V2 VR e~V Vr > R.
R

6—\/§7’

r Ka r
/ eﬁSUa(s)z/J(s)ds < 76_\/§T/ e‘/ﬁsUa(s)e_ﬁsds Vr > R,
R R

where the integral of U, can be extended to Ry to obtain the bound

Ka,
)d3<8 Vo yr >R
a

These two inequalities show that

—V2r T
° VE| £ (s)|ds < (WK“
o [ e lelas < (5

ﬂR) e Vo Vr > R.
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Finally, inequality (2.7) states that

6_\/§T

+o00 R
((m\@ +/ e VEf(s)ds +/ e‘/isf(s)ds> < V2N V¥ Vr > R.
0 0

Take the absolute value of ¢/:

—Vor
(&
—f8|f (s)|ds +

<a7r\/_+/ ﬁslf(s)|ds+/0Re\/§s\f(s)\ds>.

r V3s
Wols 5 /R V% f(s)|ds Vr> R
_\[T

T

It follows from the preceding discussion that

Kq
vl s (5 SRLVEN)e P s R,

Corollary 2.5 For fizred a > 0, the derivative ¢’ satisfies

/ O € \fT
() = 0| =—
asr — +0oQ.

Proor. The derivative of ¢’ is

v
VTt ar (124 a?)2

The absolute value satisfies the inequality

, ' (r)] 7| (r)|
()] < STy a + s )] Vr > 0.

For r > 1, it is easy to see that 7’/(7ﬁ2 +a2)s <1V + a2

(M) < =) + [P’ vr>1,

1/2_*_2

If R is chosen to be sufficiently large, both Theorem 2.3 and 2.5 are applicable and we deduce

the result
/ [ eiﬁr
P < (Kt K)o V> R
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Theorem 2.6 If a > 1, then the inequality
' (r)| < CeV*  Vr>R

holds for some positive constants C and R that do not depend on a.

Proor. In Theorem 2.4, we demonstrated that both M,/v/r?+a? and N,/v/1r?+ a® are
bounded above by a constant that does not depend on a, given that a > 1. Immediately we
deduce that this is also true for both K,/v/72 4 a2 and K,/v/r% + a2, because they are linear
combinations of M, and N,: in other words, there is a constant C, independent of a, that
satisfies

Ko + Ko <C VYr>R
Vr24+a2  Vr2+a?

The proof is then complete:

' (r)] < Ce V2" Vr > R.

Theorem 2.7 The second derivative ©” is of order

U 67\/57.
r) =0 —m
)] = 0| <=
as r — +oo, for fited a > 0. In addition, if a > 1 then
S0// _ O(e—ﬁr)
independently of a.

Proor. The differential equation solved by ¢ is

/) 2r

— / 1
= n pia + sin(2¢).

In a neighborhood of ¢ = 0, expand sin(y) up to first order terms:

2r
"no__ / 3
L 14 + 2¢ 4 o(|¢|") Vr > R,

where we pick a sufficiently large R > 0, so that ¢ is small and r/(r? + a?) < 1 when r > R.
Now we can apply the absolute value in this equality to obtain

10" < 2l¢'| +2]¢| +o(lg|’)  Vr>R.

The term o(|¢|®) can be ignored, since it is of higher order. For an appropriate R, we use
corollaries 2.4 and 2.5 to see that

—V2r —Var —Var
" = O e +0 SR O ¢ )
V12 4+ a? V12 +a? V12 +a?
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as r — 4o00. Likewise, if a > 1 then theorems 2.4 and 2.6 imply that
"l = 0(e™v™),
independently of a. O]

We extend these results to derivatives of arbitrary order, but first we enunciate a couple
of lemmas.

Lemma 2.9 For all non-negative integers n > 0, there is a constant C,, > 0 such that

1 (n)
('r2 + a2>

Proor. Write f(z) = 1/x and g(r) = r* + a®. Introduce the set

Sn::{mEZT}r:Zk:mk:n};

k=1

Ch
< — Vr > 1.
;r?’L

Faa di Bruno’s formula for the derivative of the composition f(g(r)) = 1/(r* + a?) says

() = ettt = X gy [ L (£0)

2 2
re+ta meSh M

The derivatives of g are ¢’(r) = 2r, ¢"(r) = 2 and ¢*)(r) = 0 for k > 2. Therefore, the only
terms of the sum that are not zero are those where m; = 0 for k > 2:

(2r)ym 2m
m1! m2!2m2'

()= = )

2 2
Tt +a mi1+2mao=n
m1,mz>0

The derivative f(™+72) has an explicit formula:

1

xml +ma2

flmtma) () = (—1)™MFm2 (i, 4 my)! Vo > 0,

and it follows that

( 1 >(”) = Z n!(_1)m1+m22m1 (ml + m2)' r .
r? +a? mylmy!  (r? 4 a?)mitmz

mi1

mi1+2mo=n
m1,mz2>0

The rational function can be bounded above in this way:

mi mi

T r r’m™ 1 1 v 0
= — = r >
(7‘2 + a2)m1+m2 — ,r.2(m1+m2) rma Tm1+2m2 rn ’
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which provides the inequality for the derivative of order n. Indeed,

1 (n) m mi + Mo 1
|(r2+a2) = Z ni2 1(

—,
m1+2ma=n my r
my + moy
. m
C, =n! E 2 1( ,

m1,m2>0
and if we define
mi+2meo=n
m1,mz2>0

the inequality stated in the lemma is true:

1 (n)
(7"2 + a2)

Ca

<z
;

Lemma 2.10 There is a constant C,, > 0, which depends only on n, such that

r (n)
(7’2 + a2>

for all non-negative integers n > 0.

<C, vr > 1.

Proor. For n = 0, we have

Meanwhile, for n = 1:

2 2 2 2
— 1
(:2—}-;2)2 T = <1 vr >0

- (T2+CL2)2 72 +a2 -

r /
‘ (7“2 + a2> -
In the case where n > 1, use the general Leibniz rule:

r (n) n n . 1 (n—k)
(7"2—|—a2) :,§<k>r()<r2+a2> vr=0.

Clearly, r*®) = 0 for k > 1, so
r (n) 1 (n) 1 (n—1)
(T2+a2) :T<r2—i—a2> +n(r2+a2) vr>0.

and the absolute value satisfies
1 (n) 1 (n—1)
T<r2+a2) +n(r2+a2>

r (n) <
(r2+a2) -

The previous lemma allows us to get an estimate on the derivatives with constants that do

Vr > 0.
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not depend on a:

r (n) C, C,_
(i) |Sr s = @G,
implying that, for » > 1, the bound
r (n)
( ) < C,+nC,_1 Vr > 1,
r? 4 a?
holds. The conclusion follows from absorbing constants. O]

Theorem 2.8 The n-th derivative o™ is of order

e~V
) =o(
r? 4+ a?
as r — +oo, for fired a > 0. In addition, if a > 1 then

-0

independently of a.

Proor. So far we have shown that this is true for n = 0,1,2. Induction is the argument of
choice: let m > 1 be an integer and write n = m + 2. Assume that the result holds for all
non-negative integers less than n. From the equation satisfied by ¢ we see that

dmgp// dm r dm
e —QdT—m <T2 m a2g0> + = sin(2¢p).

Expand the first term on the right using the general Leibniz rule:

dm r " m r (m—k) " (m r (m—k)
(k) _ r (k+1)
drm(r2+a2(p) Z(l{:)(ﬂ—i—(ﬂ) (%) ,;_%(k)(ﬂ—i-cﬂ) 7

k=0

The (m — k)-th derivative is bounded by a constant independent of a and r for all large r,
as shown in the preceding lemma. This implies that

(;j:”( raﬂ)) <ZC ‘ kﬂ’

the highest order derivative is of order m + 1 < n, therefore we can use the induction
hypothesis to deduce that

e Ca)
drm 7’2—|—a2¢

The derivatives of sin(2¢p) are more difficult to handle. An equivalent formulation of Faa
di Bruno’s identity gives an expression for the m-th derivative of a composition of functions

< f} ConiO(e™?) = O(e™Vr).

k=0
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in terms of the Bell polynomials:

d m
—sin(2g) = 3 sin®) (26) B (26,27, 260,

Here, B, denotes the partial Bell polynomial

m! m—k+1 Tq, Jo
Bm,k(xthv"‘?xm—k‘—l—l) - Z T . ‘ H <> y

Jilge! - k! a1 a!
where the sum ranges over all sequences 71, jo, - - . , Jm—x+1 Of non-negative integers that satisfy
the conditions
m—k+1 m—k+1
Z Jo =k, Z AJq = M.
a=1 a=1

We will call the set containing these sequences S, C ZT’]“H.

The absolute value plus the triangle inequality show that

ddrmsm (2¢) | i ‘Sln M (2¢) HBmk<2<P 2¢",... zgo(mikH))"

The inequality ’sin(k)@(p)’ < 1 is trivial. Moreover, the Bell polynomials are

m—k+1 (@) |Je
/ 7 (m—k+1) m! jo | P
‘Bm,k(2<ﬁ>2¢ yeeey 20 >‘ < Z AT (El 2 al

(jlv-“vjmfk«l»l)es’mk

As before, if £ < m, then the highest order derivatives that appear in the polynomials B,,
are of order m 4 1 < n. Their multiplication will be small compared to O(e~v2"), thus

m— Qk ! —V2r —V2r
|Bun (26,26, 20D | < <j1,.‘.,jmzm>esmk j1!12!~--n;m_k+1!0(6 V) = o).

Going back to the derivative of sin(2¢), we have shown that

< Z O(e"@") = O(e"@").

k=1

m

drim Sln(2g0)

The result follows from

m+2‘<

dm r dm
2 —|——sin2 —Ofe V2.

drm (T2+a2(’0 ‘drm ( 90)‘ ( )
Note that none of the constants involved depend on a, either by the induction hypothesis
(in the case of higher order derivatives), or by direct analysis (the derivatives of the rational
function r/(r? + a?)). Because n is arbitrary, by the principle of induction we conclude that

the previous convergence rate is true for all non-negative integers n. The exact same argument
1
works if we replace O(e™V?") with O((r® + a®)~2e~V?"), and the theorem is proven. O

2] = [
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Finally, we present the results of this section in terms of the original 1-kink H, . They
follow immediately from the definition ¢ = 7/2 — H, and the parity of H,.

Corollary 2.6 The convergence rates

s eV (n) e~V
H, 51 = ) H" - )
‘ r) ¥ 2‘ © V12 + a? ‘ “ <T)‘ © V1?2 + a?
hold as r — +oo for allm € N. Moreover, if a > 1 then
z _ —/2r (n) . —/2r
‘Ha(r):F 2‘ —O(e ), ‘Ha (r)‘ —O(e ),

as r — oo and the constants involved do not depend on a.

2.3. Linearized SG operator

Compared to the SG equation, the SGWH equation has an extra term that tends to zero as
a grows infinitely large. It is therefore natural to expect that quantities and objects related
to the SGWH model would converge (in an appropriate sense) to their analogues in flat
spacetime. In other words, for large values of a, objects arising from the SGWH model could
potentially be described as perturbations. To do this, however, we need to understand the
base objects themselves, and in this section we study the SG model to achieve this task.

Definition 2.4 The function Hsg is defined as the unique solution to the problem

¢" + sin(2¢) = 0, r € R,
(SG) ¢(0) = 0,
. T
A o(r) = +5.
Theorem 2.9 Hgq is given by the expression:
Hsq(r) = 2arctan(e‘/§r) - g
Proor. The derivatives are:
2\/56\/57’ V2 1-— 62\/§T
/ _ _ n o 2r _
Hg = i ZSeCh(\@r), Hgn = 4e 7(1 FRENE = Qtanh(\/ir) sech(\/ér).

Meanwhile, the other term is:
sin(2Hgg) = sin (4 arctan (eﬂ’") - 7T) = —sin (4 arctan (e‘@")),
and trigonometric identities imply that

sin (4 arctan (e‘/ir) ) = 4sin (arctan (eﬁr) ) cos (arctan (e\/ﬁ’"> ) cos? (arctan (e‘/ir) )
— 4sin (arctan (e‘/%) ) coS (arctan (eﬁT) ) sin? (arctan (e*@") ) .
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It is known that sin(arctan(z)) = x/+/1 + 22 and cos(arctan(x)) = 1/v/1 4 22, so

sin (4 arctan (eﬁT) ) = 4V (11;622:;:)2 )

It follows that

1 — e2V2r 1 — e2V2r
Hlo 4 sin(2Hgg) =4V ——— 4V ———
s T sin(2Hsc) (1+ e2V2)? (1+ e2V2r)?
The initial condition is
T W w
Hg(0) = 2arctan(l) — — = — — — = 0.
sa(0) arctan(1) 5=5 5
The limits at infinity are
. U . T m
Am Hso(r) = =5, Im Hso(r) =m—5 =3,
and the theorem is proven. O

Before we continue, we state some useful remarks regarding Hg and its derivatives.

Remark Hg; and its derivatives are

Hgq(r) = 2arctan(e‘/ér) _

5 Hio(r) = \/isech(\/ir),
Hig(r) = -2 tanh(\/ﬁr) sech(ﬁr), Ho(r) = 2v2 sech(\/ir) (1 -2 sechQ(ﬂfr)).

From the equations Hgg and Hyg, satisfy we deduce

sin(2Hgg(r)) = Qtanh(\/%) sech(\/ir), cos(2Hgq(r)) = 2sech? (\/57“) -1

A crucial component of this study is the linearized Sine-Gordon operator Lgg. The rest
of this section is devoted to this object.

Definition 2.5 The Sine-Gordon differential operator is defined as
d? .
DSG = —@ — Sln(2 * )
Note that we used the opposite sign to maintain positivity.

Proposition 2.4 The linearization of Dsg at Hsg in H?(R) is given by the densely defined
operator

Lsa: H2(R) C LQ(R) — LQ(R)
]2 ( )
O — 2 — 2cos QHSG 0.
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Proor. The Fréchet derivative of Dgg is —55 — 2cos(2 - ). Thus, near Hgg it is true that

d

2

Dsg(gb) Dsg(Hsg) — (;;b -2 COS(2Hsg)¢ + O(QZS) VQZS € H2<R)

By definition Dgs(Hgg) = 0, and we deduce the proposition. O

Definition 2.6 We define the quadratic form Qgsa corresponding to Lsa as

Qsac(9) = (Lsco, ¢) Vo € H*(R).

Alternatively, thanks to integration by parts we have:
Qsc(@) = [(#)ar =2 [ cos(2Hsa)odr Vo € H'(R),

Definition 2.7 Define

d? d2

This is a special case of a Poschl-Teller operator. Farlier remarks allow us to write Lgg in
this way:
Lsqg = Lpr + 2.

Lsc being a translation of a Poschl-Teller operator is convenient, because the latter’s
eigenvalues are well known.

Lemma 2.11 The operator A = —% defined on H*(R) is self-adjoint, and its spectrum is
0(A) = 0e55(A) = [0, 4+00).

Proor. For ¢, € H*(R), a formal calculation provides the equality

/awm

l/¢¢ﬂh

-I— / QY'dr =
Because ¢, 1 € H*(R), the asymptotic terms vanish and we have the equality

(Ap,y) = (o, A¥)  Vo,v € H*(R),

implying symmetry.

The essential spectrum of A is [0, +00). This is a standard result in spectral theory, but
for the sake of completeness we sketch a proof here. Let A € C, ¢ € H*(R) and ¢ € L*(R),

so the Fourier transform of A¢ € L*(R) is well defined. Consider the identity (A — A)¢ = ¢
and take the Fourier transform:

(A =€ =1
If A € C\[0,400), then A — £? # 0 and we can obtain an inverse for A — A thanks to the
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inverse Fourier transform F~!:
b =F (A= E)).
As a result, A € p(A), i.e. o(A4) C [0, +00).

The other inclusion can be obtained constructing a Weyl sequence. Let A € [0, +00), and
define ¢(r) == ¢’V>. For n € N, write I, = (—n,n) and choose a family (f,)neny € C°(R) of
cutoff functions such that 0 < f, < 1, supp fn € Iny1, ful;, = 1 and the first two derivatives
are bounded. Note that the derivatives f; and f) are only non-zero in the intervals (n,n+1)
and (—n — 1, —n), which have constant length. Therefore, the bound on the derivatives can
be chosen to be uniform in n.

We define the new sequence ¢,, = ¢, f,¢, where ¢, > 0 is a normalization constant that
ensures || ¢, |2 = 1. If we want this to be a Weyl sequence, we need to study ||[(A — A)@, || 2.
Use the fact that f,[, =1:

n n .
L= loullfs 2 2 [ fasPar = [ |
-n

—n

2 2 [" 2
dr = cn/ dr = 2nc,,
—n

thus ¢2 < 1/2n. Now, the operator (A — A) acts on ¢,, in the following way:

 In I,,, we have that f, =0 and f) = f/ =0, so

A — Ay, = Acnd + @ = (A —N) = 0.

eInI$ , fp=0and ¢, = (A — A)p, = 0.
e In Iy \:

(A= A)pn = Aenfnd + Cn(fw/zlﬁb + frlz¢l + fn(b//) = cn(Mfn + fé/ + Z\/Xf;z — M),

and the bound
1A = A)dnlle < callfille + VML) = cnoy

holds, where «, is a positive constant that does not depend on n.

With this knowledge we can estimate the L*(R) norm:

1= 6,05 = [ 1= Daufar= [ |0 = ofar < |- Dol [ ar

n+1\{n I7L+1\In

Replace ||(A — A)p, |2, with ¢2a3, and remember that ¢2 < 1/2n to see that

2
I = A)ule < 2ol [ dr=2c2a3< S

1\ n
We have demonstrated that there is a sequence (¢, )nen such that ||¢, || ;. = 1 and ||[(A — A)dn|| 2 —
0 asn — +00, that is, we have constructed a Weyl sequence for A. This implies that A € o(A),
and because A € [0,+00) is arbitrary, together with the other inclusion we conclude that
o(A) =0, +00).
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The operator is also closed. To see this, take a sequence (¢, ),en € H?(R) and functions
¢, ¥ in L*(R) such that ¢, — ¢ and Ap, — ¢ (in L*(R)). First, we show that ¢ € H*(R);
we need to find its weak derivatives. Let n, m € N:

I — &l = [(@h2dr + [(@,)%dr 2 [ dhdr

Because ¢,, and ¢,, belong to H%(R), both functions and their derivatives vanish at infinity.
Next, integrate by parts:

|61, = &ull7e = = [ éndrdr = [ Gneidr +2 [ 6,0],dr,
and rearrange terms:
16, = @rallt = [ u(dn = diddr+ [ (60— dm)ar.
The Cauchy-Schwarz inequality allows us to assert that

2
165 = @nllze < lIénll2lldn — Dmll 2 + N0l 2l on — mll 2

both ||@n|l 2 and |||z = [[A¢m| 2 are bounded, because they converge. They are also
Cauchy sequences, implying that (¢, ),en € L%(R) is a Cauchy sequence too. Completeness
says that there is a function f € L*(R) that satisfies ¢/, — f. It is clear that this is the weak
derivative of ¢; simply take the limit n — +o00 in both sides of the equality

/(b;mdr = —/¢n77/d7“ Vn € C°(R).
Then, f = ¢/ and ¢ € H'(R).

Now we prove that A¢ =1 and ¢ € H*(R). Because ¢,, € H*(R) for all n € N, we know
that

/Aqﬁnndr = —/(b;;ndr = /(b;m’dfr Vn € C°(R).
Once again take the limit to see that
[vn=[onar  wecrm).

This is the definition of ¢” = —t, which belongs to L?(R) by hypothesis. In other words,
A¢ =1 and ¢ € H?(R), meaning that A is closed.

The operator A is symmetric, closed and its spectrum o(A) = [0,4+00) is a subset of

R. It follows from Theorem 2.18 in [16] that A is self-adjoint. This implies that o(A) =
Taisc(A) U 0ess(A); since o(A) has no isolated points, necessarily

0(A) = 0ess(A) = [0, +00).
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Theorem 2.10 The operator Lpr is self-adjoint.
Proor. Start by defining the differential operator A = —% in H*(R) as before, and the
multiplication operator Vpr = —4 sech? (\/57") in L?(R) 2 H*(R).

Clearly, Vpr is symmetric. Moreover, for ¢ € H?(R) we have that

Verdll» < [4sech®(v2- )| _[16ll,2 = 4lloll 2 < 4léll -
This implies that Vpr is bounded relative to A, with A-bound equal to 0:

Verdll <0-[|Ad]l 2 + 4[4l

So far, from Lemma 2.11 we know A is self-adjoint in H?(R), Vpr is symmetric in L?(R)
and its A-bound is less than one. The Kato-Rellich theorem (see Theorem 6.4 in [16]) states
that A + Vpr = Lpr is self-adjoint in H?(R), completing the proof. O

Corollary 2.7 The operator Lsg is self-adjoint.

Proor. The sum Lgg = Lpr + 2 of a self-adjoint and a bounded operator is self-adjoint. Al-
ternatively, because 2 cos(2Hg¢) is bounded one can apply the Kato-Rellich theorem directly
to Lsg. ]

Theorem 2.11 The only eigenvalue of the operator Lpr is Agg = 0.

Proor. The eigenvalues of Lpr are studied in [17], specifically in Problem 12 from Section 1.
To paraphrase the result, for a Péschl-Teller operator of the form

n* d? 9 (T
_QMﬁ_%%m(J

with positive constants A, 1, Vy and a, the eigenvalues are
R? (1 [8uVha? 1 ’
HVoa
En = - o 1-— a )
2ua? (2 h? - (n+2>)
with n =0,1,..., N and N the largest non-negative integer such that

8uVpa?
AN <= 1L

The change of variables © = hr/\/2u, ¥(x) = ¢(r) takes Lpr to the form described in
[17]:

A26 h? d2q
_ﬁ — 4 sech? (\/§T>¢(T) = —@@ — 4sech? (2?/,,?) ¢(x)
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In our case, we see that Vi = 4 and a = h/2,/ii. This means that

8udh?
2N =2 1-1= —1=2;
<’/4h2u+ V9 :

therefore, N = 0 and the only eigenvalue Apr of Lpr is given by the expression

R 4p /3 1\?
)\PT:EOZ_QIMFLQ(Q_2> :—2

Theorem 2.12 The spectrum of Lpr is
o(Lpr) ={—-2} U0, +00).

Proor. We invoke Theorem 2.15 from [18], which we paraphrase now. Define A as the unique
self-adjoint extension of —(f—:Q: C>*(R) — L*(R): clearly, A is just the second derivative in
H%*(R). Let V:RN{0} — R be a bounded, (piecewise) continuous potential such that
V(r) — 0 as |r| = +o0. Assume that V' is A-bounded with relative bound strictly less than
1. Then A+ V is self-adjoint and

Oess(A + V) = 0ess(A) = [0, 4+00).

Our potential Vpr(r) = —4 sech? (x/ir) is obviously bounded, continuous and tends to 0

as |r| grows. Moreover, we demonstrated in the proof of Theorem 2.10 that it is A-bounded
by 0. The theorem then states that

UCSS(LPT) - chs<A + VPT) = [07 +OO)

Additionally, because Lpr is self-adjoint, we can characterize its discrete spectrum g =
0(Lpr)\0ess(Lpr) as the set of isolated eigenvalues with finite multiplicity. Theorem 2.11
shows that ogis(Lpr) C {—2}, as —2 is an eigenvalue that is isolated from [0, +00). Because
Lpr is a second order differential operator, the dimension of the eigenspace of A\py can be 2
at most (and we shall see that it is actually 1). This implies that ogis.(Lpr) = {—2}, and
the result

U(LPT) = Udisc(LPT) U Uess(LPT) = {_2} U [07 +OO)
follows. O

Corollary 2.8 The spectrum of Lsq is
O'(Lsg) = {0} U [2, +OO)

A visual representation of o(Lgq) is shown in Figure 2.3.
We also find the eigenfunction associated to Agg = 0.

Lemma 2.12 The general solution to the equation
—Lsgv ="+ 2cos(2Hsq)v = 0
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Figure 2.3: Spectrum of Lgq.

is of the form
v(r) =c¢ sech(\/ﬁr) + ¢ sech(\/ir) (2\/57“ + sinh (2\/57“))

where ¢; and ¢y are real constants.

Proor. We check that v; = Hg, is indeed a solution:
(Héo) +2cos(2Hgq)H, = —(sin(2Hsg))' + (sin(2Hsg)) = 0.

Now we can apply the method of reduction of order. Let v, = uv; be the other solution. The
function v must satisfy the identity

u"Hge + 2u'Hg, = 0,
and using the fact that Hg. is positive everywhere, we solve by inspection to obtain

T 1
P
u(r) =cy+c3 o (Ho)? s

The expression for vy that we have found allows us to write the general solution as

v(r) = sech(\/§r> + ¢ sech(ﬂr) /r cosh? (\/55) ds.

T0

The integral can be solved explictly to obtain the desired result:

v(r) = sech(\/ﬁr) + ¢ sech(\/§r> (2\/57" + sinh (2\/57’))

Remark After absorbing constants, the general solution can be written as

H//
v(r) = cngG + ¢ (rH’SG — (H,SG)2>.
sG

Corollary 2.9 The eigenspace of Asg is spanned by Hgq. In other words, Hg. is the only
etgenfunction of Asq, up to a constant.

Proor. It is true that the equation Lggv = 0 has two linearly independent solutions v, = Hg,
and vy. However, v, is unbounded; only HY belongs to L*(R), making it the eigenfunction
that corresponds to the eigenvalue Agg = 0. O]

The final theorem of this section will ve vital for future proofs.
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Remark Any mention of orthogonality refers to the usual L?(R) inner product, unless stated
otherwise.

Theorem 2.13 The operator Lgg is non-negative. It is also coercive in span{Hgg}* N
H?(R) C L3(R) for both the L? and H'-norms:

2
Qsa(®) 2 200lz  Qsal®) = Zlolin Vo € span{Hig}" N H(R).
Proor. As Lgg is self-adjoint, from Theorem 2.19 in [16] we see that

0=info(Lsg) = we%l}“(R)@SGMW < (Lscp,¢) Vo € H*(R).
]l 2=1

Coercivity in the L?-norm follows from the min-max theorem for self-adjoint operators
(Theorem 4.10 in [16]). For n € L?(R), define the set S, := span{n}*NH?(R); the intersection
with H?(R) ensures that we stay in the domain of Lgg. The only eigenvalue is 0, and the
infimum of oe(Lse) is 2. Suppose that

inf (L = 2;
1Z1GISHH/ < SG¢7¢> 6 < 2z
SG
qu/)”LQ:l
then 8 would be an eigenvalue, with a corresponding eigenfunction 3. But the only eigen-
value of Lg¢ is 0, and it has one eigenfunction Hg that is orthogonal to 5. This is clearly
a contradiction, so

2 S » inf <ng¢,¢> = inf M

€S, v, Il

5G
ol 2=1

Equivalently:
(Lsc, ) > 2]

for all » € H*(R) that are orthogonal to Hf, with the L?*(R) inner product.

Coercivity in H(R) is deduced from the previous result. For any ¢ € span{Hj.}+ whose
derivative vanishes at infinity, integration by parts applies to the definition for Qs says that

(Lsad, &) = Qsal(d) = — / & ddr — / 2 cos(2Hsg ) dr = / (¢)2dr — / 2 cos(2Hse ) d2dr.
Let § > 0, and substract §]|¢/||» on both sides:

Qs6(6) — 0162 = (1 — D)6/ — [ 2cos(2Hse)sdr
Add and substract terms to obtain

Qsc() — 6| = (1 — 5)(||¢'||§2 - / 2cos(2HSG)¢2dr> iy / 2 cos(2Hger)*dr-
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It is easy to see that ||cos(2Hg¢)||,, = 1, which gives us the lower bound

Qsc(@) = dll/I13: = (1 = 9)Qsa(@) — 26 [ 6*dr = (1= )Qsa(6) — 28]l
Thanks to coercivity in L*(R), the next inequality holds for § < 1:
Qsc(¢) =8l lI72 = 2(1 = 8)lIg ] 72 — 26]16l17= = 2(1 — 28) | §| 7.
Choose § = 2/5: then 2 — 46 = 2/5, and we have
2 2 2
Q5o 2 2191 + 219l = Sl

This shows that Lgg is coercive for the H'-norm in span{ Hg.}*, thus the proof is complete.
[

2.4. Dependence on the parameter

To simplify notation, we replace the parameter a > 0 with € := 1/a so that the 1-kink H.
solves the problem:

" + 2t ¢+ sin(26) = 0 eR
sin = r
- e2r2 +1 ’ ’
(P) $(0) =0,
. T
Jim (r) = +5.

The term accompanying H. in (P) tends to 0 as ¢ decreases, therefore the expectation is
that H. will converge to Hgg.

Theorem 2.14 For any sequence (eg)ren of positive numbers that converges to zero, there
is a subsequence (g,) such that H., and its derivatives converge uniformly on compact sets
to those of Hsg.

Proor. Thanks to the symmetry present in the definition of H., it is enough to prove this
result in Ry. For small ¢, we know from Section 2.1 that H., H. and H! are bounded
uniformly in € on every interval. Explicitly, if we have a compact interval I = [a,b] C R,
then there are constants C;,7 = 0, 1,2, independent of € such that

i

<C;, i=0,1,2.
L>=(I)

To check equicontinuity we use the fundamental theorem of calculus. Take I as before
and x,y € [.

[Ho(a) = Holy)| = | [ HL()ds

< H oy ly — 2 < Chlz —yl.

We obtain Lipschitz-continuity and in consequence, uniform equicontinuity. Thanks to the
Arzela-Ascoli theorem we deduce the existence of a sequence (e )ren such that H,, converges
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uniformly on I to Hgg. The same argument holds for H., and we find another subsequence
(which we also call (¢;)) that guarantees H._will converge uniformly on I to Hgg.

Equicontinuity for H follows from the differential equation

2e%r

H// _H// —
! (@) = B! ()] = 55

|H(x) — Hl(y)| + [sin(2H(x)) — sin(2H.(y))]-
Since sin( - ) is uniformly continuous on compact intervals and both H. and H. are equicon-
tinuous, it follows that H! has the same property. Applying the Arzela-Ascoli theorem again
gives us a subsequence (e )ren such that H,, H. and H! converge uniformly in I.

So far we have proven that for any compact interval I, there is a subsequence that makes
H., and its derivatives converge uniformly in that interval. This is not exactly what we want,
because a single subsequence should guarantee uniform convergence for all compact sets. We
employ a diagonal argument to remedy this problem: define I = [0, 1], and let (&4,) be the
subsequence that ensures uniform convergence in I; for our functions. Now define I, := [0, 2]
and (e,) to be the subsequence of (g, ) that gives convergence in 5. Inductively, one defines
I, = [0,n] and takes (e, ) C (ex,_,) to be the subsequence that makes the functions converge
uniformly in 7,. Define the subsequence (g,) C (gx) to be the n-th term of (g, ); we claim
that this is the desired subsequence.

Checking that this is true is simple. If A is any compact subset of [0,400), then it is
contained in [0, n] for all naturals n greater than some N > 0. By construction H., and its
derivatives will converge uniformly in A, and the theorem is proven. O]

Corollary 2.10 The subsequence in Theorem 2.14 converges uniformly over R.

Proor. Through an abuse of notation let (e;)ren be the sequence given by Theorem 2.14.
Because Hg and H. tend to the same limit as » — 400, for any given § > 0 thereisa R > 0
such that |Hgg — H.| < § for all r > R, or equivalently

sup |[Hsg(r) — He, (1)] < 6.

r>R
It is important to mention that R does not depend on g, because in Section 2.2 we derived an
exponential rate of convergence that is independent of a = 1/e. Because [0, R] is a compact
set, for large k£ we have that

sup |Hsq(r) — H, ()] <6,
rel0,R)

and it follows that
sup |[Hsg(r) — He, (1)] < 6.

r>0

Parity allows us to conclude that ||Hsq — H., ||, < ¢, deducing uniform convergence. For
the derivatives Hg; — H. and Hgy — H! one employs an identical argument. O
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Remember that H. and Hgg satisfy the non-linear ODEs:

2
" 2e*r
e 41

HgG + SiH(QHsg)

H! +sin(2H.) = 0,
0.

Taking the difference and adding extra terms gives us an equation for the difference.

Definition 2.8 We define the function h. = H. — Hgq. It solves the ODE:

" 2%, N 2e%r
e2rz+1 ° e2rz2 41

Hl, + sin(2H.) — sin(2Hgg) = 0. (2.8)
Now we can prove the main results of this subsection.

Theorem 2.15 If the difference h. = H. — Hgg tends to zero uniformly, then its H'(R)
norm decreases to zero quadratically in . In other words, ||he||; = O(e?).

Proor. Recall that h. satisfies equation (2.8):

2%, 2e%r
e2rz+1 ° e2rz2 41

]’Lg + Hé‘G + sin(2H€) — SiIl<2Hsg> =0.

As usual, a first order approximation says that
sin(2H.) = sin(2Hgq + 2h.) = sin(2Hg) + 2 cos(2Hsq)he + O(|h€\2),
and this translates into a linearized equation for h.:

2e2r 92y
// / 2 !
he + mhs + 2 cos(2Hsg)he + O(|h]") = ~ 1 Hse (2.9)
Multiply by h. to obtain

2e2r 2e2r

) 3
hihe + <5 gy hthe + 2cos2Hsa)h? + O(Ihel’) = - 5 5= Heahe.

Next we integrate over R, decay properties and integration by parts say that
[ nedr = = [,
2%y 1 —e%r?
=T phedr = /E%—————Md
/52r2+1 ehedl = (14e2r2)2 ¢ "

The equation becomes

1—827“2 28 T
/(h;)QdT‘i‘/ <€2<1—i_82r2)2_2cos(2Hsg)>hzd7”:/ D) 2+1H5Gh dT"‘/O ’h ‘

We call the quadratic form on the left side (), and remark that it is identical to Qg except
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for a correction term in the potential:

1 —g?r? 2e%r
Q(h.) —Qsc(hg)ﬂ?/mwhgd r= [ S Hishadr+ [O(h)a

The function h, = H. — Hgg is odd, and HY,, is even. Their product is odd and its integral
over R vanishes:

(he, Hy) = [ heHlgdr =0,
In other words, h. is orthogonal to Hgg. Theorem 2.13 says that

Qsc(he) > 2||he|%s,

and we recover an inequality for ) by adding the leftover term:
>/<2+e )>|h|dr

<1 Vr e R,

Notice that

and with this we can get a lower bound for () in terms of the L?-norm:

1 —¢e?r?

13 > 2 € 22 /7
Q(he) = 2[|he|l}2 + € (1 + 2r2)2

hefar 2 20l — < [ Ihfdr = @~ )l (2:10)
We also search for an upper bound on (). We can take the absolute value to get

Qlhe) < / e?r? +

By definition, there exists a constant C' > 0 such that ‘O(|h5|3)’ < C|h.)*:

2

- Hy e |dr+/\o )]

2

Qh.) < /52 P HSgllheldr +C [ |hfdr, (2.11)

On one hand, we use the Cauchy-Schwartz inequality on the first integral:

1
2¢ s [ T (He)? > 2 3
/M|THSG||h |d’l" < (45 /Wdr (/|h5| dT) s

and noting that ab < a?/2 + b?/2 for any real numbers a, b we get:

2e 2 (HSG

On the other hand:
| nePar < el [ IncPar (2.13)
R

These two inequalities help us find a bound for ||A.|| 2, because inequality (2.11) expands
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to

HSG 1 2 2
<ot [ SOl ars L [nFar cln | nfar

The lower bound (2.10) states that

HSG

1 2 2
2+1 d +§||h5HL2+CHh€Holo€”L27

2=kl <2< [

or alternatively
3 TQ(H/ )2
(2 - 52 - CHhayloo) Hha”iﬂ < 264/W?|F1)2d70 < 254/T2(Hé~G)2d7“.

The integral on the right side is positive, finite and constant for €. The key remark here
is that ||h.||,, converges to zero as ¢ — 0% by hypothesis. This means that the coefficient
3/2 — &% — C||he||,, can be bounded below by a positive constant that is also independent of
e. Abusing notation we absorb all these constants into another, called C' > 0, to assert that,
for sufficiently small e:

Ih|: < Ce"

Equivalently
lhell 2 = O(e*). (2.14)

The next step is studying [|AL||;.. We know that

_ 2 2
BO2dr = — SZi 2 cos(2Hsg) | h2dr + =" S Highadr + [ Of hel?
£ ( SG

14 €2r2)?

and taking the modulus shows that

fura

The expression

— 2cos(2Hs) ||| dr—i—/ —IrHigllhe |dr+/]o hel?)|dr.

1 + 527“2

, 1—&r?
8 e —
(1+e2r2)2
is bounded in R by a constant independent of ¢, for all € sufficiently small. For the other
integrals we use inequalities (2.12) and (2.13) to see that (after absorbing constants)

-2 COS(2Hsg)

1
(2 dr < Cllhel3a + Cet 4 SlhelFa + Cllcl e

But we know that [|h||3, is of order O(e*). The hypothesis that ||h.||_ vanishes as ¢ — 0T
ensures that it is not an obstruction for the estimates we desire. Thus, we deduce that

122 = O(). (2.15)

Inequalities (2.14) and (2.15) imply that

1
el = (IhellZ2 + 1R]172) 7 = O,
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proving the theorem.

Corollary 2.11 If the difference h. = H, — Hge tends to zero uniformly, then ||hc|| =
O(£?).

Proor. A standard embedding result (see Theorem 8.8 in [19]) asserts that there is a constant
k such that [|h.|| < k| lhe||g:. This is sufficient to conclude that

hello = O(%).
O

Theorem 2.16 The subsequence (he, ), given by Theorem 2.14 converges uniformly and in
H', and the rate of convergence is quadratic for both. The same is true for (h. ),.

Proor. A direct application of Corollary 2.10, Theorem 2.15 and Corollary 2.11 proves the
first part. To alleviate notation we obviate the subscript n and write h..

As seen in the proof of Theorem 2.15, h. satisfies the linearized equation (2.9):

2e2r

, 9 2%
mha + QCOS(2HSG')}L5 + O(|ha| ) = —

"
hg + 22,2 4 s

Multiply both sides by h” and integrate to arrive at a new equation:

2e2r 9 2e2r
B2+ / Sl / 2 cos(2Hse ) hoh"dr+ / WO(|heP)dr = — / 5 Hiahldr
h. and its derivatives converge to zero as |r| — +o00; thus, integration by parts shows that
2e%r 1 —e%r?
hl h/ld 2 / hl 2d
/ e2r24+1 ° ¢ (1+ 52r2)2( o) dr,

/ 2 cos(2Hse )hoh"dr = 4 / sin(2Hse) Hsghoh.dr — 2 / cos(2Hsg) (hL)2dr,

252T / " 2 "ot 1 - EQTQ / /
[ — Hiyghldr = —22 | oo — Highldr - 22 | s ez Hbahlar
This implies the equality
9 r 1—¢%r 1 —e2r?
B2 = 252/MHgGh;dr + 252/(1+6)H5thdr te /(1+€2r2)2(h/€)2dr

42 / cos(2Hsg) (h.)2dr — 4 / sin(2Hge) Hashohldr — / R'O(|he|?)dr.
Now we take the modulus and bound some expressions, listed here for clarity:

1 —e%r?

~ | | |(1—|—52T2)2 S 1, |COS(2HSG)| S 1, |Sil’l(2HSG)H‘,5vG| S 1.

€2r2+1‘
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With this we can bound the L?*norm of h!:
102G < 26 [ rHgglIntlar +22 [ |Hgllntlar + & [ | Par

+2 [ hifar+a [ nlilar + [ |n)

O(|hel*)|dr.

An application of Cauchy-Schwarz’s inequality on the first, second and fifth integrals result
in

2 2
IRZ11z> < 2e*llrHgell 2 1Pl 2 + 26% [ Higg | 2 | L 1 + €2 117

2L + Al o e + [ 1R O(R

We know that H§.(r) = —2 tanh(\/ir) sech(ﬂr), which means |[rHgg| ;- is finite. In
addition, |h?| is bounded uniformly and indepently of ¢ thanks to Corollary 2.10: simply
take ¢ small enough to guarantee that ||R/||__ < 1. Also, 4||hc|| o ||BL] 2 < 2|[hellZ2 + 2] A2 ][5

Using that ‘O(|h€|2)‘ < C|h.|? for some positive constant C' we have the equality:

2 2 2 2
P27z = 2¢*(Ir Hill 2 + | Hall )10l 2 + (2 + €2 IR 72 + 2l + CllAc] e

As demonstrated earlier, in equations (2.14) and (2.15) we see that both ||h.|| ;> and ||AL]| ;-
are quadratic in €. Thanks to this we deduce that

1921172 = 2(lr Hgll 2 + [ Hsall 2)e20(%) + (2 + €2) O(e?) + 20(e*) + CO(e?).
This gives us the rate of convergence we need:
121l > = O(e?).
Like we mentioned previously, ||h.||,- is also of order O(g?). This implies that
1R ]l = O(?).

Finally, we use the same Sobolev embedding invoked in the proof of Corollary 2.11 to conclude
that
IhZ]l = O(e%).

]

From now on, when we take limits of the form ¢ — 0 that involve H., they will be
understood to mean the subsequence H., from Theorem 2.14. As an application of this
result, we show that the solution H,. for problem (P;) in Section 2.1 is unique.

Theorem 2.17 The function H. is the only odd solution to problem

¢,, N 2r

7 e ¢ +sin(2¢) =0, reR,

lim ¢(r) = j:g,

r—+oo
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for all sufficiently small €.

ProoF. Suppose there is another odd solution H,.. Define h. = H. — Hge as usual, and
h. = H. — Hgq. These functions are odd, and hence orthogonal to H s as explained in the
proof of Theorem 2.15. The results so far apply to both, since they do not rely on uniqueness:
this means both are quadratic in €.

The non-linear equation for A, is

2e2r

W+ gy (e + Hse) + sin(2H.) — sin(2Hsc) = 0.

The Taylor series for f :=sin(2-) centered at Hgg is

00 ) (H
f(H.) =sin(2H,) Z (H. — Hsg)" Zan an:f;!SG) Vn € Ny,

which can be replaced in the equation for h. to obtain

2¢e2 oo
=7 (h. + Hge) + sin(2Hgg) + 2 cos(2Hsq)he + Y aphl — sin(2Hsg) = 0.

h//
e T exr? +1 o

This is equivalent to
2e%r

Lsche = ———(h. + Hgg) + ) ayh
SGlle 2272 4 1 ( SG nz;
and the very same argument shows that
Lsch — 27 (W 4+ H
sG 6—W( + s(;)‘f‘nz;an

Define g. = h. — h. = H. — H., which is also orthogonal to Hsg and of order O(g?). The
difference between the previous equalities shows that g. solves

2e2r

LSGgs = 2 2+1g€—|— Zan(h" En)

Use the elemental identity

n—1
he =Rl = (he — D) > 2910
j=0
to see that .
2 o N—
Lscge = 53 1E+ggZZanh"jlh]
+ n=2 j=0

Multiply by g. and integrate to obtain an expression for (Lsg¢., g:) = Qsc(ge). Integration

by parts shows that
2

2e%r , o [ et —1
/ e2r? + lgggedr —° / (e2r2 + 1)295(1717
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thus

oo n—1 .
Qsc(g:) = 52/( 272 4 1) 296d7n + /ga Z anh?_J_lhidT'
n=2 j=0

Next we take the absolute value of the right side:

|€ oo n—1

Qsa(g:) < ¢ /( %2 4 1) 2ggdr—l—/g8 ZZ lan||he|" R

j

On one hand, it is easy to see that

le2r? — 1] -1
(e2r241)2 = 7

on the other, we have that

a| 2|Sin(2Hgg)| if n is even,
a,| =< ™
%|COS(2HSG)| if n is odd.

In either case, |a,| < 2"/n! and we deduce that
oo n—1 on

Qsa(9) < el + [ 23 2R

n2—0

-, and ||h.

respectively. Earlier results indicate
oo
that these norms are of order O( 3, that is, there is a constant C' > 0 (we can choose the

same constant for both without loss of generality) such that |||, < Ce? and ||h.|| < Ce?
if €2 is sufficiently small. It follows that
-1 , - _
= 2" n—j—1|7 |7 2" n— 2" n—
3 R < 5 ey oey < 5 sty < Dosyn

The series can then be bounded by

oo n—1 on . 0o n—1 0o 1
>3 =2 L (202)" = 2 1),
n=2j=0 't n=2 \"t. = 1): n=1 "

and the integral obeys the inequality

oo n—1 on

/gszzflh " A

2 1) [ g2ar = 22 — 1)

So far we have shown that

2
Qs (9:) < Ellge | +2(e*°% — 1) g7z

Remember from Theorem 2.13 that Lgg is coercive with constant 2 for functions orthogonal
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to H’SG:
201gell72 < (€2 + 262" — 2)|ge |3 (2.16)

Both £2 and €2°%* — 1 tend to zero; therefore, if  is sufficiently small, it is true that
2 42620 2 < 2.

The only way inequality (2.16) can hold in this case is if ||g:|;. = 0, which implies g. = 0
almost everywhere. Since g. is continuous, this means that g. = 0 everywhere and we
conclude that h, = h,. O

We believe that the solution should be unique for all £ > 0, that is, prove Theorem 2.17
without the hypothesis on €. A proof of this statement has eluded us.

2.5. Linearized SGWH operator

In this section, we study the spectrum of the linearized SGWH operator in accordance with
[8] and expand the arguments therein to provide more detail. Remember that the stationary
equation is

2e%r
elr 41

To simplify future analysis we consider the non-linear differential operator with opposite sign.

H! + H! +sin(2H.) = 0.

Definition 2.9 The Sine-Gordon differential operator on a wormhole, or SGWH operator,
18
d? 2¢2r  d

D= =T 2
c dr?2  e2r2 4+ 1dr

—sin(2 ).

Proposition 2.5 The linearization of Dsg at H. is the operator

L.: H*(R) C L*(R) — L*(R)

d?¢ 2e2r  do¢
29 €% 9 cos(2H.
¢ dr?2  e?r2+1dr cos(2He)®

Proor. Its Fréchet derivative at H, is

d? 2¢%r d

Lo=-S - =7 ¢
c dr?2  e2r2 4 1dr

— 2cos(2H.,),
hence the linearization of D, in a neighborhood of H. can be written as
D.(H.+ ¢) = De(H) + Le¢ + 0(¢) = Lep +0(9) Vo € H'(R).

O
We study the operator L. in terms of the auxiliary function ¢» = /72 4+ 1/£2¢, like we did

58



in Section 2.2. The derivatives of ¢ expressed in terms of v are

o = v T o = o 2y 4 3r? B 1
PrE ()t PrE (k) \(Ped) (+d)

With this change the operator L. takes the form

1 g’
\/E[@?/f =—¢" + m¢ — 2cos(2H.)y.

Definition 2.10 We define the operator L. = /7% + 1/e2L. on H*(R). With the potential

2

€
it becomes 2 ) 2
€
b 9c0s(2H.) = —— + V..
Le dr? + (e2r2 4+ 1)2 cos(2H) dr2 +Ve

Remark The term €2/(e?r?+1) is the potential U, defined in Section 2.2, expressed in terms

of e: \
a? € g2

V)= ey e = 2@y - @R

We refer to it as U, for convenience.

Proposition 2.6 Let Lgq be the linearization of the Sine-Gordon operator near Hgg. Con-
sider also the functions

W = cos(2Hgg) — cos(2H.), Ve = U +2W.

Then L. is of the form
L.=Lsc+ Ve

Proor. Remember that Proposition 2.4 says Lgg = —% — 2cos(2Hs¢). The result is an
immediate consequence of adding and substracting 2 cos(2Hg¢) in the definition of £.. [

Definition 2.11 The quadratic form Q. is defined as
Q.(¥) = (Lab, ) = Qso(¥) + [ Vardr vy e H'(R).

Proposition 2.7 The potential V. is of order O(g?) as e — 0T,

Proor. The term U, is clearly quadratic in €2. As for W, a first order expansion shows that
W = 2Sin(2chr)(H5 — Hgg) — O(‘[{6 — HSGyQ).

Theorem 2.16 states that h. = H. — Hsg is of order O(g?), and the result follows. ]
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We mimic the procedure used in Section 2.3 and utilize an auxiliary operator to understand
the spectrum of L..

Definition 2.12 Define the potential

V.(r) = —4sech’ (\/57’) + V(r)
and the differential operator
L. = —;:2 — 4sech2(\/§7“) + V.= —;:2 + V..
Remark The definition implies £. = £. + 2. This is the analogue of the Poschl-Teller
operator utilized previously.
Theorem 2.18 The operator L. is self-adjoint for all small e.

Proor. The proof resembles that of Theorem 2.10. We write A = —(;% defined in H*(R)

and the multiplication operator V.. We already know A is self-adjoint; the only obstacle is
to show V. is A-bounded with constant less than one.

The potential V. is bounded:

Ve

< 4Hsech2<\/§ : )Hoo + Vel <4+ 0(%) < 5.

With this, demonstrating V. is A-bounded is trivial:

and the A-bound is 0. The result is obtained by applying the Kato-Rellich theorem to
Lo=A+V.. O

Vet

12 S0l <50l g2,

Corollary 2.12 The operator L. is self-adjoint.

Proor. The sum of a self-adjoint and a bounded operator is self-adjoint. O]

Theorem 2.19 The essential spectrum of L. is
O-ess(ia) = [O7+OO)

Proor. Once again, Theorem 2.15 from [18] is the key, just like in the proof of theorem
2.12. The potential V. is continuous and vanishes at infinity: checking this for the term
e?/(e?r? + 1)? is trivial. Remember that both Hgg and H, have the same limit conditions
+7/2, so

lim cos(2Hgg(r)) = cos(m) = TEIJPOO cos(2H.(r))

r—-+o0o

and the same holds for r — —oo. We deduce that

lim W(r)=0,

|r|—+o0
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giving us the limit V.(r) — 0 as |r| = +o0.

As a consequence, V. is continuous, bounded and goes to zero as |r| = +o00. From the
proof of Theorem 2.19 we know that it is also A-bounded by 0, where A is defined as before.
These are the hypothesis of the theorem, and we obtain the result

O—ess(ﬁe) = UeSS<A) = [07 —l—OO)

Corollary 2.13 The essential spectrum of L. is
O-ess(ﬁa) = [27+OO)

After describing the essential spectrum, the eigenvalues are next.

Theorem 2.20 The operator L. has at least one eigenvalue, if € is sufficiently small.

Proor. To determine the existence of an eigenvalue, we use Proposition 2.17 in [18], which
states the following: take A as the unique self-adjoint extension of —%: C*(R) — L*(R).
Let V: R? — R be a bounded, (piecewise) continuous potential that converges to 0 as
|r| — 4+o00. Suppose that V' is A-bounded, with the constant being strictly less than 1. If
there is a function ¢ € H*(R) with ((A + V), ) < 0, then A+ V has at least one negative
eigenvalue.

Most of the hypothesis were checked in the proof of Theorem 2.19, the only one left is to
find a function ¢ € H*(R) that satisfies (L., 1) < 0. We claim that ¢ = Hy, is the correct
choice. By definition, we know that

L.Hy = LprHge + VeHq,.
Use the fact that LsgHsy = LprHge + 2Hg, = 0 to see that
L Hye = (=24 Vo) Hyg,
and take the inner product with Hg.:
(L-Hsg, Hog) = =2\ Hygll» + (VeHsg, Hig)-

Now we take advantage of Proposition 2.7. Write the inner product explicitly and bound
V..

(VeHg i) = | [ VilHge)dr

This can be combined with the previous inequality to obtain

< [ IV(Hse)dr = Vel | gl

~ 2 2
(L-Hgo, Hyg) < =2/ Hog e + [(VeHsg, Ho)| < (=2 4 Vel o) 1H 6 112

Since ||VZ||,, tends to zero as ¢ — 0T, there is a gy such that, for all positive ¢ < &, the
quantity —2+||VZ|| is negative. This is to say, for all ¢ < &y, the inner product (L. Hg¢, Hyq)
is negative. The hypothesis are satisfied, meaning there is at least one negative eigenvalue of
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L.. O

Corollary 2.14 The operator L. has at least one eigenvalue.

Our next task is to corroborate our intuition that the first eigenvalue \. of L. tends to
Asg = 0, and we do so through its Rayleigh quotient. To properly estimate this quantity we
need intermediate results.

Lemma 2.13 The solution to

w” +2cos(2Hgq)w = —2rHg, 1 € R,
w(0

lim  w(r
[r| =400

0,
0

~— —

is of the form
w = A(r) sech(\/ﬁr) + B(r) sech(x/ﬁr) (2\/57“ + sinh (2\/57")),

where

A(r) =12 tanh(\/ﬁr) — /T stanh(\/is)ds,

0

B(r) = —; /TOO ssech2(\/§s>ds.

Proor. We know from Lemma 2.12 that the general solution to the homogeneous equation is
c sech(\/ir) + ¢y sech(ﬂr) (2\/57“ + sinh (2\/§r)), and that Hy,(r) = \/§sech(\/§7’). The

wronskian of these functions is constant and equal to 41/2; therefore, variation of parameters
states that the particular solution is

w = A(r) sech(ﬂr) + B(r) sech(ﬁr) (2\/57“ + sinh (2\/57"))

The functions A and B are given by the formulas
1 L
Alr) == / 2v/25% sech? (\/53) ds + - / s sech? (\/58)2 sinh(x/ﬁs) Cosh(\/ﬁs) ds + ¢,
2Jo 2 Jo
1 T
B(r) = —7/ ssech2<\/§s>ds + ca,
2 Jo

with real constants ¢; and cy. Algebraic manipulations plus integration by parts in the first
integral reduce A to

A(r) =r? tanh(\/ir) — /T s tanh(x/ﬁs)ds +c1.

0

The next step is to incorporate the conditions into this solution. At the origin we have
w(0) = A(0) = ¢, = 0.

The first term of w tends to zero at infinity: tanh is bounded, thus A grows polynomially
and the exponential decay of sech eliminates it. The term accompanying B is unbounded,
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but setting ¢, = —2 O ssech? <\/§S) ds ensures that w vanishes. Indeed, with this choice

2 J—0o0
we have that |
B(r) = —5/ s sech? (\/Es)ds,

which approaches 0 as r — +00 because it is the integral of an odd function. It follows that
the expression

V/2r sech (\/57“) /_T s sech? (\/53) ds

also tends to zero in the limit.

The more interesting term is

. " 2 1 " 2
smh(ﬂr) /_oossech (ﬂs)ds = csch(\/ﬁr)/—oosse(:h (\/§s>ds,

where both the numerator and denominator tend to zero. This suggests the use of I'Hopital’s
rule, which grants us the equality

. [fs sech? (\/53) ds o r sech? (\/57“) 1 . sinh? <\/§r> 0
T_I’IJPOO csch(ﬂr) B ”_1>£fn°° —ﬂcosh(ﬂr) csch? (\/ﬁr) B _ﬁ 7”_15{100 rm e
Therefore,

lim B(r) sech(ﬁr) (2\/57‘ + sin(Z\/ﬁr)) =0

[r|—=+o0

and the limit condition for w is verified. Since all constants are known, the proof is complete.
[

Lemma 2.14 For sufficiently small €, the integral

[ War = [ (cos(2Hsc) — cos(2H.)) (Hig)*dr
1S positive.

Proor. For small €, H. is a perturbation of Hgg as shown in Theorem 2.16. A first order
expansion shows that

cos(2H i) — cos(2H.) = 2sin(2Hgg) he + o(|he]?),

and this implies
/(HISG)QWdT = 2/Sin(2HSG)hs(H§G)2d7” + /O(‘h«e’Q)(HZS‘G)er'

Theorem 2.16 says that both h. and b’ are (uniformly) quadratic in &; therefore, O(|h.|*) =
O(g). Meanwhile, the quantity &r/(g?r? + 1) is of order O(e):

) r , €71 €
= ¢“max =c = =
r>0 g2r2 4+ 1 e2e=14+1 e+1

e2r
e2r2 41

O(e).

max
reR
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It follows that 0.
er ., :
ey =0
We are interested in the sign of the integral, where h. plays a crucial role. We derived the
linearized equation (2.9) for h. in the proof of Theorem 2.15:

2%

2
wo 26T e
g2p2 4 17 9C

2
et oy 1h'€ + 2cos(2Hgg)h: + O(|h|") =

This can be simplified by focusing on terms of order O(¢?), and leaving the expressions
studied earlier as a function O(e?):

2% 5
hg —+ 2 COS(QHSG)]’LE = _WH.ISG — O(g ) (217)
Note that
r g3

T — =
e2r2+1  e2r2 41

This implies that

er

e2r2 4 1°5¢

/ 3
Hger
e2rz +1

4

= < Oe*,

e2rHy, —

for some finite constant C' > 0, because Hg,r® remains bounded. From this we deduce the
approximation given by

2e2r 2e2r
£2r2 4 1 s = mHQG +2e%rHyg — 26°rHg = 2e*rHgg + O(eY),
and combined with equation (2.17) we get a new approximation for h.:
R! + 2cos(2Hsq)h. = —2e*rHg, — O(£%).

The objective here is to determine the sign of the integral, and to do so we have to know
h. explicitly. The advantage of the previous approximation is that perturbations of higher
order in € will not affect the sign of h., if € is small. Thus, the sign of

/ (cos(2Hsc) — cos(2H.))(Hlse)2dr

equals the sign of
262 = 2¢? / sin(2Hse)(Hle)?w dr

where w solves the linear, inhomogeneous equation

w” 4+ 2cos(2Hsg)w = —2rHy,.
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The previous lemma gives an explicit formula for w, which lets us write I as
I[= 4 / tanh (v/2r) sech’ (V2r) <r2 tanh (v/2r) — /0 ' stanh(x/is)ds)dr
—2 [ tanh(V2r) sech (v2r) (2v2r + sinh (2v2r ) ) ( / TOO s sech? (\/is)ds) dr.
The integrand is even, so:
I= s [ tanh(Var) sech(V2r) (s tanb(var) = [ stanh(vas)ds)dr
= " tanh (v2r) sech (V2r) (2v/2r + sinh (2v/2r)) ( | s sech2(\/§s)ds> dr.

The integral is difficult to compute explicitly, and we opt to use numerical methods to
determine its value and, more importantly, its sign. We use the module scipy in Python
3.6.13 to integrate from r = 0 to r = 250; this value is chosen because of numerical instability
as the interval grows larger. Note that the integrand decreases exponentially, thus the biggest
contribution to the value of the integral lies near the origin. Numerical integration gives a
value of 0.707106781186547, which is positive. Annex B contains the Python code written
for this purpose. [

Corollary 2.15 For sufficiently small ¢,
/ (HLo)2Vidr > 0.
Proor. From the definition of V,:

[tz vadr = [(HgUudr + [ (Hig) W,

The first integral on the right side is positive because U. > 0, and the second is also positive
thanks to Lemma 2.14. O

We are now ready to study the first eigenvalue of £.. The order of this quantity is shown
to be quadratic, as proven in [8].

Theorem 2.21 The first eigenvalue \. of L. is of order O(g?) as e — 07.

Proor. Let v € H%(R) be a function, and decompose it into a co-linear and an orthogonal
part:

w = OéH{S'G + 6”7

where «, € R are constants and n L Hgg, all of them depending on . The norm of
equals

2
1172 = o Hagll 2 + Bl 2.

due to orthogonality.

Apply the quadratic form Q. to :

Q€<¢) = 042<£ng@ H,/S'G> + a5<£€HgG7 7]> + a6<Hé'G7 £En> + 62<£€n7 77>
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Because LsgHg, = 0, the action of £. on Hg reduces to L.Hgy = V.Hg. Moreover, L.
being self-adjoint implies that (Hgq, L) = (VeHgq,n). In summary:

Q. () = o*(VoHq, Hyg) + 2a3(VeH g, ) + B*(Lon,n).

Corollary 2.15 implies that a*(V.H§q, Hs;) > 0. Similarly, coercivity for Lgg from The-
orem 2.13 shows that

Q-(n) = 2|nllzz + (Ven, ).
We can bound V; below by —||V;||. to see that (Von,n) > —|[Ve|l |7l

(Venm) = [ Verkdr = = Vel [ ndr = = Vel

Therefore,
Q.(n) > 2 — [Vl )l

Thanks to Proposition 2.7, there is a constant k& > 0 such that ||V.|| < ke? for all € close to
zero. It follows that

Q.(n) > (2 — ke?)|In|l7

The term in the middle can be bounded using the Cauchy-Schwarz inequality:

2|aB|[(VeHse m| < 2lapll|VeHgell 2]l -

The potential V. can be taken out of the norm as ||V, _:

1 1
IVetgele = ([ V2GS )" < (WVIE, [ (Hge)dr)” = IVellol Hsgl e
The well-known inequality 2ab < a? + b? for real numbers a, b implies that
2
20 BlIV:Higl a1l < Vel (021 gl + B20ml1%:).

where we chose a = ||| Hygl| 2 and b = [B][|n]| 2. As (042!\H’scHiz + BQHUH;) equals [|¢)]|7.,
we obtain:
2
2aB(VeHyg, n)| < ke?|[¥]].

These bounds illustrate that
Q.(v) > —ke([Y]|72 + 5*(2 — k<) |mll7-

The term 232%||n|%, is non-negative. In addition, 52||n]|7. < o?||Hsgl22 + B2(|nll5», thus
B2|nll32 < ||¥]|7,. From this, it follows that

Q) > —2k[Yl[ Vv € HA(R).
Divide by ||¢|3. and take the infimum over ¢ € H?(R) to deduce a lower bound for the

eigenvalue:
in Qa(f) > —2ke?.
VEHA®) (||
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An upper bound is easier to find. We can evaluate the Rayleigh quotient at Hy:

A = inf <£a¢>¢> < <‘CEHA/S”GaH{5'G’>‘

e = 1mn D) = 2
veH®) ]2, | Hsgll 72

Remember that £.Hg, = V.Hg. Like we did for n, we see that
2 2
(VeHq, Hye) < Vellooll Hsellze < kel Hg 7o
Combining these inequalities we get

2
L (LHlg, Hig) _ b Hyg 2

= ke? < 2ke2
T Hsell: T I1HsGl
The lower and upper bounds together imply that
I\e| < 2ke? = O(e?),
for all sufficiently small ¢. O]

Theorem 2.22 The first eigenvalue \. of L. is strictly positive for all sufficiently small .

Proor. Let 1. be the normalized eigenfunction corresponding to the first eigenvalue A.. Since
L. is a perturbation of Lgq, we expect that 1. to be a perturbation of Hg, the eigenfunction
for Lsg. Introducing an auxiliary function . € L?(R), this translates to 1. = a.(Hgq+£21.),
where a. > 0 is a normalization constant. Note that we can take 7. orthogonal to Hgg,
because the co-linear component can be incorporated into the constant a.. The eigenvalue
equation becomes

eLsan. + VeHig + €°Vene = A (Hig + £712),

or equivalently

1
Lsgne + (Ve = A)ne = go\s — Vo) Hy.

Before we verify that A, is positive, we need a bound for ||7.|/;.. Take the preceding
equation, multiply by 7. and integrate:

1 1
<LSG77€7778> = Asg<HéG>77€> - ?<V:-:HZS‘G777€> + )\EHnEHiQ - <‘/€775777€>-

Orthogonality eliminates the first inner product on the right side, and thanks to Theorem
2.13 we can use coercivity:

1
(VEHéG???J + )\EHUEHiQ - <VE775,775>. (2'18>

2||n: 1172 < (Lsane,me) = =

The norm ||Hgg|| ;- is a finite constant, which we call C' > 0. We can take the absolute value
on the right side and use the Cauchy-Schwarz inequality:

1
2 2 2
20mellze < ZCRlnellpz + el lInellze + ke™lInel e
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Divide by ||n| ;. and rearrange the resulting expression:
(2 = |A] = k) Inell 12 < Ck.

Both |\.| and ke? approach zero, as seen in Theorem 2.21. We take advantage of this by
choosing € in a way that ensures 1 < 2 — |\.| — ke?, as this implies

176l 2 < CK;

in other words, ||n:||;- is bounded independently of . Additionally, the normalization con-
stant tends to 1/C' as € decreases:
Hig + €°n.

2 2 2 2
L= [[¢e]|72 = o2 = 2| Hygll 72 + ¥lnell32) = a2C*(1 + O(Y).

Now we can prove that A, is positive. The quadratic form applied to . is

1
—5Q:(%e) = (LeHiq, Hyg) + 26 (VeHisgr,me) + e

€

Bounding by ||V;||,, shows that
(VeHg,ne)| < CIVellollnell 2 = O(€*)O(1) = O(e?).

So far, we have the estimate

1
@Qe(%) = (LHg, Hyg) + O(e") = (VeHgg, Hyg) + O(Y).
€
We know from Corollary 2.15 that (V.H§q, Hs,) > 0, and we proved earlier that it is
quadratic in €. The normalization constant «, does not interfere in our analysis, because
it approaches 1/C as ¢ — 07. The conclusion comes from the realization that the sign of
Q. (1.) only depends on lower order terms, if € is sufficiently small:

Ae = Q.(v.) = a2(VoHg, Hg) + O(e*) > 0.
]

It is also known from [8] that the eigenvalue is unique, shown directly by establishing
the inequality £. > Lgg . This completes the description of o(L.), illustrated in Figure
2.4. We believe an alternative proof of this fact could use the technique known as Darboux
factorization, used to demonstrate a similar conjecture for a different model in [20].

)\5 Oess (Ea)
®

0 2

Y

Figure 2.4: Essential spectrum of £, and its first eigenvalue A..
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2.6. Brief discussion about the n-kinks
The stationary SG equation in flat spacetime is:
¢" + sin(2¢) = 0 Vr e R.

The potential energy is sin?(¢), shown in Figure 2.1. The sinusoidal shape plus conservation
of energy implies there are three types of solutions that depend only on the starting velocity:

1. If not given enough kinetic energy, the particle ¢ will not be able to traverse the first
hill and will instead oscillate forever in the interval (—m/2,7/2).

2. For a unique velocity, ¢ will approach the top of the hill in the limit » — 4-oc0.

3. If given more energy than the previous case, the particle will surmount the hill and,
thanks to conservation of energy, will traverse the following ones as well. This trajectory
is unbounded and escapes to infinity as r — +oo.

As discussed in Section 2.1, the new term in the SGWH equation introduces an analogue
for friction, meaning that the potential and kinetic energies of the particle ¢ are no longer
conserved. This changes the possible outcomes of the trajectories:

1. If the particle does not have enough kinetic energy to surmount a hill. it will stay in
the potential well, oscillating and losing energy.

2. Given the exact amount of kinetic energy required, ¢ will approach the top in infinite
time.

3. Larger amounts of kinetic energy will allow the particle to continue travelling past the
hill. However, because of friction, it will keep losing energy until it can no longer move
past a crest. At this point, we return to the previous two cases: the particle will either
stay in whatever potential well it is in, or it will approach the next local maximum as
T — +00.

The difference is clear: solutions of equation (2.1) can only stop at the first potential peak
(in infinite time), but if it surpasses 7/2, then it will never stop. In contrast, solutions of
equation (1.3) can stop at any peak

Given n € N; the aim is to find a solution H, of equation (1.3) that travels between peaks
in the potential, for a total distance of nrw, as r varies from —oo to +00. These multiples of
7 are known as topological sectors; the solutions, known as n-kinks, are said to connect the
0 and n topological sectors. In the model described, this condition can be established in this
way: for odd n, the solutions we are interested in satisfy

r—+oo

H,(0)=0, lim H,(r)= i%.

Figure 2.5 shows the potential for the equation. The function H, travels from the peak
at —nm/2, which corresponds to H,(—o0), to the opposite peak at nm/2, corresponding to
H,(400).
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r = —00 H, r =400
—2r  _3m —T -z s m 3m 2m
2 2 2 2

Figure 2.5: Distance covered by the kink for n = 3.

Figure 2.6 shows a rough sketch (not a numerical simulation) of the kink that covers a
distance of 37, or 3-kink. It is anti-symmetrical and tends to +37/2 as r — 400, never
reaching it in finite time.

L

S

|
NI

_3m

Figure 2.6: Sketch of the 3-kink.

The case for even n is slightly different. The previous limit condition would place H, at
potential wells at infinity, which is the opposite of what we want. To remedy this problem,
we have to sacrifice symmetry and impose the asymptotic conditions

. T ) T
dim M) =~ =13, T H() = (0 D)
Figure 2.7 illustrates this change. To travel a total distance of nm for even n, and also land
in the potential peaks at both infinities, it is necessary to replace symmetry at » = 0 with
respect to the origin with symmetry relative to 7/2. It is worth mentioning that one can

recover the original symmetry with a translation; this leads to a sign change in the potential,
and the problem is equivalent to the one we study.
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Figure 2.7: Distance covered by the kink for n = 2.

A sketch of the 2-kink can be found in Figure 2.8, where the symmetry wih respect to /2
is more apparent.

Figure 2.8: Sketch of the 2-kink.

An idea for a proof would be to use the shooting method in a similar way as the 1-kink,
though care must be taken in the case for even n because of the different formulation. Let
by refer to the initial velocity of the k-kink. For odd n > 1, one could employ an inductive
argument by defining

An::{b>bn_2:3r>0, gb(r)>n;};

in fact, the same proof that shows A is open and non-empty works for A, with minor
modifications.

The difficulties arise when studying the set
nro
B, ::{b>bn_2:5|r>0, o(r) < 7/\(?(7“) <0}.

It is trivial to see that it is open, but finding an element in it is not so simple. The crux
of the matter lies in the relationship between b and ¢: one would expect that if b > b,,_o,
then the trajectory would surpass the (n — 2)-kink. However, a proper justification for this
intuition has eluded us.

71



Should one prove B,, to be non-empty, the rest of the demonstration closely resembles that
of the 1-kink. The set A, excludes trajectories that surpass nm/2, while B,, excludes those
that stop before. It is important to mention that k-kinks for odd £ < n are bounded above
by nm/2 and never stop before reaching their targets; this is why we take b > b, o in the
definition for A,, and B,,, to make sure no other velocities by can be found in the complement
(bp—g,+00)\A U B.

The case where n is even is different, because the potential is inverted. This is the price to
pay for symmetry at r = 0, the translation changes the sign of sin?(¢) (the added constant
is irrelevant) and forces ¢ to start at a local potential maximum instead of a minimum.
However, we do not think this is a major complication, and the underlying ideas should still
ring true.
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Chapter 3

Conclusion

The aim of this work was to study the stationary Sine-Gordon equation on a wormbhole,
and a particular solution known H, as the 1-kink. In this context, we have described the
Sine-Gordon equation, the wormhole geometry and how it changes the problem of finding
appropiate solutions, providing a brief background on the differential geometry concepts
needed to understand the setting. We have proven the existence and uniqueness of the 1-
kink, showcasing many of the intricacies and complexities underlying the equation and its
solutions. Many of the intermediate results and arguments used in the proofs are interesting
in their own right, and help pant a more detailed picture of the stationary model.

In this vein, we delved further into the nature of the 1-kink, in an attempt to establish
properties that mimic those of the kink of the SG equation. This lead us to derive asymptotic
convergence rates for both H, and its derivatives as r grows to infinity; we found that one can
obtain a purely exponential rate independent of the parameter a. Related to this quantity is
the convergence rate of H, to the flat SG kink Hgg, which is shown to be quadratic for both
the supremum norm and the Sobolev norm in the space H!. This is expected, as the term
in the SGWH equation that corresponds to the parameter tends to zero as a goes to infinity.

In addition, our study of a slightly-modified linearized SGWH operator L. points in the
same direction: the first eigenvalue of L. displays quadratic convergence to zero, the eigen-
value of the linearized SG operator Lgg. These results support and extend the work realized
in [8], fulfilling the goal of this thesis.

There are multiple ways to extend this research. For example, one could focus on the
detailed study of the numerical aspects of the wormhole equation, and provide simulated
solutions through careful implementation of the shooting method. Another path would be
to follow the discussion in section 2.6, and show the existence of n-kinks that travel a total
distance of nm. This family of solutions is particularly interesting, because it is absent in the
flat Sine-Gordon model. We suspect that many of the lemmas and theorems presented here
generalize to these functions. Finally, while the stationary model has value in its own right,
it is still limited compared to the dynamic case. Results that translate some of the ideas
shown in this thesis to time-dependent solutions would be very valuable, especially as a way
to approach the soliton resolution conjecture.
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Annexes

Annex A. Laplace-Beltrami operator

The following is an alternative derivation of the Laplace-Beltrami operator on a wormhole
using the Hessian tensor, for those with a background in differential geometry. The Koszul
formula allows us to compute the Christoffel symbols of the Levi-Civita connection associated
to this metric. The only nonzero symbols are:

ro_ _ ", = —rsin? e, =r% = —_

. T, 00 rsin’(g), I, =14, r? +a?’

. ) T o o _ cos(®)
Lo =sin(@) cos(¢), Thp =Ty, = 575, Top =Ty = sin(¢)

With this information we can compute the hessian tensor of a given function f € C*(M).

By definition
Hess f == V?f = VV f = Vd/.

Let p € M be an event in spacetime, and X,Y € T,M tangent vectors at p. It follows from
the definition of covariant derivatives for differential forms that

VAdf(X,Y) = (Vxdf)Y = X(df(Y)) — df(VxY).
Label the coordinates 2° = t,2' = r,2? = ¢,2® = 0. Introducing the coordinate frame

{0, :1=0,1,2,3} and its coframe {dz” : ¥ =0,1,2,3 }, and expressing X = X*J,, Y =
Y9, in this frame we see that

V(Af)(X,Y) = X(Y*0,f) = O, fdz” (X", Y Do + X"YVT%,00).
Thanks to the Leibniz rule,
V(Af)(X,Y) = X'YY0u f + X'9,Y"0, f — X', Y0, f — X'Y'T%,0uf.
Thus, in local coordinates the components of Hess f are given by

(Hess ), = O f — I}, 041

The metric g is Lorentzian, therefore its Laplace-Beltrami operator is hyperbolic and we
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refer to it as the wave operator Og:
Oy f = trHess f = ¢"(Hess f),..

Since ¢ is diagonal, this reduces to

3

3
Oyf = Z g"*(Hess f)u, = Z gt <8Wf — Ffjuaaf).

p=0 pn=0

Under the additional assumption that f = f(¢,r) is radial, we have that dsf = dgf = 0, so
3
Oof = 3 9" (Ouuf = 4,0 = T3,0.f).
n=0

Note that F/Zu is always zero. Now we are ready to expand the sum using the expressions for
the Christoffel symbols:

1

sin?(¢)(r2 + a2) (=(=rsin®(¢))0..f).

Ouf = —0f + 0 f + e (—(—r)Of) +

r2 + a?

In conclusion, the wave operator for a radial function f on a wormhole is

g

T
r2 4+ g2

Dgf = _attf+6TTf+
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Annex B. Code

This is the code used to determine the sign of the integral I in the proof for Lemma 2.14 in
Chapter 2, Section 2.5. Script run on Python 3.6.13, with the modules NumPy 1.19.2 and
SciPy 1.5.2.

Code B.1: Code used to calculate the integral.

import numpy as np
from scipy import integrate

R = 250 # Interval [0,R] used for integration
rt2 = np.sqrt(2)
k2 = 1/2 * integrate.quad(lambda s: s * np.cosh(rt2xs)**-2, 0, R)[0]

# Integrands
hl = lambda r: np.tanh(rt2*r) * np.cosh(rt2*r)**-4

gl = lambda r: r**2 * np.tanh(rt2+r)
g2 = lambda r: integrate.quad(lambda s: s * np.tanh(rt2x*s), 0, r)[0]

fl = lambda r: integrate.quad(lambda s: s * np.cosh(rt2*s)**-2, -R, r)[0]
f2 = lambda r: 2 * rt2 * r + np.sinh(2*rt2*r)

g3 = lambda r: f1(r) * f2(r)

h2 = lambda r: gl(r) - g2(r) - 1/2 * g3(r)
H = lambda r: h1(z) * h2(z)

# Integrate functions

result = integrate.quad(H, 0, R)

I = 8x*result[0]

printCI =, I)
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