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J+J+ �$(20%'1.( + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + HP

J+J+F+ �%&'4%.&$( 1$ �S((0$& 6 	.&$"A + + + + + + + + + + + + + + + + + + + + + + + + + + HP

��



J+J+�+ �$&)$( 1$ �)$*-. �'4C$6 �0'((= �)42- ���P 6 �)42- F�1 + + + + + + + + + + + HP

J+J+G+ �'($ 1$ 1'%.( �)/&)0'4)5" �$"%&)420'& + + + + + + + + + + + + + + + + + + + + + + + HQ

&� ��� (�*!��%* 01

P+F+ �$4.*$"1'4)."$( -'&' %&'/'@. �2%2&. + + + + + + + + + + + + + + + + + + + + + + + + + + F��

-� 
��%(� ��$2�!3� �.�

Q+F+ �$&<$ �1'-%)9. + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + F��

Q+F+F+ �$<0' 1$ �@2(%$ β -'&' $0 �.1$0. 1$ �."%$8%.( 1$ �$&<$ + + + + + + + + + + + F�I

Q+F+�+ �$(20%'1.( + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + F�I

Q+�+ �.1$0. 1$ �."%$8%.( �'**' �1'-%)9. + + + + + + + + + + + + + + + + + + + + + + + + + F�P

4!5(!�6�$78$ �.1
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�8)(%$ 2"' <&'" 9'&)$1'1 1$ *B%.1.( .&)$"%'1.( '0 '":0)()( 1$ 1'%.(= %'0$( 4.*. %B4")4'( $(%'1?( 

%)4'(= 1$ 402(%$&)"<= $%4+ 	'( �$1$( 
$2&."'0$( �&%)74)'0$( !�
�# '-'&$4$" 4.*. 2"' '0%$&"'%)9'

'%&'4%)9' -'&' $8%&'$& )"3.&*'4)5" 1$(1$ 0.( 1'%.(+ 	'( �
� $(%:" )"(-)&'1'( $" 0.( ()(%$*'( /) 

.05<)4.( 6 ($ 4'&'4%$&)A'" -.& (2 4'-'4)1'1 -'&' '-&$"1$& <&'12'0*$"%$ $" $0 %)$*-. ' -'&%)&

1$ $@$*-0.( -&$($"%'1.( ' 0' &$1+ �0<2"'( 1$ 0'( 4'&'4%$&?(%)4'( *:( '%&'4%)9'( (." 0' &./2(%$A 6

%.0$&'"4)' '0 &2)1.= 0'( 42'0$( 0$( ;'" -$&*)%)1. 1$($*-$M'&($ $8)%.('*$"%$ $" %'&$'( %'0$( 4.*.

&$4.".4)*)$"%. 1$ -'%&."$(= '":0)()( 1$ ($&)$( 1$ %)$*-.= '-&.8)*'4)5" 1$ 32"4)."$(= .-%)*)A'4)5"=

4."%&.0 '2%.*:%)4.= $%4+

�8)(%$" 1.( <&'"1$( 3'*)0)'( 1$ &$1$( "$2&."'0$(= 0'( 1$ $"%&$"'*)$"%. (2-$&9)('1. 6 0'( ". 

(2-$&9)('1'(+ �0 $"%&$"'*)$"%. (2-$&9)('1. &$>2)$&$ >2$ 0'( *2$(%&'( $(%B" $%)>2$%'1'( $" 40'($(=

0. 42'0 ". ()$*-&$ ($ 1)(-."$+ �0 '0<.&)%*. 1$ &$%&. -&.-'<'4)5" 1$0 $&&.& TF= �U= 2(' 0' 1)3$&$"4)'

$"%&$ 0' ('0)1' 1$($'1' !$%)>2$%'# 6 0' $"%&$<'1' -.& 0' &$1= -'&' '@2(%'& 0.( -$(.( ()":-%)4.( 1$ 0'(

"$2&."'(+ �2'"1. ". ($ 1)(-."$ 1$ 1'%.( $%)>2$%'1.(= $0 $"%&$"'*)$"%. ". (2-$&9)('1. -$&*)%$ >2$

0' &$1 4&$$ (2 -&.-)' &$-&$($"%'4)5" 1$ 0.( 1'%.(= 6 >2$ 0.<&$ 1$(42/&)& -'%&."$( %?-)4.(= 402(%$&( 2

.%&. %)-. 1$ )"3.&*'4)5" )"%$&$('"%$ (./&$ $0 4."@2"%. 1$ $"%&$"'*)$"%.= ()" "$4$()%'& 1$ )"3.&*'4)5"

$8%$&"' '0<2"'+

�". 1$ 0.( -'&'1)<*'( *:( 2%)0)A'1.( 1$"%&. 1$ 0'( &$1$( "$2&."'0$( ". (2-$&9)('1'( $( $0

�'-' �2%. �&<'")A'%)9. !���� �	������������� ���# )"%&.124)1. -.& �$29. N.;."$" TGU+ �(%$

%)-. 1$ *'-'( 2(2'0*$"%$ 2%)0)A' 2"' <&)00' /)1)*$"()."'0 0' 42'0 -$&*)%$ 9)(2'0)A'& 0' $(%&24%2&'

F



1$0 $(-'4). 1$ $"%&'1'+ 	'( "$2&."'( 1$ 0' <&)00' 1$ ('0)1' %)$"$" '(.4)'1.( 9$4%.&$( $" $0 $(-'4).

1$ $"%&'1'= 0.( 42'0$( *$1)'"%$ '-&$"1)A'@$ 4.*-$%)%)9. (." 4'-'4$( 1$ -&$($&9'& 0' %.-.0.<?'

1$0 $(-'4). 1$ $"%&'1'+ �2&'"%$ $0 $"%&$"'*)$"%. ($ '4%)9' 0' "$2&."' <'"'1.&' !0' *:( 4$&4'"' '0

1'%. -&$($"%'1.# 6 (2( 9$4)"'( $" 0' <&)00'= $" 4."($42$"4)' 0'( "$2&."'( 9$4)"'( &$4.".4$" -'%&."$(

()*)0'&$(+

�" -&./0$*'( 1$0 *2"1. &$'0 0' )"3.&*'4)5" -.($$ 32$&%$( 1$-$"1$"4)'( %$*-.&'0$(= -.& 0. >2$

2"' (.0' *2$(%&' ". $( 4'-'A 1$ 4'-%2&'& 0' 1)":*)4' %$*-.&'0 1$0 -&./0$*'+ �$ <$"$&' '(? 0'

"$4$()1'1 1$ *2$(%&$'& 2"' ($42$"4)' 1$ $9$"%.( -'&' 4'-%2&'& '1$42'1'*$"%$ 0' ;)(%.&)' 1$ 0.(

1'%.(= 6 4&$'& 2"' *$@.& &$-&$($"%'4)5" 1$0 3$"5*$".+ �" $@$*-0. $( 2" "$<.4). 1."1$ 0'( 9$"%'(

9'&?'" 1$-$"1)$"1. () 4.&&$(-."1$" ' 1?'( ;:/)0$( . ' 7"$( 1$ ($*'"'+ 	2$<.= 4.".4$& 0'( 9$"%'(

1$0 7" 1$ ($*'"' -'('1. -2$1$" ($& 1$ 2%)0)1'1 -'&' $(%)*'& 0'( 9$"%'( 1$0 -&58)*. 7" 1$ ($*'"'+

�"' 3.&*' ()*-0$ 1$ '/.&1'& $0 -&./0$*' %$*-.&'0 $( 2%)0)A'"1. 1$ 9$"%'"'( 1$ %)$*-.+ �(%$

$"3.>2$ 4."()(%$ $" ($0$44)."'& 2" 4."@2"%. 1$ *2$(%&'( 4."($42%)9'( $" $0 %)$*-. ' 7" 1$ 4'-%2&'&

-'&%$ 1$ 0' 1)":*)4' %$*-.&'0 1$0 -&./0$*'= -$&. 2"' 1$ 0'( -&)"4)-'0$( 1)7420%'1$( $( $0$<)& $0

%'*'M. 1$ 0' 9$"%'"'+ �"' 9$"%'"' *26 -$>2$M' ". 0.<&'&: 4'-%2&'& 4.&&$4%'*$"%$ 0' 1)":*)4' 1$

0' ($&)$= *)$"%&'( >2$ 2"' 9$"%'"' *26 <&'"1$ %)$"1$ ' -&.*$1)'& 0.( $(%'1?(%)4.( ". $(%'4)."'&).(

1$ 0' ($&)$ 6 '2*$"%' 0' 4.*-0$@)1'1 1$ 0' &$1+ �&)"4)-$ TIVQU -&.-."$ 2"' %B4")4' /'('1' $" &$1$(

"$2&."'0$( >2$ 2%)0)A' *$*.&)'( 1$ 4.&%. -0'A. -'&' '%'4'& -&./0$*'( 1$ ($&)$( 1$ %$*-.&'0$(=

$9)%'"1. '(? $0 2(. 1$ 9$"%'"'( 1$ %)$*-.+

�)9$&('( ;$&&'*)$"%'( $(%'1?(%)4'( ;'" ()1. '-0)4'1'( 4." B8)%. $" $0 '":0)()( 1$ ($&)$( 1$ %)$*-.=

$+<+ *.1$0.( 1$ 0' 3'*)0)' ���� !�2%. �$<&$(()9$ �.9)"< �9$&'<$# ($ ;'" 1$($*-$M'1. 1$ 3.&*'

$8)%.(' $" 0' )1$"%)74'4)5" 1$ ()(%$*'( T�= HU= -&$1)44)5" 1$ ($&)$( 1$ %)$*-. TF�VF�U= $"%&$ .%&'(

'-0)4'4)."$(+ �)" $*/'&<. () $0 ()(%$*' $( ". 0)"$'0 . ". $(%'4)."'&). 0' (.024)5" *$1)'"%$ $(%$ %)-.

1$ %B4")4'( $(%'1?(%)4'( ". <'&'"%)A' $3$4%)9)1'1+

	' *'6.&?' 1$ 0.( -&./0$*'( 1$0 *2"1. &$'0 -&$($"%'" ". 0)"$'0)1'1$( 1$ 1)(%)"%.( %)-.(= -2 

1)$"1. %$"$& 1)(%)"%' "'%2&'0$A' 1$-$"1)$"1. 1$0 "D*$&. 1$ 9'&)'/0$( 1$ $(%'1.+ 	'( 9'&)'/0$( 1$

$(%'1. $" 2" ()(%$*' 1)":*)4. 4.&&$(-."1$" ' 42'0>2)$& 4."@2"%. 1$ 9'&)'/0$( >2$ 1$(4&)/$" $0

4.*-.&%'*)$"%. 1$0 ()(%$*'= ()$*-&$ 6 42'"1. $($ 4."@2"%. ($' 1$0 *$".& %'*'M. -.()/0$+ �.&

$@$*-0. $" 2" -B"120. $(%'( 9'&)'/0$( -2$1$" ($& 0' -.()4)5" '"<20'& θ 6 0' 9$0.4)1'1 '"<20'& θ̇+

�2'"1. $0 "D*$&. 1$ 9'&)'/0$( 1$ $(%'1. $( )"7")%.= -.& $@$*-0. $" *.9)*)$"%. 1$ W2)1.(= 1."1$ $(

�



x

y

z

�)<2&' F+�+F� �(-'4). 1$ $(%'1. G� 1$0 '%&'4%.& 1$ 	.&$"A 4." σEF�= /E�XG 6 �E��+

"$4$('&). 4.".4$& 0' %$*-$&'%2&'= -&$()5" 6 9$0.4)1'1 $" %.1.( 0.( -2"%.(= $0 ()(%$*' ($ 1$".*)"'

$(-'4). %$*-.&'0 $8%$"1)1.+ �" $(%$ 4'(. $0 ()(%$*' ($ *.1$0' *$1)'"%$ $42'4)."$( $" 1$&)9'1'(

-'&4)'0$( !���#+ �2'"1. $0 $(-'4). 1$ $(%'1. %)$"$ 1)*$"()5" 7")%' $0 ()(%$*' 1)":*)4. '1*)%$ 2"

*.1$0. $" $42'4)."$( 1)3$&$"4)'0$( .&1)"'&)'( !���#+ �0 '%&'4%.& 1$ 	.&$"A !9$& �)<2&' F+�+F# $(

2" *.1$0. 3?()4. 1$ 4."9$44)5" %B&*)4'= 4.&&$(-."1$ ' 2" '%&'4%.& 4'5%)4. %&) 1)*$"()."'0= 426'(

9'&)'/0$( 1$ $(%'1. $(%:" 1'1'( -.& 0' (.024)5" 1$0 ()<2)$"%$ ()(%$*'

ẋ = −σx + σy

ẏ = Rx − y − xz

ż = −Bz + xy.

!F+�+F#

�" <$"$&'0 ". ($ %)$"$ '44$(. ' %.1'( 0'( 9'&)'/0$( 1$ $(%'1. 1$0 ()(%$*'= -.& 0. >2$ ($ 2%)0)A'"

%B4")4'( 1$ &$4."(%&244)5" 1$ $(-'4). 1$ $(%'1. -'&' 0.<&'& $(%)*'& 0' (.024)5" 1$ 0'( ���(+ �'C$"(

TFGU -&.-2(. 2" %$.&$*' 1$ &$4."(%&244)5" 1$ $(-'4). 1$ $(%'1. $" $0 42'0 1$7"$ 0' $(%&24%2&' 1$

G



0.( 9$4%.&$( 1$ $(-'4). 1$ $(%'1. ' -'&%)& 1$ 2"' ($&)$ 1$ %)$*-.+

���� ������	
 ����
��

�$('&&.00'& 2" "2$9. *B%.1. -'&' 42'"%)A'& 6 9)(2'0)A'& ($42$"4)'( 1$ 1'%.( %$*-.&'0$( /'('1.

$" &$1$( "$2&."'0$( '2%. .&<'")A'%)9'(+

���� ������	
� ��������
�

F+ �&.-."$& 2"' "2$9' &$1 "$2&."'0 '2%. .&<'")A'%)9' >2$ )"4026' *$*.&)'( 1$ 4.&%. -0'A. -'&'

$0 -&.4$('*)$"%. 1$ ($42$"4)'( %$*-.&'0$(+ �0 $(>2$*' 1$ 42'"%)A'4)5" 2%)0)A'1. 4.*. /'($

1$0 '0<.&)%*. ($&: �'( 
$2&."'0 !
�� �	���� ���#+

�+ �$('&&.00'& 2" *.1$0. 1$ 4."%$8%. >2$ -$&*)%' 4'-%2&'& 0' 1)":*)4' 1$ 2"' ($&)$ /'('1. $"

*$*.&)'( �'**'+ �(%'( (." 2" %)-. -'&%)420'& 1$ 70%&.( 1$ %)-. &$(-2$(%' )"7")%' '0 )*-20(.

!���� ������	 ������	 �	�����	#+

G+ �$&)74'& $8-$&)*$"%'0*$"%$ 0'( 4'-'4)1'1$( 1$0 '0<.&)%*. -'&' &$4."(%&2)& 2"' '-&.8)*'4)5"

1$0 $(-'4). 1$ $(%'1. 1$ 2"' ($42$"4)'+

I+ �&.-."$& 2" 4&)%$&). 1$ 1$($*-$M. /'('1. $" -0'".( 1$ &$42&&$"4)'+

J+ �.*-'&'& 0' 42'"%)A'4)5" %$*-.&'0 1$0 '0<.&)%*. -&.-2$(%. 4." �$&<$ 
� TFI=FJU 2%)0)A'"1.

/'($( 1$ 1'%.(  	��!���� 6 /'($( 1$ 1'%.( &$'0$(+ �"' 1$ 0'( *$1)1'( 1$ 1$($*-$M. 2%)0)A'1'

($&: $0 $&&.& 1$ 42'"%)A'4)5" %$*-.&'0 !���#+

�0 %$8%. ($ .&<'")A' 1$ 0' ()<2)$"%$ *'"$&'�

�" $0 4'-?%20. � ($ -&$($"%' 2"' 1$(4&)-4)5" 1$ 0.( '0<.&)%*.( 1$ 42'"%)A'4)5" ". (2-$&9)('1.(

6' $8)(%$"%$(= 4.*. $0 *'-' '2%. .&<'")A'%)9. 1$ N.;."$"= �'( 
$2&."'0 6 �'( 
$2&."'0 �." 

(%&24%)9.+ �$ ($M'0'" 0.( 32"1'*$"%.( %$5&)4.( 6 0'( 4'&'4%$&?(%)4'( -&)"4)-'0$( 1$ 4'1' '0<.&)%*.+

�"($<2)1'= ($ )"%&.124$" 0'( -&)"4)-'0$( 4'&'4%$&?(%)4'( 6 0' $9.024)5" 1$ 0.( 1)(%)"%.( '0<.&)%*.(

.&)$"%'1.( '0 -&.4$('*)$"%. 1$ ($42$"4)'( 4.*.� $0 *'-' %$*-.&'0 1$ N.;."$"= �'-'( �$42&&$"%$(=

�'-'( �$42&()9.(= ������ 6 ������ 6 7"'0*$"%$ �$&<$ 
$2&'0 �'(+ �$ -&$($"%' $0 $&&.& 1$

I



42'"%)A'4)5" %$*-.&'0= >2$ ;' ()1. 2%)0)A'1. -'&' *$1)& $0 1$($*-$M. 1$ 0.( '0<.&)%*.( 1$ 42'"%) 

A'4)5" %$*-.&'0 -&.-2$(%.( $" 0' 0)%$&'%2&'+ � *.1. 1$ )"%&.1244)5" '0 -&.4$('*)$"%. %$*-.&'0 ($

-&$($"%'" 1.( -&.-2$(%'( 1$ *$*.&)'( %$*-.&'0$(� 0'( 9$"%'"'( 1$ %)$*-. 6 0'( *$*.&)'( �'**'+

�)"'0*$"%$ ($ -&$($"%' 2"' 1$(4&)-4)5" 1$ 0.( ()(%$*'( 1)":*)4.( ". 0)"$'0$( '/.&1'"1. %'*/)B"

0'( -&)"4)-'0$( %B4")4'( 6 1)7420%'1$( $" 0' &$(.024)5" 1$ $(%.( -&./0$*'(+

�" $0 4'-?%20. G= ($ -&$($"%' 2" "2$9. *.1$0. 1$ 4."%$8%.+ �$1)'"%$ 2" $(>2$*' ()*-0$ /'('1.

$" 9$"%'"'( 1$ %)$*-. ($ 1$&)9' 2" 32"4)."'0 >2$ -2$1$ ($& 3:4)0*$"%$ <$"$&'0)A'1. '0 2(. 1$ 70%&.(

�'**'+ �%)0)A'"1. *$*.&)'( �'**' ($ 1$&)9' 0' &$<0' 1$ $"%&$"'*)$"%. 2%)0)A'1' -.& �$&<$ 
�=

4'&'4%$&)A:"1.($ 0' -&.32"1)1'1 1$ 0' *$*.&)' 6 &$(.024)5" 1$ �$&<$ 
�+ �.(%$&).&*$"%$ ($ -&. 

-."$ 2" "2$9. *.1$0. 1$ 4."%$8%.(= ($ 1$&)9' 0' &$<0' 1$ $"%&$"'*)$"%. 6 ($ $(%21)'" -&.-)$1'1$(

32"1'*$"%'0$( 1$0 *.1$0. -&.-2$(%.+ �$ &$'0)A' 2"' )"%$&-&$%'4)5" /'('1' $" $(-'4). 1$ $(%'1. >2$

-$&*)%$ 9)(2'0)A'& 4.*. $0 *.1$0. -&.-2$(%. '/.&1' $0 -&./0$*' %$*-.&'0 1$(1$ $(%' -$&(-$4%)9'+

�'1' 0' 4'-'4)1'1 1$0 '0<.&)%*. -'&' '@2(%'&($ ' 1)(%)"%.( $(>2$*'( 1$ 42'"%)A'4)5" ($ -&.-."$"

%&$( "2$9.( '0<.&)%*.( �'**' ���= �'**' 
� 6 �'**' �
�+ �)"'0*$"%$ ($ ;'4$ 2"' 1$ 

(4&)-4)5" 1$ 0'( /'($( 1$ 1'%.( ' 2%)0)A'& 6 ($ $8-0)4'" 0'( -&)"4)-'0$( *$1)1'( 1$ 1$($*-$M. '

2%)0)A'&+

�" $0 4'-?%20. I ($ $(%21)' $8-$&)*$"%'0*$"%$ $0 1$($*-$M. 1$ 0.( '0<.&)%*.( -&.-2$(%.( 6

($ -&$($"%'" 0.( &$(20%'1.( ./%$")1.( 4." /'($( 1$ 1'%.( /$"4;*'&C 6 4." 0'( /'($( 1$ 1'%.( 1$0

*2"1. &$'0+ �$ *)1$ $0 $&&.& 1$ 42'"%)A'4)5" %$*-.&'0 ���= ($ 4."(%&26$" -0'".( 1$ &$42&&$"4)' 6

($ '-&.9$4;' 0' &$4."(%&244)5" 1$ $(-'4). 1$ $(%'1. -'&' &$(.09$& 2" -&./0$*' 1$ -&$1)44)5"+

�" $0 4'-?%20. J ($ 1)(42%$" 0'( *$1)1'( 1$ 1$($*-$M. 2%)0)A'1'(= ($ $(%21)'" 4'&'4%$&?(%)4'(

&$0$9'"%$( 1$0 '0<.&)%*.= 4.*. $0 4.(%. 4.*-2%'4)."'0= 6 ($ 1' 2"' .&)$"%'4)5" 1$ 45*. ($0$44)."'&

0.( -'&:*$%&.( 1$0 '0<.&)%*.+ �)"'0*$"%$ ($ 4.*-'&'" 0'( 9$"%'@'( 1$ �'**' 
� (./&$ �
� $"

0'( /'($( 1$ 1'%.( 2%)0)A'1'( $" 32"4)5" 1$ 0.( &$(20%'1.( ./%$")1.( 6 0'( *$1)1'( 1$ 1$($*-$M.

2%)0)A'1'(+

�" $0 4'-?%20. P ($ -&$($"%'" 0'( 4."402()."$(= $8-.")$"1. 0.( -&)"4)-'0$( '-.&%$( 1$ $(%$ %&'/'@.

6 0'( 0?"$'( 1$ $8-0.&'4)5" -'&' 32%2&'( )"9$(%)<'4)."$(+
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�0 *'-' '2%. .&<'")A'%)9. 1$ N.;."$" !���� �$03 �&<'")A)"< �'-# TGU $( 2". 1$ 0.( $(>2$*'(

*:( 2%)0)A'1.( 1$"%&. 1$ 0'( &$1$( "$2&."'0$( '2%. .&<'")A'%)9'(+ �0 ��� $(%: /'('1. $" 2" *.1$0.

/).05<)4. 1$ 0' '4%)9)1'1 "$2&."'0 $" $0 4$&$/&.+ � 1)3$&$"4)' 1$ 0.( '0<.&)%*.( (2-$&9)('1.(= ���

". &$>2)$&$ 0.( 9'0.&$( 1$($'1.( 1$ 4'1' 9$4%.& 1$ $"%&'1'+ �". 1$ 0.( ./@$%)9.( 1$0 ��� $(

-.1$& <$"$&'& 2" *'-$. %.-.05<)4'*$"%$ .&1$"'1. 1$(1$ 2" $(-'4). 1$ $"%&'1' d 1)*$"()."'0 '

2" $(-'4). 1$ ('0)1' a 1)*$"()."'0= 1."1$ a ≤ d+ 	'( "$2&."'( 1$ 0' &$1 <$"$&'" 4)$&%' '4%)9)1'1

'"%$ $0 $(%?*20. 1$ 0.( 1'%.( 1$ $"%&'1'= $(%' '4%)9)1'1 -$&*)%$ 1$%$&*)"'& >2$ A."'( 1$0 *'-'= .

*:( $(-$4?74'*$"%$ >2$ "$2&."'( ;'" '-&$"1)1. ' &$-&$($"%'& 4)$&%.( -'%&."$( 1$ 0' $"%&'1'+ �$

(2-."$ >2$ "$2&."'( 1$ *'6.& '4%)9)1'1= (." 4'-'4$( 1$ '@2(%'&($ . $(-$4)'0)A'&($ *:( 3:4)0*$"%$

' 0.( $@$*-0.( >2$ )"%$"%'" &$-&$($"%'&+ �.& $0 4."%&'&).= () 0'( "$2&."'( ". ($ ;'" $(-$4)'0)A'1.

$" $0 -&$($"%$ 9$4%.& 1$ $"%&'1'= (2 &$-&$($"%'4)5" $(%'&: 2/)4'1' $" A."' 1$ /'@' '4%)9)1'1 6

0'( "$2&."'( ". "$4$()%'" '@2(%'&($= -2$( -$&1$&?'" 0' 4'-'4)1'1 1$ &$-&$($"%'4)5" 1$ 0.( -'%&."$(

'-&$"1)1.(+

�$ $(%$ *.1. ($ 0.<&' <$"$&'& 2" *'-' 426'( A."'( 1$ '4%)9)1'1 9'" 4'*/)'"1. ' *$1)1'

>2$ ($ -&$($"%'" 1)(%)"%.( -'%&."$(+ 	.( -'%&."$( >2$ <$"$&'" '4%)9)1'1 $" 0' *)(*' A."' -.($$"

4'&'4%$&?(%)4'( ()*)0'&$( 6 -2$1$" ($& '<&2-'1.( 1$"%&. 1$ 2"' *)(*' 4'%$<.&?' . �����	�+

P



�)<2&' �+F+F� �&>2)%$4%2&' 1$ 0' &$1 ���

�0 *'-' '2%. .&<'")A'%)9. .&1$"' 0'( "$2&."'( N = {1, . . . , M} $" 2"' <&)00' 7@' a 1)*$"()."'0

(./&$ 0' 42'0 ($ 1$7"$" &$0'4)."$( 1$ 9$4)"1'1+ 	'( "$2&."'( 9$4)"'( (." '>2$00'( 4."$4%'1'( 1)&$4 

%'*$"%$ $" 0' <&)00'+ �) /)$" 0' 1)*$"()5" a 1$ 0' <&)00' ". -.($$ &$(%&)44)5" '0<2"'= -.& 0. <$"$&'0

B(%' $( $(4.<)1' *$".& . )<2'0 ' G= -$&*)%)$"1. 2"' 9)(2'0)A'4)5" 1)&$4%'+ �'1' "$2&."' -.($$

9$4)".( 1$ 1)(%)"%.( ")9$0$( 1$-$"1)$"1. 1$ 0' 1)(%'"4)' ' 0' >2$ ($ $"42$"%&'" ' B(%'+ 	.( 9$4)".(

1$ -&)*$& ")9$0 (." 0.( *:( 4$&4'".( 6 $(%:" 4."$4%'1.( 1)&$4%'*$"%$ ' 0' "$2&."'+ �0 "D*$&. 1$

9$4)".( $" 4'1' ")9$0 1$-$"1$ 1$0 %)-. 1$ <&)00'+ 	.( %)-.( 1$ <&)00' *:( 2('1.( (." 0' &$4%'"<20'&

6 0' ;$8'<."'0= ()" $*/'&<. B(%'( -.1&?'" %$"$& 42'0>2)$& %.-.0.<?'+

�'1' "$2&."' %)$"$ '(.4)'1. 2" 9$4%.& -&.%.%)-. wi ∈ R
d $" $0 $(-'4). 1$ $"%&'1' 6 2" 9$4%.&

-.()4)5" pi ∈ R
a $" 0' <&)00' 1$ ('0)1'+ 	.( 9$4%.&$( -&.%.%)-.( $" $0 $(-'4). 1$ $"%&'1' (." '@2(%'1.(

' 0.( 1'%.( 12&'"%$ $0 $"%&$"'*)$"%.= *)$"%&'( >2$ 0' <&)00' ($ *'"%)$"$ 7@' $" $0 $(-'4). 1$ ('0)1'+

	' �)<2&' �+F+F *2$(%&' $0 '&&$<0. 1$ "$2&."'( $" 0' <&)00' 1$ ('0)1' 6 $0 4.&&$(-."1)$"%$ 9$4%.&

-&.%.%)-. $" $0 $(-'4). 1$ $"%&'1'+ �0 $"%&$"'*)$"%. 1$ 0.( 9$4%.&$( $( &$'0)A'1. $" $(-'4). 1$

$"%&'1' (2@$%. ' 0' %.-.0.<?' 1'1' -.& 0' <&)00' 1$ ('0)1'+

#������� ��! !$(!9$ !"�

��! !$(!9$ !"� $(%$���!$+ �0 '0<.&)%*. ��� $( 0. (274)$"%$*$"%$ &./2(%. 4.*. -'&' '4$-%'&

2"' )")4)'0)A'4)5" '0$'%.&)' 1$ 0.( 9$4%.&$( -&.%.%)-.+ 	.( 9$4%.&$( )")4)'0*$"%$ 1$(.&1$"'1.(

$" $0 $(-'4). 1$ $"%&'1' (." .&1$"'1.( ' 0.( 0'&<. 1$0 $"%&$"'*)$"%.+ �2">2$ 	' )")4)'0)A'4)5"

'0$'%.&)' ". $( 0' *:( &:-)1'= 1$ %.1'( 3.&*'( ($ ./%)$"$" /2$".( &$(20%'1.(+

Q



��! !$(!9$ !"� $ 2$��!� �% ($* +�%*��$*+ �."()(%$ $" ($0$44)."'& 1$ 3.&*' '0$'%.&)' 1)(%)" 

%.( -2"%.( 1$0 4."@2"%. 1$ $"%&'1' -'&' )")4)'0)A'& 0.( 9$4%.&$( -&.%.%)-.(+ �." $(%. ($ ./%)$"$

2"' '-&.8)*'4)5" 1$ 0' 1)(%&)/24)5" 1$ 0.( 1'%.(+

��! !$(!9$ !"� (!�%$(+ 	.( 9$4%.&$( -&.%.%)-.( (." )")4)'0)A'1.( 1$ 2" *.1. .&1$"'1. ' -'&%)&

1$0 (2/$(-'4). 0)"$'0 <$"$&'1. -.& 0.( 1.( 9$4%.&$( -&.-).( -&)"4)-'0$( 1$ 0.( 1'%.( 1$ $"%&'1'++

�*/'( )")4)'0)A'4)."$(= '0$'%.&)' 6 ' -'&%)& 1$ 0'( *2$(%&'(= ". (." &$(%&)4%)9'( 1$0 '0<.&)%*. ���

D")4'*$"%$+

#�����#� �2�%��!9$:%

�0 '-&$"1)A'@$ $(%' /'('1. $" 0' )1$' 1$ ���� ����	������= �)<2&' �+F+�= )+$+ 0' '1'-%'4)5" 1$ 0.(

-$(.( ($ &$'0)A' ". (50. ' 0' 2")1'1 <'"'1.&'= ()". >2$ %'*/)B" ' (2( 9$4)".(+ 	' '1'-%'4)5" $( *:(

32$&%$ $" 0'( "$2&."'( >2$ -&$($"%'" *'6.& '4%)9)1'1= $( 1$4)&= 0'( "$2&."'( *:( 4$&4'"'( '0 -'%&5"

1$ $"%&'1' 0' 42'0 9' 02$<. 1$4&$4)$"1.= *$1)'"%$ 2"' 1)(%&)/24)5" <'2()'"'= -'&' 0'( "$2&."'( >2$

($ $"42$"%&'" *:( '0$@'1'( $" 0' <&)00' 4." &$(-$4%. ' 0' "$2&."' <'"'1.&'+

�'1. 2" -'%&5" 1$ $"%&'1' x(t) ∈ R
d= ($ 4'0420' 0' 1)(%'"4)' 1$ %.1.( 0.( $0$*$"%.( 1$ 0'

&$1 '0 $@$*-0. -&$($"%'1.+ 	' 2")1'1 <'"'1.&' .  	�� ����!��� ���� !���# $( 0' >2$ -&$($"%'

*'6.& ()*)0)%21 '0 -'%&5" 1$ $"%&'1' x(t)= B(%' ($ 1$".%' 4.*. i∗+ 	' 2")1'1 <'"'1.&' ($ 4'0420'

1$%$&*)"' ($<D" 0' $42'4)5" ()<2)$"%$

i∗ = argmin
i=1...M

{‖x(t) − wi‖} !�+F+F#

1."1$ ‖·‖ $( 2"' *$1)1' 1$ 1)(%'"4)' !$" 0' *'6.&?' 1$ 0.( 4'(.( ($ 2%)0)A' 0' ".&*' $240)1)'"'#=

M $( $0 "D*$&. 1$ "$2&."'( $" 0' &$1+ �.1'( 0'( "$2&."'( (." '1'-%'1'( '0 -'%&5" 1$ $"%&'1' '

7" 1$ 0.<&'& '-&$"1$& $0 $@$*-0. -&$($"%'1.+ �(%' '1'-%'4)5" 4."()(%$ $" 2" '4$&4'*)$"%. $(-'4)'0

;'4)' $0 9$4%.& -&$($"%'1.+ 	.( -$(.( 1$ %.1' 0' &$1 (." '1'-%'1.( *$1)'"%$ 0' $42'4)5" ()<2)$"%$

wi(t + 1) = wi(t) + ε(t)hi,i∗(t) (x(t) − wi(t)) !�+F+�#

1."1$ ε(t) $( 0' %'(' 1$ '-&$"1)A'@$= hi,i∗ $( 2"' 32"4)5" 1$ 9$4)"1'1 <'2()'"' 4$"%&'1' $" 0' 2")1'1

<'"'1.&'= >2$ -$&*)%$ 4."%&.0'& 0' '1'-%'4)5" 1$ %.1' 0' &$1 ($<D" 0' 1)(%'"4)' 1$ 4'1' "$2&."' '

�



�)<2&' �+F+�� �"%&$"'*)$"%. 1$ 0' &$1 ���+ �" $0 $(-'4). 1$ $"%&'1' 0' 2")1'1 <'"'1.&' ��� 6
(2( 9$4)".( %.-.05<)4.( (." '1'-%'1.( *.9)B"1.($ ;'4)' $0 -'%&5" 1$ $"%&'1'+ �0 9$4%.& 1$ *'6.&
'1'-%'4)5" $( 0' 2")1'1 <'"'1.&' ���+

0' ���+ �.& 0. <$"$&'0 0' %'(' 1$ '-&$"1)A'@$ 6 0' 9$4)"1'1 1$4&$4$" $" $0 %)$*-.+ �?-)4'*$"%$ 0'

32"4)5" 1$ 9$4)"1'1 ($ 1$7"$ 4.*.�

hii∗(dN (i, i∗)) = exp
(−dG(i, i∗)

σ(t)

)
!�+F+G#

1."1$ dG(i, i∗) $( 0' 1)(%'"4)' $" 0' <&)00' 1$ ('0)1' $"%&$ 0' "$2&."' i 6 0' "$2&."' i∗ $@+ $" 2"'

<&)00' /)1)*$"()."'0 dG(i, i∗) = abs (xi − xi∗) + abs (yi − yi∗)+

�0 -'&:*$%&. σ(t) $( $0 '"4;. 1$ 0' 9$4)"1'1 $0 42'0 1$4'$ $" $0 %)$*-. ($<D"

σ(t) = σi

(
σf

σi

) t
T

!�+F+I#

1."1$ 0.( 9'0.&$( σi 6 σf (." $(4.<)1.( '0 )")4). 1$0 $"%&$"'*)$"%. 6 4.&&$(-."1$" '0 %'*'M. )")4)'0

6 7"'0 1$ 0' 9$4)"1'1= T $( $0 "D*$&. *:8)*. 1$ B-.4'( 1$ $"%&$"'*)$"%.+ �'1. >2$ σi > σf $0

%'*'M. 1$ 0' 9$4)"1'1 1$4'$ $8-."$"4)'0*$"%$ 12&'"%$ $0 $"%&$"'*)$"%.+

	' %'(' 1$ '-&$"1)A'@$ ε(t) 4.&&$(-."1$ ' 2" 32"4)5" >2$ 1$4'$ $" $0 %)$*-. = 0' 42'0 $(%:

$"4'&<'1' 1$ '($<2&'& 0' 4."9$&<$"4)' 1$0 '0<.&)%*.+ �(%' $( 1$ 0' 3.&*'

ε(t) = εi

(
εf

εi

) t
T

!�+F+J#

H



1."1$ 0.( 9'0.&$( εi 6 εf (." $(4.<)1.( '0 )")4). 1$0 $"%&$"'*)$"%.= T $( $0 "D*$&. *:8)*. 1$ B-.4'(

1$ $"%&$"'*)$"%.+

	' 4."7<2&'4)5" '"%$&).& -$&*)%$ >2$ '0 )")4). 1$0 $"%&$"'*)$"%. $0 '@2(%$ 1$ 0.( -$(.( ($' *'6.&

6 >2$ 0' &$1 ($ '2%. .&<'")4$+ �(%' $%'-' $( 4.".4)1' 4.*. '@2(%$ <&2$(. 6 ($ 4'&'4%$&)A' -.&>2$

%'"%. 0.( 9'0.&$( 1$ 0' %'(' 1$ '-&$"1)A'@$ ε(t) 4.*. $0 '"4;. 1$ 0' 9$4)"1'1 σ(t) (." '0%.(+ �'4)'

7"'0$( 1$0 $"%&$"'*)$"%.= 0.( 9'0.&$( 1$ 0' %'(' 1$ '-&$"1)A'@$ 6 1$ 0' 9$4)"1'1 (." -$>2$M.(= -.&

0. >2$ 0'( 9'&)'4)."$( Δw (." -$>2$M'(= -$&*)%)$"1. 2" '@2(%$ 7".+

�0 "D*$&. 1$ "$2&."'( $(4.<)1'( '3$4%' 0' -&$4)()5" 1$0 *'-'= *)$"%&'( *:( <&'"1$ $( $0 "D*$&.

1$ "$2&."'( *$@.& $( 0' &$(.024)5" 1$0 *'-'= ()" $*/'&<. 2" "D*$&. $84$()9. 1$ "$2&."'( -2$1$

;'4$& >2$ $0 402(%$&)"< ($' )"$8)(%$"%$= -.& $@$*-0. () 4'1' -'%&5" 1$ $"%&'1' $(%: &$-&$($"%'1. -.&

2"' "$2&."' 1)3$&$"%$+

�0 '0<.&)%*. ��� ($ &$(2*$ ' 4."%)"2'4)5"+

�(6��!�+� � �'-' 1$ N.;."$" ���
F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-.= wi, i = 1 . . .M +

�+ �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= x(t)= ' 0' &$1+

G+ �"4."%&'& $0 ���= j∗= 2('"1. !�+F+F#

I+ �4%2'0)A'& 0.( 9$4%.&$( -&.%.%)-.= wi = *$1)'"%$ 0' &$<0' !�+F+�#+

J+ �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

P+ �) t < T 9.09$& '0 -2"%. �+

������ ��" ��#$�!�%

�0 �'( 
$2&."'0 !
�� �	���� ���# TFPU $( 2" '0<.&)%*. 1$ &$1 "$2&."'0 '2%. .&<'")A'%)9.(

.&)$"%'1. ' 0' 42'"%)A'4)5" 9$4%.&)'0 1$ $(%&24%2&'( '&/)%&'&)'(+ � 1)3$&$"4)' 1$ ���= ". 1$7"$ 2"'

<&)00' >2$ )*-."$ &$0'4)."$( %.-.05<)4'( $"%&$ 0'( 2")1'1$( 1$ 0' &$1+ 	.( -$(.( ()":-%)4.( wi (."

'1'-%'1.( )"1$-$"1)$"%$*$"%$ 1$ 42'0>2)$& $(%&24%2&' %.-.05<)4'= 6 0' '1'-%'4)5" Δwi ($ &$'0)A'

$" 32"4)5" 1$ 0'( 1)(%'"4)'( &$0'%)9'( !1)(%.&()."$(# 1$ 0' &$1 '0 -'%&5"= $" $0 *)(*. $(-'4). 1$

$"%&'1'+

�0 '0<.&)%*. 
� 1$/$ (2 ".*/&$ ' 0' ()*)0)%21 $"%&$ 0' 0)/$&%'1 1$ *.9)*)$"%. 1$ 0'( *.0B420'(

1$ 0.( $0$*$"%.( $" $(%'1. <'($.(. 6 0'( 2")1'1$( 1$ 0' &$1+ �(%' *)(*' 0)/$&%'1 -$&*)%$ '0 '0<.&)%*.

2"' *$@.& 4'-'4)1'1 -'&' '-&.8)*'& 0' 1)(%&)/24)5" 1$ 0.( 1'%.( $" $0 $(-'4). 1$ $"%&'1'= 6' >2$

F�



$�% $&%

�)<2&' �+F+G� �2'"%)A'4)5" 1$ 2"' 1)(%&)/24)5" %)-. '")00.+ '# *2$(%&' 2"' 42'"%)A'4)5" *$1)'"%$
���= /# *2$(%&' 2"' 42'"%)A'4)5" *$1)'"%$ 
�+ �$ -2$1$ ./($&9'& >2$ 1$/)1. ' 0'( &$(%&)44)."$(
%.-.05<)4'(= $8)(%$" "$2&."'( $" $0 ��� >2$ ". $(%:" 4.&&$4%'*$"%$ 2/)4'1'( !32$&' 1$ 0' 1)(%&)/2 
4)5" 1$ 0.( 1'%.(#+

0'( "$2&."'( ". $(%:" ./0)<'1'( ' %$"$& >2$ *'"%$"$& 4)$&%'( &$0'4)."$( 1$ 9$4)"1'1= $(%. ($ -2$1$

./($&9'& $" 0' �)<2&' �+F+G�+

�'1. 2" -'%&5" 1$ $"%&'1' x(t)= 0' )"3.&*'4)5" ($ 9$ &$W$@'1' $" 0' &$1 *$1)'"%$ 1)(%.&()."$(

$" 4'1' "$2&."' Dx(t) = {‖x(t) − wi‖ |i = 1 . . .M}= 1."1$ M $( $0 "D*$&. %.%'0 1$ "$2&."'( $"

0' &$1+ 	' &$<0' 1$ '1'-%'4)5" -2$1$ 1$7")&($ 4.*. ����	�����	�����= $( 1$4)&= 0' '1'-%'4)5" ($

&$'0)A' (./&$ %.1' 0' &$1= ()$"1. 0' 2")1'1 <'"'1.&' !���# 0' 1$ *'6.& '1'-%'4)5"+ �0 &$(%. 1$ 0'(

"$2&."'( 9' 1)(*)"26$"1. (2 '1'-%'4)5" 1$ '42$&1. ' 2" &'"C)"< >2$ .&1$"' 0'( 1)(%.&()."$( 1$

*$".& ' *'6.&= '()<"'"1. $0 9'0.& 0 ' 0' *$".& 1)(%.&()5"+ 	' 2")1'1 <'"'1.&' !���# ($ 1$7"$

4.*. 0' 1$ *$".& 1)(%.&()5" !�+F+F#+

�'1' -'%&5" 1$ $"%&'1' x(t) <$"$&' 2"' Y$84)%'4)5"Z fi(Dx(t)) (./&$ 4'1' 2")1'1 i 1$ 0' &$1+

�(%' $84)%'4)5" 1$-$"1$ 1$ 0' 1)(%.&()5" $" 0' "$2&."' 4.*. fi(Dx(t)) = hλ(ki) = e−
ki
λ = 1."1$

λ $( 2" -'&:*$%&. >2$ 1$%$&*)"' 0' 9$4)"1'1 . "D*$&. 1$ "$2&."'( >2$ ($ '1'-%'&:" 1$ 3.&*'

()<")74'%)9' 12&'"%$ 0' '1'-%'4)5" 6 ki ∈ {0 . . .M − 1} 4.&&$(-."1$ '0 .&1$"'*)$"%. 1$ *$".& '

*'6.& 1$ 0'( 1)(%.&()."$( Dx(t)+ 	' 2")1'1 $(4.<)1' 4.*. <'"'1.&' ($ 0$ '()<"' $0 9'0.& k = 0+ 	'

'1'-%'4)5" 1$ 0'( "$2&."'( 7"'0*$"%$ 1$-$"1$ 1$ 0' %'(' 1$ '-&$"1)A'@$ ε(t)= 1$0 &'"C)"< k 6 1$

�
'�()� �*�)�+�� �� ,��-�..///!0�()�'01�)2��'3!)(,)4(0'4&�5,(2!��.'0'.���.)����)5,.��0.��2����.��6�!,�27

FF



0' 32"4)5" 1$ 9$4)"1'1 hλ(t)+

�0 '0<.&)%*. 
� ($ &$(2*$ ' 4."%)"2'4)5"�

�(6��!�+� # 
$2&'0 �'(
F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-.= wi, i = 1 . . .M +

�+ �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= x(t)= ' 0' &$1+

G+ �"4."%&'& $0 ���= j∗= 2('"1. !�+F+F#+

I+ �4%2'0)A'& 0.( 9$4%.&$( -&.%.%)-.= wi = *$1)'"%$ 0' &$<0'�

Δwi = ε(t)hλ(t) (x(t) − wi) !�+F+P#

1."1$ ε(t) $( 0' %'(' 1$ '-&$"1)A'@$ !�+F+J#=T $( $0 "D*$&. 1$ B-.4'( 1$ $"%&$"'*)$"%. 6

λ(t) = λi

(
λf

λi

) t
T

. !�+F+Q#

J+ �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

P+ �) t < T 9.09$& '0 -2"%. �+

����&� ��" ��#$�!�% 
�!"'$#(')*�

�" $0 '0<.&)%*. �'( 
$2&."'0 �."(%&24%)9. !�
�� �&.R)"< 
$2&'0 �'(# TFQU= ' 1)3$&$"4)'

1$ 0.( -&$9)'*$"%$ 1$(4&)%.(= $0 "D*$&. 1$ 2")1'1$( 4&$4$ 12&'"%$ $0 -&.4$(. '2%. .&<'")A'%)9.+

�$ 4.*)$"A' 4." 1.( 2")1'1$(= -'&' 02$<. )& '<&$<'"1. "$2&."'( ' 0' &$1= (24$()9'*$"%$+ �'&'

1$%$&*)"'& 15"1$ )"($&%'& "2$9'( 2")1'1$(= ($ 4'0420'" '0<2"'( *$1)1'( 1$ $&&.& 0.4'0$( 12&'"%$ $0

-&.4$(. 1$ '1'-%'4)5"+ �"' "2$9' 2")1'1 ($ )"($&%' 4$&4' 1$ '>2$00' "$2&."' >2$ -.($$ $0 *'6.&

$&&.& '42*20'1.+ 	' %.-.0.<?' )")4)'0 1$ 0' &$1 $( 2" 4."@2"%. 1$ � "$2&."'(+ 	' "$2&."' i %)$"$

'(.4)'1' 2" 9$4%.& -&.%.%)-. d 1)*$"()."'0= wi + �0 '0<.&)%*. �
� $( $0 ()<2)$"%$�

F�



�(6��!�+� ' �'( 
$2&."'0 �."(%&24%)9.
F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-.(= w1 6 w2 + �")4)'0)A'& $0 4."@2"%. 1$ 4."$8 

)."$( C= C = A × A= 4.*. $0 4."@2"%. 9'4?. $ )")4)'0)A'& $0 "D*$&. 1$ )%$&'4)."$( $" t = 0

�+ �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= x(t)= ' 0' &$1+

G+ �"4."%&'& $0 ���= j∗= 2('"1. !�+F+F# 6 0' ($<2"1' 2")1'1 *:( 4$&4'"' k∗ *$1)'"%$

k∗ = argmin
i∈A\i∗

‖x(t) − wi‖ . !�+F+�#

I+ �1'-%'& 0.( 9$4%.&$( -&.%.%)-. 1$ '42$&1. ' 0' &$<0' 1$0 �'( 
$2&."'0+

J+ �) ". $8)(%$ 2"' 4."$8)5" $"%&$ j∗ 6 k∗ 4&$'&0' C = C ∪ (j∗, k∗)+ �."7<2&'& 0' $1'1 1$0 /.&1$
$"%&$ j∗ 6 k∗ ' 4$&. !&$3&$(4'& $0 /.&1$#= age(j∗,k∗) = 0+

P+ �"4&$*$"%'& 0' $1'1 1$ %.1.( 0.( /.&1$( >2$ $*'"'" 1$ j∗ �

age(j∗,i) = age(j∗,i) + 1, ∀i ∈ Nj∗ !�+F+H#

1."1$ Nj∗ $( $0 4."@2"%. 1$ 9$4)".( %.-.05<)4.( 1)&$4%.( !$8)(%$ 2" /.&1$ $"%&$ i 6 j∗# 1$ j∗+

Q+ �$*.9$& '>2$00.( /.&1$( 4." 2"' $1'1 *'6.& >2$ 0' $1'1 *:8)*'= T (t) $" 0' )%$&'4)5" t
1$7")1' 4.*.�

T (t) = Ti

(
Tf

Ti

) t
tmax

. !�+F+F�#

�+ �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

H+ �) t < T 9.09$& '0 -2"%. �+

����+� 
�%��" �� ��$�!�)

�'1. 2" 4."@2"%. 1$ 9$4%.&$( -&.%.%)-.(= {w1, w2, . . . , wN} ∈ Rd= $0 4."@2"%. . 4$01'( 1$

�.&.".)= Vi 1$ 2" 9$4%.& -&.%.%)-. -'&%)420'&= wi = ($ 1$7"$ 4.*. $0 (2/4."@2"%. 1$ 0.( 9$4%.&$( 1$

$"%&'1' -'&' 0.( 42'0$(= $0 9$4%.& -&.%.%)-. wi $( $0 *:( 4$&4'".�

Vi = {x| ‖x − wi‖ < ‖x − wj‖ , i �= j} !�+F+FF#

1."1$ i, j = 1, . . . , N 6 ‖·‖ $( 0' *$1)1' 1$ 1)(%'"4)'+

FG



$�% $&%

�)<2&' �+F+I� �'1. 2" 4)$&%. 4."@2"%. 1$ 9$4%.&$( -&.%.%)-.(+ '# �$01'( 1$ �.&.".)+ /# %&)'"<20'4)5"
1$ �$0'2"'6

�0 4."@2"%. 1$ %.1'( 0'( 4$01'( 1$ �.&.".) ($ 4.".4$ 4.*. �$($0'4)5" 1$ �.&.".)+ �0 4."$4%'&

%.1.( 0.( -'&$( 1$ 9$4%.&$( -&.%.%)-. -'&' 0.( 42'0$( 0'( 4$01'( 1$ �.&.".) &$(-$4%)9'( 4.*-'&%$" 2"

/.&1$= ($ ./%)$"$ 0' �&)'"<20'4)5" 1$ �$0'2"'6 TF�U+ 	' �)<2&' �+F+I *2$(%&' 0'( 4$01'( 1$ �.&.".)

6 0' %&)'"<20'4)5" 1$ �$0'2"'6 -'&' 2" *)(*. 4."@2"%.+

���+$(!9$ !"� �0 $3$4%. 1$ 0' ".&*'0)A'4)5" -$&*)%$ >2$ 0.( 9'0.&$( 1$ 0' %'(' 1$ '-&$"1)A'@$

ε(t) 6 $0 %'*'M. 1$ 0' 9$4)"1'1 σ(t) "$4$()%$" '@2(%$( *$".&$( $"%&$ 1)(%)"%'( /'($( 1$ 1'%.(+

	' ".&*'0)A'4)5" 1$ 0.( 1'%.( '621' 1$ <&'" *'"$&' ' >2$ 0' &$1 %$"<' 2" /2$" 1$($*-$M.+ �(

4.*D" ".&*'0)A'& 0'( 4.*-."$"%$( 1$ 0.( 9$4%.&$( 1$ $"%&'1' 1$ %'0 3.&*' >2$ %$"<'" *$1)' 4$&.

6 9'&)'"A' 2")%'&)'+ �(%. -2$1$ 0.<&'&($ (2(%&'6$"1. 0' *$1)' μ 6 1)9)1)$"1. 0' *'<")%21 1$ 0'(

4.*-."$"%$( -.& (2 1$(9)'4)5" $(%:"1'& σ= 4.*. ($ *2$(%&' $" 0' ()<2)$"%$ $42'4)5"

x̂ =
x − μ

σ
!�+F+F�#

2"' '0%$&"'%)9' $( 0' ".&*'0)A'4)5" 0)"$'0= 0' >2$ 4."()(%$ $" &$(%'&0$ ' 4'1' 4.*-."$"%$ $0 9'0.&

*?")*. xmin 1$ $00' 1)9)1)1. -.& 0' 1)3$&$"4)' $"%&$ $0 9'0.& *:8)*. xmax 6 $0 9'0.& *?")*. 1$ $('

4.*-."$"%$�

	' ".&*'0)A'4)5" $( &$'0)A'1' -.& 4.02*"'(= 6' >2$ 4'1' 4'&'4%$&?(%)4' -2$1$ -.($$& 1)(%)"%'

1)*$"()5" 3?()4'= 6' ($' *$%&.(= 4$"%?*$%&.(= $%4+ �$ $(%' 3.&*' ($ /2(4' 0.<&'& 2"' $>2)1'1 $" $0

'-.&%$ 1$ 0'( 4'&'4%$&?(%)4'( ' 0' &$1+ �" 0' *'6.&?' 1$ 0.( 4'(.( $( )"4.&&$4%. ".&*'0)A'& -.& 70'(=

-2$( $(%. &$ $(4'0' 0.( 9$4%.&$( 1$ $"%&'1' ' 0' $(3$&' 2")%'&)' -$&1)$"1. '(? 0' 1)(%&)/24)5" .&)<)"'0

FI



1$ 0.( 1'%.(+ �)" $*/'&<.= $(%$ $3$4%. -2$1$ ($& 1$($'/0$ $" '-0)4'4)."$( 1$ �	"��������= 1."1$ 0.

>2$ )*-.&%' -&)"4)-'0*$"%$ $( $0 :"<20. $"%&$ 0.( 9$4%.&$( 6 ". 0' 1)(%'"4)' $240)1)'"' $"%&$ $00.(+

���� ����� ���
��
��������	�� ��
� �� �

���������
 ��  ��

�������� !���

����

������ ����" ��,��$�%�" �� �� �!�!

�0 �'-' �$*-.&'0 1$ N.;."$" !�N�� 
	������ #�!��	� ����# TFHU $( 2". 1$ 0.( -&)*$&.(

'4$&4'*)$"%.( /'('1.( $" &$1$( "$2&."'0$( '2%. .&<'")A'%)9'( -'&' $0 -&.4$('*)$"%. 1$ ($42$"4)'(

%$*-.&'0$(+ �&$9). ' �N� 6' $8)(%?'" 4)$&%.( )"%$"%.( -.& )"402)& $0 4."%$8%. $" 0.( �'-'( 1$

N.;."$" T��U= �N� -&.-."$ 2"' %B4")4' '0%$&"'%)9' 4." 2" 40'&. &$'0)(*. /).05<)4.= >2$ -$&*)%$

$9)%'& $0 2(. 1$ 9$"%'"'( 1$ %)$*-.+

�0 *.1$0. ($ /'(' $" >2$ 0'( "$2&."'( (." 4'-'4$( 1$ *'"%$"$& (2 '4%)9)1'1 12&'"%$ 2" -$&?.1.

1$ %)$*-.+ �(%. $( *.1$0'1. *$1)'"%$ 2" -.%$"4)'0 1$ '4%)9'4)5" >2$ ($ 32"1'*$"%' $" 0' 4."(%'"%$

1$ %)$*-. '(.4)'1' '0 1$4')*)$"%. 1$ 0' '4%)9)1'1 $0B4%&)4' $" 2"' "$2&."' 1$ 0' 4.&%$A' 4$&$/&'0+

	' &$1 
$2&."'0 �N� $(%: 1'1' -.& 2" 4."@2"%. 1$ "$2&."'( N = {1, . . . , M} 0'( 42'0$( -.($$"

-$(.( wi ∈ R
d+ 	.( 1'%.( xt ∈ R

d, ∀t = 1 . . . T + �0 -0'"%$'*)$"%. .&)<)"'0 1$ �N� TFHU 4."()(%$ $"

*'8)*)A'& 0' '4%)9)1'1 Ui(t) 1$ 0'( "$2&."'( 1$ 0' &$1

Ui(t) = αUi(t − 1) − 1
2
‖x(t) − wi‖ !�+�+F#

1."1$ �0 %B&*)". αUi ;'4$ 1$ 2*/&'0 . /'&&$&' 1$ '4%)9'4)5"+

�0 4&)%$&). 1$ 1)(%'"4)' !�+�+�#= $( 2" -0'"%$'*)$"%. '0%$&"'%)9.� >2$ /:()4'*$"%$ 4."()(%$ $"

*'"%$"$& '0$@'1'( 0'( "$2&."'( >2$ $" )"(%'"%$( '"%$&).&$( ". ;'" 0.<&'1. 4'0A'& $0 -'%&5" 1$

$"%&'1'+ 	' 4."(%'"%$ 1$ %)$*-. α 4."%&.0' 0' 4'-'4)1'1 1$ 0' &$1 -'&' &$4.&1'& 0' '4%)9)1'1 1$ 0'(

"$2&."'(+

di(t) = αdi(t − 1) + (1 − α)
∥∥xt − wi

∥∥2
!�+�+�#

��7 2��'8� �� ���� )�-)���0��5'90: �� 2�0��0�) �7 5)'��)'� �� 2'0'2';�5'90 �� 7� �'���05'� -�)� �05�0�)�) 7� (0'���
��0���)� $"��%: �7 5(�7 �� (���� � 7� 7�)�� �� 7� ���'�!

FJ



�$($"&.00'"1. $0 4&)%$&). 1$ 1)(%'"4)' !�+�+�# ($ ./%)$"$

di(t) =
t∑

j=1

(1 − α) αt−j
∥∥xj − wi

∥∥2
!�+�+G#

6 1$&)9'"1. $0 32"4)."'0 4." &$(-$4%. ' w ($ -2$1$ $"4."%&'& $0 9$4%.& 1$ -$(.( >2$ *)")*)A' 0'

1)(%'"4)' 1$ 0' "$2&."' '0 -'%&5" 1$ $"%&'1'=

∂di(t)
∂w

= −
t∑

j=1

(1 − α)αt−j2(xj − w) = 0 !�+�+I#

1$ 1."1$ ($ ./%)$"$

w =

∑t
j=1 αt−jxj∑t

j=1 αt−j
. !�+�+J#

�0 9$4%.& 1$ -$(.( 4.&&$(-."1$ ' 0' *$1)' -."1$&'1' 1$ 0.( -'%&."$( -&$9)'*$"%$ -&$($"%'1.(

' 0' "$2&."'+

�&)<)"'0*$"%$ �N� 32$ 3.&*20'1. -'&' 0.( *'-'( 1$ N.;."$"= ()" $*/'&<. 4.*. 0' $0$44)5"

1$0 4."%$8%. ". 1$-$"1$ 1$ '&>2)%$4%2&' 1$ 0' <&)00'= $(%$ -2$1$ ($& 2%)0)A'1. 4." .%&.( 42'"%)A'1.&$(

4.*. 
$2&'0 �'(+

�0 '0<.&)%*. �N� ($ &$(2*$ ' 4."%)"2'4)5"�

�(6��!�+� , �$*-.&'0 N.;."$" �'-(
F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-. $" 4'1' "$2&."'= wi, di(0) = 0, ∀i = 1 . . .m

�+ �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= xt= ' 0' &$1+

G+ �"4."%&'& $0 ���= It= 2('"1. !�+F+F#= 1."1$ di(t) ($ 4'0420' 4.*. !�+�+�#+

I+ �4%2'0)A'& 0.( 9$4%.&$( -&.%.%)-.= wi = *$1)'"%$ 0' &$<0'�

Δwi = ε(t)hσ(dN (i, I))
(
xt − wi

)
!�+�+P#

1."1$ ε(t) $( 0' %'(' 1$ '-&$"1)A'@$ 1$7")1' $" !�+F+J#= T $( $0 "D*$&. 1$ B-.4'( 1$ $"%&$ 
"'*)$"%. 6 hσ(dN (i, I)) $( 0' 32"4)5" 1$ 9$4)"1'1 !�+F+G#+

J+ �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

P+ �) t < Ts 9.09$& '0 -2"%. �+

FP



������ ���� 	#'�-�$.�!)/�')*� ��(#$$�!'�

�0 �'-' �2%. �&<'")A'%)9. �$42&&$"%$ !������	����	�� �	������������� ����# T�F= ��U= -&. 

-."$ 2"' *$@.&' -'&' $0 '0<.&)%*. �N�+ ���� 1$7"$ 2" 9$4%.& -'&' 4'1' 2")1'1 $" $0 *'-'+ 	.(

-$(.( 1$ 0' 2")1'1 <'"'1.&' (." '1'-%'1.( *$1)'"%$ $42'4)."$( 1$ 1)3$&$"4)'( &$42&()9'( $"%&$ 0'

"2$9' $"%&'1' -&$($"%'1' '0 *'-'= $0 9$4%.& -&$9). 1$ 1)3$&$"4)'( 6 $0 -$(. 1$ 0' 2")1'1+ �0 �'-'

�$*-.&'0 1$ N.;."$" ". 2(' 1)&$4%'*$"%$ 0' )"3.&*'4)5" %$*-.&'0 1$0 4."%$8%. $" 0' '4%2'0)A'4)5"

)"(%'"%:"$' 1$ 0.( -$(.( 6 0'( $"%&'1'( '"%$&).&$( (50. (." %.*'1'( $" 42$"%' $" 0' ($0$44)5" 1$

0' 2")1'1 <'"'1.&' !���#+ ���� 0.<&' )"402)& 0' "'%2&'0$A' %$*-.&'0 1$ 0' ($&)$ %'"%. $" 0'

($0$44)5" 1$ 0.( -$(.( 4.*. $" 0' '1'-%'4)5" 1$ $00.(+ �'&' $00. ($ -&.-."$ $0 9$4%.& 1$ 1)3$&$"4)'(

yt
i -'&' 2"' $"%&'1' xt= $0 42'0 ($ 4'0420' ($<D" 0' ()<2)$"%$ $8-&$()5"�

yt
i = αyt−1

i + (1 − α)
(
xt − wi

)
!�+�+Q#

1."1$ α 4."%&.0' 0' )"402()5" 1$0 9$4%.& 1$ 1)3$&$"4)'( $" $0 )"(%'"%$ '"%$&).&= 6 $0 $&&.& $"%&$ $0

-'%&5" 1$ $"%&$"'*)$"%. 6 $0 9$4%.& 1$ 42'"%)A'4)5" wi+

�" &$(2*$"= ���� ". (50. 4."()1$&' 0' *'<")%21 1$0 $&&.&= ()". >2$ %'*/)B" ($ 4."()1$&' 0'

1)&$44)5" 1$ $(%$= 1$ $(%' 3.&*' 0' '1'-%'4)5" 1$ 0.( -$(.( ($ &$'0)A' $" *$@.&$( 1)&$44)."$( 1$

1$(4$"(.+ �0 9'0.& 1$ 0 < α < 1 1$%$&*)"' $0 $3$4%. 1$0 9$4%.& 1$ 1)3$&$"4)'(= 2" 9'0.& -$>2$M.

$>2)9'0$ ' 2"' 4.&%' *$*.&)'+ �0 4&)%$&). 1$ 1)(%'"4)' $(

di(t) =
∥∥yt

i

∥∥ . !�+�+�#

�" '":0)()( ()*)0'& '0 &$'0)A'1. $" �N� -'&' 1$%$&*)"'& 0.( -$(.( 5-%)*.(= ($ 1$('&&.00' $" T�GU

-'&' 0' 1)(%'"4)' !�+�+�#= ()$"1. $0 &$(20%'1. )1B"%)4. ' !�+�+J#+ �"' 4.*-'&'4)5" 1$%'00'1' $"%&$

�N� 6 ���� -2$1$ ($& $"4."%&'1' $" T�GU+

���� ($ ;' 2%)0)A'1. $" 0' -&$1)44)5" 1$ ($&)$( 1$ %)$*-. *$1)'"%$ *.1$0.( 0)"$'0$( 0.4'0$( T�IU

4." &$(20%'1.( )"3$&).&$( ' &$1$( 1$ -$&4$-%&5" *20%)4'-' !�	���������$	� %	��	���&�#+

�0 '0<.&)%*. ���� ($ &$(2*$ ' 4."%)"2'4)5"�

FQ



�(6��!�+� / �$42&&$"% �$03 �&<'")A)"< �'-(
F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-. 6 9$4%.&$( 1$ &$42&&$"4)' $" 4'1' "$2&."'=

wi, yi, ∀i = 1 . . .M

�+ �&$($"%'& 2"' ($42$"4)' 1$ $"%&'1' Ss

�# �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= xt= ' 0' &$1+

 # �"4."%&'& $0 ���= It= 2('"1. !�+F+F#= 1."1$ di(t)($ 4'0420' 4.*. !�+�+�#+

�# �4%2'0)A'& 0.( 9$4%.&$( -&.%.%)-.= wi ($<D" !�+�+P# 6 9$4%.&$( 1$ 1)3$&$"4)'( yt
i($<D"

!�+�+Q# +

�# �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

	# �) t < Ts 9.09$& '0 -2"%. ��+

G+ �&.4$('& 2"' "2$9' ($42$"4)' (s → s + 1)

I+ �) s < S 9.09$& '0 -2"%. �+

����&� ����	� 0 �	��	�

�&)"4)-$ T�JU -&.-."$ 2"' '&>2)%$4%2&' /'('1' $" 1.( $0$*$"%.( -&)"4)-'0$(� '2%. .&<'")A'4)5"

6 1)32()5" 1$ 0' )"3.&*'4)5"+ 	' 1)32()5" $( 2%)0)A'1' -'&' 4'-%'& 0' 1)":*)4' 1$ 0' ($42$"4)'+ 	'

'&>2)%$4%2&' 1$ 0' &$1 $(%'/0$4$ 4."$8)."$( $"%&$ 0'( "$2&."'(= -.& *$1). 1$ 0'( 42'0$( ($ 1)32"1$

0' '4%)9)1'1= 0' 42'0 1$4'$ $" $0 %)$*-.+ �0 <'"'1.& ($ $0)<$ *$1)'"%$ 2"' 4.*/)"'4)5" 1$0 9$4%.&

1$ -$(.( 6 0' '4%)9)1'1 1$ 0' "$2&."'+ �(%$ %)-. 1$ '4%)9)1'1 )*-0$*$"%' *$*.&)'( 1$ 4.&%. -0'A.+

������ !�	������������� ���� ���! 
	������ ����'��$ (�)�����# $(%: 1$7")1. $" 2"' &$1

"$2&."'0 %)-. ���+ �" $(%$ %)-. 1$ &$1$( 0'( 4."$8)."$( $"%&$ 0'( "$2&."'( $(%:" $(%'/0$4)1'(

($<D" 0' %.-.0.<?' 1$ 0' <&)00'+ 	' '4%)9)1'1 ($ 1)32"1$ ' %&'9B( 1$ 0'( 4."$8)."$( *$1)'"%$ 2"

*.1$0. 1$ '4%)9)1'1 !�+�+H# /'('1. $" �$*.&)'( �'**' TJU= 426' $42'4)5"

a(x, t) = (1 − μ) a(x, t − 1) + μ ‖x − wx‖ !�+�+H#

1."1$ μ $( 2" -'&:*$%&. 1$ &$%&.'0)*$"%'4)5" 1$ 0' '4%)9)1'1= a(x, t) 4.&&$(-."1$ ' 0' '4%)9)1'1 1$

0' "$2&."' x 4." -$(. wx $" $0 )"(%'"%$ t+ 	' 2")1'1 <'"'1.&' ��� $( 0' >2$ *)")*)A' !�+�+F�#+

di(t) = ‖x − wi‖ − βa(x, t) !�+�+F�#

1."1$ β $( 2" -'&:*$%&. 1$ '4.-0'*)$"%. $(-'4). %$*-.&'0= $0 42'0 &$-&$($"%' 0' 1)(*)"24)5" 1$0

F�



2*/&'0 )"%&.124)1. -.& 0' 1)32()5" 1$ 0' '4%)9)1'1+ �" 9'0.& 1$ β '0%. 0.<&' 1)(*)"2)& 0. (274)$"%$

$0 2*/&'0 1$ '4%)9'4)5"= 4.*. -'&' >2$ $0 <'"'1.& $" 0' ()<2)$"%$ )%$&'4)5" ($' 2" 9$4)". 1$ 0'

2")1'1 <'"'1.&' $" 0' )%$&'4)5" '4%2'0+ �0 ;'4$& >2$ β → 0= ($ &$42-$&' $0 ��� .&)<)"'0+ �0 '2%.&

*$"4)."' >2$ 0' '4%)9)1'1 9)'@' ' %&'9B( 1$ 0' &$1 $" 3.&*' ()*)0'& '0 *.1. $" >2$ 9)'@'" 0'( ."1'(

'0 0'"A'& 2" -)$1&' $" 2"' 32$"%$+

�0 -'&:*$%&. 0 < μ < 1= 4.*. ($ $(%21)' 4." *:( 1$%'00$ $" 0' ($44)5" �+G+� 1$ *$*.&)'(

�'**'= 4."%&.0' 0' -&.32"1)1'1 1$ 0' *$*.&)'= $" $(%$ 4'(. 0' 9$0.4)1'1 4." >2$ 1$('-'&$4$" 0'(

."1'( . 0' 4'-'4)1'1 1$ 0' &$1 -'&' &$4.&1'& 0' '4%)9)1'1+

�0 *.1$0. ������ !�	���� ��� ���! 
	������ ����'��$ (�)�����#= $(%: *."%'1. (./&$ $0

42'"%)A'1.& 
�= $0 >2$ ' 1)3$&$"4)' 1$ ��� ". -.($$ 2"' %.-.0.<?' >2$ 4."$4%$ 0'( "$2&."'( 1$ 0'

&$1+ �.& 0. %'"%. $( "$4$('&). 1$7")& 2"' $(%&24%2&' >2$ -$&*)%' 1$%$&*)"'& ;'4)' >2$ "$2&."'( ($

1)32"1)&: 0' '4%)9)1'1 1$ 0' "$2&."' <'"'1.&'+ �"' 4."$8)5" pi,j ($ &$32$&A' . 1$/)0)%' 1$ *'"$&'

%$*-.&'0 ($<D" 0' &$<0' !�+�+FF#+ 	' )1$' -&)"4)-'0 $( >2$ 0' 4."$8)5" $"%&$ "$2&."'( >2$ <'"'"

4."($42%)9'*$"%$ ($ &$32$&A'= *)$"%&'( >2$ $0 &$(%. 1$ 0'( 4."$8)."$( ($ 1$/)0)%' $" 4)$&%' 3&'44)5"+

�$ 1$7"$ pi,j 4.*. 0' 32$&A' 1$ 4."$8)5"= ����	����� ���	���!= $"%&$ 0'( "$2&."'( "$2&."'( i, j= 1$

*'"$&' >2$

ΔpIt−1,It = b, pi,j(t) = pi,j(t − 1)
(

N

N + b

)
!�+�+FF#

	. '"%$&).& -$&*)%$ 1$%$&*)"'& 4." >2$ 32$&A' ($ -&.-'<'&: 0' '4%)9)1'1 1$ 0' 2")1'1 <'"'1.&'

'0 &$(%. 1$ 0'( "$2&."'( 1$ 0' &$1+ 	' '4%)9)1'1 <$"$&'1' $" 0' "$2&."' i B()*' 1$/)1. ' 0' k B()*'

$(

ai(t + 1) = αai(t) +
∑

k [{μf(d, k) + (1 − μ) ak(t)} pk,i]
max(p)

!�+�+F�#

1."1$ 0 < α < 1 $( 2"' 4."(%'"%$ 1$ .09)1. 1$ 0' '4%)9)1'1= d $( $0 9$4%.& 1$ 1)(%'"4)'( $"%&$ 0'(

"$2&."'(= 6 f(d, k) 1$%$&*)"' 4.*. 0' 1)(%'"4)' $(-'4)'0 '3$4%' 0' '4%)9)1'1 $" 0' "$2&."'+ �(%'

32"4)5" -.1&?' ($& 2" 1$0%' 1$ 1)&'4 $0)*)"'"1. 0' (2*'%.&)' 1$ 0' $42'4)5" !�+�+F�#+ 	' "$2&."'

<'"'1.&' ��� $( ($0$44)."'1' 4.*. 0' >2$ *)")*)A' !�+�+F�# 4." 0' '4%)9)1'1 1$7")1' $" !�+�+F�#+

�" 3$"5*$". )"%$&$('"%$= 1$/)1. '0 -'&:*$%&. β= $( $0 1)"'*)(*. $" 0'( 4$01'( 1$ 9.&.".)= 0'(

"$2&."'( 6' ". <'"'" (50. -.& 0' 4$&4'"?' '0 -'%&5" 1$ $"%&'1'= -2$( 0' 1)32()5" '0 1)(*)"2)& $0

FH



$�%

$&%

�)<2&' �+�+F� �)"'*)(*. $" 0'( 4$01'( 1$ 9.&.".)+ 	' �)<2&' /# *2$(%&' 4.*. 0'( 4$01'( 1$ 9.&.".)
4&$4$" 4." &$(-$4%. ' 0' �)<2&' '# -'&' $0 '0<.&)%*. ������+ �)<2&' $8%&'?1' 1$ T�JU

2*/&'0= -.1&?' -$&*)%)& >2$ ($ '4%)9$ 2"' "$2&."' >2$ ". ($' "$4$('&)'*$"%$ ($' 0'( *:( 4$&4'"'

'0 $@$*-0. -&$($"%'1.+

����+� ���� 	#'�-�$.�!)/�')*�" ��(#$")*�"

�0 �'-' �2%. �&<'")A'%)9. �$42&()9. !�$4���� �	�����'	 �	�� ���������� ���# T�PU -.($$

2"' &$-&$($"%'4)5" 1$ 4."%$8%. *:( &)4' >2$ 0.( '0<.&)%*.( -&$($"%'1.( '"%$&).&*$"%$= -$&. ' 2"

*'6.& 4.(%. 4.*-2%'4)."'0+ �$4��� .42-' 2" 9$4%.& 1$ 4."%$8%. ct= $0 42'0 '0*'4$"' 0' '4%)9)1'1

1$0 *'-' 4.*-0$%.= '(? 4'1' "$2&."' i ∈ N $(%' $>2)-'1' 4." 1.( 9$4%.&$(= $0 9$4%.& 1$ -$(.(

wi ∈ R
d 6 $0 9$4%.& 1$ '4%)9)1'1$( ci ∈ R

|N |+ �0 '0<.&)%*. 4.*/)"' '*/.( 9$4%.&$( -'&' ($0$44)."'&

��



0' 2")1'1 <'"'1.&' !���#= 4.*. 0' 2")1'1 >2$ *)")*)A' $0 ()<2)$"%$ 4&)%$&). 1$ 1)(%'"4)'

di(t) = α
∥∥xt − wi

∥∥+ β
∥∥ct − ci

∥∥ !�+�+FG#

1."1$ 0.( -'&:*$%&.( α, β > 0 4."%&.0'" 0' )"W2$"4)' 1$0 4."%$8%.+ �0 4."%$8%. '4%2'0 4.&&$(-."1$

' 0' $8-."$"4)'0 1$ 0'( 1)(%'"4)'( . '4%)9'4)."$( 1$ 0'( "$2&."'( $" $0 )"(%'"%$ '"%$&).&= ct =(
e−d1(t−1), . . . , e−d|N|(t−1)

)
+ 	' $0$44)5" 1$ 0.( -'&:*$%&.( α, β ". $( %&)9)'0= ;'6 9'0.&$( -'&' 0.(

42'0$( $0 '0<.&)%*. $( )"$(%'/0$+ �'&' 0' $0$44)5" 1$ $(%.(= ;'6 >2$ 4."()1$&'& >2$ 0' 1)*$"()5" 1$0

4."%$8%. -2$1$ ($& *24;. *'6.& >2$ 0' 1)*$"()5" 1$ 0.( 1'%.(= $" 426. 4'(. $0 9'0.& 1$ β 1$/$ ($&

0. (274)$"%$*$"%$ -$>2$M. -'&' 4.*-$"('& 0'( 1)3$&$"4)' $" $0 4:0420. 1$ 0'( ".&*'( 1$/)1. ' 0'(

1)3$&$"%$( 1)*$"()."'0)1'1$(+ �( '1$*:( &$4.*$"1'/0$ >2$ $0 -$(. 1$0 4."%$8%. $" 0' ($0$44)5" 1$

0' ��� ($' *$".& >2$ $0 1$ 0' 42'"%)A'4)5"= $( 1$4)& β < α+

�"' 42'0)1'1 1$ $(%$ *.1$0. $( 0' )"1$-$"1$"4)' 1$ 0' %.-.0.<?' 1$ 0' &$1= 6' >2$ -2$1$ ($&

2('1. 4." 42'0>2)$& %)-. 1$ <&)00'= 0' '1'-%'4)5" ' 
� $( 1)&$4%'= ' 1)3$&$"4)' 1$ ������ 6

������+

�.$<%0)" $" T�PU 1$7"$ 2"' *$1)1' 1$ 1$($*-$M. ' 7" 1$ -.1$& 1$%$&*)"'& () 0' &$1 0.<&'

4'-%2&'& 0'( &$<20'&)1'1$( %$*-.&'0$( 1$ 0' ($&)$ 1$ $"%&'1'+ �.&*'0*$"%$ 1$7"$ 2"' 42'"%)A'4)5"

4.*. 2"' 32"4)5" 1$(1$ 2" $(-'4). 1$ $"%&'1' ' 2" '03'/$%. 7")%.= . 4."@2"%. 1$ -&.%.%)-.(

L1, . . . , LM + �'1' 9$4%.& -&.%.%)-. wi $( '(.4)'1. ' 4'1' 0$%&' Li+ �"' *$1)1' 40:()4' 1$ 1$($*-$M.

1$ 0' 42'"%)A'4)5" $( $0 *$1)& 0' ".&*' 1$0 9$4%.& -&.%.%)-. 4." &$(-$4%. '0 -'%&5" 1$ $"%&'1'

‖xt − wi‖= -$&. $(%' 35&*20' $( 9:0)1' (50. 42'"1. ". $8)(%$" 1$-$"1$"4)'( %$*-.&'0$( $"%&$ 0.(

1'%.(+

�( -.()/0$ <$"$&'0)A'& $0 $&&.& 1$ 42'"%)A'4)5" '0 :*/)%. %$*-.&'0= 1)(%)"<2)$"1. 0' "'%2&'0$A'

4."%)"2' . 1)(4&$%' 1$ 0' ($&)$ 1$ %)$*-.+

#�#�,��� ��$��!9$ !"� �% �%�!%* �!* �%�$*

�2-."<'*.( 2"' ($&)$ 1$ 9'0.&$( 1)(4&$%.(= ". )"1$-$"1)$"%$= )1B"%)4'*$"%$ 1)(%&)/2)1.(+ �'&'

()*-0)74'& 6 ()" -B&1)1' 1$ <$"$&'0)1'1= (2-."<'*.( >2$ x(t) ∈ {0, 1}+ �0 4."%$8%. %$*-.&'0 1$ 0'

($42$"4)' $" $0 )"(%'"%$ t $(%: 1'1. -.& ct =
(
xt, xt−1, xt−2, . . .

) ∈ {0, 1}M+

�0 4."%$8%. %$*-.&'0 $( &$-&$($"%'1. -.& 2" 4."@2"%. 1$ '03'/$%.( L1, . . . , LM + �'&' 4'1'

)"(%'"%$ t= 2"' D")4' 0$%&' Lk(t) &$-&$($"%' ' ct+ 	2$<. 0' &$4."(%&244)5" 1$ ct $( &$'0)A'1' -.& $0

�F



4."@2"%. 1$ '03'/$%.(+ �'1. >2$ ct $( )"7")%.= 0' 4'-'4)1'1 1$ &$-&$($"%'4)5" 1$ ct $(%: 0)*)%'1' '

0' 4'-'4)1'1 1$ &$-&$($"%'4)5" 1$0 '03'/$%.+

�.&*'0*$"%$= 0' 42'"%)A'4)5" 1$0 4."%$8%. ($ 1$7"$ 4.*. 2"' 32"4)5" 1$ {0, 1}M '0 '03'/$%.

{L1, . . . , LM}+ �0 4."@2"%. 1$ 4."%$8%.( %$*-.&'0$( &$-&$($"%'1.( -.& Li $( 1$".*)"'1. 4'*-.

1$ &$4$-4)5" *�	�	���'	 �	��# 6 $( 1$".%'1. -.& Ri+ �0 "D*$&. 1$ $9$"%.( -'('1.( >2$ -2$1$" ($&

&$4."(%&2)1.( -.& Li $( 1$".*)"'1. -&.32"1)1'1 1$0 4'*-. &$4$-%)9. Ri= 6 $( 1$".%'1. -.& ni= 0.

42'0 4.&&$(-."1$ '0 0'&<. 1$ 0' )"%$&($44)5" 1$ %.1.( 0.( 4."%$8%.( -$&%$"$4)$"%$( ' Ri+

�0 4."@2"%. 1$ %.1.( 0.( 4."%$8%.(= {0, 1}M= -2$1$ ($& 9)(%. 4.*. 2" :&/.0 /)"'&). )"7")%.+ �0

4'*-. &$4$-%)9. Ri 4.&&$(-."1$ ' 2" 4."@2"%. 1$ ($42$"4)'( /)"'&)'( >2$ &$4.&&$" ' 2" 4'*)".

)"7")%. -'&%)$"1. 1$ 0' &'?A 1$0 :&/.0+ �" D")4. ".1. 1$0 :&/.0 Hi -2$1$ ($& '()<"'1. ' Li= >2$

4.&&$(-."1$ '0 ".1. *:( -&.32"1. 1$0 :&/.0 >2$ -$&%$"$4$ ' %.1.( 0.( 4."%$8%.( $" Ri+ 	' -&. 

32"1)1'1 1$ Ri $( )<2'0 ' 0' -&.32"1)1'1 1$0 ".1. Hi+ �'1. >2$ 4'1' 4."%$8%. 1$/$ -$&%$"$4$&

' 2" 4'*-. &$4$-%)9. Ri= 4.&%'& $0 :&/.0 $" 0.( ".1.( H1, H2, . . . , HM &$(20%' $" 2" :&/.0 7")%.

{H1, H2, . . . , HM} >2$ 1$(4&)/$ 0' 42'"%)A'4)5" 4.*-0$%'*$"%$+

�) pi $( 0' -&./'/)0)1'1 1$ >2$ 2" 4."%$8%. -$&%$"$A4' ' Ri= $"%."4$( $0 "D*$&. *$1). 1$ $9$"%.(

-'('1.( >2$ -2$1$" ($& &$4."(%&2)1.( $(�

n̄ =
∑

1≤i≤M

pini !�+�+FI#

�0 9'0.& n̄ $( 00'*'1. -&.32"1)1'1 1$0 42'"%)A'1.&= $(%$ 9'0.& $( 2"' *$1)1' 1$ 4'0)1'1 1$0

42'"%)A'1.&+ 	' �)<2&' �+�+��= *2$(%&' 1)(%)"%.( '&/.0$( /)"'&).( 6 0' &$(-$4%)9' -&.32"1)1'1 1$

42'"%)A'4)5"+ �" 0'( 7<2&'( � 6 � ($ -2$1$ '-&$4)'& "2$9'*$"%$ 0' *$@.& 4'-'4)1'1 1$ 42'"%)A'4)5"

1$ 
� 4." &$(-$4%. ' ���+�:( 1$%'00$( 6 1$*.(%&'4)."$( -2$1$" $"4."%&'&($ $" T�QU+

#�#�,�#� ��$��!9$ !"� �% �%�!%* ����!��$*

�0 4'*-. &$4$-%)9. $" $0 4'(. 1$ ($&)$( 4."%)"2'( $( 1$7")1. 4.*. 0' *$1)' 1$ %.1'( 0'( ($42$" 

4)'( >2$ <'%)00' (2 ($0$44)5"+ �(%' 1$7")4)5" $(%: &$(%&)"<)1' ' 2"' 9$"%'"' 1$ %)$*-.+ �0 $&&.& 1$

42'"%)A'4)5" %$*-.&'0 !���� 
	������ +����������� ,����#= ($ 1$7"$ 4.*. 0' 1$(9)'4)5" $(%:"1'&

�
'�()� �*�)�+�� �� <�=>

��



�)<2&' �+�+�� �&/.0$( /)"'&).( 4.&&$(-."1)$"%$ ' 0.( '0<.&)%*.( ���'-' �2%. .&<'")A'%)9. �$42& 
&$"%$[ �=���'-' �2%. .&<'")A'%)9. �$42&()9.[��*2$(%&' 0' -&.32"1)1'1 5-%)*'+

�)<2&' �+�+G� �.*-'&'4)5" 1$0 4'*-. &$4$-%)9. %$*-.&'0 $"%&$ '# ��� 6 /# �$4���+

1$ 0'( ($42$"4)'( '(.4)'1'( ' (2 4'*-. &$4$-%)9.+ 	' �)<2&' �+�+G� *2$(%&' 2"' 4.*-'&'4)5" 1$0

4'*-. &$4$-%)9. $"%&$ ��� 6 �$4���+ �$ -2$1$ ./($&9'& >2$ 0' 1$(9)'4)5" $(%:"1'& 1$ �$4���

$( *24;. *:( -$>2$M' >2$ 0' 1$ ���+ �)"4. 2")1'1$( "2"4' 32$&." ($0$44)."'1'(= '-'&$"%$*$"%$

1$/)1. ' 0' 1)7420%'1 -'&' $"4."%&'& 2" *'-$. 1$ /'@' 1)*$"()."'0)1'1 -'&' 2"' ($42$"4)' %$* 

-.&'0 >2$ $( &$-&$($"%'1' -.& 9$4%.&$( 1$ '0%' 1)*$"()."'0)1'1+

�" '":0)()( *:( 1$%'00'1. (./&$ $0 4:0420. 1$0 $&&.& 1$ 42'"%)A'4)5" %$*-.&'0 ���= -2$1$ ($&

$"4."%&'1. $" 0' ($44)5" �+�+P= &$3$&$"%$ ' T��U+

�
'�()� �*�)�+�� �� <�=>

�G



����1� ��$.� ��#$�% ��"

�$&<$ 
$2&'0 �'( !�
�# $( 2" *.1$0. ". (2-$&9)('1.= &:-)1.= )"%2)%)9. 6 -.1$&.(.= .&)$"%'1.

'0 -&.4$('*)$"%. 1$ ($42$"4)'( TFIU+ �0 *.1$0. -&.-2$(%. 4.*/)"' 2"' '&>2)%$4%2&' %.0$&'"%$ '0

&2)1.= /'('1' $" 0'( 2")1'1$( <'"'1.&'( !���# 1$ 0.( )"(%'"%$( '"%$&).&$(= 4." $0 42'"%)A'1.&


$2&'0 �'( !
�# TFPU+ �0 4."%$8%. 1$ �
� ($ *$A40' 4." 0' 42'"%)A'4)5" 1$ 0' ($M'0 -'&' )&

4."(%&26B"1.($ 1$ *'"$&' &$42&()9'+ �"' 1$ 0'( <&'"1$( 42'0)1'1$( 1$ $(%' '&>2)%$4%2&' $( >2$

-2$1$ ($& 4.*/)"'1' 4." <&)00'( '&/)%&'&)'(+

	' &$1 
$2&."'0 �
� $(%: 1'1' -.& 2" 4."@2"%. 1$ "$2&."'( N = {1, . . . , M} 0'( 42'0$( (."

$>2)-'1'( 4." 2" -$(. wi ∈ R
d 6 2" 4."%$8%. ci ∈ R

d+ �'1. 2" 4."@2"%. 1$ ($42$"4)'( %$*-.&'0$(

Ss =
{
xt ∈ R

d|∀t = 1 . . . Ts

}
= -'&' s = 1 . . . S ($ 1$7"$ It 4.*. 0' 2")1'1 <'"'1.&' $" $0 )"(%'"%$

>2$ *)")*)A' $0 ()<2)$"%$ 4&)%$&). 1$ 1)(%'"4)' &$42&()9'

di(t) = (1 − α)
∥∥xt − wi

∥∥2
+ α

∥∥ct − ci
∥∥2

!�+�+FJ#

1."1$ ct 4.&&$(-."1$ '0 1$(4&)-%.& 1$0 4."%$8%.= >2$ $( 2"' 4.*/)"'4)5" 0)"$'0 1$ 0'( -&.-)$1'1$(

1$ 0' 2")1'1 <'"'1.&' It−1 $" $0 -'(. '"%$&).&

ct = (1 − β)wIt−1 + βcIt−1 !�+�+FP#

1."1$ 0 ≤ β ≤ 1 $( 2" -'&:*$%&. >2$ 4."%&.0' 0' )"402()5" 1$ 0' ;)(%.&)' 1$ 0' ($42$"4)'+

�2&'"%$ $"%&$"'*)$"%. 1$ 0' &$1 �
� ($ &$4.*)$"1' -."$& *24;. 42)1'1. '0 9'0.& 1$0 -'&:*$%&.

0 < α < 1 $" 0' 1)(%'"4)' &$42&()9' !�+�+FJ#+ �$ 4.*)$"A' 4." 2" -$>2$M. 9'0.& 1$ α ' 7" 1$

>2$ 0' 4."%&)/24)5" 1$0 4."%$8%. ($' -$>2$M'+ �2&'"%$ $0 $"%&$"'*)$"%. ($ -2$1$ )& <&'12'0*$"%$

'2*$"%'"1. $0 9'0.& 1$ α -'&' -$&*)%)& >2$ '2*$"%$ 0' 4."%&)/24)5" 1$0 4."%$8%.+ �9'"A'1. $0

$"%&$"'*)$"%. ($ -2$1$ 0)/$&'& $0 -'&:*$%&. α 6 .&)$"%'&0. ' 2" 9'0.& >2$ *'8)*)4$ 0' $"%&.-?' 1$

'4%)9'4)5" 1$ 0' &$1+

	' $0$44)5" 5-%)*' 1$0 9$4%.& 1$ -$(.( 6 1$0 4."%$8%. 1$-$"1$ 1$ 0' *)")*)A'4)5" 1$ 0' 1)(%'"4)'

&$42&()9' !�+�+FJ#+ �$ ;' *.(%&'1. >2$ 1)(*)"26$"1. $0 %'*'M. 1$ 0' 9$4)"1'1= '0 7"'0)A'& $0

$"%&$"'*)$"%.= 0.( 9$4%.&$( wi 6 ci 4."9$&<$" ' 2"' 4.1)74'4)5" 3&'4%'0 1$ 0.( $0$*$"%.( -&$($"%'1.(

-&$9)'*$"%$ $" 0' ($42$"4)' T�HU+

�%��%+$ #�#�� (��� ���� ��� ���������&� �	�����'� �	� �������

�I



di(t) = (1 − α)
∥∥wi − xt

∥∥2
+ α

∥∥ci − ((1 − β)wIt−1 + βcIt−1
)∥∥2

!�+�+FQ#

����	"�� ������� c1 := 0 $ ��� �	��	���� ��� 	������� xj ���� j ≥ 1- ,�����	� ��� '	����	� �	 �	��

$ ����	"�� &������ �	� ������� 	� 	� �������	 t ���

wopt(t) = xt, copt(t) =
t−1∑
j=1

β(1 − β)j−1xt−j !�+�+F�#

,���� '	����	� ���'�	�	� �	 �� ���.���� �	 ���	�����/	 ���� ������ �/�� 	��� �	�0 ��	���	 1�	

	"���� ��� �������� �����	��	 �	 �	������0 1�	 �� ����	����&� �	 ��� '	����� �	 �	�'��	��� $ 1�	

��� '	����	�
∑t

j=1 β(1 − β)j−1xt−j �	�� ���	�	��	� ���� ���� t-

�" TFJU ($ $"4."%&5 $8-$&)*$"%'0*$"%$ >2$ 0' 4."9$&<$"4)' .42&&$ -&)*$&. $" 0.( -$(.( 6 02$<.

$" $0 4."%$8%.= 1$/)1. ' 0. '"%$&).& ($ &$4.*)$"1' >2$ 0.( -$(.( ($'" '4%2'0)A'1.( *:( &:-)1. >2$

$0 4."%$8%.= )+$+ -."$& *:( '%$"4)5" '0 ����!��� 1$ 0.( -'%&."$( >2$ '0 4."%$8%.+ �(%. ($ 0.<&'

$(4.<)$"1. α < 0,5+ 	. '"%$&).& ($ 1$/$ -&)"4)-'0*$"%$ ' >2$ 0' 4."(%&244)5" 1$0 4."%$8%. ($ &$'0)A'

$" 3.&*' &$42&()9' 4."()1$&'"1. 0' 2")1'1 <'"'1.&' 1$0 )"(%'"%$ '"%$&).&= $&&.&$( $" 0' 42'"%)A'4)5"

wt−1= <$"$&'" 2"' *'0' 4.1)74'4)5" 1$0 4."%$8%.+

	' &$1 �
� ;' ()1. $8)%.('*$"%$ -&./'1' $" -&./0$*'( 1$ ($42$"4)'( 1$ ��
= ($&)$( 4'5%)4'(=

)1$"%)74'4)5" 1$ 0.42%.&$(= T�HU 6 $" 1$%$44)5" 1$ ;2(.( 1$ (2$M. TG�U+

�0 '0<.&)%*. �
� ($ &$(2*$ ' 4."%)"2'4)5"�

�J



�(6��!�+� & �$&<$ 
$2&'0 �'(
F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-. 6 $0 4."%$8%. $" 4'1' "$2&."'= wi, ci, ∀i =

1 . . .m+

�+ �&$($"%'& 2"' ($42$"4)' 1$ $"%&'1' Ss

�# �)@'& $0 4."%$8%. $" 2" 9'0.& )")4)'0 c1= $@+ 	0+

 # �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= xt= ' 0' &$1+

�# �'0420'& $0 1$(4&)-%.& 1$0 4."%$8%. ct 4.*.�

ct = (1 − β)wIt−1 + βcIt−1 !�+�+FH#

�# �"4."%&'& $0 ���= It= 2('"1.

di(t) = (1 − α)
∥∥xt − wi

∥∥2 + α
∥∥ct − ci

∥∥2
!�+�+��#

	# �4%2'0)A'& 0.( 9$4%.&$( -&.%.%)-.(= wi 6 $0 4."%$8%. ci= *$1)'"%$ 0' &$<0'�

Δwi = ε(t)hλ(t)
(
xt − wi

)
!�+�+�F#

Δci = ε(t)hλ(t)
(
ct − ci

)
!�+�+��#

1."1$ ε(t) $( 0' %'(' 1$ '-&$"1)A'@$ !�+F+J#= T $( $0 "D*$&. 1$ B-.4'( 1$ $"%&$"'*)$"%.
6 λ ($ 4'0420' 4.*. $" !�+F+Q#+

� # �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

�# �) t < Ts 9.09$& '0 -2"%. � +

G+ �&.4$('& 2"' "2$9' ($42$"4)' (s → s + 1)

I+ �) s < S 9.09$& '0 -2"%. �+

#�#�/��� �����������	

�0 2���
������� $(%: '(.4)'1. ' 0' )1$' 1$ -.1$& &$4."(%&2)& 0'( ($42$"4)'( '(.4)'1'( ' 0'(

1)(%)"%'( 2")1'1$( 1$ 0' &$1+ �0 4."%$8%. '0*'4$"' 0' )"3.&*'4)5" %$*-.&'0 $" 4'1' 2")1'1 6 $(%$

-2$1$ ($& 2('1. -'&' 0' &$4."(%&244)5" 1$ %'0$( ($42$"4)'(+

	' &$4."(%&244)5" ($ &$'0)A' ($0$44)."'"1. 0' i B()*' 2")1'1 1$ 0' &$1 $ )")4)'0)A'"1. 0' 0)(%' Li =

{i}= >2$ '0*'4$"' 0'( "$2&."'( -&$4$1$"%$( ' 0' "$2&."' i B()*' >2$ 4."3.&*'" 0' &$4."(%&244)5"

1$ 0' ($42$"4)' *$1)'"%$ $0  �����������+ �0 ./@$%)9. ';.&' $( 1$%$&*)"'& 0' "$2&."' -&$4$1$"%$ '

0' "$2&."' i B()*'+ �(%. ($ ;'4$ 4'0420'"1. $0 �	��	 1$ %.1'( 0'( 2")1'1$( 1$ 0' &$1

mj = βcj + (1 − β)wj , ∀j �= i !�+�+�G#

�P



1."1$ mj . �	��	 4.&&$(-."1$ '0 1$(4&)-%.& 1$ 4."%$8%. $" 4'1' 2")1'1 !12&'"%$ $0 $"%&$"'*)$"%.

$0 1$(4&)-%.& 1$ 4."%$8%. ($ 4'0420' (50. -'&' 0' 2")1'1 <'"'1.&'#+

�$' i(0) $0 -&)*$& $0$*$"%. 1$ 0' 0)(%' Li+ 	2$<. 0' 2")1'1 -&$4$1$"%$ $( ($0$44)."'1' 4.*.

k = argmin
j �=i(0)

‖mj − ci(0)‖2 !�+�+�I#

-.(%$&).&*$"%$ 0' 0)(%' Li $( '4%2'0)A'1'= 4.0.4'"1. $0 $0$*$"%. k 4.*. -&$4$1$"%$ ' %.1.( 0.(

$0$*$"%.( 1$ 0' 0)(%'= $( 1$4)&=

Li = {k} ∪ Li. !�+�+�J#

�(%$ -&.4$1)*)$"%. 1$/$ &$'0)A'&($ $" 3.&*' )%$&'%)9' ;'(%' >2$ $0 -&58)*. $0$*$"%. k ' ($&

)"<&$('1. $" 0' 0)(%' 6' -$&%$"$A4' ' $00'+ �0 '0<.&)%*. ($ *2$(%&' ' 4."%)"2'4)5"�

�(6��!�+� - 2���
�������

F+ �$0$44)."'& 0' i B()*' "$2&."'+

�# �")4)'0)A'& Li = {i}
 # �'&' %.1'( 0'( "$2&."'( 4'0420'& !�+�+�G#

�# �$%$&*)"'& k 2('"1. !�+�+�I#
�# !7 k ∈ Li

)& '0 -2"%. �=
%(*%

)& '0 -2"%. F	
%�� !7

	# �4%2'0)A'& 0)(%' !�+�+�J#

� # �.09$& ' F�

�+ �'('& ' 0' ()<2)$"%$ "$2&."' (i → i + 1)

	' &'A5" 1$ 2('& 1$ 0'( $42'4)."$( !�+�+�G# 6 !�+�+�I# ($ 1$/$ ' 0' 3.&*' $" >2$ ($ 4."(%&26$

$0 4."%$8%. $" �
�+ �2-."<'*.( >2$ 0' "$2&."' i B()*' $( 0' <'"'1.&' $" $0 )"(%'"%$ -&$($"%$+

�'0420'& $0 �	��	 1$ %.1'( 0'( "$2&."'( $( "$4$('&). -'&' 1$%$&*)"'& 42'0 1$ $(%'( 32$ 0' <'"'1.&'

$" 0' $%'-' '"%$&).&= 1$ $(%' 3.&*' $0 9'0.& mj $>2)9'0$ '0 1$(4&)-%.& 1$0 4."%$8%. ct $" 0' $%'-'

-&$($"%$+ �'1. >2$ 0' "$2&."' i B()*' *)")*)A' !�+�+FJ#= 0' <'"'1.&' $" $0 )"(%'"%$ '"%$&).& $( 0'

>2$ -.($$ $0 9'0.& 1$ mj *:( 4$&4'". ' ci= 0. >2$ $>2)9'0$ ' $"4."%&'& 0' "$2&."' >2$ *)")*)A'

‖mj − ci‖2+

�Q



����2� �$$�$ �� 
#�!')/�()3! ��,��$�%

�0 $&&.& 1$ �2'"%)A'4)5" �$*-.&'0 !���� 
	������ +����������� ,����# T�P= ��U= *)1$ 0'

1$(9)'4)5" 1$ 0'( ($42$"4)'( '(.4)'1'( ' 4'1' "$2&."' 4." &$(-$4%. ' (2( 4'*-.( &$4$-%)9.(+ �)

$0 9'0.& 4'0420'1. $( -$>2$M.= ()<")74' >2$ $0 $(-'4). $( 5-%)*'*$"%$ 42/)$&%. -.& 0' &$1+ �" $0

-&.4$('*)$"%. 1$ ($42$"4)'( $0 $&&.& ��� ($ 4'0420' -'&' 2"' 9$"%'"' 1$ %)$*-.= 1$ $(%' 3.&*' ($

0.<&' 1$%$&*)"'& 42'" /2$". $( $0 1$($*-$M. 1$ 0' &$1 -'&' 2"' 4)$&%' 4'"%)1'1 1$ &$%'&1.( 1'1'

-.& $0 '"4;. 1$ 0' 9$"%'"' w+

�'1' 2"' ($42$"4)' {. . . , st−1, st, st+1, . . .}= 1."1$ st 4.&&$(-."1$ '0 9'0.& 1$ 0' ($42$"4)' $" $0

)"(%'"%$ t= 4."()1$&$ $0 4."@2"%. Θi 1$ %.1.( 0.( )"(%'"%$( 1$ %)$*-. 1."1$ 0' "$2&."' i $( <'"'1.&'+

	' '4%)9'4)5" *$1)' Ai(τ) 1$ 0' "$2&."' i B()*' -'&' $0 &$%'&1. τ $(%: 1'1' -.&�

Ai(τ) =
1

|Θi|
∑
j∈Θi

sj−τ !�+�+�P#

1."1$ |Θi| 4.&&$(-."1$ ' 0' 4'&1)"'0)1'1 1$0 4."@2"%. Θi+ �'&' 0' "$2&."' i B()*'= 0' 1$(9)'4)5"

1$ 0' ($M'0 4." &$(-$4%. ' 0' '4%)9)1'1 *$1)' $" $0 &$%'&1. τ = ($ 4'0420' 4.*.�

Ei(τ) =
√

1
|Θi|

∑
j∈Θi

(Ai(τ) − sj−τ )2 !�+�+�Q#

	' 3.&*20' '"%$&).& 4.&&$(-."1$ ()*-0$*$"%$ ' 0' 1$(9)'4)5" $(%:"1'& 1$ 0'( ($&)$( '(.4)'1'( '

0' "$2&."' i B()*' $" $0 &$%'&1. τ + �0 $&&.& 1$0 *'-' e(τ) $" $0 &$%'&1. τ $(%: 1'1. -.& 0' *$1)'

1$ 0.( $&&.&$( 1$ 0'( 2")1'1$( >2$ 4.*-."$" 0' &$1+

e(τ) =
1
M

∑
i∈N

Ei(τ) !�+�+��#

	'( ($M'0$( 1$ 0' �)<2&' �+�+I= -'&' 0' "$2&."' i B()*' ($ 3.&*'" 4."()1$&'"1. 0'( ($42$"4)'(

{sk, sk−1, sk−2, . . . , sk−w}= 4." k ∈ Θi+

	.( '0<.&)%*.( ". .&)$"%'1.( '0 -&.4$('*)$"%. 1$ ($42$"4)'( <$"$&'" 2"' 42'"%)A'4)5" 1$ 0.(

-2"%.( $" $0 )"(%'"%$ -&$($"%$ ()" 4."()1$&'& ()*)0)%21$( $" 0' 1)":*)4' -'('1' 1$ 0' ($&)$+ �0<. 

&)%*.( 4.*. ��� . 
� ./%)$"$" 2" 9'0.& *26 /'@. 1$ e(0) 6 9'0.&$( $0$9'1.( ' *$1)1' >2$ ($

$9'0D'" &$%'&1.( '"%$&).&$(+

��



�)<2&' �+�+I� �$M'0$( '(.4)'1'( ' 2"' 2")1'1 1$ 0' &$1+ �" $0 $@$*-0.= $0 $&&.& 1$ 42'"%)A'4)5"
%$*-.&'0 1$ 0' "$2&."' i B()*' -'&' $0 &$%'&1. τ Ei(τ)= ($ 4'0420' 4.*. 0' 1$(9)'4)5" $(%:"1'& 1$
0.( -2"%.( �=�=�=�[ 0.( 42'0$( -$&%$"$4$" ' 0'( ($&)$( %$*-.&'0$( '(.4)'1'( ' 0' "$2&."' i+

��"� #��

��� !���

����

	' *$*.&)' 1$ 2"' &$1 "$2&."'0= $(%: '(.4)'1' ' 0' 4'-'4)1'1 1$ 0' &$1 1$ &$%$"$& 0' )"3.&*'4)5"

-&$($"%'1' '"%$&).&*$"%$+ -'&' -.1$& 2%)0)A'&0' $" $0 -&.4$('*)$"%. 1$0 -'%&5" '4%2'0+ �.( %)-.( 1$

*$*.&)' -2$1$" '(.4)'&($ ' 0' &$1$(= 0' 1$ 4.&%. 6 0'&<. -0'A.+ �.& 0. <$"$&'0 ($ '(.4)' 0' *$*.&)'

1$ 0'&<. -0'A. ' 0.( *'-'( $(%:%)4.(= 1'1. >2$ $(%.( )"%$&-&$%'" 0' )"3.&*'4)5" 4.*. -$(.( 0.(

42'0$( (." '1'-%'1.( *$1)'"%$ 0' &$<0' 1$ '-&$"1)A'@$+ 	.( ()(%$*'( 1)":*)4.( %)$"$" $(%&24%2&'(

1$ 4.&%. -0'A. 6 ' -$('& 1$ >2$ 0'( "$2&."'( $(%:" $>2)-'1'( 4." 2" 9$4%.& 1$ -$(.(= B(%'( 1$/$"

'1$*:( -.($$& $(%&24%2&'( >2$ 0.<&$" 4'-%2&'& 0' 1)":*)4' 1$ 0' ($&)$ ' 7" 1$ 1)3$&$"4)'& -'%&."$(

%$*-.&'0$(+

�" $@$*-0. *26 ()*-0$ 4."()(%$ $" $0 4&24$ -.& 4$&. 1$ 2"' ()"2(.)1$= $0 9'0.& $" $0 )"(%'"%$

1$0 4&24$ t0 ()$*-&$ ($&: 4$&.+ �" $(>2$*' /'('1. $" *$*.&)'( 1$ 0'&<. -0'A. -.1&?' '-&$"1$&

0' $8)(%$"4)' 1$ 1)4;. 9'0.& 6 &$-&$($"%'&0. *$1)'"%$ 4)$&%. 9$4%.& 1$ -$(.(= ()" $*/'&<. $0 4&24$

-2$1$ ($& &$'0)A'1. $" 3.&*' '(4$"1$"%$ . /)$" 1$(4$"1$"%$+ �"' *$*.&)' 1$ 4.&%. -0'A. -.1&?'

'-&$"1$& >2$ -'&' t < t0 $8)(%?'" 9'0.&$( "$<'%)9.(= $" $0 4'(. '(4$"1$"%$= 6 -.()%)9.(= $" $0 4'(.

1$(4$"1$"%$= 0.<&'"1. 1)3$&$"4)'& '*/'( ()%2'4)."$(+

��&��� ��,�$)� ,��)�!'� *�!'�!�" �� ')�,��

	.( 1'%.( $(%:%)4.( (2-."$" )"1$-$"1$"4)' %$*-.&'0 $"%&$ 0'( *2$(%&'(+ �'&' $0 -&.4$('*)$"%.

1$ $(%$ %)-. 1$ 1'%.( $( )"1)3$&$"%$ $0 .&1$" $" $0 42'0 ($ -&$($"%$" 0.( 1)(%)"%.( -'%&."$( $" 0' $%'-'

�H



1$ $"%&$"'*)$"%.+ �)" $*/'&<. $(%. ". $( 0. *:( '1$42'1. () $0 ./@$%)9. $( /2(4'& . &$4.".4$&

-'%&."$( %$*-.&'0$(= 1."1$ 0' *2$(%&' $" $0 )"(%'"%$ '4%2'0 1$-$"1$ 1$ 0'( *2$(%&'( $" )"(%'"%$(

'"%$&).&$(+

�"' 3.&*' 1$ '1'-%'& 0.( '0<.&)%*.( .&)$"%'1.( '0 -&.4$('*)$"%. 1$ 1'%.( $(%:%)4.( -'&' 4.* 

/'%)& -&./0$*'( 1)":*)4.( $( $0 2(. 1$ 9$"%'"'( 1$ %)$*-.+ 	' )1$' /:()4' $( >2$ -'&' 2"' ($&)$

xt ∈ R ($ <$"$&' $0 9$4%.& 1$ &$%'&1.( yt = [xt, xt−1, . . . , xt−K ]= 1$ $(%' 3.&*' 0' 1)":*)4' -2$1$ ($&

4'-%2&'1' 1$"%&. 1$ 0' 9$"%'"' 1$ %)$*-.+ �" -&./0$*' >2$ (2&<$ $( 0' 1)7420%'1 -'&' ($0$44)."'&

$0 %'*'M. 1$ 0' 9$"%'"' + �"' 9$"%'"' *26 -$>2$M' -2$1$ ". 0.<&'& 4'-%2&'& 0' 1)":*)4' 1$ 0'

($&)$+ �"' 9$"%'"' *26 <&'"1$ %)$"$ 2"' ($&)$ 1$ 1$(9$"%'@'(� 0'( &$1$( "$2&."'0$( $(4'0'" -$.&

>2$ 0)"$'0*$"%$ 4." 0' 1)*$"()."'0)1'1 TGFU= 2"' 9$"%'"' *26 <&'"1$ 1$ 3.&*' "'%2&'0 '2*$"%'

0' 1)*$"()."'0)1'1 1$0 -&./0$*'+ �) 0' ($&)$ ". $( )"9'&)'"%$= 2"' 9$"%'"' 1$ %)$*-. *26 <&'"1$

%)$"1$ ' -&.*$1)'& 0.( $(%'1?(%)4.( 9'&)'"%$( $" $0 %)$*-.+

�0 9$4%.& yt -2$1$ ($& <$"$&'1. *$1)'"%$ 0' 4."4'%$"'4)5" 1$ 0' ('0)1' 1$ 1)(%)"%'( $%'-'( 1$

70%&'1.= 1."1$ !�+G+F# 4.&&$(-."1$ ' 0' 32"4)5" 1$ %&'"(3$&$"4)' G(z)=

G(z) =
1
z
. !�+G+F#

�0 70%&'1. 1$7")1. $" $0 1.*)"). 1$0 %)$*-. %.*' 0' ()<2)$"%$ 3.&*'=

ŷ(t) = w • yt =
K∑

k=0

wkck(t) !�+G+�#

1."1$ ck(t) = x(t − k)+

��&��� ��,�$)�" ��,,�

�"%&.124)1'( -.& 1$ �&)$( 6 �&)"4)-$ TI= J= G�U= 0'( *$*.&)'( �'**' -2$1$" 40'()74'&($ 4.*.

2" 70%&. ;?/&)1. >2$ 4.*/)"' 0' ()*-0$A' 1$ 0.( 70%&.( ��� 6 0' -.%$"4)' 1$ 0.( 70%&.( ���+ �)(%)"%'(

'-0)4'4)."$( 1$0 70%&. �'**' -2$1$" ($& $"4."%&'1'( $" 0' 0)%$&'%2&' TQ=GGVGQU= *.(%&'"1. (2 <&'"

-.%$"4)'0 $" %'&$'( '(.4)'1'( '0 -&.4$('*)$"%. 1$ 1'%.( %$*-.&'0$(+

�.( 4'&'4%$&?(%)4'( -&)"4)-'0$( -2$1$" 1$(4&)/)& $(%$ %)-. 1$ *$*.&)' 1$ 4.&%. -0'A. !�!���

�	�� �	���$#= -&.32"1)1'1 6 &$(.024)5" !�	��! ��� �	��������#+ 	' -&.32"1)1'1 ($ &$7$&$ ' 0'

4'-'4)1'1 1$ 0'( *$*.&)'( -'&' &$4.&1'& 9'0.&$( '"%$&).&$(+ �"' *$*.&)' 1$ -.4' -&.32"1)1'1

G�



�)<2&' �+G+F� �)0%&. �'**'

*'"%)$"$ (50. 0' )"3.&*'4)5" *:( &$4)$"%$+ 	' &$(.024)5" -.& $0 4."%&'&). )"1)4' $0 1$%'00$ 4." $0 >2$

($ ;'" '0*'4$"'1. 0.( 1'%.(= )+$+ 4." >2$ 3&$42$"4)' *$1)' ;' *2$(%&$'1. 0' *$*.&)' 0.( 9'0.&$(

'"%$&).&$( 1$ 0' ($42$"4)'+ �$('3.&%2"'1'*$"%$ $8)(%$ 2" ����	��) $"%&$ 0' ($0$44)5" 1$ '*/'(

9'&)'/0$(= -.& 0. >2$ $0 '2*$"%. 1$ 0' -&.32"1)1'1 00$9' )"$9)%'/0$*$"%$ ' 2"' 1)(*)"24)5" $" 0'

&$(.024)5"+

�0 70%&. �'**' !�+G+G# $( 1$7")1. $" $0 1.*)"). 1$0 %)$*-. 1$ 0' ()<2)$"%$ 3.&*'+

y(t) =
K∑

k=0

wkck(t) !�+G+G#

ck(t) = (1 − μ) ck(t − 1) + μck−1(t − 1) !�+G+I#

1."1$ c0(t) ≡ x(t)= -'&' k = 1 . . .K 6 0 < μ < 1 (." 0.( -'&:*$%&.( ' '1'-%'&+ �(%$ %)-. 1$ 70%&.

4.&&$(-."1$ ' 2" 70%&. -'(' /'@.(+

�0 .-$&'1.& 1$ &$%'&1. �'**' -2$1$ &$-&$($"%'&($ 4." %&'"(3.&*'1' � *$1)'"%$ 32"4)5" 1$

%&'"(3$&$"4)' !�+G+J#= 0. 42'0 3'4)0)%' $0 '":0)()( 1$ 0'( 1)(%)"%'( -&.-)$1'1$( 1$ 0'( *$*.&)'( �'**'+

G(z) =
μ

z − (1 − μ)
!�+G+J#

4."()1$&'"1. >2$
Y (z)
X(z)

= G(z) !�+G+P#

($ %)$"$

Y (z) (z − (1 − μ)) = μX(z) !�+G+Q#

GF



1$(-$@'"1. L!A# 6 %.*'"1. '"%)%&'"(3.&*'1'

zY (z) = μX(z) + (1 − μ)Y (z)

y(t + 1)︸ ︷︷ ︸
c1(t+1)

= (1 − μ) y(t)︸︷︷︸
c1(t)

+μ x(t)︸︷︷︸
c0(t)

. !�+G+�#

	' &$-&$($"%'4)5" *$1)'"%$ 32"4)."$( 1$ %&'"(3$&$"4)' >2$1'

Y (z) =
K∑

k=0

wk [G(z)]k X(z) !�+G+H#

H(z) ≡ Y (z)
X(z)

=
K∑

k=0

wk [G(z)]k !�+G+F�#

1$ 0. '"%$&).& $( 1)&$4%. >2$ 0' ('0)1' 1$0 70%&. -2$1$ &$-&$($"%'&($ *$1)'"%$ 2"' 4."9.024)5" $"%&$ 0'

($M'0 6 4)$&%'( 32"4)."$( gk !�+G+FF# 1$".*)"'1'( "D40$.( 1$ &$%'&1. <'**'= ����� �	��$ �	��	��+

gk(t) =
μk

k!
tke−μt ∀k = 0 . . .K !�+G+FF#

	' �)<2&' �+G+� *2$(%&' 1)4;.( C$&"$0( -'&' 2" 9'0.& 1$ μ = 0,7+

�( -.()/0$ 1$%$&*)"'& 0' 3.&*' 1$0 k B()*. 70%&'1. 1$ 0' ($M'0 $9)%'"1. 0' &$42&()5" !�+G+I#+

ck(t) = G(z) · G(z) · · · G(z)︸ ︷︷ ︸
k−veces

x(t) = [G(z)]k x(t) =
[

μ

z − (1 − μ)

]k

x(t) !�+G+F�#

�$('&&.00'"1. '*/.( $8%&$*.( 1$ 0' $42'4)5" '"%$&).&

ck [z − (1 − μ)]k = μkx !�+G+FG#

ck

k∑
j=0

(
k

j

)
zk−j(μ − 1)j = μkx !�+G+FI#

*20%)-0)4'"1. -.& z−k 6 1$(-$@'"1. $0 %$&*)". '(.4)'1. ' j = 0+

G�



�)<2&' �+G+�� N$&"$0( �'**' -'&' μ = 0,7+ �0 $@$ x ($ ;' $(4'0'1. ' t · μ ' 7" 1$ *.(%&'& 4.*.
-'&' 1)(%)"%.( 9'0.&$( 1$ k 0' -&.32"1)1'1 1$ 0' *$*.&)' ($ 4$"%&' $" D = k

μ +

ck = μkz−kx − ck

k∑
j=1

(
k

j

)
z−j(μ − 1)j !�+G+FJ#

�)"'0*$"%$ %.*'"1. '"%)%&'"(3.&*'1' �= ($ %)$"$

ck(t) =

⎧⎪⎨
⎪⎩

μkx(t − k) −∑k
j=1

(
k
j

)
(μ − 1)jck(t − j) t ≥ k

0 t < k
!�+G+FP#

".%'& >2$ 42'"1. k = 0 0' (2*' 1$('-'&$4$ 6 c0(t) = μ0x(t − 0) = x(t)+

�" '":0)()( *:( 1$%'00'1. 1$ 0'( -&.-)$1'1$( 1$0 70%&. �'**' -2$1$ ($& $"4."%&'1. $" TI= G�U

1."1$ ($ 1$%$&*)"' 0' -&.32"1)1'1 D !�+G+FQ# 6 0' &$(.024)5" R !�+G+F�#+

D =
K

μ
!�+G+FQ#

R = μ !�+G+F�#

GG



	' �)<2&' �+G+� *2$(%&' 4.*. 0.( C$&"$0( '04'"A'" 0' -&.32"1)1'1 -'&' 1)(%)"%.( 9'0.&$( 1$ k+

�"' ($<2"1' 9$&()5" 1$ 0'( *$*.&)'( <'**' !�+G+FH# *:( 9$&(:%)0= -2$1$ '4%2'& 4.*. 70%&.

-'(' /'"1'( TG�U+

GII(z) =
μ [z − (1 − μ)]

[z − (1 − μ)]2 + νμ2
. !�+G+FH#

	' $(%'/)0)1'1 ($ ./%)$"$ /'@. 0' 4."1)4)5" 0 < μ(1 − ν) < 2 6 μ > 0+

	.( -.0.( >2$ ($ ./%)$"$" $"4."%&'"1. 0'( &'?4$( 1$0 1$".*)"'1.& 1$ 0' 32"4)5" 1$ %&'"(3$&$"4)'

(."�

ρ1,2 = (1 − μ) ± μ
√−ν. !�+G+��#

�$ 0. '"%$&).& ($ -2$1$ ./($&9'& >2$ ($ ./%)$"$" -.0.( 4.*-0$@.( ρ1,2 = re±iw0 () ν > 0= 4."

r =
√

(1 − μ)2 + νμ2 6 w0 = tan−1 μ
√

ν
1−μ +

�$('&&.00'"1. 0' $8-&$()5" ck = GII(z)ck−1 -'&' k = 1 . . .K $( -.()/0$ $"4."%&'& 0' ()<2)$"%$

&$42&()5" -'&' 0' 4."(%&244)5" 1$ 0.( 1)(%)"%.( 4."%$8%.( >2$ 4'&'4%$&)A'" $0 70%&. �'**' ��=

z2ck − 2(1 − μ)zck + r2ck = μzck−1 − μ(1 − μ)ck−1 !�+G+�F#

*20%)-0)4'"1. -.& z−2 6 1$(-$@'"1. ck ($ %)$"$=

ck = 2(1 − μ)z−1ck − r2z−2ck + μz−1ck−1 − μ(1 − μ)z−2ck−1 !�+G+��#

7"'0*$"%$ %.*'"1. '"%)%&'"(3.&*'1' � ($ %)$"$ $" $0 1.*)"). 1$0 %)$*-.=

ct
k = 2(1 − μ)ct−1

k − r2ct−2
k + μct−1

k−1 − μ(1 − μ)ct−2
k−1 !�+G+�G#

4." ct
0 ≡ x(t)+

	' �'/0' �+G+F &$(2*$ 0'( -&.-)$1'1$( 1$ 0'( *$*.&)'( &$9)('1'( $" B(%' ($44)5"

GI



�$%'&1.( �'**' �'**' ��

�&.32"1)1'1 k k/μ ". $" 3.&*' 4$&&'1'
�$(.024)5" 1 μ ". $" 3.&*' 4$&&'1'
�(%'/)0)1'1 �)$*-&$ 0 < μ < 2 0 < μ(1 − ν) < 2

�)-. 1$ �)0%&. �'(' %.1. �'(' /'@.( �'(' /'"1'(
�.0.( 0 F μ ρ1,2

�'/0' �+G+F� �$(2*$" 1$ 4'&'4%$&?(%)4'(+ �$%'&1.(= �$*.&)' �'**' 6 �'**' ��+

��$�  ������� %��&���
� '
 (�������

�" 2" ()(%$*' 1)":*)4. $0 4.*-.&%'*)$"%. $9.024)."' 4." $0 %)$*-.= -.& $@$*-0.� "D*$&. 1$

*'"4;'( $" $0 (.0= -20(. 4'&1)'4.= $42'4)."$( 1)3$&$"4)'0$(= -.()4)5" 1$ 2" -B"120.= -&$4). 1$0 1.0'&=

$%4+ 	.( ()(%$*'( 1)":*)4.( ($ 1)3$&$"4)'" $"� ()(%$*'( 0)"$'0$( 6 ". 0)"$'0$(+

�8)(%$ 2"' <&'" 4'"%)1'1 1$ ;$&&'*)$"%'( 1$ $(%21). >2$ -$&*)%$" $(%21)'& ()(%$*'( 0)"$'0$(

)"9'&)'"%$(= ()" $*/'&<. 42'"1. $0 -&./0$*' $( ". 0)"$'0 $(%$ $( *24;. *:( 1)3?4)0 1$ &$(.09$& 6 0'(

;$&&'*)$"%'( 0)"$'0$( ". -$&*)%$" 1$(4&)/)& 4." $8'4%)%21 (2 4.*-.&%'*)$"%.+

�0 $(>2$*' /:()4. 1$0 '":0)()( 1$ ($M'0$( 4."()1$&' 2"' ($M'0 1$ $"%&'1' x(t) 0' 42'0 $( '-0)4'1'

' 2" ()(%$*' >2$ $"%&$<' 2"' ('0)1' y(t)+ 	' ('0)1' -2$1$ ($& 1$(4&)%' 4.*. 2"' 4."9.024)5" $"%&$

0' $"%&'1' 6 0' &$(-2$(%' '0 )*-20(. h(t) 1$0 ()(%$*'=

y(t) = x(t) ∗ h(t) =
ˆ ∞

−∞
x(τ)h(t − τ)dτ. !�+I+F#

	' %&'"(3.&*'1' 1$ 	'-0'4$ -$&*)%$ ;'4$& 2"' %&'"(3.&*'4)5" 1$(1$ $0 $(-'4). 1$0 %)$*-. '0

$(-'4). 1$ 3&$42$"4)'(= -$&*)%)$"1. 3'4)0)%'& $0 '":0)()( 1$0 ()(%$*'+ 	' $42'4)5" !�+I+F# $" $0 $(-'4).

1$ 3&$42$"4)'( >2$1' &$-&$($"%'1' 4.*.

Y (s) = X(s)H(s) !�+I+�#

1."1$ H(s) $( 0' 32"4)5" 1$ %&'"(3$&$"4)'+ �" 2" ()(%$*' 0)"$'0 () 0'( $"%&'1'( x1 6 x2 -&.124$"

('0)1'( y1 $ y2 &$(-$4%)9'*$"%$= $"%."4$( x1 + x2 %)$"$ 4.*. ('0)1' y1 + y2+

�0 4'(. 1$ 0.( ()(%$*'( ". 0)"$'0$( $( *24;. *:( )"%$&$('"%$ 6' >2$ (2 4.*-.&%'*)$"%. $(

*:( &)4.+ �0 '":0)()( 1$ 0.( ()(%$*'( ". 0)"$'0$( -2$1$ &$'0)A'&($ *$1)'"%$ $0 2(. 1$ 9'&)'/0$( 1$

GJ



$(%'1.+ 	'( 9'&)'/0$( 1$ $(%'1. (." 0'( 9'&)'/0$( 32"1'*$"%'0$( >2$ -$&*)%$" 1$(4&)/)& 2" ()(%$*'

-.& 4.*-0$%.+ 	.( ()(%$*'( $(-'4). %$*-.&'0$( $8%$"1)1.( -.($$" )"7")%'( 9'&)'/0$( 1$ $(%'1. 6

(50. -2$1$" ($& *.1$0'1.( *$1)'"%$ $42'4)."$( 1)3$&$"4)'0$( $" 1$&)9'1'( -'&4)'0$( !���(#+ �?

$0 "D*$&. 1$ 9'&)'/0$( 1$ $(%'1. $( 7")%. $0 ()(%$*' -2$1$ ($& *.1$0'1. *$1)'"%$ $42'4)."$(

1)3$&$"4)'0$( .&1)"'&)'( !���(#+ �0 *.1$0. $" ���( 1$ 2" ()(%$*' ". 0)"$'0 4." 2" "D*$&. 7")%.

n 1$ 9'&)'/0$( 1$ $(%'1. -2$1$ $8-&$('&($ 4.*.

Ẋ(t) = F (X(t)) !�+I+G#

1."1$ X(t) ∈ R
n $( $0 9$4%.& 1$ $(%'1.= 426'( 4..&1$"'1'( $(%:" 1'1'( -.& 0'( 9'&)'/0$( 1$ $(%'1.

1$0 ()(%$*' 6 F : R
n → R

n $( 2"' 32"4)5" ". 0)"$'0+

	.( ()(%$*'( 1)":*)4.( 1)()-'%)9.( -.($$" $(-'4).( 1$ $(%'1. 1$ $(%&24%2&' )"9'&)'"%$= 0' 42'0

-$&*'"$4$ 2"' 9$A >2$ $0 %&'"()$"%$ ;' 1$('-'&$4)1.= $(%'( $(%&24%2&'( ($ 00'*'" '%&'4%.&$(+ �'6

1)(%)"%.( %)-.( 1)(%)"%.( 1$ '%&'4%.&+

�����* �% %;�!(!5�!� � 2���� <:�+ �." ()(%$*'( 426. $(%'1. 7"'0 -$&*'"$4$ 4."(%'"%$(

$" $0 %)$*-.+ �.& $@$*-0. 2" 9'(. 1$ '<2'= $0 9.0%'@$ 1$0 4."1$"('1.& $" 2" ()(%$*' ��= $%4+

��5!�$* 2%�!"�! $* = ! (�* (8+!�%*>+ �.&&$(-."1$ ' 2"' %&'6$4%.&)' 4$&&'1' $" $0 $(-'4).

1$ $(%'1.= 42*-0$" >2$ '0 *$".( 2"' %&'6$4%.&)' ($ '4$&4' ' 0' 5&/)%' -$&)51)4' ' *$1)1' >2$

$0 %)$*-. ($ 9' ' )"7")%.+ 	' �)<2&' �+I+F *2$(%&' 2" $@$*-0. 1$ $(%$ %)-. 1$ '%&'4%.&$(+

���$ ���%*  $"�! �*+ 	' 1)*$"()5" 1$0 $(-'4). 1$ $(%'1. $( ". $"%$&' !3&'4%'0# 6 (." *26

($"()/0$( ' 0'( 4."1)4)."$( )")4)'0$(+ �0 '%&'4%.& 1$ 	.&$"A $( 2". 1$ 0.( '%&'4%.&$( 4'5%)4.(

*:( 3'*.(.(+

	' 7/&)0'4)5" 9$"%&)420'&= '4%)9)1'1 $0B4%&)4' 1$(.&<'")A'1' 1$ 0.( 9$"%&?420.(= 4.&&$(-."1$ ' 2"

'%&'4%.& 4'5%)4.= �)<2&' �+I+��

�	2���0 �*�)�+�� �� ,��-�..///!�0�����'�!5�2!2*.�'�)'�2!,�27

GP



�)<2&' �+I+F� �)40. 0?*)%$(= �(4)0'1.& 1$ �'" 1$& �.0

�)<2&' �+I+�� �'>2)4'&1)' 9$"%&)420'& >2$ ($ 4."9)$&%$ $" 7/&)0'4)5" 9$"%&)420'&+

GQ



�)<2&' �+I+G� �8-."$"%$ 1$ 	6'-2".9

��+��� �4��!�!'� �� �0��#!�*

�0 $8-."$"%$ 1$ 06'-2".9 $( 2" )"9'&)'"%$ >2$ 4'&'4%$&)A' 0' %'A' 1$ ($-'&'4)5" $"%&$ %&'6$4%. 

&)'( 1$0 $(-'4). 1$ $(%'1. )"7")%$()*'0*$"%$ 4$&4'"'(+ �0 "D*$&. 1$ $8-."$"%$( 1$ 06'-2".9 $(%'

1'1. -.& 0' 1)*$"()5" 1$0 $(-'4). 1$ $(%'1.= 1$ $(%' 3.&*' 4'1' $8-."$"%$ *)1$ 0' 9$0.4)1'1 1$

1)9$&<$"4)' $" 4'1' 1)&$44)5"+�2'"1. ($ ;'/0' 1$0 $8-."$"%$ 1$ 06'-2".9 ($ &$7$&$ ' *:8)*. 9'0.&

1$0 4."@2"%. 1$ $8-."$"%$( 6 (2 )*-.&%'"4)' &'1)4' $" >2$ $(%: 1)&$4%'*$"%$ 0)<'1. '0 ;.&)A."%$

1$ -&$1)44)5"= $(%$ ($ 1$7"$ 4.*.�

λ = ĺımt→∞
1
t

ln
|δli|
|δr| !�+I+I#

1."1$ |δr| $( 0' ($-'&'4)5" )")4)'0 $"%&$ 1.( %&'6$4%.&)'(+

�0 ()<". 1$ 0.( $8-."$"%$( 1$ 06'-2".9 )"1)4'" '0 4."9$&<$"4)' 1$ 0' ($&)$+

λ < 0+ 	' 5&/)%' 1$0 '%&'4%.& 4."9$&<$ ' 2"' 5&/)%' -$&)51)4' . -2"%. 7@. $(%'/0$+ 	.(

$8-."$"%$( "$<'%)9.( (." 4'&'4%$&?(%)4.( 1$ ()(%$*'( 1)()-'%)9.( . ". 4."($&9'%)9.(+ �)$"%&'(

*:( "$<'%)9. $( $0 $8-."$"%$= *'6.& $( 0' $(%'/)0)1'1+

λ = 0+ 	' 5&/)%' $( 2"' 5&/)%' -$&)51)4'+ �0 ()(%$*' 1)":*)4. $( 4."($&9'%)9. 6 $(%'/0$ $" $0

($"%)1. 1$ 06'-2".9+

λ > 0+ 	' 5&/)%' $( )"$(%'/0$ 6 4'5%)4'+ 
. )*-.&%' >2$ %'" 4$&4'".( ($'" 1.( -2"%.(= $"

'0<D" *.*$"%. 0'( %&'6$4%.&)'( ($ ($-'&'"+

G�



�) 0' ($&)$ ($ ;' 1)(4&$%)A'1. . 1)<)%'0)A'1.= *24;'( 1$ 0'( -&.-)$1'1$( 1$ 2" '%&'4%.& 4'5%)4.

($ -)$&1$"= -.& $@$*-0. 0' '-$&).1)4)1'1= ($"()/)0)1'1 ' 4."1)4)."$( )")4)'0$(= $%4+ $" -'&%)420'& $0

$8-."$"%$ 1$ 06'-2".9 !�+I+I# 6' ". -2$1$ ($& 4'0420'1. 4." 0' %&'6$4%.&)' )"7")%$()*'0*$"%$ *:(

4$&4'"'= -'&' $(%. ($ )"%&.124$ 0' ".4)5" 1$ $8-."$"%$ 1)(4&$%. 1$ 06'-2".9 TGH=I�U+ �'&' (2 4'0420.

($ 4."()1$&' 2"' /)6$44)5" F : ZM → ZM , ZM = {1, 2, . . . , M − 1}= $0 $8-."$"%$ 1)(4&$%. 1$

06'-2".9 ($ 1$7"$ 4.*.�

λF =
1
M

M−1∑
i=0

ln |F (ci) − F (i)| !�+I+J#

1."1$ F $( 2"' 1)(4&$%)A'4)5" 1$0 '%&'4%.& &$'0 f + ci $( i + 1 () i < M − 1= 6 cM−1 = i − 2 !)+$+ ci

$( 9$4)". 1$ i#+

��+��� ��(�!"'$#(()3! �� �"��()� �� �"'���

�" -&./0$*'( 1$ 0' 9)1' &$'0 ". ()$*-&$ $( -.()/0$ %$"$& '44$(. ' %.1'( 0' 9'&)'/0$( 1$ $(%'1.=

-2$( $(%'( -2$1$" ($& ". *$1)/0$(= 0. 42'0 ;'4$ )*-.()/0$ 4.".4$& 0' 1)":*)4' $8'4%' 1$0 ()(%$*'+

�( -.()/0$ &$'0)A'& 2" &$4."(%&244)5" 1$0 $(-'4). 1$ $(%'1. ' -'&%)& 1$ %'" (50. 2"' 9'&)'/0$ 1$

$(%'1.= () 0' &$4."(%&244)5" $( &$'0)A'1' '1$42'1'*$"%$= 0' 1)":*)4' 1$0 ()(%$*' &$4."(%&2)1. $(

%.-.05<)4'*$"%$ )1B"%)4' ' 0' 1$0 ()(%$*' &$'0= -.& 0. %'"%. (2( )"9'&)'"%$( %'*/)B" 0. ($&:"+

�"' 1$ 0'( %B4")4'( *:( 2%)0)A'1'( $" 0' &$4."(%&244)5" $( 0' )"%&.124)1' -.& �'C$"( $" FH�� TFGU+

�(%' 4."()(%$ $" <$"$&'& 2" $(-'4). 1$ $(%'1. ' -'&%)& 1$ &$%'&1.( ./%$")1.( 1$ 0' *)(*' ($&)$+

�$ $(%' 3.&*' () x(t) ∈ R
1, t = 1 . . . T $( 2"' ($&)$ 1$ %)$*-.= $0 9$4%.& r(t) 4."(%)%26$ 2"'

&$4."(%&244)5" 1$ 1)*$"()5" $*/$/)1' m 6 &$%'&1. τ 1$0 $(-'4). 1$ $(%'1. .&)<)"'0+ �( ('/)1. >2$

() m > 2d + 1= 1."1$ d $( 0' 1)*$"()5" 1$0 '%&'4%.&= ($ <'&'"%)A' 0' -&$($&9'4)5" %.-.05<)4' 1$ 0'(

$(%&24%2&'( 1$0 '%&'4%.& .&)<)"'0+

r(t) = [x(t), x(t − τ), x(t − 2τ), . . . , x(t − (m − 1)τ)] !�+I+P#

	' %$.&?' ". $"%&$<' )"3.&*'4)5" '0<2"' (./&$ $0 9'0.& 1$ τ . 1$ 0' 1)*$"()5" $*/$/)1' m+

�)(%)"%'( ;$&&'*)$"%'( -$&*)%$" 4'0420'& 9'0.&$( '1$42'1.( -'&' 1)4;'( 9'&)'/0$( 6 -.1$& '(? &$'0)A'&

0' &$4."(%&244)5"+ �"' 1$ 0'( %B4")4'( 4."9$"4)."'0$( 4."()(%$ $" 2('& )"3.&*'4)5" *2%2' 6 3'0(.(

9$4)".( 4$&4'".( !�

� ����	 �	��	�� �	��! ����# -'&' 1$%$&*)"'& τ 6 m &$(-$4%)9'*$"%$ TIFU+

GH



�0 -&)*$& -'(. 4."()(%$ $" 1$%$&*)"'& $0 &$%'&1. τ + �) τ $( -$>2$M.= 0'( %&'6$4%.&)'( 1$ 0'

&$4."(%&244)5" 1$0 $(-'4). 1$ $(%'1. ($ 2/)4'&:" 4$&4' 1$ 0' 1)'<."'0 -&)"4)-'0= $(%. ;'4$ >2$ 0'(

%&'6$4%.&)'( ($'" *26 ($"()/0$( '0 &2)1.= 6 0' $8)(%$"4)' 1$ $(%$ -.1&?' 4'2('& 4&24$( )"$8)(%$"%$(

$"%&$ 0' %&'6$4%.&)'(+ �.& $0 4."%&'&). () τ $( *26 <&'"1$ 0.( -2"%.( (24$()9.( r(t) 6 r(t + Δt) ($&:"

". 4.&&$0'4)."'1.( 6 $0 <&'" $(-'4). 1$ 0.( -2"%.( $" r(t) -&.124$ )"%$&3$&$"4)'( "2*B&)4'( $" 0'(

$>2)9'0$"4)'( %.-.05<)4'( TI�U+

	' *$@.& $0$44)5" -'&' $0 9'0.& 1$ τ $( 1."1$ 0' )"3.&*'4)5" *2%2' I(τ) = I(x(t), x(t − τ))

-&$($"%$ 2" *?")*. 0.4'0+ �'&' 2"' 9'0.& -$>2$M. 1$ τ 0' )"3.&*'4)5" *2%2' ($&: '0%'= 4$&4'"'

' F+ �) τ $( *26 <&'"1$ 0.( -2"%.( ($ 9.09$&:" *26 -.4. 4.&&$0'4)."'1.(= $0 -&)*$& *?")*. $"

0' )"3.&*'4)5" *2%2' 4.&&$(-."1$ ' 0' *$".& ($-'&'4)5" -.()/0$ >2$ -&$($"%' %'*/)B" 0' *$".&

4.&&$0'4)5"= 0.<&:"1.($ '(? )"1$-$"1$"4)' $"%&$ 0'( 9'&)'/0$( 1$ $(%'1.+

	' $0$44)5" 1$ 0' 1)*$"()5" $*/$/)1' ($ &$'0)A' $" /'($ ' 0' -&$($&9'4)5" %.-.05<)4' $8)(%$"%$

>2$ ($ 0.<&' '0 )& '2*$"%'"1. <&'12'0*$"%$ 0' 1)*$"()5" m+ �0 '0<.&)%*. �

 TIGU %.*' 4.*.

$"%&'1' $0 9'0.& 1$ τ 6 1$ 3.&*' ($42$"4)'0 9' '2*$"%'"1. 0' 1)*$"()5" 1$0 9$4%.& 1$ $(-'4). 1$

$(%'1.+ �0 4&)%$&). ' *$1)& $( 0' 4'"%)1'1 1$ 3'0(.( 9$4)".( >2$ $8)(%$" '0 $" 0' 1)*$"()5" m+ �0

'0<.&)%*. -'&%$ 4." m = 1= -'&' 4'1' -2"%. i $"42$"%&' $0 9$4)". *:( 4$&4'". j= 02$<. '2*$"%'

m = 2 6 4.*-'&' 0' ($-'&'4)5" $"%&$ 0.( -2"%.( $" $0 "2$9. $(-'4).+ �) 0' 1)(%'"4)' $"%&$ i 6 (2

9$4)". *:( 4$&4'". j 4'*/)5 '/&2-%'*$"%$= >2)$&$ 1$4)& >2$ j $( 2" 3'0(. 9$4)". 1$ i= 4$&4'". $"

m = 1 1$/)1. ' 0' -&.6$44)5"+ �"' 9$&()5" *$@.&'1' 1$0 '0<.&)%*. 1$ �

 $( $0 )"%&.124)1. -.&

	)'"<62$ �'. TIIU $0 42'0 ". &$>2)$&$ 1$0 '@2(%$ 1$ -'&:*$%&.( $" 0' 4.*-'&'4)5" 1$ 0'( 1)(%'"4)'(=

$( 4.*-2%'4)."'0*$"%$ $74)$"%$ 6 ". 1$-$"1$ 32$&%$*$"%$ 1$ 0' 4'"%)1'1 1$ -2"%.(+

��+�&� �%�!�" �� ��(#$$�!()�


. $8)(%$ 2"' &$4$%' <$"$&'0 -'&' $9'02'& $0 4.*-.&%'*)$"%. 1$ 2" ()(%$*' 1)":*)4.+ �2 <&'"

1)9$&()1'1 1)7420%' 1$ (./&$*'"$&' 0' 0'/.& 1$ $"4."%&'& -'%&."$( 1$ ()*)0)%21 $"%&$ 0.( ()(%$*'(=

' -$('& 1$ 0.( '"%$&).& 1)4;'( 4'&'4%$&?(%)4'( $8)(%$" -&)"4)-'0*$"%$ $" $0 $(-'4). 1$ $(%'1.= ;$

';? 0' )*-.&%'"4)' 1$ -.1$& &$4."(%&2)& . '-&.8)*'& $0 $(-'4). 1$ $(%'1. 1$ 2" 4)$&%. -&.4$(.+ 	'

&$42&&$"4)' 1$ $(%'1.( $( 2"' -&.-)$1'1 32"1'*$"%'0 1$ 0.( ()(%$*'( 1)":*)4.(= 2" $(%'1. j ($

1)4$ &$42&&$"%$ ' i= () $(%.( ($ $"42$"%&'" '&/)%&'&)'*$"%$ 4$&4'= /'@. '0<2"' ".&*'+ �) $0 ()(%$*'

-&$($"%' 4)$&%. 1$%$&*)")(*. $"%."4$( $( 0' $9.024)5" 1$ 0'( %&'6$4%.&)'( 1$/$" ($& ()*)0'&$( 12&'"%$

I�



2" 4)$&%. -$&).1. 1$ %)$*-.+

�.& 0. <$"$&'0 $0 $(-'4). 1$ $(%'1. -.($$ 2"' 1)*$"()."'0)1'1 >2$ ". -$&*)%$ (2 9)(2'0)A'4)5"=

�4C*'"" TIJU ;' )"%&.124)1. 2"' ;$&&'*)$"%' >2$ -$&*)%$ 9)(2'0)A'& 0' &$42&&$"4)' 1$ 0.( $(%'1.( 	xi

$" $0 $(-'4). 1$ $(%'1.= $9)%'"1. $0 2(. 1$ -&.6$44)."$( ' $(-'4).( 1$ *$".& 1)*$"()."'0)1'1= 1."1$

$0 &)$(<. 1$ ". 4."($&9'& 0' %.-.0.<?' 1$ 0.( $(%'1.( $( '0%'+ �'&' $(%. ($ 2(' 2"' &$-&$($"%'4)5"

/)1)*$"()."'0 1$ 0' &$42&&$"4)' 1$ 0.( $(%'1.(= () j $( &$42&&$"%$ ' i ($ *'&4' 4." 2" -2"%. "$<&.

$" 0' -.()4)5" (i, j)+ �.&*'0*$"%$ $0 �0'". 1$ �$42&&$"4)' !��� �	����	��	 %���# ($ 1$7"$ 4.*.�

Rm,εi

i,j = Θ(εi − ‖	xi − 	xj‖), 	xi ∈ R
m, i, j = 1 . . .N !�+I+Q#

1."1$ N $( $0 "2*$&. 1$ $(%'1.( ' 4."()1$&'& $" 0' &$-&$($"%'4)5"= εi $( $0 2*/&'0 1$0 $(%'1. 	xi 6

Θ(·) $( 2"' 32"4)5" $(4'05" 2")%'&).+

�.& 1$7")4)5" 1$0 -0'". 1$ &$42&&$"4)'= $(%$ -.($$ 2"' &$4%' 1)'<."'0 1'1. >2$ Ri,i = 1= 6'

>2$ εi $( 1)(%)"%. -'&' 4'1' i= ($ %)$"$ >2$ Ri,j �= Rj,i= -2$(%. >2$ 0'( 9$4)"1'1$( 1$ i 6 j ". (."

"$4$('&)'*$"%$ 0'( *)(*'(+ �" 0'( -&2$/'( &$'0)A'1'( ($ 2%)0)A' $0 �� ()*B%&)4.= 1."1$ εi = ε, ∀i=

-.& 0. %'"%. Ri,j = Rj,i+

�8)(%$" 1)(%)"%.( 4&)%$&).( >2$ -$&*)%$" 7@'& $0 9'0.& 1$ ε= '0<2".( (2<)$&$" >2$ $0 $(%$ 9'0.& ".

$84$1' $0 F�K 1$0 *:8)*. 1):*$%&. 1$0 $(-'4). 1$ $(%'1. TIPU= $(%. $( ε ≤ 0,1 · máxi,j ‖	xi − 	xj‖+
�%&' '0%$&"'%)9' *:( &$4)$"%$ TIQU '@2(%' $0 9'0.& 1$ ε ' 2"' 4'"%)1'1 1$ -2"%.( &$42&&$"%$( 1$0

.&1$" 1$0 FK+

�$"%&. 1$ 0'( ".&*'( *:( 2('1'( $(%: 0' ".&*' $240)1)'"' ‖·‖2=0' ".&*' 2". ‖·‖1 6 0' ".&*'

)"7")%. ‖·‖∞= -&$($"%'"1. $(%' D0%)*' 9$"%'@'( (./&$ 0'( '"%$&).&$(= 6' >2$ $( )"1$-$"1)$"%$ 1$ 0'

1)*$"()5" 1$0 $(-'4). 1$ $(%'1.+

�( 4.*D" >2$ ($ $0)*)"$ 0' 1)'<."'0 1$0 �� ' 7" 1$ ./%$"$& *$@.&$( $(%)*'4)."$( 1$0 $8-."$"%$

1$ 06'-2".9= $" TI�U (2<)$&$" 4."()1$&'& (50. 0.( -2"%.( >2$ 42*-0$" >2$ |i − j| ≥ w= $0 9'0.& w $(

4.".4)1. 4.*. 9$"%'"' 1$ �;$)0$&+ �)(%)"%'( 9'&)'"%$( 1$0 �� TIHVJFU %&'%'" 1$ '/.&1'& 1)(%)"%'(

-&./0$*:%)4'( 1$0 �� .&)<)"'0+

�"' 1$ 0'( 9'&)'"%$( *:( )"%$&$('"%$( 4."()(%$ $" $0 �0'". 1$ �$42&&$"4)' �&2A'1. !���� 3����

�	����	��	 %��� #= $(%$ -$&*)%$ 4.*-'&'& 1.( %&'6$4%.&)'( 1$0 *)(*. ()(%$*'( $" $0 *)(*. $(-'4).

1$ 3'($+ �.&*'0*$"%$ $0 ��� ($ 4."(%&26$ 4.*.�
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CRm,εi

i,j = Θ(εi − ‖	xi − 	yi‖), xi, yi ∈ R
m, i = 1 . . .Nx, j = 1 . . .Ny !�+I+�#

1."1$ 	xi, 	yi (." 9$4%.&$( 1$0 *)(*. $(-'4). 1$ 3'($+ �0 ��� ". 4.&&$(-."1$ ' 2"' *'%&)A 42'1&'1'=

1'1. >2$ Nx ". $( "$4$('&)'*$"%$ )<2'0 ' Ny 6 -2$1$ ($& D%)0 $" %'&$'( 1."1$ ($ /2(>2$ 2" -'%&5"

$" -'&%)420'&= 4.".4)1.= $" $(%$ 4'(. $0 -0'". 1$ &$42&&$"4)' *'&4'&: 1)4;. -'%&5"+

#�,�'��� ��?(!*!* ��$��!�$�!3� �%( �� =�@�>

�"' ($&)$ 1$ *$1)1'( 42'"%)%'%)9'( (./&$ $0 �� ;'" ()1. -&.-2$(%'( $" TJ�VJJU= 4.".4)1'( 4.*.

���� �	����	��	 +������������ ����$���+ �'1. 2" �� 1$ %'*'M. NxN = 4." $0$*$"%.( Ri,j , ∀i, j =

1 . . .N = ($ 1$7"$�

�� !�	����	��	 ���	#+ �.&&$(-."1$ ' 0' 1$"()1'1 1$ -2"%.( &$42&&$"%$( $" $0 ��+

RR =
1

N2

N∑
i,j=1

Ri,j !�+I+H#

��� !(	�	�������#+ �"1)4' 0' -&$1)4%)/)0)1'1 1$0 ()(%$*'+ �(%' $( 2"' *$1)1' /'('1' $"

0' 1)(%&)/24)5" 1$ 0.( %&'A.( 1)'<."'0$( 1$ 0'&<. l = P ε(l) = {li|i = 1 . . .Nl}= 1."1$ Nl $( $0

"2*$&. '/(.02%. 1$ 0)"$'( 1)'<."'0$(

DET =

∑N
l=lmin

lP ε(l)∑N
i,j=1 Ri,j

!�+I+F�#

lmin $( 2" 2*/&'0 >2$ -$&*)%$ 4."()1$&'& (50. 0'( 1)'<."'0$( >2$ 42*-0$" 4." $0 2" 0'&<.

(274)$"%$+

	 !�'	���	 (������� 4	���!#+ �"1)4' $0 0'&<. -&.*$1). 1$ 0'( 1)'<."'0$(

L =

∑N
l=lmin

lP ε(l)∑N
l=lmin

P ε(l)
!�+I+FF#

��� !(�'	��	��	#+ �0 0'&<. 1$ 0'( 1)'<."'0$( $(%: '(.4)'1. '0 $8-."$"%$ 1$ 06'-2".9= ���

)"1)4' $0 4.*-.&%'*)$"%. 1$ 0' 1)9$&<$"4)' 1$ 0'( %&'6$4%.&)'(+

DIV =
1

Lmax
!�+I+F�#

I�



1."1$ Lmax = máx {li|i = 1 . . .Nl}+

�
�� !,�����$#+ �.&&$(-."1$ ' 0' $"%&.-?' 1$ �;'""." 1$ 0' 3&$42$"4)' 1$ 1)(%&)/24)5" 1$

0'( 0?"$'( 1)'<."'0$(+ �$W$@' 0' 4.*-0$@)1'1 1$0 1$%$&*)")(*. 1$0 ()(%$*'+

ENTR = −
N∑

l=lmin

p(l) ln p(l), p(l) =
P ε(l)∑N

l=lmin
P ε(l)

!�+I+FG#

	�� !4��������$#+ �( 2"' *$1)1' 1$ 0'( $(%&24%2&'( 9$&%)4'0$( $" $0 ��= 0' >2$ &$-&$($"%'

0' .42&&$"4)' 1$ $(%'1.( 0'*)"'&$(�+

LAM =

∑N
v=vmin

vP ε(v)∑N
v=1 vP ε(v)

!�+I+FI#

�� !�&'--)"< �)*$#+ �.&&$(-."1$ '0 0'&<. -&.*$1). 1$ 0'( 0)"$'( 9$&%)4'0$(= $( $0 %)$*-.

*$1). $" >2$ $0 ()(%$*' ($ $"42$"%&' $" 2" *)(*. $(%'1.+

TT =

∑N
v=vmin

vP ε(v)∑N
v=vmin

P ε(v)
!�+I+FJ#

�'&R'" 1$7"$ %'*/)B" Vmax = máx {vl|l = 1 . . . L}= 2" '":0.<. ' Lmax+

��� 7�2'0�)'��� �� -(��� ��?0') 5�2� 7� �)�0�'5'90 �0�)� 5��� @ 5���! 
�) �A�2-7�: 7� �)�0�'5'90 �� (0 )'�2�
5�)�'�5� 0�)2�7 � (0� ?&)'7�5'90 8�0�)'5(7�)!
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�" $(%$ 4'-?%20. ($ -&.-."$ 2" *.1$0. 1$ 4."%$8%.( .&)$"%'1. '0 -&.4$('*)$"%. 1$ ($42$"4)'(+ �0

*.1$0. -&.-2$(%. '0 )<2'0 >2$ .%&.( *.1$0.( 1$ �2'"%)A'4)5" �$*-.&'0 !�N�= ����= �$4���=

���� $%4#= $(%: *."%'1. (./&$ 2" $(>2$*' 1$ 42'"%)A'4)5" $(%:%)4. 4.*. ��� . �'( 
$2&."'0=

0.( 42'0$( &$'0)A'" 0' 42'"%)A'4)5" $(-'4)'0 1$ 0'( ($42$"4)'( -&$($"%'1'(= ()$"1. &$(-."('/)0)1'1 1$0

*.1$0. 1$ 4."%$8%.( 0.<&'& 4'-%2&'& 0' 1)":*)4' 1$ 0' ($42$"4)'+ �"' 1$ 0'( 9$"%'@'( 1$0 *.1$0.

-&.-2$(%. $( >2$ $( )"1$-$"1)$"%$ 1$ 0' %.-.0.<?' 1$ 0' &$1+ �0 4.*/)"'&($ 4." '&>2)%$4%2&'( ���=


$2&'0 �'(= �&.R)"< 
$2&'0 �'(= $%4+ 1' .&)<$" &$(-$4%)9'*$"%$ ' 0.( '0<.&)%*.( ����� �	���

���������� ��� !�'**' ���#= ����� �	���� ��� !�'**' 
�#= ����� ������� �	���� ���

!�'**' �
�#+

�0 *.1$0. 1$ 4."%$8%. /'('1. $" �$1$( 
$2&."'0$( �2%. �&<'")A'%)9'( 4.*/)"' 2"' '&>2)%$4 

%2&' 1$ '-&$"1)A'@$ %.0$&'"%$ '0 &2)1.= 4."(%&2)1' (./&$ 2" *.1$0. ()*-0$ >2$ 2%)0)A' &$3$&$"4)'

;'4)' $0 <'"'1.& 1$ 0' $%'-' -&$9)' -'&' 4."(%&2)& 2" $74)$"%$ *.1$0. 1$ 4."%$8%.(+ �$ $(%' 3.&*'

%.1' 0' &$1 '-.&%' ' 0' 4."(%&244)5" 1$ 2"' &$-&$($"%'4)5" )"%$&"' 1$ 0' 1)":*)4'+

�0 *.1$0. 1$ 4."%$8%.( �'**' 1$/$ (2 ".*/&$ ' 0'( *$*.&)'( �'**' . 70%&.( �'**'= >2$

(." 0' /'($ $" $0 1)($M. 1$ $(%' $(%&24%2&'+ �$ )1$"%)74'" -&)"4)-'0*$"%$ 1.( -'&:*$%&.(� $0 "D*$&.

1$ 4."%$8%.( K 6 $0 -'&:*$%&. 1$ 32()5" β+ 	' $0$44)5" 1$ $(%.( 1.( -'&:*$%&.( -$&*)%$" '@2(%'&

0' -&.32"1)1'1 1$ 0' *$*.&)' 6 0' &$(.024)5"= 4.*. $" $0 70%&. �'**'+

�"' 1$ 0'( 4'&'4%$&?(%)4'( *:( )"%$&$('"%$( 1$0 *.1$0. 1$ 4."%$8%.( -&.-2$(%. $( >2$ <$"$&'0)A'

$0 *.1$0. ���� TFIU= &$(20%'"1. $(%$ D0%)*. 2" 4'(. -'&%)420'& 1$0 *.1$0. 1$ �."%$8%.( �'**'

II



42'"1. K = 1+

"��� )���������*� ��  ���������

� 4."%)"2'4)5" ($ *2$(%&' >2$ $0 *.1$0. 1$ 4."%$8%.( �'**'= -$&*)%$ '<&2-'& ($42$"4)'(

()*)0'&$(+ 	' 1$*.(%&'4)5" ($ &$'0)A' 2('"1. $0 32"4)."'0 1$ *)")*)A'4)5" 1$0 �'( 
$2&."'0= $0 42'0

$( 4'-'A 1$ '<&2-'& 9$4%.&$( ()*)0'&$(+ �$ &$'0)A' 02$<. 2"' '1'-%'4)5" '0 4'(. %$*-.&'0 *$1)'"%$

$0 2(. 1$ 9$"%'"'( 1$ %)$*-.= 0'( 42'0$( 7"'0*$"%$ (." '1'-%'1'( -'&' 1$&)9'& $0 32"4)."'0 '(.4)'1.

'0 *.1$0. 1$ 4."%$8%.(+

�$ 4.*)$"A' *.(%&'"1. >2$ �'( 
$2&."'0 '<&2-' 9$4%.&$( ()*)0'&$( $" $0 )"(%'"%$ t= 02$<. '0

4."()1$&'& 2"' 9$"%'"' 1$ %)$*-. 1$ %'*'M. τ = 0.( 9$4%.&$( '<&2-'1.( -.& $0 �'( 
$2&."'0 %'*/)B"

4.)"4)1$" '-&.8)*'1'*$"%$ $" 0.( )"(%'"%$( t − 1, t − 2, . . . t − τ +

�$' 	xt ∈ R
d+ �0 32"4)."'0 1$ *)")*)A'4)5" E 2%)0)A'1. -.& �'( 
$2&."'0 $( $0 ()<2)$"%$

E =
N∑

i=1

T∑
t=1

hλ

(
ki(	xt, 	w)

) ∥∥	xt − 	wIt
∥∥2

!G+F+F#

1."1$ It 4.&&$(-."1$ ' 0' 2")1'1 <'"'1.&' '(.4)'1' '0 -'%&5" xt+ �0 '0<.&)%*. 
$2&'0 �'( <$"$&'

-'&' 4'1' "$2&."' i 2"' -'&%)4)5" 1$0 (2/$(-'4). %'0 >2$ 0.( $0$*$"%.( '(.4)'1.( ' 0' "$2&."' i

42*-0$" Vi =
{
	xt | ∥∥	xt − wi

∥∥ ≤ ∥∥	xt − wj
∥∥∀j

}
+ 	' �)<2&' G+F+F+'# *2$(%&' >2$ -'&' 2"' 4)$&%'

"$2&."' 	wi= 0'( ($42$"4)'( '-&$"1)1'( -.& 0' "$2&."' 4'0A'" $" $0 )"(%'"%$ t= -$&. ". $" )"(%'"%$(

'"%$&).&$( -2$(%. >2$ 1)4;' )"3.&*'4)5" ". ($ $"42$"%&' $" $0 32"4)."'0 E+

$�% $&%

�)<2&' G+F+F� �2'"%)A'4)5" �'( 
$2&."'0+ �'&' 2"' 4)$&%' "$2&."' wi+ '# 0'( ($42$"4)'( '-&$"1)1'(
-.& 0' "$2&."' 4'0A'" -$&3$4%'*$"%$ $" $0 )"(%'"%$ t= -$&. ". $" )"(%'"%$( -&$9).(+ /# 0'( ($42$"4)'(
'-&$"1)1'( -.& 0' "$2&."' 4'0A'" $" $0 )"(%'"%$ t 6 t−1 !9$"%'"' 1$ %'*'M. �#= -$&. ". $" )"(%'"%$(
'"%$&).&$(+

IJ



�"' '1'-%'4)5" >2$ -$&*)%$ '<&$<'& %$*-.&'0)1'1 $" $0 32"4)."'0 E 4."()(%$ $" 4."()1$&'&

9$"%'"'( 1$ %)$*-.+ �2-."<'*.( 2"' 9$"%'"' 1$ %'*'M. �= 0. >2$ $( $>2)9'0$"%$ ' 4."()1$&'& $0

9$4%.& 1$ $"%&'1' 	xt = [	xt, 	xt−1]= 4." 0. >2$ $0 32"4)."'0 %.*' 0' ()<2)$"%$ 3.&*'

E =
N∑

n=1

T∑
t=1

hλ (ki(	xt, 	w))
∥∥	xt − 	wIt

∥∥2
!G+F+�#

1."1$ dim(	xt) = dim(	wi) = 2d+ �(%. -$&*)%$ >2$ -'&' 2" 4)$&%' "$2&."' 	wi = [	wi
1, 	wi

2]= 0'(

($42$"4)'( '-&$"1)1'( ($'" %'0$( >2$

∥∥	xt − 	wi
1

∥∥2
+
∥∥	xt−1 − 	wi

2

∥∥2 ≤
∥∥∥	xt − 	wj

1

∥∥∥2

+
∥∥∥	xt−1 − 	wj

2

∥∥∥2

∀j !G+F+G#

($<D" ($ *2$(%&' $" 0' �)<2&' G+F+F+/#+

�0 1$($*-$M. 1$ 0' 42'"%)A'4)5" $" $0 ($"%)1. 1$ -.1$& 4."()1$&'& ($42$"4)'( ()*)0'&$( *:( 0'&<'(

($ -2$1$ *$@.&'& '2*$"%'"1. $0 %'*'M. 1$ 0' 9$"%'"' 	xt = [	xt, 	xt−1, . . . , 	xt−τ ]= 0' $(%&24%2&' 1$0

32"4)."'0 G+F+� ($ *'"%)$"$+

&����� 
#!()�!�% �� 
#�!')/�()3! ��('�$)�% E5 �! �% ,���%� �� 
�!'�4'�"

� -'&%)& 1$0 32"4)."'0 !G+F+�#= 4."()1$&'"1. 2"' 9$"%'"' 1$ %'*'M. K= ($ *2$(%&' 2"' &$- 

&$($"%'4)5" '0%$&"'%)9' >2$ -$&*)%$ &$'0)A'& 0' *)(*' %'&$' 1$ 42'"%)A'4)5" %$*-.&'0+ �$' 2"

9$4%.& 1$ $"%&'1' 	xt = [	xt, 	xt−1, . . . , 	xt−K ]= 6 2" 4."@2"%. 1$ "$2&."'( N 1."1$ 4'1' "$2&."'

	wi = [	wi
0, 	wi

1, . . . , 	wi
K ]+ �$('&&.00'"1. 0' 1)(%'"4)'= ($ %)$"$�

∥∥	xt − 	wi
∥∥2

=
〈
	xt − 	wi, 	xt − 	wi

〉
=

K∑
d=0

(
	xt−d − 	wi

d

)2
=
(
	xt−d − 	wi

0

)2
+

K∑
d=1

(
	xt−d − 	wi

d

)2
!G+F+I#

4'*/)'"1. 0' ".%'4)5" 6 ;'4)$"1. 	wi ≡ 	wi
0 6 	ci

k ≡ 	wi
k, ∀k = 1 . . .K= 0' $42'4)5" '"%$&).& ($

-2$1$ )"%$&-&$%'& 1$ 1)3$&$"%$ *'"$&'� 4'1' "$2&."' -.($$ 2" -$(. 	wi $"4'&<'1. 1$ &$'0)A'& 0'

42'"%)A'4)5" $" $0 )"(%'"%$ t 6 2" 4."@2"%. 1$ K $0$*$"%.( 	ci
k 1$".*)"'1.( 4."%$8%. $"4'&<'1.(
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�)<2&' G+F+�� �$42$"4)'( '<&2-'1'( ($<D" $0 4&)%$&). 1$0 32"4)."'0 !G+F+P#

1$ 4'-%2&'& 0' %$*-.&'0)1'1+ �(? $0 "2$9. 32"4)."'0 4."()1$&'"1. $0 4'*/). 1$ ".%'4)5" >2$1'

E =
N∑

n=1

T∑
t=1

hλ (ki(	xt,N )) ·
{

(	xt − 	wi)2 +
K∑

k=1

(	xt−d − 	ci
k)2
}

!G+F+J#

() $" 02<'& 1$ 2%)0)A'& &$%'&1.( ()*-0$( !($44)5" �+G+F# 	xt−d= ($ 4."()1$&' $0 �)0%&. �'**' !($44)5"

�+G+�#= 0' $42'4)5" !G+F+J#= >2$1'

E =
N∑

n=1

T∑
t=1

hλ (ki(	xt,N )) ·
{

(	xt − 	wi)2 +
K∑

k=1

(	ct
k − 	ci

k)2
}

!G+F+P#

1."1$ 	ct
k 4.&&$(-."1$ '0 70%&'1. 1$ .&1$" k 1$ 0' ($M'0 1$ $"%&'1' 	xt+

�0 2(. 1$ 70%&.( �'**' 1$('4.-0' 0' -&.32"1)1'1 1$ 0' *$*.&)' K= 0.<&'"1. 00$<'& ' 2"'

-&.32"1)1'1 K/μ ('4&)74'"1. &$(.024)5"+ �1$*:(= $0 2(. 1$ $(%$ 70%&. -'(' /'@.( -$&*)%$ 0.<&'&

2"' *'6.& %.0$&'"4)' '0 &2)1.+

�0 32"4)."'0 G+F+P ;'4$ 2(. 1$ 0'( ('0)1'( 1$0 �)0%&. �'**' '-0)4'1'( (./&$ 0' ($M'0 xt -'&'

&$'0)A'& 0' 42'"%)A'4)5" 1$ 0'( ($M'0$(= -$&*)%)$"1. '<&2-'& ($42$"4)'( ()*)0'&$(+

"��� #
���
 �� )
���+�
 �� #�
�� '��
�� ���

�" �
� $0 4."%$8%. 5-%)*. 4."9$&<$ ' 2"' 4.1)74'4)5" 3&'4%'0 1$ 0.( $0$*$"%.( 1$ 0' ($42$"4)'

-&$($"%'1.( -&$9)'*$"%$ T�HU+ 	' $0$44)5" 5-%)*' 1$0 9$4%.& 1$ 4."%$8%.( 6 $0 9$4%.& 1$ -$(.( ($
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./%)$"$ *$1)'"%$ 0' *)")*)A'4)5" 1$ 0' 1)(%'"4)' '0 -'%&5" -&$($"%'1. 6 '0 1$(4&)-%.& 1$0 4."%$8%.

ct &$(-$4%)9'*$"%$ TFJU+ �0 �$.&$*' �+�+F 4'&'4%$&)A' $0 9'0.& 1$ copt+ �$('&&.00'"1. 0' &$42&()5"

>2$ 1$7"$ 0' 4."(%&244)5" 1$0 4."%$8%. $" �
�= $42'4)5" !�+G+I#= ($ %)$"$�

ct = (1 − β)ct−1 + βxt−1 = (1 − β)((1 − β)ct−2 + βxt−2) + βxt−1

ct = (1 − β)2ct−2 + (1 − β)βxt−2 + βxt−1

ct = (1 − β)2((1 − β)ct−3 + βxt−3) + (1 − β)βxt−2 + βxt−1

ct = (1 − β)3ct−3 + (1 − β)2βxt−3 + (1 − β)βxt−2 + βxt−1

ct =
∑t

j=1 β(1 − β)j−1xt−j

�$ -2$1$ 9$& >2$ 0' 4.1)74'4)5" 3&'4%'0 5-%)*' copt 1$ 0' $42'4)5" !�+�+F�# 4.&&$(-."1$ ' 2"'

-&)*$&' $%'-' 1$ 70%&'1. *$1)'"%$ $0 2(. 1$ �$*.&)'( �'**' !�+G+I#+ �( -.()/0$ 1$124)& 0' &$<0'

1$ $"%&$"'*)$"%. 1$ �$&<$ *$1)'"%$ 2" 1$('&&.00. 1)&$4%. 1$ 0' 32"4)5" 1$ %&'"(3$&$"4)' 1$0 �)0%&.

�'**'

C(z) = G(z)X(z) = 1−β
z−β X(z) = z−1−βz−1

1−βz−1 X(z)

= (1 − β)z−1X(z) + βz−1C(z)
!G+�+F#

7"'0*$"%$ %.*'"1. '"%)%&'"(3.&*'1' Z= ($ ./%)$"$

ct = (1 − β)xt−1 + βct−1. !G+�+�#

�) ($ 4."()1$&' >2$ $0 -$(. 1$ 0' "$2&."' <'"'1.&' $( 0' *$@.& '-&.8)*'4)5" 1$0 -'%&5" 1$

$"%&'1'= $( -.()/0$ '1'-%'& 0' $42'4)5" 1$0 1$(4&)-%.& 1$ 4."%$8%. &$$*-0'A'"1. xt−1 4." wIt−1 6

ct−1 4." cIt−1-'&' &$42-$&'& 0' $42'4)5" �+�+FH+

�$ 0. '"%$&).& ($ %)$"$ >2$ 1'1' 2"' &$1 �
� 6 $0 -'&:*$%&. 1$ *$&<$ β= 0' -&.32"1)1'1 1$ 0'

*$*.&)' DMNG 6 0' &$(.024)5" RMNG >2$1'" 4'&'4%$&)A'1'( -.&

DMNG =
1

1 − β
, RMNG = 1 − β !G+�+G#

($<D" 0. 4'0420'1. -'&' 0'( *$*.&)'( <'**'+

�" 4."($42$"4)' $0 *.1$0. 1$ 4."%$8%.( 2('1. -.& �
� -2$1$ ($& *$@.&'1. $" $0 ($"%)1. 1$

-&.32"1)1'1 1$ 0' *$*.&)' 6 &$(.024)5" *$1)'"%$ $0 2(. 1$ �$*.&)'( �'**'+ �"%&.124)$"1. *:(

$%'-'( 1$ 70%&'1. ($ -2$1$ 0.<&'& 2" '2*$"%. $" 0' -&.32"1)1'1 1$ 0' *$*.&)' ()" "$4$()1'1 1$

4.*-&.*$%$& 0' &$(.024)5"= *$@.&'"1. 0' &$-&$($"%'4)5" 1$ 0' 1)":*)4' 1$0 ()(%$*'= . /)$" *$@.&'&

I�



0' &$(.024)5" ()" 4.*-&.*$%$& 0' -&.32"1)1'1 1$ 0' *$*.&)'+

"�"� #
���
 �

�����
 �� )
���+�
� ����� '��
�� ���

�'1. >2$ $0 4."%$8%. ($ 4."(%&26$ &$3$&)1. '0 <'"'1.& 1$ 0' $%'-' -&$9)'= $0 *.1$0. "$4$()%'

1$ 2" 4."@2"%. 1$ "$2&."'( N = {1, . . . , m} $>2)-'1'( 4." 2" 9$4%.& 1$ 42'"%)A'4)5" wi ∈ R
d 6

2" 4."@2"%. 1$ 4."%$8%.( C =
{
ci
1, c

i
2, . . . , c

i
K

}
, ci

k ∈ R
d, k = 1, . . . , K= 426' 4'&1)"'0)1'1 K >2$1'

1'1' -.& 0' 4'"%)1'1 1$ $%'-'( 1$ 70%&'1. ' 4."()1$&'& $" 4'1' "$2&."'+ �'&' 4'1' ($42$"4)' s 0.(

4."%$8%.( 1$0 4."@2"%. C 1$/$" ($& )")4)'0)A'1.( $" 2" 9'0.& '&/)%&'&).= -.& $@$*-0. 0+

�'1. 2" -'%&5" 1$ $"%&'1' xt 0' 2")1'1 <'"'1.&' It 4.&&$(-."1$ ' 0' "$2&."' >2$ *)")*)A' $0

4&)%$&). 1$ 1)(%'"4)' !G+G+F#+

di(t) = αw

∥∥xt − wi
∥∥2

+
K∑

k=1

αk

∥∥ct
k − ci

k

∥∥2
!G+G+F#

1."1$ 0.( 9'0.&$( αk, k ∈ {1, 2, . . . , K}∪ {w} 1$%$&*)"'" 0' )*-.&%'"4)' 1$ 0.( 1)(%)"%.( $0$*$"%.(

$" 4'1' "$2&."'+ 	' 2")1'1 <'"'1.&' ��� ($ 1$%$&*)"' *$1)'"%$ !G+G+�#+

It = argmin
i=1,...,M

di(t) !G+G+�#

	' 1)(%'"4)' !G+G+F# $" $0 '0<.&)%*. �'**' 
� &$>2)$&$ 1$0 4:0420. 1$ %.1.( 0.( 1$(4&)-%.&$( 1$

4."%$8%. '(.4)'1.( ' 0'( 1)(%)"%'( $%'-'( 1$ 70%&'1.+ �(%.( (." 4."(%&2)1.( *$1)'"%$ 2"' '1'-%'4)5"

1$ 0'( �$*.&)'( �'**' TJVQU+ �0 1$(4&)-%.& 1$ 4."%$8%. $( 4."(%&2)1. 4." 0' 4.0'/.&'4)5" 1$ %.1'

0' &$1+ 	' 2")1'1 <'"'1.&' $" 0' $%'-' '"%$&).& It−1 $( ($0$44)."'1' -'&' 4'0420'& 0.( K 1$(4&)-%.&$(

1$ 4."%$8%. $" 0' 2")1'1 '4%2'0+

ct
k = βc

It−1
k + (1 − β) c

It−1
k−1 ∀k = 1, . . . , K !G+G+G#

1."1$ c
It−1
0 ≡ wIt−1 6 $" t = 1= 0'( 4."1)4)."$( )")4)'0$( cI0

k , ∀k = 1, . . . , K (." '@2(%'1'( 1$ 3.&*'

'&/)%&'&)'+

�0 -'&:*$%&. 0 ≤ β ≤ 1 -$&*)%$ '@2(%'& 0' -&.32"1)1'1 1$ 0' *$*.&)' !�+G+FQ#+

�$/)1. ' 0' "'%2&'0$A' &$42&()9' $" 0' 4."(%&244)5" 1$0 4."%$8%. $( &$4.*$"1'/0$ >2$ αw > α1 >

α2 > · · · > αK > 0= 1$ 0. 4."%&'&). $( *26 -&./'/0$ >2$ 2"' *'0' 42'"%)A'4)5" $" 0'( -&)*$&'(

IH



$%'-'( 1$0 70%&'1. -&.12A4' $&&.&$( $" 0' 4."(%&244)5" 1$ 0.( 4."%$8%.( 1$ .&1$" (2-$&).&+

�'&' 2"' &$1 �'**' 
� 6 $0 -'&:*$%&. 1$ *$&<$ β= 0' -&.32"1)1'1 1$ 0' *$*.&)' DGammaNG

6 0' &$(.024)5" RGammaNG >2$1'" 4'&'4%$&)A'1'( -.&

DGammaNG =
K

1 − β
, RGammaNG = 1 − β !G+G+I#

&�&��� ��.%� �� �!'$�!�,)�!'� �� ��('�$�" �$�'�')��" 0 ��('�$�" ��


�!'�4'�

�$1)'"%$ 0' 1$7")4)5" 1$ 2" �2"4)."'0 1$ �"$&<?' -'&' *'-'( '2%. .&<'")A'%)9.( TJPU= $( -.()/0$

1$&)9'& 2"' &$<0' 1$ $"%&$"'*)$"%. -'&' 0.( �$4%.&$( �&.%.%)-.(= $"4'&<'1.( 1$ &$'0)A'& 0' 42'"%) 

A'4)5" $(%:%)4' 6 0.( �$4%.&$( 1$ �."%$8%.= $"4'&<'1.( 1$ &$'0)A'& 0' &$-&$($"%'4)5" %$*-.&'0+

�0 �2"4)."'0 1$ *)")*)A'4)5" ($ /'(' $" 0' )1$' -&.-2$(%' $" 0' �$44)5" G+F+F= '<&$<'"1. 0.(

9$4%.&$( 1$ 4."%$8%. '0 32"4)."'0 1$ $"$&<?' 1$0 '0<.&)%*. 
$2&'0 �'( TJQU+ �$ $(%' 3.&*' ($ %)$"$

E =
∑

i

hλ

(
ki(xt, W )

)
di(xt, W ) !G+G+J#

1."1$ di(xt, W ) 4.&&$(-."1$ ' 0' 1)(%'"4)' 1$7")1' $" 0' $42'4)5" !G+G+F#+�(? $0 32"4)."'0 /2(4'1.

4.&&$(-."1$ '

E =
∑

i

hλ

(
ki(xt, W )

) ·
{

αw

∥∥xt − wi
∥∥2

+
K∑

k=1

αk

∥∥ct
k − ci

k

∥∥2

}
!G+G+P#

1$ $(%' 3.&*' -'&' 2" 4)$&%. )"(%'"%$ t

−∂E(t)
∂wi

= αwhλ

(
ki(xt, W )

)
(xt − wi) !G+G+Q#

−∂E(t)
∂ci

k

= αkhλ

(
ki(xt, W )

)
(ct

k − ci
k) !G+G+�#

1."1$ ki(xt, W ) 4.&&$(-."1$ '0 &'"C)"< 1$ 0' "$2&."' i B()*' ($<D" 0'( 1)(%'"4)'( d(xt, W )+

�$<D" 0. '"%$&).& 0.( -$(.( wi 6 0.( 4."%$8%.( ci
k (." '4%2'0)A'1.( 1$ '42$&1. '

Δwi = ε(t)hi,It(t)
(
xt − wi

)
!G+G+H#

J�



Δci = ε(t)hi,It(t)
(
ct
k − ci

k

)
!G+G+F�#


.%'& >2$ 0'( &$<0'( 1$7")1'( $" 0'( $42'4)."$( '"%$&).&$( (." )"1$-$"1)$"%$( 1$ 0' %.-.0.<?' 1$

0' &$1= 1'"1. .&)<$" ' 0.( '0<.&)%*.( �'**' ��� 6 �'**' 
� 1$(4&)%.( $" G+J 6 G+P &$(-$4%) 

9'*$"%$+

&�&��� ��$6,�'$� α

�" $(%$ ($<*$"%. ($ -&$($"%'" '0<2".( 1$%'00$( ' 4."()1$&'& (./&$ $0 -'&:*$%&. α+ �(%$ -'&:*$%&.

4."%&.0' 4."%&.0' 0' 4."%&)/24)5" 1$0 -$(. wi 6 1$ 0.( 1)(%)"%.( 4."%$8%.( ci
k, ∀k = 1 . . .K= $" 0'

32"4)5" 1$ 1)(%'"4)' !G+G+F#+ 	' 4."%&)/24)5" )")4)'0 1$0 4."%$8%. $" %B&*)".( 1$0 4:0420. 1$ 0' 1)( 

%'"4)' 1$/$ ($& /'@.= 7@'"1. 2" 9'0.& -.()%)9. -$>2$M. -'&' αk, ∀k = 1 . . .K+ �(%. ($ 1$/$ ' >2$

$( 1$ <&'" )*-.&%'"4)' 0.<&'& 2"' /2$"' 42'"%)A'4)5" 1$ 0.( 9'0.&$( 1$ 0' ($M'0 $" $%'-'( )")4)'0$(+

�) ".( 7@'*.( $" 0' 4."(%&244)5" 1$0 -&)*$& 4."%$8%.= $( -.()/0$ ./($&9'& >2$ $(%$ ($ 4."(%&26$ $"

32"4)5" 1$0 -$(. 1$ 0' "$2&."' <'"'1.&' $" $0 )"(%'"%$ -&$9).= $(%. $(

ct = (1 − β)wIt−1 + βcIt−1 !G+G+FF#

".%$*.( >2$ wIt−1 $( $0 *$@.& &$-&$($"%'"%$ 1$ xt−1= -.& 0. %'"%. () 0' &$1 ". 0.<&' 2"' /2$"' &$- 

&$($"%'4)5" $" 0.( 9'0.&$( 1$ wi $0 4."%$8%. ". ($ 4."(%&26$ $" 32"4)5" 1$ 2"' /2$"' &$-&$($"%'4)5"

1$ 0' 1)":*)4' 1$ 0' ($M'0+

�.(%$&).&*$"%$= $" 2"' ($<2"1' $%'-'= 42'"1. $0 -$(. wi 0.<&' $"%&$<'& 2"' /2$"' &$-&$ 

($"%'4)5" 1$ 0' ($M'0 ($ -2$1$" '2*$"%'& 0.( 9'0.&$( 1$ αk -'&' 4.*$"A'& ' 4."(%&2)& 0'( 1)(%)"%'(

$%'-'( 1$ 4."%$8%.+ �" $(%' $%'-' 1$ 3.&*' ()*20%:"$' ($ 1)(*)"26$ 0' %'(' 1$ '-&$"1)A'@$ 1$0 -$(.

wi -'&' ". -$&1$& 0' 42'"%)A'4)5" 1$/)1. '0 &2)1. >2$ $"%&$<' $" 4."%$8%. $" 0' 32"4)5" 1$ 1)(%'"4)'

42'"1. $(%$ 'D" ". 0.<&' $(%'& 4.&&$4%'*$"%$ $"%&$"'1.+

"�$� �

�������� ��� #
���
 �� )
���+�
� �����

�$1)'"%$ $0 2(. 1$ �$*.&)'( �'**'= -'&' 0' 4."(%&244)5" 1$0 4."%$8%.= ($ <$"$&'0)A' $0 *.1$0.

2%)0)A'1. -.& �$&<$+ �0 )<2'0 >2$ $0 4."%$8%. 1$ �$&<$= 0' &$<0' 1$ $"%&$"'*)$"%. 1$0 *.1$0.

JF



-&.-2$(%. ($ 1$&)9' 1)&$4%'*$"%$ 1$ 0' 32"4)5" 1$ %&'"(3$&$"4)' 1$0 �)0%&. �'**'

Ck(z) = G(z)Ck−1(z)

= 1−β
z−β Ck−1(z)

= z−1−βz−1

1−βz−1 Ck−1(z)

!G+I+F#

Ck(z) − βz−1Ck(z) = (1 − β)z−1Ck−1(z) !G+I+�#

1$(-$@'"1. $0 %B&*)". Ck(z)

Ck(z) = (1 − β)z−1Ck−1(z) + βz−1Ck(z) !G+I+G#

7"'0*$"%$ %.*'"1. '"%)%&'"(3.&*'1' Z

ct
k = (1 − β)ct−1

k−1 + βct−1
k !G+I+I#

&�+��� 
�!*�$.�!()� �� %�" 
�!'�4'�"

�" 0' �$44)5" G+F+F ($ *.(%&5 4.*. 2"' &$1 .&)$"%'1' '0 -&.4$('*)$"%. 1$ 1'%.( $(%:%)4.( $(

4'-'A 1$ &$'0)A'& $0 '<&2-'*)$"%. 1$ ($42$"4)'(= 4." 0' '621' 1$ )"3.&*'4)5" '1)4)."'0 (./&$ 0'

;)(%.&)' 1$ 0.( 1'%.(+

�$<D" 0' 1$7")4)5" 1$0 *.1$0. 1$ �."%$8%.( �'**'= *$1)'"%$ 2" $74)$"%$ *.1$0. &$42&()9.

>2$ 2%)0)A'1' 0' 2")1'1 <'"'1.&' $" $0 )"(%'"%$ -&$9).= 0.( 4."%$8%.( (." '2%.<$"$&'1.( -.& 0' &$1=

$(%' &$-&$($"%'4)5" )"%$&"' /'('1' $" *$*.&)'( 1$ 4.&%. -0'A. -$&*)%$ ' 0' &$1 '<&2-'& ($42$"4)'(

()*)0'&$(= -&$(4)"1)$"1. 1$ 42'0>2)$& .%&' )"3.&*'4)5" >2$ ". ($' 0' ($42$"4)' 1$ $"%&'1'+

� 4."%)"2'4)5" ($ *2$(%&' >2$ 0.( 4."%$8%.( <$"$&'1.( -.& 0' &$1 4."9$&<$" ' 0'( 1)(%)"%'(

$%'-'( 1$ 70%&'1. 1$0 �)0%&. �'**'= 0. 42'0 4.&&$(-."1$ ' 2" 4'(. -'&%)420'& 1$ *$*.&)' 1$ 4.&%.

-0'A.+

�'1. 2" 4)$&%. -'%&5" 1$ $"%&'1' xt 0' 2")1'1 <'"'1.&' It 4.&&$(-."1$ ' 0' "$2&."' >2$

*)")*)A' $0 4&)%$&). 1$ 1)(%'"4)' !G+G+F#+ � -$('& 1$ >2$ $0 4."%$8%. $( <$"$&'1. *$1)'"%$ 2"'

&$42&()5" >2$ )"9.024&' 0'( -'('1'( 2")1'1$( <'"'1.&'(= 0' &$1 ". $( &$42&()9'= -2$(%. >2$ B(%'

/:()4'*$"%$ '4%D' 4.*. 2" )"%$&*$1)'&).= <$"$&'1.& 1$0 4."%$8%.= $"%&$ 2"' $%'-' 6 0' ()<2)$"%$

TJ�U+

J�



�" '":0)()( 1$ 0' $42'4)5" !G+G+F# -$&*)%$ 1$%$&*)"'& 0.( -$(.( 6 4."%$8%.( 5-%)*.( $" 0' 42'" 

%)A'4)5" 9$4%.&)'0= (2-.")$"1. >2$ 0' 4'"%)1'1 1$ B-.4'( 1$ $"%&$"'*)$"%. $( 0. (274)$"%$*$"%$

<&'"1$ 4.*. -'&' '(2*)& >2$ 0' '4%)9)1'1 )")4)'0= 1$/)1. ' 0' )")4)'0)A'4)5" 1$ 0' &$1= $( )"()<")7 

4'"%$+ �0 '":0)()(= 42'"1. w $( 4."(%'"%$= $( 1$ 0' ()<2)$"%$ *'"$&'�

∂d(t)
∂w

= −2αw

∥∥xt − w
∥∥ (xt − w) !G+I+J#

42'"1. R $( 5-%)*. $" $0 ($"%)1. 1$ 0' 42'"%)A'4)5"= 0' 1$&)9'1' !G+I+J# ($ '"20'= -.& 0. %'"%.

(2(%)%26$"1. $" $0 0'1. )A>2)$&1. 1$ 0' $42'4)5" !G+I+J#

0 = −2αw

∥∥xt − w
∥∥ (xt − w) !G+I+P#

($ %)$"$�

w = xt !G+I+Q#

�$1)'"%$ 2" '":0)()( ()*)0'& '0 &$'0)A'1. 4." $0 -$(.= ($ -2$1$ $"4."%&'& >2$ $0 4."%$8%. 5-%)*.

4."9$&<$ ' ck = ct
k+

�"' $8-&$()5" $" 32"4)5" 1$ xt -2$1$ ($& $"4."%&'1' 4."()1$&'"1. >2$ $0 4."%$8%. $( <$"$&'1.

($<D" 0' &$42&&$"4)' ct
k = βc

It−1
k + (1 − β)cIt−1

k−1 + �(2*)$"1. c0 ≡ w = xt= ($ %)$"$ >2$

c1 = ct
1 = βc

It−1
1 + (1 − β)cIt−1

o !G+I+�#

ct
1 = βct−1

1 + (1 − β)xt−1 !G+I+H#

&$$*-0'A'"1. ct−1
1 = βct−2

1 + (1 − β)xt−2 $" 0' $42'4)5" '"%$&).& ($ %)$"$

ct
1 = β(βct−2

1 + (1 − β)xt−2) + (1 − β)xt−1 !G+I+F�#

ct
1 = β2ct−2

1 + β(1 − β)xt−2 + (1 − β)xt−1 !G+I+FF#

&$$*-0'A'"1. ct−2
1 = βct−3

1 + (1 − β)xt−3 $" 0' $42'4)5" '"%$&).& ($ %)$"$

ct
1 = β2(βct−3

1 + (1 − β)xt−3) + β(1 − β)xt−2 + (1 − β)xt−1 !G+I+F�#

JG



ct
1 = β3ct−3

1 + (1 − β)β2xt−3 + (1 − β)βxt−2 + (1 − β)xt−1 !G+I+FG#

$0 1$('&&.00. '"%$&).& 1$&)9' $" 0' ()<2)$"%$ 35&*20' -'&' $0 4."%$8%.

ct
1 =

t−1∑
j=1

(1 − β)βj−1xt−j !G+I+FI#

�" <$"$&'0= ()<2)$"1. $0 *)(*. -&.4$1)*)$"%. -'&' 0.( 4."%$8%.( (2-$&).&$( ($ -2$1$ 1$*.(%&'&

>2$

ct
k =

t−1∑
j=1

(1 − β)βj−1ct−j
k−1. !G+I+FJ#

	'( $42'4)."$( !G+I+FI# 6 !G+I+FJ# 4.&&$(-."1$" $8'4%'*$"%$ ' 0' 1$7")4)5" 1$0 �)0%&. �'**'=

-.& 0. %'"%. 0.( 4."%$8%.( 5-%)*.( $" $0 �.1$0. 1$ 4."%$8%.( �'**' 4."9$&<$" ' 0'( 1)(%)"%'( $%'-'(

1$ 70%&'1. 1$0 �)0%&. �'**'+ �$ '>2? %'*/)B" ($ 1$124$ >2$ $0 *.1$0. 1$ �."%$8%.( *)")*)A' $0

32"4)."'0 1$7")1. $" !G+F+P#= $9)%'"1. 0' "$4$()1'1 1$ $"%&$<'& ' 0' &$1 $0 70%&'1. 4.*. $"%&'1'=

-$&*)%)$"1. >2$ B(%' 4&$$ (2 -&.-)' &$-&$($"%'4)5" 4."%$8%2'0 1$ 0' 1)":*)4' 1$ 0' ($42$"4)'+

&�+��� �!'�$�$�'�()3! 7�"��� �! �"��()� �� �"'���

�'(%' $0 *.*$"%. ($ ;' *.(%&'1. 0' $(%&$4;' &$0'4)5" $8)(%$"%$ $"%&$ $0 *.1$0. 1$ 4."%$8%.(

-&.-2$(%. 6 0'( �$*.&)'( �'**'= -&)*$&. $" 2" ($"%)1. $0 *.1$0. -2$1$ ($& 1$&)9'1. 1$ 3.&*'

1)&$4%' 1$ 0' 32"4)5" 1$ %&'"(3$&$"4)'+ �" .%&. ($"%)1. $0 *.1$0.= /'@. 4)$&%'( &$(%&)44)."$( (./&$ 0'

&$1= 4."9$&<$ ' 0'( 1)(%)"%'( $%'-'( 1$ 70%&'1. 1$0 �)0%&. �'**'+

�"' )"%$&-&$%'4)5" /'('1' $" 0' &$4."(%&244)5" 1$ $(-'4). 1$ $(%'1. 1$ 0' ($42$"4)' -2$1$ ($&

&$'0)A'1'= ' 7" 1$ $8-0)4'& $0 -.%$"4)'0 1$0 *.1$0. 1$ 4."%$8%.( �'**' (./&$ $0 *.1$0. 1$ 4."%$8%.(

2%)0)A'1. -.& �$&<$+

�.*. ($ ;' 9)(%. $" 0' ($44)5" �+I+� *$1)'"%$ $0 2(. 1$0 �$.&$*' 1$ �'C$( $( -.()/0$ 1$7")& 2"

9$4%.&

r(t) = [x(t), x(t − τ), x(t − 2τ), . . . , x(t − (m − 1)τ)] !G+I+FP#

>2$ -&$($&9' 0' $(%&24%2&' %.-.05<)4' 1$0 '%&'4%.& .&)<)"'0+ �$1)'"%$ $0 '0<.&)%*. �

 TIGU $(

-.()/0$ 1$%$&*)"'& 0' 1)*$"()5" 1$0 9$4%.& r+ �0 '0<.&)%*. �

 /2(4' 2"' 1)*$"()5" m %'0 >2$

JI



0' %.-.0.<?' '0 -'('& ' 0' ()<2)$"%$ 1)*$"()5" m + 1 -&$($&9$ 0'( 9$4)"1'1$( 0.4'0$(= 7"'0*$"%$ ($

0.<&' 1$%$&*)"'& 2"' /'($ .&%.<."'0 1$ 1)*$"()5" m= 1."1$ 9)9$ 0' &$4."(%&244)5"+

�$ *'"$&' ()*)0'& ' 0' &$4."(%&244)5" 1$ $(-'4). 1$ $(%'1.= $0 '0<.&)%*. ���� . �
� 4&$'

2"' &$-&$($"%'4)5" )"%$&"'= 42'"%)A'1'= 1$0 $(-'4). 1$ $(%'1. 1$ 1)*$"()5" �

r(t) = [wIt , cIt ] !G+I+FQ#

>2$ 4."()1$&' $0 -$(. 1$ 0' "$2&."' <'"'1.&' 6 $0 4."%$8%.+

�$1)'"%$ $0 2(. 1$ 2"' *'6.& 4'"%)1'1 1$ 4."%$8%.(= $0 �.1$0. 1$ �."%$8%.( �'**' ($ 4&$'

2"' /'($ 1$ %'*'M. K

r(t) = [wIt , cIt
1 , . . . , cIt

K−1] !G+I+F�#

-$&*)%)$"1. ' 0' &$1 4&$'& 2"' &$-&$($"%'4)5" )"%$&"' 1$ %.-.05<)4'*$"%$ *:( ()*)0'& '0 $(-'4).

1$ $(%'1. .&)<)"'0 1$ 0' ($M'0+ �(%. ($ 4.*-&2$/' $8-$&)*$"%'0*$"%$ *$1)'"%$ $0 2(. 1$ �0'".( 1$

�$42&&$"4)' ��(+

"�,� ���

���
 �����  �#

�" $(%' ($44)5" ($ 1$(4&)/$ $0 '0<.&)%*. �'**' ���= $0 42'0 4.&&$(-."1$ ' 0' 32()5" $"%&$

$0 �'-' �2%. �&<'")A'%)9. !���# 6 $0 �.1$0. 1$ �."%$8%.( �'**'+ 	' %.-.0.<?' )")4)'0 1$ 0'

&$1 �'**' ��� $( 2"' <&)00' 1$ Nx × Ny + 	' "$2&."' i %)$"$ '(.4)'1' 2" 9$4%.& -&.%.%)-. d 

1)*$"()."'0= wi = 2" 4."@2"%. 1$ 4."%$8%.( d 1)*$"()."'0$( ci
k 6 2" 9$4%.& -.()4)5" /)1)*$"()."'0=

pi= >2$ ($ *'"%)$"$" 7@.( $" 0' <&)00' 1$ ('0)1'+ �(%' %.-.0.<?' $( '":0.<' ' 0' 1$ 0' &$1 ���+

�0 '0<.&)%*. �'**' ��� ($ &$(2*$ ' 4."%)"2'4)5"+

JJ



�(6��!�+� 1 �0<.&)%*. �'**' ���

F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-.= wi, ci
k, ∀i = 1 . . .M, ∀k = 1 . . .K+

�+ �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= x(t)= ' 0' &$1+

G+ �'0420'& $0 1$(4&)-%.& 1$ 4."%$8%. ct 2('"1. !G+G+G#

I+ �"4."%&'& $0 ���= It= 2('"1. !G+G+�#

J+ �1'-%'& 0'( 2")1'1$( 1$ 0' &$1+

�# �4%2'0)A'& 0.( 9$4%.&$( -&.%.%)-.= wi = *$1)'"%$ 0' &$<0' !G+G+H#+

 # �4%2'0)A'& 0.( 9$4%.&$( 1$ 4."%$8%.= ci = *$1)'"%$ 0' &$<0' !G+G+F�#+

P+ �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

Q+ �) t < T 9.09$& '0 -2"%. �+

"�-� ���

���
 ����� '��
�� ���

�" $(%' ($44)5" ($ 1$(4&)/$ $0 '0<.&)%*. �'**' 
�= $0 42'0 4.&&$(-."1$ ' 0' 32()5" $"%&$ $0

�'( 
$2&."'0 !
�# 6 $0 �.1$0. 1$ �."%$8%.( �'**'+ 	' %.-.0.<?' )")4)'0 1$ 0' &$1 $( 2" 4."@2"%.

1$ N "$2&."'(+ 	' "$2&."' i %)$"$ '(.4)'1' 2" 9$4%.& -&.%.%)-. d 1)*$"()."'0= wi = 2" 4."@2"%.

1$ 4."%$8%.( d 1)*$"()."'0$( ci
k+ �.& "'%2&'0$A' $0 '0<.&)%*. �'( 
$2&."'0 ". -.($$ $(-'4). 1$

9)(2'0)A'4)5"= ()" $*/'&<. $8)(%$" '0<.&)%*.( ." 0)"$ TJHU >2$ -2$1$" ($& *."%'1.( (./&$ �'**'


�= <$"$&'"1. 2" $(-'4). 1."1$ ./($&9'& 0' 1)(%&)/24)5" 1$ 0'( "$2&."'(+

�0 '0<.&)%*. �'**' 
� ($ &$(2*$ ' 4."%)"2'4)5"�

JP



�(6��!�+� 0 �'**' 
$2&'0 �'(

F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-.= wi, ci
k, ∀i = 1 . . .M, ∀k = 1 . . .K+

�+ �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= x(t)= ' 0' &$1+

G+ �'0420'& $0 1$(4&)-%.& 1$ 4."%$8%. ct 2('"1. !G+G+G#+

I+ �"4."%&'& $0 ���= It= 2('"1. !G+G+�#+

J+ �1'-%'& 0'( 2")1'1$( 1$ 0' &$1+

�# �4%2'0)A'& 0.( 9$4%.&$( -&.%.%)-.= wi = *$1)'"%$ 0' &$<0' !G+G+H#+

 # �4%2'0)A'& 0.( 9$4%.&$( 1$ 4."%$8%.= ci = *$1)'"%$ 0' &$<0' !G+G+F�#+

1."1$ 0' 32"4)5" 1$ 9$4)"1'1 ($ '@2(%' *$1)'"%$ 2" &'"C)"< 1$ 0' 1)(%'"4)' G+G+F+

F+ �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

�+ �) t < T 9.09$& '0 -2"%. �+

�$/)1. ' >2$ $0 '0<.&)%*. �'( 
$2&."'0 0.<&' 2"' *$@.&' 42'"%)A'4)5"= 0' 4."(%&244)5" 1$0

4."%$8%. $( *:( 4$&4'"' ' copt >2$ 0' >2$ ($ -2$1$ 0.<&'& 4." ���+

"�.� ���

���
 ����� �

/��� '��
�� ���

�" $(%' ($44)5" ($ 1$(4&)/$ $0 '0<.&)%*. �'**' 
�= $0 42'0 4.&&$(-."1$ ' 0' 32()5" $"%&$ $0

�'( 
$2&."'0 �."(%&24%)9. !�
�# 6 $0 �.1$0. 1$ �."%$8%.( �'**'+ 	' %.-.0.<?' )")4)'0 1$ 0'

&$1 $( 2" 4."@2"%. 1$ � "$2&."'(+ 	' "$2&."' i %)$"$ '(.4)'1' 2" 9$4%.& -&.%.%)-. d 1)*$"()."'0=

wi 6 2" 4."@2"%. 1$ 4."%$8%.( d 1)*$"()."'0$( ci
k+

�0 '0<.&)%*. �'**' �
� $( $0 ()<2)$"%$�

JQ



�(6��!�+� �. �'**' �&.R)"< 
$2&'0 �'(
F+ �")4)'0)A'& '0$'%.&)'*$"%$ 0.( 9$4%.&$( -&.%.%)-.(= w1 6 w2 + �")4)'0)A'& $0 4."@2"%. 1$ 4."$8 

)."$( C= C = A × A= 4.*. $0 4."@2"%. 9'4?. $ )")4)'0)A'& $0 "D*$&. 1$ )%$&'4)."$( $" t = 0

�+ �&$($"%'& 2" 9$4%.& 1$ $"%&'1'= x(t)= ' 0' &$1+

G+ �"4."%&'& $0 ���= It= 2('"1. !G+G+�# 6 0' ($<2"1' 2")1'1 *:( 4$&4'"' k∗ *$1)'"%$

k∗ = argmin
i∈A\i∗

di(t) !G+Q+F#

1."1$ di(t) $( 0' 32"4)5" 1$ 1)(%'"4)' 1$7")1' $" !G+G+F#

I+ �1'-%'& 0.( 9$4%.&$( -&.%.%)-. 1$ '42$&1. ' 0'( &$<0'( !G+G+H# 6 !G+G+F�# +

J+ �) ". $8)(%$ 2"' 4."$8)5" $"%&$ j∗ 6 k∗ 4&$'&0' C = C ∪ (j∗, k∗)+ �."7<2&'& 0' $1'1 1$0 /.&1$
$"%&$ j∗ 6 k∗ ' 4$&. !&$3&$(4'& $0 /.&1$#= age(j∗,k∗) = 0+

P+ �"4&$*$"%'& 0' $1'1 1$ %.1.( 0.( /.&1$( >2$ $*'"'" 1$ j∗ �

age(j∗,i) = age(j∗,i) + 1, ∀i ∈ Nj∗ !G+Q+�#

1."1$ Nj∗ $( $0 4."@2"%. 1$ 9$4)".( %.-.05<)4.( 1)&$4%.( !$8)(%$ 2" /.&1$ $"%&$ i 6 j∗# 1$ j∗+

Q+ �$*.9$& '>2$00.( /.&1$( 4." 2"' $1'1 *'6.& >2$ 0' $1'1 *:8)*'= T (t) $" 0' )%$&'4)5" t
1$7")1' 4.*.�

T (t) = Ti

(
Tf

Ti

) t
tmax

!G+Q+G#

�+ �"4&$*$"%'& $0 "D*$&. 1$ 0' )%$&'4)5" (t → t + 1)+

H+ �) t < T 9.09$& '0 -2"%. �+

�0 '0<.&)%*. �'**' �&.R)"< 
$2&'0 �'( -&$($"%' ($&)'( 9$"%'@'( $" 0. >2$ &$(-$4%' '0 .&1$" 1$0

'0<.&)%*. O(n) $" 4.*-'&'4)5" 4." �'**' 
$2&'0 �'( O(n log(n))+ 
. (50. $(%. ()". >2$ 1$/)1. '

>2$ $0 "D*$&. 1$ "$2&."'( $" 0'( )%$&'4)."$( )")4)'0$( $( -$>2$M.= $0 "D*$&. 1$ 4:0420.( -.& )%$&'4)5"

$( *24;. *$".&= '2*$"%'"1. 'D" *:( 0' 9$0.4)1'1 1$0 '0<.&)%*.+ �$/)1. ' 0' -$>2$M' 4'"%)1'1 1$

"$2&."'( 6 ' >2$ 0'( "2$9'( "$2&."'( (." )")4)'0)A'1'( $" 0' 9$4)"1'1 1$ "$2&."'( >2$ 6' &$-&$($"%'"

0' 1)":*)4' 1$ 0' ($M'0 !-$(. 6 4."%$8%. $"%&$"'1.(#= ". $( "$4$('&). 1)3$&$"4)'& $" 1.( $%'-'( $0

$"%&$"'*)$"%.= -$&*)%)$"1. *'"%$"$& $0 9'0.& 1$ α 4."(%'"%$ 1$ )")4). ' 7" 1$0 $"%&$"'*)$"%.+

�$/)1. ' 0'( 9$"%'@'( $" %$&*)". 1$ %)$*-.= 1$0 '0<.&)%*. �'**' �
�= $( '0%'*$"%$ &$4.*$"1'/0$

(2 )*-0$*$"%'4)5" -'&' '/.&1'& /'($( 1$ 1'%.( 1$ 2" %'*'M. *'6.&+

J�



"�0� �����������	
��

�0 
������
�������= /'('1. $" $0 2���
������� !�+�+J+F#= $(%: '(.4)'1. ' 0' )1$' 1$ -.1$&

&$4."(%&2)& 0'( ($42$"4)'( '(.4)'1'( ' 0'( 1)(%)"%'( 2")1'1$( 1$ 0' &$1 2%)0)A'"1. $0 4."%$8%. 1$ 0'(

"$2&."'(+ �(%' 9$A 0' &$4."(%&244)5" $( ;'4)' '1$0'"%$= $(%. -$&*)%$ ./($&9'& 0' 4'-'4)1'1 1$ 0' &$1

-'&' <$"$&'& ($M'0$( >2$ 'D" ". ;'" ()1. -&$($"%'1'(= /'(:"1.($ (50. $" 0' )"3.&*'4)5" '"%$&).&+

	' &$4."(%&244)5" ($ &$'0)A' ($0$44)."'"1. 0' i B()*' 2")1'1 1$ 0' &$1 $ )")4)'0)A'"1. 0'( 0)(%'

Li = {i} >2$ '0*'4$"' 0'( ($42$"4)'( &$4."(%&2)1'(+ �0 ./@$%)9. ';.&' $( 1$%$&*)"'& 0' "$2&."'

-.(%$&).& ' 0' "$2&."' i B()*'+ � 1)3$&$"4)' 1$0 2���
������ ';.&' 4'0420' $0 �	��	 1$ 0' i B()*'

2")1'1+

mi = βci + (1 − β)wi !G+�+F#

�$' i(fin) $0 D0%)*. $0$*$"%. 1$ 0' 0)(%' Li+ 	2$<. 0' 2")1'1 ()<2)$"%$ $( ($0$44)."'1' 4.*.

k = argmin
j �=i(fin)

‖cj − mi(fin)‖2 !G+�+�#

02$<. 0' 0)(%' Li $( '4%2'0)A'1'= 4.0.4'"1. $0 $0$*$"%. k '0 7"'0 1$ 0' 0)(%'+

Li = Li ∪ {k} !G+�+G#

�(%$ -&.4$1)*)$"%. 1$/$ &$'0)A'&($ $" 3.&*' )%$&'%)9' ;'(%' >2$ $0 $0 -&58)*. $0$*$"%. k ' ($&

)"<&$('1. $" 0' 0)(%'+ �0 '0<.&)%*. ($ *2$(%&' ' 4."%)"2'4)5"�

	' &'A5" 1$0 2(. 1$ 0'( $42'4)."$( !G+�+F# 6 !G+�+�# ($ 1$/$ ' 0' 3.&*' $" >2$ ($ 4."(%&26$

$0 4."%$8%. $" �
� !�+�+FP#+ �2-."<'*.( >2$ 0' "$2&."' i B()*' $( 0' <'"'1.&' $" $0 )"(%'"%$

-&$($"%$+ �0 4'0420'& $0 �	��	 1$ 0'( "$2&."'( i B()*' $( "$4$('&). -'&' 1$%$&*)"'& 42'0 $( 0'

<'"'1.&' $" 0' $%'-' ()<2)$"%$= 1$ $(%' 3.&*' $0 9'0.& mi $>2)9'0$ '0 1$(4&)-%.& 1$0 4."%$8%. ct $"

0' $%'-' -&$($"%$+ �0 
������
������� $( )"%2)%)9'*$"%$ *:( "'%2&'0 >2$ $0 2���
�������= -2$(

-&$($&9' 0' $(%&24%2&' 1$0 '0<.&)%*. .&)<)"'0+

�0 	'&<. �&.*$1). ($ 4'0420' -'&' 0' &$1 4.*.

L =
1
N

N∑
i=1

Li !G+�+I#

JH



�(6��!�+� �� 2���
�������

F+ �$0$44)."'& 0' i B()*' "$2&."'+

�# �")4)'0)A'& Li = {i}
 # �'&' %.1'( 0'( "$2&."'( 4'0420'& !G+�+F#

�# �$%$&*)"'& k 2('"1. !G+�+�#
�# !7 k ∈ Li

)& '0 -2"%. �=
%(*%

)& '0 -2"%. F	
%�� !7

	# �4%2'0)A'& 0)(%'= !G+�+G#

� # �.09$& ' F�

�+ �'('& ' 0' ()<2)$"%$ "$2&."' (i → i + 1)

"�1� #��
�
�
���

�" $(%' ($44)5" ($ 1$(4&)/$ 0' *$%.1.0.<?' 2%)0)A'1' -'&' $9'02'& $0 4.*-.&%'*)$"%. 1$0 *.1$0.

1$ 4."%$8%.( -&.-2$(%. 6 0'( /'($( 1$ 1'%.( 2%)0)A'1'(+

&�8��� ���)��" �� 
�,��$�()3!

'�0����� ��+2$�$ !"� +%�!$��% �($��* �% �% ���%� !$ =��>

	.( �0'".( 1$ �$42&&$"4)'= (." 4'-'4$( 1$ 4'-%2&'& 0' 1)":*)4' 1$ 0' ($42$"4)' *$1)'"%$

%.-.0.<?'( *26 0.4'0$(= $(%'( (." &$-&$($"%'1'( $" 2" -0'". /)1)*$"()."'0 4.*. ($ 1$(4&)/$ $"

0' ($44)5" �+I+G+ 	' 9$"%'@' 1$ &$'0)A'& 2"' 4.*-'&'4)5" *$1)'"%$ $0 2(. 1$ $(%' ;$&&'*)$"%' $( 0'

-.()/)0)1'1 1$ 1$%$&*)"'& 0' 4'-'4)1'1 1$ 0' &$1 -'&' 4."(%&2)& 2"' &$-&$($"%'4)5" )"%$&"' 1$ 0'

1)":*)4' 1$ 0' ($42$"4)'+ �$ B(%' 3.&*' $( -.()/0$ &$'0)A'& 2"' 4.*-'&'4)5" $"%&$ 1.( $(-'4).( 1$

$(%'1. >2$ 9)9$" $" $(-'4).( 1$ 1)(%)"%' 1)*$"()5"= -$&. &$-&$($"%'" 0' *)(*' 1)":*)4'+

�2'"1. ($ %)$"$ '44$(. '0 $(-'4). 1$ $(%'1. 1$ 0' ($42$"4)' $( -.()/0$ 2%)0)A'&0' -'&' 4.*-'&'&

0.( ��( .&)<)"'0$( 4." 0.( ��( <$"$&'1.( -.& 0' &$1 "$2&."'0+ 	' *$1)1' 2%)0)A'1' 4.&&$(-."1$ '

2"' 4.*-'&'4)5" 1)&$4%' 1$ 0.( ��\(+ �$' (RP ) $0 �� .&)<)"'0 6 (NRP ) $0 <$"$&'1. -.& 0' &$1= ($

1$7"$

P�



(D)ij

⎧⎪⎨
⎪⎩

0, si (RP )ij = (NRP )ij ∀i = 1 . . . I,∀j = 1 . . . J

1, si (RP )ij �= (NRP )ij ∀i = 1 . . . I,∀j = 1 . . . J
!G+H+F#

1."1$ (M)ij 4.&&$(-."1$ '0 $0$*$"%. i, j 1$ 0' *'%&)A M +

�0 $&&.& 4.&&$(-."1$ ' 0' (2*' 1$ 0.( $0$*$"%.( 1$ 0' *'%&)A 1$ 1)3$&$"4)' D= ".&*'0)A'1. -.&

$0 %'*'M. 1$ 0' *'%&)A+

ERP =
1

I · J
∑
i,j

(D)ij !G+H+�#

�( )*-.&%'"%$ 4."()1$&'& $" 0' 4."(%&244)5" 1$ 0.( 1)(%)"%.( ��(= >2$ ($ 1$/$ 7@'& 0' 4'"%)1'1

1$ -2"%.( &$42&&$"%$( !�	����	��	 ���	# 6 ". $0 '"4;. 1$ 0' 9$4)"1'1+

'�0���#� ��+2$�$ !"� 
%�!$��% ����� �% ��$��!9$ !"� �%+2��$(

�0 $&&.& 1$ �2'"%)A'4)5" %$*-.&'0= $( 2('1. 4.*. *$1)'1' 1$ 1$($*-$M.= ()" $*/'&<. B(%$

1$7")1. (50. -'&' ($&)$( 1$ %)$*-.+ 	.( '0<.&)%*.( 1$ 42'"%)A'4)5" >2$ ". $(%:" .&)$"%'1.( '0

-&.4$('*)$"%. 1$ ($42$"4)'( ./%)$"$" 2" -$>2$M. $&&.& $" $0 )"(%'"%$ t = 0= -2$( $0 32"4)."'0 1$

*)")*)A'4)5" '@2(%' 0.( 9$4%.&$( -&.%.%)-.( '0 $@$*-0. $"%&$"'1. $" $0 )"(%'"%$ -&$($"%$= $0 $&&.&

'2*$"%' ' *$1)1' >2$ '2*$"%' $0 .&1$" 1$0 &$%'&1.+

	.( '0<.&)%*.( .&)$"%'1.( '0 -&.4$('*)$"%. 1$ ($42$"4)'( ('4&)74'" -'&%$ 1$ 0' 42'"%)A'4)5"=

$" t = 0= '<&$<'"1. '0 32"4)."'0 1$ *)")*)A'4)5" )"3.&*'4)5" %$*-.&'0= -.& 0. %'"%.= () /)$" $0

$&&.& -2$1$ ". ($& %'" -$>2$M. $" $0 &$%'&1. 1$ .&1$" 4$&.= $(%$ (? *$@.&' ' *$1)1' >2$ ($ 9'"

4."()1$&'"1. ($42$"4)'( *'( 0'&<'( !t = 0 . . . T #= $( 1$4)& ($ %)$"$" ($42$"4)'( ()*)0'&$(+

'�0���'� 
%�!$* *�5�% %( �%*%+2%A� �% ($ �%�

�2'"1. ($ %)$"$ )"3.&*'4)5" (./&$ 0' ($M'0 . 0' &$1 ($ $"%&$"' -'&' 2"' %'&$' $(-$4?74'= ($

-2$1$ $9'02'& $0 1$($*-$M. 1$ 0' &$1 $" 1)4;' %'&$'+ �" $(%$ %&'/'@. 1$ %$()(= ($ $9'02'&." 1.(

%'&$'( $(-$4?74'(� �0'()74'4)5" 6 �&$1)44)5"+

	' -&$1)44)5" ($ &$'0)A' 4."()1$&'"1. >2$ 0' &$1 <$"$&' )"3.&*'4)5" 1$0 $(-'4). 1$ 3'($= 1$ $(%'

3.&*' '"%$ 0' -&$($"4)' 1$ 1$%$&*)")(*. ($ -2$1$ ./%$"$& $0 -2"%. ()<2)$"%$ 4.*. 32"4)5" 1$0 -2"%.

$" $0 )"(%'"%$ -&$($"%$= $(%. $(

PF



x(t + 1) = F (x(t)) !G+H+G#

1."1$ F (·) $( '0<2"' 32"4)5"+ 	' 32"4)5" F (·) -2$1$ ($& '-&.8)*'1' *$1)'"%$ $0 2(. 1$ &$1$(

"$2&."'0$( 1$ -$&4$-%&5" *20%)4'-'+

�" 0'( %'&$'( 1$ 40'()74'4)5" 0'( "$2&."'( (." $%)>2$%'1'( ($<D" 0'( $%)>2$%'( 1$ 0.( 1'%.(

&$'0$([ -'&' 4'1' "$2&."'= ($ &$'0)A' 2" ;)(%.<&'*' $" 0'( 4'%$<.&?'(= -'&' 1$%$&*)"'& 7"'0*$"%$

0' $%)>2$%' 1$ 0' "$2&."'+ 	' 4.*-'&'4)5" 7"'0 ($ &$'0)A' *$1)'"%$ $0 2(. 1$ *'%&)A 1$ 4."32()."$(+

&�8��� 
�!9#!'�" �� �!'$���

	.( 4."@2"%.( 1$ $"%&'1' (." -&.4$('1.( -.& $0 '0<.&)%*. *$1)'"%$ '&4;)9.( $" 4.1)74'4)5"

�����+ �"' ($42$"4)' %$*-.&'0 $( 2" 4."@2"%. 1$ 9$4%.&$( xt t = 1 . . . T >2$ -.($$" 2"' &$0'4)5"

1$ .&1$" $" 0' 9'&)'/0$ %$*-.&'0 t= 426' 1)*$"()5" $(-'4)'0 $( R
d+ 	.( 1'%.( >2$ -2$1$" ($&

-&.4$('1.( 4.&&$(-."1$" ' 4."@2"%.( ss = 1 . . . S 1$ ($42$"4)'( %$*-.&'0$(= 1$ $(%' 3.&*' ($ %)$"$"

9$4%.&$( xs
t t = 1 . . . Ts, s = 1 . . . S+ �" $0 '&4;)9. 1$ $"%&'1'= 0.( $(4'0'&$( $(4&)%.( ;.&)A."%'0*$"%$

4.&&$(-."1$" ' 0'( 1)(%)"%'( 4.*-."$"%$( 1$0 9$4%.& 1$ d 1)*$"()."'0[ 9$&%)4'0*$"%$= ;'4)' '/'@.=

($ $(4&)/$ 0' ($42$"4)'= 0'( 1)(%)"%'( ($42$"4)'( (." ($-'&'1'( *$1)'"%$ 2"' 0)"$' $" /0'"4.+

&�8�&� ��"($)�()3! �� %�" 7�"�" �� ��'�"

'�0�'��� ���$ ��� �% �B**(%�

�" FHQP �%%. �+ �S((0$& $"4."%&5 2" ()(%$*' >2$ $( -&./'/0$*$"%$ 0' 4."(%&244)5" <$.*B%&)4'

*:( $0$*$"%'0 1$ 4'.( $" ()(%$*'( 4."%)"2.(+ �(%$ ($ ./%)$"$ 4.*. (.024)5" 1$0 ()<2)$"%$ ()(%$*'

1$ $42'4)."$( 1)3$&$"4)'0$(
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�0 4.*-'&'& 0'( -&.6$44)."$( ./%$")1'( 1$ 0.( $(-'4).( 1$ $(%'1.(= *.(%&'1.( $" 0'( �)<2&'( I+J+G

6 I+I+G= 1."1$ ' -$('& 1$ ;'/$& $0)*)"'1. 0.( 7"$( 1$ ($*'"' '*/'( -&.6$44)."$( (." -&:4%)4'*$"%$

)<2'0$(= 4.(' >2$ ". .42&&$ '0 4.*-'&'& 0'( �)<2&'( I+J+I 6 I+I+I+

1�1�&� ;�"� �� ��'�" 
)7$)%�()3! ��!'$)(#%�$

�" $(%' /'($= -'&' 2" ($& ;2*'". $( *26 3:4)0 )1$"%)74'& $0 *.*$"%. $" $0 >2$ ($ -&.124$

$0 4'*/). $" $0 &)%*. 4'&1)'4.+ 	' &$1 �'**' 
� *.(%&5 2" *$@.& &$(20%'1. >2$ �
� $" $0

-.&4$"%'@$ 1$ '4)$&%.+ �*/.( $(-'4).( 1$ $(%'1. &$(20%'" ($& /'(%'"%$ ()*)0'&$( *.(%&'"1. �'**'


� 2"' 42'"%)A'4)5" 1$ B(%$ *$".( &2)1.(' $" 0'( %&'6$4%.&)'( &$3$&$"%$( '0 -20(. ".&*'0+
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�0 *.1$0. 1$ 4."%$8%.( /'('1. $" �$*.&)'( �'**' 0.<&' $9)%'& $0 2(. 1$ 9$"%'"'( 1$ %)$*-.

$" $0 -&.4$('*)$"%. 1$ ($42$"4)'(= '(? 4.*. ./%$"$& *$@.&$( &$(20%'1.( >2$ 0.( .%&.( '0<.&)%*.( 1$

42'"%)A'4)5" .&)$"%'1.( '0 -&.4$('*)$"%. 1$ ($42$"4)'(+

	' -&.-.()4)5" 1$0 *.1$0. 1$ 4."%$8%.( �'**' <$"$&'0)A' $0 *.1$0. 1$ 4."%$8%.( -&.-2$(%. $"

�$&<$ ���= '0 -2"%. $" >2$ $(%$ D0%)*. ($ -2$1$ &$42-$&'& 4.*. 2" 4'(. -'&%)420'& 1$0 *.1$0.

�'**' 42'"1. $0 "D*$&. 1$ 4."%$8%.( 2%)0)A'1.( -.& 4'1' "$2&."' ($ &$124$ ' 2".+ �(%. -$&*)%)5

'-&.9$4;'& $0 *'&4. %$5&)4. 1$('&&.00'1. -'&' ���� (./&$ $0 42'0 6' ($ ;'" $(%21)'1. 1)3$&$"%$(

-&.-)$1'1$( >2$ '9'0'" $0 1$($*-$M. 1$0 '0<.&)%*.+ �" $0 4'(. -'&%)420'& 1$ ����= ($ ;' 1$ 

*.(%&'1. >2$ $0 *.1$0. &$42&()9. 4."9$&<$ ' 2"' $74)$"%$ 4.1)74'4)5" 3&'4%'0 >2$ ($ ./%)$"$ 4.*.

-2"%. 7@. 1$ 0' 1)":*)4' 1$0 $"%&$"'*)$"%. 1$ 0' &$1= '0 )<2'0 >2$ .%&.( '0<.&)%*.( &$42&()9.( 4.*.

�N� 6 ����+

�" 0' ($44)5" G+F ($ 0.<&5 -&.-."$& 2" 32"4)."'0 >2$ 4."()1$&' 0.( )"(%'"%$( '"%$&).&$( 1$ 0'

($42$"4)'+ �")4)'0*$"%$ ($ 2%)0)A' 2" 32"4)."'0 ()*-0$ /'('1. $" 9$"%'"'( 1$ %)$*-.= -'&' 02$<.

($& '1'-%'1. ' $0$*$"%.( *:( 4.*-0$@.( /'('1.( $" 70%&.( �'**'+ 	' *)")*)A'4)5" 1$0 32"4)."'0

-&.-2$(%. -$&*)%$ '0 '0<.&)%*. '<&2-'& 4'&'4%$&?(%)4'( %$*-.&'0$( ()*)0'&$(= 42*-0)$"1. '(? 4." $0

-&.-5()%. 1$ 0' 42'"%)A'4)5" %$*-.&'0+

�0 *.1$0. -&.-2$(%. ($ /'(' $" 0' 2%)0)A'4)5" 1$ 70%&.( ��� 4.*. ;$&&'*)$"%' 32"1'*$"%'0 -'&'

0' 4."(%&244)5" 1$ 0.( 4."%$8%.(+ 	' 2%)0)A'4)5" 1$ 70%&.( �'**' 1' .&)<$" ' 0' 4."(%&244)5" 1$0

'0<.&)%*. �'**' 
�+ �0 ($& �'**' 
� 2"' <$"$&'0)A'4)5" 1$ �
�= ($ %)$"$ 2" "2$9. *'&4.

H�



%$5&)4. >2$ $8-0)4' $0 4.*-.&%'*)$"%. 1$ $(%$ D0%)*. '0<.&)%*.+ 	' 2%)0)A'4)5" 1$0 �)0%&. �'**'

$"%&$<' '0 '0<.&)%*. 2"' <&'" &./2(%$A 6 %.0$&'"4)' '0 &2)1.+

�$ ;'" 2%)0)A'1. 1)(%)"%'( /'($( 1$ 1'%.( /$"4;*'&C 6 1$0 *2"1. &$'0 >2$ *2$(%&'" 4.*. $0

'0<.&)%*. �'**' 
� (2-$&' 0.( &$(20%'1.( 1$ 1)(%)"%.( '0<.&)%*.( 6' $8)(%$"%$(+ 	.( '%&'4%.&$(

4'5%)4.( -$&*)%)$&." *.(%&'& 4.*. $0 '2*$"%. 1$0 "D*$&. 1$ 4."%$8%.( *$@.&' 0' &$4."(%&244)5" 1$

$(-'4). 1$ $(%'1. &$'0)A'1. -.& $0 *.1$0. 1$ 4."%$8%.(= @2(%)74:"1.($ '(? 0' 2"' 1$ 0'( (2-$&).&)1'1$(

1$ �'**' 
� -.& (./&$ �
�+

�'&' $0 '%&'4%.& 1$ �S((0$& $0 *?")*. 1$ 0' 32"4)5" 1$ $&&.& ($ ./%29. -'&' K = 7= (./&$ �
�

!K = 1#[ 4'/$ *$"4)."'& >2$ $0 $&&.& $( *:8)*. 42'"1. K = 1+ �'0)1'"1. 0.( &$(20%'1.( -&$9).(

4." $0 '%&'4%.& 1$ 	.&$"A= $0 '0<.&)%*. �'**' 
� *2$(%&' (2( *$@.&$( &$(20%'1.( -'&' K = 9 6

'0 )<2'0 >2$ $" $0 '%&'4%.& 1$ �S((0$&= 0' 1)()*)0)%21 $"%&$ 0' &$4."(%&244)5" 6 $0 $(-'4). 1$ $(%'1.

.&)<)"'0 $( *:8)*' 4." K = 1+ �0 '2*$"%'& $0 "D*$&. 1$ 4."%$8%.( $0 '0<.&)%*. �'**' 
�

-&$($"%' *$@.&$( 4'-'4)1'1$( -'&' &$4."(%&2)& $0 $(-'4). 1$ $(%'1. >2$ $0 '0<.&)%*. �
�+ �(%. $(

1$ <&'" )*-.&%'"4)'= -2$(%. >2$ $0 $(-'4). 1$ $(%'1. 4.&&$(-."1$ ' 0' (.024)5" 1$ 0'( $42'4)."$(

1)3$&$"4)'0$( >2$ *.1$0'" $0 -&./0$*'= $0 -.1$& '-&.8)*'&0. -2$1$ $"%&$<'&".( 2"' *'"$&' 3:4)0

1$ &$(.09$& 2" -&./0$*' ". 0)"$'0 4.*-0$@.+

�0 '0<.&)%*. �'**' 
� 32$ %'*/)B" 4.*-'&'1. 4." �
� $" %'&$'( 1$ 42'"%)A'4)5"= -'&' 0'(

42'0$( ($ 2%)0)A5 0' /'($ 1$ 1'%.( �'4C$6 �0'((= 0' 42'0 $( &$42&&$"%$*$"%$ 2%)0)A'1' $" -&./0$*'( 1$

-&.4$('*)$"%. %$*-.&'0+ �" �'4C$6 �0'((= 0'( 42&9'( 1$0 �&&.& 1$ �2'"%)A'4)5" �$*-.&'0 !���#

./%$")1'( -'&' �'**' 
� !2 ≤ K ≤ 9# (." %.1'( *$".&$( >2$ 0'( ./%$")1'( -.& �
� !K = 1#+

�'&' 0' ($&)$ �����= 0' 42'0 4.&&$(-."1$ ' 2"' /'($ 1$ 1'%.( 1$0 *2"1. &$'0= $0 '0<.&)%*. �'* 

*' 
� %)$"$ 2" *$@.& 1$($*-$M. >2$ �
�= 0. >2$ -2$1$ 4.*-&./'&($ $" $0 $&&.& 1$ 42'"%)A'4)5"

%$*-.&'0 1."1$ 40'&'*$"%$ 0'( 42&9'( -'&' K > 1 *2$(%&'" 2" $&&.& *$".& >2$ K = 1+ �" 0. >2$

&$(-$4%' ' %'&$'( 1$ -&$1)44)5" &$'0)A'1'( (./&$ 0' *)(*' ($&)$= 0.( $&&.&$( &$(20%'" 4.*-'&'/0$( 6

$( 1)3?4)0 4."402)& () $0 '0<.&)%*. �'**' 
� ./%)$"$ *$@.&$( &$(20%'1.(+

�" %'&$'( 1$ 40'()74'4)5"= �'**' 
� ./%29. *$@.&$( &$(20%'1.( (./&$ �
�+ �'&' 4.*-&./'&

$(%$ -2"%. ($ 2%)0)A'&." /'($( 1$ 1'%.( 1$0 *2"1. &$'0= &$0'4)."'1'( 4." 2" 3$"5*$". 4'&1?'4.

$(-$4?74. 00'*'1. 7/&)0'4)5" 9$"%&)420'&+ �0 '0<.&)%*. �'**' 
� 0.<&5 2" -.&4$"%'@$ 1$ '4)$&%.

1$0 94, 72 % *)$"%&'( >2$ �
� 00$<5 ' 2" 89, 81 %+
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�"' 1$ 0'( -&)"4)-'0$( 1$(9$"%'@'( 1$0 '0<.&)%*. $( >2$ '0 '2*$"%'& $0 "D*$&. 1$ 4."%$8%.(

'2*$"%' %'*/)B" $0 "2*$&. 1$ -'&:*$%&.( 1$0 '0<.&)%*.+ �24;'( 9$4$( ($ $(4.<$ $0 9'0.& β = 0, 5

4."()1$&:"1.($ 2" /2$" 4.*-&.*)(. $"%&$ 0' -&.32"1)1'1 1$ 0' *$*.&)' 6 0' &$(.024)5"+ �'&' 0'(

($&)$( 9'&)'"%$( $" $0 %)$*-. 0.( $(%'1?(%)4.( 4'*/)'" ' *$1)1' >2$ ($ &$4.&&$ 0' ($&)$+ �$ $(%'

3.&*' -2$1$" $"4."%&'&($ ($&)$( 4.&&$0'4)."'1'( %$*-.&'0*$"%$ 4." -$&).1.( *26 -$>2$M.(= 0. >2$

(2<)$&$ 2" 9'0.& 1$ β -$>2$M. >2$ '2*$"%$ 0' &$(.024)5" 1$0 '0<.&)%*. ' 7" 1$ ". -$&1$& )"3.&*' 

4)5" &$0$9'"%$+ �0 4."%&'&).= ($&)$( 1$ %)$*-. 4.&&$0'4)."'1'( %$*-.&'0*$"%$ 4." -$&).1.( 0'&<.(

&$>2$&)&?'" 9'0.&$( 1$ β *'6.&$( ' 7" 1$ ". )"402)& )"3.&*'4)5" &$12"1'"%$ $" 0' &$4."(%&244)5"

1$0 $(-'4). 1$ $(%'1.+ �" 0. '"%$&).& &$()1$ 0' &'A5" -&)"4)-'0 1$0 -.&>2B 2" *.1$0. '1'-%)9. >2$

-$&*)%' '@2(%'& $0 9'0.& 1$ β '2%.*:%)4'*$"%$ 1$ '42$&1. ' 0' 1)":*)4' 1$ 0' ($&)$ ($&?' *26

'%&'4%)9.+
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�". 1$ 0.( -'&:*$%&.( 1$ <&'" )*-.&%'"4)' 1$"%&. 1$0 '0<.&)%*. $( $0 -'&:*$%&. β= $0 42'0 4." 

%&.0' 0' -&.32"1)1'1 6 0' &$(.024)5" 1$ 0' *$*.&)' 1$ 4.&%. -0'A.+ �.& $0 *.*$"%. $(%$ -'&:*$%&.( $(

$0$<)1. 1$"%&. 1$0 &'"<. [0−1] 4." 2" 9'0.& %?-)4. 1$ �+J= $0 42'0 4.&&$(-."1$ ' 2" /2$" 4.*-&.*)(.

$"%&$ 0' -&.32"1)1'1 1$ 0' *$*.&)' 6 0' &$(.024)5"+

� 4."%)"2'4)5" ($ -&.-."$ 2" *.1$0. /'('1. $" 0' *)")*)A'4)5" 1$ 0' 9'&)'"A' $"%&$ 0' ('0)1'

1$ 0' &$1= 1$7")1' 4.*. 2"' 4.*/)"'4)5" 0)"$'0 1$ 0.( 4."%$8%.(= 6 0' ($M'0 1$ $"%&'1'= $(%. $(

mı́n V = V ar(x − y) !Q+�+F#

1."1$ yt $( 2" $(%)*'1.& )"($(<'1. 1$ xt

yt =
K∑

k=1

λkcIt

k + λ0 !Q+�+�#

�( 1$ )"%$&B( >2$ @2"%. 4." 0' *)")*)A'4)5" 1$ 0' 9'&)'"A' ($ -2$1' $0)*)"'& $0 ($(<. 1$ 0'

('0)1' 4." &$(-$4%. ' 0' ($M'0 .&)<)"'0+ �(%. ($ -2$1$ ;'4$& )*-.")$"1. 4."1)4)."$( (./&$ λ0= 0. 42'0

($ 1$('&&.00' ' 4."%)"2'4)5"+ �&)*$&. ($ 4'0420' 0' $(-$&'"A' 1$ 0.( 4."%$8%.( -'&' 02$<. )*-."$&

4."1)4)."$( (./&$ 0' $(-$&'"A' 1$ 0' ('0)1'+

�(-$&'"A' 1$ 0.( 4."%$8%.(

E(ct
k) = E(ct

k−1) = . . . = E(xt) !Q+�+G#

F�F



�.*'"1. $(-$&'"A' ' 0' 1$7")4)5" 1$0 4."%$8%.

E(ct
k) = E(βct−1

k + (1 − β)ct−1
k−1)

= βE(ct−1
k ) + (1 − β)E(xt−1

k−1)

(2-.")$"1. >2$ $0 %)$*-. %)$"1$ ' )"7")%.= -'&' 42'0>2)$& ($M'0 st ($ 42*-0$ >2$ E(st) =

E(st−1)= -.& 0. %'"%.

(1 − β)E(ct
k) = (1 − β)E(ct

k−1)

$9'02'"1. $" k = 1 ($ %)$"$ >2$ E(ct
1) = E(xt)= 02$<. ($ -&.4$1$ -.& )"1244)5"+

�(-$&'"A' 1$ 0' ('0)1'

E(yt) = E(xt), λ0 = E(xt)

(
1 −

K∑
k=1

λk

)
!Q+�+I#

	' ('0)1' $( )"($(<'1' () ($ )*-."$ >2$ E(yt) = E(xt)= 2('"1. '1$*:( 0' -&.-)$1'1 '"%$&).&=

($ %)$"$

K∑
k=1

λkE(cIt

k ) + λ0 =
K∑

k=1

λkE(xt) + λ0 = E(xt)

1$(-$@'"1. λ0 $" 0' D0%)*' )<2'01'1

λ0 = E(xt)

(
1 −

K∑
k=1

λk

)

.��� #�
�� ������	


�" $0 4'(. *:( ()*-0$= 42'"1. ($ %)$"$ 2" 4."%$8%.= 0' ('0)1' ($ -2$1$ 1$7")& ()*-0$*$"%$ 4.*.

yt = ct= $" $(%$ 4'(. 1'1. >2$ E(ct) = E(xt)= λ0 = 0 ;'4$ >2$ 0' ('0)1' ($' )"($(<'1'+ �2-."1&$*.(

>2$ 0' $"%&'1' xt $(%: 1'1' -.& 2"' ($M'0 st 6 2" &2)1. <'2()'". '1)%)9. nt

xt = st + nt !Q+F+F#

F��



1."1$ nt %)$"$ E(nt) = 0 6 V ar(nt) = σ2= $0 42'0 ". $(%' 4.&&$0'4)."'1. 4." 0' ($M'0+ 	' 9'&)'"A'

$"%&$ 0' ('0)1' yt 6 0' $"%&'1' xt

V ar(xt − ct) = V ar(xt) + V ar(ct) − 2cov(xt, ct)

= V ar(st) + V ar(nt) − 2cov(st, nt) + V ar(ct) − 2cov(xt, ct)

= V ar(st) + V ar(nt) + V ar(ct) − 2cov(xt, ct)

1'1. >2$ cov(st, nt) = 0+ �.& .%&. 0'1.= 2%)0)A'"1. 0' /)0)"$'0)1'1 1$ 0' 4.9'&)'"A' '<&2-'"1.

V ar(st) + V ar(ct) − 2cov(st, ct) = V ar(st − ct)= ($ %)$"$ >2$

V ar(xt − ct) = V ar(st − ct) + σ2 − 2cov(nt, ct). !Q+F+�#

	' $42'4)5" '"%$&).& )"1)4' >2$ '0 *)")*)A'& 0' 9'&)'"A' $"%&$ 0' $"%&'1' 6 0' ('0)1' ($ *)")*)A'

0' 9'&)'"A' $"%&$ 0' ($M'0 s 6 0' ('0)1'= -$&. %'*/)B" ($ *'8)*)A' 0' 4.9'&)'"A' $"%&$ $0 &2)1. 6 $0

4."%$8%.+ �(%21)'"1. $0 %B&*)". cov(nt, ct) -&./'&$*.( >2$ B(%$ %)$"1$ ' 4$&. 42'"1. t → ∞+

�$('&&.00'"1. ct = βct−1 + (1 − β)xt−1 $" 0' 4.9'&)'"A' ($ %)$"$

cov(nt, ct) = βcov(nt, ct−1) + (1 − β)cov(nt, xt−1)

= βcov(nt, ct−1) + (1 − β)cov(nt, st−1) + (1 − β)cov(nt, nt−1)

1'1. >2$ xt = st+nt+ �2$(%. >2$ ". ;'6 4.&&$0'4)5" $"%&$ 0' ($M'0 6 $0 &2)1. cov(nt, st−1) = 0 6 >2$

0' -'&' 2" -&.4$(. 1$ &2)1. /0'"4. 4." *$1)' 4$&.= %)$"$ 4.*. 4.&&$0'4)5" E(nt1nt2) ∼ δ(t1 − t2)=

($ %)$"$ >2$ cov(nt, nt−1) = 0+ 	2$<.

cov(nt, ct) = βcov(nt, ct−1) = . . . = βNcov(nt, ct−N ) !Q+F+G#

$" $0 0?*)%$

ĺımN cov(nt, ct) = ĺımN βNcov(nt, ct−N ) = 0 !Q+F+I#

�$<D" 0. '"%$&).& ($ %)$"$ >2$

V ar(xt − ct) = V ar(st − ct) + σ2 !Q+F+J#

F�G



'(? 0' *)")*)A'4)5" $"%&$ 0' ($M'0 1$ $"%&'1' 6 0' ('0)1'= *)")*)A' 0' 9'&)'"A' $"%&$ 0' ('0)1' 6 0'

($M'0 0)*-)'+

mı́n V̂ = V ar(st − ct) !Q+F+P#

?����� ��.%� �� 	9#"'� β ��$� �% ����%� �� 
�!'�4'�" �� ��$.�

�( -.()/0$ 1$&)9'& 2"' &$<0' 1$ '-&$"1)A'@$ -'&' $0 -'&:*$%&. β= 1$ *'"$&' >2$ $(%$ ($ '@2(%$ $"

3.&*' '1'-%)9'+ �(%. ($ ./%)$"$ 1$&)9'"1. V 4." &$(-$4%. ' 0' 9'&)'/0$ β+ �) ($ 1$7"$ Δt = xt − ct=

$"%."4$( ($<D" 0' 1$7")4)5" 1$ 9'&)'"A'

V =
1
T

T∑
t=1

(
Δt − 1

T

T∑
t=1

Δt

)2

!Q+F+Q#

02$<.

∂V

∂β
=

1
T

T∑
t=1

(
Δt − 1

T

T∑
t=1

Δt

)(
∂Δt

∂β
+

1
T

T∑
t=1

∂Δt

∂β

)
!Q+F+�#

1."1$ ∂Δt

∂β = −∂ct

∂β = () ($ 4."()1$&' >2$ $" $0 *.1$0. 1$ 4."%$8%. 1$ �
�= ct = βcIt−1 +(1−β)wIt−1 =

$"%."4$(
∂ct

∂β
= cIt−1 − wIt−1 !Q+F+H#

7"'0*$"%$= ($ %)$"$ >2$

β(t + 1) = β(t) − η
∂V

∂β
!Q+F+F�#

?����� ��"#%'���"

�$ 2%)0)A5 2"' ()"2(.)1$ ' 0' 42'0 ($ 0$ '<&$<5 &2)1. '1)%)9.= >2$ 32$ <$"$&'1. *$1)'"%$ 2"'

1)(%&)/24)5" ".&*'0 1$ *$1)' μ = 0 6 1$(9)'4)5" σ 0' >2$ ($ 9'&)5 $"%&$ 0.( ()<2)$"%$( 9'0.&$(

σ = [0, 1; 0, 2; 0, 3; 0, 4; 0, 5; 0, 6]+ �&)*$&. ($ 4.&&)5 $0 '0<.&)%*. 9'&)'"1. $0 9'0.& 1$ β 4." -'(. 0, 1

$"%&$ 0.( 9'0.&$( 0 6 1= ' 7" 1$ $8-0.&'& 4.*. 9'&?' 0' 9'&)'"A' $"%&$ 0' ($M'0 6 $0 &2)1. -'&' 1)(%)"%.(

9'0.&$( 1$ β= 02$<. ($ 4.&&)5 $0 '0<.&)%*. '1'-%)9.+ 	.( &$(20%'1.( ($ *2$(%&'" ' 4."%)"2'4)5"+

�" 0'( �)<2&'( ($ -2$1$ ./($&9'& >2$ $0 *.1$0. '1'-%)9. '1'-%' $0 9'0.& 1$ β ' 2" 9'0.& 4$&4'".

'0 5-%)*. 1$ *?")*' 9'&)'"A' $"%&$ 0'( ($M'0$(+

F�I
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($ %)$"$

cov(nt, yt) = yt =
K∑

k=1

λkcov(nt, ct
k) !Q+�+�#

6' ($ 1$*.(%&5 $" 2"' $%'-' '"%$&).& >2$ cov(nt, ct
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