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RESUMEN DE TESISPARA OPTAR AL GRADO DE DOCTOR ENCIENCIAS DE LA INGENIERÍAPOR: ALBERTO DE LA FUENTE STRANGERFECHA: 30/01/2009PROF. GUIA: YARKO NIÑONonlinear and nonhydrostati
 dynami
s of basin-s
ale waves in stratifiedrotating lakesA es
ala diaria, el viento es el prin
ipal agente externo que entrega la energía su�
iente a un lagoestrati�
ado para generar el movimiento del �uido y mez
lar la 
olumna de agua. Bajo este es
enario,la dinámi
a tridimensional del �ujo puede ser 
orre
tamente representada mediante dos o más 
apasverti
almente a
opladas, simpli�
a
ión que ha permitido identi�
ar una serie de fenómenos propiosde �ujos estrati�
ados. Sin embargo, la 
ara
terísti
a multies
ala de estos �ujos limita su apropiadarepresenta
ión numéri
a o abstra

ión teóri
a, existiendo po
os trabajos 
ientí�
os que abarquentoda la gama de es
alas involu
radas: desde las ondas de gran es
ala ex
itadas por el viento, hastalas pequeñas es
alas dominadas por fenómenos nohidrostáti
os.El objetivo de esta tesis es investigar la evolu
ión nolineal y nohidrostáti
a de las ondas internas enlagos estrati�
ados 
uya dinámi
a está afe
tada por la rota
ión terrestre. El trabajo se 
entró enestudiar el �ujo en dos 
apas de lagos estrati�
ados, 
ombinando resultados de modelos numéri
osespe
í�
amente diseñados para esta tesis, 
on un enfoque pseudo-espe
tral y medi
iones en terreno.Como primera medida se estudió el 
aso simpli�
ado de una 
ubeta 
ir
ular de fondo plano, paraposteriormente estudiar la dinámi
a de un lago real, el Lago Constan
e ubi
ado en la frontera entreSuiza y Alemania, para el que se 
uenta 
on una base de datos proveniente de 
adenas de termistoresy esta
iones meteorológi
as.El análisis de la 
ubeta 
ir
ular permitió identi�
ar que la dinámi
a de 
ada una de las ondas
ontinuamente forzadas por el viento puede asemejarse a un sistema os
ilatorio de primer orden.La in
orpora
ión de los términos nolineales y nohidrostáti
os eventualmente modi�
a esta dinámi
aos
ilatoria, 
uando la es
ala de tiempo de éstos es inferior a la es
ala de tiempo 
ara
terísti
a ala 
ual o
urren los inter
ambios de energía entre el 
uerpo de agua y el viento. Adi
ionalmente,la manera en que evolu
ionan libremente las ondas de gran es
ala es dependiente de la onda en
uestión. Las ondas Kelvin evolu
ionan de igual forma a sei
hes en lagos pequeños, formándoseun frente verti
al donde las a
elera
iones verti
ales dominan el �ujo y ex
itan ondas tipo solitonespseudo-permanentes. Por el 
ontrario, la evolu
ión de la onda Poin
aré está 
ara
terizada por laradia
ión periódi
a de su energía ha
ia otros modos y su posterior restitu
ión al modo original.Finalmente, la dinámi
a 
onjunta de las ondas Kelvin y Poin
aré expli
a además, la ex
ita
ión deondas de menor es
ala.Estas 
ara
terísti
as generales fueron también identi�
adas en el estudio del Lago Constan
e, 
uyadinámi
a está gobernada por la rota
ión terrestre y los fenómenos nolineales y nohidrostáti
os. Semostró que la prin
ipal onda ex
itada por el viento es la onda Kelvin, que evolu
iona de igual formaa la des
rita para la 
ubeta 
ir
ular. Adi
ionalmente, se identi�
ó que la intera

ión entre ondasKelvin y Poin
aré ex
ita trenes de ondas que atraviesan todo el 
uerpo de agua, y que la intera

iónentre ondas ex
itadas por el viento permite energizar las ondas topográ�
as o geostró�
as, que none
esariamente son ex
itadas dire
tamente por el viento.Se 
on
luye que la prin
ipal 
onse
uen
ia de la dinámi
a nolineal y nohidrostáti
a en lagos estrati�
a-dos es que rompe 
on la 
oheren
ia espa
ial en toda la 
ubeta dada por pro
esos lineales, de maneraque el �ujo se 
ara
teriza por la existen
ia de una serie de fenómenos lo
ales de, por ejemplo, frentesverti
ales y alta velo
idad del �ujo. Conse
uentemente, los fenómenos nolineales y nohidrostáti
osfomentan lo
almente los pro
esos de mez
la verti
al de la 
olumna de agua, tales 
omo: inestabil-idades interfa
iales dadas por altas velo
idades del �ujo y ex
ita
ión de ondas nohidrostáti
as de
ará
ter permanente o 
uasi-permanente que rompen al llegar a la orilla. Sin embargo, en térmi-nos de disipa
ión de la energía, se postula a raíz de los resultados obtenidos en el lago Constan
e,que ésta se expli
a prin
ipalmente en la fri

ión 
on el fondo, la que responde también a aumentoslo
alizados en la velo
idad del �ujo.



SummaryAt a daily s
ale, wind is the main external agent that provides enough energy as to indu
ewater �ow and verti
al mixing in strati�ed lakes. Under theses 
ir
umstan
es, the three-dimensional dynami
s of the lake 
an be 
orre
tly represented through 
onsidering two ormore verti
ally 
oupled layers, whi
h has allowed for the identi�
ation of a wide range ofphenomena that 
hara
terize strati�ed �ows. However, the multis
ale feature of these �owslimits their numeri
al representation or theoreti
al abstra
tion, thus presently existing onlyfew s
ienti�
 works 
overing the whole range of s
ales involved, from the wind-ex
ited wavesdown to the smaller nonhydrostati
 s
ales.The main obje
tive of this thesis is to investigate the nonlinear and nonhydrostati
 evolutionof internal waves in strati�ed lakes whose dynami
s is modi�ed by Earth rotation. This workfo
used on studying the two-layer dynami
s of strati�ed lakes, by 
ombining simulations,
arried out with numeri
al models developed for this resear
h, with pseudo-spe
tral analysisand �eld measurements. First, the study of the simple 
ase of a 
ir
ular �at-bottom basinwas 
ondu
ted, and then the results were applied to study the dynami
s of a real lake, LakeConstan
e, pla
ed at the border between Switzerland and Germany, for whi
h a data base
oming from four LDS (thermistor 
hains and meteorologi
al stations) is available.The 
ir
ular basin analysis showed that the wind-for
ed dynami
s of ea
h basin-s
ale wave
ould be represented as a �rst order os
illatory system. In
lusion of nonlinear and nonhy-drostati
 terms may modify this os
illatory behaviour, when the time s
ale of these termsis smaller than the time s
ale at whi
h the surfa
e energy ex
hange between the lake andthe wind o

urs. Furthermore, the free evolution of the basin-s
ale waves is dependent onthe type of wave. Kelvin waves follow a quite similar dynami
s than that of standing sei
hesin small lakes, forming a verti
al front where the verti
al a

elerations dominate the �ow,thus ex
iting quasi-permanent solitary-type waves. In 
ontrast, Poin
aré evolution showedthe periodi
 ba
k and forward radiation of the energy between the parent wave and othermodes. Finally, the 
oupled Kelvin-Poin
aré dynami
s explained, also, the ex
itation ofsmaller waves.These general features were also identi�ed in Lake Constan
e, whose �uid dynami
s is gov-erned by the Earth rotation and nonlinear and nonhydrostati
 phenomena. It was showedthat Kelvin wave is the main wind-ex
ited wave, evolving in the same way as that des
ribedfor the 
ir
ular basin. Furthermore, high-frequen
y wave trains that travel a
ross the wholelake were related with the Kelvin-Poin
aré intera
tion, and it was showed that the intera
-tion between pairs of wind-ex
ited waves energizes topographi
 or geostrophi
 waves, whi
hare not ne
essarily dire
tly ex
ited by the wind. It is 
on
luded that the nonlinear and non-hydrostati
 dynami
s breaks the whole basin 
oheren
e des
ribed for linear waves, so the�ow is 
hara
terized by several lo
alized events of, for instan
e, verti
al fronts and high �owvelo
ity. Consequently, nonlinear and nonhydrostati
 dynami
s also indu
es lo
alized mixingevents due to high shear and solitary-type wave ex
itation that �nally breaks in the shore.However, in terms of energy, it is postulated that energy dissipation is mainly explained bybottom fri
tion, whi
h is also modi�ed by lo
al in
reases of the �ow velo
ity.
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Introdu
tion
An overview of lakes dynami
s†Lake dynami
s is usually studied by 
onsidering 
losed reservoirs that ex
hange momentumand energy with the atmosphere, negle
ting the 
ontribution of in�ows and out�ows. Inthis 
ontext, the atmospheri
 times
ales govern those of the lake dynami
s, through heatand momentum ex
hanges at the surfa
e of the lake, produ
ing seasonal strati�
ation, dailymixing events, and water 
ir
ulation.Heat ex
hanges at the surfa
e of the lake depend on the latitude, being it possible to establisha �rst 
lassi�
ation of lakes based on their lo
ation. In equatorial regions, solar radiationdoes not present important seasonal 
hanges and tropi
al lakes are governed by the diurnal
y
le without seasonal 
hanges. As the latitude in
reases toward the poles, the averagetemperature de
reases and the seasonal solar radiation produ
es thermal strati�
ation of thewater 
olumn in warm seasons, about 9 months per year, and well-mixed 
onditions duringwinter. Finally, at high latitudes where the average temperature is low and has large seasonal
hanges, thermal strati�
ation o

urs twi
e per year, in winter and in summer. In terms ofthe total energy of the lake, strati�ed 
onditions have less total potential energy than well-mixed 
onditions. This means that in order to indu
e the verti
al mixing of the water 
olumn,that is, to in
rease the potential energy, additional external sour
es of energy are required:me
hani
 or 
alori
 energy in winter strati�ed lakes, and only me
hani
 energy in summerstrati�ed lakes, as the super�
ial heating tends to in
rease the verti
al strati�
ation of thewater density.Within daily times
ales, ex
hanges of me
hani
al energy between the lake and the atmospheregovern the transport pro
esses. For instan
e, the largest fra
tion of the wind me
hani
alenergy is qui
kly dissipated at the surfa
e layer, through surfa
e wave generation, turbulen
ein the surfa
e layer, and eventually, shear instabilities at the density interfa
e that partiallyreverse the strati�
ation; while the remaining small fra
tion of the wind energy intera
ts withthe basin-s
ale waves, through work ex
hanges between the wind and average �ow velo
ity inthe surfa
e layer. The energy transferred to the system is �nally dissipated, as internal wavesmay trigger mixing events in the lake due to bottom and interfa
ial shear where the velo
itygradients are large enough for the �ow to be
ome unstable, or through solitary-type wavesgenerated from nonhydrostati
 pro
esses that �nally break in shallow areas, dissipating theirenergy and indu
ing lo
alized verti
al mixing events. The ex
itation and degeneration of thebasin-s
ale waves is a key issue to investigate in the �eld of lake dynami
s, sin
e it governshorizontal mass and heat redistributions after the wind re
edes, and thus the e
ologi
alpro
esses within the lake.

†Re
ommended literature: Mortimer (1952); Spigel & Imberger (1980); Imberger & Hamblin (1982);Imberger (1985); Monismith (1985); Imberger & Patterson (1990); Münni
h et al. (1992); Wüest et al. (2000);Antenu

i & Imberger (2001); Wüest & Lorke (2003); Shimizu et al. (2007).1



Introdu
tionA traditional approa
h for studying the ex
itation and degeneration of the basin-s
ale wavesin lakes 
onsiders the verti
al strati�
ation as made up by several verti
ally averaged layersthat intera
t with ea
h other. For ea
h layer in the invis
id approa
h, that is withoutinternal mixing or fri
tion, 
hanges in the lo
al, instantaneous layer thi
kness are due to thedivergen
e of horizontal volumetri
 �uxes; and lo
al 
hanges in the horizontal momentumare due to momentum adve
tion, Coriolis a

eleration, horizontal pressure gradient, andthe tilted interfa
es that transfer verti
al momentum (�uid pressure at the interfa
es) tohorizontal momentum.The study of the linearized equations governing the dynami
s of multilayer systems has pro-vided sound explanations for the main horizontal mass and energy transport within strati�edlakes, energy ex
hanges between the lake and the wind, and whole basin energy dampinggiven by bottom fri
tion. On the other hand, studies that have fo
used on nonlinear andnonhydrostati
 analyses of simple 
ases have established the key features that govern the�ow in smaller s
ales of two-layer strati�ed �ows 
hara
terized by the buoyan
y frequen
y.However, no previous studies have analyzed the nonlinear dynami
s of the basin-s
ale wavesin rotating lakes in order to understand energy transfer among the di�erent s
ales of the �owdown to the smaller s
ales of strati�ed �ows lo
ked at the buoyan
y frequen
y. This is themain overar
hing theme of this thesis.Obje
tivesThe main obje
tive of this thesis was to investigate the nonlinear and nonhydrostati
 evolu-tion, ex
itation and degeneration of basin-s
ale waves in rotating two-layer lakes. With thisaim, two spe
i�
 obje
tives were de�ned:1. To investigate, with the help of mathemati
al and numeri
al models, the evolution ofbasin-s
ale waves in 
ir
ular, �at bottom, rotating basins. The aim is to identify themain pro
esses involved in the evolution of basin-s
ale waves in rotating basins, andthe in�uen
e of the earth rotation times
ale and the nonlinear pro
esses times
ale, withrespe
t to the inherent times
ale of the lake.2. To investigate, with the help of mathemati
al and numeri
al models and �eld data, theevolution of basin s
ale waves in a
tual lakes. The aim is to de�ne whether the analysisfor 
ir
ular basins explains the nonlinear and nonhydrostati
 dynami
s of a
tual wind-for
ed lakes. Lake Constan
e was 
hosen for this purpose. This lake is lo
ated at theborder between Germany and Switzerland and a database 
oming from four LDS (LakeDiagnosti
 System: thermistor 
hains and meteorologi
al stations deployed in the lake)is available. Field data was donated for this thesis by the Centre for Water Resear
h.Field measurements were used to validate two-layer models that des
ribe the nonlin-ear intera
tion between the basin-s
ale waves and the nonlinear and nonhydrostati
dynami
s of the �ow. 2



Introdu
tionTo 
arry out the resear
h needed to a

omplish the de
lared obje
tives, two numeri
al modelswere developed for this thesis:3 The model by n-layers and its redu
ed version b2l for the two-layer dynami
s. Thismodel is able to represent multilayer, nonlinear and weakly nonhydrostati
 pro
esses instrati�ed lakes. Parti
ularly, the redu
ed version b2l is also able to solve the two-layergoverning equations in a very large numeri
al mesh, in a reasonable 
omputational time(10% of the real time), with small numeri
al di�usion (about 3% of the total energyper day).4 The model LinMod for solving the nonlinear intera
tion among basin-s
ale waves inLake Constan
e.OutlineThis do
ument is based on two s
ienti�
 arti
les, one already published in Limnology andO
eanography (2008, 53: 2738 - 2748), and the other one under 
onsideration in the samejournal. Ea
h publi
ation represents a parti
ular 
hapter of this thesis. The numeri
al modelis des
ribed in the two appendixes that 
ontain information about the models published indi�erent international 
onferen
es.In Chapter 2, the evolution of basin s
ale waves in 
ir
ular, �at bottom, rotating basinsis dis
ussed; the analysis is 
entred in identifying the nonlinear and weakly nonhydrostati
pro
esses that govern the evolution of basin-s
ale waves in a simple-shape basin, for whi
h theanalyti
 solution of the linear problem is available. In order to generalise the results presentedin Chapter 2, three dimensionless numbers were used to des
ribe the �ow: the Wedderburnnumber, Burger number and the steepening formation time. The �rst dimensionless numberde�nes how intense the wind is with respe
t to the lake. The se
ond dimensionless numberde�nes the relative importan
e of the Earth rotation on the internal basin-s
ale waves. Finally,the third dimensionless number 
hara
terizes the time when the dynami
s be
omes nonlinear,with respe
t to the internal basin-s
ale waves times
ale. In Chapter 3 the key featuresidenti�ed in Chapter 2 are dis
ussed in the 
ase of a real lake. Lake Constan
e was 
hosen,be
ause both Earth rotation as well as nonlinear pro
esses govern the basin-s
ale dynami
sof this lake. Besides validating with �eld measurements the �ow dynami
s identi�ed inChapter 2, the interpretation of �eld measurements under the opti
s of the numeri
al results,for
ed the reanalysis of the energy path in strati�ed rotating lakes established in the previous
hapter, suggesting that, even for a highly nonlinear �ow, the energy dissipation in the lakeis mainly due to bottom fri
tion, while nonlinearities of the �ow indu
e mostly lo
alizedverti
al mixing and rather small energy dissipation 
ompared with the 
orresponding inputfrom the wind.Finally, in Chapter 4 the main results and 
on
lusions are summarized.3
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The evolution of internal waves in a rotating, strati�ed,
ir
ular basin and the in�uen
e of weakly nonlinear andnonhydrostati
 a

elerations†Abstra
tThe evolution of internal waves in a two-layer rotating 
ir
ular lake was studiedunder nonlinear and weak nonhydrostati
 e�e
ts. In
lusion of nonlinear a

elera-tion allowed the waves to steepen at the rear of the 
rest in deep lakes, forminga front with time. The nonhydrostati
 a

eleration is shown to 
ountera
t thiswave steeping, leading to wave dispersion and when the two e�e
ts are in bal-an
e, solitary-type waves may form. It is shown that a Kelvin wave evolves byimparting energy primarily to sub-modes of the parent 
y
loni
 wave by steepen-ing and to solitary-type waves. By 
ontrast, a Poin
aré wave is shown to evolvewithout shedding mu
h of its energy to other waves, and only a small fra
tionof the wave energy goes to other sub-modes and this is not lost from the parentwave, but rather is periodi
ally transferred ba
k into the parent wave. When bothKelvin and Poin
aré waves were present simultaneously in the water body, thenan intera
tion was observed, when both waves were in phase, whi
h gave rise toadditional wave 
omponents.Introdu
tionA 
ommon 
on
eptual model, used to study motion in strati�ed lakes (Fis
her et al., 1979),is to simplify the strati�
ation into two, three, or more layers; this provides a good approxi-mation to the basin-s
ale internal waves modes up to the number of �uid layers (Mortimer,1952; Monismith, 1985; Münni
h et al., 1992). With this assumption, the energy impartedby the wind enters the surfa
e layer and is then progressively distributed into the layersbelow as the baro
lini
 pressure �eld sets up motions in the lower layers (Imberger, 1998;Wüest & Lorke, 2003).The interfa
ial response due to a surfa
e shear stress, in a non-rotating water body, wasdes
ribed by Spigel & Imberger (1980), who extended the earlier analyti
 solution developedby Heaps & Ramsbottom (1966). These authors showed that, along the fet
h, the steadystate equilibrium 
ould be des
ribed by a 
onstant interfa
ial slope ∂xη2 = h̄1(LW )−1, wherethe minus sign was atta
hed as the slope is in the opposite dire
tion to the imposed windstress and η2 is the interfa
ial displa
ement with respe
t to the unfor
ed equilibrium, L is
†de la Fuente, A., Shimizu, K., Imberger, J. and Niño, Y. 2008. The evolution of internal waves in arotating, strati�ed, 
ir
ular basin and the in�uen
e of weakly nonlinear and nonhydrostati
 a

elerations.Limnol. O
eanogr. 53: 2738 - 2748 5



Nonlinear and nonhydrostati
 waves in 
ir
ular basinsthe length of the basin, h̄1 is the equilibrium top layer thi
kness, ∂x is the partial di�erentialoperator with respe
t to x, and:
W =

g′h̄2
1

u2
∗
L

, (1.1)is the Wedderburn number. In Eq. 1.1, g′ = g(ρ2 − ρ1)ρ
−1
o is the redu
ed gravity, ρ1 and ρ2are the layer densities, ρo is the referen
e density, g is the a

eleration due to gravity and u∗ isthe shear velo
ity at the water surfa
e. From this it follows immediately that the maximumnon-dimensional displa
ement (η2max/h̄1), is equal to (2W )−1; W = 0.5 is thus the 
onditionfor full upwelling of the bottom water (Thompson & Imberger, 1980; Imberger & Hamblin,1982). The interfa
ial set up is a
hieved via internal waves initiated at both the upwind anddownwind boundaries propagating towards the interior, arriving at the 
entre of the lake onequarter of an internal period Ti later (Mortimer, 1952; Spigel & Imberger, 1980):

Ti =
2L

co
, (1.2)where

co =

√

g′
h̄1h̄2

h̄1 + h̄2

(1.3)is the internal wave 
elerity and h̄2 is the equilibrium bottom layer thi
kness (Mortimer,1952). Under the linear theory assumption, these waves keep propagating ba
k and fortha
ross the length of the lake with a period Ti. For motions initiated from an initial interfa
edispla
ement, it is 
onvenient to de�ne the Wedderburn number by: (Horn et al., 2001)
W =

h̄1

2ηo

(1.4)where ηo is the initial maximum displa
ement.For a lake that is large enough so that the time a wave takes to propagate a
ross the basin(Ti/2), is similar to or longer than the time it takes for the lake to turn through 360o(2f)−1(f is the Coriolis parmeter), the waves will obviously be strongly in�uen
ed by the Earth'srotation; the ratio of these two times is generally known as the Burger Number (Gill, 1982;Antenu

i et al., 2000): 6



Nonlinear and nonhydrostati
 waves in 
ir
ular basins
S =

4

fTi

. (1.5)Two major 
lasses of waves are possible for su
h rotating basins. First, Kelvin or 
y
loni
waves, where the for
e balan
e in the dire
tion of propagation remains the same as for non-rotating waves; the motion is essentially unidire
tional and the Coriolis a

eleration, indu
edby this unidire
tional motion, is balan
ed by an os
illating transverse pressure gradient.Se
ond, Poin
aré or anti
y
loni
 waves, where the Coriolis a

eleration indu
es a motionnormal to the pressure gradient, whi
h 
auses anti
y
loni
 rotation of the interfa
e displa
e-ment and �uid velo
ity with nearly 
ir
ular parti
le paths. For a parti
ular basin geometry,horizontal modes may be de
omposed into multiple fundamental modes os
illating in har-mony side by side (Gómez-Giraldo et al., 2006); in simple terms those modes are ex
itedthat mat
h the spatial and temporal distribution of the imposed wind stress (Csanady, 1973;Gómez-Giraldo et al., 2006; Shimizu et al., 2007).The in�uen
e of the nonlinear inertia a

eleration has been investigated, in some detail, inthe absen
e of rotation. Adve
tive a

eleration leads to steepening of an initial basin-s
alewave (Ripa, 1982; Horn et al., 2001; Boegman et al., 2005a) over a 
hara
teristi
 time Ts,de�ned by Horn et al. (2001) as
Ts =

L

αηo
, (1.6)where

α =
3

2
co

h̄2 − h̄1

h̄1h̄2

. (1.7)Steepening is followed by 
onve
tive overturning (Fedorov & Melville, 1995) and degenerationinto solitons (Grimshaw et al., 1998; Horn et al., 2001; Boegman et al., 2003). The nonlineara

eleration also 
auses transfer of energy to higher basin-s
ale modes (Maxworthy, 1984;Melville et al., 1989; Fedorov & Melville, 2000) and energy transfers to and from ba
kground
urrents (Clark & Imberger, 1996; Riley & Lelong, 2000).Studies in an in�nite domain have not shown whether waves of permanent form, su
h assolitons in non-rotating 
ase, exist for the rotating 
ase (Grimshaw et al., 1998; Helfri
h,2007). Periodi
 growth of solitary-type waves and their subsequent destru
tion in a rotatingstrati�ed �uid have been dis
ussed by Grimshaw et al. (1998) and Helfri
h (2007). Previ-ously, steepening of Kelvin waves in a rotating straight 
hannel had been shown by Bennett(1973) and Fedorov & Melville (1995) and Renouard et al. (1986) had also demonstrated theformation of solitary-type waves with a stable longitudinal shape des
ribed by a sech2 pro�le.7



Nonlinear and nonhydrostati
 waves in 
ir
ular basinsHowever, the degeneration of basin-s
ale waves in a rotating en
losed basin does not appearto have been investigated.The main obje
tive of the present study is to improve the understanding of the nonlinearsteepening and nonhydrostati
 wave dispersion on the propagation of basin-s
ale internalwaves in a two-layer, strati�ed, rotating en
losed 
ir
ular basin. A 
ir
ular basin was 
hosenas analyti
 solutions for the linear regime are available. The 
hara
teristi
 numbers, su
has W , Ti, S, and Ts, are 
ombined to provide a parameter spa
e in whi
h to dis
uss theanalyti
al and numeri
al results for the 
ases of a spatially uniform, suddenly-imposed windfor
ing and the free evolution of the Kelvin and/or Poin
aré waves.The paper is organized as follows. First, the analyti
 solution for a 
ir
ular basin witha two-layer strati�
ation, re-derived by Sto
ker & Imberger (2003), is revisited in order tounderstand the general features of the solution and to display s
aling that 
aptures the motion.Then, the n-layer model, used in this study, (de la Fuente et al., 2006) (Appendix A) is brie�ydes
ribed. This is followed by the derivation of the solution for a suddenly imposed wind onan n-layer �uid in a 
ir
ular basin and the free evolution from initial interfa
e displa
ement.The 
ondition that de�nes the formation of solitary-type waves and transfer of energy frominitial basin-s
ale waves to sub-modes and solitary-type waves is then presented.Linear approximation and s
alingModal de
omposition of the linear momentum and mass equations for an n-layer system, in arotational frame of referen
e redu
e to a set of n-linear, independent verti
al modal equations,the solution of whi
h are des
ribed by equations equivalent to the shallow water equations fora homogeneous basin (Csanady, 1968; Monismith, 1985; Antenu

i & Imberger, 2001). Fora 
ir
ular homogeneous basin with a two-layer strati�
ation, for
ed by a suddenly-imposed,spatially uniform shear stress, Sto
ker & Imberger (2003) showed that the �ow velo
ities andverti
al displa
ements of the interfa
e were linear fun
tions of the inverse of the Wedderburnnumber. Therefore, it is advantageous to s
ale the verti
al interfa
ial displa
ements η2 andlayer-averaged horizontal velo
ities ui so that:
η∗

2 = 2W
η2

h̄1

; u∗

i = 2W
ui

co
(1.8)where the star denotes non-dimensional variables, W is the Wedderburn number with L = 2rofor 
ir
ular basins (Eq. 1.1), and the radius and time are non-dimensionalized with respe
tto the radius of the basin ro and the internal wave period Ti (Eq. 1.2 with L = 2ro). Thiss
aling allows the for
ing to be removed from the equations leaving only the Burger Numberand the ratios of layer thi
knesses as parameters.The maximum interfa
ial displa
ements were 
omputed using this analyti
 solution for di�er-ent values of S and the time t∗ and this is shown in Fig. 1.1. When the Burger number S is8



Nonlinear and nonhydrostati
 waves in 
ir
ular basinslarge, both the Kelvin and Poin
aré waves have the same wave shape and angular frequen
y,but they rotate in opposite dire
tions. Superposition of su
h mat
hing waves, results in a fun-damental standing internal wave mode, as previously dis
overed by Antenu

i & Imberger(2001)Antenu

i and Imberger (2001); the maximum displa
ements are produ
ed �rst at
t∗ = 0.42Ti, when the radial Kelvin and Poin
aré waves are in phase for the �rst time; thiso

urs periodi
ally every 0.84Ti. For medium rotation (S ≈ 0.5), Kelvin and Poin
aré waveshave similar amplitudes and still produ
e the �rst lo
al maximum when they be
ome inphase at about t = Ti/2 (see Fig. 1.1); however, this maximum displa
ement does not o

urat the upwind end be
ause the troughs of the two waves are displa
ed progressively as Sde
reases due to the di�eren
e of their natural periods. In the limit of small Burger numbers,the Kelvin wave dominates the response and the times
ales of the problems given by theperiod of the fundamental mode Kelvin wave, Tk, whi
h 
an easily been 
omputed using thepolynomial �t presented by Antenu

i & Imberger (2001). For winds that have a durationlonger than Ti or Tk, the amplitudes show a periodi
 behavior with maximum amplitudesitself os
illating be
ause natural angular frequen
ies of the modes do not o

ur in multiplesof the fundamental mode frequen
y.
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Figure 1.1: Maximum interfa
ial displa
ement as a fun
tion of the time and Burger number (S).The displa
ement was non-dimensionalized as in Eq. 1.8 and the time by the internal period Ti.In Fig. 1.2, we show the total non-dimensional energy of all the wave 
omponents, par-titioned into kineti
 and available potential energy and work done by wind. The non-dimensionalization used for the di�erent energy bins was derived from the s
aling introdu
edin Eq. 1.8 su
h that:
TKE∗ =

2W

coρou2
∗
ΩL

TKE, TPE∗ =
2W

coρou2
∗
ΩL

TPE, TE∗ =
2W

coρou2
∗
ΩL

TE (1.9a)
Work∗ =

2W

coρou2
∗

∫

Ω

~τs · ~u1 dΩ (1.9b)9



Nonlinear and nonhydrostati
 waves in 
ir
ular basinswhere TKE∗, TPE∗, and TE∗ are respe
tively the kineti
, available potential, and totalenergy integrated over the basin, Work∗ is the work done by wind over the surfa
e, and Ω isthe surfa
e area.
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Figure 1.2: (A) Time series of non-dimensional surfa
e rate of work by or to the wind. (B) Thenon-dimensionl total energy of lake, TE∗ (solid line), and its partitioning between total kineti
energy, TKE∗, and total available potential energy, TPE∗ (dotted and dashed lines, respe
tively)for S = 0.5. Shaded areas show periods when wind takes energy from the lake. The rate of workingand energies were non-dimensionlized as in Eq. 1.9For wind durations shorter than Ti/2 or Tk/2, the wind does work on the lake, ex
iting theinternal waves. The supplied energy is primarily transferred to available potential energy(about 75% of the total energy for weak rotation and 50% for strong rotation). On theother hand, during the se
ond half of the period, the existing waves do work on the wind,be
ause the dire
tion of the wind now opposes that of the surfa
e velo
ity asso
iated withthe wave. The wind thus periodi
ally energizes and 
an
els the internal sei
hes. The transferto available potential energy is less e�
ient under strong rotation as the solution, for thatlimit, is a pure Kelvin wave, whi
h has an equi-partitioning between kineti
 and availablepotential energy, whereas in the limit of weak rotation, the solution approa
hes that for anon-rotating internal sei
he that has the property that the energy is maximum when all theenergy is either all potential or all kineti
 energy.Governing equations and numeri
al s
hemeThe standard shallow water equations with the Boussinesq approximation and with the as-sumption of hydrostati
 pressure may be derived for an n-layer strati�
ation by verti
allyintegrating the full equations of motion between z = zi+1 to zi, where z is the verti
al 
o-ordinate, and zi+1 and zi 
orrespond to the bottom and upper interfa
es that de�ne the ithlayer (Baines, 1998). The three governing equations, for ea
h layer, may be written as:10



Nonlinear and nonhydrostati
 waves in 
ir
ular basins
∂Ui

∂t
+

∂F x
i

∂x
+

∂F y
i

∂y
= Hi (1.10)where

Ui = [hi, uihi, vihi]
T (1.11a)

F x
i =




uihi

uiuihi

uivihi


 , F y

i =




vihi

viuihi

vivihi


 , (1.11b)and

Hi =




0

−hig
∑i

j=1 ǫj
∂zj

∂x
+

τx
i

ρo
− τx

i+1

ρo
+ fvihi

−hig
∑i

j=1 ǫj
∂zj

∂y
+

τy
i

ρo
− τy

i+1

ρo
− fuihi


 , (1.11
)where ρi, ui, and vi are the layer-averaged density and velo
ities in x and y dire
tions,respe
tively, τx

i and τx
i+1 are the upper and bottom interfa
ial shear stresses in the x dire
tion,and ρoǫi = (ρi − ρi−1) for i > 1 and ρoǫ1 = ρ1 for i = 1.These equations were solved using the MUSCL-Han
o
k method for hyperboli
 equations ofan n-layer system (Bradford et al., 1997; Loose et al., 2005) (see Appendix B for the details).Ben
hmarks that validate the numeri
al s
heme were presented by de la Fuente et al. (2006)(Appendix A). As the equations assume an invis
id �uid, shear stresses were only 
onsideredat the water surfa
e and at the side walls it was assumed that no �uid 
rosses, but slip wasallowed.The weak nonhydrostati
 e�e
ts were in
luded using the model proposed by Brandt et al.(1997), who kept the terms of the order µ2 = h2L−2, but negle
ted the terms of the order

ǫ = ah−1, where a is the wave amplitude s
ale and h and L are the layer thi
kness and basins
ale, respe
tively. With this simpli�
ation, the nonhydrostati
 terms in the momentumequations for ea
h layer may be in
luded as follows:
∂~uihi

∂t
= Bi∇

(
∂

∂t
(∇ · ~uihi)

)
+ A, (1.12)where

Bi =

{
h2
1

6
i = 1

h2
2

3
+ h1h2

2
i = 2

, (1.13)11



Nonlinear and nonhydrostati
 waves in 
ir
ular basinsand A is the ve
tor 
ontaining all the Fi and Hi terms of (1.11a)B-C. The nonhydrostati
terms of (1.12) were solved numeri
ally using the method des
ribed in the Appendix B. Theabove approximation in
ludes the assumption that h1 and h2 are 
onstant in the 
onservationof volume 
al
ulations ((1.12)) (Tomasson & Melville, 1992). However, as explained in theAppendix B, the �nal s
heme adopted here uses hi + η in pla
e of hi, as it simpli�ed thenumeri
al s
heme. The model results were then 
ompared to the experimental data fromHorn et al. (2001) for waves steeping in a non-rotating re
tangular 
hannel; the model su
-
essfully reprodu
ed the essential features su
h as number and shape of solitary waves, andtiming of their emergen
e (Fig. 1.3). Although the amplitudes of solitary waves and thepropagation velo
ity showed some deviations from the experimental data due to negle
t ofvis
ous damping (Horn et al., 2002), they do not pose severe limitations for our analyses aswe fo
us on the invis
id dynami
s.
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Figure 1.3: Comparison of interfa
ial displa
ement between simulation and experimental resultsin a two-layer, non-rotating 
hannel of length L. (A, C) Simulations, and (B, D) experimentsby Horn et al. (2001). The waves were generated by initial linear tilt and resulting interfa
ialdispla
ement was measured at L/2 and 3L/4.Intera
tion of internal waves and the imposed wind stress for
ing themotionThe model, on
e validated, was applied to the 
ase of a suddenly imposed wind over a
ir
ular basin 
ontaining a two-layer strati�
ation. The e�e
ts of the weak nonlinearity andthe in
lusion of weak nonhydrostati
 a

elerations may be seen in Fig. 1.4, where this model12



Nonlinear and nonhydrostati
 waves in 
ir
ular basinssolution is 
ompared to the linear solution for the 
ase S = 0.5, W = g′h̄2
1(u

2
∗
2ro)

−1 = 1.83,and h̄1/h̄2 = 1.0; the for
ing was strong enough to indu
e nearly full upwelling at the �rstovershoot at t ∼ Ti/2. The trend of the kineti
, available potential, and total energy weresimilar to the linear solution, although the non-linearities allowed the wind to impart slightmore total energy to the motion (Fig. 1.4A) whi
h is also re�e
ted in the non-dimensionalinterfa
e displa
ement; energy losses, due to numeri
al dissipation, were found to be lessthan 10% of the total energy, for the duration of the simulation (Fig. 1.4A). Throughoutthis paper we assume that the kineti
 energy due to the verti
al velo
ity is two orders ofmagnitude smaller than the potential energy plus kineti
 energy due to horizontal velo
ities,and may thus be negle
ted.
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Figure 1.4: Comparison between simulation and analyti
 results for S = 0.5, W = 2.3 and
h̄1 = h̄2. (A) Time series for the total energy and its partitioning between kineti
 and availablepotential energies. Shaded area shows the estimated numeri
al dissipation of the simulation. (B)Linear (solid line) and nonlinear (dotted line) time series of the maximum interfa
ial displa
ement.The well-known e�e
t of the layer depth ratio on the nonlinear steepening (Horn et al., 2001)is shown in Fig. 1.5 where the interfa
ial displa
ements, at the upwind end and at the 
entreof the basin, are shown for the depth ratio h̄1/h̄2 = 1.0 and h̄1/h̄2 = 0.1, and the same Burgerand Wedderburn numbers as before. When the layer thi
knesses were equal, the in
lusion ofthe non-linear and nonhydrostati
 terms ampli�ed the interfa
ial displa
ements, 
omparedto those from the linear solution, almost symmetri
ally. However, for the small depth ratio,

h̄1/h̄2 = 0.1, the waves steepened more at the rear of the 
rest (Choi & Camassa, 1999).Further, at the 
entre for the basin, an almost stationary interfa
e os
illation was observedto appear with a period of about Ti/3, (Fig. 1.5B); the amplitude of this displa
ement wasmu
h less for simulation with h̄1/h̄2 = 1.0 than for h̄1/h̄2 = 0.1.The expe
ted generation of solitary-type waves, due to steepening of the Kelvin wave, is notobserved seen in Fig. 1.5A; the intera
tion between the wind and the waves modulated thetotal energy as dis
ussed above. The steepening times
ale, Eq. 1.6, de�nes when the nonlin-ear e�e
ts be
ome important for free os
illations with 
onstant energy in time (Horn et al.,13



Nonlinear and nonhydrostati
 waves in 
ir
ular basins2001)(Horn et al. 2001). The suddenly imposed wind problem analysed here, however, im-poses temporal 
hanges of the total energy with the times
ale 
hara
terized by Ti or T > k.The ratio between these two times
ales:
Ts

Ti
=

1

3ηo

h̄1h̄2

h̄2 − h̄1

, (1.14)should indi
ate whether there is enough time to produ
e steepening before the energy avail-able for steepening is extra
ted by the wind. To test this hypothesis, simulations were 
arriedout for S = 0.5 and Ts/Ti = 0.40, 0.48, 0.88, and 1.29 and the results are shown in Fig. 1.6.The �rst 
ase 
onsiders h̄1/h̄2 = 0.05 and W = 1.83, the se
ond and fourth 
ases were runwith h̄1/h̄2 = 0.1 and W = 1.83 and 3.66, respe
tively, while the third 
ase was 
ondu
tedwith W = 1.83 and h̄1/h̄2 = 0.55. In order to 
al
ulate Ts/Ti, ηo was taken as the maximuminterfa
ial displa
ement at t ≈ Ti/2. Note that the smaller ratios Ts/Ti are 
loser to thesmaller possible value of 0.3 for the limit h̄1 << h̄2 and ηo → h̄1. Fig. 1.6H shows the totalenergy as a fun
tion of time, indi
ating three maxima at approximately t/Ti = 0.75, 1.8 and
2.9, respe
tively.
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Figure 1.5: Time series of non-dimensional interfa
ial displa
ement for linear 
ase (dotted line),and nonlinear and weak nonhydrostati
 
ases for h̄1/h̄2 = 1 (dashed line) and h̄1/h̄2 = 0.1 (solidline). (A) At the upwind end and (B) at the 
enter of the basin. S = 0.5 and W = 1.83.The three runs where Ts < Ti (darkest lines) show steepening of the rotating internal wavesthat were modulated by energy extra
tion by the wind. The results for Ts/Ti = 0.40 and
0.48 (dotted and dashed lines) show the energy peaking after the se
ond maximum in totalenergy (Fig. 1.6E), but this re
edes as the wind drains the energy from the basin-s
alewave before solitary-type waves 
an form (Fig. 1.6F). The magnitude of the steepening inFig. 1.6E is larger for Ts/Ti = 0.40 than Ts/Ti = 0.48. A similar behaviour was observedfor Ts/Ti = 0.88 (solid dark line), while the results for Ts > Ti (light solid line) did not showany steepening at all. 14
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0 0.12Figure 1.6: (A-G) Azimuthal pro�les of the interfa
ial displa
ement for simulations of the spatiallyuniform suddenly imposed wind problem in a 
ir
ular basin for ratios Ts/Ti = 0.40, 0.48, 0.88(dashed, dotted and solid dark lines, respe
tively), and 1.29 (light solid line) from t = 0 to t = 3Tiwith 0.5Ti interval. (H) The time series of the total energy shown in Fig. 1.2, oriented along theverti
al dire
tion from top (t = 0) to bottom (t = 3Ti).Free evolution of individual Kelvin and Poin
aré wavesThe evolution of the mono
hromati
 Kelvin and Poin
aré wave was also analysed with themodel by initialising the simulations using the velo
ity and displa
ement �eld from the linearsolutions (Eq. 1.12). The interfa
e displa
ements from simulations for the initial Kelvinwave 
ase, with an amplitude equivalent to a Wedderburn number W = h̄1(2ηo)
−1 = 0.6,

h̄1/h̄2, three Burger numbers are shown in Figs. 1.7 and 1.8. The steepening of the rearof the 
rest of the linear wave 
ommen
es at approximately t = Ts (t′ = 1.0); degenerationinto a train of solitary-type waves followed shortly after this time in all the 
ases. Whenthe nonhydrostati
 term was swit
hed o�, the initial basin-s
ale wave kept steepening untilit formed a steep front, 
on�rming the well-known fa
t that the formation of solitary-typewaves requires the pressure dispersion term (Figs. 1.8A and 1.8B). For a given value of
S, the following features, similar to solitary waves in non-rotating �ows (Grimshaw et al.,1998; Ostrovsky & Stepanyants, 2005; Helfri
h & Melville, 2006) were used to identi�ed thepresen
e of the solitary-type waves: (1) The azimuthal s
ale (wave length) in
reased withthe Wedderburn number, as in non-rotating 
ases where larger solitons have shorter wavelengths (
ompare for example, Fig. 1.8A, C, and E). (2) The azimuthal shape of thesolitary-type waves 
losely follows the sech2 pro�le for smaller ratios h̄1/h̄2, but turned into15
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tanh pro�les for relatively deeper surfa
e layers (e.g., 
ompare solid and dashed lines inFig. 1.8B with sech2 and tanh pro�les in Fig. 1.8B, respe
tively). This is well-knownand follows when higher order terms are in
luded in the KdV equation (Lee & Beardsley,1974; Ostrovsky & Stepanyants, 2005; Helfri
h & Melville, 2006). (3) As is known from KdVtheory, when the se
ond order terms are in
luded (Lee & Beardsley, 1974), the amplitude islimited leading to a maximum amplitude. This amplitude is proportional to the magnitudeof the initial perturbation and is a fun
tion of (Fig. 1.8G). Note that, although these wavesare not true solitons des
ribed by the permanent sech2 shape, they retained their form oversimulated time (3Ts), large 
ompared to the travel time a
ross a lake, and they may breakat the 
oast and dissipate the energy.
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−1 <−1 0.5 0.0 0.5 >1Figure 1.7: Evolution of the interfa
ial displa
ement with the nonhydrostati
 terms for an initialmono
hromati
 Kelvin wave for W = h̄1(2ηo)

−1 = 0.6. White 
ir
le on initial 
onditions showsthe Rossby radius measured from the shore, and white arrows are the layer-averaged velo
ity inthe upper layer. The waves rotate anti-
lo
kwise, as in the northern hemisphere. t′ = t/Ts.On the other hand, the results di�ered from the non-rotating 
ase as the e�e
ts of the Earth'srotation modi�ed the maximum amplitude of these solitary-type waves (Fig. 1.8G), wheresmaller S (strong rotation) is asso
iated with smaller amplitudes.Interestingly, the evolution of an initial Poin
aré wave showed signi�
ant di�eren
e from theKelvin wave 
ases (Fig. 1.9). Nonlinear steepening produ
ed fronts steeper than those forthe Kelvin wave. However, this did not lead to subsequent degeneration into solitary-typewaves as des
ribed for the Kelvin waves (
ompare Figs. 1.7 and 1.9). The fronts appearedand disappeared periodi
ally, whi
h modulated the wave stru
ture but did not 
hange theamplitude and basi
 stru
ture of the initial Poin
aré wave signi�
antly (see subsequent se
-tion). The in
lusion of the nonlinear terms was ne
essary for the steepening, but the resultswere almost insensitive to the in
lusion of the nonhydrostati
 term.16
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Figure 1.8: (A-F) The azimuthal pro�les of the interfa
ial displa
ement at t = 1.5 and r = ro for
W = h̄1(2ηo)

−1 = 0.6, 0.8 and 1.2, and ratio h̄1/h̄2 = 0.1 (solid line) and 1.0 (dashed line), and
S = 0.5 (�rst 
olumn) and 0.8 (right 
olumn). Thi
k lines in (A) and (B) shows the hydrostati
solution. (G) Temporal average amplitude of solitary-type waves a as a fun
tion of S for W =
h̄1(2ηo)

−1 = 0.6, 0.8, and 1.2, and h̄1/h̄2 = 0.1 and 0.5. Note that the verti
al axis is the amplitudenormalized by initial perturbation displa
ement sin
e 2Wah̄1 = a/ηo. (H) sech2 shape of the �rstorder KdV equation (solid line) and tanh shape of se
ond order KdV equation (dashed line).Redistribution of energyThe energy 
ontained in the steepened waves and solitary-type waves may be analysed by�tting the analyti
al homogeneous solution for the linear problem (i.e., normal modes) as afun
tion of time as in Shimizu et al. (2007); this is equivalent to using an energy spe
trum to
apture the energy �uxes between di�erent wave numbers (Maxworthy, 1984; Melville et al.,1989; Fedorov & Melville, 2000). Mathemati
ally, it is possible to express every wave in a
onvergent series of linear modes (Shimizu et al., 2007). However, in order that the seriesexpansion retains its physi
al meaning, the series was terminated when the length s
aleredu
es to that of the solitary-type waves. As seen from Fig. 1.7, as the solitary-type wavessteepened, their amplitude in
reased and their length s
ale de
reases; 
learly this means thatthe series �t will need to be terminated so that the basin-s
ale waves and the solitary-type17
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hromati
 Poin
are wave.waves remain separate.As a �rst step, 
onsider the estimate of the amount of energy 
ontained in su
h solitary-typewaves. The energy, per soliton and per unit of width (radius) along r was obtained from thetheoreti
al solution of the KdV equation (Boegman et al., 2005b) as a fun
tion of the solitonamplitude. This energy was then summed over the observed train of solitons obtained in thesimulation. The energy per soliton (TEs) is given by:

TEs = co(ρ2 − ρ1)g

∫ ro

0

∫
∞

−∞

η2(a(r), t)2 dt dr

η(a(r), t) = a(r) sech

(
cot

λ

)2

; λ2 = 12
(h̄1h̄2)

2

(h̄2 − h̄1)a(r)

(1.15)
where the amplitude a(r) was obtained from the simulation results. The series expansionwas then terminated at the number of modes that 
ontained the residual energy equal tothat in the train of solitons at a time equal to three steepening times; this required 4 higherazimuthal sub-modes of the Kelvin wave.Based on the above 
riteria, the �rst 10 radial, �rst 4 azimuthal modes of 
y
loni
 andanti
y
loni
 waves were �tted. The energies 
ontained in the modes were grouped into four
lasses: leading wave (Kelvin or Poin
aré), high azimuthal sub-modes of the leading wave18



Nonlinear and nonhydrostati
 waves in 
ir
ular basins(denoted in Fig. 1.10 as K s-mod and P s-mod., respe
tively), other modes (denoted asother in Fig. 1.10), and the non-�tted energy, that 
orresponded to the residual energy.The energy 
ontained in the solitary-type waves was also 
al
ulated using Eq. 1.15. Fig.1.10 shows a typi
al time series of the total energy evolution, normalized by the total energyamong the di�erent 
ategories for W = 0.6, h̄1/h̄2 = 0.1, and S = 0.5 for an initial Kelvinwave 
ase (Fig. 1.10A), and S = 0.2, 0.5, and 0.8 for an initial Poin
aré wave 
ase (Fig.1.10B-D, respe
tively). The energy evolution for the initial Kelvin wave was insensitive to
S.
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PoincaréFigure 1.10: Time series of �tted modal energy non-dimensionlized by the total energy of the sim-ulation: (A) an initial Kelvin wave 
ase with S = 0.5, and (B-D) an initial Poin
aré wave 
ases with

S = 0.2, 0.5, and 0.8, respe
tively. Dark grey 
orresponds to the leading wave (Poin
aré or Kelvin),light grey the higher azimuthal modes of the leading wave, bla
k the energy 
ontained in otherbasin-s
ale modes (radial and azimuthal), and white the other 
omponents that approximately 
or-responds to solitary-type waves. White dots in upper panel 
orresponds to the estimated energyof the solitons (see text) measured as is seen in the grey bars. Triangles in panels B-D indi
ate theperiod of the leading Poin
aré waves.For the initial Kelvin wave 
ase, the energy 
ontained in the leading wave was mainly trans-ferred to the sub-modes and the residual energy 
orresponding to energy 
ontained in solitary-type waves (Fig. 1.10A). At t = 3Ts, the sub-modes and solitary-type waves had about
20% and 30% of the total energy, respe
tively (Fig. 1.10A). By 
ontrast, for the initialPoin
aré wave 
ase (Fig. 1.10B, C , D), the energy was transferred into sub-modes, andthen the transferred energy was observed to periodi
ally return to the parent wave forminga limit 
y
le. The period of that intera
tion was about 1.2 times the natural period of thePoin
aré wave for all the runs. The maximum energy transfer in
reases with the magnitudeof S, being equal to about 30% of the total energy for S = 0.2, 50% of the total energyfor S = 0.5 and 65% of the total energy for S = 0.8, indi
ating that rotation suppressessteepening of a Poin
aré wave.
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Nonlinear and nonhydrostati
 waves in 
ir
ular basinsCoupling of free Kelvin and Poin
aré wavesThe nonlinear intera
tions between basin-s
ale waves was analysed by initialising the sim-ulation with the displa
ement and velo
ity �eld des
ribed by the linear superposition of aKelvin and a Poin
aré waves that were in phase. Their relative amplitudes were determinedfrom the linear solution of the suddenly imposed wind problem at t = (TK − TP )(TKTP )−1,where TK and TP are the periods of Kelvin and Poin
aré waves, respe
tively. Time seriesof the interfa
ial displa
ements at the upwind end and at the 
enter of the basin are shownin Fig. 1.11A for the 
ases, S = 0.5, W = 0.6 and h̄1/h̄2. The energy de
omposition intothe leading Kelvin and Poin
aré waves, and the higher azimuthal Kelvin modes are shownin Fig. 1.11B.The steepening and subsequent degeneration of the Kelvin wave into solitary-type waves wassimilar to the mono
hromati
 Kelvin wave 
ase (Fig. 1.11A); however, at the 
enter of thebasin, a standing os
illation with a period TKP = (TK − TP )(TKTP )−1 (see triangles in theupper axis in Fig. 1.11A) was ex
ited when both the leading waves were in phase. Theex
itation of this os
illation, at the 
enter of the basin, explains that the os
illation observedat the 
enter of the basin in the suddenly imposed problem, was due to nonlinear intera
tionof the Kelvin and Poin
aré waves ex
ited by the wind and not by the wind for
ing itself.The energy de
omposition into modes shows the previously des
ribed pattern, i.e., the energyin Kelvin waves were transferred to its sub-azimuthal modes and degenerated into to solitary-type waves, while the energy 
ontained in Poin
aré waves remained available for a longer time.Nonlinear intera
tion between both waves transferred energy to the standing wave with aperiod of TKP , whi
h was then not re
y
led ba
k to the Poin
aré or Kelvin waves.
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Figure 1.11: (A) Time series of dimensionless interfa
ial displa
ement at the upwind end (solidline) and at the 
enter of the basin (dashed line). (B) Time series of �tted modal energy non-dimensionlized by the total energy of the simulation for S = 0.5, W = h̄1(2ηo)
−1 = 0.6 and h̄1/h̄2.Triangles in upper axis mark TKP periodTriad nonlinear intera
tion was thought to explain the ex
itation of the TKP standing wave(Phillips, 1966). This nonlinear intera
tion o

urs when three wave 
omponents satisfy the20



Nonlinear and nonhydrostati
 waves in 
ir
ular basinsrelationships ω1 ± ω2 ± ω3 = 0 and k1 ± k2 ± k3 = 0, where ω1, ω2, and ω3, are frequen
ies ofthe three waves and k1, k2, and k3 are the 
orresponding wave numbers, the energy 
an betransferred among the wave 
omponents (Phillips, 1966; Hamma
k & Henderson, 1993). Forthe �rst order problem, the governing equations for the lower layer are:
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where the super index (0) and (1) denote the leading waves and �rst order perturbation thatdes
ribe weak nonlinear e�e
ts. It is 
lear that the set of governing equations for the �rstorder approximation is the same as the linear 
ase (the left hand side of (1.16)), but for
edby the nonlinear intera
tion of the linear solution (the right hand side of (1.16)). The Kelvin-Poin
aré intera
tion is at frequen
ies ω = [2ωK , 2ωP , ωK−ωP , ωK +ωP ], where ωK and ωP arethe natural frequen
ies of Kelvin and Poin
aré waves, respe
tively. As the basin is 
ir
ular (sothat natural frequen
ies do not o

ur in multiples of the fundamental frequen
y) and naturalfrequen
ies of the system remain the same as the linear waves, these for
ing frequen
ies donot mat
h with any of the natural frequen
ies. Therefore, the triad intera
tion is unlikely tobe the ex
itation me
hanism of the wave with a period of TKP , even though the frequen
yrelationship holds.Another explanation investigated is that the observed os
illation, in the 
entre of the basin,is simply a for
ed displa
ement and governed by (1.16). To show this, in Fig. 1.12 we plotthe temporal average of the energy (within t = 0 and t = 3Ts) 
ontained in the �tted modes,against the frequen
y with both variables being obtained from the modal de
ompositionshown in Figs. 1.10A, 1.10C, and 1.11B. The horizontal axis of Fig. 1.12 is the frequen
y
ω, of �tted linear mode, normalized by f and divided by the azimuthal order n. The divisionby the modal number highlights whether the higher azimuthal modes are lo
ked to the Kelvin,Poin
aré, or the for
ing frequen
ies, ωKP = ωK −ωP and ωPK = ωK + ωP . A mode is lo
kedby another one when both angular velo
ities are equal. For example, the frequen
y of anazimuthal mode 2 lo
ked by the Kelvin wave, has twi
e the Kelvin wave frequen
y and isits sub-harmoni
. It is seen from Fig. 1.12 that the observed frequen
ies of the azimuthalmodes 2 waves are almost equal to the for
ing frequen
y, explaining why, in Fig. 1.12, thefrequen
ies ωK , ωP , ωKP/2 and ωPK/2 are marked as for
ing frequen
ies.For a mono
hromati
 Kelvin wave, the 
ase shown in Fig. 1.12A, we see that the azimuthalsub-harmoni
s of the leading Kelvin wave are lo
ked by the leading Kelvin wave as the parentwaves steepens; through this representation it is 
lear that all frequen
ies belong to the parent21
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tion of the 
omputed frequen
ies on the �tting. Cir
les denote 
y
loni
 wavesand triangles anti
y
loni
 waves, and shading indi
ates azimuthal modes. Marked frequen
ies arefor pure Kelvin and Poin
aré waves (ωK and ωP , respe
tively), and ωKP /2 = (ωK − ωP )/2 and

ωPK/2 = (ωK + ωP )/2.wave and its sub-harmoni
s. A similar result was obtained for the mono
hromati
 Poin
aréwave, the results for whi
h are shown in Fig. 1.12B with S = 0.5; the frequen
ies of the �rsttwo anti
y
loni
 radial modes and their respe
tively azimuthal sub-modes again belong to orare near to the leading Poin
aré wave. A linear 
ombination of Kelvin and Poin
aré wavesgave rise to sub-harmoni
s of both the parent Kelvin and Poin
aré waves as seen in (Fig.1.12C), but also energy was observed at other frequen
ies. The exa
t nature of these wavesremains un
ertain. The fa
t that the observed frequen
ies were not distin
tively di�erentfrom the natural frequen
ies suggests that the remaining energy, as represented by these nonsub-harmoni
 waves, was merely the manifestation of the nonlinear departure of the interfa
edispla
ements and thus an artefa
t of the modal least squares �tting.Dis
ussionHelfri
h (2007) showed that an initial perturbation of the form of solitons in a non-rotating�uid �rst degenerates by radiating longer inertia-gravity waves that re-steepen and to formnew solitary-type waves that de
ay and remerge periodi
ally. These observations are some-22



Nonlinear and nonhydrostati
 waves in 
ir
ular basinswhat similar to what was des
ribed above for Poin
are waves. For Kelvin waves our resultsare even more similar to those for a non rotating �uid as shown by Renouard et al. (1986)who observed degeneration of Kelvin waves into solitary-type waves that had sech2 pro�lein a rotating 
hannel; the e�e
t of rotation only modifying the transverse interfa
e gradientand not in�uen
ing the degeneration pro
esses.In previous resear
h, two major groups of me
hanism for the damping of the basin-s
aleinternal waves have been identi�ed: shear stress at the benthi
 boundary layer (Wüest et al.,2000; Marti & Imberger, 2006) and nonlinear energy transfer into the high frequen
y waves,that radiate towards the boundary where they break on a sloping bottom (Horn et al., 2001;Boegman et al., 2003, 2005a). Interior dissipation due to, for instan
e, shear instabilities, issmall relative to these e�e
ts and 
an be negle
ted (Wüest et al., 2000).The me
hanisms of degeneration into high frequen
y waves have been investigated for non-rotating basins (Horn et al., 2001) where the magnitude of the perturbation, W , and the ratio
h̄1/h̄2 were used as the parameters to 
hara
terizes the degeneration pro
esses. Di�erent stud-ies 
onje
tured that rotation would redu
e the relative importan
e of the formation of solitarywaves. Solitary waves of permanent form as obtained for non rotating �ows (Grimshaw et al.,1998; Ostrovsky & Stepanyants, 2005; Helfri
h & Melville, 2006) were unknown for rotating�ows. However, �eld measurements have 
learly shown the presen
e of solitary-type highfrequen
y waves in rotating lakes whose feature 
an be explained based on the non-rotatingtheory (Boegman et al., 2003; Appt et al., 2004). The degeneration pro
esses des
ribed inthis paper provides an explanation for their presen
e, showing that, for times
ales less than
3Ts, the evolution of the Kelvin wave 
an be likened to a non-rotating long wave. A graphi
example of su
h waves, arising from Kelvin waves is des
ribed in Appt et al. (2004) fromobservations in Upper Lake Constan
e.The in
lusion of both nonlinear and nonhydrostati
 a

elerations, when des
ribing the re-sponse of a strati�ed rotating lake, has shown that Kelvin waves qui
kly lose their energy tosub-azimuthal modes and solitary-type waves. By 
ontrast, Poin
aré waves do not lose mu
henergy to other modes or high frequen
y waves, but rather exhibit a limit 
y
le behaviourwhere energy is transferred ba
k and forth between the parent wave and its azimuthal subharmoni
s. If a Kelvin and Poin
aré wave 
o-exist in a lake they be
ome 
oupled and give riseto the same azimuthal sub-harmoni
s, but in addition energy is also drained into distortionof the interfa
e due to nonlinearities.
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Nonlinear and nonhydrostati
 evolution of basin-s
alewaves in large deep lakes†Abstra
tThe nonlinear and nonhydrostati
 ex
itation and degeneration of basin-s
alewaves in deep and large lakes was studied through 
ombination of nonlinear modalanalysis and numeri
al resolution of the whole spe
trum of internal waves in atwo-layer �uid. The analyti
al and numeri
al results were validated against watertemperature measurements in Lake Constan
e. The intera
tion among basin-s
ale waves was 
hara
terized by in
luding nonlinear terms in the linear modalequations in order to quantify the energy transferred from the wind-ex
ited s
alesdown to the smaller dissipative s
ales. Numeri
al resolution of the wind indu
ednonlinear and nonhydrostati
 two-layer �ow in Lake Constan
e 
omplementedthe modal analysis and provided an a

urate pi
ture of the energy paths in deepand large lakes. Kelvin wave was found to be the main wind-ex
ited basin-s
alewave mode in Lake Constan
e, and its steepening and subsequent ex
itation ofsolitary-type waves was explained on the basis of the nonlinear ex
itation of higherfrequen
y gravitational waves that draw the main surge. It was also found a ri
hwave a
tivity with more than one steepened region o

urred in the lake, ea
hone leading to the ex
itation of solitary-type waves that intera
t with ea
h otherand with the bathymetry. Moreover, nonlinear intera
tion between pairs of wind-ex
ited waves also ex
ites geostrophi
 gyres that are not ne
essarily ex
ited by thehomogeneous wind blowing, and Poin
aré-Kelvin wave intera
tion was identi�edto be a sour
e of fast ex
itation of solitary-type waves. In spite of the large solitary-type wave a
tivity in Lake Constan
e, the low amount of energy 
ontained in thesewaves indi
ates that bottom fri
tion is, above all, the main energy sink in thissystem. In 
ontrast to the whole basin 
oheren
e asso
iated with linear waves,nonlinear and nonhydrostati
 dynami
s 
reates lo
alized regions in the lake wheredamping and mixing me
hanisms may a
t very e�
iently.Introdu
tionEarly studies in lakes dynami
s showed that the three-dimensional basin-s
ale hydrodynami
problem 
ould be simpli�ed using a multi-layer model (Mortimer, 1952), the solution of whi
hmay be obtained as a superposition of di�erent verti
al and horizontal modes (Csanady, 1968).Horn et al. (1986) showed that the wind dire
tion, magnitude, duration, and relative phasewith respe
t to pre-existing surfa
e waves in water bodies determine the wind-wave energy
†de la Fuente, A., Shimizu, K., Imberger, J. and Niño, Y. Nonlinear and nonhydrostati
 evolution ofbasin-s
ale waves in large deep lakes. Submitted to Limnol. O
eanogr.26



Internal wave evolution in large deep lakesex
hange. The subsequent dynami
s of ea
h wind-ex
ited wave has been formulated byShimizu et al. (2007).On
e the basin-s
ale internal waves are ex
ited, di�erent me
hanisms a
t to dissipate thesemotions (Wüest et al., 2000; Wüest & Lorke, 2003; Boegman et al., 2003). The dominantof these me
hanisms is dissipation in the benthi
 boundary layer (Wüest et al., 2000;Marti & Imberger, 2006; Shimizu & Imberger, 2008). Often, nonlinear steepening of thebasin-s
ale waves leads to high-frequen
y waves or solitary-type waves where momentum ad-ve
tion and nonhydrostati
 pressure gradient are in balan
e. Permanent or quasi-permanentwaves may form that propagate a long distan
e before �nally breaking on the bottom slopeof the lake (Helfri
h & Melville, 1986; Boegman et al., 2005a). Whenever the basin-s
ale in-ternal waves form regions of high shear, shear instabilities may form that dissipate the energymostly lo
ally where they are formed (Thorpe & Hall, 1974; Gómez-Giraldo et al., 2008).Horn et al. (2001) showed that the magnitude of the perturbation, ηoh̄
−1
1 , and the aspe
t ratioof the strati�
ation, h̄1H

−1, determine together the primary me
hanism a

ounting for thebulk of the energy dissipation: benthi
 boundary layer turbulen
e, non linear steepening orshear instabilities. Here ηo denotes the maximum interfa
ial displa
ement, h̄1 and h̄2 are theaverage upper and lower layer thi
kness, respe
tively, and H = h̄1 + h̄2. ηo 
an be estimatedbased on the Wedderburn number, W , (Thompson & Imberger, 1980; Imberger & Hamblin,1982) as,
W =

g′h̄2
1

u2
∗
L

≈ h̄1

2ηo

(2.1)where g′ = (ρ2 − ρ1) ρ−1
o is the redu
ed gravity, with g the gravitational a

eleration, ρ1 and

ρ2 the upper and lower layer average water density, respe
tively, and ρo kg m−3 a referen
ewater density. u∗ is the surfa
e shear velo
ity indu
ed by the wind, and L is de�ned, for ageneri
 basin (Shintani et al. unpubl), as twi
e the distan
e between the upwind end andthe 
entre of gravity of the tilted interfa
e.In a shallow large lake Shimizu et al. (2007) s
aled the times
ale of the linear damping inthe benthi
 boundary layer with the period of the basin-s
ale waves, estimating the dumpingtimes
ale up to 10 times greater than the basin-s
ale periods. On the other hand, thetimes
ale for the emergen
e of nonlinearities is given by the steepening formation time, Ts(Horn et al., 2001). The ratio between and the internal period (Ti, Mortimer, 1952) 
anthus be used for estimating whi
h damping me
hanism predominates. This ratio is de�nedby: (Boegman et al., 2005a; de la Fuente et al., 2008)
Ts

Ti
=

1

3ηo

h̄1h̄2

h̄2 − h̄1

≈ 2

3
W

h̄2

h̄2 − h̄1

. (2.2)In deep lakes where Ts < Ti, nonlinear phenomena govern the �ow dynami
s and di�erent27



Internal wave evolution in large deep lakeslinear basin-s
ale waves intera
t (see Boegman et al., 2005b; de la Fuente et al., 2008). Therear steepening of basin-s
ale waves for h̄1h̄
−1
2 < 1 maybe interpreted though a spe
tralanalysis as the ex
itation of shorter gravitational waves (Phillips, 1966; Melville et al., 1989),or by the hyperboli
 nature of the governing equations where the wave 
elerity dependson the interfa
e displa
ement (Farmer, 1978; Baines, 1998; Toro, 1997). Although bothspe
tral and hyperboli
 approa
hes explain the down s
ale energy transfer, the physi
s isin
omplete without in
luding the nonhydrostati
 a

elerations that lo
k the smaller s
ale�ows at the Brunt-Väisälä or buoyan
y frequen
y (Miles, 1980; Grimshaw & Smyth, 1986;Melville & Helfri
h, 1987).Lake Constan
e is a good 
andidate to study the nonlinear and nonhydrostati
 dynami
s ofbasin-s
ale waves as its aspe
t ration h̄1H

−1 = 0.08 (h̄1 = 20 m, and H = 256 m, Appt et al.,2004). Indeed, di�erent studies have shown the importan
e of nonlinear pro
esses in LakeConstan
e. Appt et al. (2004) reported results from measurements in 2001, where they ob-served the ex
itation of a Kelvin wave, rotating anti
lo
kwise with a period of about 90 h,and a 12 h period Poin
aré wave with energy two or three orders of magnitude less than theKelvin wave, rotating 
lo
kwise. They also showed the o

urren
e of strong upwelling nearthe north-east perimeter of the lake (see Fig. 2.1A) that developed into a surge. Basedon the same measurements, Gómez-Giraldo (2007) des
ribed the presen
e of four types ofhigh-frequen
y waves in Lake Constan
e: i) waves ex
ited by shear instabilities due to windAntenu

i & Imberger (2001b); Gómez-Giraldo et al. (2008), ii) waves generated over theMainau Sill by elevated shear stresses indu
ed by basin-s
ale waves, iii) waves generated atthe 
rest of steepened basin s
ale waves, and iv) waves related to the internal surge or bore ex-
ited by the upwelling. Lorke et al. (2006) had previously do
umented high frequen
y wavesasso
iated with an upwelling surge in the lake. High frequen
y waves asso
iated with thestraining over the Mainau Sill have been the fo
us of a number of other studies (Ko
sis et al.,1998; Vlasenko & Hutter, 2002).The aim of the 
urrent resear
h is to improve the understanding of the energy transfer fromthe largest wind-ex
ited waves down to the solitary-type waves. Data from a number of LakeDiagnosti
 Systems (LDSs Appt et al., 2004) deployed in Lake Constan
e, obtained during awind event in 2003 were analysed and strong nonlinear steepening was observed. The nonlin-ear and nonhydrostati
 ex
itation and degeneration of basin-s
ale waves in Lake Constan
ewas studied through 
ombination of nonlinear modal analysis and numeri
al resolution of thewhole spe
trum of internal waves in a two-layer �uid.This paper is organized as follows: in Se
tion 2 we present and dis
uss the �eld measure-ments, in Se
tion 3 the methodology of analysis is presented subdivided in basin-s
ale andhigh-frequen
y waves. The basin-s
ale waves were analysed by extending the modal analysispresented by Shimizu et al. (2007) and Shimizu & Imberger (2008), to a

ount for the non-linear intera
tion among basin-s
ale waves, while the high-frequen
y analysis was 
ondu
tedby solving the set of 2-layer shallow water equations in
luding nonhydrostati
 a

elerations.The results of these analyses are presented in Se
tion 4. In the dis
ussion, presented in Se
-tion 5, we fo
us on how the di�erent dumping me
hanisms a
t together in Lake Constan
eto explain the dissipation of the wind-given energy.28



Internal wave evolution in large deep lakes
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e bathymetry and pla
ement of LDS. Dashed box A1 and A2 arezoomed areas used within the resear
h. (B, C, D) example of 
al
ulous of layer average propertiesof the strati�
ation based on S11 measurements: (B) Computed verti
al pro�les of the Brunt-Väisälä frequen
y. (C) Isotherms between 6 and 11oC every 1oC (light lines) and interfa
e lo
ation
omputed by sear
hing the maximum of then Brunt-Väisälä frequen
y (dark line). (D) Timeseriesof the Wedderburn number based on layer average properties (h̄1 = 20 m and ∆ρ = 0.5655 kgm−3)and wind re
ord in S11.MethodsField measurementsLake Constan
e (9.4oE, 47.6oN) is a large, deep Alpine Lake, lo
ated on the border betweenSwitzerland and Germany. It is about 60 km long and 15 km wide and the longitudinalaxis is oriented along the NW −SE (Fig. 2.1A). Lake Constan
e 
onsists of two 
onne
tedbasins separated by the Mainau Sill; Lake Überlingen, lo
ated in the northern end of the lake,with 147 m and 84 m maximum and mean depth, respe
tively, and Upper Lake Constan
e,the larger basin, with 252 and 101 m maximum and mean depth, respe
tively (see Appt et al.2004 or Peeters et al. 2007 for further details).Four LDS (see Appt et al. 2004 for a des
ription of the Lake Diagnosti
 System installation29



Internal wave evolution in large deep lakesin Lake Constan
e) were pla
ed in an area surrounding the Mainau Sill in autumn 2003 (days292 to 300 of the year). The lo
ations of three of the LDS 
orresponded to the lo
ations of the2001 
ampaign (S3, S5, and S6; Appt et al. 2004; Fig. 2.1A), while the fourth LDS (S11)was pla
ed at a lo
ation designed to 
apture the evolution of the surge that was observed toenter Lake Überlingen. The thermistor 
hains on the 4 LDS were 100 m long with a samplinginterval of 10 s and a thermistor spa
ing of 0.75 m in the upper 30 m that gradually in
reasedup to 15 m near the bottom.The temperature data from the thermistor 
hain at S11 was used to 
ompute the Brunt-Väisälä frequen
y, N , as a fun
tion of time (Fig. 2.1B); N is de�ned by (e.g. Fis
her et al.,1979)
N2 = − g

ρo

∂ρ

∂z
, (2.3)where z is an upward verti
al axis. The interfa
e, for a two layer approximation, was de�nedby the depth of maximumN (Fig. 2.1C). The upper and lower layer densities were 
al
ulatedas the depth averaged density for ea
h layer. The density variation was very small, and showedthe e�e
t of the surfa
e 
ooling as autumn progressed and ∆ρ de
reased, with time, at a rateof about 3% per day. The temporal average of and of the upper layer thi
kness, and the
ooling rate (in terms of ∆ρ) are summarized in Table 1 for ea
h station.The theoreti
al analysis was 
arried out invoking a two layer approximation with a 
onstantdensity anomaly ∆ρ of 0.5655 kgm−3 and a surfa
e layer depth h̄1 = 20 m (see Table 1).LSD ∆ρ h̄1 ∂t (∆ρ)

kgm−3 m kgm−3d−1S3 0.5862 19.75 0.023S5 0.5281 19.97 0.015S6 0.5921 23.05 0.021S11 0.5818 20.32 0.022Table 1: Summary of temporal average of layer propertiesThe relative magnitude of the wind for
ing to the stabilizing for
e provided by the strati�-
ation 
an be a

ounted for by the Wedderburn number based on Shintani etal. (unpubl)and this is shown in Fig. 2.1D. The �rst major wind event of the �eld 
ampaign o

urredon day 294, when a 12 h long wind event, of about 10 ms−1 magnitude at 10 m above thelake surfa
e, lowered the Wedderburn number to a value of about 0.4, low enough to suggestsevere upwelling (a similar event was do
umented by Appt et al. 2004). A large ex
ursion ofthe interfa
e, with amplitude of about 15 m, was observed late in day 294 at S5 in response tothe low Wedderburn number (Fig. 2.2B). On
e the wind stopped (see Fig. 2.2A), a Kelvinwave was generated from the interfa
e response, whi
h rotated anti
lo
kwise and whi
h was30



Internal wave evolution in large deep lakesagain observed at S11 and S3 (times (2) Fig. 2.2C and (3) in Fig. 2.2D) with a de
reasedamplitude, but with a mu
h steepened rear slope. Finally, the Kelvin wave was re
ordedagain at S3 and S11 (times (4) and (5) in Fig. 2.2D and C, respe
tively), and at station S6(time (6) in Fig. 2.2E). This evolution of the Kelvin wave is similar to that des
ribed byde la Fuente et al. (2008) for a rotating wave in a 
ir
ular-�at bottom basin.
5

20

35

(1)B)

5

20

35

(2) (5)
C)

5

20

35

(3)
(4)

D)

de
pt

h 
[m

]

293 294 295 296 297 298 299 300

5

20

35

(6)

E)

day 2003

293 294 295 296 297 298 299 300
0

0.1

0.2

τ w
 [N

m
−

2 ] A)

Figure 2.2: (A) Timeseries of the surfa
e shear stress, and (B-E) Timeseries of the interfa
elo
ation for S5, S11, S3 and S6, respe
tively.Fig. 2.2B also shows the os
illations of the interfa
e with the period of ∼12 h due toPoin
aré waves and higher azimuthal mode Kelvin waves, as shown later in this paper. Theamplitude of these os
illations (about 2 m) was; however, mu
h smaller than the amplitudeof the basin s
ale Kelvin wave. In addition, a spe
tral analysis showed interfa
e os
illationsdue to the Poin
aré waves in stations S11, S3 and S6 (not shown here).Equations for nonlinear intera
tion among basin-s
ale wavesModal equations∗To extend the modal analysis presented by Shimizu et al. (2007) and Shimizu & Imberger(2008) Shimizu et al. (2007) and Shimizu and Imberger (2008) to the nonlinear 
ase, the two-layer governing equations for the primitive variables (ξ = [η1, η2,u1,u2]
T ) and the volume�ux variables (q = [ǫ1gη1, ǫ2gη2, h1u1, h2u2]

T ), were solved allowing for 
oupling. The surfa
eand interfa
e displa
ements are denoted by η1 and η2, respe
tively and h1 = h̄1 + η1 − η2

∗Note about authorship: The theoreti
al ba
kground of the nonlinear modal analysis presented in thisse
tion belongs to Kenji Shimizu. However, the s
aling and perturbation analyses, as well as the appli
ationto Lake Constan
e were entirely developed by the author of this thesis.31



Internal wave evolution in large deep lakesand h2 = h̄2 + η2 are the lo
al instantaneous upper and lower layer thi
kness, respe
tively.Noti
e that h̄2(x) is a fun
tion of the spa
e as it depends on the lake bathymetry. The ve
tor
uj = (uj, vj) denotes the upper (j = 1) and lower layer (j = 2) �ow velo
ities in a Cartesian
oordinate system, and ǫ1 = ρ1ρ

−1
o , ǫ2 = ∆ρρ−1

o .By working with q and ξ the total energy, E, is automati
ally 
orre
tly 
omputed sin
e:
E =

ρo

2

∫

A

q · ξ dA, (2.4)where A denotes the surfa
e area of the lake. The governing equations for both sets ofvariables may be written as:
∂ξ

∂t
+ i (Lξ + Nξ (ξ)) ξ = fξ (2.5a)and

∂q

∂t
+ i (Lq + Nq (ξ))q = fq, (2.5b)where Lξ and Lq are linear operators de�ned by:

Lξ =




0 0 ∇ · h̄1 ∇ · h̄2

0 0 0 ∇ · h̄2

∇ǫ1g 0 2Ω× 0
∇ǫ1g ∇ǫ2g 0 2Ω×


 ; Lq =




0 0 ǫ1g∇· ǫ1g∇·
0 0 0 ǫ2g∇·

h̄1∇ 0 2Ω× 0
h̄2∇ h̄2∇ 0 2Ω×


 , (2.6)where i =

√
−1, ∇ [∂x, ∂y]

T denotes the horizontal gradient operator, Ω = [0, 0, f/2] denotesthe lo
al verti
al angular velo
ity due to the Earth rotation, f is the parameter of Coriolisor inertial frequen
y, and fξ and fq, in Eq. 2.5, are ve
tors 
ontaining the external volumeand momentum sour
es, equal to:
fξ =

[
0, 0,

u∗|u∗|
h1

, 0

]T

; fq = [0, 0,u∗|u∗|, 0]T , (2.7)for the invis
id wind-for
ed problem without verti
al mixing. u∗ denotes the wind indu
edsurfa
e shear velo
ity ve
tor.
Nξ (ξ) and Nq (ξ), in Eq. 2.5, are nonlinear operators that are linearly dependent on ξ, andare de�ned by: 32



Internal wave evolution in large deep lakes
Nξ (ξ) = i




0 0 ∇ · (η1 − η2) ∇ · η2

0 0 0 ∇ · η2

0 0 u1 · ∇ 0
0 0 0 u2 · ∇


 , (2.8a)and

Nq (ξ) = i




0 0 0 0
0 0 0 0

(η1 − η2)∇ 0 (∇ · u1) 0
η2∇ η2∇ 0 (∇ · u2)


 . (2.8b)To solve the linear homogeneous problem given by Eq. 2.5, the spatial and temporal variableswere assumed to be periodi
 in time, su
h that, ξ = ξ̃ (x) eiω t and q = q̃ (x) eiω t, and thelinear solution is given by the eigenvalue problems:

(ωI− Lξ) ξ̃ = 0 ; (ωI− Lq) q̃ = 0, (2.9)where I denotes the identity matrix. These two eigenvalue problems must be equivalent when
h1 = h̄1 and h2 = h̄2, so that:

q̃ = Mξ̃, (2.10)where M is the diagonal matrix whose 
omponents are [ǫ1g, ǫ2g, h̄1, h̄1, h̄2, h̄2

]. Moreover,ea
h eigenvalue, k, yields a parti
ular basin-s
ale wave with an asso
iated eigenfun
tion,
ξ̃ (x, k) = ξ̃

(k) and angular frequen
y ω(k). The solution o

urs in 
onjugate pairs withpositive, +k, and negative, −k, modes, with the spatial stru
ture and angular frequen
yhaving the property ξ̃
(−k)

= ξ̃
∗(+k) and ω(−k) = −ω(+k). Supers
ript ∗ denotes the 
omplex
onjugate.The eigenfun
tions form a 
omplete orthonormal set of fun
tions and so the primitive andvolume �ux variables maybe expressed as a linear 
ombination of the eigenfun
tions:

ξ =

+∞∑

k=−∞

a
(k)
ξ ξ̃

(k)
; q =

+∞∑

k=−∞

a(k)
q q̃(k), (2.11)where a

(k)
ξ and a

(k)
q are the 
omplex amplitude of the kth mode for ξ and q respe
tively. The
omplex amplitudes a

(k)
ξ and a

(k)
q may be 
omputed from:33



Internal wave evolution in large deep lakes
a

(k)
ξ =

1

e(k)

〈
q̃(k), ξ

〉
; a(k)

q =
1

e(k)

〈
ξ̃

(k)
,q
〉

, (2.12)where e(k) =
〈
ξ̃

(k)
, q̃(j)

〉
δk,j, and δk,j is the Krone
ker delta (=1 for j = k but 0 otherwise),and

〈a,b〉 =

∫

A

a∗ · b dA, (2.13)is the inner produ
t between the ve
tors a and b. Note that positive and negative 
omplexamplitudes also form 
onjugate pairs, a
(−k)
ξ = a

∗(+k)
ξ and a

(−k)
q = a

∗(+k)
q .The problem is therefore redu
ed to de�ne the temporal evolution of the 
omplex amplitudeof ea
h mode. The governing equations for the 
omplex amplitudes in
luding the nonlinearintera
tions may be obtained by substituting Eq. 2.11 into Eq. 2.5, and taking the innerprodu
t ξ̃

(j) and q̃(j) with both sides of Eq. 2.5a and 2.5b, respe
tively. The governingequation for the 
omplex amplitude of the mode j then be
omes:
e(j)

da
(j)
ξ

dt
= iω(j)e(j)a

(j)
ξ +

+∞∑

l=−∞

+∞∑

k=−∞

nξ(j, l, k)a
(l)
ξ a

(k)
ξ + f̃ξ (2.14a)and

e(j) da
(j)
q

dt
= iω(j)e(j)a(j)

q +
+∞∑

l=−∞

+∞∑

k=−∞

nq(j, l, k)a
(l)
ξ a(k)

q + f̃q (2.14b)where, following Shimizu et al. (2007), f̃
(j)
ξ =

〈
q̃(j), fξ

〉, f̃
(j)
q =

〈
ξ̃

(j)
, fq

〉 and 〈ξ̃(j)
,Lqq̃

(k)
〉

=
〈
q̃(j),Lξξ̃

(k)
〉

= iω(j)e(j)δj,k. nξ(j, l, k) and nq(j, l, k) are 
oe�
ients that des
ribes the non-linear intera
tion among the modes, and only depends on the spatial shape of the waves,de�ned as:
nξ(j, l, k) =

〈
q̃(j),Nξ

(
ξ̃

(l)
)

ξ̃
(k)
〉

, (2.15a)and,
nq(j, l, k) =

〈
ξ̃

(j)
,Nq

(
ξ̃

(l)
)

q̃(k)
〉

, (2.15b)These are 
oe�
ients that quantify how large the 
hanges in the 
omplex amplitude of the
jth mode are, due to the nonlinear intera
tion between the modes l and k. The two nonlinear
oe�
ients are related to ea
h other by: 34
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nq(j, l, k) = n∗

ξ(k,−l, j) (2.16)Spatial 
orrelationAs dis
ussed above, the eigenfun
tions form an orthonormal base for the solution spa
e of ξ,and any ve
tor in that spa
e 
an be expressed as the linear 
ombination of the eigenfun
tions.From the de�nition of the nonlinear 
oe�
ient, nξ(j, l, k), of Eq. 2.15a, the ratio nξ(j, l, k)/e(j)may be used to express the surfa
e (in the mathemati
al sense) Nξ

(
ξ̃

(l)
)

ξ̃
(k) in terms of thelinear 
ombination of the eigenfun
tions ξ̃, su
h as:

Nξ

(
ξ̃

(l)
)

ξ̃
(k)

=

+∞∑

j=−∞

nξ(j, l, k)

e(j)
ξ̃

(j) (2.17)Eq. 2.17 shows that the nonlinear intera
tion between a pair of modes (l and k), is 
oupledto a third mode (j) only if a 
orrelation exists between the spatial stru
ture of mode jand the spatial stru
ture of Nξ

(
ξ̃

(l)
)

ξ̃
(k). This is similar to the familiar triad intera
tion(Phillips, 1966; Hamma
k & Henderson, 1993), where an intera
tion o

urs between threewaves when the wave numbers (κ) satisfy the relationship κl ± κk = κj ; su
h a 
onditionmay be obtained by applying Eq. 2.15a to a �at-bottomed re
tangular basin 
hara
terizedby sinusoidal eigenfun
tions.Temporal modulationIn order to obtain an understanding of the nonlinear intera
tions on the evolution of the
omplex amplitudes, we s
ale Eq. 2.5a (Van Dyke, 1975). We 
hoose the 
hara
teristi
s
ales for the interfa
ial displa
ement as η̃o, the horizontal and verti
al dimensions of the lakeas l̃ and H̃ , respe
tively, we s
ale the time with ω̃−1, and then we introdu
e the followingorder one dimensionless variables: t∗∗ = tω̃, x∗∗ = xl̃−1, h̄∗∗

i = h̄iH̃
−1 and η∗∗

2 = η2η̃
−1
o . Thesupers
ript ∗∗ is used to designate s
aled variable. In order to balan
e the terms in the volume
onservation equations of the lower layer, the horizontal lower layer velo
ities must be of order(

η̃oω̃l̃H̃−1
), and so the s
aled horizontal velo
ities be
ome u∗∗

2 = u2

(
η̃oω̃l̃H̃−1

)−1. The
hosen s
ales also mean that η∗∗

1 << η∗∗

2 , whi
h, from the upper layer volume 
onservation,implies that u1 also is O
(
η̃oω̃l̃H̃−1

). To allow the 
orre
t balan
e of the horizontal pressuregradient with Coriolis and lo
al a

elerations, it is also ne
essary that ǫ2gH̃
(
ω̃l̃2
)−1 is orderone, and ǫ1gH̃

(
ω̃l̃2
)−1 is O (η∗∗

1 )−1. Introdu
ing these s
ales into the momentum equations,and de�ning the small parameter δ = η̃oH̃
−1, Eq. 2.5a may �nally be written, without
onsidering the wind for
ing term, in the form:35



Internal wave evolution in large deep lakes
∂ξ∗∗

∂t
+ iL∗∗

ξ ξ∗∗ + iδN∗∗

ξ (ξ∗∗) ξ∗∗ = 0 (2.18)With this s
aling, the nonlinear terms in the amplitude equation (Eq. 2.14a) be
ome O (δ).The simple 
ase of three intera
ting waves (j, l and k) may now be analysed. Noti
e thatthis analysis should in
lude positive and negative j, l and k waves to obtain real physi
alquantities. De�ning µ∗∗(j), µ∗∗(l) and µ∗∗(k) as, for instan
e for mode j,
µ∗∗(j) =

n∗∗

ξ (j, l, k) + n∗∗

ξ (j, k, l)

e∗∗(j)
(2.19)to be O(1) as they are s
aled, the s
aled amplitude equations be
ome:

da
∗∗(j)
ξ

dt
= iω∗∗(j)a

∗∗(j)
ξ + iδµ∗∗(j)a

∗∗(l)
ξ a

∗∗(k)
ξ

da
∗∗(l)
ξ

dt
= iω∗∗(l)a

∗∗(l)
ξ + iδµ∗∗(l)a

∗∗(j)
ξ a

∗∗(k)
ξ

da
∗∗(k)
ξ

dt
= iω∗∗(k)a

∗∗(k)
ξ + iδµ∗∗(k)a

∗∗(j)
ξ a

∗∗(l)
ξ

, (2.20)
where a

∗∗(j)
ξ = a

(j)
ξ ã−1 and ã−1 is a 
hara
teristi
 
omplex amplitude s
ale and ω∗∗(j) = ω(j)ω̃−1.We now expand the variables as powers of δ, so that, for example for j, we get:

a
∗∗(j)
ξ = a

∗∗(j,0)
ξ + δa

∗∗(j,1)
ξ + δ2a

∗∗(j,2)
ξ + δ3a

∗∗(j,3)
ξ . . . (2.21)where a

∗∗(j,m)
ξ denotes the s
aled 
omplex amplitude for j and the solution order m. Repla
ingEq. 2.21 in Eq. 2.20, we arrive at:

da
∗∗(j,m)
ξ

dt
= iω∗∗(j)a

∗∗(j,m)
ξ + iδµ∗∗(j)a

∗∗(l,α)
ξ a

∗∗(k,β)
ξ (2.22)with α and β su
h that α + β = m − 1. Although di�erent s
enarios may be analysed,depending on the 
hoi
e of values for the s
ales ã and ω̃ and the modes j, l and k; twoparti
ular 
ases are analysed in the next paragraphs:

• ω̃ = f and ã is su
h that the s
aled 
omplex amplitudes are O(1), with j, l and kdi�erent, but 
lose to f ; and 36



Internal wave evolution in large deep lakes
• ω̃ = f and ã is su
h that a

∗∗(l)
ξ , a

∗∗(k)
ξ , ω∗∗(l) and ω∗∗(k) are O(1), but a

∗∗(j)
ξ and ω∗∗(k)are O(δ).The �rst 
ase des
ribes the nonlinear intera
tion among three large wind-ex
ited gravitybasin-s
ale waves, while the se
ond 
ase des
ribes the ex
itation of topographi
 waves orgyres with angular frequen
ies mu
h less than f , due to nonlinear intera
tion between twowind-generated gravity basin s
ale waves.In order to simplify the notation, in the following analysis we drop the indexes ∗∗ and theintegration limits are not expli
itly shown.Intera
tion of large wind-ex
ited gravity basin-s
ale wavesThe zeroth order solution of Eq. 2.22 is a pure rotation su
h that a(j,0) = exp (iωj t). Thismay be pla
ed ba
k into in Eq. 2.22 in order to obtain the �rst order solution:

da
(j,1)
ξ

dt
= iω(j)a

(j,1)
ξ + iµ(j)ei(ω(l)+ω(k)) t (2.23)Eq. 2.23 has the analyti
 solution given by:

a
(j,1)
ξ (t) =

1

1 + µ(j)

ω(l)+ω(k)−ω(j)

[
eiω(j) t +

µ(j)

ω(l) + ω(k) − ω(j)
ei(ω(l)+ω(k)) t

] (2.24)Eq. 2.24 is also valid for the �rst order solution of modes l and k. Therefore, the modulatedamplitude of ea
h mode formed by the intera
tion of a simple rotation with the naturalangular frequen
y plus an os
illatory 
omponent with a for
ed frequen
y ω
(j)
f = ω(l)+ω(k) andamplitude linearly depending on the value of µ(j), has a mathemati
al singularity at ω(j) =

ω(l) + ω(k). Repeating the same pro
edure we may obtain the se
ond order solution, whi
h issimilar to Eq. 2.24, but with for
ing frequen
ies ω
(j)
f =

[
ω(l) + ω(k), ω(j) + 2ω(k), ω(j) + 2ω(l)

].Topographi
 or geostrophi
 wave ex
itationFor the se
ond analysed 
ase, Eq. 2.20 redu
es to:
37
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da

(j)
ξ

dt
= iδω(j)a

(j)
ξ + iµ(j)a

(l)
ξ a

(k)
ξ

da
(l)
ξ

dt
= iω(l)a

(l)
ξ + iδ2µ(l)a

(j)
ξ a

(k)
ξ

da
(k)
ξ

dt
= iω(k)a

(k)
ξ + iδ2µ(k)a

(j)
ξ a

(l)
ξ

, (2.25)
The �rst 
onsequen
e of this s
aling is that the 
omplex amplitudes of modes l and k arenot modi�ed by the nonlinear intera
tions with j until the se
ond order, while the 
omplexamplitude of j does not �feel�, at �rst order, its own rotation, given that the times
ale of thenonlinear pro
esses was faster than the natural frequen
y of mode j.Two possible 
ombinations of l and k modes modify then the 
omplex amplitude of j. The�rst 
ombination is when l and k are di�erent waves, and

a(j,0) =
µ(j)

ω(l) + ω(k)
ei(ω(l)+ω(k)) t, (2.26)whi
h shows a similar behaviour than for the previous 
ase analysed. However, the nat-ural frequen
y of the slower waves does not appear in the solution be
ause the nonlinearintera
tion between l and k is fast.The se
ond 
ombination of l and k waves is when they are 
onjugate pairs (ω(l) = −ω(k)). Inthis 
ase,

a(j,0)(t) = µ(j) t, (2.27)whi
h gives a dire
t ex
itation of slower waves due to the nonlinear intera
tion between pairsof gravitational waves, usually well ex
ited by the wind blowing over the lake.Energy transfers∗The energy equation for the mode j is obtained by pre-multiply Eq. 2.14a by a
∗(j)
q , the
omplex 
onjugate of Eq. 2.14b by a

∗(j)
ξ and then adding the resulting equations. Thisresults in the energy equation for j, whi
h may be written as:

∗see footnote of pag. 31 38
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dE(j)

dt
=

+∞∑

l=−∞

+∞∑

k=−∞

Ḟ (j, l, k) + Ẇ (j) (2.28)where
E(j) =

1

2
ρoe

(j)
(
a(j)

q a
∗(j)
ξ + a∗(j)

q a
(j)
ξ

)
, (2.29)is the total energy 
ontained in the mode j.

Ẇ (j) = ρo

(
a
∗(j)
ξ f̃ (j)

q + a
(j)
ξ f̃ ∗(j)

q + a∗(j)
q f̃

(j)
ξ + a(j)

q f̃
∗(j)
ξ

) (2.30)is the energy �ux ex
hanged between the mode j and the wind, and
Ḟ (j, l, k) = iρoIm

(
a∗(j)

q nξ(j, l, k)a
(l)
ξ a

(k)
ξ − a

(j)
ξ n∗

ξ(j, l, k)a
∗(l)
ξ a∗(k)

q

) (2.31)denotes the rate of 
hanges of energy in mode j due to the nonlinear intera
tion betweenmodes l and k. Taking the sum over the 
onjugate pairs of j, l and k and using the relationshipbetween nξ and nq given by Eq. 2.16, we obtain that net 
hange in energy of the mode j dueto the nonlinear intera
tion between l and k, whi
h is given by:
∑

±j

∑

±l

∑

±k

Ḟ (j, l, k) =




a
∗(j)
q

(
nξ(j, l, k)a

(l)
ξ a

(k)
ξ + nξ(j,−l, k)a

∗(l)
ξ a

(k)
ξ

)
+

+a
∗(j)
q

(
nξ(j, l,−k)a

(l)
ξ a

∗(k)
ξ + nξ(j,−l,−k)a

∗(l)
ξ a

∗(k)
ξ

)

−a
∗(k)
q

(
nξ(k, l, j)a

(l)
ξ a

(j)
ξ + nξ(k,−l, j)a

∗(l)
ξ a

(j)
ξ

)

−a
∗(k)
q

(
nξ(k, l,−j)a

(l)
ξ a

∗(j)
ξ + nξ(k,−l,−j)a

∗(l)
ξ a

∗(j)
ξ

)




. (2.32)
There is a symmetry in the energy ex
hange su
h that the above �ux is equal and oppositeto the total 
hanges in the energy of the mode k due to the nonlinear intera
tion betweenthe modes l and j, and their respe
tive 
onjugate pairs. Eq. 2.32 represents then, the netenergy �ux from the mode j to the mode k through the a
tion of the mode l. Finally, thetotal energy �ux from the mode j to the mode k via the total wave �elds, Fξ(j, k), is equalto the sum of Eq. 2.32 from all the modes l:

Fξ(j, k) =
+∞∑

l=−∞

Ḟ (±j, l,±k) . (2.33)39



Internal wave evolution in large deep lakesEquations for solitary-type wavesThe high-frequen
y waves were 
omputed by solving the two layer equations (with non-hydrostati
 a

elerations) on a grid small enough to reprodu
e the solitary-type waves(Botelho & Imberger, 2008). For 
omputational 
onvenien
e, the surfa
e mode was removedfrom the dynami
s and the set of invi
id governing equations were redu
ed to:
∂h2

∂t
+

∂u2h2

∂x
+

∂v2h2

∂y
= 0, (2.34a)for the lower layer volume 
onservation,

∂u2h2

∂t
+

∂u2u2h2

∂x
+

∂v2u2h2

∂y
− fv2h2 +

h2

H

(
∂

∂x

(
u2u2h2

H

h1

)
+

∂

∂y

(
u2v2h2

H

h1

))
+

+ c
∂η2

∂x
= −u∗xu∗

h2

H
+

1

3

(
h1

H

∂h3
2G2

∂x
− h2

H

∂h3
1G1

∂x

)
, (2.34b)for 
onservation of x momentum and,

∂v2h2

∂t
+

∂u2v2h2

∂x
+

∂v2v2h2

∂y
+ fu2h2 +

h2

H

(
∂

∂x

(
u2v2h2

H

h1

)
+

∂

∂y

(
v2v2h2

H

h1

))
+

+ c
∂η2

∂y
= −u∗yu∗

h2

H
+

1

3

(
h1

H

∂h3
2G2

∂y
− h2

H

∂h3
1G1

∂y

)
, (2.34
)for the 
onservation of y momentum. In Eq. 2.34, h2, u2 and v2 denote the lower layerinstantaneous thi
kness and horizontal velo
ities in x and y, respe
tively; H is the spatiallyvarying total water depth and h1 = H − h2 is the upper layer instantaneous thi
kness,

c =
√

ǫ2gh1h2H−1 and η2 = h2 + zb is the interfa
e elevation where zb denotes the bottomelevation. The wind shear velo
ity 
omponents in x and y dire
tions are designated by u∗xand u∗y, respe
tively, and u2
∗

= u2
∗x + u2

∗y. The operators G1 and G2 were de�ned, followingChoi & Camassa (1999), as:
G1 = − ∂

∂t
∇ · u1 + u2

h2

h1

∂

∂x
∇ · u1 + v2

h2

h1

∂

∂y
∇ · u1 − (∇ · u1)

2

G2 = − ∂

∂t
∇ · u2 + u2

∂

∂x
∇ · u2 + v2

∂

∂y
∇ · u2 − (∇ · u2)

2
(2.35)Consistent with the above assumptions, we may assume (Helfri
h, 2007):

u1h1 + u2h2 = 0 (2.36)40



Internal wave evolution in large deep lakesTo see this, the 
omplete two layer equations (de la Fuente et al., 2008) were simpli�ed byassuming a rigid lid approximation for the free surfa
e that gives Eq. 2.36 for relatingthe upper and lower layer velo
ities in 
lose domains (Helfri
h, 2007). With the rigid lidassumption, the surfa
e displa
ement is repla
ed by a surfa
e pressure distribution on thelid, whi
h then in turn intera
ts with the momentum equations.The Godunov-type numeri
al s
heme, des
ribed by de la Fuente et al. (2008), was used tosolve the equations (similar numeri
al s
hemes and appli
ations 
an also be found in Toro1997). In shallow areas, where there is no interfa
e (h2 = 0) or there is full upwelling (h1 = 0),the traditional free surfa
e shallow water equations (e.g. Toro, 1997) were solved negle
tingthe horizontal pressure gradient. The wetting-drying problem was 
atered for by establishinga minimum layer thi
kness (= 10 cm) that was taken as the 
ut o� in the transition fromwet to dry.Simulations setupAll simulations were 
arried out for a typi
al strati�
ation with ∆ρ of 0.5655 kgm−3 and asurfa
e layer depth h̄1 of 20 m. The wind re
ord from S5 was 
orre
ted to a height of 10
m using a simple neutral boundary layer 
orre
tion and then this was used to 
ompute thewind shear stress a
ting over the water surfa
e using a drag 
oe�
ient of 1.34 × 10−3.The simulations were started about 2 hours before the re
orded wind event on day 294.05,(see Fig. 2.1D and Fig. 2.2A) and 
ontinued for three days using three 
odes: linear andnonlinear hydrostati
, and fully nonlinear nonhydrostati
 2-layer 
on�gurations. Linear andnonlinear 
odes are based on the modal analysis, while the 
alled nonhydrostati
 
ode solvesthe hyperboli
 governing equations. The three days duration was 
hosen as this was the timeit took for the rear front, generated near the southern boundary to rea
h the north-west endof the lake.For the modal analysis simulations we used 400 
onjugate pairs modes with the lower period
uto� of 3.8 h. The eigenvalue problem was dis
retized following Shimizu et al. (2007) ina staggered mesh of square elements with sides 600 m long. The 
omputations involvedmanipulating a 
ubi
 matrix nξ(j, l, k) and the 
omputational time limited the grid size,for instan
e, nξ(j, l, k) in this appli
ation has about 256 million of nonzero elements. As thenonlinear analysis requires positive layer thi
kness, the lake bathymetry was slightly adjustedsu
h as not to obtain negative lower layer thi
kness, by deepening the bottom elevation inshallow areas down to 40 m below the surfa
e. Further, in order to observe the evolutionof the nonlinear wave steepening without wind interferen
e, the wind stress was set to zeroafter a time t = 1.5 d.For the full non-hydrostati
 analysis, a smaller grid was required in order to allow the wavesto rea
h permanent form (Botelho & Imberger, 2008) and thus we used a regular mesh ofsquare elements with sides 30 m long, and the wind was allowed to 
ontinue to the end ofthe simulation period. It must also be re
alled that the purpose of these simulations was to41



Internal wave evolution in large deep lakesunderstand the evolution of the high frequen
y waves and that the rigid lid approximationprevents non-gravitational waves, su
h as topographi
 or geostrophi
 waves, to develop.ResultsValidationThe 
omparison between the �eld measurements and simulation results is shown in Fig.2.3. Fig. 2.3A shows the timeseries of the rate of wind power input to the lake, whileFig. 2.3B shows the timeseries of the total wind energy entering the lake 
ompared tothe energy, lo
ked up in the internal motions, as 
omputed using the nonhydrostati
 model.The di�eren
e between these lines (grey area in Fig. 2.3B) 
orresponds to the numeri
aldi�usion in the nonhydrostati
 model; equivalent to about 10% of the total energy input bythe wind after 3 days of simulation. Fig. 2.3C to F 
ompare the timeseries of the interfa
edispla
ement 
omputed by the nonlinear (light solid line) and nonhydrostati
 models (darksolid line) with the measured thermo
line depth (grey line), for S5 (Fig. 2.3C), S11 (Fig.2.3D), S3 (Fig. 2.3E) and S6 (Fig. 2.3F). Verti
al dashed lines show the time when thewind for
ing was turned o� for the nonlinear simulations.Given the 
onstraints imposed by the 
omputational time that limited the grid size, theinterfa
e displa
ements from the nonlinear model were 
omputed negle
ting the last 60 modes,e�e
tively in
reasing the times
ale 
ut o� from 3.8 hours to 5.6 hours. This was ne
essary asit was observed that the higher wave number modes were unstable and 
ontained unrealisti
energy levels.Comparison between the measured timeseries and those predi
ted by all three models isex
ellent, but with a noti
eable improvement for the nonlinear and nonhydrostati
 models,at the high wave number end. Two di�eren
es should, however, be highlighted; the simulatedfront velo
ities by both models are slower than those observed in the measurements, and thesimulated amplitudes are larger than those of the measurements (dark and light solid linesin Figs. 2.3C to F).These di�eren
es, most likely, �nd their origin in the assumption of a 
onstant densityanomaly. Se
ond, Appt et al. (2004) established the importan
e of 
onsidering a hetero-geneous wind distribution in Lake Constan
e in order to improve all the simulations results.These two aspe
ts 
ould be in
orporated in the present analysis to improve the results ofthe simulations, however, we 
hose not to 
onsider them, as the fo
us of this paper is toelu
idate the e�e
t of a nonhydrostati
 pressure �eld on nonlinear steepening and dispersionof internal waves.
42
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Figure 2.3: (A) Nonhydrostati
 
omputed timeseries of the wind power. (B) Total energy andtotal wind-given energy 
omputed by nonhydrostati
 simulations, grey area shows numeri
al dif-fusion. (D-F) Measured thermo
line depth (grey lines), and interfa
e displa
ement 
omputed bynonlinear model (light solid line) and nonhydrostati
 model (dark solid line) for S5, S11, S3 and S6,respe
tively. Verti
al dotted line mark time when wind for
ing was 
ut in nonlinear simulations.Wave steepening as pre
ursor of solitary-type wavesKelvin waveIn Fig. 2.3 a Kelvin wave is identi�ed in the �eld data, whi
h steepens before degeneratinginto solitary waves. This is analogous to what was do
umented by de la Fuente et al. (2008)for the 
ase of a two-layer strati�
ation in a 
ir
ular basin. The Kelvin wave dete
ted is asubinertial wave that had one 
rest (horizontal mode 1) and �ow velo
ities parallel to theshore (H1 or K1, ω(1) = 0.15f , or period of 4.5 d).The simulations show (see Fig. 2.4A) how the parent Kelvin wave transferred energy toother basin-s
ale waves; the solid dark line shows the energy resulting from the intera
tionwith the wind, while the grey areas show the energy transferred to other gravitational waves43



Internal wave evolution in large deep lakes(light grey) and gyres (dark grey). The white area below the grey areas is, therefore, thetotal Kelvin wave energy. The energy �uxes were 
omputed using Eq. 2.33 and the shadedand dotted lines in Fig. 2.4A are the total energy in all basin-s
ale waves and the totalenergy in all the modes, respe
tively. Here, the term gravitational waves refers to the 
y
loni
and anti
y
loni
 wave modes (Antenu

i et al., 2000; Antenu

i & Imberger, 2001a), whilethe term �gyre� is used for topographi
 wave modes that have low frequen
ies and appear asgyres in the �ow velo
ity (Shimizu et al., 2007). The sum of both 
lasses gives the 400 basins
ale waves used in the analysis. The shape of the gravitational waves in Lake Constan
ehas been dis
ussed in detail by Wang et al. (2000), and in ellipti
al and 
ir
ular basins byAntenu

i & Imberger (2001a) and Sto
ker & Imberger (2003), respe
tively.
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alewaves, and dotted line to �rst 12 wave modes,TF2 and 3 denote total energy in H2 and H3 anddotted line is the wind-given energy. Gray area indi
ates the net rate of 
hange of the energy dueto nonlinear intera
tions. Noti
e that dotted lines have di�erent meaning for B and C-D.Fifty per
ent of the wind energy used to generate the parent Kelvin wave was, after about 244



Internal wave evolution in large deep lakesdays, radiated down s
ale to other faster and smaller gravitational modes that 
ontribute tothe steepening of the rear front. The energy in the faster modes was, therefore, larger thanthat due to the dire
t wind for
ing. The smaller basin-s
ale waves also a
t as a bypass inthis energy transfer between larger down to the smaller waves, taking energy from the largers
ale waves and transferring it in to the smaller s
ale waves.To illustrate these aspe
ts, Fig. 2.4B toD show the timeseries of the 
umulated energy �uxes(Eq. 2.33) among the three �rst modes. Fig. 2.4B shows the 
umulated energy transfer fromthe Kelvin wave to all the gravitational and gyre modes (dark line), the 
umulated energytransfer to H2 and H3 (azimuthal Kelvin 2 and 3, solid light and dashed lines, respe
tively),and the total energy radiated to the �rst 12 azimuthal Kelvin wave modes (dotted line). Thegrey area in that �gure represents the energy radiated to all of the other basin-s
ale waves.The energy radiated to the �rst 12 azimuthal Kelvin wave modes represents about 75% of thetotal energy radiated from the Kelvin wave; about 60% and 10% of it is radiated to H2 andH3, respe
tively (Fig. 2.4B). The energy radiated from K1 to H2 and H3 is, 
onsequently,plotted in Fig. 2.4C and D with opposite sign (solid light lines in both �gures), as it is there
ipro
al energy transfer between H2 and H3 (dashed lines in Fig. 2.4C and D).As a 
onsequen
e of this down s
ale energy transfer, where the waves get energy from largerwaves, and release it down to smaller waves, the total energy 
ontained in H2 and H3 is largerthan the dire
t energy input from the wind to those modes, but smaller than the 
ontributionfrom H1, and H1 and H2, respe
tively. The total energy in H2 and H3 is plotted with darklines in Fig. 2.4C and D, respe
tively, while the total energy input from the wind is shownin the same �gures with dotted lines. Grey areas in Fig. 2.4C and D are, therefore, the netenergy transferred from-to other basin-s
ale waves.Multi-steepening dynami
sThe energy transfer from the Kelvin wave to shorter basin-s
ale waves explains the rear frontand the subsequent ex
itation of solitary-type waves. Nevertheless, the nonhydrostati
 sim-ulation showed a ri
h wave a
tivity re�e
ted in more than one steepening of the interfa
edispla
ement and degeneration into solitary-type waves. Fig. 2.5B shows the temporalevolution of longitudinal pro�les of the interfa
e displa
ement along the axis de�ned in thedashed line of Fig. 2.1A. Fig. 2.5B represents the temporal evolution of interfa
e displa
e-ment. In this �gure, the horizontal axis is the distan
e measured from the north-west end ofthe lake. To referen
e these pro�les in spa
e and in time, Fig. 2.5A shows the bathymetryalong the same longitudinal axis, where the triangles on its upper axis identify LDS S3, S11and S5. Fig. 2.5C shows the timeseries of the wind stress.The gradual steepening of the simulated Kelvin wave is tra
ked from the end of the wind event,arriving to the northern end of the lake by the end of the simulation. The diagonal dashedline delimited by triangles in Fig. 2.5B shows the position of the main front. Nevertheless,several other fronts with smaller amplitude are identi�ed travelling along the entire lake in alldire
tions. For example, the dashed line limited by 
ir
les in Fig. 2.5B tra
k the position of45
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Figure 2.5: (A) bottom elevation along the axis de�ned in Fig. 2.1B. (B) Temporal evolutionof longitudinal pro�les of the interfa
e displa
ement for axis identi�ed in Fig. 2.1A. Dashed linesand (r) marks are used for the text. (C) timeseries of the wind stress.a verti
al front that, on its early stage (294.5 < t < 295) is lo
ked at about 30 km from thenorth end, and then travels in the same dire
tion as the main front (anti
lo
kwise rotation),but with smaller velo
ity. Finally, it disappears at the Mainau Sill (LDS S3, Fig. 2.5A).A similar behaviour is found by following the dashed line delimited by squares in Fig. 2.5B,whi
h tra
ks one lo
al maximum interfa
e displa
ement that begins travelling in the dire
tionopposite to that of the Kelvin wave, and 
hanges dire
tion after intera
ting with the mainfront. This lo
al maximum, as well as others in Fig. 2.5B, are also seen in the nonlinearsimulations (light solid lines in Fig. 2.3C to F), and 
orrespond to the interfa
ial displa
e-ment 
oming from the superposition of several basin s
ale waves exited for produ
ing themain steepening. However, these lo
al maximum are not dete
ted in the �eld measurementsex
ept for the data taken in S5 (see Fig. 2.3C), and the explanation for this di�eren
ebetween measurements and simulations is dis
ussed in following se
tions.Finally, in Lake Überlingen, the narrow area of Lake Constan
e between km 0 and 15 of Fig.2.5B, the wave a
tivity is in
reased by morphologi
al 
onditions su
h as Mainau Sill and46



Internal wave evolution in large deep lakesthe redu
tion of the 
ross se
tion area. These fa
tors a
t together to produ
e, for example,re�e
ted waves that travel ba
k to the main basin, like the two waves marked by (r) in thelower axis of Fig. 2.5B.Gyres ex
itationThe simulations show that about the 10% of the energy radiated from the Kelvin wavesis transferred to gyre waves (Fig. 2.4A), whose natural angular frequen
y is small withrespe
t to the natural angular frequen
y of the gravitational wind-exited waves. The gyremodes are 
hara
terized by having a small amount of potential energy with respe
t to theirkineti
 energy, and arise from the a

eleration-Coriolis terms balan
e in 
ase of geostrophi
waves, of by topographi
 e�e
ts. Shimizu et al. (2007) showed that a homogeneous winddoes not ex
ite the geostrophi
 modes and this 
riterion 
an be used to di�erentiate betweengeostrophi
 or topographi
 waves. The linear simulations, however, always produ
ed theex
itation of these waves with small amplitude, and it is un
lear whether this is be
ause they
orrespond to topographi
 waves or is related with numeri
al issues.Fig. 2.6A shows the timeseries of the energy 
ontained in K1 (solid dark line), three gyreswith natural period of 61, 38 and 7.5 days (dashed lines with 
oloured 
ir
les) and theenergy 
ontained the 
omplete set gyre modes (dotted line). The pseudo-spe
trum of theenergy 
omputed by linear (grey dots) and nonlinear (solid line) models, 
orresponding tothe time marked with (B) in the upper horizontal axis of Fig. 2.6A, is potted in Fig. 2.6B.The angular frequen
ies in the horizontal axis are the natural angular frequen
ies of ea
hbasin-s
ale wave. The three studied gyres (dashed lines in Fig. 2.6A) are identi�ed in thefrequen
y domain in the upper horizontal axis of Fig. 2.6B as (G1), (G2), and (G2). Forreferen
e, other modes are also identi�ed in the upper horizontal axis of Fig. 2.6B. Theenergy 
ontained on ea
h gyres is about two or three orders of magnitude smaller than theenergy 
ontained in the wind-exited waves (K1, H2, et
., Fig. 2.6A and B), however, thetotal energy 
ontained in all of the gyre waves represents about 10% of the total wind energy,and is mostly kineti
 energy.Linear results show that the gyres ex
itation due to the wind blowing 
an be negle
tedfor waves with ω << f . In fa
t, the energy of the gyre waves grows with ω3.25 up to about
ωf−1 ≈ 0.1 (linear �t in log-log s
ale of Fig. 2.6B), and the energy of waves with ωf−1 ≈ 0.1is about 8 orders of magnitude less than the energy of K1. The explanation for this is based onthe short wind duration (12 hours) with respe
t to the times
ale asso
iated with the naturalfrequen
y of these waves. The impa
t of a 12 hours wind on a 68 days wave (ωf−1 ≈ 0.1), isequivalent to a wind duration of about 45 minutes on K1 with 4.5 days of natural period interms of the total energy transfer per period. On the 
ontrary, nonlinear results predi
t thatthe gyres energy is a 
ouple of orders of magnitude larger than that predi
ted in the linear
ase. Also, in the nonlinear simulations, the relationship between frequen
y and energy isnot as 
lear as for the linear results, the energy having a rather 
onstant value in the range
ωf−1 < 0.1, instead of the energy de
ay for lower frequen
ies obtained in the linear 
ase (Fig.2.6B). These di�eren
es between linear and nonlinear results for very slow waves are due to47
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Figure 2.6: (A) Computed timeseries of the energy in spe
i�
 basin-s
ale waves. (B) pseudospe
trum for energy 
ontained in basin-s
ale waves 
omputed by linear model (grey 
ir
les) andnonlinear model (solid line), for time (B) marked in (A).the nonlinear intera
tion between pairs of gravitational waves. A quasi periodi
 os
illation ofthe energy in the sele
ted gyre waves is shown in Fig. 2.6A, whose period is small 
omparedwith the natural period of the studied gyres, and therefore, 
annot be related with nonlinearintera
tions between pairs of gyre waves.Kelvin-Poin
aré intera
tionsThe fast ex
itation of high-frequen
y waves in the southern perimeter of the lake is seen fromthe nonhydrostati
 simulations at early times. Fig. 2.7A to C show the 
omputed gradientof the interfa
e in the area A1 of Fig. 2.1A at three di�erent times during the wind event(indi
ated in Fig. 2.7D), where the generation of a solitary-type wave pa
kages is 
aptured.The fast ex
itation quality of the solitary-type waves is remarked as they are generated bythe steepening of the Kelvin waves only about 1.5 days after the appearan
e of the latterwaves (see Fig. 2.5), and the explanation of this is based on the Kelvin-Poin
aré intera
tion,whose for
ing frequen
y is larger than the for
ing frequen
y of the Kelvin-Kelvin intera
tion.Thus, down-s
ale energy transfer due to Kelvin-Poin
aré intera
tion is faster than the Kelvin-Kelvin energy transfer. In fa
t, the ratio between Ts and Ti of Eq. 2.2 is 0.5, and if Ti isestimated as the Kelvin period (de la Fuente et al., 2008), the times
ale of front formationresults to be about 2 days, whi
h �ts the times
ale of formation of solitary-type waves due tothe Kelvin wave steepening predi
ted by the nonhydrostati
 model. Here we denote Poin
aré48
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e for marked times in upper axis of (D).(D) Timeseries of the energy in spe
i�
 basin-s
ale waves. (E-F) Modulus of normalized energy�uxes 
omputed based on Eq. 2.31, as fun
tion of the natural frequen
y of basin-s
ale waves, dueto intera
tion between pairs of waves. (E-F) show the same values in di�erent x-s
ale.waves the �rst two modes that present similar rotating �ow velo
ities in the 
entral areaof the lake (H13 and H14, ω(13) = 1.32f and ω(14) = 1.38f , respe
tively), but they present13 and 14 peaks in the interfa
e displa
ement, and not just one as in �at 
ir
ular basins(Sto
ker & Imberger, 2003).Fig. 2.7D shows the timeseries of the energy in K1 (dark solid line), in the two Poin
aréwaves (H13 and H14, dashed line), and the total energy 
ontained in modes H2 to H12. Thewind ex
itation of the Poin
aré waves is reprodu
ed in linear and nonlinear simulations. Be-
ause of the natural periods of modes H13 and H14 (0.51 and 0.49 days, respe
tively) are 
om-parable with the wind duration, the ex
itation and later 
an
ellation of these waves is readilyexplained in terms of energy ex
hanges between the wind and the waves (Shimizu et al., 2007;de la Fuente et al., 2008). 49



Internal wave evolution in large deep lakesAt time (B) of Fig. 2.7D, the rate of 
hange of the energy in all of the basin-s
ale wavesdue to the nonlinear intera
tions among H1, H13 and H14 were 
omputed based on Eq. 2.31,
onsidering positive and negatives waves (i.e. l and k equal to ±(1, 13, 14)). These valueswere grouped into three 
lasses denoted slow-slow, fast-slow and fast-fast. The slow-slow
lass groups the rate of 
hange of the energy due to the K1-K1 intera
tion, the fast-slow 
lass
ontains the rate of 
hange of the energy due to the intera
tions K1-H13 and K1-K14, andthe fast-fast 
lass 
ontains the H13-H13, H13-H14 and H14-H14 intera
tions. The absolutevalue of these rates of 
hange normalized by the sum of the absolute values of them is shownin Fig. 2.7E and F, as a fun
tion of the natural frequen
y of all the basin-s
ale modes (i.e.
j in terms of Eq. 2.31). Those �gures show the same plot in di�erent s
ales (arithmeti
and logarithmi
). The value of the natural frequen
y for the �rst three modes (K1, H2 andH3) and the �rst order for
ed frequen
ies (see analysis for Eq. 2.23) are shown in the upperhorizontal axis of Fig. 2.7E and F.The fast-fast intera
tions (white 
olour in Fig. 2.7E and F) dominate the rate of 
hangeof the energy asso
iated with waves with natural frequen
y 
lose to the for
ed frequen
y
ω(13) +ω(14). Similarly, the fast-slow intera
tions (grey 
olour in Fig. 2.7E and F) dominatethe rate of 
hange of energy of waves with natural frequen
ies 
loser to ω(1) + ω(13) ≈ ω(13),and the slow-slow intera
tions dominate in natural frequen
ies 
loser to 2ω(1) ≈ ω(2) (bla
k
olour in Fig. 2.7E and F). The fast-fast intera
tions also dominate the rate of transferof energy for basin-s
ale waves with natural frequen
ies 
loser to K1, however, it must benoti
ed that in this analysis the energy transfer between K1 and H2, that dominates theKelvin nonlinear dynami
s, is not 
onsidered for plotting Fig. 2.7.Besides this, the noisy behaviour shown in Fig. 2.7E and F indi
ates that, be
ause of thespatial 
orrelation requirements to determine the energy ex
hange in the nonlinear analysis,no all of the waves are equally modi�ed by the intera
tion between two basin-s
ale waves.High-frequen
y waves at the front areaThe o

urren
e of high-frequen
y waves in the front area and its impli
ation on verti
almixing is dis
ussed as follows. Fig. 2.8 summarizes the main aspe
ts that are dis
ussedin this se
tion: ea
h 
olumn was 
onstru
ted based on �eld measurements and numeri
alresults at S5, S11 and S3, left, 
entral and right 
olumn, respe
tively. Ea
h 
olumn showsin the �rst row, verti
al pro�les of the buoyan
y frequen
y in grey s
ale 
omputed from �eldmeasurements, the estimated interfa
e lo
ation by sear
hing per pro�le the maximum valueof N (solid light line) and the interfa
e displa
ement 
omputed using the nonhydrostati
model (dashed line). Timeseries of the interfa
e depth 
omputed based on measurementswere �ltered with a moving average te
hnique in a 15 minutes window.In the se
ond row of ea
h 
olumn of Fig. 2.8, the 
omputed interfa
ial pseudo-shear velo
ity(solid line) and the wind shear velo
ity (dashed line) are plotted, de�ning, arbitrarily, thepseudo-interfa
ial shear velo
ity as the absolute value of the di�eren
e between the upper andlower layer velo
ity ve
tors. Third and fourth rows show the wavelet amplitude 
omputed50



Internal wave evolution in large deep lakesfor the timeseries of the measured verti
ally integrated potential energy, and the range ofanalysed periods, indi
ated in the verti
al axis. The results of the wavelet analysis weredivided in two groups, be
ause of visualization purposes: between 5 and 15 minutes andbetween 1 and 3.5 minutes (shown in the third and fourth rows, respe
tively). The dashedline in the third and fourth rows represents the maximum measured value of the buoyan
yfrequen
y, whi
h also was �ltered by a moving average every 15 minutes. The �fth row inFig. 2.8, shows the same plots as in the third row, but 
onstru
ted based on the potentialenergy simulated with the nonhydrostati
 model. Numbers between round bra
kets in Fig.2.8 are used for the analysis presented in the following paragraphs, and lastly, the time ofthe simulations was adjusted by adding a 
onstant value to ea
h station (between 1 and 2hours), in order to obtain the same front lo
ation than in measurements.
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Figure 2.8: Ea
h 
olumn show results from S5, S11 and S3, respe
tively. Upper row showbouyan
y frequen
y (grey s
ale), 
omputed nonhydrostati
 interfa
e displa
ement (dashed lines)and measured interfa
e displa
ement (light solid line). Row 2, 
omputed timeseries of shear velo
ity(solid line) and wind shear velo
ity (dashed line). Row 3 and 4, wavelet amplitude of the measuredpotential energy for two period regime, and maximum bouyan
y frequen
y (dashed line). Lowerrow show the same than row 3 but based on nonhydrostati
 simulations.Although the solitary-type wave train behind the verti
al front is well reprodu
ed in the51



Internal wave evolution in large deep lakessimulations, with similar amplitude as that observed in the measurements (see Fig. 2.8Nand O and the 
orresponding panel in the third row), three other examples are presented forvalidating the nonhydrostati
 simulation of the high-frequen
y waves. First, measurementsin S5 show the generation of solitary-type waves at a mid depth of the front (point (1) inFig. 2.8A). The nonhydrostati
 simulation shows a similar behaviour but with mu
h lessintensity, whi
h 
an be seeing in the wavelet amplitude of the simulated potential energy(point (1) in Fig. 2.8M) that presents a 
oherent ex
itation of waves with a period ofabout 10 minutes. Se
ond, the generation of several verti
al fronts was dis
ussed in previousse
tions. In parti
ular, the front marked between white 
ir
les in Fig. 2.5B is identi�ed aspoint (2) in Fig. 2.8B, with good agreement between measurements (solid light line) andsimulation (dashed line). Third, point (3) in Fig. 2.8B marks one of the re�e
ted wavesdis
ussed with regards Fig. 2.5, and the good 
orresponden
e with measurements is alsoseen.Several lo
al maxima of the simulated interfa
e displa
ement (no nonhydrostati
 waves), areidenti�ed behind the verti
al front (Fig. 2.8A) and are due to the superposition of severalbasin-s
ale waves, but these maxima do not have a 
lear 
orresponden
e with measurements(for instan
e, point (4) in Fig. 2.8C). It is postulated that this di�eren
e is due to theerosion of these waves asso
iated with shear instabilities, something that the models used inthe present analysis 
annot a

ount for. The analysis of the numeri
al results for S3 (third
olumn) shows the ex
itation of a lo
alized wave pa
kage after one of these lo
al maxima,pointed by (4) in Fig. 2.8C, F and O. This wave pa
kage is ex
ited by lo
al super
riti-
al 
onditions asso
iated to lo
al �ow 
onditions, being the problem similar to that of thetrans
riti
al �ows analysed by Grimshaw & Smyth (1986) and Melville & Helfri
h (1987). In
ontrast, high �ow velo
ities due to super
riti
al 
onditions in vis
ous �ow produ
es shearinstabilities that verti
ally mix the water 
olumn (e.g. Carpenter et al., 2007), whi
h wouldexplain why these waves are not observed in the �eld measurements. These arguments are
omplemented by analysing the wavelet amplitude in Fig. 2.8I, whi
h shows the presen
eof ex
ited high frequen
y waves behind the front. A solitary-type wave train pla
ed behind,and ex
ited by, the front 
annot entirely explain Fig. 2.8I sin
e it has a limited numberof waves and thus, limited length in time (7 solitary-type waves in about 1.5 hours for S3measurements), being di�
ult to relate the long term measurements of high-frequen
y wavesof Fig. 2.8I, with the nonhydrostati
 dynami
s at the front position.The interfa
ial pseudo-shear velo
ity plotted with solid lines in Fig. 2.8D to F 
an be usedto estimate the regions where shear instabilities 
ould produ
e lo
alized verti
al mixing. Aarbitrarily referen
e value of 20 cms−1 is de�ned with this aim, and it is require to remarkthat this value is only for referen
e be
ause analysis is in
omplete sin
e the ex
itation of shearinstabilities also depends on the vis
ous layer thi
kness (e.g. Horn et al., 2001). Fig. 2.9shows, in the left 
olumn, frames in the area A2 (Fig. 2.1A) of the gradient of the interfa
edispla
ement used to identify the solitary-type waves, and in the right 
olumn, both thesimulated velo
ity �eld of the upper layer and the area where the shear velo
ity is largerthan 20 cms−1 (shaded in grey). In Fig. 2.9, a 
ir
le in the northern perimeter of the lakeindi
ates the front position and the waves indi
ated with an arrow in Fig. 2.9C 
onstitutean example of the super
riti
al �ows areas. Therefore, nonlinear dynami
s that explains the52



Internal wave evolution in large deep lakessteepening of the Kelvin wave and the subsequently degeneration in solitary-type waves alsoprodu
es lo
alized high �ow velo
ities behind the front, that indu
es shear instabilities andlo
alized verti
al mixing areas. Fig. 2.9E shows the presen
e of transverse and re�e
tedwaves, whi
h 
ould be explained on the basis of front-bathymetry intera
tions, similar tothose marked by (3) in Fig. 2.8B.
A) B)

C) D)

E) F)Figure 2.9: Frames of the gradients of the interfa
e displa
ement (left-hand 
olumn) and upperlayer �ow velo
ity (right-hand 
olumn). Grey regions in right-hand 
olumn denote areas with highvalues of shear velo
ity.Finally, 
omparison between the wind shear velo
ity in the se
ond row (dashed line) andregions marked as (5) in Fig. 2.8J, K and L, highlight the presen
e of wind ex
ited high-frequen
y waves with 
hara
teristi
 period of about 2 minutes (Antenu

i & Imberger, 2001b;Gómez-Giraldo et al., 2008). Moreover, the waves ex
ited by interfa
ial shear behind thefront have a 
hara
teristi
 period of about 10 minutes, and an in
orre
t analysis of theseresults would lead to the wrong 
on
lusion that di�erent me
hanisms (wind shear and inter-fa
ial shear) ex
ite waves with di�erent 
hara
teristi
 period. However, observed temporal
hanges in the buoyan
y frequen
y (dashed line in Fig. 2.8G to L) show that the linkbetween ex
itation me
hanism and 
hara
teristi
 period does not seem to exist as the buoy-an
y frequen
y during the se
ond wind event (see points (5) in fourth row and dashed linein se
ond row) was larger than the buoyan
y frequen
y behind the front.53



Internal wave evolution in large deep lakesEnergy partitioningBased on the reasonably a

urate representation of the solitary-type waves of the nonhydro-stati
 simulations, the available potential energy 
ontained in the high-frequen
y waves isestimated from the simulations following two methods: by �ltering in spa
e the availablepotential energy, or by �ltering in spa
e the interfa
e displa
ement to estimate then the totalavailable potential energy 
ontained in the high-frequen
y waves. The spatial �lter used withthis aim 
orresponds to averaging the numeri
al results for interfa
e displa
ement obtained inthe 30 m numeri
al mesh over a 
oarse grid of 630 m, and to linearly interpolate the averagedresults ba
k to the 30 m mesh. The di�eren
e between these two surfa
es indi
ates, then,the available potential energy or interfa
e displa
ement 
ontained on waves shorter than 630
m. The same pro
edure 
an be used to estimate the kineti
 energy but the obtained resultsare in�uen
ed by the lake bathymetry, and do not gives the 
orre
t energy 
ontained in thehigh-frequen
y waves. Finally, this spatial �lter is equivalent to �ltering waves with periodlarger than about 30 minutes, travelling at co = 30 cms−1 with h̄2 = 147 m.Fig. 2.10A shows timeseries of the total available potential and kineti
 energy partitioning
omputed based on nonhydrostati
 simulations (light grey and dark grey, respe
tively), andthe wind given energy (dashed line). Fig. 2.10B shows the timeseries of available potentialenergy in the high-frequen
y waves estimated by �ltering the potential energy (solid line)and by �ltering the interfa
e displa
ement (dashed line).
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 and available potential energies. (B) Timeseriesof potential energy 
ontained in solitary-type waves, estimated by �ltering the available potentialenergy (solid line) and by �ltering the interfa
e displa
ement (dashed line).It was found (Fig. 2.4A) that in this system the energy radiated from the Kelvin wave54



Internal wave evolution in large deep lakesK1 down to the other gravitational waves represents about 50% of the total wind-givenenergy. However, Fig. 2.10B shows that the energy 
ontained in the solitary-type wavesis less than 1% of the total wind-given energy. The apparent 
ontradi
tion between Fig.2.4A and 2.10B is explained in the analogy between the modal analysis and the Fouriertransform of a step fun
tion, whi
h shows that some of the energy radiated from the Kelvinwave has gone to basin-s
ale waves that simply draw the steepening (Boegman et al., 2005b;de la Fuente et al., 2008), and do not really belong to the range of high-frequen
y waves.Fig. 2.10A shows the gradual radiation from available potential energy to kineti
 energyafter about t = 295.5, and by the end of the nonhydrostati
 simulations, when the frontarrives to the north end of the lake, the potential energy represents about the 15% of thetotal energy. This des
ription �ts the free os
illation pattern of the 1D problem in a 
losedre
tangular 
hannel (Horn et al., 2001), and 
annot be related with the ex
itation of purelykineti
 energy gyre waves, be
ause the nonhydrostati
 model 
annot deal with these waves.Dis
ussionLDS measurements in Fig. 2.2 showed the o

urren
e of an in
ident wave to Lake Über-lingen of about 15 m of amplitude, however it is di�
ult to identify the re�e
ted wave inthe temperature re
ords. This shows the dissipation of a large amount of the basin-s
alewave energy in about 2 days. Unfortunately, the la
k of spatial resolution of LDS measure-ments pre
ludes estimating the energy 
ontained in the residual basin-s
ale wave �eld asShimizu & Imberger (2008) did.Di�erent damping me
hanisms that a
t to dissipate the energy 
ontained in the internal wave�eld were dis
ussed in the introdu
tion, and the dire
t interpretation of them leads to the
on
lusion that nonlinear phenomena that transfer energy from the basin-s
ale waves down tothe solitary-type wave s
ales dominates the wave dynami
s in Lake Constan
e. Subsequently,solitary-type wave breaking in shallow areas of the northern basin of the lake should dissipatethe energy given by the wind (Vlasenko & Hutter, 2002; Boegman et al., 2005a).However, the energy 
ontained in the simulated solitary-type waves does not support thedes
ribed energy path. At laboratory s
ale the energy of the solitary-type waves is about 10%of the total available potential energy (Boegman et al., 2005a). For a small 
ir
ular �at basin,de la Fuente et al. (2008) showed that the energy of the solitary-type waves is about 25% ofthe total energy. On the other hand, Gómez-Giraldo (2007) estimated the energy in the high-frequen
y waves in Lake Constan
e, in
luding the shear instabilities, in about 5% of the totalwind-given energy. These values 
annot entirely explain the measured dynami
s shown in Fig.2.2, and this argument is reinfor
ed if it is 
onsidered that between 10 and 75% of the energyin the solitary-type waves is a
tually dissipated by breaking (Boegman et al., 2005a), andthe remanent energy is re�e
ted as long waves. Arguments, su
h as the 
ontinuous solitary-type waves emergen
e and their subsequent breaking, 
an help to deal with the 
ontradi
tionbetween the results presented here and the 
on
eptual model dis
ussed in the introdu
tion,55



Internal wave evolution in large deep lakeshowever, that argument negle
ts the fa
t that the solitary-type waves emerge only after a
hara
teristi
 time, usually large.Fig. 2.10A support the argument that bottom fri
tion is the damping me
hanism thatprimarily a

ounts for the dissipation of the energy 
ontained on the basin-s
ale waves in LakeConstan
e. Nonlinear wave dynami
s produ
es lo
alized events su
h as wave steepening andthe subsequent generation of solitary-type waves and high �ow velo
ity areas. Consequently,bottom fri
tion damping a
ts in lo
alized areas of the lake too, not showing the whole basinfeature des
ribed by Shimizu & Imberger (2008) for a shallow linear lake.Finally, throughout the present analysis the ba
kground potential energy have been 
onsid-ered 
onstant. The ba
kground potential energy is the potential energy of the system at restthat do not indu
e movement (Antenu

i et al., 2000). Nevertheless, LDS measurementsshow that the 
hara
teristi
 density step varies in about 3% per day, whi
h is equivalent toa di�eren
e between the ba
kground potential energy at the beginning and at the end of thesimulations of about 30 GJ , while the total wind-given energy is of about 90 GJ . Thereforethe basin-s
ale dynami
s in a variable ba
kground potential energy should be in
luded in fu-ture analyses, to test whether the interpretation of the energy paths proposed here, in termsof the importan
e of bottom fri
tion with respe
t to energy dissipation in solitary-type waves,is reasonable for large and deep lakes, or it is just a 
oin
iden
e or wrong interpretation ofthe results presented here.
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Con
luding remarks
Within times
ales of days, strati�ed lakes dynami
s is governed by me
hani
al energy ex-
hanges between the wind and the lake that ex
ite the basin-s
ale waves in the lake. Undera linear approa
h, the shape of the basin-s
ale waves shows 
oherent dynami
s in the wholebasin, and the ex
itation of a parti
ular basin-s
ale depends on its upper layer �ow velo
ityand the relative wave phase with respe
t to the wind. These requirements produ
e that onebasin-s
ale wave may be ex
ited or 
an
elled by the wind a
tion, depending on whether thewind does work on the waves, or the �ow does work against the wind.The linear solution for the initial value problem gives pure rotation of the waves without
hanges of its energy. In 
ontrast, the wind for
ed problem shows the periodi
 wind-ex
itationor 
an
ellation of the basin-s
ale waves within one natural period of the waves. This is a
ommon feature in rotating and nonrotating basins; however, the natural frequen
y of therotating basin-s
ale waves are not entire multiple of the fundamental mode frequen
y, andthen, the �ow in rotating basins is 
hara
terized by the periodi
 emergen
e of several lo
almaxima of the interfa
e displa
ement when pair of waves are in phase.Nonetheless, any linear perturbation be
omes essentially nonlinear after some time. Thetime when the �ow turns nonlinear is 
hara
terized by the steepening formation time. Thesimplest way to understand this time is by analysing the spatial 
hanges of the wave 
elerity,whi
h is no longer homogeneous when nonlinear terms are in
luded in the analysis, andthe steepening formation time arises from imposing that faster regions of the wave rea
hthe slower regions. It was shown that for 
losed basins, the ratio between the steepeningformation time and the internal period, des
ribes how fast the nonlinearities emerge withrespe
t to the times
ale that 
hara
terizes, for example, the energy ex
hanges with the wind,or the damping times
ale, whi
h also 
an be 
hara
terized by the internal period.On the other hand, the analysis of the evolution of basin-s
ale waves showed that Kelvinwaves evolve through radiating energy down to its higher azimuthal modes, whi
h produ
eswave steepening and subsequent emergen
e of quasi-permanent solitary-type waves, showinga dynami
s similar than that for nonrotating basins. In 
ontrast, the evolution of Poin
aréwaves showed the periodi
 energy radiation to-from other basin-s
ale waves with a period ofabout 1.5 times the natural period of the Poin
aré waves. This di�erent dynami
s showedthat the prin
ipal damping me
hanism is basin-s
ale waves dependent: while the Kelvin wave
onstantly radiates energy to faster and smaller modes arriving down to the nonhydrostati
�ow s
ales, energy in Poin
aré waves 
an only be dissipated by bottom fri
tion. Furthermore,when both Kelvin and Poin
aré waves are equally important, the 
oupled dynami
s is 
har-a
terized by the superposition of the parent waves dynami
s, plus the nonlinear intera
tionbetween them, whi
h produ
es the ex
itation of smaller waves.These general features are helpful to explain the measured dynami
s in Lake Constan
e: �rst,59



Con
luding remarksthe wind ex
ites the basin-s
ale waves and, be
ause of the Earth rotation, the maximuminterfa
ial displa
ement is lo
ated in a rotated dire
tion with respe
t to the wind dire
tion.The energy in the Kelvin wave 
ontains most of the total wind-given energy, and the evolutionof this wave is well des
ribed by its steepening, due to radiation to higher modes, andsubsequent emergen
e of solitary-type waves. Se
ond, Kelvin-Poin
aré intera
tions are alsopresented in Lake Constan
e. The Poin
aré waves are also ex
ited by the wind; however, thewind duration is of about the natural period of these waves, and the periodi
 wind-ex
itationand subsequent wind-
an
ellation explains the Poin
aré waves dynami
s. While the energyon Poin
aré waves exists, Kelvin-Poin
aré intera
tions radiate energy down to smaller s
alesof the �ow, resulting in the ex
itation of a solitary-type wave train.The essentially nonlinear and nonhydrostati
 dynami
s in Lake Constan
e modi�es the wholebasin 
oherent stru
ture of the linear basin-s
ale waves, into a �ow 
hara
terized by lo
alizedevents of: wave steepening, large �ow velo
ity, and, eventually, trans
riti
al �ows. Thesegeneral features provide the essential elements to sket
h the role of ea
h damping me
hanismof the basin-s
ale waves and its 
onsequen
es on verti
al mixing: i) large �ow velo
ity areaswere related with shear instability or trans
riti
al �ows in the lake interior that produ
e lo
al-ized mixing. ii) Solitary-type wave ex
itation and breaking were identi�ed as an importantme
hanism that indu
es lo
alized mixing; however, the energy 
ontained on the solitary-typewaves estimated from the simulations does not support their e�e
tiveness in dissipating theenergy input from the wind. It was spe
ulated then that, even for a highly nonlinear �ow,the energy dissipation in the lake would be mainly due to bottom fri
tion, while nonlinear-ities of the �ow indu
e mostly lo
alized verti
al mixing and rather small energy dissipation
ompared with the 
orresponding input from the wind.
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By N-Layers, a 2D multilayers model for naturalstrati�ed �ows.† Abstra
tA numeri
al model has been developed for studying the hydrodynami
s of nat-ural strati�ed �ows, 
onsidering the 
oupling of 2, 3, or more, verti
ally homoge-neous layers of horizontally variable thi
kness. In ea
h layer, 2-D, layer-averagedversions of density-
oupled 
ontinuity, mass, and momentum transport equations,in
luding Coriolis for
e terms, are applied. Verti
al 
oupling among neighbourlayers is a
hieved using the kinemati
 boundary 
ondition and hydrostati
 pres-sure distribution. The system of 
oupled equations is solved numeri
ally, usingan adaptation of the �nite volume MUSCL-Han
o
k method. The numeri
almodel is able to 
apture linear and nonlinear internal waves and allows for amu
h better resolution of pi
no
lines than �xed grids used in traditional 3D mod-elling approa
hes. Validation of the numeri
al model is presented and dis
ussed,
omparing numeri
al results with analyti
al solutions and experimental results ofben
hmark tests, in
luding estimating periods of internal waves, internal responsedue to surfa
e stress, and shape of salt wedge.Introdu
tionFirst 
on
eptual models for understanding the dynami
s of a strati�ed water body verti
allysubdivided it in two or three layers (Monismith, 1985). At present, several numeri
al modelsthat su

essfully resolve the verti
al stru
ture of strati�ed water bodies have been developedin 1D (e.g., DYRESM, Spigel & Imberger, 1980), 2D (e.g., CE-QUAL W2, Cole & Wells,2003) o 3D (e.g., ELCOM, Hodges et al., 2000). The existen
e of these powerful models maysuggest that a 
on
eptual division of the water 
olumn in 2 or 3 layers is obsolete. Nonetheless,re
ent experimental and theoreti
al studies, fo
used on understanding the internal dynami
sof strati�ed water bodies, have used a 2-layer 
on
eptual model for testing hypotheses ordeveloping theory (e.g. Antenu

i & Imberger, 2001; Horn et al., 2002). From this point ofview multi-layer models 
an provide insight on physi
al pro
esses o

urring in natural systemsand they are an alternative simulation tool to 1D and fully 3D models. In this paper a novelnumeri
al model is presented, named by n-Layers, whi
h solves the dynami
s of n verti
ally
oupled layers in an irregular 2D mesh, in
luding bathymetry. The numeri
al s
heme isbased on the MUSCL-Han
o
k method for hyperboli
 equations (e.g. Bradford et al., 1997;Loose et al., 2005). Appli
ations to six ben
hmark problems are presented, with the aim ofvalidating di�erent aspe
ts of the numeri
al model in 2 and 3 layers.
†de la Fuente, A., Niño, Y., Muñoz, R. and Frederi
k, R., 2006. By N-Layers, a 2D multilayers model fornatural strati�ed �ows. VI International Symposium on Strati�ed Flow. Perth, Australia.62



Long wave numeri
al modelGoverning equations and numeri
al methodBy integrating the Reynolds averaged equations between z = zi+1 and z = zi (see Fig. A1),
onsidering boundary layer and hydrostati
 pressure approximations, the governing equationsfor the ith layer, with i = 1 . . . n, are obtained. These equations are written in 
onservativeform as:
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

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~Hi =
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ρo



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psup
i

∂zi

∂x
− (psup

i + ρighi)
∂zi+1

∂x
+ τxz(zi) − τxz(zi+1) + ρof vihi

psup
i

∂zi

∂y
− (psup

i + ρighi)
∂zi+1

∂y
+ τyz(zi) − τyz(zi+1) − ρof uihi


 (A2
)Where ρi, ui and vi are the layer averaged density and velo
ities in x and y dire
tions,respe
tively. ~Ui denotes the ve
tors of the so 
alled 
onservative variables, ~F x

i and ~F y
i denotethe ve
tors of volume and momentum �uxes in x and y dire
tions, respe
tively, and ~Hidenotes the sour
e terms ve
tors. zi denotes the interfa
es elevations, where z1 denotes thefree surfa
e elevation and zn+1 the bottom elevation. τi and τi+1 are the interfa
ial shearstresses, f the Coriolis parameter and psup

i the pressure at the top layer interfa
e (z = zi),whi
h is, a

ording to the hydrostati
 pressure law, equal to,63



Long wave numeri
al model
psup

i =

{
0 para i = 1∑i−1

j=1 ρjghj para i > 1
(A3)Finally, the n layers dynami
s is represented by a set of 3 × n equations, written in generalform as:

∂~U

∂t
+

∂ ~Fx

∂x
+

∂ ~Fy

∂y
= ~H (A4)Numeri
al S
hemaThe numeri
al model developed to solve Eq. A4 is based on MUSCL-Han
o
k method forhyperboli
 equations, with a predi
tor step for momentum and volume transport equations,based upon equations (A1), and a 
orre
tor step, whi
h integrates the kth equation of (A4)over the �nite volume 
ells. The latter pro
edure yields that temporal 
hanges of U are dueto �uxes perpendi
ular to 
ell fa
es c (Fk,⊥(c)) and the sour
e terms. For more details seeBradford et al. (1997) and Loose et al. (2005).To solve the adve
tive �uxes at 
ell fa
es (Fk,⊥(c)), MUSCL-Han
o
k method uses an extrap-olation of primitive variables (hi, ui, vi) from nodes to these fa
es. With this extrapolation,two 
hara
teristi
 values of U , and so of Fk,⊥(c), are obtained: internal values U int

k and F int
k,⊥,whi
h 
ome from P to 
 extrapolation, and external values, Uext

k and F ext
k,⊥, whi
h 
ome fromneighbour node C to fa
e c extrapolation. Using Nuji
's (Nuji
, 1995) modi�ed Lax-Friedri
hsapproximation for the Ja
obian matrix, the adve
tive �uxes at fa
e c are:

Fk,⊥(c) =
1

2

(
F int

k,⊥ + F ext
k,⊥ − κc

(
Uext

k − U int
k

)) (A5)where κc = max |λ̂i|. Here, λi = are the eigenvalues of the Ja
obian of ~F⊥,i = (~F x
i , ~F y

i ) · n̂c,equal to:
λi =

[
ui⊥, ui⊥ ±

√
psup

i + g
ρi

ρo
hi

] (A6)where ui⊥ is the �ow velo
ity perpendi
ular to fa
e c. It is assumed, for simpli
ity, thatthe hyperboli
 
hara
ter of the governing equations for the ith layer is represented only withthese 3 governing equations, instead of the entire system of 3 × n equations.
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Long wave numeri
al modelResultsSix di�erent modelling exer
ises are presented here, with the aim of validating the numeri
almodel developed. They 
over di�erent problems in strati�ed �ows. Exer
ise (i) 
onsiders theresponse of a 2-layer strati�ed basin to surfa
e shear stress. Fig. A2A. shows a 
ompari-son between the interfa
ial slope predi
ted by the model and the 
orresponding theoreti
alvalue expressed in terms of the inverse of the Ri
hardson number of the �ow (more details inSpigel & Imberger, 1980). For exer
ise (ii) the spe
tral energy asso
iated with free internalsei
hes in a 2-layer strati�ed basin 
omputed with the model was used to establish dominantfrequen
ies. Those frequen
ies were 
ompared in Fig. A2B. with 
orresponding normalmode os
illation frequen
ies (Spigel & Imberger, 1980). An arrested salt wedge was 
onsid-ered for exer
ise (iii). Fig. A2C. 
ompares the wedge shape predi
ted by the model withthe theoreti
al solution given by (S
hijf & S
honfeld, 1953). Exer
ise (iv) aims at validatingthe simulated dynami
s of a rotating basin. Fig. A2D. shows frequen
y spe
tral pa
ksasso
iated to Kelvin and Poin
arï¾1
2
waves predi
ted by the model, together with results ofthe dispersion relation found analyti
ally by Antenu

i & Imberger (2001), in terms of theBurger number. To validate the ability of the model to 
apture nonlinear behavior, the ex-periment of Horn et al. (2002) was simulated (exer
ise v). Measured time series of interfa
eelevations of the soliton generated in the laboratory 
hannel are 
ompared with model equiv-alent results in Fig. A2E. Finally, in exer
ise vi) the internal dynami
s of a 3-layers basinsimulated with the model was 
ompared with theoreti
al predi
tions by (Monismith, 1985),who showed that values of the parameter δ = β2

β3
de�ne whether the basin response is mode1 or 2. β2 and β3 are de�ned as:

β2 =

√
g∆ρ12h1

ρo

; β3 =

√
g
∆ρ23

ρo

h2h3

(h1 + h2 + h3)
(A7)The numeri
al exer
ise 
onsiders that the 3-layer water body was perturbed by the appli
ationof a surfa
e shear stress of short duration. For ea
h layer, the temporal mean value of thespatial standard deviation of layer thi
kness (σi) was 
al
ulated, and the normalized value of

σi, de�ned as: σhi
= σi

P3
j=1 σj

, is interpreted as the relative importan
e of the ith layer on thedynami
s of the water body. If σhi
is 
lose to 0, this layer behaves more as a interfa
e than asa layer, and the opposite is true for large values of this parameter. Results of the simulationsobtained for di�erent values of the surfa
e shear stress, layers thi
kness, and densities of theintermediate layer are presented in Fig. A2F.Dis
ussion and Con
lusionsThe exer
ises presented here su

essfully validate the proposed model on most importanttopi
s on internal dynami
s of strati�ed water bodies. It is 
on
luded that this model isuseful for understanding the large-s
ale dynami
s of su
h water bodies. The exer
ises weresele
ted as to 
over the main for
ing agents of these water bodies.65
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Figure A2: Numeri
al exer
ises for validating di�erent aspe
ts of by n-layers model. (A) Inter-fa
ial steady response to a surfa
e shear stress, (B) sei
hing spe
tral dynami
s in a 2-layers waterbody, (C) arrested salt wedge, (D) rotating basin dynami
s, (E) internal non-linear wave dynami
s,and (F) hydrodynami
s of a 3-layers basin.The ability of the model to handle open boundaries and the in�uen
e of water �ows in the66



Long wave numeri
al modelstrati�
ation was tested in the salt wedge exer
ise. The simulated wedge pro�le is very 
loseto the theoreti
al one given by (S
hijf & S
honfeld, 1953). Some negligible di�eren
es existin the region of high horizontal gradients (Fig. A2C).Wind indu
ed surfa
e shear stress over a strati�ed lake is balan
ed by a horizontal pressuregradient. The resulting steady state 
ondition is well represented by the model (Fig. A2A).When wind stops, free internal os
illation of the water volume sets in. The simulated spe
traof this sei
hing motion shows that most of the energy is 
ontained around the theoreti
alnormal os
illation modes (Fig. A2B).In the 
ase of a large water body, where earth rotation a�e
ts the internal dynami
s, Kelvinand Poin
aré waves are generated, whi
h 
ontain most of the energy. This behaviour waswell represented by the model, and the theoreti
al dispersion relationship for these rotatingwaves is a

urately reprodu
ed numeri
ally (Fig. A2D).In the exer
ise aimed at validating the non-linear wave dynami
s predi
ted by the model, agood agreement with experimental results was obtained but only for the long-waves. Thehigher frequen
y waves observed experimentally are not represented by the numeri
al sim-ulations (Fig. A2E). This may be related with the inability of the model to reprodu
e3D e�e
ts, parti
ularly related with non-hydrostati
 pro
esses. Also the �ltering out of thehigher frequen
y waves by the model seem to be related with the properties of the numeri
als
heme, whi
h tend to eliminate instabilities about sharp fronts. Despite this, the model doesa very good job in reprodu
ing most of the energy of the internal waves, as the long wavesrepresent about 90% of the entire spe
trum.Finally, the simulation of 3-layers dynami
s shows that Monismith's δ is indeed the parameterthat governs the internal response. For values of δ 
lose to 0, the intermediate layer is notinvolved in the internal for
e balan
e, and mode 1 response o

urs. For larger values of δthe importan
e of this layer on the internal dynami
s in
reases, and a mode 2 response takespla
e (Fig. A2F).The results presented suggest that by n-layers is a useful tool for understanding the longinternal dynami
s of a natural strati�ed water body, whi
h may be 
on
eptually simulatedin 2 or 3 layers.
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Weakly nonhydrostati
 numeri
al s
heme.†
Governing equationsThe three hydrostati
 governing equations are written as:

∂Ui

∂t
+

∂F x
i

∂x
+

∂F y
i

∂y
= Hi (B1)where

Ui = [hi, uihi, vihi]
T (B2a)

F x
i =




uihi

uiuihi

uivihi


 , F y

i =




vihi

viuihi

vivihi


 , (B2b)and

F x
i =




0

−hig
∑i

j=1 ǫj
∂zj

∂x
+

τx
i

ρo
− τx

i+1

ρo
+ fvihi

−hig
∑i

j=1 ǫj
∂zj

∂y
+

τy
i

ρo
− τy

i+1

ρo
− fuihi


 . (B2
)The nonhydrostati
 terms in the momentum equations for ea
h layer may be in
luded asfollows:

∂~uihi

∂t
= Bi∇

(
∂

∂t
(∇ · ~uihi)

)
+ A, (B3)where

Bi =

{
h2
1

6
i = 1

h2
2

3
+ h1h2

2
i = 2

, (B4)
†Web Appendix: de la Fuente, A., Shimizu, K., Imberger, J., Niño, Y. 2008. The evolution of inter-nal waves in a rotating, strati�ed, 
ir
ular basin and the in�uen
e of weakly nonlinear and nonhydrostati
a

elerations. Limnol. O
eanogr. 53: 2738 - 2748
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Weak nonhydrostati
 numeri
al modelNonlinear equation solverThe numeri
al model proposed for solving Eqs. B1 and B2a, is based on the MUSCL-Han
o
k method for hyperboli
 equations, originally developed for 1-layer problem. Thegoverning equations are written in the 
onservative form and are integrated using an irregularquadrilateral element. More details of this method may be found in (Bradford et al., 1997;Loose et al., 2005), and the referen
es within these arti
les.In the following, Patankar's notation (Patankar, 1980) is introdu
ed to generalize the numer-i
al s
heme to irregular quadrilateral elements. The node under 
onsideration is 
alled P ,and the four neighbouring 
ells will be 
alled N , W , S, and E, whi
h are generi
ally 
alled
C. The lower letters c = n, w, s, e denotes the fa
es between nodes P and N , W , S, and E,respe
tively. The area of an element, the length of the sides and normal ve
tors to the sidesare 
alled Ω, Lc, and n̂c = (n̂x

c , n̂
x
c ) , respe
tively, and the element-spe
i�
 axis ξ and η arede�ned as the axis oriented along the WE and SN dire
tions.Ea
h time step is divided into four steps: i) 
omputation of the horizontal gradients, ii)predi
tor step, iii) 
omputation of the mass and momentum �uxes, and iv) 
omputation ofthe sour
e or sink terms.i) The horizontal gradients of ea
h unknown primitive variables (hi, ui, vi) are 
omputedas, for example, for hi:

∂hi

∂x
=

∂hi

∂ξ

∂ξ

∂x
+

∂hi

∂η

∂η

∂x
=

∆ξhi

∆ξ
ξx +

∆ηhi

∆η
ηx

∂hi

∂y
=

∂hi

∂ξ

∂ξ

∂y
+

∂hi

∂η

∂η

∂y
=

∆ξhi

∆ξ
ξy +

∆ηhi

∆η
ηy

(B5)where ξx, ηx, ξy, ηx, ∆ξ and ∆η are 
omputed based on the 
ell geometry, and ∆ξhiand ∆ηhi are the 
ell average di�erentiation of hi along ξ and η, respe
tively, 
omputedas,
∆ξhi = SuperBee(hiE − hiP , hiP − hiW ) (B6)
∆ηhi = SuperBee(hiN − hiP , hiP − hiS) (B7)where SuperBee denotes the SuperBee limiter fun
tion:

SuperBee(a, b) =

{
sign(a) min (max(|a|, |b|), β min (|a|, |b|)) ab > 0

0 ab < 0
(B8)70



Weak nonhydrostati
 numeri
al modelThe over bar refers to the 
ell average di�erentiation. The parameter β (1 ≤ β ≤ 2)
an be used to 
ontrol the numeri
al dissipation: β ≥ 1 produ
es arti�
ial steepeningthat 
ountera
t against numeri
al di�usion. Hen
e β was 
hosen as large as possibleto minimize numeri
al dissipation.ii) The predi
tor step 
omputes the primitive variables for t = t + ∆t/2 by the dire
tdis
retization of the governing equations using the horizontal gradients 
omputed instep i). For instan
e, the volume 
onservation equation of the ith layer is 
omputed inthe predi
tor step as:
h

t+∆t/2
i = ht

i −
∆t

2

(
uξ

i

∆ξhi

∆ξ
+ uη

i

∆ηhi

∆η
+ ht

i

(
∆ξui

∆ξ
ξx +

∆ξvi

∆ξ
ξy +

∆ηui

∆η
ηx +

∆ηvi

∆η
ηy

))(B9)where uξ
i = uiξx+viξy and uη

i = uiηx+viηy are the �ow velo
ities in ξ and η, respe
tively.iii) Mass and momentum �uxes are 
omputed by integrating and des
ritizing the governingequations, Eq. B1:
U t+1

i − U t
i

∆t
+

1

Ω

∑

c

~F
t+∆t/2
ic

· n̂cLc = H
t+∆t/2
i (B10)where ~F

t+∆t/2
ic

= (F x
i , F y

i )
t+∆t/2
c denotes the ve
tor 
ontaining the pseudo-�uxes F x

i and
F y

i of Eq. B2a evaluated at the side c of the 
omputational 
ell by using the predi
tedvariables in step ii). Note that hereafter the superindex t + ∆t/2 in ~F
t+∆t/2
ic

is droppedfor simplifying the notation. Before 
omputing Eq. B10, the primitive variables areinterpolated from the nodes P and C to the fa
es c, su
h as, for example for hi

hie = hiP + 0.5∆ξhi

hiw = hiP − 0.5∆ξhi

hin = hiP + 0.5∆ηhi

his = hiP − 0.5∆ηhi

(B11)By applying the same interpolation to all the 
omputational 
ells, two interpolatedvalues of U and F are obtained at one generi
 
ell fa
e c: the interpolation was madefrom P to c (C to c) is 
alled internal (external) interpolation. Finally, to 
ompute ~Fic ,the Nuji
's simpli�
ation was adopted (Nuji
, 1995), whi
h 
al
ulate the perpendi
ular
λi to the fa
es as

λi = |ûi⊥c
| +

√
P̂ top

i

ρo
+

ρi

ρo
gĥi (B12)71



Weak nonhydrostati
 numeri
al modelwhere
|ûi⊥c

| = abs (ûicn̂
x
c + v̂icn̂

y
c ) , (B13)and

ĥi =
√

hint
i hext

i

ûi =
uint

i

√
hint

i + uext
i

√
hext

i

hint
i + hext

i

v̂i =
vint

i

√
hint

i + vext
i

√
hext

i

hint
i + hext

i

(B14)
The stability 
riteria impose a time step ∆t to be smaller than the time a surfa
e wavetravels the distan
e between P and the fa
es c.iv) The horizontal gradient of pressure in the ve
tor Hi are 
omputed as,

gh1
∂z1

∂x
≈ gh1

1

Ω

∑

c

z1c
n̂x

cLc

gh1
∂z1

∂y
≈ gh1

1

Ω

∑

c

z1c
n̂y

cLc

(B15)for the upper layer, and
gh2

(
∂z1

∂x
+ ǫ2

∂z2

∂x

)
≈ gh2

1

Ω

∑

c

(z1c
+ ǫ2z2c

) n̂x
cLc

gh2

(
∂z1

∂y
+ ǫ2

∂z2

∂y

)
≈ gh2

1

Ω

∑

c

(z1c
+ ǫ2z2c

) n̂y
cLc

(B16)
for the se
ond layer, and z1c

= ĥ1c
+ ĥ2c

and z2c
= ĥ2c

for �at basins. The Coriolis termand the shear stresses are dire
tly evaluated with the �ow velo
ities at t = t + ∆t/2.Nonhydrostati
 termRearranging the nonhydrostati
 terms, Eq. B3 may be expressed as
72



Weak nonhydrostati
 numeri
al model
∂uihi

∂t
= Bi∇H ·

(
∂2~uihi

∂x∂t

)
+ Ax

i

∂vihi

∂t
= Bi∇H ·

(
∂2~uihi

∂y∂t

)
+ Ay

i

(B17)where ∇H is the horizontal gradient operator. By integrating Eq. B17 over a 
omputational
ell, it is redu
es to:
ax

i =
Bi

Ω

∑

c

∂

∂x
(ax

i n̂
x
i + ax

i n̂
y
i )c Lc + Ax

i

ay
i =

Bi

Ω

∑

c

∂

∂y
(ay

i n̂
x
i + ay

i n̂
y
i )c Lc + Ay

i ,

(B18)
where ax

i = ∂uihi

∂t
and ay

i = ∂vihi

∂t
. The rotated axis at the fa
e c are de�ned su
h that ξc pointto the neighbouring node C, and ηc is taken anti
lo
kwise perpendi
ular to ξc. Therefore,the dis
retized horizontal derivatives in x and y dire
tions be
omes, for example for x:

∂

∂x
(ax

i n̂
x
i + ax

i n̂
y
i )c =

∆ξ (ax
i n̂

x
i + ax

i n̂
y
i )

∆ξc

∂ξc

∂x
+

∆η (ay
i n̂

x
i + ay

i n̂
y
i )

∆ηc

∂ξc

∂x
(B19)

∆ξ and ∆η denote the dis
rete di�erentiation of (ax
i n̂

x
i +ay

i n̂
y
i ) in ξc and ηc, respe
tively (notethat they are di�erent from ∆ξ and ∆η, whi
h are 
omputed by the SuperBee fun
tion (Eqs.B6-B8). They are 
omputed by dire
t dis
ritization as, for example for ∆ξ:

∆ξ (ax
i n̂

x
i + ax

i n̂
y
i ) = (ax

i n̂
x
i + ax

i n̂
y
i )C − (ax

i n̂
x
i + ax

i n̂
y
i )P (B20)and ∆η is done by using the values at the vertex that de�nes the 
ell. For example, atthe fa
e e, these vertex are 
alled se and ne, and (axn̂x

c + ayn̂y
c)se is 
omputed as the meanalgebrai
 value among the nodes that share the vertex, for example nodes P , E, S and

NE for the value at se. Finally, Eq. B17 is redu
es to the matrix form to be solved for
a =

(
∂u1h1

∂t
, ∂u2h2

∂t
, ∂v1h1

∂t
, ∂v2h2

∂t

)T

(I − M) a = A (B21)where I is the identity matrix, and M in
ludes the dis
retized terms multipled to ax and
ay in Eq. B18, and A = (Ax

1 , A
x
2 , A

y
1, A

y
2)

T . More details of the treatment of this kind ofequation for non-regular grids are dis
ussed in 
hapter 8 of Ferziger & Peri
 (2002).73
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