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Abstract

For many problems arising in the setting of querying data in graph databases (such as
finding semantic associations in RDF graphs, exact and approximate pattern matching,
sequence alignment, etc.) it is a common requirement to ask for entities joint by a se-
quence of relational labels conforming to some regular pattern. For this purpose, the query
language CRPQ(S) have been proposed to extend the widely studied class of conjunctive
regular path queries (CRPQs), which is insufficient for this task, in order to compare
paths using relations on words from the class S.

Little is known about the precise computational complexity of evaluating queries from
CRPQ(S) in large graph databases when S is a single relation of interest for its natural
appearance in database applications, such as subsequence (<), suffir (Zs.g) and subword
(Zsw). This question is thus studied in this thesis, providing new bounds for the complex-
ity of evaluating queries in CRPQ(Xg), CRPQ(Zsur) and CRPQ(=<yy). The first one is
shown to be impractical, by constructing a query which is NP-complete to evaluate. The
evaluation of the later two is shown to be PSPACE-complete by reducing the problem to
word equations with reqular constraints. The class CRPQ(=<Zs) is shown to be practical,
by showing the evaluation of its queries to be in NLOGSPACE when these are considered
fixed, matching the complexity of standard query languages.

This thesis also raises interesting theoretical questions about word equations with
regular constraints. Namely, what is the complexity of solving fixed equations with con-
straints as input, which to the best of the author’s knowledge is an open question in
the literature. A result is established for the simplest case, showing that for a class of
equations satisfiability can be decided in NLOGSPACE.
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Resumen

En muchos problemas que surgen en el contexto de consultar informacion en bases de datos
estructuradas sobre grafos (como encontrar asociaciones semanticas en grafos RDF, en-
contrar emparejamientos exactos o aproximados the patrones de texto, realizar alineacién
de secuencias de texto, etc.) es un requerimiento comin el buscar entidades unidas por
secuencias de etiquetas relacionales de acuerdo a un patréon regular. Para este propésito,
el lenguaje de consulta CRPQ(S) ha sido propuesto para extender la altamente estudiada
clase de consultas conjuntivas por caminos regulares (CRPQs por su sigla en inglés), la
cual es insuficiente para esta tarea, realizando comparacion de caminos con relaciones en
la clase S.

Poco es conocido acerca de la complejidad computacional precisa de la evaluacion de
consultas en CRPQ(S) cuando S es una relacién de interés por aparecer naturalmente
en aplicaciones en bases de datos, como lo son subsecuencia (<), sufijo (Zsuz) y subpal-
abra (Xsy). Esta pregunta es consecuentemente estudiada en esta tesis, proporcionando
nuevas cotas de complejidad para la evaluaciéon de consultas en los lenguajes CRPQ(<y),
CRPQ(Zsufr) y CRPQ(X4y). Se muestra que el primer lenguaje es dificil de ser practi-
cable, construyendo una consulta en él cuya complejidad de evaluacion es NP-completo.
Se muestra también que la evaluacion de consultas en los tltimos dos lenguajes puede
realizarse en PSPACE, mediante la reduccién del problema a ecuaciones de palabras con
restricciones requlares. Adicionalmente, se muestra que la classe CRP Q(<sus) es practica,
construyendo un algoritmo de evaluacién cuya complejidad, cuando la consulta es con-
siderada una constante, estd en NLOGSPACE , la cudl es una complejidad de evaluacién
estandar en este contexto.

Esta tesis plantea ademas interesantes preguntas teéricas sobre ecuaciones de palabras
con restricciones regulares. Més precisamente, cual es la complejidad de resolver ecua-
ciones fijas con restricciones como entrada, la cual es una pregunta abierta en la literatura
al leal saber y entendimiento del autor. Un resultado es establecido para el caso mas sim-
ple, mostrando una clase de ecuaciones cuya satisfacibilidad con restricciones regulares
puede ser decidida en NLOGSPACE.
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Chapter 1

Introduction

Graph databases are mathematical objects able to describe real world entities and the re-
lations between them. A standard model for abstracting these is an edge-labelled directed
graph, whose vertices represent the entities, and whose edge labels indicate the type of
relation between them (see [5] for a survey). Many are the areas that motivate their
use and study, starting early in the 80s with hypertext systems [19, [54], semi-structured
data [2, [I3] and object databases [28] in the 90s, and in the last decades including the
semantic web [7], 45], social networks [4} 23] [50] [51], biological networks [37, B8, [40] and
transportation networks [I1], among many others (see [57] for a survey).

In these areas of application, data is required to be accessed in some particular way
in order to retrieve interesting information. Accordingly, querying tools and prototypes
are designed to match these requirements. These are named query languages, and the
main concern from a database point of view is to study at what extent they are expressive
enough for their intended purpose, and what is the computational cost of evaluating them
in large databases, or its data complexity [55].

For this reason, languages for querying graph databases have been developed and stud-
ied since the late 80s. They usually query the topology of the graph, often leaving data
that might be stored in its vertices to standard database engines. They are designed com-
bining various reachability patterns, according to the applications requirements intended
to be addressed.

A common requirement from graph database users, for instance, is to find pairs of
entities joint by a sequence of relational labels conforming to some specified pattern. This
gave origin to one of the main building blocks for query languages, which are regular path
queries, or RPQs [211, 20], in which this pattern is specified by a regular language. A
natural extension for these are the conjunctive regular path queries, or CRPQs [25] [15],
which use conjunction of RPQs along with existential quantification to create more com-
plex queries. These have been extensively studied, showing good properties such as their
low data complexity, which is in NLOGSPACE.

Despite such properties, the expressiveness of CRPQs became insufficient in applica-
tions such as the Semantic Web or biological networks, due to their inability to compare

1



Chapter 1

labelled paths joining entities. In these areas, it is a usual requirement to compare paths
based for instance on specific semantic association in the case of RDF languages [6], or
on similarity, trough their edit distance, for biological networks.

In order to address this limitation, an extension of CRPQs with relations that per-
mit to compare paths was proposed [10]. It used regular relations for comparing labelled
paths, which include equality, equal length, or fixed edit distance, among others. The
extension of CRPQs with this type of relations, or CRPQ(REG), was also shown to have
polynomial time data complexity.

The expressiveness of CRPQ(REG), however, was still short in many applications re-
quiring to compare paths based on richer relations. For instance, semantic associations
between paths in RDF applications often deal with relations such as subword or subse-
quence. Yet this kind of relations are not regular, but rational. Nevertheless, the use of
rational relations on query languages is to be done with extreme care, for simply changing
regular by rational in CRPQ(REG) makes query evaluation an undecidable problem [10].

According to this, several solutions were considered and studied to tackle this ex-
pressiveness limitation while keeping an acceptable complexity of query evaluation. The
most direct one, extending CRPQ(REG) with rational instead of regular general rela-
tions, makes query evaluation undecidable, as it was mentioned before. Another proposed
solution was to extend CRPQ(REG) with particular rational relations that are of interest
in practice, such as suffiz, subword or subsequence. Nevertheless, the evaluation of such
queries remained either undecidable, or non-elementary in data complexity, and thus pro-
hibitively high [9]. By additionally restricting the syntactic shape of queries to satisfy
certain acyclic forms, the evaluation complexity can be shown to be in PTiME. This,
however, is too restrictive for some important applications, since relations such as the
ones mentioned above do not naturally define acyclic patterns.

A query language that was shown to have a balanced trade-off between expressiveness
and complexity was obtained by extending CRPQs directly with specific binary rational
relations used in practice, such as suffiz, subsequence and subword. This leads to the
following three query languages : CRPQ(<..s), CRPQ(X..) and CRPQ(X,,). The data
complexity of evaluation for the first two was shown to be in NP [9]. Some questions
about this query language, however, remained unanswered. They relate to the precise
complexity of evaluating these queries, asking if the given bounds were tight or if better
evaluation algorithms could be found. Moreover, the question about the decidability of
queries in CRPQ(X,,,) was left open. These questions are studied in detail in this thesis.

—sw

In particular, the following questions are studied:

1. What is the precise complexity of evaluation for queries in CRPQ(<..s), CRPQ(X.,)
and CRPQ(<.,)?

2. What are the limits of tractability for the different combination of features of the
query languages mentioned above?

The following results are established trough this work:

2



1.1. Organization Chapter 1

First, by reinterpreting the tools that have been used in the literature to study the
problem, it is shown that the evaluation of CRPQ(X.,.s) and CRPQ(<,,,) queries is linked
to the problem of solving word equations with regular constraints [46]. This provides
new and strong combinatorial tools to the subject, and shows that the evaluation of
CRPQ(X.,) queries is indeed decidable, and can be done in PSPACE.

Secondly, the complexity of evaluating CRPQ(<,.q) queries is studied in depth, and
a better algorithm is constructed showing that their evaluation is in NLOGSPACE, hence
in PTIME.

Finally, in the case of subsequence, the previously known NP algorithm for evaluating
queries in CRPQ(X.,,) is shown to be optimal by proving a matching NP lower bound.

These results show, first, that the previously known NP upper bound for evaluat-
ing CRPQ(X..#) queries can be lowered to PTIME. Consequently, it matches the data
complexity of standard query languages, such as CRPQs and CRPQ(REG). In contrast
to this, CRPQ(X,,) queries are unlikely to be practical, since this class contains queries
which are NP-hard to evaluate. In the case of CRPQ(X,,,), the question now is whether
the PSPACE algorithm given for evaluation is optimal, or if better algorithms can be found.

Additionally, this work raises interesting theoretical questions about the tools used to
establish these results. These relate to the complexity of solving fixed word equations
with variable regular constraints, which to the best of the author’s knowledge is an open
question in the literature. A partial answer is given in the simplest case, showing that for
a class of equations satisfiability can be efficiently decided in NLOGSPACE.

1.1 Organization

In Chapter 2, the reader is introduced to the concepts used throughout this work: pre-
liminaries on formal languages, computable string relations, CRPQs and the main tools
used in their study, along with previous results concerning them. Chapter 3 is devoted to
study CRPQs comparing paths with a vast class of relations including suffix and subword,
for which their evaluation is shown to reduce to solving word equations with regular con-
straints, showing the complexity of their evaluation to be in PSPACE. In Chapter 4, the
query language CRPQ(=<ug) is studied in depth, showing its data complexity of evalua-
tion to be in NLOGSPACE. It is also shown in Chapter 4 that for a class of word equations,
satisfiability of them with variable regular constraints is decidable in NLOGSPACE. In
Chapter 5 a query in CRPQ(<) is constructed such that its data complexity of evalu-
ation is NP-hard. Finally, the results of this thesis are summarized in Chapter 6, which
also points out open questions that will be object of study in following research.



Chapter 2

CRPQs with path comparisons

In this chapter, the main problems studied in this thesis are presented, along with previ-
ous results obtained for them. After providing basic definitions and notation, the query
language of conjunctive regular path queries with path comparisons is defined. Its ability
to achieve its intended purpose is then put into context by providing some known results
about their evaluation when considering different classes of relations for comparing paths.
This leads to some open questions about their complexity of evaluation, which are finally
explained to establish the goals of this work.

2.1 Preliminaries

Throughout this work, capital greek letters ¥, I, ¥ shall be used for denoting finite
collections of symbols, or alphabets. The free monoid generated by X is the set (X*, - ¢)
of finite strings with symbols from ¥, along with the associative concatenation operator
- and the empty string . Given a string w € ¥*  |w| denotes the number of symbols
conforming w. For a symbol a € ¥, |w]|, counts the number of occurrences of symbol a in
w. For w e ¥* wli..j] stands for the substring of w bounded by positions i, j, wli] for
wli..i], and w[i..] for w[i..|w|]. For w e ¥* alph(w) € %, is the set of symbols appearing
in string w. Finally, for ¥y € ¥ and w € ¥*, w|y, stands for the string obtained from w
by removing any symbol not in ¥,. For an integer n € N, [n] denotes the set {1, ...,n}.

2.1.1 Computable string relations

This work is inherently related to computable relations over ¥*, and for complexity pur-
poses, they are classified according to the computing devices needed in order to recognize
them. Three classical classes of relations studied in this work are defined: recognizable
(REC), regular (REG), and rational (RAT) [12, 17]. When the arity of the relation is
relevant, it is added as subscript (e.g. the class of binary rational relations is RAT5).

Recognizable n-ary relations are subsets R < (£*)" for which a finite monoid M and
a morphism f : (2*)" — M exist, such that R = f~1(M,), for some M, = M. Recogniz-
able relations are known to coincide with finite unions of sets Ly x --- x L,,, where each



2.1. Preliminaries Chapter 2

L; € ¥* is a regular language [12].

Regular n-ary relations are subsets R < (X*)™ recognized by a finite automaton A
over a padded alphabet ¥7 = (X u {L})"”, where L is symbol not in ¥. A string n-
tuple w = (wy, ..., w,) € (X*)™ can be seen as a string @w € (37)*, whose i-th symbol
a; = (ai,...,a;,) € ¥} is a tuple whose j-th element, a’, is the i-th symbol of w;, if i < |w],

and L otherwise. Accordingly, A processes w in a synchronous fashion (see Figure [2.1)).

A
wy - ’aaban_J_... ‘
wy: [ blala L L1 1. .. |
wz: [ plaob L L 1., |

*

Figure 2.1: A finite automaton over (X7 )* reading a string ®(aabaa, baa, babb, ...).

Example 2.1.1. Examples of regular relations prevalent in database applications
are prefix, equal length and fixed edit distance. For instance, in the case of prefix, for a
given pair of strings (wy, wsy) € 3* x X* it is easy to recognize w; as a prefix of wy with
a synchronous two-headed automaton, which simultaneously reads every symbol from
both strings rejecting whenever they are not equal and accepting if the first string
ends.

Rational n-ary relations are subsets R < (X*)™ that can be described by regular ex-
pressions with tuple symbols from (X U {e})™ using the union, concatenation and Kleene
star operators. Equivalently, rational relations are languages recognized by n-tape au-
tomata, whose read-only-once heads can move independently in each step. In contrast
to regular relations, the automata recognizing rational relations processes strings tuples
asynchronously (see Figure .

A
v
wy lalalbaalpbbda... |
Wy baaablbalalp... |

w3  [pbabbblplaabd... |

Figure 2.2: A finite automaton over (X*)? reading a string (aabaabbbaa..., baaababaab..., babbbbaabb...).
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Example 2.1.2. Examples of rational relations naturally appearing in database
applications are suffir (Zsug), subword (Zg) and subsequence (<Z):

1. u<agv < dpeX™ v=rpu
2. U <4 U < dp,s€X*, v =pus
3. u <4 v < wuis obtained by removing some symbols from wv.

These relations can be defined by the following regular expressions over (X U {e}) x

(2 v {e}):
L <t = (Unex(:0)™ - (Usex(a, @))”
2. <aw = (Uaen(&:0)™ (Uaex(0,0))" - (Uees (€, @)
3. <= (Usexf(e,a), (a,0)})"

These three classes of regular relations are known to coincide when unary, that is
REC; = REG; = RATY, but this is not the case for general arity. Indeed, for k >
1, REC, ¢ REG, ¢ RAT) [12]. For instance, <y € REGS\REC, and <qug €
RAT\REGs:.

It is typically assumed that relations are given as input for a problem encoded by
the automata that defines them. Thus, for instance, a recognizable m-ary relation R =
U; L5 x - x Ly, is given by the automata {N;(Qj, 3, 9}, s%, F})}i; (without e-transitions)
each recognizing the regular language L.

2.1.2 Complexity measures for database querying

The standard model for a graph database (graph-db henceforth) is that of an edge-labelled
directed graph G(V, F) with E €V x X x V| for a fixed finite alphabet ¥ [5]. A query is
defined by a logical sentence, and associates with each graph-db G(V, E) a set of tuples of
vertices in V satisfying it. Query languages are henceforth classes of queries closed under
isomorphism. The query evaluation problem is: Given a graph-db G and query @), does

@ hold in G? When this is so, it is denoted as G = Q.

From a standard complexity theory point of view, the cost of evaluating a query @)
over a graph-db G should be measured according to the size of the given input: |G|+ |Q).
This approach is not conducive, however, in database applications, since as early noted
by theoreticians [55] 29, [16], the scales of the database and query sizes are incomparable;
databases in the real world are huge in size when compared to the size of the queries,
having different impacts in the complexity of the problem.

This observation led to distinguish the role of the query and the database when mea-
suring computational complexity. Accordingly, two measures of complexity have been
studied [55]: data complezity and combined complexity. For a query language L:

e Data complexity studies the problem {(G) : G = Q} for a fixed query Q € L.
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2.2. Conjunctive regular path queries with path comparisons Chapter 2

e Combined complexity studies the problem {(G, Q) : G = @, G graph-db and Q) € L}

2.2 Conjunctive regular path queries with path com-
parisons

Let G(V,FE), with E € V x X x V and ¥ a finite alphabet, be a graph-db. A path p
between vertices v and v in V is a sequence p = vpa10102Vs . . . Gy Uy, such that vy = u,
vm = v and for each i < m, (v;,a;41,v;41) € E. The label of such a path p, denoted by
A(p), is the string ay...a,, € 3*.

Queries over a graph-db are typically navigational, i.e. they allow to recursively tra-
verse the edges of a graph-db while checking a regular condition. The main building
block for navigational queries over graph-dbs is the class of reqular path queries, or RPQs
[21, 20]. An RPQ is nothing else than a regular language over . Formally, these are ex-

pressions of the form Q(z,y) : = L, y, for a regular language L < ¥*, whose evaluation
over a graph-db G is the set

Q(G) = {(u,v) € V x V : there exists p a path between u and v, such that \(p) € L}

The cost of evaluating RPQs is low, since their data complexity is in NLOGSPACE.
When originally introduced, however, RPQs where argued to be too simple to be useful in
practice, lacking features as the possibility to ask for richer patterns through conjunction of
atoms [44]. The query language addressing this limitation is the closure under conjunction
and existential quantification of RPQs, which forms the class of conjunctive regular path
queries, or CRPQs [25], 15, 22]. A CRPQ ¢(z) is formally written as

o(z) = Jy /\Qi(ui,u;), with  Qi(z,y) := (ac L, y> foreach 1 <i<m
i=1

For a given graph-db G, a vertex tuple @, and ¢ € CRPQ, G |= ¢(a) if and only if in G
there is a tuple of vertices b, and an identification v;, v, of vertices from a, b interpreting
the variables u;, u} from ¢ such that for every i < m, (v;,v)) € Q;(G). The arity of the

query, i.e. the number of non-quantified variables in z, is denoted ar(¢). Thus for a
CRPQ ¢, its evaluation over G is

$(G) ={aec V9 . G ¢(a)}

When ar(¢) = 0, meaning that all of its variables are quantified, the query is said to be
Boolean, and its evaluation ¢(G) equals 1 or 0 according to the truth value of G |= ¢.

Example 2.2.1. Let Go(V, Ey) be a directed graph and s,t two of its vertices. Let
G(V, E) be the graph-db obtained by labelling every edge in G with a symbol o from
{a,b, c} such that

a fu=s
(u,o,v)e E < (u,v)eEy A 0=3 b ifu#s Av#t
c fv=t
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Consider now the Boolean CRPQ query ¢ : dx,y, x L, y with L =a-(a+b)*-c.
It is easy to see from this construction that ¢(G) = 1 if and only if ¢ is reachable

from s in Gy. From this, it follows that the data complexity of evaluation of CRPQs
is NLOGSPACE hard, since the query ¢ is independent from the reachability instance

(G, s,t) ..

Similarly, the data complexity of CRPQs is in NLOGSPACE, and its queries are thus
practical to be evaluated. However, in order to be useful in some applications, more fea-
tures commonly required have to be considered. More precisely, the definition for CRPQs
does not allow comparisons of labelled paths joining different pairs of vertices (u;,u}),
since these paths are not specified in the syntax of its queries. For instance, the CRPQ

query Q(x,z) : 3y, <:c L, y> A <y Lo, z) asks for pairs of vertices (u,v) joint by a
labelled path with a first part conforming to L; and the second to Ls. Yet it would not

be possible to additionally ask in the query the label in Ly to be a suffix of the one in Ly,
or any other string relation between them.

The class of conjunctive reqular path queries with path comparisons, or CRPQ(S),
addresses this limitation by specifying in their syntax pairs of paths to be compared, and
a class S of binary relations over ¥* such as REG or RAT, used for this purpose [9].
Formally, ¢ € CRPQ(S) if

m

6@ 3 | N\ (w ) A A Sl )

i=1 (i.5)el

where I < [m] x [m] and for each (i, j) € I, S; ; is a relation in S. In this syntax, variables
X have the role of representing paths between vertices u; and v in the graph-db. It is
important to note that for CRPQ(S) queries, the relations {S; ;}jjer © S and the index
set I < [m] x [m] are part of the query. Additionally, if the complexity of evaluation
when using a particular relation is to be studied, the class & could be a singleton, such as
{<sut}, in which case this class denoted CRPQ(=Zsuf)-

For a graph-db G, a vertex tuple a and a CRPQ(S) query ¢, G = ¢(a) is true if and
only if in G there is a vertex tuple b, an identification v;, v of vertices from a, b interpret-
ing the variables u;, u,, and paths p; between vertices v; and v, interpreting the variables
Xi, such that for every i < m, \(p;) € L; and for every (i,7) € I, (A(pi), A(pj)) € Sij.
Likewise, the arity of ¢ € CRPQ(S) is the number of its non-quantified vertex variables
in Z, and their evaluation over a graph-db ¢(G) is defined in the same way as for CRPQs.

Example 2.2.2. Consider a set (L1, ...L,,) of regular languages over an alphabet X.
Let G be the trivial graph-db G({u}, E) with E = {(u,a,u) : a € X}, and the index
set I = {(1,2),(2,4),...,(m — 1,m), (m, 1)} with the edges of a directed cycle on m



2.3. Languages of the form CRPQ(S) and open questions Chapter 2

vertices. Consider also the Boolean query in CRPQ(<gy) given by

A i 0 Ly
o:3 | A\ (e 2) A A xisw
i=1 (i,§)el

[t is easy to see from this construction that ¢(G) = 1 if and only if there is a string
in X* present in each language L;, since <, is is transitive and anti-symmetric. It
follows from this that evaluation of CRPQ(<4y) is PSPACE-hard.

Example 2.2.3. Consider a graph-db G(V, E) with {a, b} € ¥ and the CRPQ(<X)
query () given by:

: T*.q ! 3*p
00 - (= *E) n (5 FENY 4y

The set Q(G) contains all the vertices v in V' such that there are two paths starting
from wu, one ending with label a, the other ending with label b, and such that every
edge label appearing in the second also appears, in the same order, in the first.

The query evaluation problem, EVALCRPQ (S), receives as input a tuple (G, v, ¢) of
a graph database G(V, E), a vertex tuple v € V¥ and a query ¢ € CRPQ(S), asking if
v € ¢(G). This corresponds to the combined complexity of evaluation. When the query
¢ € CRPQ(S) is fixed, the problem is denoted EVALCRPQ (S, ¢). This corresponds to
the data complexity of evaluation.

2.3 Languages of the form CRPQ(S) and open ques-
tions

Languages that extend CRPQs with path comparisons come in different flavours. The
simplest such language is the class CRPQ(REG), also known as extended CRPQs [10].
Queries in this class use regular relations to compare paths, and were shown to have its
data complexity in NLOGSPACE, matching that of standard query languages previously
discussed.

Theorem 2.3.1 ([10]).
The problem EVALCRPQ (REG) is in PSPACE, and for each query ¢ € CRPQ(S), the
problem EVALCRPQ (REG, ¢) is in NLOGSPACE.

Regular relations do not include, however, the relations such as Subword, Suffix or
Subsequence, introduced in Example 2.1.2] In order to overcome this limitation, lan-
guages extending CRPQ(REG) with rational features have been introduced. The most
direct solution would be extending the previous language with all rational relations, which
yields the class CRPQ(RAT). This however, has an immense cost on query evaluation,
which becomes undecidable.
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Proposition 2.3.2 (Folklore).
EvALCRPQ (RAT) is undecidable.

This situation could perhaps be avoided, if instead of using arbitrary rational relations,
CRPQ(REG) was extended with just an extra binary rational relation of practical inter-
est, such as <, <gw and <, yielding, for instance, the language CRPQ(REGU <y q).
However, for <. and <, the evaluation problem for the resulting language is still un-
decidable, while for < it is decidable, but with prohibitive complexity.

Theorem 2.3.3 ([9]).

o There are queries ¢ € CRPQ(REG U {<44}) and ¢' € CRPQ(REG u {<,,}),
such that EVALCRPQ (REG v {4}, ¢) and EVALCRPQ (REG U {<4,},¢) are
undecidable.

o There is a query ¢ € CRPQ(<Z,) such that EVALCRPQ (REG U <, ¢) is

decidable in non-elementary complexity.

A possible approach to find better complexity bounds is to further restrict the lan-
guage, by completely disallowing regular relations. This yields the classes CRPQ(<y),
CRPQ(Xsw) and CRPQ(Xgug). What is known about the complexity of evaluating these
languages is the following :

Theorem 2.3.4 ([9]). The following is true for S € {<ss, <sug}:
e The problem EVALCRPQ (S) is in NEXPTIME.
e For each ¢ € CRPQ(S), the problem EVALCRPQ (S, ¢) is in NP.

The table in Figure[6.1|summarizes what was previously known about CRPQ(SS) query
evaluation.

Query S =< S =<quf S =<qw S e RAT
CRPQ(REG u S) | decidable, NEC | undecidable | undecidable | undecidable
CRPQ(S5) NP NP ? undecidable
| CRPQ(S) | NExPTIME | NEXPTIME | ? | undecidable |

Figure 2.3: Upper bounds for data and combined complexity, respectively, of CRPQs comparing paths
with Subword, Suffix and Subsequence relations. NEC stands for non-elementary complexity.

The questions studied in this thesis are the following:

1. Is NP the optimal upper bound for the complexity of evaluating CRPQ(=<g) and
CRPQ(Xguf) queries?

The known upper bounds for these evaluation problem were achieved with tech-
niques based on NFA-cutting properties allowing to show the existence of polynomi-
ally or exponentially sized membership witnesses. Other tools could be incorporated

10
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to construct better evaluation algorithms, or instead, look for problems which could
be described by means of these relations in order to show the existence of queries
NP-hard to evaluate.

2. Is the evaluation of CRPQ(<sy,) queries decidable? and if so, what is its data
complexity?

The techniques previously used to study this question, which worked for the

preceding two query languages, were unfruitful when working with <, to find either

an upper or lower complexity bound. It would then seem necessary to look elsewhere
for tools to study this question.

11



Chapter 3

A new link between CRPQ(S)
evaluation and word equations

In this chapter the combined complexity of evaluating CRPQ(Xsy) and CRPQ(<Zss) is
shown to be PSPACE-complete, by establishing an unprecedented link between the eval-
uation of these query languages and the problem of solving word equations with reqular
constraints.

First, the idea behind the reduction is suggested for the languages CRPQ(<4) and
CRPQ(Zsur), which is then generalized to the class of CRPQs comparing paths with
relations expressible by word equations. In order to do so, word equations with reqular
constraints are introduced, followed by the class EQ of relations over ¥* expressible by
word equations. Finally, the reduction for the language CRPQ(EQ) is given, along with
the consequences on the complexity of evaluating its queries.

3.1 Reducing to word equations

The first step when working with CRPQ(<sy) or CRPQ(Xs) is an intermediary problem
which holds the essence of evaluating their queries. Before giving its definition, consider
the following example to introduce the idea.

Let Q € CRPQ(<gy) be a binary query given by

Q,y)  (z X="y) & (v ¥27"2) A (X< X)

with {a,b} < X. Let G(V, E) be a graph-db with F € V x ¥ x V| and (u,v) e V x V a
pair of its vertices. According to the definition, (G, (u,v), ¢) € EVALCRPQ (< Sw) if and
only if there is in G a path p between u and v whose final label is a, and a path p’ between
v and u whose final label is b, such that A(p) <sw A(p').

Another way to see this is to interpret the graph-db G as the transition function of
an NFA over X with states V', without specified starting and accepting states. Formally,
this transition function is 6 : V x ¥ — P(V) such that

Ve,yeV, ae X, yed(x,a) < (x,a,y)€FE
12
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For instance, N(V, %, d,u, {v}) is an automaton recognizing a string w € ¥* if and only if
a path exists between u and v in G whose label is precisely w. If in addition to this, A is
the NFA recognizing ¥* - a, then a string w € ¥* is recognized by the product automaton
N x A if and only if a path whose final label is a exists between u and v in G. Similarly,
one can define the product automaton N’ x A’ recognizing the labels of paths existing in
G between v and u ending with a b label.

If L and L' are the regular languages defined by N x A and N’ x A’, respectively, the
evaluation problem then translates into checking if a pair (w,w’) € L x L’ exist, such that
w <gy W — ie. (w,w') € (L x L)) Zsw- This is a particular instance of a broader prob-
lem known as the generalized intersection problem, and the extent to which this reduction
holds is far more general.

Formally, the generalized intersection problem, GENINT (REC*,S), for a class S of
binary relations over ¥*, receives as input a tuple (I, R, S) of an index set I < [m] x [m],
a recognizable m-ary relation R = Ly x ... x L,, € REC* (where REC* < REC is the
subclass that does not consider unions of products of regular languages), and specified
relations S = {S;;} ¢ jer such that for each (i,j5) € I, S;; is in S. The problem asks
whether strings wy, ..., w,, € X* exist such that for each i € [m], w; € L;, and for each
(i,7) € I, (w;,w;) € S; ;. The set of tuples in R satisfying these conditions will be hence-
forth denoted as R(); S. As in the case of CRPQs, when a single relation is to be studied
S can be a singleton. When only the recognizable part of the input is considered, and the
rest is fixed, this is indicated by subscripts, such as GENINT; ., (REC*). The following
then holds:

Theorem 3.1.1 ([9]).
e The problem EVALCRPQ (S) reduces in polynomial space to GENINT (REC*,S).

e For each query ¢ € CRPQ(S) comparing paths specified by I < [m] x [m] , the
problem EVALCRPQ (S, ¢) reduces in logarithmic space to GENINT; 5, (REC¥).

With this result, upper bounds for the complexity of evaluating CRPQ(<Xg,) and
CRPQ(=Zu) queries can be found by constructing algorithms deciding GENINT (REC*, <)
and GENINT (REC™, <.,q) respectively. For these relations, these intersection problems
can be reduced to an equation on strings ranging in regular subsets of ¥*. The following
example motivates this idea:

Example 3.1.2. Suppose now an instance is given for GENINT (REC*, <4): a
recognizable relation R = L; x Ly x L3 x Ly over ¥* and an index set I = {(1,2) ,
(1,3), (2,4) , (3,4)}. The problem is to find out if strings wy, we, w3, wy exist in X*, w;
belonging to L; for each ¢ = 1,2, 3,4, and such that wy <gug ws, w1 <gug W3, <guf W4,
w3 <guff Wy (see figure 3.1).

13
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Wy € LQ
$
% Sug
wy € L1 Wy € L4
k 4
w3 € L3

Figure 3.1: A generalized intersection problem scheme.

According to this, w; is not bounded to have as suffix any string. It must be a
suffix of wy and w3, and these must be both suffixes of w,. This means that prefixes

D1,2,D1,3, P24, P34 € 2* must exist such that

W2 = P1,2W1

™~

il \ o { ot

P3aW3
/’

W3 = P1,3W3

Additionally, strings w; are bounded to regular sets L; for each ¢ = 1,2,3,4. The
entire problem can thus be rewritten as the following equation on strings:

W2 = P1,2W1
w3 = P1,3W1
Wy = P2,4W2
Wy = P3,4W3

st Vi=1,2,3,4 w el
V(i,j)el pijeX®

The response to the original problem is affirmative if and only if the preceding equation
has a solution.
This later problem corresponds to solve what is known as a word equation with reqular

constraints. The fact that the reduction for this generalized intersection problem instance
holds is precisely because suffix is a relation expressible by a word equation, in the sense

that <qup= {(z,y) € X* x ©* : Ipe X*, y = px}.

As will be shown in the following sections, any instance from GENINT (REC*,S) can
be reduced to such constraint equations on strings if S is a class of binary relations over
3* expressible by word equations. In order to achieve this, these concepts are formally

introduced.

14
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3.2 Word equations with regular constraints

Word equations is the problem of assigning strings to variables in order to satisfy a given
pattern. For instance, in an alphabet {a, b}, the equation

XaaXb = aabXY

asks to find strings X, Y on {a, b}* making the left and right sides of it equal. They could
be X = aab, Y = b. If so, both sides of the equation correspond to the string aabaaaabb.

Formally, a word equation e consists of two strings L, Re (I' u X)*, where I is a set
of variables I', and X is a set of constants. This is typically written as {e : L = R}. The
size of |e| is its denotational length, |L - R|. A solution, or unifier, for the equation is a
morphism ¢ : (I' U X)*,-,e) — (¥*,-,¢) such that ¢|x = id and for which ¢(L) = ¢(R).
Constraints can be added to the equation to specify subsets of >* where the strings range
in. This can be done by means of regular languages {L, }.er, asking additionally that for
each z € I', ¢(x) € L,. These are word equations with reqular constraints. In this case,
the equation may be assumed to be constant free, that is, only symbols from I'" appear
in L and R, since a subword of LR over X can be replaced by variables restricted to the
regular language composed of that single subword.

The study of systems of word equations reduces to single word equations, since an
infinite system of word equations is equivalent to one of its finite subsystems [3], and
every finite system of word equations can be encoded in a single one [31]. One of the
most celebrated results in this area is due to Makanin [42], showing decidability of finite
systems of word equations. The complexity of his algorithm has currently been shown to
be in EXPSPACE [52] and non primitive recursive [36]. Another method, using data com-
pression, was later proposed by Plandowski [46], showing that the problem is decidable
in PSPACE, which is the best currently known bound. Gutiérrez et al. finally developed
a non-trivial extension from this, showing that solving word equations with regular con-
straints is PSPACE-complete.

3.3 Relations expressible by word equations - EQ

Word equations can serve as means to express relations on strings. For instance, the
equation {XY = Y X} describes the set of pairs of strings (X,Y) € ¥* x ¥* which com-
mute. This use of word equations has been applied by numerous authors [41] [I8], 26]. In
[35] a general study of the expressive power of word-equations was first given, trying to
unify and systematize this topic. It also gives means for disproving relations from being
expressed by word equations, by providing pumping-like properties satisfied by them.

An m-ary relation R < (X*)™ is expressible by a word equation, if there exists an
equation e with ¢ > m variables over ¥ such that R coincides with the projection of the
t-tuple solutions of e on a set of m fixed components. The class of finite-arity relations
expressible by a word equation will be denoted EQ. When the arity of such a relation is
fixed, it is denoted with a subscript (e.g. the class of binary relations expressible by word

15
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equations is EQ,).

Some relations with widespread applications on database problems are expressible by
word equations. This is the case for the Suffix and Subword relations :

I <qp={(X,Y)eX* x T* : IJpeT* Y = pX}
2' iSW: {(X,Y)EE* XE* : HP,SEZ*, Y:pXS}

Other relations have been negatively proven to be expressible by word equations. In
[32], the subsequence relation, was shown to be one of such. They also show that the
class of power-free strings (e.g, cube-free words on binary alphabets) is neither in EQ.
The equal-length relation was proven in [35] to belong outside of EQ as well. A work
that completely characterizes the complexity of languages expressed by equations on two
variables is [33], and with bounded number of variables is [34].

It is worth noting that RAT ¢ EQ and EQ &€ RAT, since < is rational yet not
expressible by word equations, and EQ contains relations not able to be recognized by
memory-limited sequential devices as automata, as {(x,y) € ¥* : Iz, y = zzz}. Also,
REG ¢ EQ), since REG contains the equal-length relation. Nevertheless, Plandowski’s
algorithm ensure that the recognition of EQ relations has PSPACE complexity, that is,
the problem of deciding, for a given relation R € EQ and a string tuple w e (X*)o(®)  if
w € R, is solvable in polynomial space.

3.4 EvalCRPQ (EQ) is PSpace-complete

Queries from CRPQ(EQ) use binary relations expressible by word equations in order to
compare paths joining vertices in a graph-db. Now that the formal requirements have
been met, the reduction is given from EVALCRPQ (EQ) to the problem of solving word
equations with regular constraints. The result follows from translating general intersection
problem instances into word equations.

Proposition 3.4.1. GENINT (REC*, EQ) reduces in logarithmic space to word equa-
tions with regular constraints.

The idea behind this proof was already presented in Example [3.1.2, The complete
proof is given now:

Proof for Proposition[3.4.1. Consider an input instance for GENINT (REC*, EQ) given
by (L,1,S), with L € REC*, I < [m] x [m] and S = {S;,}jjer such that for each
(i,7) € I, S;; is a binary relation in EQ. Assume L given by L = Ly x --- x L,,, for
regular languages L; < ¥*. The problem asks for the following : does wq, ..., w,, € X*
exist, such that for each i € [m], w; € L;, and for each (i,7) € I, (w;, w;) € S; ;7

For (i,7) € I, let egj : L?’j = R?J- be the word equation describing S; ;. It will be as-
sumed that all these equation are written in the same alphabet. Variables X = {X;, X5}
are assumed to be those variables projected onto the relations and Y = {Y7, ..., Y;} those
existentially quantified, with ¢ the maximum number of quantified variables in the set

16
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{Si,j}j)er- From this, L?J- and R?J are strings from (X uY u X)*. The relations are then
described as S;; = {(X1, Xp) € ¥* : IY1,..., Y, € ¥¥, L?,j = R?,j}'

A new set of variables is constructed. For each i € [m] let Z; be a variable interpreting
w;. For each index (i, j) € I, variables Yf’j eees Yf’j are defined. An unrestricted equation
e,; + Li; = R;; is given for each index (,j) € I : in order to obtain e;; from egj, X,
is replaced by Z;, X5 is replaced by Z;, and for each [ € [t], Y] is replaced by Yl” The
system of word equations ey, ; g is thus given by

V(Z,]) el Li,j = Ri,j

CLIS Y st Vie[m]  ZielL
Wi, j)el,lelt] Yiex:

Claim 3.4.2. There is a solution for ey, ; g if and only if L ﬂ[ S # .

For the if part, let (wi,...,w,,) € L();S. Since for all (i,7) € I, (w;,w;) € S;j,
by definition of S; ;, strings yij , ...,yf’j e X* exist such that when replacing X; — w;,
X, — wj, and each Y; — ;7 then the strings obtained r%7, 1%/ are equal. The morphism
¢:((Zu TUX)*, - e) — (5%, -,¢) assigning with each Z; the string w;, and with each Y}/
the string yli’j , leaving the symbols of ¥ invariant, is clearly a solution for ey, 7 g, since for
each i € [m], w; € L; and the way the equation is defined. The converse part is analogous.

The variables and equations in ey, ;¢ depend exclusively on I and S. The number
of variables is m + >, ;| (Si;) [, and there are [I| equations of size [(S;;) |, where

| (Sij) | = |LY,;RY ;| is the size of its description. There are m restrictions (U, L} iem)
and thus each of O(|L|) size, the others being ¥* and thus of constant size each. It follows
that |errs| = O(|I||S||L]). Also, it is important to notice that the equations are con-
structed by consecutively visiting each edge pair (¢, j) € I, and this is done independently.
Consequently, the procedure and can be carried out in deterministic logarithmic space.

This concludes the proof. O

Observation 3.4.3. It is important to notice that when the index set I and the relations
in S are fixed, the equations and variables are also fixed, and the input part of the
reduction is only the set of regular constraints.

As a corollary of this and Proposition [3.4.1] the following result is obtained:

Theorem 3.4.4. The following is true about EVALCRPQ (EQ):

e EVALCRPQ (EQ) many-one reduces in polynomial space to solving word equations
with reqular constraints.

e EVALCRPQ (EQ) is PSPACE-complete.

e For each query ¢ € CRPQ(EQ), there is an unrestricted equation ey, for which
the complexity of EVALCRPQ (EQ, ¢) is that of solving e, with variable regular
constraints.

17
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Proof. The first item follows from EVALCRPQ (EQ) reducing to GENINT (REC*, EQ)
in polynomial space, since this later problem reduces to word equations with regular con-
straints in logarithmic space.

The PSPACE upper bound in item 2 follows from Plandowski’s algorithm for solving
word equations with regular constraints in polynomial space. For a lower bound, the
non-empty intersection problem for regular languages, which is PSPACE-complete, was
reduced to the combined complexity of EVALCRPQ (EQ) in Example using the
<sw relation, which is in EQ. The same result holds when changing <, by <qus.

The final item follows directly from the proof of Proposition and Observation
3.4.3 ]

As a consequence of this, the evaluation of queries in CRPQ(<y,) is decidable in
PSPACE, and the combined complexity of EVALCRPQ (Z4,q) can be lowered from NEXPTIME
to PSPACE:

Corollary 3.4.5.
The combined complexity of EVALCRPQ (Xg,) and EVALCRPQ (<) is PSPACE-
complete.

It is worth noticing that the data complexity of evaluation of queries in CRPQ(EQ)
reduces to the problem of solving a fixed word equation on variable regular constraints.
This problem is, to the best of the author’s knowledge after personal communications with
Claudio Gutierrez and Volker Diekert, an open question in the literature. This question
has its own interest, but in this context, it will also serve to study in depth the data
complexity of EVALCRPQ (Z4u5), for which the obtained equations share features that
allow to decide satisfiability with variable regular constraints in NLOGSPACE, as will be
shown in the following chapter.

18



Chapter 4

Evaluating CRPQ(=<¢,g) queries

In the preceding chapter it was shown that the data complexity of EVALCRPQ (S) re-
duces to solving fixed word equations with variable regular constraints when S is a subset
of EQ. In this chapter the equations obtained in the case of EVALCRPQ (Z4.) are
studied in depth, recognizing shared patterns that allow to solve them in NLOGSPACE.
This result actually extends to any fixed word equation with variable regular constraints
admitting a finite number of minimal solutions.

4.1 Working with EvalCRPQ (<Xs.#) equations

An equation obtained when working with <. .4 is studied in this section to motivate the
algorithms further constructed in this chapter. In Example [3.1.2] the following equation
reducing EVALCRPQ (X4ug) was shown

W2 = P1,2W1
w3 = P1,3W1
Wy = P2,4W2
Wy = P3,4W3

st. Vi=1,2,3,4 w el
V@i, j) el piyest

The first thing to be noted, is that through direct substitution of variables, this equa-
tion is equivalent to the following

W2 = P1,2W1
w3 = P1,3W1

P2,4P1,2W1 = P34aP13W1 A
Wy = P2,4P1,2W1

st. Vie=1,2,3,4 w;el;
V(i,j)el p;je>*

The new system has a non-trivial equation, {ps4p1 2w; = p34p1 3w}, and a set of triv-
ial equations whose solutions depend on the preceding one, {wy = pi 2wy, ws = py 3wy,
Wy = Paap1owi}. Actually, these are just variable assignations, but they need to be kept
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in the system for not losing information about the regular constraints.

Let I' = {w;}icq) U {Dij} @ )er be the set of variables for this equation. Recall that a
solution for it is a morphism ¢ : (I'*, -, e) — (3*, -, €) satisfying the patterns in the equation
and the regular constraints. An approach to find such a solution is to first find a solution
¢ 2 (T*,-,e) — (U*, -, e) unifying the unrestricted equation on a intermediary variable
alphabet W, and then find the appropriate strings in >* to associate with each z € W,
matching the constraints. The later is a second morphism, ¢, : (¥*, - ¢) — (X%, - ¢), such
that ¢9 o ¢ is a solution for the constrained equation. For instance, a solution ¢, for
the pattern equation {ps4p1 w1 = psap1swi} with variables from ¥ = {X,Y, Z} can be
constructed as follows:

o1(wy) = X

=YZ
zigjiz% =BYZ = P24 P12 W | 1 YAB -YZ-X
¢1(P274) =YAB P34 P13 W1 YA.-BYZ-X
d1(psa) =Y A

In this setting ¢ should be a morphism such that ¢o(X) € Ly, ¢p2(YZX) € Ly, po(BY ZX) €
L and ¢o(YABY ZX) € Ly. This observation actually extends to any word equation with
regular constraints :

Observation 4.1.1. Let e be an equation on variables I', and {L,}.er a set of regular
languages over ¥. A solution for E with regular constraints {L,}.cr can be decomposed
in two morphisms ¢; : (I'*,-,e) — (V¥ -,¢) and ¢y : (U*,-,e) — (X%, +,¢) such that
¢ = ¢ 0 ¢1. This is because regardless of which strings on ¥ solve the constraints, they
still have to match the patterns present in the unrestricted equation. Thus these patterns,
i.e. ¢1, can be found within the strings. Additionally, ¢; can be supposed to be minimal:
if 91 = o), for a non trivial morphism o : (¥*, -, &) — (U*, - ¢), this yields ¢ = ¢ooa0dpy,
remaining unchanged by renaming the composition ¢o < ¢ o « (T*, - e) = (X%, ¢),
producing ¢ = ¢, 0 ¢,. A minimal solution for an unrestricted equation is a solution such
that no decomposition ¢; = ao¢] exists other than those obtained with trivial morphisms
a such as the identity or variable renaming.

In the previous example, ¢, is not minimal, since it can be obtained from morphisms
¢o and « defined by

w1 =X
p

(
(
(p
(
(

)

)

2)
3)
1)
1)

A-BC-X

g0, AB-C- X
B P34 -P1,3 W1

3

C
BC — P24 P12 W1
A
A

%o
bo(p1
bo(p1
Po(p2
bo(p3

)
)

i~

0

a(A)
a(B)
(

(

YA

B _ AB-C-X o, YAB-YZ-X
a(C)=YZ A-BC-X YA-BYZ-X
X

a(X) =

In other words, the approach to find solutions for the constrained equation is to first
construct a minimal pattern solving the unrestricted word equation, and then decide if
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strings exist matching this pattern and the regular constraints. This approach may be
rather naive since unrestricted word equations may have infinite and arbitrarily large
minimal solutions [I]. However, if the set of minimal solutions for an equation is finite,
the solutions for it with variable regular constraints can be found by iterating over all
the minimal patterns while deciding if strings solve the constrained equation according to
them through NFA-reachability analysis.

As a consequence, by affirmatively answering the next questions the result can be
concluded:

e Any fixed equation, with a finite number of minimal solutions, can be solved with
variable regular constraints in NLOGSPACE?

e Any equation obtained from EVALCRPQ (X4 ,5) admits a finite number of minimal
solutions?

These are answered in the following sections.

4.2 Solving constrained equations with finite mini-
mal solutions

As it was suggested in the previous section, after constructing a string pattern satisfy-
ing a fixed word equation, the regular constraints could be met by performing a NFA-
reachability analysis. Consider the following example to clarify this idea:

Example 4.2.1. Suppose that an equation on variables {X,Y, Z} has been given
a solution mapping X — ABC,Y — B and Z — AC. According to the previous
observations, to find a solution of the equation with regular constraints {L,, L,, L.}
satisfying this pattern the next step would be to associate strings wa, wg, wc € X*
with A, B and C such that wawpwe € Ly, wp € L, and wawe € L,. If N, Ny, N,
are the automata recognizing these regular languages, this means they are needed to
be somehow synchronized in order to prove, for instance, that wg is a string in L,
while being a subword of a string in L,.

One way to do so is to assign reachability tasks for each variable A, B, C'. Each of
the strings to be associated with these variables is to perform an specific reachability
task in every automaton it is bounded to be recognized by (see Figure . More
precisely, these strings exist if there are states ¢f,q5 € Qu, fo € Fy, fy € Fy, ¢° € Q.
and f, € F, such that the following NFA-reachability problems are satisfiable

Nz XN, Bz

wy - (Szcvsz) - (Q1>Q)
Nz x N,

wp : (qf,8y) —" (45, fy)
z 2\ NeXN:

we © (63,¢%) =0 (fa f2)

where N x N’ is the usual product automaton over X. .
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w, | wa | wp | we |
N, So ai % Jz
- 1 [

Figure 4.1: States of Automaton N, when running on input w wgpwe.

If the set of minimal solutions for an equations is finite, the procedure can be carried out in
non-deterministic logarithmic space by checking all the patterns solving the unrestricted
equation and using the standard on-the-fly NFA-reachability algorithm to see if strings
exist satisfying the given pattern:

Proposition 4.2.2. Satisfiability of fixed word equations with variable regular con-
straints is in NLOGSPACE for equations with finite minimal solutions.

Proof. Let e be an equation whose minimal solutions are finite, and (L) = {L,}zer
a set of regular constraints. The algorithm picks one by one the minimal solutions
Y (T*-,e) = (U* - ¢) for e from the finite possibilities. Their quantity, range size
and images are constants to the algorithm since they depend exclusively on e.

For each minimal pattern solution v, a solution exists for the equation E with regular
constraints (L) = {L,}.er if a mapping ¢¢ : ¥ — X* exists, whose canonical morphism
extension ¢ to U* satisfies Vox € I, ¢ (¢¥(x)) € L,. For x € T} let No(Qu, X, 0z, Sz, F) be
the automaton over ¥ recognizing L, and let n, = [¢(x)|.

The algorithm non-deterministically chooses gf, ..., q;; € Q., for each x € I', such that
q§ = s, and ¢ € F; (see Figure |4.1)).

d(¥(z)) : p(w(x)[1])] | o((2)[na]) |
N 9% q7 To—1 I,

S L]

Figure 4.1: Guessing NFA states for each regular constrain.

For coding each one of these states, log(|Q.|) bits are needed. Hence, the whole col-
lection needs Y} (n, +1)log(|Q,|) bits. Since n, = [¢(z)| is considered fixed, this takes
O(max, log(|Q.])) = O(] (L) |) bits.

Next, reachability tasks are defined for each symbol a € . For this, if a € ¥, let
o(a) = {(x,i) : ¥(x)[i] = a} T x [max, n,| be the set of pairs (z, ) signalling variables
in z € I" whose mapping ¢(x) contains symbol a at the signalled position i. The product
automaton (), over X where a must perform its reachability task is defined as

Qa(a) = >< Nx

(z,i)ec(a)
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4.2. Solving constrained equations with finite minimal solutions Chapter 4

This definition allows a to perform multiple tasks in one single automaton by allowing it to
appear repeatedly in Q). Formally, a reachability task for a € W, is a set of two o(a)-NFA
states {qo(a), gs(a)} S Qo). These tuples are filled in way that if go(a) = {4s,i}(@i)eo(a)
and Gr(a) = {oi}(z,i)eo(@) then ¢z ; = ¢7; and G,; = ¢ (see Figure . It is to be noted
that since trivially o(a) n o(b) = @ for a,b € ¥, there is no ambiguity in these naming of
variables.

o) : | [ @] |
% i1 a Gn,
/ \
ola) = |- | gy ] ] gra) = |- | @ ]
(x,1) — ith (x,1) — ith

Figure 4.2: Filling the reachability tasks

The algorithm then proceeds to verify if for each a € ¥ state gr(a) is reachable from
state ¢;(a) in the automaton @y(,). This can be done with the standard on-the-fly algo-
rithm which requires non-deterministic space logarithmic in |Q,,| < |o(a)| max, |Q.| =
O((L)), since |o(a)| equals the number of total apparitions of a in {{)(z)}zer , and is
thus constant. Also, |¥| is of constant size, since it is the number of symbols unifying F.
Hence, the entire procedure is carried out in non-deterministic logarithmic space. The
algorithm accepts if it gives an affirmative answer for each one of these problems, rejecting
otherwise.

Claim 4.2.3. The algorithm accepts if and only if there is a solution for £ with regular
constraints (L).

Suppose for the only if part, that all the reachability tasks hold. Let ¢g : ¥ — *
be the mapping assigning for each a € U a string w, € ¥* for which ¢,; € 0,(qs.i, wa),
for all (z,i) € o(a). By the way these state-tuples where constructed, this means ¢ €
0:(qF 1, w,). Let ¢ 1 (U*, - ) — (X%, +,¢) to be the canonical morphism extension of ¢y.
Then for each x € T', ¢(¢)(x)) € L,. This is proven by induction in the following invariant:

For each i € [|¢(2)[], ¢i € bz (g5, p(4(2)[1..1])).

1. For i = 1, this reduces to ¢ € 0,(q, ¢(a)) = 0.(q5, w,) where a is the first symbol
of ¢ (x). Accordingly, qo(a),1 = ¢f and Gr(a),1 = ¢f. String w, being that which
fulfils a’s reachability tasks, this is indeed true.

2. For i > 1, the i-th symbol of ¢ (x) is assumed to be a. Since ¢ is a morphism, then

q; € 04 (g5, p((2)[1..1]))
< ¢ €0, (g5, oY (2)[1.0 — 1]) - ¢(a))
< q; €02 (g5, o(¥()[1..i = 1]) - wa)

This, in turn, is true if and only if a state ¢* € @, exists, such that ¢* € 0, (¢f,
)

é(W(x) [1..i—1])) and ¢F € d,(¢*, w,). By induction ¢7 ; € 6,.(¢5, p(¢(x) [1..i —1])),
and since w, is the string fulfilling a’s reachability tasks, with a the i-th symbol of
W(x), ¢F € 0,(q7_1,w,). The property is hence true.
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Consequently, ¢ € d,(qf, #(y(x))). Since ¢f = s, and ¢ € I}, it follows that ¢()(x)) €
L,. Since x € I" was arbitrary, ¢ o ¢ solves E with regular constraints (L).

Conversely, suppose it is true that a solution exists for £ with regular constraints (L).
By means of Observation [{.1.1] morphisms ¢, ¢ exists such that ¢; : I'* — U* minimally
unifies £ and ¢, : U* — £* solves the constraints over ¢;(E). Thus, the algorithm picks
1) < ¢ in some iteration. It is straightforward to see from this proof that if ¢, solves the
regular constraints according to the pattern ¢y, then for each x € ¥ states ¢, ..., g;, must
exist in @), sequentially reachable by means of the strings ¢o(¢1(2)[1]),...,02(¢1(x)[n,]) in
automaton N,. Consequently, there is a non-deterministic branch of the algorithm that
successfully guesses these states and gives the thumbs-up for every reachability task. This
concludes the proof. O

Remark 4.2.4. It is worth noting that the complexity obtained can only be achieved
by considering the equation fixed, for solving word equations with regular constraints
remain PSPACE-hard on equations with a finite number of minimal solutions. Indeed,
an instance of the regular language intersection problem (Rj, ..., R,,) is easily coded by
the equation {x; = --- = x,,} with constraints x; € R;, which admits a finite number of
minimal solutions since any variable appears only once.

4.3 Suffix-like equations

In this section a procedure is given for enumerating all the minimal solutions for the class
of equations obtained when working with EVALCRPQ (X¢g). These equations share a
very rigid structure implying its minimal solution set to be always finite.

An equation system {F; : e;1 = -+ = e;;,}1, < I'* is said to be suffiz-like, if it satisfies
the following properties:

(1) Yael, ie[l],je[li], leijla <1. That is to say, in each line of the system, each
variable appears at most once.

(2) Ya e T, i,i" € [l],j € [L],j € [lv], if a € T and p,p,s,s' € T* exist such that
eij = pas and ey j = p'as’, then s = s'. In other words, whenever two lines share a
symbol, their suffixes starting from that symbol are equal (see Figure .

i o Jal s ]

ei/J/ . ’ P

Figure 4.3: Suffix-like equation condition.

The equations obtained when working with EVALCRPQ (Z4.s) share these properties:
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Lemma 4.3.1. The system of word equations obtained from the reduction in [3.4.1
from an instance (G, a, ¢) for EVALCRPQ (<) is equivalent to a system of suffix-like
equations.

Before giving the proof for this lemma, a procedure is given to show how this rigid
structure can be exploited to enumerate all the minimal solutions with a procedure known
as the pig-pug algorithm. This corresponds to non-deterministically guessing the length
of strings to be associated with variables in order to simplify them in a graphical fashion
[1]. First, the result for the base case with n = 1 is given:

Lemma 4.3.2. Let ¢ : (I'*,-,e) - (V*, - ¢) be a minimal solution for the suffix-like
equation {F : e; = --- = ¢;} < I'*. Then, ¢ satisfies the following:

1. |U| < T
2. Yae W, |p(E), <1

Consequently, the set of minimal solutions for such an equation is finite, up to isomor-
phism.

Consider the following example to motivate the algorithm behind this characterization:

Example 4.3.3. Let {XYZ = PQRSYZ = ABCXYZ = UVW} be a suffix-like
word equation system. Its minimal solutions can be enumerated by applying the
pig-pug method on :
XYZ
PQRSY Z
ABCXY Z
uvw

These lines can be rearranged while recognizing repeating ending patterns which occur
in the system due condition (2).

X

ABCX

PQRS
uvw

In this example, since the variables of line four are not repeated elsewhere, the pig-
pug can be first applied in the beginning three lines, and the result obtained combined
with line four:

X
ABCX
PQRS

Uvw

This correspond to solve first the equation {XYZ = PQRSYZ = ABCXY Z}.
This simplifies variables Y Z from being considered, since they appear in every line.
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X X
ABCX ABCX
PQRS ~ || PQRS

UVW UVWw

This process can be applied again by recognizing the repeated pattern X that ap-
pears at the end of the first two lines. The following scheme summarizes the sequence
of equations to be solved :

X X ‘5‘){
ABCX ABCX ABC
PQRS ~ || PQRS - PQRS

UVW UVW UVW

The procedure corresponds to a right factorization of words enabling to solve the
system by only analysing word equations of variables appearing exactly once, whose
sets of minimal solutions are always finite [1} 39].

Observation 4.3.4. In the following proof, strings are to be accessed from right to left.
For this purpose, a convention is adopted for indexing strings with negative integers. For
a string w € ¥* and i € [|wl|], w[—i] = w[n—i+ 1], that is to say, w[—i] is the i-th symbol
from right to left. Additionally, for any string w, w[0] = ¢, and w[—i..] = w[n —i + 1..].

Proof for Lemmal[{.3.4 Consider an equation {E : e; = --- = ¢;}, and let m = max |e;],

and consider
P(E)={ie[m] : de,e' € E, i <min{le|, |€'|}, e[—i+ 1] = €'[—i+1] A e[—i] # €'[—i]}]

Let T(E) = |P(F)|. According to condition (2), T'(F) equals the number of times the
equation system is able to split as in Example [£.3.3] for it is the number of positions
where at least two lines stop being equal from right to left. Accordingly, indexes in P(FE)
will be called split positions. The proof is by induction on T" > 0.

First, if T' = 0, this means that either all the lines are suffixes of a fixed string ey € I'*
or for each pair e, ¢’ € E, alph(e) n alph(e’) = @. In the first case, the unique solution
for the system is that which trims all the lines, leaving only a quantity of their ending
symbols equal to the size of the minimum length line (see Figure . For this case, the
claim is straightforward.

XYZ Xvz X
AXY Z AXYT AX N
YZ | — Y7 | - € = ST’AX—
STAXY Z STAXYZ STAX E A = E
TAXYZ TAXYZ TAX

Figure 4.4: Example of equation with 7" = 0, all lines suffixes of a same string
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For the second case, this means that every line is conformed of unique symbols. Con-
sequently, from condition (1), every single variable in E appears only once. Accordingly,
the minimal solutions for E are a finite set. More precisely, its solutions are obtained by
non-deterministically guessing the order in size of the strings to be associated with each
variable. The number of minimal solutions is then bounded by the number of ways s = |I'|
unknown numbers can be ordered, distinguishing < and =, which is at most (2°7's!). In
this case, ¥ corresponds to the partition obtained by projecting the endings of variables
onto the unified word (see Figure . Thus, in the worst case, where no two limits
coincide, the number of parts || is limited by ), |e;| = |I'|, since there are no repeated
variables. Also, in the unified word, every symbol from I'" appears only once since it corre-
sponds to the segment of the partition obtained under its associated string (see Figure.

A B C
D E
ABC
DE - F G H I
FGHI
|
21 29 23 24 Z5 <6

Figure 4.5: A solution for {ABC = DE = FGHI} with ¥ = {z,..., z6}. For instance, ¢(B) = 2324 and
qf)(H) = Z3Z4%5.

Now it is assumed the claimed property is true for suffix-like equations £’ with T'(E’) <
T(E). The split position i* = argmin P(E) > 1 is defined to be the first position from
right to left where at least two lines have stopped being equal. A common suffix eg € I'*
must exist for all lines, it is the string such that for each i € [I], eg = e;[—i* + 1..] (which
may be empty, if i* = 1.). Equation E = {é, = --- = é;} is the one obtained from E by
disposing its lines from their shared suffix ey. In other words, e; = é;¢¢ for each i € [I].
A relation on the lines of the trimmed equation system is defined according to their last
symbol (which is the symbol at position ¢* from right to left in the original equation):

Vel e B, e~¢ < ¢[-1]=¢[-1]

It is straightforward to see that ~ defines an equivalence relation on E. As such, a parti-
tion of subsystems of equations E|. = {Ey, ..., E,.}, E; € E for i =1, ...,r <, is obtained.
For a subsystem E; in F|. let T'; € T" be the set of variables appearing in it.

Claim 4.3.5. For each pair of distinct subsystems E;, £; in E |- it is the case that

Proof. Indeed, suppose ad absurdum that this does not hold for a distinct pair Ej, F;
and that there is a variable #* € I" shared by them. Since these came from the partition
generated by ~ on the trimmed equation system FE this forces the existence of two lines
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in the original system e, e’ € I, with é € E; and &' € E;, for which a shared symbol z*
appears farther from ¢* from right to left. By condition (2), this entails e[—i*] = €/[—i*]
(see figure . But if that is so, then the lines é and é’ belong to the same subsystem in
E|., which is a contradiction.

[]

Figure 4.6: Equations systems in E |~ do not share variables.

From this, it can be concluded that I" = alph(eq)U (U::1Fi)- Consequently, by right-
factorizing eg, the pig-pug method applied to E is equivalent to:

||
- |eo
|E, |

In other words, this gives an order to proceed with the pig-pug method, solving each
subsystem F; independently first, since their variables do not intersect.

It is straightforward to see that for each i € [r], T(E;) < T'(E) — 1, since their lines are
prefixes of lines of E, all of them lacking at least one split position: ¢*. Additionally, as
prefixes, they inherit its suffix-like properties. Thus by induction, every minimal solution
¢i (I, e) — (VF, -, ¢) for E; (and thus obtained by the pig-pug method) verifies
|U;| < |Iy| and Ya € ¥, |¢p(E;)|, < 1. Additionally, sets W; can be supposed disjoint:
a solution with intersection of them is not minimal since it can be later obtained by a
morphism identifying variables to be equal from disjoints ¥,;’s. By substituting the unified
words solving each equation E; in the pig-pug for F the following is obtained:

| E1| ¢1(E1)eo é1(E1)%o ¢1(En)

: €o| — : - : - :
|Er‘ ¢T(Er)60 gbr(Er)&O gbr(Er)

Equation E has thus been reduced to solve an r-lines equation on variables Ul\IIz, where
each line has unique symbols, and each symbol appears at most once in each line. As
was previously discussed, a minimal solution for such equation ¢ : (| J,¥;,,¢) — (V*,-,¢)
satisfies

LWl < 2 (B = 20 W] < 2oy 1Tl < T
2. Yae U, |¢p(F)|, <1.
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Since any minimal solution for a suffix like equation ¢ : (I'*,- e) — (¥* - ¢) satisfies
|W| < |T'|, the number of different minimal solutions, up to isomorphism, is finite. This
concludes the proof. O

It easy to extend this base case to the general instance with n > 1. The minimal
solutions are sought with the pig-pug method applied sequentially in each subsystem F;,
substituting the variables from E; appearing in F; with j > 1 with the solution obtained.
The key is that the solutions for each FE; are so rigid that in each iteration the updated
subsystems remain suffix-like:

Lemma 4.3.6. Any suffix-like equation {E; : e;; = -+ = e;;,}I~; < I'* has a finite
number of minimal solutions.

Proof. The result can be concluded with the following invariant:

Claim 4.3.7. For each i € [n], if ¢) : (T'},-,e) — (V,-,¢) is a minimal solution for the

R
subsystem FE;, with W N I'; = &, and ¢; is its canonical morphism extension to I' leaving

symbols from I'; invariant, then the system {¢;(E;) : ¢i(ej1) = --- = ¢i(eji;) ey <
(T; U ¥)* remains suffix-like.

Proof. Fix an index ¢ € [n], and let ¢; : (I'*,-,¢) — (¥, -, ) be the extension to I' of a
minimal solution for E; < I'f. Accordingly, ¢; satisfies the following

Vae U, |p(E;)|, <1
Claim 4.3.8. For each j € [n]\{i}, k € [l;], and a € T;0¥, |¢;(ejx)]a < 1.

Proof. Indeed. First, if e;; € 1_“;‘, the claim is trivial, since ¢;(ejx) = e;x. Accordingly,
suppose there is a symbol = € I'; such that |e; x|, = 1. Let = be the first such symbol from
left to right appearing in e;;. Since this symbol is in I'; because it is shared with a line
from equation E;, then from condition (2) of suffix like systems it follows that there are
strings p € I'*, s € I'*, such that ejr = ps, with s[1] = z, and s the suffix of a line e} € E.
Consequently, when ¢; is applied onto e, the resulting string has a first part conformed
of symbols in I';, and a second part from symbols in a disjoint alphabet ¥ (see Figure .

ek ’ pel* | sel* ‘:> oi(ejx) :’ pely |di(s) e U*

[ l

xely ¢i(x) e U*

Figure 4.2: Shape of string e; , = ps with p e I_‘;", s € I'f. Notice that ¢;(p) = p.

Let a be a symbol in T;UW appearing in ¢;(e;). If a € Ty, then |p|, = 1 and |¢s(s)]s =
Since p is a prefix of e;;, and this is a line of a suffix-like equation, then [p|, < |e; j|o <
thus |¢i(ejr)|e = 1. Otherwise, if a € U, then |p|, = 0 and |¢;(s)|, = 1. Since ¢; is a
minimal solution for F; and s is the suffix of a line ef € E;, it follows that |¢;(s)|, <
|¢i(ei ;)] < 1. Consequently, |¢;(e;x)| = 1. This concludes the proof for Claim £.3.8f O

0.
L,

Claim 4.3.9. For each j,j' € [n|\{i}, k € [I;], k' € [I;/] if strings p,s,p,s' € (T;U0)*
and a symbol a € I'; UV exist such that ¢;(e; ;) = pas and ¢;(ej ) = p'as’, then s = §'.

29



4.4. The data complexity of EVALCRPQ (<) is in NLOGSPACE Chapter 4

Proof. Indeed. By using the exact same arguments from the proof for Claim [£.3.8] there
are strings x, 2’ € I'f, y,y' € I'}, such that e;, = zy and e; ;y = 2'y’. These strings y, v’

are suffixes of lines e;, ¢; € E;. Consequently, the obtained strings when applying ¢; onto

these are ¢;(ejx) = 2¢;(y) and ¢;(e; ) = '¢;(y') (see Figure [4.3)).
Gilejn) 1| xelr |dily) e ¥s

dilejw) 1’ ' el |pi(y) e U*

Figure 4.3: Shape of strings ¢;(e;,1) and ¢;(ej r/) according to suffix-like conditions.

Let a be a symbol in T;U¥ appearing both in di(ejr) and ¢;(ej ). lf a e T;, then before
applying ¢;, these strings have the form

ejr= pas 'y epp= pas -y
~—— ~——

T x’

for p, s,p',s' € I';. Consequently, from condition (2) of suffix like systems, sy = sy/, and
as a consequence, after applying ¢; onto these strings, the suffixes of the resulting strings
starting from a are equal. Otherwise, if a € ¥, then a appears in the portions ¢;(y) and
¢i(y') of ¢i(ejr) and ¢;(ej p), respectively. Notice that since y,y" are suffixes of lines
e;, e; € E; and the fact that ¢; being a solution for E; implies ¢;(e;) = ¢;(e}), then ¢;(y)
can be supposed to be a suffix of ¢;(y') without loss of generality. Consequently, when
a € U, the claim holds. This concludes the proof Claim [4.3.9]

]

These claims prove that indeed when a system of suffix-like equations {F; : ¢;1, = - - =
€117y < I' is updated with a minimal solution for one of its subsystems F;, each line
in the resulting system {¢;(E;) : ¢i(ej1) = --- = di(ejs;)}jempgsy © I'* has at most one
appearance of each variable, and whenever two lines share a variable, the suffixes starting
from it are equal. The obtained system remains thus suffix-like. This concludes the proof

for Claim 4.3.7 O
To conclude the proof of Lemma |4.3.6 the minimal solutions for a suffix like equation
{E; : ;1 = -+ = e, }i-y < I'* can be obtained by sequentially applying the pig-pug

method on each one of its subsystems, with no particular order, since by doing so the
algorithm checks any possible combination of length of strings to be associated with
variables. Additionally, the solution for any subsystem FE; can be supposed to range in
symbols from ¥; disjoint from I'; since a solution supposing intersection of I' and W; is not
minimal: it can be obtained by first supposing disjoint sets of variables, and later applying
a morphism identifying variables to be equal. Consequently, the iterated minimal solutions
conforms to Claim [4.3.7, and in each step the updated system remains suffix-like. The
set of minimal solutions for such a system is thus always finite. This concludes the proof.

O

4.4 The data complexity of EvalCRPQ (<s ) is in
NLogSpace

Now, in order to conclude this chapter, the proof of Lemma is given, showing the
equations obtained from instances for EVALCRPQ (Z4.4) are equivalent to a suffix-like
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equation system trough variable substitution:
Proof of Lemma[{.3.1]

Let (R, I) be an instance for GENINT (REC*, <..¢). The index set I can be associated
with a directed graph on vertices [m], GI([m], I), whose edges are given by I. In this
context, G! can be supposed to form a directed acyclic graph without loss of generality,
since g, is a partial order [9]. Accordingly, let {vq,...,v,,} = [m] be a topological order
for G'([m],I). Consider R = Ly x -++ x Ly,, and er g be the system of word equations
with regular constraints obtained by reduction on (R, I, <suf)-

According to the proof for Proposition [3.4.1] since <q= {(X,Y) e X*: Ipe ¥* YV =
pX}, the variables of ey are I' = {Z;,..., Z,,} and P = {P, j} i )er, and its constraints
are {L;}zerop. Thus er g can be seen as (I' U P, E, {L,}serop), with E a system of un-
restricted constant-free equations on variables I'UP and the regular constraints { L, }zerop-

At first, es 1, is not in the correct form for being characterized as suffix-like. A process
of variable substitution is shown, following the topological order of G, establishing its
equivalence to a system of suffix-like equations. Since the index set and the relations are
fixed, FE is also fixed, and the variable part of this problem is the regular constraints. The
handling of these equations has thus no influence in the complexity of the problem.

Let F and F be originally the empty set. At the end of the substitution process to be
explained in the following, F' will be a suffix-like equation system and F a set of trivial
equations, variable assignations actually, such that E is equivalent to F' A F, in the sense
that they share the same set of solutions. The following preamble will clarify the proce-
dure :

The vertices of G! are to be visited in the topological order. When visiting v;, a
morphism ¢; : ((I' U P)*,-,e) — (C\{Z;} U P)*,-, &) will be defined, with ¢;(a) = a
for any symbol other than Z;, being the variable substitution to be made. According to
this, ¢; is completely determined by ¢;(Z;). Additionally, during this process F is to be
applied ¢; onto after visiting each vertex, that is to say, F < ¢;(E). For this purpose,
®; = ¢p;_1 0---0¢y will denote the iterated resulting substitution performed after visiting
v;—1. Consequently, if vertex v; had originally an equation Z; = P, ;Z;, for (i,j) € I, when
it is visited this equation will be Z; = P, ;®,(Z;), since according to the preceding these
substitutions always leave symbols from P invariant, and the symbols changed are always
from vertices already visited by the process. Now the substitution ¢; for v; is defined,
according to its inner degree in G':

1. If 55, (v;) = 0, then ¢; = id. That is, no substitution is to be made for this case.

2. If 65;(vi) = 1, let v, be the only vertex in G! pointing at v;. As such, the only
equation with Z; at the left side is Z; = P,;®;(Z,). In this case ¢;(Z;) is defined as
P,;®,(Z,). The equation {Z; = P, ;®,(Z,)} is added to F and F is applied ¢; onto.
No equation is added to F'.

31



4.4. The data complexity of EVALCRPQ (<) is in NLOGSPACE Chapter 4

3. If 0 (vi) = d > 1, let v;; <--- <, be the vertices pointing at v; in G'. Accord-
ingly, there are d equations with Z; at the left side:

{ZZ = Hl,iZil} ) {Z w, 'd}

The substitution is defined with ¢;(Z;) = P, ;®i(Z;,). The equation {Z P, ®:,(Z;))}
is added to F', F is applied ¢; onto, and the equation {P,, ;®;(Z;,) = --- = P, ®:(Z;,)}
is added to F.

Notice that for any i € [m] such that d_;(v;) > 0, with v, the earliest vertex in the
topological order pointing at v;, ®;(Z;) is given for any j € [m] by

@j(Zz) - { qu)i(zr) ] >
This is because each substitution ¢; only changes the variable Z;. Consequently, the

iterated substitution ®;, only changes symbols indexed by j < i. The following claims
will conclude the rest of the proof:

Claim 4.4.1. After the process has ended, F is equivalent to F' A F.

Proof. This is proven by induction on the following invariant : for i € [m], let E; to be the
subsystem of E with variables Z;, P, with j,m,n <i. After visiting vertex v;, denote
F; and F; to be the set of equatlons obtained up to that point. Then F; is equivalent to
F; A F;.

1. When i = 1, v; is a minimal vertex of G!. As such, 6g:(v1) = 0. There are no
equations in E; and F' and F' are empty, so the claim is true.

2. Suppose now that F;_; is equivalent to F;_; A Fi_l, and let v; be the vertex being
visited.

(a) If 05:(vi) = 0, then E; = EZ 1, since no new equations are to be considered.
Also F, = F,_; and F, = F,_;, so the claim holds.

(b) If §5:(vi) = 1, then there is just one extra equation in £; not in E;_;, which is
Z; = P,;Z,., with (r,i7) € I and r < i. Accordingly, since Z, has already been
visited, there is an equation in F,_, stated as Z, = P, ,®,.(Z;) for some t < r.
By induction, the equations in E; i are consistent with this, and in the system
E;, the equation Z; = P,;Z, can be replaced by Z; = P,,P,®,(Z;). But
according to the variable substitution process, ®,(Z,) is precisely P, ®,(Z;).
Thus in E;, Z; = P,;P,,9,(Z;) = P,;®,(Z,). Since the symbols appearing in
®,(Z,) are all of the form Z;, P, , with j, m,n < r and the substitutions later
than r only change symbols with greater indexes, ®,.(Z,) = ®;(Z,). Putting all
of this together, in E;, Z; = P,;Z, is equivalent to Z; = P, ;®,(Z,). Conversely,
this is precisely the new equation to be put in F} after visiting v;. Since in this
case I; = F;_q, it follows that F; is equivalent to F, A F..

(¢) If 65 (v;) = d > 1, let vy, ...,v;, be the vertices pointing at v;. There are
exactly d new equations in E; which are
{ZZ = P7,'1,Z'Zi1} ) {Z
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For the proof, one of these is picked arbitrarily, say Z; = P;, ;Z;, with j € [d].
By using the exact same arguments, in the system FE; this equation can be
replaced by Z; = P, i Py, CIJij(Zt) for some ¢ < i; and consequently by Z; =
Pi,i®i,(Z;;). Which in turn, since i; < i, is equal to Z; = P, ;®;(Z;;). This
holds for any j € [d], thus the new equation in F;, {P, ®,(Z;) = --- =
P, :®,(Z;,)}, and in particular Z; = P, ;®,(Z;,) which is the equation to be
put in F; after visiting v;, are implied by E;.

Conversely, for j € [d], Z; = P, ;®i(Z;;) will not appear in F,, but Z; =
P, ;®,(Z;,) will. And additionally, in this case the equation {P, ;®;(Z;,) =
T = Pid,iq)i<Zid>} is added to E ThUS, in EZ', ZZ = Pil’jCDi(Zi].) is 1mphed by
F; A F; for any j € [d]. Thus E; is equivalent to F; A Fj.

O
Claim 4.4.2. F is a suffix like equation system.

Proof. Let X = {v; € [m] : 6, (v;) > 1} be the set of vertices of G’ associated with equa-
tions to be put in F. Accordingly, the system F is given by F' = {F; : B, ;®:(Z;,) = ---
Py, a®i(Zi,)bvex. For each v; € X, let p(v;) = {(z1,%0), (z2, 71), (23, T2), o, (T, Try1) }
I with zy = v;, be a sequence of edges of G! such that :

N

L. 0g1(wy,) = 0.
2. For each j € [n; — 1], 2j;1 = argmin N, (z;).

In other words, for v; € [m], p(v;) is the set of edges (z;+1,2;) € I joining a sink x,,
with v;, such that when traversing its edges backwards, the preceding vertex in the path
for any intermediary vertex is its earlier back-neighbour in the topological order. Notice
that this definition is correct, since there is only one such path. The following then holds:

Claim 4.4.3. For any i € [m] such that d_;(v;) > 0, with p(v;) = {(21,70), (22,71),
(z3,%2); vy (Tn;, Tn,—1)}, it s the case that ©,(Z;) = Py woPryay = Pry 1 2, 2 Zn, for any
[ >

Proof. Let v; € [m] such that d_,(v;) > 0. This is proven by induction on |p(v;)| = 1.

First, if |p(v;)| = 1, this means the earlier vertex in the topological order pointing at
v; in G' is one of its sinks s € [n]. If d;,(v;) = 1, then s is the only vertex pointing
at v;. Consequently, ¢;(Z;) = Ps;Zs, so the claim holds. Otherwise, if 0, (v;) = d > 1,
vertices vy, < -+ < v, point at v;. If |p(v;)| = 1, then v;, is a sink of G’. In this case,
¢i(Z;) = P;,Z;,, and so the claim holds.

Now let p(v;) = {(z1,x0), (2, 21), (T3,22), -y (Tp,, Tpn,—1)} With v; = 29 and n; > 1.
Since x; is the earliest vertex in the topological order pointing at zo = wv;, it is the
case that ¢;(Z;) = Py, woPu(Zs,), either if the inner degree of v; is 1 or greater. It is
straightforward to see that p(z1) = {(xe,x1), (z3,22), ..., (Tn;, Tn;—1)}. Consequently,
[p(z1)] < |p(vi)], so by induction, since xg > 1, Puy(Zay) = Pryay Py 100, 27, As a
result, ¢i(Zi) = Py 2g®2y(Zey) = PryaoProay = Pry, 1 2n, 2 %n;- This concludes the proof
for Claim [£.4.3] O
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Since all the lines of equations in F are of the form P;;®;(Z;) for (j,4) € I, from Claim
they represent the unique path in I given by p(v;) between a sink node and the
vertex v;. Since in p(v;) no edge is repeated, each variable in P;;®;(Z;) appears at most
once. Additionally, if two lines P;;®,(Z;) and Py ;®;(Z; ) share a variable, is because the
sets p(v;) and p(vy) intersect at some edge. Since these sets represent the paths described
earlier, once an edge is shared, all the previous edges used in the path must coincide, and
consequently, the suffixes of both lines starting at the shared variable must do as well. In
other words, F' is a suffix like equation system. O

Claim 4.4.4. The minimal solutions for {F' A F} are determined by those for F.

Proof. 1t is straightforward to see from the variable substitution process that each equa-
tion in F has the form Z; = P,;®,(Z,) for (r,i) € I and a vertex v; not a sink. Additionally,
every variable Z; associated with a vertex v; of inner degree greater than 0 is substituted
from E. Consequently, since there are no equations at all for variables associated with
sink vertices, the set of variables appearing at the left side of the equations in F is disjoint
from those appearing at the right side. It is also disjoint for this same reason from the set
of variables in F'. Since for each left-side variable Z; there is just one equation containing
it in F, it follows that the solutions for F are completely determined by F.

O

Summarizing, the system of word equations E obtained from an instance (R, I) for
GENINT (REC*, <..g) is equivalent trough variable substitution to the system F A F.
The minimal solutions for the later are completely determined by F', which in turn is a
suffix-like equation system. This concludes the proof.

O

As a consequence of this, the following result is obtained

Theorem 4.4.5. For each query ¢ € CRPQ(=Zp), the problem EVALCRPQ (.5, ®)
s in NLOGSPACE.

Proof. An instance (G,a) for the evaluation problem EVALCRPQ (Xs, ¢) reduces in
logarithmic space, considering the query ¢ fixed, to the satisfiability problem of a fixed
word equation with variable regular constraints. From the preceding lemma, this word
equation is equivalent to a fixed system of suffix-like equations which admits a finite set of
minimal solutions. Consequently, satisfiability of it with variable regular constraints can
be decided in NLOGSPACE, since NLOGSPACE functions are closed under composition.

O
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A CRPQ(<gs) query that is NP-hard
to evaluate

In this chapter it is shown that there exist CRPQ(=<gs) queries which are NP-hard to
evaluate. The conclusion follows from a recent result from [14] and [49] , in which NP-
hardness is proven for the problem of unshuffling a square string, which can be reduced

to EVALCRPQ (() <, ¢) for a fixed query ¢ € CRPQ(X).

5.1 Unshuffling a square

Let ¥ be a fixed finite alphabet. If u, v, w are strings over ¥, for which strings z1, ..., z,
Y1, .-, Yr € X* exist such that

V=121To X U= Y1Y2- - Yk and W= T1Y1 - TpYk

then w is called a shuffle of u and v, written w = u © v (see Figure .1). If w = v @ u,
then w is called a square string. The set of all square strings is denoted SQUARE = {w €
¥ o Jue X w=u®u}.

| u | | v |
| T | T3 | T3 ‘ ‘ n ‘ Y2 ‘ Ys ‘
| Cf |
| T ‘ W | L2 ‘ Y2 | T3 ‘ Ys

Figure 5.1: A scheme for the shuffle u ® v.
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The first appearances of the shuffle operator are from abstract formal languages in
[27]. From there, its applications on sequential execution of concurrent process made it
object of study by numerous authors [47, 53, 48]. Other studies focused on the shuffle
operator itself in a general fashion [43, [66]. Recently, the problem of deciding if an input
string is a square was received some attention [24, 30] . The problem is clearly in NP,
since a witness v € X* and its partition v = x1...x; = y;...yx exhibiting w = v O u is of
linear size on |w|. After some partial answers [8], a proof yielding NP-hardness for the
problem by a many-one reduction from 3-PARTITION was given last year:

Theorem 5.1.1 ([14, 49]). The set SQUARE is N P-complete. This is true even for
sufficiently large fized alphabets.

This result shows NP-hardness for alphabets with at least 7 symbols, but the authors
conjecture it is valid even in binary alphabets (for unary alphabets SQUARE equals the
set of even length strings, and can thus be solved in polynomial time).

5.2 Coding Square as an EvalCRPQ (<) instance

Before giving a fixed query that is NP-hard to evaluate on graph-dbs, the following in-
termediary result is given for the generalized intersection problem GENINT (REC*, <),
which was presented in Section when working with equations for EVALCRPQ (EQ)
as a problem holding the essence of CRPQ(S) query evaluation. Let I; = {(1,2), (1,3),

(2,4), (3,4)}.
Lemma 5.2.1. SQUARE many-one reduces in polynomial time to GENINT;, - (REC?).

Before giving the proof, an example is shown to illustrate the main idea behind it.

Example 5.2.2. Consider u = abaabca € {a,b, c}*. There are several ways in which
u can be segmented to create square shuffles. For instance the following partition

u = abaabca

ry=ab x9=aab x3=ca
Y1 =a Y3 =baa y3 = bca

This setting engenders the shuffle w = abaaabbaacabea. 1f given w, it would seem to
require some work to understand how w is build up from two partitions of u, even while
having seen u before. If one knew, however, from which partition each symbol came
from, then the problem would become trivial. By assigning the color blue for each
symbol coming from partition x;zsx3, and color red for those from y,y5y3, it becomes
evident that w is a square string, since by concatenating only the blue symbols one
would obtain the same as when concatenating the red ones:

w = abaaabbaacabca

The notion of colouring symbols can be formalised by adding two new symbols to
the alphabet, say 0}, 0,.. Each symbol from Y in w is preceded and followed by oy, if its
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colour is blue, or by o, if it is red. The string @, in an extended alphabet ¥ U {0y, 0.},
would be obtained from w:

W = (opaoy)(opboy)(0rao,)(opacy) - - - (0,a0,)

The key behind the proof is that all the different two-colourings of w can be
encoded by a regular language of linear size on w easily constructed. By using the
structure given by I; and the subsequence relation, since oy, 0, are symbols not in
Y, u can be enforced to appear twice in w with two different colourings (see Figure.

”Blue” candidates

%&)

Candidates Input colourings

k%

”Red” candidates

Figure 5.1: Coding SQUARE in a GENINT;, < (REC¥) instance.

Proof of Lemma[5.2.1. Let w € ¥* be an instance input for SQUARE. Assume, without
loss of generality, that |w| = 2n (odd length inputs can always be ruled out, since a square
is always of even length). Consider new symbols o1, 09 ¢ ¥. Four regular languages are to
be defined: Li, the language describing the root candidates for w; Lo and L3, the "blue”
and "red” colourings of the candidates described by Li; and Ly, describing all the ways
in which w can be two-coloured. Formally, they are defined as follows:

1. Ly = alph(w)", the set of strings of exactly n symbols from those appearing in w.
|Li| = nlalph(w)| = O(n?).

2. Ly = (o1 -alph(w)-01)", the set of strings of exactly 3n symbols, whose every
symbol from alph(w) is preceded and followed by oy. |Ly| = O(n(2 + |alph(w)]|)) =

O(n?)

3. Ly = (o2 -alph(w) - 03)", the set of strings of exactly 3n symbols, whose every
symbol from alph(w) is preceded and followed by oo. |L3| = O(n(2 + |alph(w)|)) =
O(n?)

4. L4 = [(0’1 Wy - 0'1) + (0'2 Wy - 0'2)] s [(0’1 * Wap * 0'1) + (0’2 *Wap * 0'2)] the set ofstrings
W of exactly 6n symbols from 3| J{o1, 02} such that 4|z = w, and whose each symbol
from ¥ is preceded and followed by either oy or oy. |Ly| = 2n(13) = O(n).

Let R = Ly x Ly x Ly x Ly. The notational length of R is polynomially sized on |w|, thus
the automata coding R are also of polynomial size on |w|.

Additionally, for the proof consider ¢y, @9 : (3*,-,) — ((X U {01, 02})*,+,€) to be the
canonical morphisms obtained by extending to X* the mappings

¢i(a) = oa0; Yae X, i=1,2
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Observation 5.2.3. The following straightforward properties about these morphisms
and languages are to be noted:

1. For each x € ¥*, ¢(z)|s = z. Hence, if u <y v then u <y ¢;(v).
2. For each = € ¥*, |¢;(z)| = 3|z
3. Ly ={¢1(z) : x € L1} and L3 = {¢o(x) : x € L}

Claim 5.2.4. R(); <«# @ if and only if w € SQUARE.

Indeed, for the if part, suppose w € SQUARE. Hence, strings x1, ..., Tg, Y1, ..., Yp € 2*
exist such that u := z1..xx = y1..yx and w = z1y;..2xYk. Let wy = u, wy = ¢1(u),

w3 = Po(u) and wy = @1(x1)Pa(y1) - - - d1(xk)d1(yx). The following then holds

1. wy € Li: If wy = wand w = u®u, then |wi| = |u| = $|Jw| = n. Also, since w is a
square shuffle of u, they share the same symbols. Thus, alph(w,) S alph(w).

2. wy € Ly : Since wy = ¢1(wy) and wy; € Ly, then wy € Ly from the previous
observation. Equivalently, w3 € Lj.

3. wy € Ly: Since for each z € ¥*, ¢;(x)|s = z, then wy|y = x1y1...2xy, = w. Also,
every symbol from ¥ in wy is either preceded and followed by oy or by o5, since
wy = ¢1(x1)Pa(y1) - - - d1(xx) 1 (yx) and the way morphisms ¢; are defined.

4wy < Wy A Wy Zg w3 : Since wy = ¢1(wy), then ws|y = wy. Thus, w; can be
obtained from wy by removing the ¢; symbols. The same idea holds for w; <4 ws.

D, wy < Wy A ws <g wy: If every ¢o(y;) part from w, is removed, then one obtains
O1(x1)...01(zx) = ¢1(u) = we. By removing the ¢;(x;) parts, one obtains ws.

From this, it follows that (wy, wy, w3, ws) € R, <.

Assume now, for the only if part that Rﬂld <s#* @ and let (wy,ws, w3, wy) €
R, <. First, it is always the case that wy = ¢1(w1) and w3 = ¢o(wy). Suppose
ad absurdum this does not hold, and wy = ¢y (x) for a string = € Ly other than w;. Since
wy <¢ wo, all of its n symbols must appear somewhere in w,. However, from the 3n
symbols occurring in ws, only n of them are from alph(w), the others being oy. Thus, if
wy = ¢(x) and = # wy, this leaves no place for at least one symbol from w; to appear in
wy, which is a contradiction. Analogously , w3 = ¢o(wy).

Second, |w4|s, = |w4ls, = 2n. Indeed, from the 6n symbols in wy, 2n are symbols from
alph(wy), and 4n are symbols ranging in {0y, 0,}. Strings we and ws contain exactly 2n
symbols o1 and oy respectively. Since wy < wy and w3 <4 wy, it must be the case that
|wa]s, = 2n and |wyl,, = 2n. Consequently, since w4y, oo = 40, |Wa|s, = |Wa|sy = 2n.

Let x1,...,x; be maximal subwords from w, containing o; but no oy symbols, and
Y1, ..., Y maximal subwords from w, containing o but no o, symbols, yielding, according
to the form of Ly, wy = x1y;...2yx (some of these may be empty strings, if wy starts
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and ends with oy for instance). Let X = zy..xp, Y = yi..yx. Then, it must be the
case that X = wy. First, the o1 symbols of wy contained in w, must lie within X, since
|Y],, = 0. From this, since wy <4 wy, we is a subsequence of X: all the symbols from
Y in wy are preceded and followed by o, thus, they must form part of the maximal sub-
words 1, ...,z due the definition of L,. Finally, |w4|s, = 2n, thus |X|,, = 2n, and those
maximal subwords must contain the symbols from 3 between consecutive o,’s, enforcing
|X| = 3n. Since wy is a subsequence of X, and they have equal lengths, they must be
equal. Equivalently, Y = ws.

This shows that wy = wy ® ws. Thus, wyly = ws|ys © wsly. But wy|y = w and
wsly = wsly = w;. It follows that w = w; ©w; € SQUARE, which concludes the proof. [

As a consequence of this result a fixed query @ in CRPQ(<Xg) can be constructed
such that for a given SQUARE instance string w there is a graph-db G satisfying @) if and
only if w € SQUARE:

Theorem 5.2.5. There is a query ¢ € CRPQ(<s) such that EVALCRPQ (X4, @) is
NP —hard.

Proof. Consider a fixed alphabet X, with at least 7 symbols and w € ¥ an instance for
SQUARE with |w| = 2n. Let 01,09 be symbols not in ¥y and the regular languages L;
over ¥ = ¥y U {0y, 02} for i = 1,2, 3,4 defined in the proof of Lemma

1. Ly = alph(w)®

2. Ly = (0q - alph(w) - o)™

3. Ls = (09 - alph(w) - o)™

4 Ly=[(or-wi-01) + (02 wi-02)] -+ [(01 - way - 01) + (02 W - 02)]

Fori =1,2,3,4, let N;(Q;, %, d;, s;, F;) be the NFA over ¥ recognizing the language L;.
Also, consider the Y-edge labelled graph G;(Q;, E;) interpreting NFA N; as a graph-db,
that is to say, whose edges are given by

vq7q/ € Qi> o€ Za (Q707 q/) € Ez A Ql € 5z(q70)

Let {#, 4} be additional symbols not in ¥, and let ¥ = X U {#, %} . A new graph-db
G(V,E) is constructed linking those given by G; (see Figure [5.2). To that end, let vy,
v1, Vg, U3, U4 and vs be new vertices, and consider V = (Uf:1 Qi) U {vo, ..., v4} to be the
vertices of the new graph-db G. Its edges are given by £ < V x ¥ x V such that

e For each i € [4] and each edge (¢,0,¢) in E;, (¢,0,¢') € E.
e For each i€ [4], (vi_1,#,8;) € E

e For each i € [4] and each final state f € F;, (f, #,v;) € E.
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W ’
@ S & *
Gi_1 G;

GV, E)

Figure 5.2: Linking NFAs as graph-dbs.

Observation 5.2.6. According to this construction, the only paths existing in G' be-
tween vertices v;_; and v; are of the form #w# with w € L; <€ ¥* for any i € [4].
Conversely, a path labelled with a string of the form #w# with w € ¥* must join two
vertices v;_1 and v; for some i € [4] with w € L;, since 4 and # are symbols not in X.

The fixed query in CRPQ(<Xg) with alphabet W, which compares paths specified by
I; ={(1,2), (1,3), (2,4), (3,4)}, is the following:

4
. Xi Lo
Q(SU07131,373>SU3;1?4) : Ti—1 — Ti| A Xi <ss X
i=1

(imj)e'[d

with Ly = 4 - X% - %

Notice that ¥ = ¥y U {01, 09, #, #} is a fixed alphabet, thus this query is independent
from w. Consider now the recognizable relation L = Ly x Ly x Lg X Ly.

Claim 5.2.7. G = Q(vg,v1,v9,v3,v4) if and only if Lﬂld <F# O.

Proof. Suppose for the if part that strings w; € L; exist for ¢ = 1,2,3,4 such that for
each (i, ) € I, w; <4 w;. According to this, for each i € [4] there is an accepting state
fi € F; such that f; € §;(s;, w;). Equivalently, there is a path between s; and f; in the
graph-db GG whose label is the string w;. It follows from the construction of G' that the
string w; = #w4 is the label of a path p; between vertices v;_; and v; in G. In addition to
this, for each (4, j) € Iy, w; < wj, thus A(p;) = #w;# <4 #w;# = A(p;). Consequently,
G = Q(vg, vy, V2, V3, vy4).

For the only if part, suppose for each i € [4] there is a path p; between vertices v;_; and
v; in G, such that A(p;) = #w;#, with w; € £*, and for each (7,7) € I, AM(pi) <ss A(p;)-
It follows from Observation that w; is the label of a path between s; and some
accepting state f; € F;, and consequently, that w; € L;. Since \(p;) <s A(p;) means that
H#w;# <4 #w;#, and the #, # symbols cannot appear neither in w; nor wj;, it follows
that w; <y w;. Consequently, (wy, wa, w3, wy) € Lﬂld < O

Finally, it is easy to see that G an the tuple v(vg, v1, v, v3,v4) can be constructed in
polynomial time from the regular languages {Li, Lo, L3, L4}, and these in turn are also
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constructed in polynomial time from |w| according to the proof of Lemma [5.2.1l Since
L), <«# @ if and only if w € SQUARE, this concludes the proof.
[l
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Conclusions and Further Research

This work has been primarily focused in answering questions about the complexity of
evaluating CRPQs comparing paths with rational relations of interest for their natural
appearance in database applications: Subword, Suffix and Subsequence. The results
obtained here complete those presented in Section and are summarized in the following
table.

Query S = <ss S ==<guff S =<gw
CRPQ(S) | NP—complete NLOGSPACE PSPACE
| CRPQ(S) | NEXPTIME | PSPACE — complete | PSPACE — complete |

Figure 6.1: Upper bounds for data and combined complexity, respectively, of evaluating CRPQs compar-
ing paths with Subword, Suffix and Subsequence relations.

With respect to the subsequence relation, it was proven that there are queries in
CRPQ(<g) which are NP-hard to evaluate. In this sense, the NP evaluation algorithm
previously provided in [9] is optimal. This means that this query language is unlikely to
be practical.

Secondly, the combined complexity of evaluating CRPQs comparing paths with re-
lations such as suffix and subword was proven to be PSPACE-complete. The extent to
which this holds is more general, including combinations of any relation expressible by
word equations, such as prefix, commutativity, and other relations not recognizable by
memory-limited sequential devices as automata.

In addition to this, the data complexity of evaluating CRPQs comparing paths with
suffix was shown to be in NLOGSPACE, proving it to be practical, since it matches the
complexity of standard query languages such as CRPQs and ECRPQs.

The means trough which these results were proven pointed out unanswered questions
in the literature about word equations with regular constraints, namely, what is the com-
plexity of solving them when the equation is fixed and the input to the problem are the
regular constraints. The simplest case of this question was answered, showing that sat-
isfiability is decidable in NLOGSPACE when the fixed equation has a finite number of
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minimal solutions.

This work leaves some open questions that will be studied in following research. These
are:

e Isthe NEXPTIME upper bound for the combined complexity of evaluating CRPQ (<)
queries optimal?

This would be a generalisation of the NP-completeness result obtained for its
data complexity, and it would not be surprising, as this behaviour is common in
database problems [55].

e What is the data complexity of evaluating CRPQ(<4y) queries?

An upper PSPACE bound for it follows directly from its combined complexity.
The equations obtained when working with instances for this problem relate to the
equation {SXT = UXV}, asking for pairs of strings sharing a common subword.
The minimal solutions for this equation are not finite, and so a different strategy
needs to be used for studying this question.

e Are there fixed word equations PSPACE-hard to solve with variable regular con-
straints?

This relates to the preceding question. The minimal solutions for the equa-
tion {SXT = UXV} can grow arbitrarily, presenting repeated patterns when the
common subword overlaps. This feature hints that it may be possible to code the
intersection of arbitrary regular languages in the solutions of this equation with the
correct regular constraints.
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